CODIMENSION IN PLANAR POLYNOMIAL DIFFERENTIAL SYSTEMS
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ABSTRACT. In this paper we get deeply into the concept of codimension applied to planar polyno-
mial differential systems. We extend the concept of codimension to different elements related with
polynomial differential systems, i.e. singularities, configurations of singularities, phase portraits, and
not only from the topological point of view but also from a geometrical one. We will discover tricky
situations which will force us to adapt the definitions. The codimension will be an important tool in
the global classification of phase portraits, starting with the quadratic differential systems. We also

propose the nomenclature to give a definitive code to every quadratic phase portrait.

1. INTRODUCTION

We consider here differential systems of the form

dx dy
1 — = A
(1) o = Py),  o=azy),
where p, ¢ € R[z,y|, i.e. p, ¢ are polynomials with real coefficients in x, y. We call degree of a
system (1) the integer n = max(degp, degq). In particular we call quadratic a differential system
(1) with n = 2. We denote here by QS the whole class of real quadratic differential systems.

The motivation of the authors for writing this paper stems from their interest in the problem of
obtaining the global topological classification of QS. It seems that the best way of making progress on
this problem is to use the level of instability of the systems as a tool for constructing phase portraits
for this class, i.e. its topological codimension. In most articles where the concept of codimension
appears in the literature, it deals with codimension of singularities. But for the above mentioned
problem we need to deal with the codimension of a phase portrait. This is a global concept involving
all singularities finite and infinite as well as separatrices, possible connections and graphics. While
we have a clear understanding of when a codimension k& with k£ < 2 needs to be to assigned to a phase
portrait, starting with codimension 3, some combinations of singularities and separatrices become
trickier to handle. It so seems that the concept of codimension and the way it is encountered in the
literature is not quite up to the task of handling the problem we previously mentioned. Our goal
in this paper is to make way for a concept of codimension that can be used for global objects and
not just for singularities such as for example graphics or phase portraits. We first quickly survey in
Section 2 how this concept is handled in the literature. We next explain why we need to adapt it to

our problem.

In Section 3 we describe the problems that we found when trying to apply the concept of codi-
mension to different notions in differential equations and the distinct possible equivalence relations
that can be used.
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In Section 4 we describe the problems that we have found when trying to assign a codimension to
configurations of singularities with centers or phase portraits of quadratic systems with centers, and
why we have not been able to assign a fixed codimension for such configurations or phase portraits.

In Section 5 we assign a topological codimension to each one of the 208 topologically distinct
configurations of singularities obtained in [5] (except for those with a center).

In Section 6 we propose a nomenclature which can be used to distinguish all the phase portraits
of quadratic systems.

2. DEFINITIONS AND CLASSICAL RESULTS

In lectures of specialists in ordinary differential equations, and in particular on polynomial differ-
ential equations, also in books or articles, occasionally the term codimension is encountered. For
example a nilpotent cusp singularity is called a codimension 2 (or greater) singularity [15, Theorem
2], and centers in quadratic differential systems can be classified in four families [29], which are said
to be of codimension 3 (three of them) and one of codimension 4 although this holds only generically
because inside these families there are subfamilies of systems with centers of higher codimension.
As we shall later see, trying to assign a codimension to a phase portrait with centers, is quite a lot
more complicated than in this generic case.

It is however rather rarely that the definition of the term appears in the index of a book or an
article on dynamical systems. For example the books of Katok and hasselblatt [25] or Ilyashenko
and Yakovenko [21] or Roussarie [28] or of Dumortier et al. [16] do not mention the term in their
indices. We find a general definition on page 9 of [28], i.e: “We define a singularity ¥ of codimension
k as a submanifold of codimension n + k (if n = dim(S)) of some space of I-jets of vector fields on
S.” In the book codimension is used only for singularities.

The term does however appear in the index of the book of Guckenheimer and Holmes [19] on page
120 where its meaning only applies for an [-dimensional submanifold of an n-dimensional manifold
and in this case the codimension of the submanifold is n — [, and on page 123 for a bifurcation
where we find the following phrase: The codimension of a bifurcation will be the smallest dimension
of a parameter space which contains the bifurcation in a persistent way. Clearly we have here a
bifurcation set in a parameter space and presumably by ”a bifurcation” the authors just mean a
point in the bifurcation set.

In [31] Sotomayor gives a definition of codimension as follows:

Definition 1. Let B be the set of of polynomial vector fields of degree n. Let Ay be the subset of B
formed by all the fields which are structurally stable. We will assign codimension 0 to the fields of
Ag. Let By = B\ Ag. This will be called the bifurcation set. Let Ay be the subset of By formed by
all the fields which are structurally stable inside By. We will assign codimension 1 to the fields of

Aq. And the definition continues recursively.

The second problem is that if the polynomial vector fields are considered over R and the stability is
considered according to simple perturbations also over R, the definition is limited and does not allow

us to properly deal with situations with two complex singularities with trace or discriminant! equal

1When we mention the trace, or the determinant or the discriminant of a singularity, we are always referring to
the trace (or the determinant) of the Jacobian matrix at that singularity, or the discriminant of the characteristic

polynomial of the Jacobian matrix at that singularity.
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to zero (see Example 1 further below). There is another problem of consistency in codimensions
that we will describe in Example 2.

The third problem is that Sotomayor works only with the topological equivalence relation to define
the “structural stability”. The “structural stability” could also make sense for other equivalence
relations such as for example the geometric one (see [6]). Then an object like a weak saddle (which
may already have a topological impact if combined with a loop on the same saddle) would also have
an impact geometrically. We now briefly survey in what way the concept of codimension occurs in

mathematics.

The simplest case occurs in vector spaces.

Definition 2. The codimension of a subspace S of a vector space E over a field K denoted by
codimpg/(S), is the dimension of the quotient space E/S and we have codimpg(S) = dim(E)—dim(S).

As already mentioned, the concept of codimension is also defined for submanifolds (topological or
C*°) and we have:

Definition 3. A submanifold N (topological or C*) of a manifold M, denoted by codim(N, M) is
defined by codim(N, M) = dim(M) — dim(N).

We note that codimension is a relative concept. For example in the above definition we have
the codimension of a submanifold. Indeed, we have the codimension of an object endowed with a
mathematical structure inherited from the structure of a larger object that contains it. In algebraic
geometry we find the following definition of codimension in [13].

Definition 4. If V is a closed irreducible subvariety of an irreducible variety X, then we call codi-
mension of V in X, denoted by codim(V, X), the difference dim(X) — dim(V') > 0, where dim (V')
and dim(X) denote the dimensions of V and X.

In [23] an affine algebraic variety over an algebraically closed field K (for example C) is defined
as being an irreducible subset of the affine space K™. Irreducible here means that it cannot be
decomposed in two non-empty closed algebraic subsets in the Zarisky topology on K™ defined by
taking the open sets as being the complements of algebraic sets.

In a real topological manifold of dimension n every point possesses a neighborhood homeomorphic
to a ball in R™. So all neighborhoods are alike. This is not true in an algebraic variety. To a
planar differential system we can associate its foliation with singularities and this is an object where
also neighborhoods of two distinct singularities may look significantly different. For this reason the
objects that we consider for such dynamical systems and for which we need to define the concept of
codimension are akin to objects in algebraic geometry.

A very general notion of codimension encountered in algebraic geometry is the one given for
schemes. These are more general objects than algebraic varieties. An affine scheme is defined
starting with a ring and endowing this ring with a topology by using its prime ideals as the points
of this topological space called the spectrum of A denoted by Spec(A). A sheaf of rings is then
considered on Spec(A). Schemes were conceived by Grothendieck with the purpose of unifying
number theory with algebraic geometry motivated by the Weil conjectures.
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Definition 5. ([18]) If V is a subvariety of a scheme X, the codimension of V in X denoted by

codim(V, X), is the mazimum length of a chain of subvarieties
V=WwcWhc.---cV,=X

where C denotes the strict inclusion.

We observe that in Definition 1 of Sotomayor we construct such a strictly descending sequence,
each object B;y1 in this sequence includes all the structurally stable objects inside B;.

Thus the notion of codimension is rigorously defined for very general objects in algebraic geom-
etry. We would need to rigorously define this notion for more complex mathematical objects than
singularities, occurring in differential equations, such as for example graphics or phase portraits. We
point out that the notions of finite codimension as well as infinite codimension for limit periodic sets
were defined in [28] as follows:

(i) We will say that limit periodic sets are of finite codimension if they have finite cyclicity less
than or equal to an integer N independent of the chosen analytic unfolding. (ii) We will say that
limit periodic sets are of infinite codimension if their finite cyclicity can be arbitrarily high depending
on the chosen analytic unfolding.

So far we only mentioned objects of finite codimension k occurring in families of differential
systems part of larger families of differential systems of degree n. Of course we could also have
infinite codimension. For example the set of local germs of quadratic polynomial differential systems
inside the local germs of planar analytic differential systems is of infinite codimension.

In this article we shall concentrate on planar polynomial differential systems of arbitrary degree
n with emphasis on the quadratic differential systems, i.e. n = 2. Since to each such system we can
associate a point in ROTD(+2) by taking the sequence of the coefficients of the first and then of the
second equation, we can keep track of all such systems by considering their corresponding points in
RM+D(+2) that is our full parameter space. This provides a simple notion of distance between two
polynomial systems of the same degree. When studying a special problem, its associated parameter
space may turn out to be in a proper subspace of R("1)("+2) We will also consider sets of objects
(such as singularities, configurations of singularities, graphics, limit periodic sets, phase portraits, ...)
for which the concept of “perturbation” must be defined in order to be able to assign a codimension
to each one of these objects.

The term unfolding appeared in the theory of singularities of mappings and in catastrophe theory.
It was used mainly for studying the local behavior around a function in its neighborhood in the
space of functions (C",C*°, C*) and for points around this singularity.

The concept was later applied, first for singularities of vector fields and eventually for unfoldings of
their graphics. We are mainly concerned with the behavior of systems near a given one and around
a compact set in the phase space. By unfolding a graphic or a compact set we expect to eventually
see the behavior of all nearby systems and near the compact set. We thus need to specify in what
sense "near” is to be considered, in other words we need to specify the topology on (C",C* C*,
polynomial) vector fields X on the plane at \g € A where A is a parameter set. The notion usually
used for function spaces is either the weak or strong topology on the set C" (M, N) of C"-mappings
from a manifold M into a manifold N. We assume at first that r is finite. The weak or compact-open
topology on C" (M, N) is generated by sets defined in the following way (see [20]). Let f € C"(M, N).
Let (¢,U), (¥, V) be charts on the manifolds M, N respectively. Let K C U be a compact set such
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that f(K) C V;let 0 < e < oco. We define a weak subbasic neighborhood

(2) N (f: (8, U), (4, V), K, €)
to be the set of C" maps g : M — N such that g(K) C V and

D fo~") (@) — D (g™ ) (@)| <€
for all z € ¢(K),k =1,2,...r. The weak topology on C"(M,N) is generated by these sets.
A (C",C>,C¥, polynomial) vector field X on the plane is a just a (C", C>°, C*, polynomial) map
X : R? — TR? where TR? is the tangent bundle on R?. A continuous family {X)} of such vector

fields defined for A in a parameter space A is a map X : A x R? — TR? that is continuous in A and
(CT,C*>,C%, polynomial) on R2.

