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ABSTRACT. In this work we study unfoldings of planar vector fields in a neigh-
bourhood of a resonant saddle. We give a C¥ normal form for the unfolding
with respect to the conjugacy relation. Using our normal form we determine
an asymptotic development, uniform with respect to the parameters, of the
Dulac time of a resonant saddle deformation. Conjugacy relation instead of
weaker equivalence relation is necessary when studying the time function. The
Dulac time of a resonant saddle can be seen as the basic building block of the
total period function of an unfolding of a hyperbolic polycycle.

Introduction. In this work we study unfoldings of planar vector fields in a neigh-
bourhood of a resonant saddle. We give a C* normal form for the unfolding with
respect to the conjugacy relation. This generalizes the known orbital normal form
with respect to the equivalence relation [1] and [13].

Using our normal form we determine an asymptotic development, uniform with
respect to the parameters, for the Dulac time of a resonant saddle. Our asymptotic
development of the Dulac time is of a similar nature as the asymptotic expansion
of the Dulac map given in [13]. It generalizes our previous work [7] dealing with
the Dulac time of orbitally linearizable families, but without being as explicit on
the coefficients.

Our initial motivation was the problem of finite “cyclicity” (i.e., existence of a
local uniform bound) for the number of critical points of the period function of
polynomial vector fields on hyperbolic or more general polycyles. The condition
of non-criticality of the period appears for instance in the bifurcation theory of
subharmonics. Under the non-criticality of the period, zeros of appropriate Melnikov
functions guarantee the persistence of a subharmonic periodic orbit of a Hamiltonian
under a periodic non-autonomous deformation (see Theorem 4.62 of [3]).
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We see our asymptotic development of the Dulac time as the basic building block
in establishing an asymptotic development of the total period function (Poincaré
time), which we hope to study in a subsequent work. In its turn, such a uniform
asymptotic development should be the main ingredient in the proof of finite “cyclic-
ity” for critical points of the period function on hyperbolic polycycles.

For a fized vector field several results are known: An asymptotic development of
the Poincaré time was obtained in [16, 17]. Non-accumulation of critical periods of
a fixed polynomial vector field on hyperbolic polycycles has been recently proved
n [9]. In [2] Chicone and Dumortier show that the Poincaré time of a fixed vector
field on a polycycle is non-oscillating if the polycyle has at least one finite saddle
point.

Hence, special attention must be payed to the study of polycycles whose all ver-
tices are at infinity in the Poincaré disc. For that reason, in our study of unfoldings
of saddle points (2) we permit polar factors. They can come from the line at infinity
in a saddle at infinity or, more generally, appear in a divisor after desingularizing
more general singular points at infinity in a polycycle. The case of lines of zeros in
at least one of the separatrices is also allowed as it can appear after desingularizing
a degenerate singular point at finite distance.

We think that our normal form is also of independent interest. Note that due
to unfolding of resonances, one cannot hope for a C* or analytic normal form in
a neighbourhood of a resonant saddle. When studying unfoldings of polycycles of
finite codimension a C*¥ normal form should be sufficient. For studying unfoldings
of infinite codimension, analytic normal forms in some domains unfolding sectors
should be developed in the spirit of the unfoldings of saddle-node in [14].

This paper consists of two parts. The first part is dedicated to establishing the
normal form Theorem A of an unfolding of a resonant saddle with possibly polar
factors in the axes. In the second part we apply this normal form to obtain an
asymptotic development Theorem B for the Dulac time.

Part 1. Temporal normal form

This part is organized as follows. In Section 1 the theorem on normal form for
conjugacy is formulated. In Section 2 tools necessary for its proof are collected. In
Section 3 the normal form is proved modulo the tools. Finally Section 4 is devoted
to prove these tools, the most important of them being the existence of solution of
an adapted homological equation stated in Theorem 2.3.

1. Statement of Theorem A. Let us consider a C* unfolding {X,},cy of a
saddle point at the origin. More precisely

X, = au(z,y)xdy + bz, y)ydy, with a,(0,0) =1 and A(u):= —b,(0,0) >0, (1)
where a,, and b, are C*° functions at the origin and U is an open subset of R™. We
also consider the collinear family

1
Y, = - Xu, where v=2"y" and m,ncZ. (2)

In what follows we shall say that two vector fields (or germs of vector fields) Z
and W are conjugated if there exists a change of coordinates ® transforming Z to
W, ie., ®Z = W, where

(®*2)(p) = (ch);l(z o ®(p)).
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We shall say that two germs of vector fields Z and W are equivalent at a point
po, if they are conjugated up to a germ of a nonzero multiple: ®*Z = fW with
f(po) # 0. The two notions extend to germs of families of vector fields.

Definition 1.1. Given g € U, let us denote \g:= A(uo). The orbital codimension
k € NU {oo} of the saddle of the vector field X, is defined as follows. If Ay ¢ Q,
then we set x:= oco. If \g € Q, then the infinite jet of X, at the origin is C*
equivalent to

x8, + (—p/q +) ai+1(1?pyq)i)y3y, with Ao =p/q¢ and ged(p,q) =1. (3)

i>0

In case that a;1 # 0 for some i we set k:= min{i eN: ;41 # O} and, otherwise,
K:i= 00.

Remark 1. The orbital codimension does not depend on the particular equivalence
used to bring X, to a normal form (3) because the monomial (zPy?)" can not be
annihilated by means of a smooth coordinate transformation preserving the normal
form.

The main theorem proved in the first part is the following.

Theorem A. Let {X,},cu be a C* unfolding of a saddle point as in (1) and
consider some po € U. Then for any k € N the family {Y},},cu/ is C* conjugated by

a diffeomorphism of the form ®(z,y, p) = (®,.(x,y), ) defined in a neighbourhood
of (0,0, o) € R2xU to

1
YNE = T roWO <xaz + (= A(p) + Pﬂ(u))y8y>, (4)

where

(a) if Ao ¢ Q, then P, =Q, =0,

(b) if Xo = p/q with (p,q) = 1, then P, and @, are polynomials in the resonant
monomial v = zPy? and

¢ =min{f € Z: B(p,q) > (m,n)}.

Moreover, in case that X,, has orbital codimension £ < co then we have that
deg P, < 2 and deg Q, < kK —min(¢,1).

Remark 2. In the definition of ¢ above, the symbol > stands for the partial order
in Z2. Note that u’/v is regular at (x,y) = (0,0) and that if m > 0 or n > 0 then
£ > 1. The integer ¢ plays the role analogous to the orbital codimension in the
bound of the degree of @),,. However, a priori the order of @, (u) at v = 0 is a more
natural notion of “temporal codimension”, but it does not seem to have immediate
applications.

2. Tools. In this section we collect some tools used in the proof of Theorem A.
They will be proved in Section 4 except for Theorem 2.1, for which we give only a
sketch of proof. This theorem is part of folklore. It appears, as we state it here, in
[13] but referring to [1] for the proof. However, [1] deals only with a related problem
of normal forms for diffecomorphisms. A proof of Theorem 2.1 appears in [4] but
there is a delicate point concerning the elimination of the remainder term which is
not dealt with in that paper. Later on we point it out in the sketch of the proof
of Theorem 2.1. The mentioned delicate point can be overcome by applying the
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results of Samovol in a very technical paper [15]. We do not give a complete proof
as it can be done along the lines of the proof of our Theorem 2.3.

