LECTURE NOTES ON McCOOL’S PRESENTATIONS FOR STABILIZERS
WARREN DICKS*

ABSTRACT. Let F be any free group with a finite basis, let .S be any finite set of conjugacy
classes of elements of F, and let Aut(F,S) denote the group of all automorphisms of F
which carry S to itself. In 1975, McCool described a finite presentation for Aut(F,S); even
the fact that Aut(F,S) is finitely generable had not been noted previously. McCool’s proof
has some subtle points, and the standard treatments leave some details to the reader. We
give a self-contained, detailed proof of a slight generalization of McCool’s result. We also
give proofs of all the background results of Dyck, Dehn, Nielsen, Reidemeister, Schreier,
Gersten, Higgins & Lyndon, Whitehead, and Rapaport.

Our viewpoint is mainly graph-theoretic. We lift Higgins & Lyndon’s arguments from
outer automorphisms to automorphisms by using graph-theoretic techniques due to Gersten,
as opposed to using Rapaport’s technique of adding a new variable. We lift McCool’s
arguments about finite, two-dimensional CW-complexes to arguments about groups acting
on trees, where they may be made rigorous.

1. INTRODUCTION

1.1. Definitions. Let G be a group. By a straight word in GG, we mean an element of G.
By a cyclic word in G, we mean the G-conjugacy class of an element of G. By a word in G,
we mean a straight-or-cyclic word in G. Let Aut G denote the group of all automorphisms
of G, acting on the right, written as exponents. In a natural way, Aut G acts on the set
of all words in GG, and on the set of all sets of words in G. If S is any set of words in G,
then we define Aut(G, S) := {p € Aut G : S¥ = S}, which is a subgroup of Aut G called the
(Aut G)-stabilizer of S. O

1.2. Historical notes. Let F' be a free group with a finite basis (free-generating set), and
S and S’ be finite sets of words in F'.

Nielsen(1919) used an elegant algebraic argument to obtain a finite generating set for
Aut F. Later, Nielsen(1924) used a very difficult algebraic argument to obtain a finite
presentation for Aut F'. His proof used a rewriting algorithm and a Dehn tree; although we
shall not discuss Nielsen’s proof, we shall see that both of these tools are still very important
in the theory. Chandler & Magnus(1982) wrote that ‘an unsystematic poll taken by Magnus
in 1970 seems to indicate that for about a decade after the death of Nielsen in 1959 there
existed no living mathematician who had read Nielsen’s paper in detail or would have been
able to derive his result. This situation changed dramatically’ when McCool(1974 and 1975b)
obtained a new finite presentation for Aut F' and a new proof of Nielsen’s finite presentation
for Aut F.

2010 Mathematics Subject Classification. Primary: Secondary:
Key words and phrases.
*Research supported by MINECO (Spain), project numbers MTM2014-53644-P, MTM2017-83487-P.



Whitehead(1936) associated with S a finite graph I'(S) (described in Historical notes 9.3
below), and gave a difficult topological proof that T'(S) is connected, from which it follows
that I'(S) may be constructed by using a simple algorithm. By comparing I'(S) and T'(S’),
one sees whether or not the set {¢ € Aut F': S¥ = S’} is empty, and one finds an element
if any exist. Rapapport(1958) introduced a rewriting algorithm, and gave a very difficult
algebraic proof that I'(.S) is connected. Higgins & Lyndon(1962) introduced a more powerful
rewriting algorithm, and gave a relatively simple algebraic proof that I'(S) is connected.
These efforts to understand Whitehead’s work were rewarded with an unexpected result
when McCool(1975a) refined the Higgins & Lyndon algorithm and showed how to read off a
finite presentation for Aut(F,S) from I'(S) ; even the fact that Aut(F,.S) is finitely generable
had not been noted previously. 0

The purpose of these notes is to present a self-contained proof, with all details checked,
of an explicit finite presentation for Aut(F,S). The proof has some subtle points, and
the standard treatments leave several details to the reader. We use most of the results
already mentioned, together with later techniques introduced by Serre(1977), Hoare(1979),
and Gersten(1984a). Let us now outline the course.

In Section 2, we collect together much of the basic vocabulary and notation we shall be
using. In Section 3, we formally explain free groups, bases, and presentations. In Section 4,
we formally explain graphs and Serre’s definition of their fundamental groups; this section
produces free groups from graphs, while the next section produces trees from free groups. In
Section 5, we explain Schreier graphs, Dehn trees, Dyck normal forms, and the length of a
finite set of words in a free group. In Section 6, we use the Schreier-Serre technique to prove
the Nielsen-Schreier theorem that subgroups of free groups are free, and then we describe
Reidemeister-Schreier presentations for subgroups.

In the remainder of the course, we study Aut(F') for a free group F' with a finite basis.
In Section 7, we give Nielsen’s finite generating set for Aut(F’) and Nielsen’s original proof.
In Section 8, we present Whitehead’s larger finite generating family for Aut(F), which has
the advantage of behaving extraordinarily well with respect to lengths of finite sets of words.
In Section 9, we list McCool’s relators, state McCool’s explicit finite presentation of Aut F,
and state explicitly McCool’s finite presentation for Aut(F,S). We then finally know where
we are headed. In Section 10, we give Gersten’s graph-theoretic description of Whitehead’s
generating family, and start to accumulate some of its properties. In Section 11, we state
and prove six rules for Whitehead’s generators which encapsulate the set of rules given by
Higgins & Lyndon, which in turn greatly simplified the set of rules given by Rapaport. In
Section 12, we record the consequences of five of the six rules; in particular, the relators
given in Section 9 are relators. In Section 13, we introduce Rapaport’s important concept
of decreasing a peak, here expressed in terms of groups acting on trees. In Section 14, we
perform the most strenuous part which is to prove that the McCool peaks are Rapaport
decreasable via the Higgins & Lyndon rewriting rules. In Section 15, we record Rapaport’s
consequence of this result. In Section 16, we give proofs for the presentations stated in
Section 9.

1.3. Historical notes. Possibly the most famous example of Aut(F,S) is the algebraic

n-string-braid group of Artin(1925 and 1947), wherein F' is a free group with basis

{t1,ta,...,t,} and S is the set {ty-to---t,, 17,15, ..., t0}; here, we are writing 5 to de-

note the cyclic word which is the F-conjugacy class of t;. One of the many important results
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that Artin obtained in 1925 was a finite presentation for Aut(F,.S). His proof used algebra
and topology. In 1947, he wrote the following about his 1925 paper: “Most of the proofs are
entirely intuitive...It is possible to correct the proofs. The difficulties that one encounters
if one tries to do so come from the fact that projection of the braid, which is an excellent
tool for intuitive investigations, is a very clumsy one for rigorous proofs.”. Magnus(1934)
gave an algebraic proof of Artin’s 1925 presentation by applying a procedure which had been
invented in 1927 by Artin’s colleagues Reidemeister and Schreier. U

McCool(1975a) wrote that ‘the idea of exhibiting Aut(F,S) as the fundamental group of
a finite complex was shown to me by Lyndon. My original proof...was much more tedious.’.
The straightforward translation from fundamental groups to groups acting on trees does not
seem to me to add tedium, and it is the only language that I have found in which I could
write out rigorous proofs.

Although there are some innovations in these notes, we have not explained anything alien
to the period 1882-1984, we have explained only a small portion of what was learned about
free groups in that period, and we have explained nothing at all about the massive activity
in the reseach on free groups since 1984. We believe that at least the information we have
given about McCool’s presentations is up-to-date.

2. BASIC VOCABULARY AND NOTATION

2.1. Definitions. Following Bourbaki, we let N denote the set of finite cardinals; thus,
N:={0,1,2,...,}.

For any sets A and B, we denote the disjoint union of A and B by AU B.

For any set S and subsets A and B of S, we write A-B :={a € A:a ¢ B}.

Let A be any set. We denote the cardinal of A by |A|. For each £ € N, we let A*¢
denote the £th Cartesian power of A; thus, the elements of A*¢ are ¢-tuples of elements of A,
(ay,as,...,a;). An A-sequence is an element of A** for some ¢ € N, and £ is then called the
length of the A-sequence. A set S is said to be a family of elements of A if there is specified
a set map S — A; by abuse of notation, we then treat each element of S as if it were equal
to its image in A. O

2.2. Definitions. Let G be a group.

We denote the associative binary operation by G*? — G, (h,g) — h-g. We denote the
identity element by 1, and the inversion operation by G — G, g — ¢g~!. (On the two occasions
where we abelianize GG, we shall change the notation for the operation to +.)

For all g,h € G, we set ¢g" :== h™t-g-h and "g :== h-g-h™L.

For each h € G, the set h% := {h9: g € G} is called the G-conjugacy class of h, which is
a cyclic word in G.

For subsets A, B of G, we write A-B :={a-b|a€ A,be B}, 4B:={%|ac A bec B},
AB:={a*|ac Ajbe B}, AL :={a"'|ae A}, and A*' := AUA"L For an element g
of G, we write A-g := A-{g}, and similarly for g-A.

For each subset S of G, we set (S) := {s1-s9---s7: (51,52,...,8¢) is an S*!-sequence}.
Then (S) is the inclusion-smallest subgroup of G which includes S. We call (S) the subgroup
of G generated by S. If (S) = G, we say that S is a generating set for G. We say that G is
finitely generable if there exists some finite generating set for G. By the normal closure of S
in G, we mean ( “S), which is the inclusion-smallest normal subgroup of G which includes S.

Analogous terminology is used with families of elements of GG in place of subsets of G.
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We set G(? := ({g?| g € G}), which is a normal subgroup of G. For all z,y € G,
vyx byt =22 (a7 y)2(y1)? € GMY. The quotient group G/G'? may be viewed as a
vector space over the field Fy of two elements. We set rank(G; Fy) := dimp, (G/G(?).

Consider any G-sequence o = (g1, ga, - - ., ge¢). We say that o is reduced if g;y, # g; ' for
each i € {1,2,...,0—1}, and o is cyclically reduced if (g1, 92, - - -, ge, g1, G2, - - -, ge) is reduced.
For each g € G, we say that o is for g if ¢1-g2- - -g¢ = g. For each cyclic word x in G, we say
that o is for x if g1-go- - -gs € .

By a right-multiplicative G-set A, we mean a set A given with a map AxG — A denoted
(a,g) — a-g such that the following hold: for each a € A, we have a-1 = a; for all a € A
and g, h € G, we have a-(g-h) = (a-g)-h. For each a € A, we write G, := {9 € G : a-g = a},
which is a subgroup of G called the G-stabilizer of a. If the map AxG — A were de-
noted (a,g) — a¥, we would say that A is a right-exponential G-set. If A is either a
right-multiplicative G-set or a right-exponential G-set, we say that A is a right G-set. We
define left-multiplicative, left-exponential, and left G-sets analogously. If A is a left or right
G-set, we say that A is a G-set and we write GG, to denote the G-stabilizer of a, for each
a€A.

If A and B are right-multiplicative G-sets, then a map ¢ : A — B, a+ ¢(a), is said
to be a right-multiplicative G-map if p(a-g) = (p(a))-g for all (a,g9) € AxG. We de-
fine right-exponential G-maps, right G-maps, left-multiplicative G-maps, left-exponential
G-maps, left G-maps, and G-maps analogously.

For each subgroup H of G, we write H\G := {H-g | g € G} and G/H :={g-H | g € G}; in
a natural way, these are right-multiplicative and left-multiplicative G-sets respectively. [J

3. FREE GROUPS AND PRESENTATIONS
3.1. Definitions. Let E be any set. Set E*! := Ex{1,—1} and A := || ((E*')*"). Let the

¢eN
unique element of (E*!)*? be denoted 14. We view E as the subset Ex {1} of E¥!, and, we

view E*! as the subset (E£1)*! of A. On A, we have a unary operation called inversion,

1

A= A arsa, where (er,...,e0) = (e, ... ert),

where, for each (e, ¢) € E*L, (e,¢)7! := (e, —¢) € E*!. On A, we also have a binary operation
called concatenation,

A2 5 A, (a,b) = a®b, where (e1,...,e0)@(f1,. ., fm) = (1, €0 fi, s fm)-

Then A is a monoid, in that concatenation is associative and 14 is the identity element. Let
20 denote the set of all those subsets S of A*?2 such that the following hold: S is an equivalence
relation on A; for each a € A, we have (¢ '®@a,14) € S; for all (a,d’), (b,b') € S, we have
(a®b,d'®@l') € S. For each S € A, we let A/S denote the set of S-equivalence classes; it is
straightforward to show that A/S has a unique group structure such that the quotient map

A — A/S is an inversion-respecting monoid morphism. In A*?2 set Sp:= [\ S. It is clear
Set
that So € A. We call A/Sy the free group on E, and denote it by F(E). Thus, F(F) is a

group with a specified set map F — F(F); moreover, we claim that, for each group G, each
set map E — G is the composite of our set map £ — F(F) with a unique group morphism
F(E) — G. To verify this claim, we note that, first, the set map F — G is the composite
of the inclusion map E — A with an inversion-respecting monoid morphism A — G, which
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determines an element S € 2 in a natural way, and, secondly, we may then construct maps
F(E) — A/S — @G, and the proof of the claim follows. Here, we say that the group morphism
F(F) — G is induced by the set map £ — G.