Definition 6. We call unfolding of a (C",C>°, C¥, polynomial) vector field X on the plane at \g € A
where A C R™ is a parameter set, a family X, depending continuously of A of vector fields of the
same type as X on R%, defined for \ in A such that Xy, = X.

Observation 1. Fven though in our definitions we talk about vector fields in the plane so as to
include the cases C", C°, C¥, and polynomial, our results will be done just for the polynomial case
and we will use the Poincaré compactification on the sphere. We will talk about singularities at
infinity, global configurations of singularities (finite and infinite), graphics that may include part of
the infinite line, and phase portraits in the Poincaré disc.

In the theory of singularities of mappings and in catastrophe theory the term wversal unfolding is
used and we considered it for the topic of interest for us here namely for unfoldings of vector fields.

Definition 7. [28, 14] Let (X)), A € A (the parameter space A could be a part of R¥) be a C"-family
of vector fields and let ¢ : B — A, (B C R®), ¢(u) = A be a C"-map. We say that the family Y,
p € B given by Y, = Xy, is induced by the map ¢.

Definition 8. [14] Two k-parameter families X,, andY,,, both with p € R* and with phase space R™
are called fiber-C°-equivalent over the identity if there exist homeomorphisms h,, such that for each
w € RE the map hy is a CO-equivalence between the vector fields X, and Y,.

Rousarie gave a more extended definition in [28]:

Definition 9. Let Xy, Y) be two C", r = 1,...00 or w families of vector fields with the same
parameter space A and the same phase space. Let s be such that 0 < s < r. We say that X, Yy are
fiber-C?-equivalent if there exists a diffeomorphism ¢ of A of class C*, such that for each A € A, X},
Yy(n) are topologically equivalent. If the equivalence is chosen so that it forms a continuous family
hx(x), we say that Xy, Yy are fiber-C*-equivalent.

We can now define the concept of wversal unfolding of a vector field Xy. According to Wikipedia
the term versal unfolding was initially used by Thom who called it in French “déploiement universel”
i.e. universal unfolding. Mather changed it to versal unfolding.

Definition 10. [14] An unfolding X,, of a vector field Xy is called a (C°,C" )-versal unfolding if all
unfoldings of Xo are fiber-C?-equivalent over the identity to an induced unfolding that is C"-induced
from X,,.

Again Roussarie gave a more extended definition in [28]:
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Definition 11. Let I' be a compact non-empty invariant set in the phase space of X,. We say that
(X, T) is a versal unfolding, A\ € A C R" for the germ (X),,I"), Ao € A for the topological or C",
C° where r < 0o, or other type of equivalence if

1) Any other unfolding (Y,,,I') of (Xx,,I') with parameter space B C R™ of (Xy,,I"), i.e. (Yy,,I') =
(X»,T) is fiber-C-equivalent to an unfolding induced from X by a germ of a C*-map (¢, uo) :
(B, o) — (A, Xo).

2) dim(A) is minimal for the property 1.

In such a case dim(A) is the codimension.

Consider a compact set I in the plane. We define an equivalence relation on vector fields on the
plane along I' as follows: Two vector fields X and Y on the plane are equivalent with respect to I'
if there is a neighborhood of I' on which they are topologically equivalent. We call germ of X along
I' and denote it by (X,I") the equivalence class of X along I.

Graphics of planar polynomial vector fields are invariant compact sets. They are part of the
characteristics of vector fields and they are important organizing centers in families of vector fields
as they produce limit cycles in the neighborhoods of I' for unfolded vector fields with A close to Ag.

Because in this case we are interested in neighborhoods of I" we use the term unfolding of X along
I'. We are interested in defining the notion of codimension for graphics as well as other non-local
concepts.

Singularities of vector fields are the simplest cases of graphics and this explain why the first cases

where the concept of codimension was defined was for singularities.

In order to describe the unfoldings within a family of objects like singularities, phase portraits,
etc., we define the concept of perturbation:

Definition 12. We start with a system S endowed with an object Oy,. We consider an unfolding
X\ such that Xy, = S. Then for any fized value of X we have an object Oy or a set of objects
{(Oi)r} such that when X — Ao, then {(O;)r} — Oy, for all i, as Xy — X,,. By the perturbation
of Oy, given by X\ we mean the family {(O;)\} within Xy.

For example, consider a polynomial vector field on the plane possessing an object Oy, which is a
multiple singularity at infinity. Then the perturbation {(O;),} of O, could include finite and infinite
singular points of X which tend to Oy, in the topology of the chart at infinity or the topology of
the Poincaré sphere.

The two terms: “unfolding” and “perturbation” have been used as synonymous in the past.

An important concept in dynamical systems is the concept of structural stability. An object A
within a family F of objects is said to be structurally stable if any small perturbation within F
leads us to objects having the same properties as the ones of A. The properties of special interest to
us in the study of planar differential systems are the topological ones and we say that two systems
have the same topological properties if they are topologically equivalent according to the following
definition:

Definition 13. We say that two planar differential systems are topologically equivalent if and only if
there exists a homeomorphism ¢ : R? — R? carrying orbits to orbits and preserving their orientation.

In case of polynomial differential systems, the definition of the topological equivalence is usually
understood in the Poincaré sphere and then it is the following;:
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Definition 14. We say that two planar polynomial differential systems X and Y are topologically
equivalent on the Poincaré sphere if there is a homeomorphism on S? between their analytic extensions
P(X) and P(Y) on the Poincaré sphere preserving the equator S* and carrying oriented orbits of
the flow induced by P(X) into orbits of the flow induced by P(Y') preserving the orientation.

However, in recent works and with the goal of reducing the number of distinct equivalence classes,
a weaker definition of topological equivalence allowing also the change in the orientation is used.

It is often said that a structurally stable object in the full parameter space, or in a subspace
of maximal dimension, has codimension 0, see for instance [2, 3]. We underscore that this zero
codimension involved this notion of topological equivalence in [31, 2, 3].

The definition of topological equivalence between singularities has already been given in several
papers and it is the following:

Definition 15. Two singularities p1 and pa are topologically equivalent if there exist open neigh-
borhoods N1 and No of these singularities and a homeomorphism ¥ : N1 — N carrying orbits to
orbits and preserving their orientations. To reduce the number of cases, by topological equivalence
it is occasionally accepted a variant of this definition in which the homeomorphism ¥ preserves or
reverses the orientation of all orbits (see [4, 6]).

Apart from the topological equivalence of singularities, in [6] a new equivalence relation was defined
which is of geometrical nature:

Definition 16. Two finite singularities p1 and p2 of two polynomial vector fields are geometrically
equivalent if and only if they are topologically equivalent, they have the same multiplicity and one of

the following conditions is satisfied:

e p1 and py are order equivalent foci (or saddles),

e p1 and po are tangent equivalent simple nodes,

e p1 and py are both elemental centers with the same level of isochronicity,
e p1 and pa are both semi-elemental singularities,

e p1 and po are blow-up equivalent nilpotent or intricate singularities.

The reader may find the concepts of “order equivalent”, “tangent equivalent”, “level of isochronic-
ity” and “blow-up equivalent” in the book [6]. To give here a hint of their meaning, we recall that
they require that the order of weak singularities, the way the orbits arrive at singularities, the centers

being isochronous or not, and the desingularization of singularities (respectively) to be the same.

Definition 17. We say that two infinite singularities Py and Py of two polynomial vector fields are
geometrically equivalent if they are blow-up equivalent finite singularities in the corresponding local
charts at infinity and the number, type and ordering of sectors on each side of the line at infinity of
Py coincide with those of Ps.

A (topological) bifurcation point in RM*TD(+2) ig an unstable point, i.e. there exist a small per-
turbation of a system (Sp) which produces systems as close as we wish to (Sp) that are topologically
distinct (non-equivalent) from (Sy). The (topological) bifurcation set with respect to topological
equivalence is the set of all bifurcation points.

The phase portrait of a system involves the behavior of the solutions near all singularities and also
near all graphics or near all limit cycles of the system. To construct the bifurcation set of the systems
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in our parameter space we begin with the study of singularities and their bifurcation set. This set is
algebraic. Some singularities may be complex. Since they do not appear in the phase portrait of a
system we will not take them into account when considering the topological equivalence. But from
a geometrical viewpoint, it is best to take them into account and consider the larger picture that

(n+1)(n+2)

includes them. The bifurcation set of singularities is a real algebraic subset of R or, of a

subspace of this space.

Thus in the study of polynomial differential systems, we encounter parts of the bifurcation set
defined by algebraic equations. We may consider the bifurcation points of singularities of a system
according to their multiplicities. These algebraic sets in the parameter space R™tD("+2) are not
necessarily smooth. Some of them can be as simple as a hyperplane, or the union of a plane with a
straight line. But we can also encounter more complicated bifurcation sets like the cubic surface in
the three-dimensional projective space defined by the homogeneous equation —4m?2h+m?n—4mg? —
4mgh +4mgn —8mh? — 4g> —8¢g>h+4g*n = 0, that appeared in [12]. This algebraic equation defines
a subset of the real 3-dimensional projective space which has a kind of “swordfish head” formed by
the union of a surface and a 1-dimensional “sword” (we will talk a bit more about this surface later
in Example 1). As we will later see, these algebraic equations may lead to tricky situations in the
real polynomial differential systems.

Algebraic bifurcation subsets could also arise as bifurcation points of breaking connections in case
these occur on invariant algebraic curves of the systems.

Studies of these algebraic bifurcation sets involve awareness of real algebraic geometry issues in
both contrast and in tandem with the complex ones.

In the case of an algebraic bifurcation subset in the parameter space defined by several alge-
braic equations, it may happen that some of the equations are not algebraically independent from
the others, and thus the codimension cannot be thought to be the number of algebraic equations.
Geometric codimension corresponds to the maximum number of equations that are algebraically
independent. But detecting the independent equations when one may need to deal with many of
them in a 12-parameter space (for quadratic differential systems), is not an easy task. Moreover,
not every interesting object in polynomial differential systems to which we may attach a codimen-
sion are determined by algebraic equations. The more general separatrix connections than the ones
mentioned above and multiple limit cycles are examples of this possibility.

3. CODIMENSION

We need to extend the concept of codimension for objects of our interest in the area of polynomial
differential equations in a natural way and at the same time in a way that allows us to compute it.

When in the literature it is said that a generic saddle-node is of codimension 1, it is understood
that there exists a small perturbation which bifurcates the saddle-node in either a simple saddle and

a simple node, or into two complex simple singularities.
When in the literature it is said that a generic cusp is of codimension 2, it is because it can be
perturbed into a saddle-node which has codimension 1.

When we say that a generic nilpotent elliptic saddle is of codimension 3, it is because it can be
perturbed into a node plus a cusp which has codimension 2.
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When we say that an object to which we apply a small perturbation leads to objects with the
same properties we need to give a mathematical meaning to the words the same properties and this
invokes some equivalence relation, in particular the topological equivalence relation of local or global
phase portraits.

We may however be interested in other types of properties for example geometric or algebraic-
geometric or analytical.