Theorem 2.1. Let {X,},cu be a C*> unfolding of a saddle point as in (1) and
consider some g € U. Then for any s € N the family {X,}cu is C* equivalent by
a diffeomorphism of the form ®(z,y,pn) = (Pu(x,y), 1) defined in a neighbourhood
of (0,0, u0) € R2xU to

X =20, + (= M(p) + Pu(w))ydy, (5)
where
(a) if Ao ¢ Q, then P, =0,
(b) if Ao = p/q with (p,q) = 1, then P, is a polynomial in the resonant monomial

u = zPyd. Moreover, in case that X,, has orbital codimension x < oo then
deg P, < 2k.

Lemma 2.2. Let {Y,},cu be a family of vector fields as in (2) and let {f,}cu be
a C* family of functions with £u(0,0) = 0. Then, for each po € U, there exists a
family of C* diffeomorphisms {®,,} defined in a neighbourhood of (0,0, o) € R2xU
such that, on xy # 0,
* X,u
) = e

In fact ®,(x,y) = @u(Fu(z,y)iz,y), where @,(t;x,y) denotes the flow of X,
passing through (r,y) € R? at t = 0 and {F,} is a C* family of functions with
F,,(0,0) = 0 which is defined implicitly by

Fu(m,y)
ofuly) = /0 0o o€, y) d.

Remark 3. For fixed m,n € Z, the diffeomorphism ®,, in Lemma 2.2 depends only
on the initial data {Y,} and {f,}. Since we shall apply it several times, changing
both data (vector fields and functions), we introduce the notation ®, = ®[Y),, f,].

Let V be an open subset of R™ and consider a smooth function f: V' — R. We

define
Ifllv = sup{|f(z)| : z € V}.
If I = (i1,...,%,) is a multi-index with ¢; € N U {0} then we use the notation
i=|I|=i1+---+1, and
61’

ax? Ozt
Thus, dealing with partial derivatives, we shall use the convention that if J is a
multi-index then the small letter j stands for |J|. Moreover, given p € V, we denote
by (le) (p) the total differential of order ¢ of f at p, which is defined as the
symmetric i-linear form

(D'f)(p) :R* x---xR" — R
(:17(1),..., n) — Z 8If 1) . (n),

0} =

[1]=1
where the sum is taken over all the multi-index I = (iy,...,i,) with |I| = 7 and
z\@) = (argj), . ,xﬁf)) for j = 1,...,n. Finally, we define

1D f (p)|l = max{|07 f(p)| : |1] = i}.
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We extend these definitions to vector functions in the usual way. More concretely,
if f=1(f1,...,fm) is a vector function from V' C R™ to R™ then

Ovf = (0%fr,...,0%fn) and (Dif)(p) R X - x R® — R™.
Similarly,
[fllv = max{|[fillv :j =1,...,m}

and

1(D*f) (p)ll = max{[|(D"f;)(p)|| - j = 1,...,m}.

From now on we must distinguish between parameters ;1 € R™ and phase vari-
ables (z,y) € R? when considering a smooth function f: V C R**™ — R. We say
that such a function is N-flat with respect to (z,y) if it is V™! and verifies the
estimates

(D) @,y wll < Cli ¥, i=0,...,N,
in some neighbourhood of (0,0, ) € R**™ and for some constant C' > 0. The

flatness with respect to = or y is defined analogously by replacing ||(z,v)| by |z| or
ly| respectively.

Theorem 2.3. Let {X,},cu be a family of vector fields as in (1) and consider some
o € U. Then for any k € N there exists a natural number N = N(k, Ao, M, n) such
that if {h,} is a CN family of N-flat functions, then the homological equation

X,u(vfu) = Uhu (6)

has a C* family of solutions {f,} defined in a neighbourhood of (0,0, jug) € R2xU.
More precisely, we can take

N(k, Ao, m,n):= 2 [max{(vo + 1)k — m+ Aon, (vo/Xo + D)k + m/XNg —n} + 1],
where vy = max{1, \o} and [-] denotes the integer part.

Remark 4. Analogously to the definition of £ in Theorem A, the natural number
N(k:, Ao, m, n) can be written as

2min{M eN: M- (1,)\0) > ((Vo—l-l)k—m—i-)\on, (u0+)\0)k+m—)\on)}.

Note that the above formula is not symmetric with respect to m and n. This is so
because in the proof we first show that it suffices to consider a vector field in normal
form and we choose one containing all the resonant monomials in the d, direction.
It is important to mention that N depends only on the linear part of X, .

Before proving our main theorem in which we give a normal form for conjugacy,
we sketch the proof of Theorem 2.1 that deals with orbital normal form in order to
see which kind of ideas are involved in this type of results. Theorem 2.1 is part of
folklore (see [4, 13]) but we want to point out a delicate point, which we think did
not receive the required attention in the literature.

One uses first the Takens normal form theorem [18] (see also [3]). Let H" be
the space of polynomial vector field families in the (x,y) plane depending on the
parameter 4 and homogeneous of degree h in (x,y). Let L = L(u) = x0; — AM(1)y0,
be the linear part of X, and for each h, consider the action of the Lie bracket
[L,~] : H" — H". For fixed p and any h, the mapping [L, —] is linear on H".
Denote by B the image of H" by [L, —] and let G be some complementary space
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so that H" = B" @ G". Then, for any N, there exists a polynomial change of
coordinates transforming the vector field family X, to the form

20y — Mp)ydy + g2 + -+ gn + R(z,y), (7)

where g;, is a homogeneous vector field family belonging to G* ¢ H", for h =
1,...,N and the remainder term R(z,y) is a vector field R(z,y) = o(|(x,y)|"V).
Moreover,

[L,x'y0,] = (1 —1 —|—j)\(,u)):1:iyj8x and [L,xiyj(?y] = (—i +(G - 1)/\(u))xiyj8y
so the action of [L, —] on H" is diagonal, and G” can be taken as the kernel of [L, —].
That is, if g is irrational, then for A sufficiently close to Ay, the family is linearizable
up to an N-flat term for any N. If \g = p/q, with p, ¢ positive, relatively prime
integers, then for A(u) sufficiently close to A\ up to an N-flat term, all monomials
can be eliminated except for the resonant monomials: u*xd, and u*yd,. When
working with the equivalence and not conjugacy relation, it is legitimate to divide
(7) by the component of x9,. Hence, for any N there exists a polynomial change
of coordinates transforming orbitally the vector field family X, to

XN+ R(x,y)

with XV as in (3) and R(z,y), N-flat, with respect to |(x,y)|.