Exercise: The map E*' — F(E) is injective.

Exercise: rank(F(E);Fy) = | E|.

We shall often treat F as a subset of F(F), and here no ambiguity arises from the two
definitions of E*!. O

3.2. Definitions. We say that a group G is a free group if there exists some set F such
that G is isomorphic to F(E), or, equivalently, there exists some set map E — G such that
the induced group morphism F(E) — G is an isomorphism. In the latter event, we say that
the set map E — G 1s a G-basis; it is necessarily injective. For any subset E of G, if the
inclusion map F — G is a G-basis, then we say that the subset E is a G-basts. U

3.3. Definitions. Let E be any set, R be any family of elements of F(E), and N be the
normal closure in F(F) of R. We write ( E| R) to denote the group F(FE)/N.

For any group G, we write G = ( E| R) when there is specified an isomorphism from
(F|R) to G, or, equivalently, there is specified a set map E — G such that the induced
group morphism F(F) — G is surjective and has kernel N. By abuse of notation, we then
say that ( E'| R) is a presentation for G; here, it is important to specify the set map £ — G.
If, moreover, the sets F and R are finite, then we say that ( E'| R) is a finile presentation
for G. We say that G is finitely presentable if there exists some finite presentation for G. [J

4. BUILDING FREE GROUPS OUT OF GRAPHS

4.1. Definitions (Classic). By a graph, we mean a quintuple (I', VI, ET',¢,7) such that T’
is a set, VI" and EI" are disjoint subsets of I' whose union is I'; and ¢ and 7 are maps from
EI' to VI'. We use the same symbol I' to denote both the graph and the set. We call
VI and EI" the vertez-set and edge-set of I' respectively, and call their elements I'-vertices
and ['-edges respectively. The maps ¢ and 7 are called the initial and terminal incidence
functions respectively.

For each subset T of I', we write VY :=T N VI and EY :=7T NEI'. We say that T is
a subgraph of I' if EY C {e € EI': {1(e),7(e)} € VT}; if equality holds, we say that T is a
full subgraph of T'.

We set E¥'T := (EI")*' C F(ET). For e € ET, we set t(e™!) := 7(e) and 7(e™1) := «(e).

For each v € VI', we set linkp(v) := {e € E¥'T : e = v}. By the I'-valence of v, we mean
| linkp(v)].

By a I'-path, we mean a sequence of the form p = (v, €1, v1, 2,09, ...,0p_1, €p, V) Where
¢ € N and, for each i € {1,2,...,¢}, ¢; € E*'T", v;_; = 1e;, and v; = Te;. We sometimes find
it helpful to depict p as vg v Bvg v Sv,. We say p is a path from vy to vy,
p connects vy to vy, p initiates at vy, p terminates at vy, and p has length €. If v, = vy, then
we say that p is a closed path based at vy. If e; # e; ) for each i € {2,3,... ¢}, then we
say that p is a reduced path. We sometimes abbreviate p to (e, es,...,€), even if £ =0
when vy is specified. For each e € EX'T, by the number of times p traverses e, we mean
[{i€{1,2,...,0} 1 e; € {e}*'}|. We call the element e;-e3 - - - e, of (ET | @) the I'-label of p.
By a subpath of p, we mean any subsequence of p of the form (v;, €41, Vi1, ..., €;,v;) where
i,j€{0,1,...,¢} and i < j.



For v,w € VI', we let I-Paths(v,w) denote the set of all I-paths from v to w; we then
have the inversion map

[-Paths(v,w) — [-Paths(w,v), p+p ',

where (eq,ea,...,e0) i=(e; ', ... e5",er"). For u,v,w € VI, we have the concatenation
map [-Paths(u, v) x [-Paths(v, w) — T-Paths(u,w), (p1,p2) — p1© p2,
where (e1,eg,...,60)@ (€], €5, ...,€ ) :=(e1,ea,...,¢ep€],€5 ... e ). The I'-label of a con-

catenation of two I'-paths equals the product of the I'-labels of the two I'-paths. If a I-path p
is closed and p®© p is reduced, we say that p is cyclically reduced. For any v € VI' and any
subset W of VI', we let I-Paths(v, W) denote the set of all I'-paths which initiate at v and
terminate at some element of W.

We say that I" is a tree if VI' # () and, for all v,w € VI, there exists a unique reduced
[-path from v to w. We say that I' is connected if, for all v,w € VI', there exists a I'-path
from v to w. By a component of I', we mean a maximal nonempty, connected subgraph
of I'. Thus, I' equals the disjoint union of its components. We say that I' is a forest if each
component of I' is a tree. It may be seen that I' is a forest if and only if every reduced,
closed I'-path has length zero.

Let G be a group. We say that a graph is a (left or right) (multiplicative or exponential)
G-graph it both the vertex-set and the edge-set are G-sets, and the initial and terminal
incidence functions are G-maps.

4.2. Definitions (Schreier(1927), modified by Serre(1977)). Let I' be a nonempty connected
graph.

Let I'y be a maximal subtree of I". By Zorn’s lemma, VI'y = VI'. For any vertices u, v
of I', we let I'g[u, v] denote the I'-label of the unique reduced I'p-path from u to v; notice that
LColv,v] =1, and that [glv, u]-To[u, w] = To[v, w], for each u € VI'. Set E'T := ET'— ET .

Let vy be a I-vertex, chosen to serve as a basepoint. Let 7(I", vg) denote the set consisting
of the T-labels of the closed I'-paths based at vg. It is not difficult to see that 7(T",vg) is a
subgroup of F(ET).

We have four group morphisms:
embed

F(E'T) —= F(ET), g — g4 sends each ¢ € E'T to e € ET};

F(ED) deflate, F(E'T), g — gtfate sends each e € EIy to 1, each e € E'T to e € E'T}

include

7(T,v9) —— F(ET), g — g™ is the inclusion map;
F(ED) 22 (1, vg), g — g™ sends each e € ET to et := T'y[vy, te]-e-To[re, vo).
We shall show that the two composite maps
deflate embed inflate

7T, v) 2% p(ED) &% R(E'T)  and  F(E'T) 2224 F(ED) 225 7T, v)

are mutually inverse.
For each e € E'T’,

deflate o embed o inflate embed oinflate __
(& = FO [

— e Vo, te]-e-Tg[Te, v,
and, also,

embed o inflate o include o deflate

e = (To[vo, te]-e-To[re, v])nctudecdetlate — 1.0, — ¢,

which verifies one of the identity maps.



For each e € EIY,

6deﬂateoembedoinﬂate — 1embedoinﬁate —1= FO[UOa LG]'FQ [LG, TG]'F()[TB, UO] _ FO[U07 LG]'G'FO[TG, UO]-

We have now seen that, for each e € EI'F!, edeflatecembedeinflate — 11y, el e.Tg[re, vp] . An

arbitrary element of 7(I",vg) equals e;-e5 - - - €, for some I'-path

er, e2 €¢ o
Vo 0N T Uy = o,

and then

include o deflate o embed o inflate deflate o embed o inflate

(e1-€2 - €q) = (e1-e5- - €)
= To[vo, vo]-e1-To[v1, vo]-To[vo, v1]-€2 - - - €x-Tolve, vo]
=1l-e;-leg---l-eg =e1-€9--ey,

which verifies the other identity map.

We have now proved that 7(T",v9) = (E'T|0) = (ET|ET) with the map ET' — (T, vy),
e — Dglvg, te]-e-Ty|Te, vg]. In particular, w(I',vg) is a free group. O

5. BUILDING TREES OUT OF FREE GROUPS

5.1. Notation (after Schreier(1927)). Let G be any group, E be any family of elements of G,
and V be any right-multiplicative G-set. The Schreier graph for V with respect to E, denoted
ViF | is the graph with vertex-set V' and edge-set V' x E, in which each edge (v, €) has initial
vertex v and terminal vertex v-e. The (ViE)-paths (v, (v,e),v-e) and (v-e, (v,e)~!, v) are
depicted as v 5—v-e and v-e ““——v respectively. We sometimes identify E*'(VirF) with
V x (E£Y).
A (VinE)-path p will sometimes be depicted in the form
Vg 20 By —— - Uy ——1p

for a unique E*l-sequence (e, es, ..., ¢e), called the E¥'-label of p. Then p is a reduced
(VAE)-path if and only the right E+l-label of p is a reduced E*'-sequence. We define the
Schreier-label of p to be ej-ex---e, € (E | D). Notice that vy-(e1-ea---e,) = v,. For each
v eV, (VE)-Paths(v, V) is mapped onto (E | ()) by taking Schreier-labels, and a path
initiating at v with Schreier-label g terminates at v-g.

For any subset W of V, we write Wi ¥ to denote the full subgraph of V¥ with
vertex-set W; recall that this means that the edge-set of Wi consists of all (ViFE)-edges
whose initial and terminal vertices lie in W.

For any subgroup H of F, one may form (H\F)¥. If H < F, then (H\F}¥ is also
called the Cayley graph for the group H\F with respect to E.

The Schreier-labels of (F\F)}F agree with the ((F\F)}¥)-labels of Definitions 4.1, and
taking Schreier-labels of (Ve¥)-paths is interchangeable with applying the natural graph
morphism from V¥ to (F\Fy¥. O

5.2. Theorem (Dehn). For any free group Fand any F-basis E, the graph E~F is a tree.

Proof (Fox(1953), streamlined by Dicks(1980)). Set T := F~¥. To reduce the number of
parentheses, for each (v,e) € FXxE =ET, let us set v®e := (v,e); thus, ((v®e) =v and
T(v®e) = v-e.

Clearly, T' is nonempty.



Let ~ denote the inclusion-minimal equivalence relation on VT such that, for each T-edge
v®e, we have ((v®e) ~ T7(v®e). For each v € VT, let [v] denote the ~-equivalence class
of v; then, for each e € E, we have [v] = [v-e] . There exists a left-multiplicative- F-set
isomorphism between the set of components of 7" and the set of ~-equivalence classes. For
each e € E, we have [1] = [1-¢] = [e-1] = e-[1]. Hence, the F-stabilizer of [1] includes E, which
generates F'. Thus, for all g € F, [1] = ¢:[1] = [g]. Hence, [1] = F. Thus, T is connected.

For each set S, we let Z[S] denote the additive abelianization of F(S). The maps
t,7: ET — VT induce group morphisms ¢,7 : Z[ET] — Z[VT]. If T were not a tree,
there would exist some positive-length, reduced, closed T-path p; then p would have some
positive-length, closed subpath p’ which traverses each T-edge at most once; and then the
abelianization map F(ET) — Z[ET| would carry the T-label of p’ to a nonzero element of
the kernel of 7—i. Thus, to show that 7" is a tree, it suffices to show that 7—i is injective. In a
natural way, Z[ET] is a left-multiplicative F-set, and we may form the semi-direct-product
group ( {g} Z[{El}}T 1) with matrix-style multiplication, wherein each element (¢%) is denoted

[a,b]. Since E is an F-basis, there exists a unique group morphism F — ( {g} Z[{?? ]),

g — [vg,ag], such that [pe, ae] = [e, 1®e] for each e € E. For all v, g € F,

[e(0-9), a(v-g)] = [wv, av]-[eg, ag] = [(pv)-(pg), (¢v)(ag) + av].
The map ¢ : F'— F is an identity map, since pe = e and ¢(v-g) = (pv)-(¢g). The map
a: F — Z[ET] satisfies ae = 1®e and «a(v-g) = (¢pv)-(ag) + av. Thus, we have a map
a: VT — Z[ET] such that, for each v®e € ET,

a(1(v@e))—a((v®e)) = alve)—alv) = (pv)-(ae) = (v)-(1®e) = vRe.
Now « induces a Z-module morphism & : Z[VT]| — Z[ET], and the composite
ZIET) =5 Z[VT) S Z[ET]

is the identity map on Z[ET], since it carries each v®e € ET to itself. Hence, 7—( is

injective, as desired. 0
5.3. Definitions (Dyck(1882)). With Notation 5.1, for each straight word x in F, there
exists some reduced E*'-sequence (eq, ey, ..., e,) for z. Here,

e ‘e €
1 —1>—61 —2)—61'62 —— s ——€1°€2 €y —[)—61'62 G110 =T

is a reduced (F¥)-path from 1 to x, which is unique by Theorem 5.2. Thus, (ej, e, . .., €p)
is unique. We set E-length(x) := £. For each e € E*!, we set

#leemE) = {ie{l,2,....0}:e;e{e}}].
For each positive integer i, we set z[i; E] := e; if ¢ < ¢, and we set x[i; E] := 1 if i > ¢; thus,
z[i; E] € {1} U B+,
For each cyclic word x in F, there exists some cyclically reduced E+'-sequence (e, ..., e,)
for z. In Example 5.4 below, we shall see that (e,...,e;) is then unique up to cyclic
permutation. We set E-length(x) := . For each e € E*!| we set

#leemE):={ie{l,2,... 0} :e;e{e}}].
For each finite set X of words in F', we set F-length(X) := > FE-length(x) and, for each

ecE,weset #(e€ X;F):= Y #(eca; E). z€X
zeX



Often, when X is either a word in F or a finite set or words in F', and E is clear from the
context, we set #(e € X) := #(e€ X; E), and z[i| := z[i; E]. Then #(e '€ X) = #(e€ X)
and E-length(X) := Y #(e€ X). O

eclk
5.4. Example. Let F' be any free group, E be any F-basis, and V' be the right-exponential
F-set which is the set F itself with the conjugation action V- x F — V' (v, g) > v9 = g '-v-g.
We wish to describe the graph VoF.