To understand differential equations we need to study them inside families. In applications we
always deal with approximate measurements and not exact ones. In other words we consider the
equations with slightly varying coefficients. In general we need to deal with families of differential
systems. So our larger object will be such a family of polynomial vector fields inside of which we
may consider a subfamily /7 and fix our attention to specific properties of the objects in these
subfamilies. We may have a mathematical object O in a specific family

As an example consider again the local topological equivalence relation when we look at neighbor-
hoods of a singularity. In this case a one direction node n? or, a star-node n* (the notation is taken
from [6]) have the same codimension 0 as a generic node or a focus. But if we consider the geomet-
rical properties and the geometrical equivalence relation defined in [6], then n¢ is a codimension 1
singularity which can be perturbed into a generic node, and n* is a codimension 2 singularity since

it can be perturbed into an n?.

Summing up, the concept of codimension applied to differential equations depends on the equiva-
lence relation of the family which interests us and to which the object belongs.

As in algebraic geometry, in differential equations we also have many classification problems. For
example we have the open problem of the topological classification of the family QS of quadratic
polynomial differential systems, problem involving the topological equivalence relation. We also
have the problem of classifying the global geometrical configurations of singularities occurring in the
family of quadratic system, already solved in [6]. Here we deal with a family of global geometric
configurations and the geometrical equivalence relation among configurations.

Here we mentioned two equivalence relations: the topological and the geometric one, the first
one being weaker than the second as two geometric configurations of singularities are equivalent
means that in particular they are topologically equivalent and in addition they both have the same
geometric properties (see [6]).

Clearly two local phase portraits around singularities of two local systems may be topologically
equivalent, while the singularities may not be geometrically equivalent and do not have the same
geometrical codimension. For example, one phase portrait having a finite simple saddle could be
topologically equivalent to another with a saddle which is a triple semi-elemental or nilpotent saddle.
The local phase portraits are equivalent and should be assigned the same topological codimension,
but the singularities of the systems may be not geometrically equivalent.

We consider below a similar situation where we have three local systems each one around a
singularity such that these singularities are completely different geometrically but their local phase
portraits are topologically equivalent. Consider the following three systems:

a) o' =y, y =a’

b) o =22, y = 212 + y2,
o) o' =2"+y? Y =20"+y%).
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System a) has a finite nilpotent singularity (a cusp at the origin) with two hyperbolic sectors. System
b) has a finite intricate? singularity with two hyperbolic sectors (a “flat saddle”), and system c) which
is degenerate; has two complex lines intersecting at a real singular point. The three phase portraits
are topologically equivalent. Geometrically these systems are completely different and in principle
different geometrical codimensions could be assigned to them.

As we see in the above cases we may need to assign different codimensions according to distinct
equivalence relations for objects.

For analytic differential systems, an infinite number of codimensions could be assigned (for exam-

ple, as mentioned before, all 5(;) for i odd are topologically equivalent to s).

One would think that the geometrical equivalence relation of singularities defined in [6] which
includes multiplicity as a part of its definition and a number of other things such as for example
order of weak foci or saddles, would be strong enough for defining the notion of codimension for
all singularities but this turns out not to be true. This equivalence is good enough so as to be
able to assign a geometrical codimension to every elemental (different from a center and from an
integrable saddle) or semi-elemental singularity. But there are nilpotent and intricate singularities
which apart from the geometric properties mentioned in [6] may have additional properties. For
example a perturbation of a non-generic cusp may produce a weak focus of order greater than 1 and
this that could increase its codimension as indicated in [15].

When topologically classifying phase portraits, to simplify matters we can first decide to do a
classification modulo limit cycles. Progress in solving Hilbert 16th problem has been incredibly slow
even for the simplest nonlinear case, the quadratic family. Topological classification problems for
special sub-classes of the quadratic family have brought a limited amount of light in connection with
Hilbert’s 16th problem. For example we saw that in the family QW2 of quadratic system possessing
a weak focus of order two, systems with phase portraits possessing the maximum number of two
limit cycles which were found for this family, appear in phase portraits that agglutinate around
systems with center as close as we wish and in particular agglutinate around a phase portrait having
the infinite line filled up with singularities. This suggests that for a certain degree n although the
maximum number of limit cycles appears in the phase portraits of generic systems, actually the
neighborhoods of the most degenerate systems with center may have phase portraits possessing this

maximum number of limit cycles.

While progress on Hilbert’s 16th problem was slow even for quadratic systems, progress is signif-
icant in the topological classification modulo limit cycles for quadratic systems. In QS every limit
cycle surrounds a single singularity which is a focus and we always have at most two nests of limit
cycles and in one nest we could only have one limit cycle, see [34] in which the incomplete proof
given in [35] is repaired.

If we collapse every nest of limit cycles to the focus inside of it then we get a new phase portrait
that is the topological quotient space of the original phase portrait after identification of the whole
area delimited by the largest one of the limit cycles including the limit cycle with the focus, every
nest of limit cycles collapsed on the singularity inside. The resulting topological space with its
attached foliation with singularities is the phase portrait modulo limit cycles.

2The name intricate was introduced in [6] as a substitutive of the classical linearly zero so to use just one word and

avoid the use of degenerate which is widely used in too many ways leading to confusion.
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By global topological configuration of singularities we understand a description of the local phase
portraits around all the finite and infinite singularities of a polynomial differential system.

Definition 18. By the geometry of a singularity we understand its local topological phase portrait,
together with its multiplicity, its order if it is a weak focus or a weak saddle, its type of tangent
equivalence if it is a node, its level of isochronicity if it is a center, and its geometrical sectorial

decomposition.

Definition 19. [6] We call a geometrical configuration of singularities of a polynomial system an
ordered set of symbols encoding the complete geometry of all its singularities. This set encodes the
geometry of the isolated singularities (finite and infinite) and occasionally may include a subset en-
coding the geometry of the whole set of non-isolated singularities if an infinite number of singularities

occurs.

The configuration of singularities that include a center are especially tricky situations for the
definitions of codimension even in quadratic systems. We discuss this case in Section 4.

The geometrical equivalence of configurations of singularities was already defined in [6, Definition

3.5] and we do not include here.

Our first goal is to assign a (topological) codimension to each one of the global topological con-
figurations of singularities in QS. We already mentioned that the geometrical classification of the
global geometrical configurations was done in [6]. Using this foundation, the classification of global
topological configurations was obtained in [5].

Our long distant goal is to classify topologically all the different phase portraits of quadratic
systems modulo limit cycles. And for this goal we plan to use as a helpful classifying instrument the
concept of codimension that we must first define here.

The most common equivalence relations that will be used are the topological and the geometrical
equivalence defined in [6].

Definition 20. Consider a set F of real differential systems in the plane (C", C*°, analytic or
polynomial). Let Fy be a subset of F. Suppose that for the purpose of a study we consider an
equivalence relation E on F and an equivalence relation E1 on Fi compatible with E in the sense
that if two objects are Ei-equivalent in Fi they are also E-equivalent in F. Consider a specific
mathematical object (such as for example the configuration of singularities, the configuration of
invariant algebraic curves in case they exist, the phase portrait, or the systems themselves, etc.) of
a system in the set Fi with an equivalence relation (in the set of objects) induced from E; (based on
geometrical or topological concepts), i.e. having the same kind of properties as the specified object.
Then we say that the object in a system S € Fi is of codimension 0 (or structurally stable)
within F with respect to E (for short E-codimension 0) if any sufficiently small continuous real
perturbation P. within F for every e, of the system S leaves this object in the same equivalence class
induced by Ey. We say that the object is of E-codimension m > 0 (or structurally unstable
of codimension m > 0) if any sufficiently small continuous perturbation P- with systems inside
F, for every e, either leaves this object in the same equivalence class, or perturbs it into objects of
lower E-codimension, and moreover, there exists at least one such perturbation which perturbs the

object into an object of E-codimension m — 1.

Definition 20 as given here corresponds to the definition given by Sotomayor in [31]. There are
though several differences: Firstly we do not refer to just the topological equivalence relation but
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leave the equivalence relation to be specified in each case considered. For example in case we need
to consider the codimension of a global geometric configuration we need to refer to the geometric
equivalence of such configurations. We will see that this definition produces some situations requiring
much attention because we deal here with real differential systems and their real perturbations
producing a finer stratification than in case we would consider their complexification and complex
perturbations. We present here below some examples showing that this definition (also Sotomayor’s
one) needs to be improved.

The above definition can be applied to global configurations of singularities (either geometrical
or topological) considered with their corresponding equivalence relations. It can also be applied to
phase portraits of polynomial differential systems with the topological equivalence relation, etc.

Notice that this definition is inductive, that is, one needs to have all the objects of codimension &
before starting to study the objects of codimension k + 1. Moreover one needs to know the complete
unfolding of the object which is considered in order to be sure of what codimension it has. For some
simple objects of low codimensions, this is very simple, but starting with objects of codimensions
higher than or equal to 2, its codimension will only be fixed after a detailed discussion.

We give below three examples where such a situation occurs.

EXAMPLE 1: In paper [12] the invariant polynomials 74 and 73 appear. These invariants
are responsible for the existence of weak singularities (real or complex) for the family of quadratic
Systems.

For the systems studied in [12] the invariant polynomial 74 has the value
T = n[ — 4m2h + m®n — 4mg® — dmgh + dmgn — 8mh? — 4¢° — 8¢%h + 4g2n] = nSs.

The equation S = 0 in four variables with coefficients in R defines a surface in the real projective
3-dimensional space. We consider the surface S = 0 in the affine chart g = 1, in other words in R3.
The surface 83 = 0 has a singular line (i.e. its gradient is null on this line) and it cuts the planes
n = constant on an algebraic curve having two components a point and a curve if n > 9/4 and has
only one component if n < 9/4 (see Figure 1). On this singular line the invariant 73 vanishes and
this means that the systems defined by points on this line have two weak singularities (or a double
point) with trace zero.

In Figure 1 we have the singular cubic curves obtained by intersecting S3 with the planes n =
constant, the singular points of these cubics, denoted by s, lie on the singular line of Ss.

We now describe the types of singularities of the systems corresponding to these points s,,.

In picture (c) the parameter value s, corresponds a system with a weak saddle and a weak focus.

In picture (b) s, corresponds to a system with a singularity of the cusp type. In picture (a), s,
corresponds to a system with two complex singularities with traces zero.

Thus we observe that in the case (¢) one can perturb the system corresponding to the singular
point of Sz keeping weak one of the weak singularities. In the same way in the case (b) we can
perturb the system with the cusp singularity obtaining an elemental weak singularity. But in the
case (a) a perturbation that implies one complex singularity to have non-zero trace simultaneously
implies the second singularity also has non-zero trace.

The topological codimension that must be assigned to the systems on the smooth part of the
surface 83 = 0 should be 1. The topological codimension that must be assigned to the systems on
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(a) n=10

(d) 3D image

F1GURE 1. Global and partial pictures of &g

the singular part of the surface S3 = 0 when n < 9/4 should be 2. Also clearly the codimension that
must be assigned to the system on the singular part of the surface S3 = 0 when n = 9/4 should be
3. But the codimension that must be assigned (according to Definition 20) to the systems on the
singular part of the surface S3 = 0 when n > 9/4 should be 1. So on this line we would have three
different codimensions. This happens because we consider here the real surface. This is similar to
what occurs in algebraic geometry where when trying to understannd intersection of curves over real
numbers, without Bezout’s Theorem, there appear complications due to the fact that the field of the
reals numbers is not algebraically closed.

A complex perturbation (from the point s, for n < 9/4) could bring us to a system with only
one weak complex singularity and the other one strong, and a second perturbation would bring us
to a system having both complex singularities strong. Hnece, for n > 9/4 the system corresponding
to s, would have to be of codimension 2 (unlike the codimension 1 ocurring in the case of real
perturbations) just like on n < 9/4.