One next applies the second step in the normalization process, eliminating the
N-flat term R by means of a C* diffeomorphism. We use here the homotopic method
(see for instance [4, 12]). As the dependence with respect to the parameter p is
inessential, we omit mentioning it. In general, the homotopic method says that
vector fields X and X + R are C* smoothly conjugate if the homological equation

(X +tR, Z] =R 8)

has a C* solution Z;. The time-one flow of the vector field Z; realizes the conjugation
(if it exists). In [12] it is proved that for X hyperbolic and R infinitely flat, the
homological equation (8) has a solution in the class C*°. The proof is done first
in the semihyperbolic case. That is, one decomposes the remainder R = R; + R
where R; is flat with respect to the y variable and Rs flat with respect to the z
variable. One uses first the contractibility of the flow of X in the y direction for
solving the equation

(X +tRy,Z] = Ry 9)
and hence proving that X is conjugated to X + R;. Next, one proves that X + R;
and X + R; + Ry are conjugated by solving the equation

[X + Rl + tRQ, Zt] = R2

using the contractibility of X + R; 4 tRo for negative time. The two equations
being of the same type, we comment only on (9). In order to solve it one globalizes
first the vector field. That is, one modifies the 9, component of X in a complement
of a small neighbourhood of the origin in such a way that the flow of the modified
vector field is well defined for positive time and all solutions tend to the x axes as
t — 4o00. By abuse, we keep the same notation for the modified vector field X. A
solution of (9) is given by

Zt(xay) - /OOO(D(X + tRl))_l © R1(¢(Tv (xvy)))dTv (10)

where D(X + tR;) is the solution of the first variational equation of the modified
vector field X + tRy and ¢ is its flow (see [1]). Using the flow-box theorem for the
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vector field X +¢Ry, it is easy to see that if the integral (10) is uniformly convergent,
then it verifies (9). Further dominated convergence estimates are needed to assure
the differentiability of Z;. In [12], these estimations are given in the C°° smoothness
case. It is easy, following this proof, to see that a solution Z; of class C* of (9) exists
provided that R; is sufficiently flat with respect to the y variable. The difficulty
is that the required flatness as it appears in the proof of Proposition 2.2.11 in
[12] depends on the norm of X. In our application, the vector field X appears as
a result of Takens normal form procedure. It could happen that when obtaining
higher flatness of R; as a result of applying Takens normal form procedure, the norm
of X grows and an even higher flatness of R; would be required. It is sufficient to
show that the required flatness N (k) of R; assuring the existence of a C* solution
of (9) depends only on the linear part of the vector field X (which in not modified
by the Takens normal form procedure). This is proved by Samovol in [15] where
he proves that the required flatness N (k) in the homological equation (9) depends
only on the linear part of the vector field (but only the case of vector field without
poles is considered). An explicit estimates of N (k) appears also in [10] in the case
of linear X, but the proof is very sketchy. In general, the independence of N (k)
on higher order terms of X can be proved along the lines of our proof of Theorem
2.3. Yakovenko informed us that equation (9) can be reduced to (6) with v =1. A
detailed proof of an analogous problem for diffeomorphisms appears in [1].

Finally, in the finite orbital codimension case, the polynomial normal form can
be improved using the Weierstrass preparation theorem (see [1]). We perform a
similar construction concerning the temporal part in the next section.

3. Proof of Theorem A.

Proof of Theorem A. Fix k € N and o € U, and let N = N(k, Ao, m,n) be the
integer given by Theorem 2.3. Take any s > N. By Theorem 2.1, there exists a C*
change of coordinates ® 3 such that
* 1 X
PN (V) =Vi=— ——F
(B2) () = Vie= 1+ R (2, y)
where X% = 20, + (=A(u) + P;(u))yd, and R, is a C* function vanishing at the
origin. (Here <I>2 is the equivalence between X, and X that provides Theorem 2.1
and we took into account that it is tangent to the identity and preserving the axes.)
Next we shall “simplify” the function R}, by means of a conjugation and to
this end we apply Lemma 2.2. Thus, recall Remark 3, the idea is to take the
diffeomorphism @b =0 [VHS , fﬂ}, where {f,} is to be chosen appropriately. Notice
that
x X,
(@}L) (V:) = s S s :
v(l+ Ry (@,y)) + Xji(vfu)
The vector field X} acts linearly on the vector space (v)R[z,y] and note that its
image contains all the monomials of (v)R[z,y] which are not inside R(u) because

Xﬁ(xayb) = (a — A(u)b)zy" + bPlf(u):vayb.

In other words, u‘R[u] C (v)R[z,y] is a supplementary subspace of the image of X M
acting on (v)R[z, y]. Hence we can choose f,(x,y) as a polynomial so that

VRS (2,y) + X5 (0fy) = u' Q) (u) + vhi (2,y),
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where hy(z,y) is a s-flat function and @, = 0, in case that g ¢ Q, or Qj,(u)
polynomial in u = aPy?, in case that \g p/q with (p,q) = 1. Accordingly
(L) (V5) = Z5, where

P X5 1 X
v+ ufQs(u) 4 ohs(zy) v T+ utQs(u) /v + b (z,y)

We point out that the vector field Z;; can be written as in (2), i.e., it is of the form
1/v times a smooth vector field at the origin because u‘/v has the same property.
Therefore we can apply Lemma 2.2 and consider the coordinate transformation

®2:= @ [Z5,g,], which verifies

X5
v+ ut Qs (u) + vhi (z,y) + X5 (vg,)

(®2)"(Z3) =

Our goal is to annihilate vhj, by choosing an appropriate g,,. The problem reduces
to solving the homological equation X fb(vgu) = —vhj,. Since hj, is a s-flat function
with s > N, by applying Theorem 2.3 we can assert that there exists a C* function
g verifying the aforementioned homological equation. In short we have that

XS
2,08 o0\ = WS.= H
((I)u @), q)u) (Yu) =W, v+ ul Qs (u)
with @7, (u) polynomial. It is important to mention that N in Theorem 2.3 depends
only on the linear part of the vector field X ;, which is independent of s. This enables
us to fix in advance the required flatness of hy,(z,y) in order to get the C k conjugacy
@i that annihilates it. This constitutes the key point in all the process because X}
does depends on s.

Assume finally that the original vector field X, has orbital codimension x < oo.
In this case, by applying Theorem 2.1 we have that X} = 20, + (= A1) —I—Pj(u))yay,
where P is a polynomial in u with deg(Pj ) < 2k for p & pp and such that Pj, has
order k at u = 0. Again, on account of the definition of ¢, W can be written as
in (2) because
. R

v 1+ qufL(u)/v

As before we consider @i =0 [Wi, ?,J where 7, is a smooth function to be deter-
mined. However now we want it of the form 7, (z,y) = 7,(u)/v. The reason for this
will be clear in a moment but note that if u|7,(u) then, by the definition of ¢, 7,
will be regular at (z,y) = (0,0). By Lemma 2.2 we can assert that

X5
v+ uéQfL(u) + X5 (v7,) ’

S

(®5)" (W) =

Then, since v7, = 7, depends only on u, the above denominator becomes v +

u' Qs (u) +7/,(u) X5 (u) and an easy computation shows that X35 (u) = u(p— Mu)g+

Pj(u)) Thus, since Ao = p/q and Pj (u) has order x at u = 0, by applying

the Weierstrass Preparation Theorem, we have that X (u) = uA$ (u)B;,(u) where

By, (u) is a polynomial of degree x in u for 1 & po and A3, (0) # 0. Accordingly
X

v+ ule(u) + ut’(u) A5 (u) B (u)

(®5)" (W) =
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and so we seek for a function 7, such that u‘Q% (u) 4 u7/,(u) A5 (u)BS (u) has few
monomials. This “simplification” depends on weather ¢ is positive or negative.
Setting u‘Q% (u) = Y_;_, asu’ with r > 0 we decompose u‘Q5,(u) = S},(u) + S2(u),
where S} (u) = S aiu’ and S2(u) = Y i_g au’ in case that £ < 0, and S} (u) =0
and S (u) = u‘Q% (u) in case that £ > 0. (Here we can assume that r > 0 taking
some a; = 0 if necessary.) With this decomposition we perform the (polynomial)
division of S2(u) by u”Bj(u), where v:= max((, 1), i.e.,
2 o s v s s
Sﬂ(u) = C}(u)u” B, (u) + R#(u) (11)

and thus deg(R;,) < v + £ — 1. Finally, 7, is to be chosen so that

u'Q;(u) +ur, (u) A} (u) By (u) = S, (u) + R;,(u),
which, due to u‘Q5 (u) = S} (u) + S2(u), yields

