THE PRECISE REPRESENTATIVE FOR THE GRADIENT OF THE
RIESZ POTENTIAL OF A FINITE MEASURE

JULIA CUFf, AUGUSTO C. PONCE, AND JOAN VERDERA

ABSTRACT. Given a finite nonnegative Borel measure m in R¢, we iden-
tify the Lebesgue set £(V;) C R of the vector-valued function
r—Yy
s\T) = d )
Vi) = [ Etramy)
for any order 0 < s < d. We prove that a € £(V;) if and only if the
integral above has a principal value at ¢ and
1o m(Be(a))

r—0 rs

=0.

In that case, the precise representative of V; at a coincides with the prin-
cipal value of the integral.

1. INTRODUCTION

Given 0 < s < d and a finite nonnegative Borel measure m in R¢, we
consider in R? the vector-valued function

r—y
()= [ —— 7 1.1
Vi) = [ e dmy) (11)
that is well-defined for every point z in the set
domV; := {xeRd:/ dm(y)<oo}
R

a |z =yl

The domain dom V is rather large as its complement R? \ dom V is negli-
gible with respect to the Lebesgue measure. Indeed, as a consequence of
Fubini’s theorem one has

/]Rd (/Rd m>e_ﬂ dz < oo.

A finer analysis shows that the Hausdorff dimension of R? \ dom V is ac-
tually not greater that s; see Theorem 1 in Chapter 4 of [1].

Up to multiplicative constants, V is the gradient of the Riesz potential
of order s — 1 and, in particular, V;_; is the gradient of the Newtonian

potential
/ _dmly) for z € RY
Rd |2 — y|P2
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generated by a distribution of mass described by m. Hence, for every func-
tion u € Ll _(R?) such that

—Au=m in the sense of distributions in R¢, (1.2)
by Weyl’s lemma on weakly harmonic functions it follows that
Vu=cV4_; +® almost everywhere in RY,

where @ : RY — R? is the gradient of a harmonic function and ¢ € R is
a nonzero constant that depends on d. As a result, a reasonable pointwise
definition of Vu for any solution of (1.2) can be obtained from a good un-
derstanding of V;_;.

More generally, we are interested in the existence of the precise represen-
tative of V; at a given point a € RY. We recall that the precise representative
in this case is a vector o € R? that satisfies

lim |[Vs —a| =0, (1.3)

r—=0 /B, (a)
where the symbol f stands for the average integral with respect to the d-
dimensional Lebesgue measure and B, (a) for the ball of radius r centered
at a. When such an « exists, we say that a is a Lebesgue point of V, and we
denote

Vi(a) = a.

It follows from the fundamental property (1.3) that

~

Vi(a) = lim Vs.
r—0 B, (a)
As a consequence of the classical Lebesgue Differentiation Theorem, @(a)
exists for almost every a € R? with respect to the Lebesgue measure and

175 =V, almost everywhere in R%.

When the function one is dealing with has better properties, like being
in some Sobolev space, the exceptional set £ (that is, the complement of
the set £ of Lebesgue points) is typically smaller than merely having zero
Lebesgue measure; see e.g. Section 4.8 in [4] and Chapter 8 in [8]. It is then
natural to expect that the same property holds for the exceptional set £(V5)
of the potential V.

This note stems from the recent work [2] by the first and third authors
concerning capacitary differentiability of the Newtonian potential; see also
[13]. In analogy with [2], we show that existence of a principal value for the
integral, combined with a density property of m at a, allows one to decide
whether a is a Lebesgue point of V.

Before stating our result, we recall that the principal value of V; at a is
. a—y
p.v.Vi(a) := lim ——dm(y)

)=l RA\B,(a) |@ — Y[t (
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whenever this limit exists. We relate the question of existence of a principal
value for V; with that of a precise representative in the following

Theorem 1.1. A point a € R%is a Lebesgue point of V if and only if the principal
value of V; exists at a and

= 0. (1.4)

r—0 rs
One then has
Vi(a) = p.v. Vs(a).