EXAMPLE 2: Consider the seven possible finite intricate singularities of a quadratic system:
hhsy, hphp(ay, phpphpay, hhhhhhy, eew, pepes) and peppeps) (see [6]). If one considers the
geometrical equivalence relation, then it is clear that generically five of them have geometrical codi-
mension 4 and two of them (hphp4) and pepe(y)) have codimension 5 since they can be perturbed
into some of the others. Moreover, some particular systems having a phpphp(y4) singularity may be
perturbed into a nilpotent saddle-node of multiplicity 4 (57\1(4)) which has geometrical codimension
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4 (i.e. with respect to the geometrical equivalence of configurations of singularities) and thus, the
intricate singularity must be considered of geometrical codimension 5.

Consider now just the topological equivalence class of singularities. Then the singularity hh4)
disappears from the list of possible singularities since it coincides with a nilpotent cusp (¢ép()) which
has topological codimension 2 and is no longer intricate. On the other hand, the singularities ee(y),
pepe(4y and peppep(4) can be perturbed into é?s(g) + a (nilpotent elliptic-saddle plus an anti-saddle,
either a focus or a node) which is a configuration of codimension 3 (geometrically and topologically).
However the singularity hhhhhh(y) which may be geometrically perturbed into 53y + s (having
topological codimension 0) happens to lack a good topological perturbation into codimension 3 since
§(3) is topologically equivalent to an elemental saddle. An extra perturbation from §(3) could produce
61\9(2) + s which is a topological configuration of codimension 2. The union of the two perturbations
is what justifies the topological codimension 4 for hhhhhh 4. Only one perturbation as proposed by
Definition 20 is not enough and must allow a combination of two perturbations.

EXAMPLE 3: Let us considered again the nilpotent cusp of multiplicity 2. This singularity has
been studied in many papers such as [15] which studies its codimension, even though the paper does
not include a definition indicating the type of codimension they consider.

The most common value for “codimension” assigned to a cusp (of multiplicity 2) is two, and the
reason is that it can be transformed by means of a perturbation into a saddle-node which is of
codimension 1, because another perturbation splits the saddle-node into a saddle and a node. The
cusp can also bifurcate directly into a saddle and a strong focus, a partial configuration of codimension
0. If the focus coalesces with the saddle, it produces directly the cusp, never a saddle-node.

But there are more possibilities. A cusp is a point with trace zero, so, when it bifurcates, it can
produce also a weak focus, and this was already considered in [15]. One can obtain a strong saddle
and a weak focus of order one, which after a second perturbation may produce a limit cycle. A
quadratic system having a cusp of multiplicity 2 can be brought by affine transformations and time

rescaling to the normal form

3 & =y 4+ gz® + 2hay + ki,

g = 2% + 2maxy + ny?

In [15] it was also mentioned the possibility of having a cusp of codimension 3 if certain conditions
on the coefficients occur. This phenomena can be better studied in quadratic systems using the
invariants introduced in [6]. A cusp in a quadratic system has always invariants 74 = 73 = 0 and in
system (3) we have F; = 2(g+m). The invariant F; is used to determine if an elemental singularity
may be weak of order 2 or greater. So, in principle it has nothing to do with a cusp, but in fact it
does. If we have a cusp with 74 = 73 = 0 and 73 # 0 this means that the system cannot have any
weak elemental singularity. So, the value F; which somehow represents the first Lyapunov constant,
is linked to the cusp. This means that if ¢ = —m then it is possible to bifurcate a weak singularity
of order 2 from the cusp. In [15] they only considered the possibility of the weak singularity being

a focus of order two, but it could also be considered the bifurcation of a weak saddle of order 2.

So, the codimension 2 assigned to generic cusps, or the particular codimension 3 assigned to special
cusps fit with the invariants that rule [6, Theorem 6.2].
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However, there is another option not considered in [15]. As we have already said, they only consider
the codimension 3 cusp for its possibility of producing a weak focus of order 2, and do not consider
the possibility of obtaining a weak saddle of order 2. It is clear that the goal of [15] is more focused
on topological features than in geometric ones, and that weak saddles are only of topological interest
when concomitantly there is a loop formed by separatrices of the weak saddle. But from the purely
geometrical point of view, they are as much important as the weak foci as it can be deduced from
[6, Theorem 6.2].

Then, the fact that a cusp has invariants 7, = T3 = 0 allows that after a perturbation one can
obtain a saddle and a focus, both being weak of first order. But this is not enough since [6, Theorem
6.2 item c] adds another condition which is F = 0.

If we compute the invariant F for systems (3) one obtains that F = —(g +m)(g?n — 2ghm + h% —
2hm? +2hn —m?n+n?). Then, the property of a cusp bifurcating simultaneously into a weak saddle
and a weak focus, is possible, but not always. Again, the cusp is generically of codimension 2, but
it may have geometrical codimension 3 by the reason just mentioned.

The cusps in quadratic systems may also have higher geometrical codimension under very specific
conditions (F; = Fa = F3F4 = 0) and they may bifurcate into a center, but since we do not assign
a codimension to centers, or systems with centers (see Section 4) neither do we for such cusps.

In polynomial systems of higher degree than quadratics, clearly there may be cusps which may
bifurcate in weak singularities of higher order, thus having higher codimension.

Summing up, our definition of codimension needs to be enlarged so as to accept the possibility of
existence of a set of two simultaneous perturbations which produces an object of codimension 2 less
in cases where the 1 less codimension is not achievable. Even though the problems described in the
previous examples are of a different kind, they may be addressed in the same manner with the next
definitions.

Definition 21. Consider a polynomial differential system S of degree m in R* with coefficients
a € R" (withn = k(m+2)(m+1)/2) and two perturbations of the system. Let ¥1(a) and Xa(a) both
in R™) be the sequences of the n coefficients of the two perturbations. We define the perturbation sum
of the system denoted by (X1+X2)(a)as being the system whose coefficient are given by ¥1(a)+X2(a)
(in R™).

Definition 22. Given a real polynomial differential system, we define a conjugate double pertur-
bation as a perturbation sum of two complex perturbations such that they may be done independently

(thus obtaining in each case a system over C), but the perturbation sum leaves the system in R.

One such conjugate double perturbation may always be easily obtained by using a linear change
of the coefficients in complex numbers €1 + id and €5 — id so that they are applied to the same
terms with the same coefficients. Then the perturbation sum is a system be with real coefficients.
Sometimes we will also use the double conjugate perturbation even if 6 = 0 as for example to solve
the problem exposed in EXAMPLE 2.

Definition 23. Consider a family F of real differential systems in the plane (C", C*°, analytic,
polynomial). Let Fi be a subfamily of F over R. Consider a specific mathematical object (such as for
example the global topological configuration of singularities, the configuration of invariant algebraic
curves in case they ezist, the phase portrait, or the systems themselves, etc.) obtained from systems

in F1 with an associated equivalence relation E (for example topological, topological modulo limit
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cycles, geometrical or versal) on systems in F according to preservation of this feature, to be made
precise in each particular case. Then we say that an object is of E-codimension 0 (or structurally
stable) within F with respect to E if any sufficiently small continuous perturbation P. within F of
the system in JF1 leaves this object in the same equivalence class determined by E. We say that an
object is of E-codimension m > 0 (or structurally unstable of E-codimension m > 0) if any
sufficiently small continuous real perturbation Pe inside this family of systems, for every € fix, either
leaves this object in the same equivalence class, or perturbs it into an object of lower E-codimension,
and moreover, there exists at least one such perturbation which perturbs the object into an object
of codimension m — 1, or there exists at least one conjugate double perturbation which produces an

object of E-codimension m — 2.

If we apply this definition to individual singularities one must take into account that a multiple
singularity may split into several singularities (real or complex, multiple or elemental) all located
in the vicinity of the initial point. The total multiplicity of all the singularities which appear after
perturbation must be equal to the multiplicity of the initial singularity. So the resulting set after
perturbation is not an individual singularity but it is a set of singularities.

We mentioned already the concept of multiplicity of singularities and we need to recall the definition
of this concept that is defined using the notion of intersection number of two algebraic curves at a
point in the plane (see [17, 24]) and its relation with the number of singularities that can appear

after a perturbation of a multiple one.

The intersection number of two affine algebraic curves C : f(z,y) =0 and C’ : g(x,y) = 0 over C
at a point a in C? is the number I,(f,g) = dim¢c O4/(f,g), where O, is the local ring of the affine
complex plane A%(C) = C? at a; i.e. O, is the ring of rational functions 7(x,y)/s(x,y) which are
defined at a, i.e. s(a) # 0.

In our case, since our differential systems are polynomial, the intersection numbers I,(p, q) for p,

q as in (1), at the singular points a in C? can be computed easily by using the axioms (see [17]).

For two projective curves in CP?, F(X,Y,Z) = 0 and G(X,Y,Z) = 0, where F and G are
homogeneous polynomials in the variables X, Y and Z that are relatively prime over C we can define
Iw (F,G) as follows: Suppose for example that W = [a : b : c] where ¢ # 0, hence W = [2 : % 2 1].
Let f(z,y) = F(z,y,1) and g(x,y) = G(z,y,1). Then Iw(F,G) = I,(f,g) where w = (%,%) It
is known that Iy (F,G) is independent of the choice of a local chart, and of a projective change of
variables, see again [17].

Clearly the above concept of intersection multiplicity extends to that of intersection multiplic-
ity of several curves at a point of the projective plane. In particular we will be interested in
the way the projective curves A = 0, B = 0 and C = 0 intersect and hence in the values of
I,(A,B,C) = dimc O,/(A, B,C). Here O, is the local ring at a of the complex projective plane
(for more information see [17]) and (A, B,C) is the homogeneous ideal generated by these three

polynomials.

Assume that a is a finite or infinite singular point of system (1) and A, B and C' are the polynomials

A(X,Y,Z) =2Q(X,Y, 7) = 2" \q(X/2,Y/7),
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Then we have that I,(P,Q), I,(C, Z) and I,(A, B,C) are invariant with respect to affine transfor-
mations of (z,y) ([30]) and

I,(P,Q) = I.(p,q) if a is finite,

Ia(A,B,C) :{ Ia(P’Q)+[a(C7Z) ifa=0c0.

Intersection multiplicity can also be realized as the maximum number of distinct intersections that
exist if the curves are perturbed slightly. More specifically, if p and ¢ define curves which intersect
only once at some point a in the closure of an open set U, then for a dense set of (e(x,y),d(x,y)) €
C?[x,y], p(x,y) —e(z,y) and q(, y) —(x,y) are smooth and intersect transversely (i.e. have different
tangent lines) at exactly m points in U. We say then that I,(p,q) = m (see [17, 23]).

This fact is closely related with the necessity of Definition 23 since the geometrical codimension
of a singularity of a differential system is related with its multiplicity counted in the complex space.

We will also use the concept of index of a singularity, see for example [16].

Lemma 1. If a polynomial differential system of degree n

(4) @‘:Ejamﬂw=4%%w, dat Y biga'y’ = Q(xy),
i,j=0 1,j=0

has a multiple singular point d with I4(P,Q) = k, then the sum of the indices of the singularities
which appear from d in the vicinity of d after a sufficiently small perturbation of the differential
system inside its family, is equal to the index of the original singularity.