7_/ (u) _ Ri(u) - Sﬁ(u) _ _uy—l Cft(u)
" uAs (u) By (u) A (u)

(The last equality follows from taking (11) into account.) That is,

— ¢ v—1 C;i(g)

which is a smooth function for (u,u) ~ (0,p0) because A% (0) # 0 and v > 1.
Moreover it verifies u*| 7, (u) as desired due to v > £. In short, the choice of 7,,(z, y) =
Tu(u) /v for ®3 = & [W3,7,] leads to

X

B3 02 0dL 0 dY)(Y,) = .
(“O w % “)(“) v—l—S}L(u)—i-Rz(u)

It remains only to check that S),(u) + RS (u) = u‘Q,(u) for some polynomial Q,,
of degree x — min(¢,1). In the case that £ > 0 this is simple because then S} = 0
and S7(u) = u'Q,(u). Consequently, from (11) we have that R (u) = u’(Q3(u) —
u~tC5(u)Bs(u)) and so S)(u) + R (u) = R5(u) = u*Qp(u) with
deg(Qu) =v+rk—1—{¢=r—min((,1).

(In the second equality above we took v = max(¢,1) and ¢ > 0 into account.)
Finally in the case that ¢ < 0, then S, (u) = S aut =l Zi;ll aire—1u'~! and
RS (u) = Zl’.’:o”_l biu' = uf Z;’:O“_l biu'~t. Therefore S},(u) + R:(u) = u‘Q,(u),
where @), is a polynomial with

deg(Qu) = max(—¢—1,v+r—1—{) =max(—¢—1,k—{) =k —{ = k—min((,1).

Here we used that £ < 0, K > 0 and v = max(¢, 1) = 1. This completes the proof of
the theorem. 0

4. The homological equation. This section is dedicated to showing the two
main results that we used in the proof of Theorem A, namely, Lemma 2.2 and
Theorem 2.3.

Proof of Lemma 2.2. Since the origin is a hyperbolic saddle for X,, with both sepa-
ratrices in the axes, it is clear that voy,(t; z,y) = v x,(t, 2, y) for some C* function
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Xp with x,,(0,0,0) # 0. Thus, given {f,,} as in the statement, we have to find {F},}
verifying

Fu(x,y)
fﬂ(xvy) _/0 X,u(f,fﬂ,y)df-

Note that the C* function
Re.y.n )= fules) = [ xuléomin) de
0

satisfies R(0,0, up,0) = 0 and aQ;_R(O,O,MO,O) = —Xu,(0,0,0) # 0. Therefore, by
the Implicit Function Theorem, there exits a C* family of functions {F,}, with
R(z,y, p, Fu(z,y)) = 0 for (z,y,p) ~ (0,0, ) and F,,(0,0) = 0. The fact that
F,,(0,0) = 0 for all 41 follows easily using that, by assumption, f,(0,0) = 0. It is clear
then that ®,(z,y) := ¢, (F.(z,y);z,y) is a local diffeomorphism with ®,(0,0) =
(0,0) for all u. Moreover, from [5], we have that

X
) (X,) = —FE —. 12
( #) ( l‘) 1+XH(FH) ( )
Since Y, = %X#, we have that
* 1 *
((I),u) (Y,u) = Vo q’u ((b#) (X#)'

Consequently, on account of (12), the result will follow once we prove that
(0o ®u)(1+ Xu(Fu)) = v+ Xu(vfu).

To see this note that some easy manipulations yield

X#(vf#)(x,y) = %((vf#) © @#(S;I’y))

s=0

d Fu(pu(siz,y))
:% / vo<p#(s+§;x,y)d§
0

=vo, (S +F#(‘Pu(5§x’y));x’y) (1 + %F#(wﬂ(s;x,y))lszo)

s=0

—vo w(S;x,y)’
s=0

=(vo @) (x,y) X, (Fy) + (vo @) (x,y) —vo (2,y).

In the first equality above we use the definition of the derivative of a function with
respect to a vector field, and in the last one we took ®,(z,y) = ¢, (Fu(x,y); x, y)
into account. This proves the result. O

Since the proof of Theorem 2.3 is very technical, we begin by giving first its idea
omitting the dependence on p to simplify the exposition. Let ¢, : (x,y) — o(t; z,y)
be flow at time ¢ of a given vector field X and consider also a given function H. In
this case, if

0
Fla,y)= | Hop(x,y)dt
+oo
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is a well-defined smooth function then it is a solution of the homological equation
X (F) = H. Indeed, by making the change of variables 7 =t + s we obtain

d [° d [
Hopopgdt = — Hop dr

X(F
( ) s=0 ds +00

= — :H.
ds +00 0

Our goal is to solve the homological equation (6), where recall that v = 2™y™ with
m,n € Z. Note that it coincides with the above one taking H = vh and F' = vf.
The strategy consists in modifying conveniently X and h in order to make F well-
defined and f = % to be of class C*. Taking this into account, let us introduce the
functions that will appear in the proof of Theorem 2.3.

So let us consider the homological equation X (vf) = wvh. Since h is N-flat,
denoting by M the integer part of N/2, we can decompose it as a sum h = hy + ha,
with hy and hs being M-flat with respect to x and y respectively (see [15]). The
first step in the proof will be to show that there is no loss of generality in assuming
that the homological equation is XN (vf) = vh, where XV is the vector field in
normal form provided by Theorem 2.1. Accordingly we consider

0

0
wa:/ mmO%@wm+/ (vha) o pi(. ) dt,

—00 —+o0

where ¢; is the flow of X ;]LV ¥ In order to study F we must control the function
v o ¢, which satisfies the differential equation

i(vo%):X(v)o%:(v(m—)\n—l—nP))ogpt:(vogpt)(m—/\n+nPo<pt).

dt

Consequently
t

vewr e(m=2An)t exp (n/ Pop, ds) ,
v 0
and therefore f = % is given by
0 0o
fan) = [ Tayd- [ Dyod

0

— 00

where
¢
Zi(z,y, t) = e(m=An)? (hi o i(z,y)) exp (n/ Popg(z,y) ds> .
0

In order to prove that f is a well-defined C* function we must bound the derivatives
of Z; and, in particular, the derivatives of the flow ¢, with respect to (x,y,un) €
R2+™, To this end some technical lemmas are needed.

From now on, if g is a symmetric /-linear form on R™ and vy, ...,v; € R™, then we
shall write g(v1,...,v;) € Ras gvy - - -v;. The following result provides an expression
for the chain rule of higher order. (Its proof, being straightforward, is omitted for
the sake of shortness.)

Lemma 4.1. Let h: R" — R, x: R"™ — R and ¢: R™ — R" be differentiable
functions. Then, for each I = (i1,...,im) with |I| =i > 1, we have
(@) Oj(ho ) = 32 32C) (D'ho¢) - Dl

(b) a}exzexa;c(gagx---agx.
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Here J = (Jy,...,J;) is any l-tuple of vectors in (NU{0})™ verifying Ji+---+J; =1
and {C1} is a collection of constants with CT = 1.