We prove Theorem 1.1 in Sections 2 and 3. That every a € domVj is a
Lebesgue point of V; and Vi(a) = Vi(a) can be seen independently from
Theorem 1.1 by observing that, for every y € R? and r > 0,

][ dz Cys
S 9
Bo(a) [T —yl* T la—yl*

C 1
< ds for y # a.
la—yl*

and then

][BT (a)

An application of Fubini’s Theorem and the Dominated Convergence The-

r—y a—y
o=y Ja— gl

orem now gives

f IVS—Vs(ang/ (][
By (a) Re \J B, (a)

As dom V; is contained in the set of Lebesgue points of V;, we get

z—y a-—y
|z =yl Ja—ylt!

dx) dm(y) -0 asr— 0.

dimy (£(V3)) < dimy (R?\ dom V) < s. (1.5)

To obtain a more precise quantification of the size of £(V;), we observe
that, by Theorem 1.1, failure of having Lebesgue points may occur by either
that the principal value of V; does not exist at a or

lim sup 7m(BT(a))

r—0 T

> 0.

The latter condition holds on a set of points a with at most o-finite Haus-
dorff measure H*.

The question of existence of principal values is more subtle and has been
investigated by Mattila and the third author [6]. The answer involves a
capacity r, that is defined on every compact subset £ C R? as

Ks (E) = sup M(Rd)v

where the supremum is computed over all finite nonnegative Borel mea-
sures 4 supported in E such that

(a) u(A) = 0 for every Borel set A C R? with o-finite 7* measure,
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(b) the maximal Riesz transform R? is a bounded operator from L?(uz) into
itself with

IRI(fi)llp2gey < Ifllz2  forevery f € (L' N L?)(u),

where

Ry(fu)(x) = sup

T —y d
———f(y)du(y)| foreveryz € R%.
/]Rd\BE(:z:) oyl W W) Y

As a consequence of [6] and using a straightforward adaptation of the
argument in [2], we show that

Theorem 1.2. For every compact subset E C E(Vs), one has r5(E) = 0.

Other properties of x5 for any 0 < s < d are presented in Section 4,
where we also prove Theorem 1.2 and explain why the latter implies (1.5).
A variant of ks was introduced by Prat in [9], where the author obtains
analogous estimates for the Hausdorff dimension of sets of zero capacity
via comparison between capacity and Hausdorff content.

A deep result by Ruiz de Villa and Tolsa [11] ensures that x4 is equiv-
alent to the C''-harmonic capacity. Using this interpretation, the fact that
k4—1(E) = 0 means that every C! function in R¢ that is harmonic in R? \ E
must be harmonic in the entire space R%. In dimension d = 2, it follows
from work by Tolsa [12] that the C'*-harmonic capacity is equivalent to the
classical continuous analytic capacity. We then deduce from Theorem 1.2
for s = 1 that

Corollary 1.3. For every finite complex Borel measure v in C, the exceptional set
for Lebesgue points of the Cauchy integral of v defined by

zZ—w

/ dv(w) for almost every z € C
C

has zero continuous analytic capacity.

The preceding corollary is sharp in the sense that there exists a compact
set K of zero continuous analytic capacity that is exactly the exceptional
set of the Cauchy integral of some finite measure. For instance, take as
K the corner quarters planar Cantor set, which has positive and finite one
dimensional Hausdorff measure m. Then, the Cauchy integral f of m is
continuous in the complement of K and each point of K is an exceptional
point of f because (1.4) is not satisfied. It would be interesting to know
whether each compact set with zero continuous analytic capacity can be
expressed as the exceptional set of the Cauchy integral of some finite Borel
measure.
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2. PROOF OF THE REVERSE IMPLICATION OF THEOREM 1.1
We first need a couple of estimates related to V.

Lemma 2.1. For every a € R? and every r > 0,

]ir(a) (/327-(a) |jm(§|)5> dz < C M’

for some constant C' > 0 depending on d.

Proof. By Fubini’s theorem,

][ </ dm(y)g)dz:/ <][ dz g)dm(y).
Br(a) \JBa(a) 17 — Y Bar(a) \JB,(a) |7 — Y/

For every y € RY,

][ dz <][ dz C
Bo(a) 12— U° T U lz—als

which gives the conclusion. O

Lemma 2.2. For every a € R% and everyr > 0,

][ (/ dm(y)) dz < C”r/ m(Bi(a)) dt,
By (a) R\ By (a) 2r

ts+2
for some constant C" > 0 depending on d.

z-y  a—y
|z =yt Ja— gyt

Proof. To simplify the notation, we may assume that a = 0. For y € R?\
By, (0) and z € B,(0), by the Mean Value Theorem there exists 0 < 6 < 1
such that

S Y

C1|Z‘ < CQ’I“
|Z _ y|s+1 |y|s+1

- ‘02_y|s+1 - |y‘s+1'