This lemma comes from the conservation of indices in polynomial differential systems.

We recall from [16] the two theorems that rule semi-elemental and nilpotent singularities.

Theorem 1 (Semi-elemental Singular Points Theorem 2.19 from [16]). Let (0,0) be an isolated
singular point of the vector field X given by

where A and B are analytic in a neighborhood of the origin with A(0,0) = B(0,0) = DA(0,0) =
DB(0,0) = 0 and A > 0. Let y = f(x) be the solution of the equation \y + B(z,y) = 0 in a
neighborhood of the point (0,0), and suppose that the function g(xz) = A(x, f(x)) has the expression
g(x) = ama™ + o(x™), where m > 2 and ay, # 0. Then there always exists an invariant analytic
curve, called the strong unstable manifold, tangent at 0 to the y—axis, on which X is analytically
conjugate to

Y= Ay;
it represents repelling behavior since A > 0. Moreover the following statements hold.

(i) If m is odd and an, < 0, then (0,0) is a topological saddle (see Figure 2.a). Tangent to
the x—axis there is a unique invariant C*> curve, called the center manifold, on which X is
C*° —conjugate to

(6) i=—z™(1+az™ 1),
for some a € R. If this invariant curve is analytic, then on it X is C*—conjugate to (6).
System X is C*®°—conjugate to
i=—a2™(1+ax™), =Ny,
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FIGURE 2. Phase portraits of semi hyperbolic singular points.

and is C°—conjugate to

T=—x, Yy=y.

ii m is odd and a, > 0, then (0,0) is a unstable topological node (see Figure 2.b). FEver

i) 1] is odd and 0, then (0,0) 4 table topological nod Figure 2.b). FEwvery
point not belonging to the strong unstable manifold lies on an invariant C'*° curve, called a
center manifold, tangent to the x—axis at the origin, and on which X is C°°—conjugate to

(7) i =21+ azx™ 1),
for some a € R. All these center manifolds are mutually infinitely tangent to each other, and
hence at most one of them can be analytic, in which case X is C¥~conjugate on it to (7).
System X is C°°—conjugate to
=21 +ax™ 1), =My,
and is C°—congjugate to
r=z, Y=y

(iii) If m is even, then (0,0) is a saddle-node, that is, a singular point whose neighborhood is the
union of one parabolic and two hyperbolic sectors (see Figure 2.c). Modulo changing x into
—x, we suppose that a,, > 0. Every point to the right of the strong unstable manifold (side

x > 0) lies on an invariant C*° curve, called a center manifold, tangent to the x—axis at the

origin, and on which X is C*°—conjugate to
(8) i =a™(1 +az™ 1),

for some a € R. All these center manifolds coincide on the side x < 0 and are hence infinitely
tangent at the origin. At most one of these center manifolds can be analytic, in which case
X is C¥—conjugate on it to (8).

System X is C*°—conjugate to
=21 +ax™ 1), y= Ay,

and is C°—conjugate to

Theorem 2 (Nilpotent Singular Points Theorem 3.5 from [16]). Let (0,0) be a singular point of the
vector field X given by

(9) & :y+A(:U,y), Y :B(ll,y),
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where A and B are analytic in a neighborhood of the point (0,0) and also j1 A(0,0) = j1 B(0,0) = 0.
Let y = f(x) be the solution of the equation y + A(xz,y) = 0 in a neighborhood of the point (0,0),
and consider F(x) = B(x, f(z)) and G(x) = (0A/0x + 0B/dy)(x, f(x)). Then the following holds:

(1) If F(z) = G(x) =0, then the phase portrait of X is given by Figure 3.(a).
(2) If F(x) =0 and G(z) = bsx®+o(z®) for s € N with s > 1 and bs # 0, then the phase portrait
of X is given by Figures 3.(b) or (c).
(3) If G(z) =0 and F(z) = ama™ + o(z™) for m € N with m > 1 and a,, # 0, then
(i) if m is odd and an, > 0, then the origin of X is a saddle (see Figure 3.(d)) and if
am < 0, then it is a center or a focus (see Figures 3.(e), (f) and (g));
(ii) of m is even then the origin of X is a cusp as in Figure 3.(h).
(4) If F(z) = ama™ +o(z™) and G(x) = bsx® +o(x®) withm e N, m>2,se€N, s > 1, ap, #0
and bs # 0, then we have:
(i) of m is even, and
(il) m < 2s + 1, then the origin of X is a cusp as in Figure 3.(h);
(i2) m > 2s + 1, then the origin of X is a saddle-node as in Figure 3.(i) or (j);
(ii) if m is odd and an, > 0 then the origin of X is a saddle as in Figure 3.(d);
(iii) if m is odd, am <0 and
(iiil) either m < 2s+1, or m = 2s + 1 and b2 + da,,(n + 1) < 0, then the origin of X
is a center or a focus (see Figures 3.(e), (f) and (g));
(iii2) s is odd and either m > 2s+ 1, or m = 25+ 1 and b? + 4a,,(n + 1) > 0, then the
phase portrait of the origin of X consists of one hyperbolic and one elliptic sector
as in Figure 3.(k);
(iii3) s is even and either m > 2s + 1, or m = 2s + 1 and b + 4a;,(n + 1) > 0, then
the origin of X is a node as in Figures 3.(1) and (m). The node is attracting if
bs < 0 and repelling if bs > 0.

Remark 1. If we order the singularities according their degree of degeneracy as elemental, semi-
elemental, nilpotent and intricate, it is clear that by means of a perturbation, any of them will remain
in the same set or will bifurcate in singularities of less degeneracy.

3.1. Codimension of semi-elemental and nilpotent singularities. .

In Propositions 1 and 2 we give a relation between multiplicity and geometrical codimension of
the singularities in polynomial differential systems.

Proposition 1. We consider an isolated singularity (finite or infinite) in a non-degenerate polyno-
mial differential system (a system with no common factor between the equations that define it) of

any degree, and consider the geometrical equivalence relation. Then:

a) a semi-elemental singularity (finite or infinite) of multiplicity k has geometrical codimension
k—1;
b) a finite nilpotent singularity of multiplicity k has geometrical codimension > k;

¢) an infinite nilpotent singularity of multiplicity k has geometrical codimension > k — 1.

Proof. Assume we have a polynomial differential system (4) of degree n. The polynomial differential
system extended to the Poincaré sphere (see [16, Chapter 5]), on the charts at infinity has degree
n + 1 and it may have singularities there. If it has at least one real singularity, a rotation of the
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FIGURE 3. Phase portraits of nilpotent singular points.

original system may make b, o = 0 and then the origin of the local chart Uy is a singularity. The
vector field at local chart Uj is of the form

i+j=n+1 i+j=n+1
(10) E A w2 g B, jw'2
1,j=0 1,j=0

where A;; and B;; depend linearly on the coefficients of systems (4) and Ago = B;o = 0 for
1 =0,...,n+ 1. That is, the straight line z = 0 corresponding to the infinite line is invariant.

The codimension 0 singularities according to the geometrical equivalence are the elemental saddle
s with trace different from zero, the node n with discriminant different from zero and the strong focus
f with trace different from zero. All these are singularities of multiplicity 1. Thus I,(P,Q) =
where u is any of these singular points. There are also elemental singularities with geometrical
codimension greater than one like the one-direction node (n¢), the star node (n*), the weak saddles
or foci (s(i) or f (i)), the integrable saddles and the centers. However, all these imply that either the
trace of the Jacobian matrix or the discriminant of the characteristic polynomial associated to the
Jacobian matrix, must be zero. Since the trace and the discriminant of the Jacobian matrix of a
semi-elemental singularity are always different from zero, the elemental singularities with geometrical

codimension greater than one cannot be obtained by perturbation of a semi-elemental singularity.

a) Assume that system (4) has a semi-elemental finite singularity. Then by means of an affine
change of variables, the system can be transformed to one having ap0 = a1,0 = ao,1 = bo,o = b1,0 =0
and bp; = 1. We can also consider the case of the semi-elemental infinite singularity changing
the coefficient a’s and b's by A’s and B’s respectively. Then we obtain the expression for g(z) =
amx™ + o(x™) as described in Theorem 2.19 of [16].

Assume that we are in the most generic situation of a semi-elemental singularity. This will happen
when as # 0, then m = 2 and this implies ag g # 0. So the singularity is a saddle-node. It is well
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known that a generic saddle-node is a singularity of multiplicity 2 and geometrical codimension 1
and that its index is 0. This can be easily checked since a small perturbation of the linear part of
the system can transform the saddle-node into a saddle and a node.

Assume now that as = 0 but we are in the most generic possibility in this case, that is a3 # 0.
Then the singularity will be a saddle or a node, so the index is —1 or +1. How has the index changed
from 0 to 17 The only possibility is that the origin has coalesced with some singularities (totaling
an odd number counting the multiplicity of the singularities) to produce the new semi-elemental
singularity. Of course the simplest possibility is that the number of singularities that coalesced with
the origin is just one elemental singularity. But it could be also possible that three or five or more
singularities had coalesced simultaneously. We claim that this is not possible, and not just for the
step from ag to az but for any other consecutive step from a,, to ap41.

Assume that all @; =0 from i = 2,...,m and ay,+1 # 0. We obtain the functions f(z) and g(z) of
Theorem 1 [16, Theorem 2.19]. Then = = 0 is a zero of multiplicity m + 1 of the equation g(z) = 0
and the point (0,0) is a multiple singularity of system (5). This system may of course have other
singularities, simple or multiple different from the origin. If we make a convenient perturbation
depending on ¢ in one or several parameters so that a,, # 0 (maintaining all previous a; = 0) and
we recompute the functions f.(z) and g.(z), then the equation g.(x) = 0 will have x = 0 as a
zero of multiplicity m and another solution z = ¢ which must be simple. Then another singularity
(e, fe(g)) appears close to the origin, and this singularity is simple. In case there were other multiple
singularities, they may have also split, but they will not be close to the origin. So the claim is proved.

Then, in the case as = 0 # a3 we have proved that the singularity at the origin has multiplicity
3 and codimension 2, and by induction we have proved statement a) of the Lemma (for finite
singularities).

Consider now an infinite singularity of system (4). If a singular point of system (10) is semi-
elemental, then either the first or the second eigenvalue vanishes. In both cases, the system can
be transformed by means of an affine change of variables to a system with the same linear part as

proposed for the finite case.

The same arguments as we have applied for finite singularities can be applied to infinite singularities
and so statement a) is proved.

b) Assume that a polynomial differential system (4) of degree n has a nilpotent finite singularity.
Then by means of an affine change of variables, this system can be converted to one having ago =
a1,0 = boo = b1 =bo1 =0 and ap; = 1. That is, we get the systems

dz - dy -
=2 =2

where p; and ¢; are homogeneous polynomials in x and y.

We obtain the expressions for y = f(z) (solution of a + A(x,y) = 0), F(x) = anpz™ + o(z™) and
G(z) = bsz® + o(x?®) as described in Theorem 2. We remark that for any k, the coefficient ay, is a
polynomial in the coefficients a;; and b; ; of the system but always k < ¢ 4 j < n except for the

coefficient by o which is always present in linear form in ay, (if n > k).

Theorem 2 offers two distinct possibilities for nilpotent singularities, whether G(z) = 0 or not.
We consider first the case that we have a nilpotent singularity and G(z) does not vanish. In this
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case the proof follows a very similar argument as the semi-elemental case after a first argument with

which we will compute the codimension of the most generic case.