We shall also use the well-known Gronwall’s Lemma (see for instance [19]).

Lemma 4.2 (Gronwall). Let u,k,g : [a,b] — R be continuous functions and
assume that k > 0.

(a) If t
u(t) < g(t) +/ k(s)u(s)ds for all t € [a,b],
then
u(t) < g(t) —i—/ g(s)k(s)exp </ k(r)d7’> ds for all t € [a,b].
(b) If
b
u(t) < g(t) —|—/t k(s)u(s)ds for all t € [a,b],
then

u(t) < glt) + /tbg(s)k(s) exp (/t k(r)dr) ds for all t € [a, 1],

Lemma 4.3. Let X be a complete vector field in some open set V of R™ such that
IDX|lv < v. Then, for each i > 1, there exists a constant K; > 0 such that the
total i-differential of the flow @y of X wverifies | Dios|v < Kie™!! for all t € R.

Proof. We proceed by induction on 4. Due to ||[Dgy|lv = max{||0i¢|lv : 1] =i},
it is clear that it suffices to prove the inequality for any partial derivative of order
i.

Let us prove the result for ¢ = 1. To this end let {Il, I, ..., In} be the canon-
ical basis of R™ and consider some 31j w¢. This partial derivative verifies the first
variational equation, namely

d e o
7 Ot = (DXO(pt)(?]j ¢¢ with initial condition Jr, <pt‘t:0 =1;.
Accordingly
t
8]]. Yt = Ij +/ (DX @) <p5)81j Ps ds.
0
Consequently, since ||DX|]y < v by assumption, the function ui(t) = [|0r,¢¢|v
satisfies

u(t) <14 /t vui(s)ds, ift >0, and ui(t) <14 /O vuy(s)ds, if t <0.
0 t
Applying Gronwall’s Lemma to each inequality we obtain respectively
up(t) <14 /t ve’@9) ds = et fort >0
0
and

0
up(t) <1 —i—/ ve’ Y ds = e for t < 0.
t

Hence u1(t) < e”*l and so this proves the result for i = 1.
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Assume now that the result is true for j < i and fix some multi-index I with
|I| = i. Since ¢, is the flow of the vector field X, we have that

0.

d . . o
E 8}%075 = 8}(X o gﬁt) with 8I(pt‘t:0 =

We expand the right hand side of the above equality by applying (a) in Lemma 4.1
to the each component and, after integration, we obtain

i t
o = Z Z C§/O (D'X o @,) % ps - 0% psds.
=1 J

Note that the second summation above is taken over all the I-tuples J = (Jy,...,J;)
with J; + - 4+ J; = I. Therefore we can split it up as

t 1 t . .
Dy = CI / (DX 0p) djpsds + > > CF / (D'X 0py) g+ 0 ps ds.
0 1=2 J 0

Then, denoting u;(t) = ||0tp:|ly and taking C! = 1 into account, by using the
inductive hypothesis we obtain

t t K, t
u;i(t) < KI/ e ds +/ vui(s)ds < Lt +/ vu;(s)ds, if t >0,
0 0 0

(2%

and
o 0 K 0
u;(t) < KI/ e~ ds +/ vui(s)ds < —e ™t +/ vu;(s)ds, if t <O0.
t t w t

Here the positive constant

Kr =YY CIID'X|lvE;, - K,
1=2 J
depends continuously on |[|[D/X ||y, 5 = 2,...,i. Finally, by applying Gronwall’s
Lemma, it follows that

Kr YKp o, K . .
’U/l(t) < '_Iezut +/ i_yfezusyeu(t—s) ds < - I ezut < ‘K'iezut7 if ¢ > 0,
0

i i(i—1)v
and

K; "Kr K
._Iezut + _Ie—zusyeu(s—t) ds g 1

v i me_iyt § Kie_iUt, if t § O,
¢ —

where we take K; = max{i(ffi)u : [I| = i}. This completes the proof of the

result. O

The following result will be used to bound the derivatives of Zy(x,y, u,t) with
respect to x, y and u. Note that it refers to the functions Jj(z,y, i, t) such that
T = e(m—)\n)tjk'

Lemma 4.4. Let X(x,y,u) = 20, + (—)\0 + P(x,y,u))y(?y be a complete vector
field in the open subset Vs = R x {||pn — pol| < 6} € R? x U such that ||Plly; <7
and |DX ||y, < v. Let hy and hy be M-flat functions on R? x U with respect to
and y respectively. In addition, for k = 1,2, define

t
Ti(@,y, 1, t) = (hi o pe(x,y, 1)) exp (n/o Pog(r,y,p) dS) ; (13)
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where y is the flow of X. Then, for each i =0,..., M, we have
|01 (2, y, 1, 1)] < K[| M M=ol if t € (—00,0),

07Tz, y, p, )] < K Jy[M e ML)t (Inl=MFE9mE - 4f ¢ € (0, +00),
for all (z,y, 1) € Vs and some positive constant K (independent of x,y, u and t).
Proof. The flatness assumption on h; and hs means that, for 0 < r < M,
1D b,y 1)l < Clal™ =" and | DTha(z,y, )l < Cly™— (1)

for all (z,y, 1) € R? x U. Tt is easy to show that the first two components of the
flow @, are given by

ot (v, y, u) = ze' and @?(z,y, 1) = ye Motex(@y.it)
for all t € R, where

t
x(x,y, p,t) :/ Poyg(z,y, 1) ds.
0

Moreover, due to || Py, < n, we have that |x(x,y, u,t)| < |t|n for all (x,y, u,t) €
Vs x R. Accordingly, if t < 0 then |p?(z,y, )| < |yle”Po=? for all (z,y, u) € Vs.
The combination of this with (14) yields

|D"hio g, y, )| < Cla|M—re@i=nt if ¢ <0,
(15)
ID"hao gu(x,y, )| < Cly[M—reM=nQommt i ¢ > 0,
for each r = 0,..., M. The case i = 0 follows easily from the above inequalities

with 7 = 0 and the bound for x. On the other hand, from (a) in Lemma 4.1, if
7 > 1 then

& x = / (P o) ds—z Z C’L/ (DePogpS)Z)lLl s - 8Z<p5ds

£=1 L=(L1,...,L¢)

It is important to note that the second summation above is taken over all the
multi-indices L1, ..., Ly such that L1 +---+ Ly = J. In order to avoid cumbersome
notations, when there is no risk of confusion we use a “universal” positive constant
K (meaning that it is something independent from z,y, 1 and t). Taking this into
account, by using Lemma 4.3 we get

It ,
8% x (2, y, 1, 1)| < K/ e ds < K eVt for all t € R.
0

Hence, from (b) in Lemma 4.1, it follows that
}8§e"X(m’y’“’t)| < Kelrntmltl for all t € R.