We thus have

]ér(()) (/Rd\BQT(O)

<orf, (Lo )= Lo,
B.(0) \JRN\ By, (0) |Vl RA\ By, (0) |Vl

Using Cavalieri’s principle, see e.g. Corollary 2.2.34 in [14], one gets

dm(y) /°° m(B(0))
=(s+1 ————=dt
/]Rd\BQT(O) ly|s+1 ( ) o 152

and the lemma follows. O

z—y y
|z — y[s+? * |y[s+1

dm(y)> dz

To handle the limit as » — 0 of the right-hand side in the estimate in
Lemma 2.2, we need an elementary fact from Real Analysis:

Lemma 2.3. Let h : [0,00) — R be a bounded continuous function. If h(0) = 0,

then, for every 3 > 0,
lim rﬁ/ —h(t) dt = 0.

r—0



6 JULIA CUFi, AUGUSTO C. PONCE, AND JOAN VERDERA

Proof. Given € > 0, take 6 > 0 such that |h(t)| < e for every 0 < ¢t < §. For

0 < r < 0, we then have
1 0o
€ 7]l Lo
< —-|— .
+A‘ A + M)

= h(t)
[ ans

Therefore,
. °° h(t) €
B
e[ g <
Since this inequality holds for every € > 0, the limit equals zero. O

Proof of Theorem 1.1. “<=". We assume that the principal value p.v. V,(a)
exists and the limit (1.4) holds. For almost every z € RY,

-y
Valz) = /]Rd\B ) |a —y|stt dm{y )‘
21 a
z—y a—vy
< —=—dm(y) —/ ——dm y)‘
/Rd\BzT(a) |z —y|sH R\ By, (a) 1@ — Y[ (

Y
7dm
/Bzr o T g 4l )‘

_|_

Hence,

Y
Vi(z 7/ 7dm ‘dz
][B,.(a) (2) R\ By, (a) |@ — Y51 )

<
By (a) R4\ By, (a)

Y a—y
R dm(y)) "

Br((l) B27 (l) ‘ 2 y|

Yy
V(2 —/ 7dm ‘dz
][BT(a) 2) R\ By, (a) 1@ — y[5T )

<Cy <r/2 m(Bila)) 4, 4 m(ij(“))) 2.1)

t5+2

Denoting by « the principal value of V; at a, we get

f ) —ala:
<nr [P g Pl
or rs

ts+2

-y
—_ dm .
/Rd\Bzr(a) la — y[s+1 W)=

As r — 0, the last term converges to zero by definition of principal value.
The quantity in parentheses also converges to zero from the assumption
on the measure m, as we can apply Lemma 2.3 with 3 = 1 and h(t) =
m(By(a))/t* fort > 0. O



THE PRECISE REPRESENTATIVE FOR THE GRADIENT OF THE RIESZ POTENTIAL 7

3. PROOF OF THE DIRECT IMPLICATION OF THEOREM 1.1
We begin with the following estimate:

Proposition 3.1. Let 0 < s < d — 1. For every o € R¢ and every r > 0,
B,
mB@) o
r BQT(a)

for some constant C' > 0 depending on d.

Proof. We may assume that a = 0. We take the inner product of V,(x) with
x/|z| and integrate over the ball Ba,(0) for any r > 0. By integrability of the
function (z,y) — 1/|z — y|* with respect to the product measure H?¢ ® m in
By, (0) x R? we can interchange the order of integration:

x x—y x
Vs:r-d:v:/(/ ~d:r>dmy. (3.1)
/B2r(0) (=) |z| re \J By, (0) [T — YT 2] (@)

By the integration formula in polar coordinates,

2r
T —y x T —y x
7~—dx:/ </ ~daa:)dp, (3.2)
/Bw(o) |z — gyl |z 0 oB,0) |7 —ylstt |z (=)

where o denotes the surface measure on the sphere 9B,(0).
We claim that
r—y x d—s—1
Tt 1 90(®) Z €0 X, (0) (), (3.3)
/aBpm) o — [T Jaf 0

for some € > 0 independent of p and y. To this end, note that

r—y ) 1 1
= Vyg(z) whereg(z):= =T

When s < d — 1, it follows from the Divergence Theorem in B,(0) that

T —y x dx
~da(m):/ Ag:(d—s—l)/ _de
/(93p(o) |z =yt |z B,(0) B,(0) |7 —ylt?