Assume that we are in the most generic situation of a nilpotent singularity. This will happen when
az # 0, then m = 2 and this implies by g # 0. So the singularity is a cusp (in fact, for this case, it does
not matter if G(x) = 0 or not). It is well known that a generic cusp is a singularity of multiplicity
2 and geometrical codimension > 2 (see [15]). This can be easily checked since a small perturbation
of the linear part of the system can transform the cusp into a saddle-node without ejecting any
singularity and this saddle-node is of multiplicity 2 and codimension 1. Another possibility is that
after perturbation the cusp splits into an elemental saddle and a weak focus of order one, that under
the geometrical equivalence relation is also a codimension 1 singularity. In the case of quadratic
systems, if the system with the cusp satisfies that some invariants F; from [6] vanish (equivalent
conditions can be seen in [15]), the cusp can split into an elemental saddle and a weak focus of order
two, that is a geometrical codimension 2 singularity. Finally if more conditions hold then the cusp
can split into an elemental saddle and a center which yields an even higher codimension for the cusp.

For polynomial systems that are not quadratic, the analogs of these invariants F; are still unknown
but they must exist and be more numerous to reflect the greater number of relevant Lyapunov

constants.
Thus, a cusp of multiplicity 2 has geometrical codimension > 2.

Assume that as = 0 and the next generic situation is ag # 0. Then m = 3 and with m odd, all
the different options of Theorem 2 lead of a singularity with index +1 or —1. So, an odd number of
singularities (counting multiplicity) have coalesced with the origin. If we move to more degenerated
situations with m > 3 we see that always m even implies that the singularity has index 0, and m
odd implies index +1. We claim that only one singularity coalesces for every level.

Assume that all ¢; =0 from i = 2,...,m and a,,+1 # 0. We obtain the functions f(z), F(z) and
G(z) of Theorem 2. Then z = 0 is a zero of multiplicity m+1 of the equation F'(x) = 0 and the point
(0,0) is a multiple singularity of system (9). This system may of course have other singularities,
simple or multiple different from the origin. If we make a perturbation depending on £ on one or
more parameters so that a,, # 0 (maintaining all previous a; = 0) and we recompute the functions
fe(x), Fz(x) and G¢(z), then the equation F(z) = 0 will have z = 0 as a zero of multiplicity m and
another solution z = &, that must be simple. Then another singularity (e, f-(¢)) appears close to
the origin, and this singularity is simple. In case there were other multiple singularities, they may
have also split, but they will not be close to the origin. So the claim is proved.

The addition of one in the codimension that nilpotent singularities have with respect to semi-
elemental singularities when both have the same multiplicity, comes from the fact that in the last
step the cusp can be turned into a semi-elemental saddle-node. It changes then from a singularity
with one characteristic direction to a singularity with two characteristic directions. The increased
geometrical codimension that a nilpotent singularity may have above its multiplicity comes always
from weak singularities, centers, double limit cycles, one-direction nodes or star nodes that may split
from them in some special combinations of parameters. This fact will not have any consequences

when we consider topological codimension of singularities modulo limit cycles.
Repeating this argument inductively, the statement b) is proved in the case G(z) # 0.

Assume we have G(z) =0 and F(z) = apz™ + o(2™) for m € N with m > 1 and a,, # 0. Then,
one may do perturbations maintaining G(x) = 0, or by breaking it. Assume first that we maintain
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G(z) = 0. Then one must perturb a; # 0 from ¢ = m — 1,m — 2,...,2 as we have done in the
previous case. In this way, the index of the singularity will be changing from +1 (or —1) to 0 and
back to +1 (or —1). So the perturbations will eject elemental singularities of indices +1 or —1 from
the nilpotent singularity, one at every step. These perturbations on a; fromi=m—1,m—2,...,2
may need perturbations in several coefficients of the system in order to maintain G(x) = 0.

So we have already proved that the multiplicity of the origin of system (9) is directly related
with the number of coefficients a; that vanish in function F(x). If we make a perturbation on the
system so that G(x) # 0, but maintaining the same m, the singularity may turn from cusp (case
3.i1) to saddle-node (case 4.i2), or from center-focus (case 3.i) to elliptic-saddle, implying a change
in codimension, but this cannot change the multiplicity of the singularity.

Summing up, statement b) has been proved.

¢) Why infinite nilpotent singularities have one codimension less than finite nilpotent singularities?
This is because the polynomial differential systems cannot have cusps at infinity. This can easily be
checked looking at (10) and considering that all the coefficients B; are zero for i =0,...,n+1. A
nilpotent singularity at infinity comes always from the coalescence of at least one finite with at least
two infinite singularities, and when we start perturbing a multiple nilpotent singularity at infinity,
we either eject singularities along the line of infinity, or into the affine plane until this nilpotent point
becomes a semi-elemental singularity and the possibility of having a cusp does not exist.

But one could think also about the possibility that an infinite nilpotent (or intricate) singularity
could eject a cusp into the affine region. We claim that this is not possible and this statement
deserves to be a lemma that we give just below. So, statement ¢) is proved and this completes the
proof of Proiposition 1. O

Lemma 2. An infinite nilpotent or intricate singularity cannot eject just one gemeric cusp of mul-

tiplicity 2 into the affine region by means of a perturbation.

Proof. The proof is quite simple. The system at infinity has always the coefficient Boy = 0. And
in order to have a generic cusp of multiplicity 2 we need it to be different from zero. And there is
no way to modify this coefficient by means of a perturbation of the original system. The coefficient
B g is always equal to zero by construction of the Poincaré compactification. O

One may eject a more degenerate cusp (of multiplicity 4 or greater) or other degenerate singularities
which may immediately split in the affine region into a generic cusp plus other singularities (real
or complex), but not just a single generic cusp. In other words, a finite generic cusp cannot escape
to infinity alone. It has to move along with some other finite singularities (real or complex) and
coalesce with the same infinite singularity at the same time. It is true that all of them coalesce with
the infinite singularity in the projective space but it is also possible that they coalesce to opposite
points at infinity in the Poincaré disk.

For example, system 2’ = 1 4+ 2, 3 = —z? has the geometric configuration of singularities

0; (g) f’}\ﬁ p ﬁA—Ig ﬁ, that is, it has an infinite intricate singularity of multiplicity 7 (3 infinite and 4
finite) which behaves topologicaly like an elemental node. This system has geometrical codimension
6 but topological codimension 0. Now take the perturbed system



24 J.C. ARTES, J. LLIBRE, D. SCHLOMIUK AND N. VULPE

1
r=14+2x+ 55(95 — 2)y + 2ex? — %ay,

,—_

y = — a? 4 2exy — 22

( This system has the geometrical configuration of singularities 679(2) ;ST (2); @ N, that is, the intricate
point of multiplicity 7 has split into three singularities, a semi-elemental infinite one of multiplicity
3 which is a node, and two finite ones of multiplicity 2 which are a semi-elemental saddle-node and a
nilpotent cusp. And this configuration has geometrical codimension 5 (2 from the cusp, plus 1 from
the finite saddle-node, plus 2 from the infinite semi-elemental node). The topological codimension
is just 3 (coming from the cusp and the saddle-node) since the triple infinite node behaves like a
normal node.

1 _ 1
3e? 32

appear in the neighborhood of the same infinite singular point in the Poincaré disk, but if € < 0 one

The perturbed system has singularities (—3,—2) and ( ), so if € > 0 both singularities

of them appears close to the opposite infinite singularity in the Poincaré disk.

3.2. Codimension of intricate singularities. We consider now the case of intricate singularities
and aim to obtain a lemma for the codimension of these singularities in terms of their multiplicity.
We first give some motivation.

We may think that an intricate singularity of multiplicity & would have a higher (by one) codi-
mension than a nilpotent singularity of the same multiplicity. One may also think that given the
most generic case of intricate singularities, one could make a perturbation by adding some €y to the
first equation and obtain a nilpotent singularity of the same multiplicity. But we claim that this is

not always possible.

If the intricate singularity has index greater than +1 or lower than —1, then it cannot turn by
means of a perturbation in a single nilpotent singularity (whose index may be +1, 0 or —1) without
ejecting some singular points, otherwise, it could not change its index.

So only intricate singularities with index —1, 0 or +1 are suitable to be turned into a nilpotent
singularity with the same multiplicity (and index) by means of a perturbation. We have checked
that this is possible for finite intricate singularities of quadratic differential systems, but the fact
that this may be produced it is not just a local property related only to the intricate singularity,
but it is a global fact which involves the corresponding complete configuration of singularities (finite
and infinite). For example having an intricate singularity of a quadratic system with geometrical
description hh(y), one cannot be sure if it will have geometrical codimension at least 4, that is,
if its perturbation may produce at most a semi-elemental saddle-node of multiplicity 4 (3m(4) of
codimension 3) or may produce a nilpotent saddle-node of multiplicity 4 (574 of codimension 4).
The really surprising fact is that if the global configuration is hh; N”,(©), © (with r € {f, c0})
the system cannot be perturbed into a more degenerate configuration than sm4y; N”, ©),(©. But
if the global configuration is hh4y; N*,(©), (©) the system can be perturbed into 5n4); N*, (©), ©.
That is, since the finite nilpotent saddle-node implies the existence of the infinite star node (which
corresponds to the case with the invariant 6 = 0), then only from a configuration having hh 4 and
an infinite star node, we can obtain the configuration with a nilpotent saddle-node by means of a

perturbation.

This brings us into an even trickier situation which needs to be carefully explained. Consider the
next diagram in quadratic systems of unfoldings indicated by arrows :
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W(4);Nf7©,@=>cod=3<_—1hh(4);Nf,@,©:>cod:4

- |

W(4);Nd,©v@ = cod =4 <T hh(4);N*’@7© — cod?7?

T_l /

snwy; N*, ©),©) = cod =5

DIAGRAM 1: First approach to the geometric bifurcation diagram
of hh4; N* in quadratic systems.

These are all the geometrical global configurations of singularities in quadratic differential systems
having a finite singular point of multiplicity 4 and of index 0 and a single real elemental infinite
singularity (as proved in [6, Diagram 8.14]). All these configurations hold only if the comitants
(from [6] D, T, P and R = 0 vanish. This implies that all the coefficients of these comitants must
be zero yielding 16 algebraic equations in terms of the coefficients of the system. More exactly these
equations are provided by the coefficients of the T-comitants (1 for D, 7 for T, 5 for P and 3 for
R). However it can be checked directly that these 16 algebraic equations can be reduced to just 3
independent equations, i.e. the vanishing of these three equations implies the annihilation of all 16
equations.