Exactly in the same way as we bound |8gx|, the combination of Lemmas 4.1 and
4.3 shows that

J
|0 (hys 0 i(,y, 1)) | < Kevlt Z | D hy, 0 py(z,y, p)|| for all t € R.
=1

Now, the two last inequalities and the well-known formula

Op(ab) = > Cyrd’adpb, (16)
J+L=I
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imply that if ¢ > 1 then

|a}j]€($, y7M7t)| < Ke(‘"|77+iu)\t| Z ||Dlhk} o (pt(x, y7u)H for all t € R.
1=1
Finally, thanks to (15), we obtain the desired inequalities. O

Proof of Theorem 2.3. Given {X,} as in (1), we must prove that if {h,} is a fam-
ily of N-flat functions with N > N(k, A\g,m,n), then the homological equation
X, (vf,) = vh, has a solution {f,} of class C¥. We claim that it suffices to prove
this taking the normal form family {X iv F } that appears in (5) instead of the origi-
nal {X,}. Indeed, thanks to Theorem 2.1, there exists a family of diffeomorphisms
{®,} such that ®} X, = x, X', where x, is a function verifying that £, (0, 0) # 0.
Since @, preserves the axes, we have that ®jv:=vo®, = vx,, where x, is a func-
tion with x,(0,0) # 0. Define hﬁ[F = i—’:@;hu, which clearly is also a family of
N-flat functions. Now, if the corresponding homological equation

X (T = oy
has a C* solution {fN*'} then, using the equality ®*(X(F)) = (®*X)(®*F), one
can easily check that
Ju= 5 (@) (0fYF)
is a C* solution of the original homological equation, i.e., it verifies X,,(vf,) = vh,.
From now on and, as we have just shown, without loss of generality, we study
the equation
X, (vfu) = vhy, with X, = 20, + (=A(1) + Pu(u))yd,. (17)

In order to construct a solution of the homological equation it is convenient that
the flow of X, is defined for all ¢ € R. This can be achieved by a “globalization
process” using a suitable family of bump functions. More precisely, we consider a
family of C*° bump functions {¢.} such that

" {1ﬁme<dZ
e\ L, = .

0 if [[(z, y)l| =
and verifying moreover || Dy.|| < £ for a fixed ¢ > 2. Then, setting hj, = h,t. and
X5, =20, + (=Xo + Pi(z,y))ydy, where P5(z,y) = (Ao — M) + Pu(w)) e (2, ),
we consider the homological equation

X, (vfy) = vhy, (18)

which coincides with (17) on the £/2-disk centered at the origin. Now, as we ex-
plained before, taking M = [%] , we write hy, = hj, ; + hj, o with hj ; and hj, 5
being M-flat with respect to x and y respectively. Then we define

0 —+o00
ﬁmw=/ ﬁ@&mwﬁi/ TS (2, y, ) dt, (19)
0

— 0o

g,

where

t
Ii (z,y, . t) = e AW (RE o gy (,y, 1)) exp (N/O P50 ps(z,y, 1) d8>

and ¢¢(z,y, 1) is the flow of X, It is important to mention that this flow is defined
for all t € R because X is linear outside a compact set. Now the key point is to
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prove that (19) is a well defined C* function because then, as we showed before, it
is straightforward to verify that it is a solution of (18). The rest of the proof is
dedicated to showing that this is the case provided that e and || — || are small
enough.

For each positive ¢ and § we consider the subsets

Ves = {(z,y, 1) € R*T™: ||(z, )| < &, lu—poll < 6} and Vi = R*{|n—poll < 6}
Then we have the estimate

1Pellvs < sup - {|A(w) = dol} + | Pu(a; 9)lIve 5 =2 1(e, 0),
ll—poll<s

where note that n(e,d) is a continuous function tending to 0 as (£,0) — (0,0).
Define vy = max{1, Ag}. Then, since |[yDv.||v. ; < ¢, it follows that

IDXlvs <vo+ lyDPullv. 5 + [lyDA(w)llv. s + en(e, 8) =: v(e, d),

where v(g,d) is a continuous function tending to vy as (g,d) — (0,0). We can hence
apply Lemma 4.4 to bound the partial derivatives of

t
T @y, )= (hEs 0 91y, 1) exp <n | Prowteyn ds) for 1= 1,2
0

Our goal is to choose & and § small enough so that the bounds of the partial
derivatives of Z are integrable functions with respect to ¢. To this end note that if

N = N(k, Ao, m,n) = 2[max{(vo + 1)k — m + Xon, (vo/Ao + 1)k +m/Xg — n} + 1],

then M = [%] satisfies the inequalities

M > (vo+ 1)k —m+ Aon and M > (vg/ Mo + 1)k +m/Xg — n.

By continuity of n(e,d) and v(e, §), there exist £,6 > 0 such that n = n(¢,6) and
v =v(&,0) are close enough to 0 and vy respectively, in order that the inequalities

ari=M — (v + 1)k —|n|n+m = A()n >0
agi= =AM + (v + Xk + (In| = M + k) +m — A(u)n < 0

hold for ||u — pol| < §. Thus, by applying Lemma 4.4, we can assert that the
inequalities

0TS (@, 9,1, )] < KN ST 1) 7y, )] < Kol et
NP

and

(015 (w, y, p, )| < K200 N =195 T (2, y, p, )] < K [y|M et
1<|Jl<i

are verified for 0 < 7 < k. (To see this we also used the formula in (16) for the
derivation of a product.) Therefore, since oy > 0 and ay < 0 by construction, the
functions 9¢Z5 and 9YZ% are integrable with respect to ¢t on (—oc,0) and (0,00)
respectively. Thus, fj is a well-defined C* function and, accordingly, it is a solution
of the homological equation (17) for ||(z,y)| < /2 and ||u — po| < 6. O
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Part 2. Asymptotic expansion of the Dulac time

5. Statement and proof of Theorem B. In this section we give an asymptotic
development of the Dulac time (time of passing around a corner) of a family of
vector fields unfolding a saddle point with possibly polar factors in the coordinate
axes. We see this result as a basic building block for studying the Poincaré time
(time associated to the Poincaré map) near a polycycle. Critical periods of the
Poincaré time are particulary important since the condition of non-criticality of
the period appears for instance in the bifurcation theory of subharmonics. Under
the non-criticality of the period, zeros of appropriate Melnikov functions guarantee
the persistence of a subharmonic periodic orbit of a Hamiltonian under a periodic
non-autonomous deformation (see Theorem 4.6.2 of [3]). Moreover, the problem
of existence of a uniform bound for the number of critical points of the period
function on a family of polynomial (or analytic) vector fields can be seen as a
problem analogous to the second part of 16th Hilbert problem on limit cycles. We
see our work as a contribution to establishing a finite “cyclicity” result in finite
codimension (i.e., existence of a local uniform bound) for the number of critical
points of the period function of polynomial vector fields on hyperbolic or more
general polycycles.

Let U be an open set of R™ and let {X,,, ;1 € U} be a C* family of vector fields
defined in some open set U of R?. Assume that the vector field X, has a hyperbolic
saddle p, as unique critical point inside U. In this situation it is well know that
there exists exactly two smooth transverse invariant curves S, and 7, through p,,
(depending also smoothly on 1). We also consider a family Y,, proportional to X,
but having poles along S, and 7, of order m and n respectively. We make the
convention that if m (respectively, n) is a negative integer then Y, vanishes along
the invariant curve S, (respectively, 7,,) with multiplicity —m (respectively, —n).
We can take a coordinate system (z,y, 1) on UxU C R*™™ such that p, = (0,0, n),
Sy ={(z,y,p) : 2 =0} and 7, = {(z,y,p) : y = 0}.

In the coordinates mentioned above X, and Y}, can be written as in (1) and
(2) respectively. Our goal is to study these two families in a neighbourhood of a
parameter po € U such that

AMpo) = g with with (p,q) = 1.