Consider any v € V.

Define h(v) := E-length(v). We then have a map % : V — N, and we envision it as a sort
of topographical height-function on VY.

By the v-component, we shall mean the (VoE)-component which contains v. The vertex-set
of the v-component is the F-conjugacy class of v.

If |E| =0, then (V) is a topological point, with exactly one vertex and no edges.

If |E| =1, then the v-component is a topological circle, with exactly one vertex and one
edge.

Let us now consider the case where |E| > 2. If v = 1, then the v-component has exactly
one vertex and |F| edges. Let us now consider the case where v # 1.

If the reduced E*'-sequence for v is cyclically reduced, then there exist exactly two
length-one (V¥F)-paths initiating at v and terminating in a (Ve¥)-vertex which is hi-equal
to v; here, all the other length-one (Ve¥)-paths initiating at v terminate in (Ve¥)-neigh-
bours which are h-greater than v, by two.

If the reduced E*'-sequence for v is not cyclically reduced, then v has exactly one A-smaller
(VioF)-neighbour, by two, and all the other (Vo¥)-neighbours are h-greater, by two.

It follows that the v-component consists of some trees attached to a topological circle
whose vertex-set is given by the set of distinct cyclic permutations of some cyclically reduced
E*l-sequence; all reduced paths leading out of the circle are h-increasing.

One consequence is that, for the reduced E*!'-sequences of the elements of a cyclic word
in F', the ones that are cyclically reduced are all the same up to cyclic permutation.

By an h-valley, we mean a (Ve¥)-path which is the concatenation of three subpaths along
which & is decreasing on the first, constant on the second, and increasing on the third; any of
the three subpaths may have length zero. If two (Vi¥F)-vertices are joined by a (Vo¥F)-path,
then they are joined by an h-valley. Similar behaviour will be a recurring theme in these
notes. U

5.5. Historical notes (excerpted from Chandler & Magnus(1982)). Dyck(1882) initiated the
study of free groups, using the terminology die allgemeinste Gruppe aus m erzeugenden
Operationen. He asserted that each element of a free group with basis E has a unique
reduced E*!'-sequence, and gave an intuitive argument; the first rigorous published proof
was given by Artin(1926), that proof being joint work with Schreier. Max Dehn, who was a
mentor of both Nielsen and Magnus, invented the terminology freie! Gruppe, and constructed
the tree of Theorem 5.2 above, by using Dyck’s result. Nielsen(1921 and 1924) introduced
Dehn’s terminology and tree into the literature. U

I Excerpted from the Oxford English Dictionary: The Teutonic word frei originally meant ‘beloved’,
whence Freund, but its sense became altered when it was employed to distinguish family members from
slaves in households. The converse process occurred in Latin where liberi, literally the ‘free’” members of the
household, came to mean ‘children’.



6. SUBGROUPS OF FREE GROUPS

6.1. Definitions (Schreier(1927), modified by Serre(1977)). Recall Notation 5.1, and let F
be a free group, E be an F-basis, W be a right-multiplicative F-set, and I" be a connected
full subgraph of W¥. In particular, (VI)¥ =T

Let vg be a I'-vertex chosen to be a basepoint of I'; and let (L', vg) denote the set consisting
of the Schreier-labels of the closed I'-paths based at vg. It is not difficult to see that 7(I", vy)
is a subgroup of F. Let [y be a maximal subtree of I', and set E'l' := EI'—EI'y. For
each v € VI', denote by v € F the Schreier-label of the reduced I o-path from vy to v, and

-1
set vi=0v , which is the Schreier-label of the reduced I'g-path from v to vy. For each
—— - - >
(v,e) e EI' C VI x B, set (v,e) :=v-e-v-e € F; as (v,e) is the Schreier-label of a closed
—— ——

[-path based at vy, we see that (v,e) € T([,vg). If (v,e) € ELg, then (v, e) is the Schreier-
label of a closed I'g-path based at vy, and, hence, is trivial. Set

—{v:0veVI}CF and ET:={(v.e):(v,e)e ET} C7(T,v) < F.

— —
It is not difficult to see that the map VI' — VT is bijective, and that (', vy)- VI is the set
consisting of the Schreier-labels of the I'-paths initiating at vy.

S

<

We claim that E'T" is a basis of 7(I',vg), and that the map E'T" — E'T" is bijective.
Here EI' C VI' x E, and the second-coordinate map EI' — E induces a group morphism
(ET | 0) — F, g — g, called the Schreier-label map. Recall from Definitions 4.2 that 7 (T, vy)
is a free subgroup of (ET | (}) with basis the family (To[vo, te]-e-Tg[Te, vo] : € € E'T). Each
reduced I'-path may be reconstructed from its I'-label in (ET" | @), and also from its initial
vertex together with its Schreier-label in F. It follows that the map 7 (I, vy) — 7(L', vy),
g — @, is an isomorphism, and the claim is proved.

The free subgroup 7(I", v) of F' will be very important in our study. In the case where I' is
finite, the algorithm for constructing a 7(I", vp)-basis amounts to choosing a maximal subtree
and reading the Schreier-label of the path that travels in the subtree from the basepoint to
the initial vertex of each edge outside the tree, traverses said edge, and travels in the subtree
back to the basepoint.

We now wish to obtain more information about the free subgroup 7T(F vo) of F'. Recall that

Foy - ={g € F :v9-g =wp}. Set A {g € F:vg-g € VI'}; then VT is a left-multiplicative
F,,-subset of F' which contains 1. Thus, VIAE is a left- multiplicative F, -subforest of the
left-multiplicative F-tree F¥. Let T denote the component of VIAE which contains the
vertex 1. Recall that F,, 1) := {g € F,, : T = T'}. We wish to show that 7(I", vg) = F(y, 1)-
Since 1 € VT, we have F(,, ) C {g € F,,, : g € VT'}. Since the action of F,, permutes the
components of VFnE we see that Fi,, ) 2 {g € Fv0 g € VT'}, and then equality holds. The
map VI — VI, g vy-g, induces a graph map VIAE — (VI'y ¥ =T. For each g € F,
we have vy-g € VI' if and only if g € VF further, for each e € E*!, vy-g-e € VI if and
only if g-e € VI. Thus the induced map linkgp,(g) — linkr(vo-g) is bijective. Hence,
the set of Schreier-labels of the set of reduced I'-paths which initiate at vy equals the
set of Schreier-labels of the set of reduced T-paths which initiate at 1; in other words,

—
7(I',v9)-VI' = VT For each g € F, we have g € (I, vg) if and only if ¢ is the Schreier-label
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of a reduced I'-path from vy to vy, and this happens if and only if vy-g = vy and g € VT'. It
follows that @(I',v9) = Flu,,1), as claimed.

Consider any g € VI. We have vy-g € VI and vg-g € Fyy-g C VT. The element vg-g
of F,,-g is called the Schreier representative of F,,-g. Let (e1,ea,...,e,) be the reduced
E*l-expression for g. Since I' = VII'¥, the reduced I'-path initiating at v, and having
Schreier-label (eq, e, ..., ¢€/) is

(vo,e1) (vo-e1,e2)
Vo —Vp-€1 —Vp€1:€g —— - ——Vp"g.
For each i € {1,2,...,(}, set v; := vg-e1-€2-¢,. We have then written our I'-path as
(vo,e1) (v1,e2)
Vo —U1 —Vg —— =+ ——y,

and vy = vg if and only if g € F,,. The foregoing may be viewed as an algorithm for deciding
if a given element of VT lies in F,,. If g € F},, then, in F,

(vo, e1) - (v1, €2) - (v, €4) = (77())'@1‘7;)‘(77;‘62'7(1_2)' ) ~(1ﬁ~6@'1<7@) — 175.61.62. g v = 1-g-1.

I ERES

On omitting those (v;_1, €;) such that (v;_1, e;) € EI'g, we obtain the reduced E'T" -sequence
+1

for g. Converting the E*'-sequence of an element of VT into its E’'T’ -sequence is called

Schreier rewriting. 0

6.2. Schreier’s Theorem. Let F' be any free group, E be any F-basis, and H be any subgroup
of F. Set I :== (H\F¥¥ and vy := H-1 € VI'. Then 7(T',v9) = H. In particular, H is a
free group, and, for each maximal subtree Ty of T', there exists an H-basis EI'—ET'y — H.

Proof. With Definitions 6.1, we take W := H\F. Then VI = F, T = VIE = F~F, and
ﬁ(F,vo) = Fvo,T = Fvo =H. O

In particular, we have the following; see Historical notes 6.5 below.
6.3. The Nielsen-Schreier Theorem. Subgroups of free groups are free. U

6.4. Definitions. Let G be any group, ( E | R) be any presentation for G, and H be any
subgroup of G. We shall now describe the Reidemeister-Schreier presentation for H.

Set F':= F(FE), let N denote the kernel of the implicitly given map ¢ : F' — G, and let us
identify G = (E | R) = F/N. Here, N = (R) < F. Since G = N\F, we see that G and
H\G are right-multiplicative F-sets. Set I' := (H\Gy ¥ and vy := H-1 € VI', let Iy be any
maximal subtree of T", and set E'T' := ET'— ET,. D

Using Definitions 6.1, we now proceed to prove that H = ( E'T' | VIR). This is called the
Reidemeister-Schreier presentation for H corresponding to the presentation (E | R) for G.
It depends on the choice of I'. N

Set H:={f€F:¢(f)€ H}; thus, H is a subgroup of F which includes N, and
H/N = H. As right-multiplicative F-sets, H\F ~ (H/N)\(F/N) = H\G. Thus, we may

~ ——= ~
identify I' with (H\F)}¥. By Theorem 6.2, E'T" is an H-basis.

~ ~
We claim that H-VI' = F. Consider any f € F, and set v:=H-f € VI'. Since v
is the Schreier-label of the I'g-path from H-1 to H-f, we have (H-l)-? =H-f. Now
_)

fe f[-f:f[-?glfl-VF , as desired.
11



_— — _
Since N = (“R) and F = H-VT, we see that the normal closure of V'R in H is N. Hence,
- ———
H=H/N=(E'T |V'R), as desired. By Definitions 6.1, Schreier rewriting converts the

- SN S
E*l-sequence of each element of V'R into its E'I' -sequence, and this is an important aspect

of a presentation.
Notice that in the case where ( E'| R) is a finite presentation for G and H is a finite-index

NI
subgroup of G, the graph T is finite, and ( E'T" | VER) is a finite presentation for H. O

6.5. Historical notes. Nielsen(1921) proved that finitely generated subgroups of free groups
are free, by giving a practical algebraic algorithm for passing from a finite generating set
to a basis; the algorithm is visible in the proof of Theorem 7.2 below. Stallings(1983) gave
a practical graph-theoretic algorithm for passing from a finite generating set to the finite,
connected, basepointed graph from which Schreier read off a basis.