which implies (3.3). When s = d — 1, the function g is harmonic in R?\ {y}.
An application of the Divergence Theorem on B,(0) \ B, (y) withn — 0
yields
/ T —y x (2) HIL(0B1(0)) ify € B,(0),
— . —— O' x fr—
aB,(©) [r =y |z] 0 ify & B,(0),
which also gives (3.3) and completes the proof of the claim.
Combining (3.2) and (3.3), we get

Ty r d—s
s da >
/BzT(O) gt o] =T XB,(0)(¥);

|£C _ y|s+1

which by (3.1) then gives

/ Vs(x) - L dw > cr?*m(B,(0)).
Bax (0) |z



8 JULIA CUFi, AUGUSTO C. PONCE, AND JOAN VERDERA

Since x/|z| has zero average we can subtract any constant vector « in the
integrand in the left-hand side without changing the value of the integral.
The conclusion readily follows since z/|z| is a unit vector. O

When s > d — 1, one has

dz
(s—i—l—d)/ ———— ify & B,(0),
/ T —y -ida(aj) _ R\ B, (0) |z — y|s+1 p
oB,(0) |7 — yl*t1 |z dz

d—s—1 _
( ) B,(0) |7 —yl*tt

In particular, these values have opposite signs, in contrast with the pre-
vious proof. We prove in that case the following counterpart of Proposi-
tion 3.1 that is enough for our purposes:

if y € B,(0).

Proposition 3.2. Let d — 1 < s < d. For every o € R? and every r > 0,

m(B;(a)) < (7[ Vi —al +7,d_s/ |Vs(z) ;104 d:c>,
TS By (a) RA\B,.(a) 1T — a|?475

for some constant C' > 0 depending on s and d.

As the vector-field (z —a)/|z — a|] does not seem to be a convenient choice
to test Vs in this range of s, we rely on a different one that is provided by
our next

Lemma3.3. Let d — 1 < s < d. For every o € C°(R?), there exists a summable
smooth vector-field U : R — R such that [, ¥ =0,

() = / S U(y)dy forevery x € RY,
R

d |£E _ y|s+1
and
C// d
ILII(ZL’)‘ S W foreveryl‘ eR ’

for some constant C" > 0 depending on s, d and .

In terms of the Fourier transform, the vector-field ¥ satisfies

— ¢ R

~ z =

P VT g
for a constant ¢ € C\ {0}. This identity is satisfied for example with
~ 1,
¥ =g, (3.4)
which indicates a convenient choice of .

Proof of Lemma 3.3. Take ¥ : R? — R? defined for = € R by
Vo(y)
U(z) =
with ¢ € R. Since s > d — 1, the integral above is well-defined and one
shows that ¥ satisfies identity (3.4) for a suitable choice of ¢’. That ¥ sat-
isfies the desired relation with ¢ can also be checked without the Fourier
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transform, by an explicit computation of the convolution between the ho-
mogeneous functions z/|z|* and 1/|z|7 ; see Lemma 15.10 and Exercise 15.4
in [8] for dimensions d > 2 and d = 1, respectively.

We observe that ¥ is bounded and summable. Moreover, smoothness of
U follows from a standard change of variable,

Vo(x — z)

o
U(x) =c 2d—s—1

dz. (3.5)
Rd |Z

Since [pqs Vi = 0, we also get by integration on both sides of (3.5) and
Fubini’s theorem that
[ v=o
Rd

We now take R > 0 such that supp ¢ C Br(0). To conclude the proof, it
suffices to show that
1

|$|2d78

[P (z)| < for every |z| > 2R. (3.6)

To this end, we use again that fRd Vi = 0 to write

1 1
\I/ :l —_ .
o= Rdv*”(y)<|x—y|2d“ |x|2dsl>dy

For y € Bg(0) and z € R?\ Byg(0), an application of the Mean Value
Theorem gives 0 < § < 1 with

1 1
|z — y[2d=s-1  |g[2d—s—1

Calyl Cs
— |$*9y|2d_5 — |m|2d—s’

where C3 > 0 depends on s, d and R. Hence, when |z| > 2R we get

1 C
wwis [ we a= ([ 1vel) o
Br(0) R 2]

|z — y[Pd=s—1  |g|2d—s—1
which implies (3.6). The estimate of |¥(z)| in R? then follows from the
boundedness of V. O