By applying Theorem A, in a neighbourhood of (0,0, zg) € R*t™ there exists a C*
diffeomorphism & such that

1
v+ ulQ(u)

Here recall that v = 2™y", P, and @), are polynomials in the resonant monomial
u = zPy? and

(@*Y,) =Y,V = (xaz + (=A(p) + Pﬂ(u))yay).

(=min{f € Z: B(p,q) > (m,n)}.

Composing ® with suitable homotheties we can assume that @ is defined on {|z| <
2, |y| < 2}. Let = and %4 be two normalized transverse sections to the separatri-
ces = 0 and y = 0 respectively. To be more precise, X and ¥ are parameterized
by o1(s):= ®(s,1) and o2(s):= ®(1, s) respectively, so that L = &({y = 1}) and
) = ®({z = 1}). We denote the Dulac map and the time function associated
to the transverse sections X and $4 by D and T respectively. More precisely, if
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©(t, (zo,yo0); 1) is the solution of Y, passing through (x¢, yo) at t = 0, for each s > 0
we define D(s; ) and T'(s; ) by means of the relation

¢(T(s:),01(5); 1) = 02(D(s: 1))

Theorem B is the main result of this part of the paper. It gives an asymptotic
development of T'(s; 1) near s = 0, uniform with respect to p, assuming that m and
n are not both negative. (This assumption implies that ¢ > 1.) After exchanging
coordinates if necessary, we assume that n > 0. In order to state the result we must
introduce the so called Roussarie-Ecalle compensator, namely,

s =L ifa#0,
w(s;a) = :
—logs ifa=0.

We also define a(p):=p — A(u)qg.

Theorem B. With the above notation and assumptions, for each K € N, we have
that

T(s% ) = aglogs + s™1 A, (s") + By, (s7, sPw(s, a(n))) + Ui (55 1),
where, for p & ug, Ui (s;p) is a K-flat function at s = 0 uniformly on pu. Moreover

(a) ap = —q in case that (m,n) = (0,0) and zero otherwise.
(b) A.(z) and B, (z,w) are polynomials in z and w and their coefficients are
rational functions in the coefficients of P, and @, in (4) without poles at

H = Ho-
(¢) The order of B,(z,w) at (0,0) is > min(n,¢f) and, if mqg — pn # 0, then
Au(0) = m

Let us clarify that the above expression of T'(s?; i) provides, after the substitution
of s by s'/9, the asymptotic development of T(s;p) at s =0 for p =~ pg. We prefer
to state it in this way for the sake of shortness and simplicity in the proof. In order
to prove Theorem B let us first note that, by construction, if (:Ct (s),yt(s)) is the
solution of XV¥'= 20, + (= () + Pp.(u))yd, with initial condition (o, y0) = (s, 1),
then

—log s
T(s;p) = / (v+u'Qu(u)) dt,
0 (ze(5),y:(s))

where recall that v = ™y™ and u = 2Py9. Thus T'(s; i) is a finite linear combination
of terms

—log s ) )
Ty(s) = / (s (s dt

with (i,7) € Z:= {(m,n)} U{v(p,q) : v = (,..., 0+ degQ,}. Here and in what
follows, in order to avoid long formulae we omit the dependence on p when there is
no risk of ambiguity. Clearly Tyo(s) = —log s and, in case that i # 0, T;o(s) = 51;1
So it suffices to study Tj;(s) for j # 0 and to this end we take advantage of some
results of Roussarie in [13, Chapter 5]. For the sake of clarity we collect them in

the following lemma:

Lemma 5.1. For each t > 0, u(s) = x(s)Py¢(s)? can be expanded as a series in s
as

ui(s) =Y gr(t)s™,
k=1
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where g1(t) = et and g, (0) = 0 for k > 2. In addition, for each r > 0, we have
that

107k (t)| < CLCFe™™3 for all t > 0 and p =~ po
for some constants C and C, (independent of t, p and k). Finally, g,(t) = e*'gr_1(t)

et 1

with gi—1(t) being a polynomial of degree < k — 1 in Q(t, «):=

It is to be noted that the upper bound of 0"gy in Lemma 5.1 is slightly different
from the one in [13] because there the exponential factor is e**/2 instead of e*#/3,
This is only a technicality. Indeed, one can easily verify that if u is close enough
to uo so that |a(p)| < 1/3 then we can replace 1/2 by 1/3 in the exponent. Now,
with the notation introduced in Lemma 5.1, it follows that

o 1/q
yi(s) = e M (Z gk(t)skp> for ¢t € [0, —log s].
k=0

Since (1 + 2)7/7 = l;) (j{q)zl for |z| < 1, we get

o0
ye(s) = eV gin(t)s™,
k=0
with
- ild
= 3 () )
=141+ +i;=k
Note that there are as many summands above as the number p(k) of partitions of k
and it is easy to see that p(k) < (%k_l) < 2%6=1 < 4k On the other hand, if | < k

then (j{q) < 7" < |j|F. Thus, using the inequality in Lemma 5.1 for r = 0, it is
easy to check that

1G;k] < (4]5]Co) e/ Hlabkt

for some positive constant Cy. Consequently, if s ~ 0 and a ~ 0, then

—logs & o ] 0 ] —logs )
Tij(s) = / Z Spk-i-ze(z—)q)tgjk(t) dt — Z Spk-i—z/ e(z—k])tgjk(t) dt,
0 k=0 k=0 0
since the right-hand side of
) —logs ) ) k
gPh+i / =3t (1) dt| < 5V (4|j|005<p72/37|a\>) (21)
0

is the general term of a convergent series in k provided that s and « are small
enough. In short, we have shown that

0 ) —log s ) ]
Tij(s) = > """ Ty(s) with Tije(s):= /0 Mg () dt. (22)
k=0

Our next goal is to bound the derivatives of the k-th term in the above series. More
concretely, we prove the following result:

Lemma 5.2. For each r > 0 there exits a positive constant C, such that

|ar (S;Dk-‘riTijk (S))| <k (4|j|Or)k8(p_2/3_|a‘)k_r+>\j.
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Proof. The case r = 0 follows directly from (21). To study the case r > 1 let us
introduce the function

hir(s) = gjr(=1logs),
so that T}k (s) = —h;k(s)s* =71, By (a) in Lemma 4.1, we have that

9" (gr o (—logs)) = Z Z C{((algk) o (—log s))ail (—logs)---0%(—1logs)

=1 i1++i=r

for some collection of constants {C7 }; .. Accordingly, by applying Lemma 5.1, there
exist positive constants C' and C). such that

10" (gk o (—logs))| < C,.CFs™F/37r.