Let G be any group, (FE | R) be any presentation for G, and H be any subgroup of
G. In connection with his seminal work on knot theory, Reidemeister(1927) produced by
direct calculation a finite presentation for H in the case where H is a finite-index, normal
subgroup of GG, and both E and R are finite. Schreier(1927) used Dehn trees to refine the
argument, and gave an explicit presentation for H in the general case. He called the resulting
rewriting procedure ‘das Reidemeistersche Verfahren’, while Reidemeister(1932) called it ‘der
Ersetzungsvorschriften nach Schreier’. The first consequence that Schreier noticed was that
subgroups of free groups are free. According to Chandler & Magnus(1982), Dehn said that
he had always known this result because connected subgraphs of trees are trees. 0

7. NIELSEN’S GENERATING SET FOR Aut F

7.1. Notation. Let F be a finite set and write F' := F(E).

When we write, say, (e <> e, e3 = €] eg-eq)WrtE with {e1, eq,e3,e4} € B!, we shall
mean the unique element of Aut /' which sends e; to e, es to e, ez to 61_1-63-64, and each
element of E—{ey, eq, e3}*! to itself; it will be implicit that such an automorphism exists.
The letters ‘wrt’ are to be read as ‘with respect to’. Similar notation will be used for any
free group and any basis thereof.

Let Sym(E*!) denote the group of all permutations of E*! acting right-exponentially.
Let Sym_ (E*!) denote the centralizer of the inversion permutation in Sym(E*!); thus, any
¢ € Sym(E*!) will lie in Sym_ (E*!) if and only if (e7!)? = (e®)~! for all e € E*'. Each
element of Sym, (E*!) extends to a unique element of Aut F', and we view the resulting group
morphism as an embedding; that is, Sym_ (E*!) will be viewed as a subgroup of Aut F. It is

well known that {(e +» f)wrtE : e, f € E*! e # f} is a generating set for Sym(E*!). O
7.2. Theorem (Nielsen(1919)). With Notation 7.1, set
¢y = {(e<—>f)wrtE le,f € B! e # f},

¢ = {(e—~ef)wrtE | e, f € B {e} £ {f}],
and € := &y U &;. Then € generates Aut F.

Proof (Nielsen, essentially). We use the notation of Definitions 5.3, and when X is an element
of F or a finite subset of F', we set || X|| := E-length(X). For a finite subset X of F', a positive
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integer 4, and an element e of E*!, we write #(e, X,7) := [{z € X : z[i] = e}|. We fix an
arbitrary total order = on E*!, and, for e;, eo € E*', we say that e, is =-greater than ey if
e1 > es. For finite subsets X and Y of F', we say that X is length-lexicographically greater
than Y, and write X 1Y, if either || X|| > ||Y|| or all of the following hold: || X|| = ||Y[;
there exist some positive integer i and some e € E*! such that #(e, X,i) # #(e,Y,1), and, if
ip denotes the least such ¢ and ey denotes the =-greatest e such that #(e, X,ig) # #(e, Y, o),
then #(eg, X,i9) > F(eo,Y,i0). If X is not length-lexicographically greater than Y, we
write X Y. It is straightforward to check that the relation T is transitive; it is clearly
anti-reflexive.

Let ¢ be an arbitrary element of Aut F', and set X := (E*1)%.

For each X-sequence (z,y) such that {z}** # {y}*! and {x}*! O {z-y}*!, we say that
the set Y := (X —{z}*") U {z-y}*! is a Nielsen successor of X. Notice that X JY; also, if
we set e := 2% and f:=y? , thene, f € E¥', {e}* % {f}*! and

Y = ((Eil_{e}il) U {e_f}il)SD _ (Eil)((e»—m-f)wrtE)ogo‘
Since €, generates Sym_ (E*!), to show that & generates Aut F' it now suffices to show that
there exists some finite sequence Xy, X1, ..., X, such that Xy = X, X, = E*!, and, for each
i€ {0,1,...,0—1}, X;41 is a Nielsen successor of X.

Consider any finite sequence X = Xy, Xy, ..., X, such that, for each i € {0,1,...,¢—1},
X411 is a Nielsen successor of X;. Since Xg 3 X; OJ--- 3 X, the X, are all distinct and
X = [|Xol| = [|X1]| = --- > ||X¢||. Thus, there are only finitely many possible options
for ¢, and we may assume that our ¢ is the greatest possible option. By replacing X with X,
we may assume that X has no Nielsen successors, and it suffices to show that X = E*!. Now,
for each X-sequence (x,y), if {x}*! # {y}*!, then {x}* A {z-y}*; also, {z}* A {y-2}*!,
since we may replace (z,y) with (z71,y71).

For any F-sequence (g1, g2, .- ., ge), we define gy*gox - --xg, € F {0} by

gi-92----g¢ i [lgi-go- - gel| = llgull + [lgal| + - - +lgell,

KOk - - K(Qp 1=
g1rg2 ge {O otherwise.

Suppose that (x,y) is some length-two, reduced X-sequence. There exists a unique
length-three F-sequence (a,b,c) such that x = axb™!, y = bxc™!, and z-y = axc™!. We call
b the E*-cancellation in (z,y). We claim that ||a|| > ||b||. Suppose not; that is, ||b|| > ||a]|,
and, hence, ||y|| > [|z-y||. It is not difficult to see that x # y. Now {y}** 3 {z-y}*!, and
this is a contradiction, as desired. Hence, ||a|| > 3||z|| = [|b]| and a # 1. With (y~',z7!) in
place of (z,y), this says that ||c|| = L[|y|| > ||b]| and ¢ # 1.

Suppose that (x,y,z) is some length-three, reduced X-sequence. Let b and ¢ denote
the E*!'-cancellation in (x,y) and (y, z) respectively, and set 3" := b~l-y-c. We claim that
y=bxy’xc "t and 3y’ # 1. Set a := z-b and d := 2~ !-c. Then

v=axb"', y=0bx(y-ct) = (by)xc, z=cxd T, wy=ax(y-ct), yz=(by)xd ",
and, by the previous paragraph, ||y"-c7|| = L[|y|| > |l¢||. It follows that y'-c™! = y'*c "
Hence, y = bxy’+c~!. It remains to show that ¢’ # 1. We suppose that 3’ = 1, and derive a

contradiction. We now have

r=axb"!, y=bxc', z=cxd, zy=axc, yz=>brd ",
and, by the previous paragraph, [la|| = [|b]| < l¢[| and [[b][ = ||c|[ <||d[|. In particular,
116]] = ||¢||- Since y # 1, we have b # ¢, and then y # x and y # z. Since ||a|| = ||b]| = |||,
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it is not difficult to see that if {b} 2 {c}, then
{}* = {axb ! bxa™'} T {axc™ cxa™'} = {ay}F

This is a contradiction. Hence, {c} T {b}. Since ||d|| = ||b|| = ||¢||, we see that
{3 = {exd™ ! dve™'} T {bxd ™ axd 71} = {y2}*

This is a contradiction, and the claim is proved.

Consider any e € E*'. There exists a (unique) reduced X-sequence (zy, s, ..., z,) for e.
Here, £ > 1. Set by := by := 1, and, for each i € {1,2,...,¢—1}, let b; denote the E*'-cancel-
lation in (7, 7;,1). Foreachi € {1,2,..., ¢}, set o} := b; ', -2;-b;. Foreachi € {2,3,... (-1},
the previous paragraph applies to (z;_1, 7, 7;11) and shows that x; = b;_1*}*b; * and 2} # 1.
These assertions hold also for ¢ =1 and for ¢ = ¢, by the penultimate paragraph. Now
e =Ty Xy = Txxhx %2, We see that 1 < €< ||z)*ahx---*x}|| = ||e]| = 1. Hence,
¢=1ande=ax €X. Thus, E*' C X, as desired. O

7.3. Historical note. Chandler & Magnus(1982) discuss some proofs in the literature prior
to Nielsen’s that are not rigorous. 0

We shall not use the following interesting result, and we leave its proof as an exercise.

7.4. Corollary (Nielsen). For any ey, es € E with e; # es,
{(esf)wrtE : f € (E—{e1}) U{er'}} U {(ea ¢ e5',e1 > e1-ex)wrtE}
is a set of |E|+1 order-two automorphisms of F' which generates Aut F'. O

Of course, if |E| < 1, then |E| order-two automorphisms suffice.

8. WHITEHEAD’S GENERATING FAMILY FOR Aut F

8.1. Notation. We use Notation 7.1. Whitehead(1936) expanded on Nielsen’s study of
Aut F', and we change his starting point into a finite generating family for Aut F. Set

€o:={(d, f) € E¥'xE* . d # f},

€ :={(v,e): vC{IJUE* and e € v—v '},

E:=E& U¢& and F:= (& | D).
Throughout, each (d, f) € & will be denoted (d <> f), and each (v,e) € & will be de-
noted [¥]. For each subset v of {1} UE*!, we write v* := ({1} U E*') — v. We now let
each elemen of € act right-exponentially on I’ as an automorphism as follows. We let each
(d <> f) € &y act as (d <> f)wrtE. For each [¥V] € &, we take (vo,e9) € {(v,€), (v:,e™)}
such that 1 € vy and, for each f € E*!, we set

[v] -1 if fe {e}*!
(8.1.1) f 77 = o[l p ol g p e I geyet

In this way, F' becomes a right-exponential F-set, and we have a group morphism F — Aut F’;
we let N denote its kernel, and view the quotient F/N as a subgroup of Aut F'. For elements
w1 and @9 of F, we write 1 = o to mean that ¢ and p, have the same action on F', or,
equivalently, ¢1-N = ¢o-N. For any e, f € E*!, such that {e}*! # {f}*!, we see from (8.1.1)
that [{&/1]-N = (e > e7!, f e f)wrtE. It follows from Nielsen’s Theorem 7.2 that

(8.1.2) F/N = Aut F. O
14



8.2. Historical notes. The action of & on F' is presented differently by different authors.
Rapaport, clarifying Whitehead’s exposition, spoke of automorphisms in which, for some
e € E* each f € E is carried to an element of {f, f-e, e71-f, e~ ! f-e}. For an element e
of E*! and a subset v of E*!, Higgins & Lyndon denoted by (v, ¢) the unique automorphism
which sends each f € v to an element of {f-e, e71-f-e} and sends each f € E¥'—v to an
element of {f, e™!-f}. Hoare composed (v,e) with (e <> e"!)wrtFE, and denoted the result
by (v,e); it is Hoare’s automorphisms which we use, with different notation.

One of Rapaport’s innovations was to use results about cyclic words to obtain results
about straight words, by adding a new variable to the basis. This method has been used
to this day, but a quick computation revealed that, in our case, the resulting action on F
is that given by (8.1.1) above, where the new variable has now been reduced to a marker
called 1. This is in keeping with the spirit of Whitehead’s careful analysis of basepoints. We
shall use a result of Gersten(1984a) to obtain all the advantages that Rapaport obtained by
adding a variable and passing to cyclic words. O

9. STATEMENTS OF McCOOL’S FINITE PRESENTATIONS

9.1. Notation. We use Notation 8.1. In particular,
Eo:={(d < f):d, fe EX, d+# f},
& ={[¥Y]:vC{1}UuE* and e € v—v '},
E:=8& U& and F:= (& |0).

For each n € N, we write P,(E) to denote the set of all n-tuples (vq,va,...,Vv,) such that
viUveU - Uv,={1}UE* and v;Nv; =0 for all 4, j € {1,2,...,n} with ¢ # j; thus,
the set of those v; which are nonempty is a partition of {1} U E*L. To simplify the exposition,
we shall abuse notation and use a phrase such as “for all (vi ~5— vy, v3 =< vy) € Py(E)”
to mean “for all (vi,va,v3,vy) € Py(E), all e; € vi Ny !, and all 4 € vy Nv3'”. For each
[¥] € &1, we may thus write (v ~~— v*) € P5(E). The elements of Po(E), P3(E), and Py(E)
give the bulk of our generators, relators, and proofs for Aut F', respectively.

The image of &y in Aut I is a generating set for the finite subgroup Sym_ (E*!). Let
Ry be any finite subset of F(&g) such that Ry D {(d <> f)?: (d <> f) € &y} and such that
(& | Ro) = Sym_ (E*!) with the natural map &y — Sym_ (E*!). Set

Ry={[¥]7 [ ]581}

R = {[ 2 ]-[¥] 7 [¥] €&l

Ry = {[¥]-(derf)-[Yaoh ] -(derf) 7" s (derf) € o, [V] € €1},
Ry = {[Y]-(e e &) [V]-[2] " [Y], (V] € &r e # e},

Rs = {[1]-(desd ™) [P [ 0] 75 (u v, w) € Py(E)},
Re = {[Y]-[4]-[™ ][4 (0 By Sw) € Py(B)},
Re = {[F]-[4]-[]-[4] s (@ Sv— w) € P3(B)},

% =0
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McCool(1974) proved that (€ | R) = Aut F' with the natural map €& — Aut F’; we shall
give a proof over the course of these notes. 0

9.2. Notation. We use Notation 9.1. Let W denote the set of all finite sets of words in F', and
consider an arbitrary S € W. Set Wcg := {W € W : E-length(W) < E-length(5)}; thus,
Weg is a finite set which contains S. As F' is a right-exponential F-set, it follows that W
is also a right-exponential F-set in a natural way, and, as in Notation 5.1, we may form
the graph W€ and its finite full subgraph W g€, Let I'(S) denote that component of
Wee€ which contains S. Set I' :=T'(S) and vy := S € VI'. Then I is a finite, connected,
basepointed graph which may be constructed algorithmically in theory - if rarely in practice.
Let T'g be any maximal subtree of I', and set E'l"' := EI'— EI'g. With Definitions 6.1, we

— e
then have subsets VI' and E'T" of . McCool(1975a) gave a description which we shall
—-—— = ——
express as the finite presentation Aut(F,S) = (E'I' | V'R N (E'T ) ) with the natural map

D
E'T — Aut F. In Section 16 below, we prove this with I' replaced with a subgraph that

is slightly more complicated to explain. By Definitions 6.1, Schreier rewriting converts
— e ———*1
the E*l-sequence of each element of V'R N ( E'T') into its E'T" -sequence, and this is an

important aspect of the presentation. .