We now make a deeper analysis of Diagram 1. Since all the configurations in Diagram 1 have
two complex singularites at infinity, in this discussion we remove the couple of infinite complex
singularities. We start from the configuration sn(4); N". This configuration has clearly geometric
codimension 3 and this codimension is determined just by the saddle-node. Below this one, we
have sm4); V ¢ the finite singularity remains the same, but the infinite singularity has turned into
an N9. This is clear by [6, Diagram 6.5] where the invariant 6 rules this case and this adds one
codimension to the configuration. In this case we can assign the codimension 4 to sm4); N 4 and
this codimension can logically split as 3 coming from the finite s7(4) and one from the infinite N d,
But if we go one step further down, we see that when trying to move from a semi-elemental saddle-
node of multiplicity 4 to a nilpotent one with the same multiplicity, this forces that the infinite
N¢ must be transformed into an N*. There does not exist the possibility of producing these two
phenomena independently, and the reason is that the invariant condition 73 = 0, that normally rules
the change from a semi-elemental singularity to a nilpotent one, is equivalent (in this case) to the
condition @y = 0, that rules the change from N¢ to N*. For sure, the complete unfolding covering all
possibilities will be possible in higher degree systems, with plenty more coefficients which allow the
required invariants to be independent, but not for quadratic systems. In the quadratic case, from
the geometrical definition of codimension as well as from Definition 20, we must assign codimension
5 to this configuration. In this case, the codimension cannot be split among the non-stable objects.
We cannot simply say that the nilpotent point has geometrical codimension 4 and the infinite N*
one, because by itself a N* has geometrical codimension 2. So, when the codimension is high, we
cannot expect that the geometrical codimension of a global configuration of singularities is the sum
of the codimension of each singularity.

But let us continue to study Diagram 1. There are more surprises awaiting for us. Now we move
to the right of Diagram 1. On the topmost spot we have hh4); N and geometrically this means

the vanishing of the invariant polynomial ﬁ, which is just one more equation. This is consistent
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with the given codimension 4. Moreover, the possibility of perturbing the intricate singularity hh4)
into a nilpotent 55(4) and afterwards into a semi-elemental sm4) which would force codimension 5
for the first one, does not exist as this cannot happen as we have an N/ (or N*°). And now, we
go one step down and move the infinite N” for obtaining an N*. The fact is that we do not have
the intermediate possibility of N¢ in quadratics. Just the fact that the invariant @ is zero forces the
singularity to be N* (because 6, is already zero in this case). So it seems that we should have to
assign codimension 5 (or more) to this configuration.

But if we just assign codimension 5 then we arrive at a contradiction because there exists a
perturbation that moves a system with configuration hh(4); N* to a system with §7\L(4); N*, and since
the last one has already codimension 5, the first one must have at least codimension 6. How can
this be explained?

Let us take a look to the next diagram:

,Nf:>00d—3

N

—~

sn; NT=cod =4 sny; N = cod =4

SNy; N* = cod =5 sn Nd:><0d—5 hh(4) NI = cod =5

\/\/

N*écod—G Ndﬁcod—G

\/

N*:>cod—7

d

DIAGRAM 2: Geometric bifurcation diagram of hh4y; N* in polynomial systems.

This diagram represents the complete tree of perturbations that the subconfiguration hh4); N
(where all other singularities are complex) could have in any polynomial differential system of degree
even (up to semi-elemental singularities) and surely it has, but in a higher degree polynomial system
than 2, starting with the degree 4.

We have underlined the ones which appear in quadratic differential systems. In a higher degree
polynomial system, with many more parameters, the independence of algebraic conditions must
persist some degrees further up so as to allow the geometrical codimension of a configuration of
singularities to be equal to the sum of codimensions of each one, at least for this level of degener-
acy. The lack of independence among algebraic conditions (of invariants and comitants that rule
singularities) may start again to appear at higher codimensions.

We will prove that this really happens for quartic systems. But for the sake of the continuity of
the arguments on codimension, we move this proof to the Appendix A.

Finally, what is the geometrical codimension of hh(4); N*,(©), ©) inside the family of quadratic
differential systems? The only logical explanation is given in the following diagram:

According to the definition of geometric codimension, and also according to Definition 20, the
geometrical codimension of hh; N*, ©), (© must be 6 in quadratic systems because there exists a
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ﬁ(;l);NT,@,@ :>COd:3<T h}L(4);NT,© ,© = cod=14

Tl

ﬁ(4);Nd,©,© = cod =4 -2

T_l

SN N*,©,0 = cod =5 +—— hhy; N*,©,© = cod =6
() — hh)

DIAGRAM 3: Final geometric bifurcation diagram of hh(4); N* in quadratic systems.

path of perturbations from hh4); N*, (©), (©) to 37(4); N reducing the codimension one by one, even
though the path through hh4); N™ (which exists) implies a jump of two codimensions.

Proposition 2. A finite intricate singularity of multiplicity k has geometrical codimension greater
than or equal to k. An infinite intricate singularity of multiplicity k has geometrical codimension
greater than or equal to k — 1.

Proof. 1t is clear that intricate singularities will not have lower codimension than nilpotent ones with
the same multiplicity.

Apart from the possibility of splitting singularities with higher geometrical codimension like weak
foci, the intricate singularities may also produce in perturbations other singularities like n¢, n* which
also imply higher codimension.

The example is quite simple and appears already with the different geometrical phase portraits that
finite intricate singularities of quadratic systems can have. There are seven different possibilities,
but we will concentrate on phpphp 4y, hphp(s) and hh(4y (an identical argument could be done with
peppep(a), pepesy and eeyy); see [6] and phase portraits in [7]. The first has three characteristic
directions, but the second only two, and the third has one. If we study their blow-up’s (or the
invariants that define them [6]) we see that the second implies the existence of a double singularity
in the blow-up, equivalent to the vanishing of a new invariant (in this case 7). In fact, in the second
case, one of the characteristic directions is double. So, under the geometrical point of view, the
second phase portrait can either bifurcate (inside the class of polynomial phase portraits) into the
first or the third type. So, geometrically, it has one codimension more than the other two. Moreover,
from the topological point of view, phpphp4) is equivalent to hphp(4) but different from hhy).

This is not limited to just one more codimension. An intricate singularity of a high degree system
could have as many characteristic directions as the degree permits, and so these directions could
coalesce, hence, it will be unstable inside that family. So the geometric codimension could be greater
than the multiplicity up to some value depending on the degree of the system.

And if we concentrate on quadratic systems, can a generic finite intricate singularity have codimen-
sion 57 The answer is negative. As we have already explained in Example 2, there is the possibility
that a finite intricate singularity of a quadratic system with index 0 may geometrically bifurcate into
a nilpotent saddle-node, but this only happens if some other conditions on the parameters occur. So
this is not generic.

In the case of infinite intricate singularities the reduction of one codimension from the finite singu-
larities with the same multiplicity comes from the same reduction that infinite nilpotent singularities
have compared to the finite nilpotent ones.
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This completes the proof of Proposition 2. O

3.3. The relation between geometrical and topological codimensions.

Theorem 3. Consider a mathematical object defined for polynomial differential systems (for exam-
ple, a singularity, a global configuration of singularities, a phase portrait, etc.) and the topological
equivalence relation. The topological codimension of this object is the minimum of the geometrical
codimensions of all topologically equivalent objects.

Proof. Clearly the geometrical equivalence relation is coarser than the topological one.

When moving from the geometric classification of singularities (or configurations of singularities) to
the topological one, all the singularities which are multiple but with the same topological properties
become identified.

Also the weak foci, strong foci and all types of nodes are identified and become just anti-saddles.
So the perturbations that one may obtain considering only the topological equivalence are exactly
the same as the ones one may obtain from the most generic representation of such an object in the
geometrical equivalence. O

When studying the global phase portraits of polynomial systems, another important fact is that
codimension does not come only from the codimension of the configuration of singularities, but it
can also come from other phenomena such as separatrix connections or multiple limit cycles. If the
study is done modulo limit cycles, the multiple limit cycles disappear and only separatrix connections
count. On lower codimension cases, the codimension of the configuration of singularities and the
number of separatrix connections can be added in order to form the final codimension of the phase
portraits. But there are some high codimension cases in which the configuration of singularities
forces the existence of some connections, and then these cases must require additional study.

4. CENTERS

In this section we describe the problems that we have found when trying to assign a codimension to
configurations of singularities with centers or to phase portraits of quadratic systems with centers,
and why we have not been able to assign a fixed codimension for such configurations or phase
portraits. Codimension can be assigned to a particular system with centers, but not to a phase
portrait with centers.

The centers (points surrounded by a continuum of periodic orbits) are a very important subset of
the set of singularities. The centers are the only singularities that up to now have not been completely
studied. The problem of Poincaré of distinguishing a focus from a center has been solved only for
quadratic systems, for Hamiltonian systems (of any degree), for some symmetric cubic systems, for
some cubic Kukles’ systems and for some other especial classes of polynomial differential systems.
It is worthwhile to stress that apart from elemental singularities which can be centers, also nilpotent
and intricate singularities can be centers starting in cubic polynomial systems. The topological
classification of phase portraits of polynomial differential systems with centers, is only given in
the quadratic case. There are several papers which have determined that there are exactly 31
topologically distinct phase portraits with centers in quadratic systems (see [32, 26, 29, 36]). We use
the notation of Vulpe and will call them from Vuls to Vulzy (Vul; corresponds to the unique linear
system with center).
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The geometrical codimension of a center depends on its multiplicity (in case of nilpotent and
intricate singularities) but also on the number of independent Lyapunov polynomial functions that
polynomial systems may have according to its degree. For example, if for a center of a quadratic
system the first three Lyapunov constants L1, Lo, L3 are zero one can find a set of four perturbations
such that the first one makes Ls # 0, the second one makes Lo # 0, the third one makes L; # 0
and finally the last one makes the trace non zero, then this center will have geometrical codimension
4. But if any perturbation which breaks L3 = 0 unavoidably makes also Lo # 0, the geometrical

codimension of this center will be 3.
After the first classification of quadratic centers [32], the other three papers [26, 29, 36]

The first classification of quadratic systems with centers was done by [32]. In [29, 36, 26] the
topological bifurcation diagrams of quadratic systems with a center where done for all four classes in
the real four dimensional projective parameter space. In addition in [29] the key role of the invariant
algebraic curves in the global geometry of the systems and the Darboux integrability, was shown.
Quadratic systems with centers split in 4 classes with some non-empty intersections: Hamiltonian,
Lotka-Volterra, symmetrical and class IV. In [29] one can see two 2-dimensional bifurcation diagrams
for the second and third families and one 1-dimensional bifurcation diagram with the class IV and
in [26] the bifurcation for Hamiltonian was given. Similar bifurcation diagrams for Hamiltonian,
Lotka-Volterra and symmetrical centers can be found in [4] (with a different normal form). Using
the Kapteyn-Bautin’s normal form for quadratic systems having a weak focus of second order, each
of the three main families occupies a plane in a 3-dimensional real projective space, and class IV
takes place on a curve located on a different plane. The first three planes of course intersect among
them but not all of them on a single line and they even have a common point. None of the four
classes contains all 31 phase portraits with centers, and several occur in two or three classes. The
fact that a phase portrait may belong to several classes is not just because it lies at the intersection
of the planes; they may also exist in generic regions. For example, Vulig which is the phase portrait
with the center inside a triangle formed by three straight lines, always belongs to the Lotka-Volterra
class in which it is even generic. In some cases, it may be Hamiltonian non-symmetrical, in others
may be symmetrical but non-Hamiltonian, and there is the possibility that it belongs to all three
classes.