Proof of Proposition 3.2. We may assume that a = 0. Fix a nonnegative func-
tion p € C°(R?) such that ¢ > 1 in B1(0) and let ¥ : R? — RY be the
vector-field given by Lemma 3.3. For r > 0, one has by scaling that
€T o r—vY d
s@(;) _/Rd|xy|5+1\:[lr(y)dy fOI'eveI'YI'G]R P

where U,.(z) := -5 VU(%). Since ¢ > 1 on B;(0) and m is a nonnegative

measure, we have

m(B0) < [ o(*)amo) = [ ([ Tt way) dmio)

Then, by Fubini’s theorem,

m(B,(0)) < — / V..,

Rd
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Since [pa U, = 0, for every o € RY we get

m(B,0) < - [

(Vi-a)- 0, < [ Vo-alw,l (3.7)
R4 R4

The pointwise estimate satisfied by ¥ gives

rd

1 T 1
|, (2)] = Tdfs"l’(;ﬂ < (EXB,.(O)(x) + WXHW\BT(O)(%))' (3.8)
The conclusion follows by inserting (3.8) in (3.7). O

To handle the additional term that appears in Proposition 3.2, compared
to Proposition 3.1, we need the following

Lemma 34. If f € L'(RY) is such that

lim f=0,
r—0 By (a)
then, for every 3 > 0,
lim 7"5/ % dz = 0.
r—0 Rd\Br(a) |£C — CL|

Proof. We first prove that, for every r > 0,

f(x) /OO 1 (][ > Co
SAC R PO R Fldp— 2 £ (39)
/]Rd\Br(a) |z — a|d+h Y 0\ ™ I B.(a)

for some constants C'1, Co > 0. By the integration formula in polar coordi-

nates,
f(x) /°° </ f(z) )
—— 2 dz = ——— 2 _do(z) | d
/]Rd\BT(a) |z — a|d+P r \JoB,(a) v —al®F (x) ) dp

(L)
- [ (& dp.
/r pdth (dp Bp(a)f P

One then gets (3.9) by integration by parts. To conclude, it suffices to apply
Lemma 2.3 with h(t) = th(a) ffort > 0. O

Proof of Theorem 1.1. “="". Let a be a Lebesgue point of V. We first show
that the limit (1.4) holds. To this end, denote by « the precise representative
of Vy at a. When 0 < s < d — 1, we deduce from Proposition 3.1 that

limsupwg()lim |Vs —a] =0,
r—0 7S =0 J By, (a)
which implies (1.4). When d — 1 < s < d, we apply Proposition 3.2. In this
case, Lemma 3.4 with f = |V, — a] and § = d — s handles the additional
term in the estimate as » — 0 and we get (1.4) as before.
We next recall that

a = lim V.
r—0 Br(a)
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Moreover, by estimate (2.1) in the proof of Theorem 1.1, we have

a—1Yy
)
][Br(a) RA\ By, (a) 1@ — Y[ )

A )

ts+2 r

As r — 0, using (1.4) we deduce from Lemma 2.3 that the right-hand side
converges to zero and then

. . a—-y
a = lim Vs = lim ——dm(y).
r—0 B,(a) r—0 Rd\BQT(G) |a — y|s+1 ( )
Thus, by definition, « is the principal value of V; at a. O

4. THE CAPACITY ks AND PROOF OF THEOREM 1.2
We begin by showing that «, is subadditive:

Proposition 4.1. For every compact subsets Ey, E; C R,
Ks(El U EQ) < Ks(El) + HS(EQ).

The capacity & is equivalent to another one that was known to be semi-
additive (that is, the estimate above is verified with a constant C' > 1); see
p- 3643 in [11] and Section 2 in [10].

Before proving the proposition, we start with the following observation:
If 1 is a Borel measure in RY that is admissible in the definition of x¢(F) and
if FF C E is a compact subset, then, for any Borel subset A C F', the Borel
measure /| 4 defined by

ula(B) = p(AN B)

is admissible for x(F). Indeed, it suffices to verify the L? boundedness
of the maximal Riesz transform. Since R is bounded in L?(u), we can
estimate

/|R:(fNLA)|2dNLA§/ |RE(fxap)|? dp
R RA

< / Fxal’ dp = / P dpla,
R Rd

which justifies our assertion.

Proof of Proposition 4.1. Let ;1 be a nonnegative Borel measure supported in
E, U Ej, that satisfies (a) and (b) in the definition of x; for this set. By the
computation above, the measure | g, is admissible for x,(£7) and p| Ea\E:
is admissible for x4(E2). Thus,

u(RY) = p(Ey U By) = p(E1) + p(Ea \ By) < ks(Er) + kis(E)

and it suffices to take the supremum with respect to . O
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It follows readily from (a) in the definition of « that xs(E) = 0 for every
compact set £ with #*(E) < co. Dimension s is critical for s :

Proposition 4.2. If E C R% is compact and r4(E) = 0, then dimy (E) < s.