For each I-vertex v and each element p of R, the element v-p-v of VIR lies in (E'T ) if and
only if the closed (W~E)-path based at v with Schreier-label p is a I'-path. Algorithmically,
we initiate at v and determine whether or not reading p as a Schreier-label gives a path that
keeps the E-length below E-length(S); if not, we reach a point where the next €*!-label
takes the E-length too high. When p € Ry, the E-length is kept constant. Each element of
R—Rqy has E-length 2 or 4.

In the case where S = (), we have I' = {S}€, 'y = {S}, VF {1}, and E I ={1}-&-{1}.
Here the presentation is Aut(F,()) = (€ | R), which is the presentation stated in Nota-
tion 9.1. U

—-— e
9.3. Historical notes. The finite presentation Aut(F,S) = ( E'T' | Y'RN (E'T) ) evolved
through work of Nielsen(1919), Whitehead(1936), Rapaport(1958), Higgins & Lyndon(1962),
McCool(1974,1975a), and Hoare(1979).

One may replace W with any right-exponential F-set W’ of a certain type. All one needs is
that each element W of W' has an underlying set U(W) € W such that the map W' — W,
W — U(W), is finite-to-one, and satisfies U(W¥) = (U(W))¢ for each ¢ € F. We define
E-length(W) := E—length(U(W)), and all of our arguments apply to W’. To obtain a finite
presentation for Aut(F, W), W € W’ one may alternatively view Aut(F, W) as a finite-index
subgroup of Aut(F,U(W)) and compute its Reidemeister-Schreier presentation.

Let us define an F-valley to mean a (W{~E)-path which is the concatenation of three
subpaths along which the E-length is decreasing on the first, constant on the second, and
increasing on the third; any of the three subpaths may have length zero.

Whitehead(1936) took each element of W’ to be a finite sequence of straight words in F
or a finite sequence of cyclic words in F', and his Theorem 3 shows that if two given elements
of W’ are joined by some (W!{~€)-path, then they are joined by some FE-valley. He gave a
difficult topological proof. His result easily gives his algorithm which, with input a length-two
W’-sequence (W7, Ws), decides whether or not the finite graph I'(WW;) U T'(W5) is connected,
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decides whether or not there exists some ¢ € Aut F' such that W, = W5, and constructs
such a ¢ if one exists. The graph denoted I'(S) in Historical notes 1.2 above is the full
subgraph of W€ with vertex-set {S?: ¢ € Aut F, E-length(S?¥) < E-length(S)}; in light
of Whitehead’s Theorem 3, this graph equals the graph denoted I'(.S) in Notation 9.2 above.

Rapaport(1958) took each element of W’ to be a cyclic word in F' or a finite sequence
of straight words in F', and showed that if two possibly equal elements of W’ are joined by
some (W!~E)-path with Schreier-label ¢ € &, then they are joined by some FE-valley with
Schreier-label ¢’ € ¢-N. She gave a very difficult algebraic proof, using expressions involving
53 types of syllables. Rapaport’s result easily implies that Aut(F, W) is finitely generable
for each W € W' a property that was first mentioned in the literature by McCool(1975a),
who remarks that Lyndon had independently discovered it.

Higgins &Lyndon(1962) took each element of W’ to be a finite set (possibly meaning
sequence) of cyclic words in F, implicitly proved that R C N, and explicitly gave a relatively
simple algebraic proof that if two given elements of W’ are joined by some (W~E)-path,
then they are joined by some E-valley.

McCo0l(1974) took each element of W’ to be a cyclic word in F' or a finite sequence of
straight words in F, refined the argument of Higgins & Lyndon, and proved that if two possibly
equal elements of W are joined by some (W/~€)-path with Schreier-label ¢ € F, then they
are joined by some E-valley with Schreier-label ¢’ € -(7R). From this, he deduced the finite
presentation Aut F' = (€|R). Then McCool(1975b) deduced the finite presentation of Aut F
that had been obtained by Nielsen(1924). Gersten(1984b) simplified McCool’s presentation
of Aut F.

McCool(1975a) took each element of W’ to be a finite sequence of cyclic words in F' or a
finite set of cyclic words in F, proved that, for W € W’ Aut(F, W) is finitely presentable,
and described a finite presentation in terms of a finite two-dimensional CW-complex.

Hoare(1979) generalized McCool’s results to the case of finite sequences of finite sets of
words in F', and simplified the proofs. O

10. GERSTEN’S GRAPH-THEORETIC DESCRIPTION OF THE ACTION OF &; ON F

10.1. Notation. Let E, F, £, and F be as in Notation 9.1, and let .S be a finite set of words
in F. Consider any [Y] € €;. Let t be a new variable. Set E:=EU{t}, F:=(E|0), and
Ty = {vU{t},v*U{t"'}}. Foreach f € {1} U E*', let [f] denote the element of T, which
contains f.

We view the two-element partition Iy of {1} U E%! as endowed with the structure of
a two-vertex, basepointed, connected graph with edge-set (E—{e~'}) U {e} and a distin-
guished maximal subtree, as follows. The two vertices are the elements of I, the basepoint
is [1], each I'y-edge f € (E—{e~'}) U {e} has initial vertex [f] and terminal vertex [f~1], and
the distinguished maximal tree has edge-set {t}. We sketch I as v U {t} Svru {t71};
the labels on the squiggly arrow indicate how two of the edges are to be attached. We
set [y = (L, [1]) < F. Let deflate : F' — F, g g%fte denote the epimorphism which
sends ¢ to 1 and sends each element of F to itself. As {t} is the edge-set of a maximal subtree
of Iy, the epimorphism deflate : F — F restricts to an isomorphism 7T, = F. The inverse
F 5 7Ty, extends to a monomorphism inflate : F' — F . g — g™iate We shall now verify the
graph-theoretic description given by Gersten(1984a) for the action of [z}:

17



(10.1.1) [¥]-N = inflateo(e «» t)wrt Eo deflate .

Proof of (10.1.1). It is clear that the automorphism (e <+ t)wrtE of F induces an automor-

phism on the subgroup «I of ﬁ; hence, inflate o(e <> t)wrtEo deflate € Aut F.
For each f € E*!, we have a I\,-path

mn f _ v
(1] =[] =171~
for unique n,v € {—1,0,1}; we then have ffate — 7. £+ Now

finﬁate o(e>t)wrt Eodeflate — (tn_f_ty)(th)wrtEodeﬂate _ en_f(eﬁt)wrtﬁodeﬂate_ v

e

In the case where f = e, we have e Mflatec(ecrt)wrtBodeflate — pontv

We wish to show that (10.1.1) agrees with (8.1.1).

Consider first the case where 1 € v. Then vog=v, ¢y =¢, [1]=vU{t}, and either
fewv, giving n=0, or f€v* giving n=1; in each case, n=|{f}—vo|. Similarly,
= _|{f71}_vo|‘ In particular, e inflate o(e«»t)wrt Eodeflate __ ,0+(—1)

Consider next the case where 1 € v*. Then vo =v*, eg =¢ !, [1] =v* U {¢t"'}, and ei-
ther f € v giving n = —1, or f € v* giving n = 0; in each case, n = —|{f}—vo|. Similarly,
inflate o(e<+t)wrt Eodeflate —1+0 ]

v =|{f"'}—vo|. In particular, e =e

Notice that
(10.1.2) [¥]?

since deflate o inflate sends each element of 7T to itself, and (e < t)?wrtE = 1. Thus each
element of € acts as an order-two automorphism of F. Notice also that

(10.1.3) [ ] =1Y]

by (8.1.1); graph-theoretically, when we construct [e"fl ], we may take the name of the new
symbol to be t~!, and thereby arrange that I',- = I.

L,

(10.1.4) Forall ¢ € v—v!, if ¢ #e, then [V ] 2] = (e €),
since (e > 1)@ DwrtE = (e <> ¢/ )wrtE.

For each ¢ € F, we define
(10.1.5) Ag p(p) := E-length(S?)—E-length(S).
For each straight word w in F, w2t is the T -label of a reduced closed I',-path at [1]. For
each cyclic word w in F, the image w™® in F is a subset of a unique cyclic word in F),
and, by convention, we redefine w™2* to mean this cyclic word in F; it is important for our
purposes that w™a* then contains the I',-label of a cyclically reduced closed I',-path. It is
straightforward to see the following.

Ase([¥])

(10.1.5 v
= €

)—E—length(S) + E-length(S [ ])
= —E-length(S) + E—length( g inflate o(es+t)wrt Eo deﬂate)
— —E-length(S) + E—length( Sinﬂateo(em)wr@) _#(e Sinﬂateo(eet)wrté; E)
= —F-length(S) + E—length(Sinﬂate) — #(e € gntlate. )

= #(te St By d(e € S;F).
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We define the important value g 5(v) 1= #(t € Snfate; ) and obtain Whitehead’s formula
(10.1.6) Agp([¥]) =0sp(v) —#(c € S;E).
For each f € E*'—{e}*!, it is clear from (8.1.1) that #(f € S[Z};E) < #(f € S;E). Of

course, this inequality remains valid if S is replaced with S ¢ , and since [Z]2 (10'51'2) 1, we
see that equality holds.
(10.1.7) For all f € EF—{e}*', #(f ¢ S[Z];E) = #(f €S;E). O

11. THE SIX RULES
The following is a slight variation on results of Higgins & Lyndon(1962).

11.1. Theorem. With the notation of Section 10 and the abbreviations Ag:= Agg and
dg := 0s,m, the following hold.

For all (vi,va,v3,vy) € Py(E),
(11.1.P1) 0g(v1) +0s(ve) < 0g(viUvs)+0s(viUvy) = dg(vs) +0g(va).

For all (vy “5—vy, v3, vy4) € Pu(E),
(11.1.P2) [V ][4 [Va] = [ 4] !

€1

0.

—_

2)

viUviUvy
el .

For all (vy ~5vy, v3 ~—vy) € Pu(E), the following hold.
(11.1.P3) [¥ }[ }E[VH.
(LLLP4) Ifvs={e5'}, then [ |L5] = o],
(11.1P5) As([%]-[H]) = As([B]) + As([%])-
(1L.1P6) Ag([Ver][%]) =As([Vee]) + As([5]).

This section is devoted to introducing notation used in the proof, and proving the six
statements in order. N

Fix (Vl,Vg,V37V4) S iP4(E) Let ¢y, to, t3 be new symbols. Set F':= <E U {tl,tg,tg} | ®>,
tig i= t1-ty, tog 1= tla-t3, li23 1= ti-la-t3, and

.= F(v1,vz,V3,V4) = {Vl U {tl}, Vo U {t;l,tg}, V3 U {t;l, tg}, V4 U {tgl}}
As in Notation 10.1, we give this four-element partition of {1} U (EU {tl,tg,tg})ﬂ the
structure of a four-vertex, connected, basepointed graph with edge-set E U {t1,ts,3}, and
distinguished maximal subtree with edge-set {¢,ts,%3}. Again we have 7" < F. One may
depict I' as . . .
1 — 2 — 3 _
vy U {tl} ~— vy U {tl 1,t2} ~— V3 U {tQ 1,t3} ~— vy U {t3 1},

the partition determines how the edges lying in E are attached. We shall sometimes write a

meaningless expression such as
31 to t

(1117) Vi ~— Vg ~— V3 ’\”3->— Vy,
and call it a bluepmnt for T', since it contains enough information to reconstruct I'.
Let Deflate : ' — F., g — gPe%ate denote the group morphism which sends each element

of {t1,ts,13} to 1 and each element of E to itself. As {{1,ts,t3} is the edge-set of a maximal
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subtree of I', the epimorphism Deflate : F — F restricts to an isomorphism 7" = F. The
inverse I' = 7" extends to a monomorphism Inflate : F' — F, g s gnflate,

Proof of (11.1.P1). Each element of S'™mfat® may be represented by an alternating prod-
uct of elements of {t1, ta, t3, 19, ta3, t1o3}* and elements of F'—{1}, where the alternat-
ing product is interpreted cyclically when representing cyclic words. For each subset J
of {1,2,3,12,23,123}, we write t;:= {t; : j € J}, we go through the elements of S™fiate
adding up the number of occurrences of elements of ¢ Jﬂ, and we denote the resulting sum
by #(t; € S™ate) which we then abbreviate to #t .