Here C is the same as in Lemma 5.1 whereas C, is not. Since gp(—logs) =
$“gr+1(—log s), on account of (16) we get

T

9" (gr o (—logs)) = Z (;) oM (s*)or " (gr+1(—logs))

h=0

and consequently
0" (gr o (—logs))| < C,CF+1g=(k+1)/3—r—lal
Now, by using the above estimates in the r-th derivative of (20),

8Tﬁjk(s) =

k .
= 8 () X o (o) 9 3 o),
)

I=1 i+t =

we obtain that

|3Tﬁjk(s)|<2|j’|l Z Z (C,C) Ok s~ (kD /3=r=lla]

=1 i1+t =k j1+-tu=r
< (4|j|CT)kS—(2/3—|a\)k—r'

(In the two inequalities above, and in what follows, for the sake of simplicity C
stands for a “universal” constant not depending on k.) Hence, due to 0T;;k(s) =
—hjr(s)sM 7L from (16) we conclude that

07 Tugn(s)] < (41410, 5= /3 IaDb=rtx

Finally, the inequality in the statement follows by applying the derivation formula
in (16) once again. O

Proposition 1. Fiz (i,j) € T with j # 0. Then, for each K > 0, there ewists
M(K) > 0 such that

oo

Ui(s)= D s Ti(s)
k=M (K)

is a K-flat function at s =0 for p =~ pg.
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Proof. Since a(pug) = 0, there exists a constant 3 such that
0<B<p—2/3—|al for p= pp.

If s is small enough then Z;":M(K) k" (4|j|CT55)k is a convergent series for each

r=0,...,K. Denote by C the maximum of their values for r = 0,...,K. Then,

by Lemma 5.2 and taking M (K) > %, it follows that
Z |8r(spk+iTijk(S))| < KT Z k" (4|j|crsﬁ)ks(pfz/sf\alfﬁ)kaﬂj
k=M (K) k=M (K)
< CskK-r,
This proves the result. O

Proof of Theorem B. Set WX = 0. For j # 0, consider the functions \115 given by
Proposition 1 and define T\ = T;; — W[, Then it follows that

T(s)= D Tils) = T"(s) + W*(s),
(i,5)€T
TK and UK is K-flat at s = 0. Here recall that

i,7)ET *ij

7= {(m,n)}U{u(p,q):V:K,...,é—l—degQ#}.

where TH := 2o

Note moreover that Tpo(s) = —logs and, in case that i # 0, Tip(s) = Sii’l. So it
suffices to study Tg with (¢,7) € Z and j > 0. To this end notice that

M(K)—1
TH(s)= Y sT(s),
k=0

where T;;, are the functions introduced in (22). We claim that the following is
verified:

(a) If (i,5) = (m,n) with mg —np # 0 and n > 0, then
sq<pk+m)Tmnk(sq) = bysmtPRIe 4 By (s”, sPw(s, a)),

where By(z,w) is a polynomial of order > n at (0,0).
(b) If (i,5) = v(p,q) with v > 0, then sP*FT,, 1 (s) = B,(s?, sPw(s,a)),
where B, (z,w) is a polynomial of order > k + v at (0,0).

We will show in addition that, for each v > 0, the coefficients of B, are rational
functions in the coefficients of P, in (5) without poles at u = pp.

In order to prove (a) note first that, taking (20) into account and applying
Lemma 5.1, it follows that g;5(¢) = R;((t, a)) for some polynomial R;x of degree
< k. Then

—log s (s,0) m—An
Tonnk(s) = / eM=AtR (Qt, a))dt = / (1+ aw) = Rk (w)dw,
0 0
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where to obtain the second equality we perform the change of variables w = Q(¢, «).
Then, after integrating by parts k times, we get

L0 +ew? o CORD@ et )]
(m — An +a)(m — An + 2a) (m—An+a) - (m—An+ ka) .

Note that the denominators in the above expression are different from zero for
1~ 119 because a(ug) =0 and, due to mqg — np # 0, m — Auo)n # 0. Accordingly

Trnk(s) = —=1%(0) + (1 + aw(s, o)) %Tk (w(s, @),

where 74 is a polynomial of degree k with 79(0) = —— # 0. Then, using that

m—An
1+ aw(s,a) = s and a = p — A\q, some easy manipulations show that

m—An gm—np n

(1+ow(s,0)) = =(1+aw(s,a) ™ (1+aw(s,a))?

n
q

= 3%”7’”(1 + aw(s,a)) =g ™ (s% + %s%w(s%,a)) )
Therefore
m m b a B 1 "
SR e (8) = =71 (0) PR + PP (w(s, ) (sq + osaw(sa, a)) . (23)
Note at this point that w(s, &) = Jj (w (sl/q, a)) for some polynomial J, of degree g.
Indeed, this is so because

seo1 (selao1 sgefiog

(1 T Sw(qfl)/q)

o o o
and s~4 =1 4 aw (sl/q, a). This shows that
sPw(s,a) = (sp/q)qu (w(sl/q,a)) (24)

is a polynomial in s?/¢ and s?/9w(s'/?, o). Consequently, so it is sPF7y, (w(s, a)) since
it is a finite sum of terms of the form

sPRW(s, )t = sPF=7) (sPw(s, a))i = (s”/q)q(k—i) (sPw(s, a))i

with 0 < ¢ < k. This fact, on account of (23), proves (a).
Next let us prove part (b) of the claim. The same change of variables as before
gives

—log s (s,a)
Typwak(s) = /0 € Ry 1 (At ))dt = /O (1+ aw)’ ' Ry i (w)duw,

which is a polynomial of degree < k + v in w(s, ). Exactly the same way as before
this shows that s?*+T,, . 4(s) = B, (s?, sPw(s,a)) for some polynomial B, of
order > k + v at (0,0), proving the validity of (b).

In view of (a) it is clear that to prove the result it suffices to study those terms
arising from (4,7) = v(p,q) with v > 0. However this is easy because, once again
from (24), we can write sP? ¢+ T, 0 (s9) as a polynomial in s? and sPw (s, a(p)),
which contributes to the terms of B, (sp, sPw (s, a(u))) in T(s; ). This concludes
the proof of the result. O
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6. Perspectives. In this section we give some perspectives for future work. The
principal motivation for this work was the study of asymptotic properties of the
period function near a hyperbolic polycycle. We give an asymptotic development
of the Dulac time near a hyperbolic singular point. It is important to note that our
Dulac time T in Theorem B is measured between normalized transverse sections
which are constructed using the diffeomorphism that brings to the normal form (4).
In order to have a result on the Dulac time between arbitrary transverse sections
one must add to the local Dulac time T in Theorem B the two times necessary
to go from given transverse sections to the normalized ones. The times must be
calculated in the coordinate on the source transversal. This leads to a composition
problem. We postpone the solution of this problem to the general paper dealing
with hyperbolic polycycles to which we hope to come in a near future. In any case
we must study then the composition problem in detail.

Note that the monomials log s, s™415P4 | siP()J appearing in the asymptotic devel-
opment permit a process of derivation division generating a Chebyshev system (see
[6, 11]). One can hope that this can be generalized to the total period of a hyperbolic
polycycle and that hence in finite codimension one can prove non-accumulation of
critical periods on hyperbolic polycycles.

It would be useful to know the structure of the coefficients in the Dulac time and
divide the Dulac time similarly as for the Dulac map in [11]. Tt seems out of reach
for the moment.

Note that our study covers all the cases of the polar factors of the vector field
(2), except for the case m,n < 0. This last case occurs when both separatrices are
lines of zeros of the vector field Y. For studying the accumulation of critical periods
we don’t have to study this case, since in this case the derivative of the Dulac time
tends to infinity uniformly on the parameters and hence no critical periods can
appear. Nevertheless, in this case very interesting resonances between the order
of poles (m,n) and the eigen-values (p,q) seem to appear, leading to higher order
compensators. We hope to return to this problem later.

Some parts of the present study apply also to the saddle node case. However, in
the treatment of the remainder term via Theorem 2.3 only the part corresponding
to the strong variable can be eliminated.
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