Proof. Tt suffices to prove that if £ C R? is a compact set with #!(E) > 0 for
some t > s, then k4(E) > 0. By Frostman’s lemma, there exists a nontrivial
finite nonnegative Borel measure ;1 supported by E such that

w(B,(x)) <rt forevery z € R?and r > 0. 4.1)

Hence, u < C1H!_, where H_ is the Hausdorff content of dimension ¢. For

every set A C R? with o-finite H* measure, we have H._ (A) = 0. Then,

w1(A) = 0 and the first requirement in the definition of x5(E) is satisfied.
Next, for every f € (L' N L?)(u) and every = € R?,

&umun<4 WL ).

alz—yl°
Then, by Young’s inequality,

d
LATIPEY B <=8 [T P

By Cavalieri’s principle,

as) [ uBO)
AdMS,A port "

Since p is finite and satisfies (4.1) with exponent ¢ > s,

/mf‘(a"m))drgflﬁdr+/m”(md)dr<oo.
0 0 1

TS+1 /)n5+1 r5+1

Therefore,
[R5 (fr)llL2gn) < Collfll L2

which implies that 1/C5 is a nontrivial admissible measure in the definition
of ks(E). In particular, ks(E) > 0. O

The proof of Theorem 1.2 relies on Theorem 1.6 of [6] concerning the
existence of principal values for the Riesz transform. We recall that from
[6] one knows that, for every finite nonnegative Borel measure y in R? such

that
o H(Br (@)

=0 for pu-almost every x € R4 (4.2)
r—0 7S

and
IR (fi)llL2uy < Cllf N2 forevery fe (L'nL?)(n),  (4.3)

the principal value of

T —y
—— 7 _q 4.4

exists py-almost everywhere.
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We observe that in Theorem 1.6 of [6] one also assumes
w(B,(x)) < C'r* forevery z € R¢and r > 0,

but such a property is a consequence of the uniform boundedness of the
Riesz transform given by (4.3) and the fact that, by (4.2), the measure p
cannot charge points; see Proposition 1.4 in Part III of [3].

We also need a standard property from Measure Theory:

Proposition 4.3. If u is a finite nonnegative Borel measure in R? such that
u(A) = 0 for every Borel set A C R with o-finite H* measure, then (4.2) holds.

Proof. Since ;1 does not charge sets with finite H® measure, by Proposi-
tion 3.2 in [7] for every ¢ > 0 one finds a compact set K C RY with
R\ K) < e such that, for every ¢ > 0, there exists § > 0 with

ik (Br(z)) < er® foreveryz € RYand 0 < r < 4.

Thus,
lir% M =0 foreveryz € RY. (4.5)
r—> rs
On the other hand, by the Besicovitch Differentiation Theorem,
lim #Lic(By(z)) =1 for p-almostevery z € K. (4.6)

r=0 (B (2))
Combining (4.5) and (4.6), one gets the limit in (4.2) for p-almost every « €
K. Since u(R?\ K) < e and € > 0 is arbitrary, the conclusion follows. O

Proof of Theorem 1.2. Let 1 be a finite nonnegative Borel measure that is ad-
missible for x4(E), where E is any compact subset of £(V;). By Theo-
rem 1.1, we can write this set as £ = F; U E5, where
E, = {a: SO limsupM > 0}
r—0 rs
and
Ey:={z € E : p.v. Vi(z) does not exist}.
On one hand, since E; is o-finite for H® and i does not charge those sets,
1(E1) = 0. On the other hand, from Proposition 4.3 above and Theorem 1.6
of [6] we know that the principal value of V; exists p-almost everywhere in
R<. Hence, 1(E>) = 0. We thus have

u(RY) = u(E) < p(Er) + p(E2) =0,
for every measure (. that is admissible for x(E). Therefore, xs(E) =0. O
As a final observation, (1.5) can also be deduced as a consequence of The-
orem 1.2. Indeed, if we had dim £(V;) > s, then for any s < ¢ < dim E(Vj)
one could find a compact subset F' C £(V;) such that H!(F) > 0; see The-

orem 8.13 in [5]. Such a property would then contradict Proposition 4.2
above.
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