Consider any subset I of {1,2,3,4}, set v:= |J v;, and let I’ denote the set of those
i€l
J €{1,2,3,12,23,123} such that ¢; joins v to v* in the blueprint (11.1.7). It is not difficult
to see that dg(v) = #t;,. We record the following.

(11.1.8) 05(v1) = #tg112,123)- 05(Va) = #l{1,2.23)- 05(V3) = #2312y 05(Va) = Ft13.93123)-
(11.1.9) 0s(ViUVs) = #t(1,23123}- 0s(ViUVy) = #t(1312,23}-
Hence, ds(v1) 4+ 05(va) = #tg12.312,23,123) + #Flpy — #tgsy
05(v3) + 0s(va) = #t{1.2,3.12,23,123) — Ftpy + Ftsy,
Os(ViUVs) + 0s(viUVy) = #l{12312,23,123) + #ly + #lsy-
Thus, (11.1.P1) holds. O

For the remainder of this section, we assume that we have e; € vi Nvy L Let Ty de-

note the four-vertex, connected, basepointed graph which has as edge-set the F-basis
(E—{e;"}V) U {ey, t1, ts, t3} and has
e1,t1 to t3
Vi ~— Vg ~»— V3 ~— Vyu
as a blueprint. Since the elements of the new basis correspond to I'-paths, we see that
'y = wl’. Set ty := el_l-tl and

—_—

[‘6’11} L= (61 g tl)Wl"t<E U {tl,tg,tg,})
(11110) = (61 < tl)wrt(E U {tl,tQ,th})
= (to — tgl)wrt(E U {to,tg, t23}).

—_

Then [‘6’11} comes from a graph automorphism of I'y, and hence induces an automorphism

—

on the subgroup n['s of F. Since m['y = 7', we have Inflate o[‘é}]o Deflate € Aut F. It may

—

be seen that Inflate o[ V! Jo Deflate = [ V! ]-N, by deflating {t», t3} and setting ¢ := t;.

In the sequel, we shall tacitly understand that Inﬂateo[%]o Deflate = [Z} ‘N is true and
easily verified.

We consider the blueprint v, cph Vi 2 V3 B vy, and set
(1].].].1) [e‘?l] L= (61 < tl)WI't(E U {tl, ts, tlg})

= (to — tal, to > Tg-to, Tog — to'tgg)Wl"t(E U {to, to, t23}).
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. . t e1,t1 to3
We consider the blueprint vg 2 v, ~5— vy ~% vy, and set

—

(1]_]_].2) [Vlé'iv3} L= (61 < tl)WI't(E U {tl, t12, tgg})
= (to > 1y, to > tota)wrt(E U {to, to, ta}).

. . t e1,t1 to
We consider the blueprint vy —<2 v; ~5— vy ~> v3, and set
—

(11113) [vleLiV‘l} L= (61 < t1>WI't(E U {th to, tlgg})
= (t() — tal, t23 —> to'tgg)wrt(E U {to,tg,tgg}),
Proof of (11.1.P2). By (11.1.12), (11.1.10), and (11.1.13),

—_— —_— —_—
viUvs Vi viUvy
[ Jo e Jo[ V™)

= (to — tal, 1o — to'tg)o(to — t61>0(t0 — tal,tgg — tg'tgg)WI't(E @) {to, to, tgg})

(11.1.11) va 7
(to — tO , t2 —> to tQ, t23 —> to tzg)WI‘t (E U {to, ng, t23}) ) [el 1}
Hence (11.1.P2) holds. O

_ . . t1 to3 es,t3
We now assume that eg € vs N v, ! We consider the blueprint v; ~»— vy 32— vy 22 v,

and set
(1].].].4) [zg] L= (63 <~ tg)Wl”t(E @) {tl, ts, tgg})
= (63 —> t;l'tgg, t2 — t23'6§1)Wrt(E U {to, tQ, tgd})

Proof of (11.1.P3). In Aut F, the elements [el] (L1 (e1 <> t1)wrt(F U {t1,t3,t23}) and

[/z\g} (L (€3 <> t3)wrt(E U {t1,t3,t23}) commute. Thus, (11.1.P3) holds. O
Proof of (11.1.P4). By (11.1.12) and (11.1.14), we have

4]

|:V1UV3j| — (tO — t61’ tg — tO'tg)(e?’Ht;l'm?” t2'—>t23.e;1)wrt((E_{63}:t1)u{63’ t(), t27 t23})
= (to — tal, t23~e§1 — to't23'€§1)wrt((E—{eg}il)U{tgl'tQ;g, to, t23'€§1, tgg})
= (to — tgl, e3 — 63-t2_31-t51-t23)wrt (E U {to, to, tgg}).
By (11113), [vleLiVAl] = (t() — tal, tog —> t(]'tgg)WI't(E @) {to,tz,tzg}). Since it is now clear

[—

—_— ZS —_—
that [‘”U"S }[ s ["lu"“} to prove (11.1.P4) we must use the hypothesis that the I-vertex
vy U {t;'} equals {e5!, t3'}, and hence has valence equal to two and is not the basepoint. It
follows that #I" lies in that subgroup #I' of F which has basis (E—{e3}*!) U {ty, to, e3-t3'}.

—

—_— ZS —_— o~
Both [Vleul"‘"’][ 3] and [Vleul"‘*] restrict to the same automorphism of #I', namely the
one given by (to > tg', 3ty — extyy o )wrt((E—{ez}t") U {to, ta, est53 }). It follows
that (11.1.P4) holds. O

By deflating {¢;,t23} and setting ¢ := t3, we may see that
(11.1.15)  65(vs) = #(ts € S™IC B U {t),t3,to3}) = #(ty € S™ B U {tg, g, ta3});
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alternatively, one may check that
N . 11.1.8
B(ty € S™I B {t0 by tay}) = #(tps1zy € S™H) T2 5oy,

Proof of (11.1.P5). By (10.1.7), #(e3 € S[‘eﬂ) = #(e3 € 5). Also,

55[2} (vs) M2 iy, € S[gll}olnﬂate;EU {to, t2, t2s})
(11.1.10) #(ty € SInﬂateo(tm—)tal)wrt(EU{tO,tg,tgg});EU {to, ta, tas})
= #(ts € ™ E U {to, ta, ta3})
(11.1.15) 55(vs).
It now follows from (10.1.6) that AS[W} ([¥]) = As([¥]), and a simple calculation then
shows that (11.1.P5) holds. - O

Proof of (11.1.P6). By (10.1.7), #(es € S[VIgvg}) = #(e3 € S). Also,

viUv
(11.1.15) #(ty € S[ 1 3]oInﬂat6;EU{t0’t2,t23})

6S|:V1UV3 ] (V3)

€1
(11.1.12) Lty € SlnﬁateO(toHtO_l,tQHto-tz)Wrt(EU{to,tz,tgg});EU {to, ta, tos})

< H#(ty € S E U {to, ta, a3 })

(11.1.15) 5s(vs)

It now follows from (10.1.6) that A oriovs] ([¥2]) < As([¥]); moreover, equality must hold

. 2 (1012
since [VigV? | 1. A simple calculation then shows that (11.1.P6) holds. O

12. THE CONSEQUENCES OF FIVE OF THE SIX RULES

The formula verified in this section are based on formulee given in Higgins & Lyndon(1962)
for the case of single cyclic words. They were then modified in McCool(1974) and extended
to accommodate the cases of sequences of cyclic words and sequences of straight words, and
then modified in Hoare(1979) and extended to accommodate the case of sequences of sets of
words. The formulee are about to be modified again.

12.1. Theorem (Higgins &Lyndon). With the notation of Section 11, the following hold.
(12.1.R0) The subgroup of Aut F' generated by the image of &y is Sym_ (E*!).

(12.1.R1) Forall [Y] €&y, [¥]* = 1.
(12.1R2) Forall [Y] €&y, [ L] =[Y].
(12.1.R3) For all (d<>f) € & and [¥] € &y,

[
(12.1.R5) For all (u Ay, w) € P3(E), [3}-(d<—>d*1)-[wud{d}} =[]

)
)
)
)
)
(12.1.R6) For all (u v ~—w) € P3(E), [¥] (4] _ o,

(de

(12.1.R4) For all [¥],[Y] € & with e # €,
(
(
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[R—

(12.1R7) For all (u v w) e 2y(m), [¥]1) = [¥).
(12.1.R8) For all (u Ly ~—w) € Py(E), As([Y]-14])
) =
(12

As([¥]) +As([]):
As([7]) +As([d]):

R4) hold by (10.1.2), (10.1.3),

(12.1.R9) For all (u Ly L w) € P3(E), As([F]-[4]

Proof. (12.1.R0) is well-known, (12.1.R1), (12.1.R2), and
and (10.1.4) respectively, and (12.1.R3) is clear.
(12.1.R5). It follows from (8.1.1) that

(12.1.10) for alle € E*', [{] = (e ¢> €7).

Set e :=d, vy := {d}, vy := v, v3 := u—{d}, and v4 := w. We see that (v; ~—vy, V3, V4
is ({d} v, u—{d}, w). Then
(] o a ) [ PO [G) = e [ e T E L = L4
Hence, (12.1.R5) holds.

(12.1.R6)—(12.1.R9). Set v, :=w, vo:=v—{d 1}, v3:=u, vy:={d'}, e :=f=e7",
and e3 := d. Then (v; “—vy, vz ~—vy) is (W = v—{d'}, u4 {d'}). Now

(12.1.11) [¥] = [22r] P2 o),

€1
and we have all of the following.

(L] 0z

V1UV3} [Zg] (11';135)
el —

@<

(2] = [,

€

[
[V3] (11.1.P4)

£ 1= 1)

As([] LD as (e T LD 2 A (e Dras((e D2 As (Y] +as([1]).

As([¥]-T8D) = As([a ][] "E™ as([u ) + As([2]) = As([¥]) + As([4])-
Thus, (12.1.R6)—(12.1.R9) hold. O
12.2. Corollary. With Notation 9.1, R C N. 0

13. RAPAPORT’S DECREASABLE PEAKS

The following are concepts introduced by Rapaport(1958) to bypass the topological part of
the work of Whitehead(1936). They remain some of the main tools for obtaining information
about Aut F'. The term ‘peak’ was introduced by Collins & Zieschang(1984), and is now
generally accepted. Their phrase ‘peak reduction’ is also generally accepted, but as peaks
are paths and the phrase ‘path reduction’ is generally accepted for a different concept, we
prefer to speak of ‘decreasable peaks’.

13.1. Definitions. Let E, F', £, and F be as in Section 8.

By Theorem 5.2, F€ is a left-multiplicative F-tree. For all ¢, ¢’ € F, we let [, ¢'] denote
the unique reduced (F~E€)-path from ¢ to ¢’, and we let V[p, ¢'] denote the set of vertices
occurring in this path. Then (g1, ¢2) — [¢1, p2] gives a bijective map from F x F to the
set of all reduced (F~E)-paths. There is a natural left-multiplicative F-action on the set
of all (&~E)-paths, and hence on the set of all reduced (F~E)-paths. We let F x F act left
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multiplicatively on the set of all reduced (F~€)-paths by the foregoing bijection, that is,
(o1, 02)- e, ] := [p1-@, 2], for all @1, a, p, ¢’ € F. The diagonal F-action agrees with
the previously defined F-action.

Let T be a subtree of F~E. Thus, for all @1, s € VT, [p1, 2] is a T-path.

Let S be a finite set of words in F. For each ¢ € J, set hg g(¢) := E -length(S¥). Where
E is clear from the context, we shall sometimes write hg rather than hg z. Where E and S are
clear from the context, we shall shall sometimes write i rather than hg g. For all ¢ € F and
€ Fg, it is clear that h(u-p) = h(p), which we express by saying that the map h:F — N
is a left-multiplicative Fg-map; here, we understand that Fg acts left-multiplicatively on F
naturally and left-multiplicatively on N trivially.

By a (T,h)-peak, we mean any reduced, length-two T-path ¢g ——p3 ——¢s such that
f(po) < R(p1) = h(ps) or A(pg) < h(p1) > h(p2). A T-path is said to be an h-peak if it is a
(T, h)-peak. A reduced T-path is said to be h-peakfree if no length-two subpath is an h-peak.

Notice that, for any reduced, length-two T-path g ——p; ——¢9 which is not an h-peak,
if h(po) < h(p1), then h(py) < A(ps), and if A(yg) = (1), then A(p1) < h(p2). Hence, if a
reduced T-path @y ——p1 —— -+ ——pp_1 ——y is h-peakfree, then, in the sequence

(13.1.1) hpo)=hlr), hler)=hlpa), -+, hlper)=h(er),

for each negative term which has a successor, that successor is also negative, while for each
zero term which has a successor, that successor is negative or zero. The sequence (13.1.1)
then consists of a positive subsequence, followed by a zero subsequence, followed by a nega-
tive subsequence, where any of these three subsequences may be empty. Consequently, any
h-peakfree reduced T-path p has a concatenation factorization p = pgec® P eonst © Pine Such
that pgec 18 h-decreasing, peonst 18 h-constant, and pi,. is h-increasing; any of these three sub-
paths may have length zero, and all three subpaths are uniquely determined by p and h. We
then call this concatenation factorization the h-valley factorization of p. Whitehead(1936)
studied h-valley factorizations, and Rapaport(1958) studied A-peaks.

Let t be a new symbol, and give the polynomial ring Z[t] the structure of an ordered addi-
tive group in which the order is denoted < and the <-positive elements are those polynomials
with positive leading term. Let N[t] denote the ordered additive submonoid of Z[t] consisting
of those polynomials whose coefficients lie in N. Then NJt] is well-ordered under <.

For ¢, ¢ € F, we write

Wle. D)= > "¢ eN[t].

@ eV’

Any (p, 1)) € F x F is said to h-decrease [p, '] if B ([u-p, 10’ ]) < h([e, ¢']).

Let M be any subgroup of Fgq) := {9 € F: 5% =5,0-T =T}. Thus, T is a left-multi-
plicative M-subtree of F~E€, and A is a left-multiplicative M-map.

Consider any ¢, ¢’ € VT.

We say that o, ¢'] is (M, h)-decreasable if it is hi-decreased by some element of M x M.
Since h is an M-map, we see that if [, ¢'] is h-decreased by (1, p2) € M x M, then [p, ¢]
is A-decreased by (p-pig, popey) for each p € M; in particular, it is h-decreased by (1, pg - p),

and by (py -0, 1). I A([pa-p, pa-¢']) = I, 1), then (ua, o) is said to h-respect [, ¢'],
and we say that [uq-@, pe-¢'] is (M, h)-equivalent to ([¢, ¢'])-
When ¢ # ¢, we let Jp,¢'] and [p, ¢'[ denote the T-paths obtained from [p,¢'] by

omitting the first edge and vertex, and the last edge and vertex, respectively. If ¢ = ¢/,
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we let Jo, ¢'] and [p, ¢'[ denote the empty set. If the length of [¢, ¢] is at least two, we
let Jo, ¢'[ denote the T-subpath of [p, ¢'] obtained by omitting the first and last edges and
vertices; if the length of [, ¢'] is at most one, we let ]y, ¢'[ denote the empty set. We

define h(0) = 0. If [0, ¢] is h-decreased by (i1, p2), then [p, '] has length at least two, and
h(lpee, pae'l) < h(1e, D). 0

13.2. Lemma (Rapaport). If each (T, h)-peak is (M, ﬁ)—decreasable, then, for all p, ©' € VT,
there exists some u € M such that [, p-@'] is h-peakfree, and, hence, has an h-valley fac-
torization.

Proof. Since N[t] is well-ordered, there exists some y € M which < -minimizes h([, j1-¢]).
It suffices to show that [p, u-¢’] is h-peakfree. Suppose it is not. Then [p, u-¢’] has some
length-two subpath ¢o ——¢1 ——2 which is an h-peak. By our hypothesis, there exists
some o € M such that A([po, to-p2]) < ([wo, v2]). Now

W[, o)) < 7L, woll) + Bl[o, po-2]) + Bl Tpto-p2, o ']
= ([, ol ) + Ao, to-p2]) + A Jpa, p'])
=< b, ol ) + W0, 2]) + (102, 1o0']) = Bllip, o))

This contradicts the <-minimality of A([e, p-¢’]), as desired. O

[
[

14. ALL oF McCoOOL’S PEAKS ARE DECREASABLE

In this section we prove a fundamental result about Aut F. It was developed by Mc-
Cool(1975) using formulee of Higgins & Lyndon(1962) which simplified algebraic formulee of
Rapaport(1952) which substituted a topological argument of Whitehead(1936). In spite of
all the simplifications, the argument remains difficult.

14.1. Hypotheses. Let E, F', €, F, N, and R be as in Section 9. By Corollary 12.2, R C N.

For each i € {0,1}, let W; be a finite set of words in F, and, for each ¢ € F, set
hi(¢) := E-length(W,?). Clearly, h; : F — N is a left-multiplicative N-map.

Set Fjrg=min := {¢ € T : ho(p) = min(he(F))}.

Let T be any component of the forest (F,—min} €.

Set M := ((V7R)s) where (VIR)y:={%|p e VT, pe R, (%) T=T}. Clearly, T is a
left-multiplicative M-tree, and M < N. O

14.2. Theorem. With Hypotheses 14.1, each (T, hy)-peak is (M, Iy )-decreasable.

Proof. Let p be an arbitrary (T, hy)-peak. Then p has the form g ——¢; ——¢5. By setting
@ =1, ¥ =@y g, and ' := o] -p,, we may express p in the form @) ——p ——p -
with ¢ € F, and vy, ¥y € EFL. Since p is reduced, ¢ # 1'. Recall (10.1.5), and, for each
i€ {0,1}, set A := Ayep: T — N

Status of the peak: p = o-[1), 0/, ¢ € F, ¢, ¢ € €L, ¢ # . Also, Ag(th) = 0 = Aoy,

Ai(1) <0 = Ay(Y), and Ay (¥) + Ai(¢') < 0.

The following will be applied frequently. Since Ay and A; are clearly left-multiplicative
N-maps, they are also left-multiplicative M-maps. Notice that min(Ay(F)) =0. For
¢1 S 8i1, if A0(¢1) = 0, then Q0¢1 € V(I, and, for 'lbl, 1/12 S Eil, if Ao(wl'l/}Q) = Ao(%) = 0,
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then -1 € VJ. Notice that JFj,—niw€ is an N-forest. Since R C N, we see that
each %p € V7R permutes the components of (Fpy—min}€; hence, (¥)-T = T if and only if
(%p)- T NT £ 0.

The following ‘concatenation result” will be applied twice.
14.3. Lemma. If there exists some 9" € EX1—{4p, '} such that Ao(¢") =0, Ay(y") <0,

and the resulting (7, hl)—peakf o[, 0" ] and @-[V", '] are (M,%l)—decreasable, then the
(T, hy)-peak @[, ] is (M, hy)-decreasable.

Proof. There exist elements pi1, o € M such that [p 1, p-0" ] and [ ", p-¢)'] are y-de-
creased by (u1,1) and (1, o), respectively. Hence,
thilped) — thl(w)

by Qb0 0"[) < ha(lo b, o0"[) = £,
th1(¢'¢") =< thl( )

B (Jo", parp'[) < Tn(Jo-d", o¢/[) =t
thilpz-ed) _ ha(e-y")

Let Y and g denote the sum of the left-hand and right-hand terms respectively.
Now %( [ 100, o 0']) < Biege. Also, Liegp < Eright—Q-thl(‘P), since {f € N[t] : f < t"(¥)}
is closed under summation. Finally, g —2t") = ﬁ( [, 09]). Hence, p-[1,¢'] is
ﬁl—decreased by (g1, pie) € M x M. O

In outline, our procedure is the followmg

Step 1. Clearly, hl( Juw=t 0 ]) < h(p-[¥,4']), with equality unless ! =/ If
1 € &1 we use the fact that ™2 € RyUR; to show that p-[11, 9] lies in the same
M x M-orbit as ¢-[1,7'], and we are free to replace ¢ with ¢»~!. Similarly for ¢’. Now
¥, ' € E. We are free to interchange 1 and v/, if desired.

Step 2. We settle the case where 1 or ¢’ lies in €y by using R3. Now ¢ = [‘ﬂ, Y= [g]
As in Step 1, we are free to take ¢/ = [ v ] if desired, by using [ v ] [‘e’] e Ry. Similarly,
we are free to take 1 = [d 1] if desired. We set uHv := {unv,unv* u*Nv,u*Nv*}.

Step 3. We settle the case where () € ulHv as follows. We may assume that unv = ()
and set w:=u"Nv"; thus, (u,v,w) € P3(E). There are five possible configurations:

d=e~! d;é d e e d d e
(u—=—v, w); (U=~ Vv, W); (U~—V~~—W); (V~—u~—w); and (U ~—w—— V).
We settle these using elements of R5, Ry, Rg, R, and Ry, respectively. Now () € ulHv.

Step 4. We prove there exists some [F] € € such that Ag([F]) =0, Ai([F]) <0, and
x € ulv. We apply Step 3 to ¢-[ [4],[F]]and ¢-[[F], [¥]], and then apply Lemma 14.3
to complete the proof.

We now start Step 1, which is a reduction to the case where {¢, ¢’} C &. If ¢/ € €71 we
set p =172 € Ry URy and form the (F~E)-path

P —=—p =T = pop’ = (D) (o).
Since ¥ € N, we have A;(¢/'™1) = A;(p- w ) = A;(¢)), for i = 0, 1. In particular, p-¢p'~' € VT
and ¥p € M. It ay be the case that 1/'~1 = v; in any event, we see that (1, ¥p) is an element of
M x M which h1 decreases or hl respects p, and in the latter case gives an (M, h) equivalent
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(T, i1 )-peak which may be used in place of p. It therefore suffices to consider the case where
' € €. Similarly, we may assume that ¢ € €.

Status of the peak: v, ¢’ € &. We are free to interchange ¢ and v’, if desired.
We now start Step 2, which is a reduction to the case where {1, ¢’} C &;.

14.4. Lemma. If {, '} N Ey # 0, then p is (Mﬁl)-decreasable.

Proof. Tt is not difficult to see that A;(€g) = {0}; hence, {1,1'} N &1 # 0. By interchanging
1 and ¢’ if necessary, we may assume that ¢ € £; and ¢’ € &g, say ¢ = [‘e’}, V= (d <+ f).
We set p = [¥]-(de> f)- [‘cf((::}? |-(d+f)~" € Rs, and form the (F~€)-path
o] oo [V d e f) e [Y]-(d e ) [vih ] = er(d o f) = () {e(d & f)).
Now Ay = 0 along this path since
Ao([¥](d ¢ ) = Bo([¥]) = 0 and Ag(p-(d ¢ £)) = Do((d ¢ f)) =
In particular, % € M. Since A;([V]) + A1((d > f)) < 0, we also have

A([Y]de H)=A([Y]) <0, Ailp(d < ) =Ai((d > f)) =

and
(9 2] o [2]d e ) =) pdd & 1)) < Tu(e[¥]~ ¢ ¢ d & f).
Thus, (1, %) lies in M x M and h;-decreases p. O

Status of the peak: ¢ = [}ﬂ and ¢ = [ } As in Step 1, we are free to take w’ = [ v } if
desired, by using p := [ev_*l ] . [‘e']_ € R,. Similarly, we are free to take ¢ = [ } if desired.

Step 3 is the following, which is a reduction to the case ) € ulBv.
14.5. Lemma. If § € uBv, then p is (M, hy)-decreasable.

Proof. Here, by taking ¢ = [ } if necessary, and taking ¢’ = [e"_ ] if necessary, we may
assume that uNv=10. Set w:=u*Nv*. Now (u,v,w)e P3(E), deu, d'evUw,
e€v,and e”! € uUw. We consider five cases.

Case 1: d™' € v, e ! €u, and d = e }; thus, (ud—:‘«g—1 v, w) € P3(E).
By interchanging [u} and ["], if necessary, we may assume that Al([ ]) < 0. We set

pi=[4]-(dd™)- [wu{d}} [ 1]_ € Rs, and form the (F~E)-path
p-ld] = [d](d e d™) mp[d]-(d e d) [ = pp [ ] = e Y]
It follows as in the proof of Lemma 14.4 that (1,%p) lies in M x M and hy-decreases .
Case 2: d ' cv,e ! €u,and d # e !; thus, (udjfi:—1 v, w) € P3(F).
By four applications of (10.1.6), we have

AL+ A ]) =Aa0([8]) +A([Y]) <o
By interchanging [;ﬂ and [‘6’}, if necessary, we may assume that Al([dyl}) < 0. Also,
Ao([Y1]) =0, since

o< Aof[7+]) € Aa([2])+ Bol[2]) 2 Bo([3]) + Ao([2]) =0



By Case 1, the (T,h)-peak o-[[4].[4¥1]] is (M, hy)-decreasable. By Lemma 14.3, it
suffices to show that the the (T, % )-peak -[ [ 1], [V] ] is also (M, Ty )-decreasable. We set
pi=[](d" e)'[d‘_’l]-[‘cf]_l € Ry, and form the (F~€)-path

plan] e[S ] d oo e[S (dT o) [ ] = e [t] =0 [Y].
It follows as in the proof of Lemma 14.4 that (1,%) lies in M x M and Ty-decreases
[ [1],[¥]], as desired.

Case 3: d-! € v and e~ € w; thus, (u ~>—v ~o—w) € Py(E).
Here, we set p := [z][g]-[wue{fjl}] [}ﬂ_ € Rg, and form the (F~E)-path
o [t] oo (X [3] e ] [3 [V = e (8] = e (4],
By (12.1.R5),

Ao([%]-[]) = Ao([ D +Ao([“}) =0and Ay([7]-[7]) = A ([7]) + A([3]) <0
Thus, Ao(p-[¥V]-[4]) = ) and By (¢ [ |-[4]) < hi(p). As in the proof of Lemma 14.4,
it follows that (“p, 1) les in J\/[ x M and h;-decreases p.

Case 4: d”' € w and e™! € u; thus, (v ~—u ~d»—w) € P5(E).

Here, we may interchange [ﬂ and [‘e’}, and apply Case 3.
Case 5: d-! € w and e~! € w; thus, (u ~—w—= v) € Py(E).

Here, the argument is similar to that for Case 3. We set p := [Z]-['ﬂ-[‘e’}-[}i‘]fl € Ry,
and form the (3~E)-path

o-[0] e [t d] e VL2 ] = e [d] = e (]
By (12.1.R6), Ao([¥V]-[4]) =0 and Ay([¥]-[4]) <0. As in the proof of Lemma 14.4, it
follows that (%p, 1) lies in M x M and hy-decreases p. O

Status of the peak: () ¢ ulv.

14.6. Lemma. There exists [F] € €1 such that x € uBv, Ay([F]) <0, and Ao([F]) =

Proof. For each j € {0,1}, we set ¢; := 5W]‘.P,E; as (uNv,u*Nviunvu Nv) e PyF),
(11.1.P1) gives
(14.6.1) di(unNv)+d6;(u Nv’) < 0;(u)+6;(v) = dj(unv’)+4d;(u" Nv).

We consider two cases.
Case 1: For each y € ullv, yn{d,e}* # 0.

Here, by replacing [g] with [ 1} if necessary, we may assume that d € unv. Then
eeu'Nv,d!eu*Nnv* and e ! € unv*. For each j € {0,1}, (14.6.1) and (10.1.6) give

AT AT DAY T[] < 28, [D 2 A (2D

For j =1, since Ai([§])+A1([¥]) <0, we see that there exists some [F] € & such
that x € ulv and A([F]) <0. For j =0, since Ag([§]) =0=2¢([¥]), we see that
Ao([ﬂ) =0.

¥
i
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Case 2: For some y € ullv, yn{d,e}*! = 0.

Here, by replacing [3] with [ d“_*l}, if necessary, and replacing [‘e’] with [e"_*l}, if neces-
sary, we may assume that uNnvnN{d,e} =0. Then d € unNv* and e € u*Nv. For each
j €{0,1}, (14.6.1) and (10.1.6) give

A ([ DA D < Ay([ED+A([E])-

As in Case 1, there exists some [’ﬂ with the desired properties. 0
In Lemma 14.6, the (T, hiy)-peaks o[ [ 4], [F]]and o-[[F ], [¥V]] are (M, By )-decreasable
by Lemma 14.5. Now Theorem 14.2 follows from Lemma 14.3. U

15. McCooOL’S TWO-LAYER RESULTS

15.1. Notation. Let E, F', &, F, N, and R be as in Section 9.

By Nielsen’s Theorem 7.2, F/N = Aut(F).

By Higgins & Lyndon’s Corollary 12.2, R C N.

For each i € {0,1}, let W; be a finite set of words in F'. Then we have N < Fy, and
Fw, /N = Aut(F,W;). For each ¢ € F, set h;(p) := E-length(W,”). Then h; : F — N is an
Fw,-map. For each nonempty subset V of F, set Vjp,—min := {¢ € V : hi(¢) = min(#;(V))}.

Let Ty be any component of the Fy,-forest (Fpymmin} €. Set M := ((V7°R)q,), where
(VTR) g, == {% | ¢ € VTo,p € R, (¥p)- Ty = To}. Since YOR C N, we see M < Fyy 70.w1)-

Let T be any component of the Fy, 5, w,)-forest ((VTO>|h1:nlin)[\€- O

15.2. Theorem. With Notation 15.1, the following hold.
(i) For all ¢, ' € VTy, there exists some p € M such that the Ty-path p = [, u-'] has
an hy-valley factorization p = p 4ec® P const@ P inc. Moreover, if ©" € (VIo)|n=min, then
' € (V‘To)mlzmin and, hence, pi,. has length zero and all the vertices of P const li€
in (VT0)h=min- In particular, either ¢ € (VTo)p,=min O there exists some length-one
hi-decreasing To-path initiating at .
(”) ‘rf(WofJ'le) =M- SF(WO,T(),WL%)‘

Proof. (1). On applying Theorem 14.2 with T :=J,, we see that each (T, s;)-peak is
(M, hy)-decreasable. By Rapaport’s Lemma 13.2, the first sentence of (i) holds. For the
second sentence, since hy is an Fy,-map, p-p’ € (VTO)\ﬁ1:nlin- The third sentence is clear,
since (VT0)jn=min 1S DOnempty.

(i). Consider an arbitrary s € Fuy,g,w,). Choose any ¢ € VJ;. Since hy is an
Fw,-map, we see that x-p € (VJ))js=min. We now apply the second sentence of (i) with
¢’ := k-p, and obtain p € M such that the To-path p := [, p-k-¢] has an hy-valley factor-
ization P = Paec® Peonst© Pine i Which pgee and pi,. have length zero. Hence, p = peonst
is a TJi-path, and p-k-p € VJ7. Since the element p-x of Fuy, q,w,) permutes the com-
ponents of the Fy, g, w,)-forest (VTo)p,—mir €, we see that p-r € Fwy,g0,w,,7)- Hence,
k € M-Fwy,30,w1,7,), as desired. O

16. McCoOOL’S PRESENTATIONS

In this section, we give an explicit formula for McCool’s presentation for Aut(F,.S).
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16.1. Notation. Let F, F, &, F, N, R, W, and S be as in Notation 9.2.

By Nielsen’s Theorem 7.2, Fs/N = Aut(F,S).

By Higgins & Lyndon’s Corollary 12.2, R C N.

We have a left-multiplicative Fg-map hs : F — N, ¢ — hg(p) := E-length(S?).

For each nonempty subset V of F, Vjpommin == {¢ € V : hg(¢) = min(hs(V))}.

We algorithmically construct an inclusion-maximal E-length-decreasing (Wr€)-path pq
initiating at S; for example, we may choose a total order of the finite set €, and then, at S
and each successive vertex, apply the elements of €; in order until either a neighbour with
lesser E-length is found, or we know our path is inclusion-maximal and we stop. Let ¢q
denote the Schreier-label of the path pg. The terminal vertex of pg is S*¥°.

Define T :=I'(S%°) as in Notation 9.2; thus,

Weeo :={W € W : E-length(W) < E-length(S%°)},
and Y is the component of Wgee € which contains S%°, which is then the basepoint. We

— ——
choose a maximal subtree Ty of T, and then VY and E’Y are subsets of F given with

— ——

bijective maps VY — VT and E'YT — E'T.
Let I', resp. 'y, denote the subgraph of W€ obtained by adding to T, resp. Ty, all the
vertices and edges of the path py. Then I' is a finite, connected, basepointed subgraph of

— ———
WE with basepoint vy := S, I'g is a maximal subtree of I', and VI' and E’T" are subsets of

— ———
F given with bijective maps VI' — VI" and E'T" — E'T". OJ
Our sole objective is to prove the following.
- — e e
16.2. Claim. Aut(F,S) = (E'T |VIRN (ET ) ) with the map E'T’ C F — Aut F. O

16.3. Notation. The automorphism of F given by ¢ — % carries Fgeo to Fg, carries N to

— — — —
itself, carries E'Y to E'T’, and carries VIR to YI'R. Thus, it suffices to prove Claim 16.2 for

Aut(F,S¥°). Hence, we may replace S with S¥°, and thereby assume that ¢y = 1.

In Notation 15.1, if we take Wy := (), then we must have Ty = F~E; if we further take
Wy := S, then h; = hg, and the third sentence of Theorem 15.2(¢) shows that 1 € Fjs —min-
Let § denote the component of the Fg-forest (F|pg—min )€ which contains 1. L]

16.4. Lemma. The surjective group morphism F — Aut F' restricts to a surjective group
morphism F(gsy — Aut(F,S) which has kernel Ng.

Proof. In Notation 15.1, if we take Wy := ), then we must have Ty = F~€ and M = (YR );
if we further take W, := S and T := 8, then Theorem 15.2() says that Fg = ("R ) - Fgs).

Since (7R) < N < Fg, we see that Fg = N - Fgs. Hence,
Aut(F, S) = S’rS/N = (N-f}‘(g’g))/j\f ~ ?(Syg)/(j\fﬂ ?(5’5)) = 9:(575)/3\{5. O]

¢

To prove Claim 16.2, it now suffices to prove that E'I' is an Fgg)-basis and that Ng
equals the normal closure of VIR N F(s,s) in Fss); we shall prove these two assertions in
Lemma 16.5 and Corollary 16.8, respectively.

—— —

16.5. Lemma. E'T" is an Fgs)-basis, and F(gs)-VI' = V8.
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Proof. Set VT = {peF:59eVIl'}. Since VI'C Wg and 1€ JFjpg—min, We see that
A —

To see that V8 C VNF, consider any ¢ € V8. Since the reduced $-path from 1 to ¢ lies in
(Fhg=min )€, we see that hg is constant along it. Hence, we have a (W~E)-path from S to

5% along which E-length is constant. Hence, 5% € VI'. Thus, ¢ € VI, as desired.
Now 8 C VI€ C (F|pg=min €. Since § is the component of (Fj,g—min )€ which contains 1,

we see that 8 is the component of VIA€ which contains 1.
We have a free group F, an F-basis &€, a right-exponential F-set W, a connected, full
subgraph I' of W€, and a basepoint vy := S of I'. We may now apply Deﬁmtlons 6.1, and

find that, as 8 is the component of VFf€ which contains 1, we have 7(I", vy)- VF VS8 and
F(vo,8) = ®(I',v0), which has basis E I. O
16.6. Corollary (Rapaport-McCool). The group Aut(F,S) is generated by the image in
Aut F' of the finite subset E_’i: of F . O
16.7. Lemma. Ng = ((VSR)s).

Proof. Let & denote the set of those elements of & whose image in Aut F' lies in Sym, (E*1).
It follows from (8.1.1) that & = &y U {[{e}], [?’:} e € B

In Notation 15.1, let us take Wy:=S, Tp:=8, and W; := E*!. It is clear that
min (hp:1(F)) = 2|E|. Thus, 1 € V85, —m- It is not difficult to see that (€] | D)€ is a
component of the forest (V8| —min ¥ €. Thus, we may take Ty := (€5 | O)-€. Now The-
orem 15.2(i) says F(sgs p1) = ((V*R)s) - (€5 | 0). Hence, Ng = ((VSR)s) - (NN (&5 | 0)).

It remains to show that N N (€4 | 0) < ((VER)s). Now NN (&S | B) is the kernel of the map
(4| 0) — Symy(E*Y). Set Ry :=RN(EF | D). For e € B, ({e} ~—{e}*, 0) € P3(E)
and [{g}]-(e<—>e‘1)~[@ue{€}}~[{:_}f]_ € Rs; thus, [{e}]-(ere™) € (RF). It may now be seen
that (&7 | RE) = Sym, (E*!). Hence, NN (E¢ | 0) = E MRS < ((VER)s), as desired. O

16.8. Corollary. Ns equals the normal closure of VIR A Fss) in Fss)-

Proof. By Lemma 16.7, Ng = ((V8R)s); clearly, (V®R)s = (VSR)NNg = (Y*R)NFgs. By
H

Lemma 16.5, F(ss)-VI' = V8, and the result follows. O

This completes the proof of Claim 16.2, and we have an expression for McCool’s finite
presentation for Aut(F,S).

—-— — et et

16.9. Theorem. Aut(F,S) = ( E'T |V'RN(E'T ) ) with the map E'T CF — AutF. O
The case S = ) gives McCool’s finite presentation for Aut F.

16.10. Corollary. Aut F' = (E|R) with the given map & — Aut F.
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