The three main classes of quadratic centers have traditionally been called of codimension 3 and the
class IV of codimension 4 inside quadratic systems. The last is clear because for them it is always
possible to make a perturbation and obtain a weak focus of order three. There is just one phase
portrait which lives exclusively in class IV which is Vulss. In the case of the three main classes,
the possibility to obtain a weak focus of third order from the center is not guaranteed. There are
some cases in which this is possible, and others in which it is not. We incorporate here a piece
of the bifurcation diagram given in [4, Fig. 51] and explain a bit of it (see Figure 4). Paper [4]
provides a complete study of phase portraits of quadratic systems having a weak focus of order 2,
and also studies the border of the chosen normal form which also contains weak focus of order three
and centers. This is part of a slice of the parameter space in which there are always symmetric
centers. In parts 857, 859 and 3.8L4, the corresponding phase portrait is Vulg. However, the part
3.8L4 corresponds to the intersection of a plane which generically implies the existence of weak focus
of third order. Topologically the part 3.8L4 plays no role in this slice, and so, the phase portrait
does not change when moving from 857 to 85;. But it has a hidden geometrical effect. If we start
with a system in 3.8L4, we will be able to perturb it and produce a weak focus of order 3, thus the
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FIGURE 4. Quadratic symmetrical centers. Extract from [4, Fig. 51].

system (and the phase portrait) should be assigned geometrical codimension 4. But if we start from
a system in 857 or 859, the most we can obtain is a weak focus of order two, and the geometric
codimension cannot be other than 3. The relevant topological consequence of this is that one can
perturb the systems in the whole R'? and obtain 3 limit cycles from 3.8L4 but only two from 85
or 855.

A phase portrait of a quadratic system with a center could appear in distinct classes of centers

with distinct codimensions as we shall now see.

Consider now the portrait Vulig which is generic inside the Lotka Volterra class but not in the
symmetrical or Hamiltonian families. Phase portraits Vulg, Vulg, Vulip and Vuly; have all the
same configuration of singularities (2) s,s,s,c; N, N, N and clearly Vul;; has just one separatrix
connection, Vulg and Vulg have two and Vulig has three. The four exist only in the Hamiltonian class
where one can bifurcate Vulig into Vulg or Vulg and these last two into Vuli1. We include Figures 52
and 53 from [4] to show the distribution of Hamiltonian and Lotka-Volterra phase portraits inside
the closed normal form with a weak focus of second order (see Figures 5 and 6).
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FIGURE 6. Quadratic Lotka-Volterra centers from [4, Fig. 53].
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Vauls Ul 3.4
FIGURE 7. The phase portrait of system Vuls and its unfoldings (modulo limit cycles).

The same problem appears in other cases. Let us show two examples: 1) Vuls; only appears as a
Lotka-Volterra center and there it can bifurcate into Vulsy which is not a generic phase portrait that
could be obtained from the configuration of singularities s, a, a, c; 5,5, N because as a symmetrical
system Vuly; may bifurcate into Vulas or Vuleg; 2) Phase portrait Vulsy may be just symmetrical
(and there it is generic), or may be both symmetrical and Lotka-Volterra (in which case it is not
generic). Phase portrait Vulas appears only as a symmetrical center and there it can bifurcate
into Vulog. But if we perturb Vulyy inside the Lotka-Volterra, we can get Vulzg which cannot be
symmetrical. So the codimension to be given to Vulyy depends of the family to which the system
belongs, and this affects the codimension of Vulss.

So, the codimension of a phase portrait with center (or a configuration of singularities with center)
depends also on the specific family of systems with centers to which the system belongs.

Another argument to give up in assigning a codimension to phase portraits with centers (or
configurations of singularities with centers) is the following. Imagine that we have to assign a
topological codimension modulo limit cycles to the phase portrait Vuly (see Figure 7) from [32]
which unfolds into Ul , from [3] and afterwards into S3; from [2]. The most generic version of
this phase portrait has one elemental finite saddle, one center and one elemental node at infinity.
Two separatrices of the saddle form a loop (homoclinic orbit) which is a graphic, and every orbit
inside this graphic is periodic. Then, this phase portrait can be perturbed into another which
maintains the loop and the center is converted into a focus, and even though some limit cycles may
appear, the “modulo limit cycles” statement eliminates them. The phase portrait U}m must have
topological codimension 1 since the only unstable object that remains is the separatrix connection.
This connection can be broken by a second perturbation producing a structurally stable phase
portrait. So, according to the topological classification modulo limit cycles, the phase portrait Vuls
should be given the codimension 2.

A codimension cannot thus be assigned to a phase portrait with centers, but it must be assigned to
a system having a center, and taking into consideration all its geometrical and topological features.
Moreover, since assigning a specific codimension to every phase portrait with a center occurring in
the quadratic class is not actually necessary for our main goal that is the classification of all phase
portraits of quadratic systems modulo limit cycles, we have preferred not to assign a codimension to
phase portraits or to configurations of singularities (either topological or geometrical) that include

a center.

For sure, this problem about quadratic centers will remain, or even get worse when studying higher
degree systems.
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5. TOPOLOGICAL CODIMENSION OF THE CONFIGURATION OF SINGULARITIES IN QS

It is not a big challenge to give the geometrical codimension of each one of the 1764 distinct
geometrical configurations of singularities obtained in [6]. But it is more interesting to give the
topological codimension of the 208 topological configurations of singularities in [5] given in terms
of algebraic invariants. This is the tool that we need in order to continue the classification of

topologically distinct phase portraits of quadratic systems modulo limit cycles.

As we have already said, the determination of the codimension must be done in an inductive way

starting from the cases of codimension 0, 1, ---.

5.1. Codimensions of configurations for non-degenerate quadratic systems. In this sub-
section we will assign the topological codimension to each topological configuration of singularities of
non-degenerate quadratic systems. We indicate the number of every topological configuration given

in [5] and also use the notation from [5, 6, 6].

1: Codimension 0 configurations: We must start with the topological configurations of singulari-
ties which are structurally stable (topological codimension 0). It is easy to find that they are

e (1) s,s,s,a; N,N, N,

These 12 configurations correspond to the 12 classes in [2, Table 5.1] which produced the 44

structurally stable quadratic systems.

2: Codimension 1 configurations: Each one of the topological configurations of singularities has a
unique semi-elemental saddle-node (finite or infinite). We give besides each case, the number of the
two codimension 0 configurations in which they may bifurcate (whether the saddle-node bifurcates
in two real or complex singularities). Those bifurcations are very simple and they are all described
in [3].

s,a,a,a; (g)SN, S = (3)or (b);

s, 8,a,a; (g)SN, N —  (8)or (10);
; ()SN, N —  (12) or (13);

a; (g)SN, S —  (16) or (19);

, @ (g)SN, N —  (23)or (25);
,s,sm; Ny N, N — (15) or (1);
ya,sny; S —  (16) or (3);

31) a,a,sn; S, S, N — (19) or (5);
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37)
38)
44)
45)
73)
74) s,
)
)
)
)

o s,a,sn; N —  (23) or (8);
s,a,sn; S, N, N — (25) or (10);
sn; N —  (12) or (23);
sn; S, Ny N — (13

) or
aa()SN - (3)o (8),

76
84
85
87

,()SNSN —  (19) or (25);
,()SNNN —  (25) or (15).

(
(
(
(
(
(
(
(
(
(

a,()SN — () r (16);

All these configurations are used in [3] (even though the numbers appeared later) in order to produce
the codimension 1 phase portraits of the quadratic systems. In [3] the authors denote by (A) the
class of phase portraits with a finite saddle-node, i.e. the cases (28), (30), (31), (37), (38), (44) and
(45). In [3] the authors denote by (B) the class of phase portraits with an infinite saddle-node which
is obtained by coalescing two infinite singularities, i.e. the cases (7), (11), (14), (22) and (27). In [3]
the authors denote by (C) the class of phase portraits with an infinite saddle-node which is obtained
by coalescing a finite and an infinite singularity, i.e. the cases (73), (74), (76), (84), (85) and (87).
In [3] we also find class (D) of those phase portraits having one separatrix connection. These come
from the configurations of codimension 0.

3: Codimension 2 configurations: These topological configurations will either have one cusp, two
saddle-nodes (finite or infinite), or an infinite nilpotent singularity of multiplicity 3. Of course they
all may bifurcate in several codimension 0 configurations. But we are more interested to know which
are the codimension 1 configurations into which they bifurcate. We will see that the cases with a
cusp have only one codimension 1 configuration into which they bifurcate. Others with an infinite
nilpotent singularity, or with two finite saddle-nodes will have two options, and the rest will have
four options. We will detail all of them. The needed bifurcations are of the same type as those
already used to bifurcate configurations of codimension 1 into codimension 0 except that one must
take care not to break the second unstable object. In addition we also need the perturbation to turn
a cusp into a finite saddle-node which has already been described in this paper.

29) s,s,cp; N, N, N —  (28);
32) a,a, sn; (g)SN, S — (22)or (7) or (30) or (31);

(29)
(32)
(34)
(35) a,a,cp; S, S, N — (31);
(39) s,a,sn; (S)SN, N —  (27) or (11) or (37) or (38);
(40) s,a,cp; N —  (37);
e (42) s,a,cp; S, N, N — (38);
(46) sn; (5)SN, N —  (14) or (27) or (44) or (45);
(47)
(48) cp; S, N, N —  (45);
(50) sn,sn; N —  (44) or (37);
(51) sn,sn; S, N, N —  (45) or (38);
(75) s,a,a; (})SN, (SN —  (7) or (11) or (73) or (74);
( )s,sa()E H,N — (11) or (76);
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e (79) s,a,a; (;) E-H,S — (7)or (74);

e (80) s,a,a; (}) PHP—E,S — (7)or (74);

e (81) s,a,a; (3) HHH-H, N — (11) or (74);

e (86) a; (})SN, (D)SN —  (22) or (27) or (84) or (85);
o (88) s () E—H, N — (27) or (87);

e (89) a; () E-H,S — (22)or (85);

e (91) a; () PHP-E, S — (22) or (85);

e (93)a; () HHH-H, N — (27) or (85);

e (98) a,sn; (i)SN —  (84) or (73) or (37) or (30);

o (99) a,sn; (1)SN, S, N — (85) or (74) or (38) or (31);
e (104) s,sn; (})SN, N, N — (87) or (76) or (28) or (38);
o (132) s,a; (})SN, (;)SN, N — (76) or (74);

o (134) s,a; (})SN, (j)NS, N — (76) or (74);

o (140) 0; (})SN, (;)SN, N — (87) or (85);

o (141) 0; (SN, H)NS, N = (87) or (85).

The configurations (50) and (51) with two finite saddle-nodes as well as configurations (29), (34),
(35), (40), (42) and (47) were used in [11] to find all the phase portraits of codimension 2 in the
class (AA) with two finite saddle-nodes or a cusp.

The configurations (32), (39) and (46) with a finite saddle-node and a (g) SN were used in [10]
to find all the phase portraits of codimension 2 in the class (AB). Also in [10] the configurations
(98), (99) and (104) with a finite saddle-node and a G) SN were used to find all the phase portraits
of codimension 2 in the class (AC). There is also paper [1] which classifies the phase portraits of
codimension 2 of the class (AD) with a finite saddle-node and a separatrix connection but this starts
from the configurations of codimension 1 having a finite saddle-node plus a separatrix connection.
The remaining configurations of codimension 2 are the classes (BC) and (CC) (the class (BB)
does not need to be studied since the singularities @) S and @) N are topologically equivalent to
elemental saddles and nodes and do not produce new phase portraits). The remaining configurations
of codimension 1 plus a separatrix connection will produce all the codimension 2 phase portraits of
the classes (BD) and (CD). And finally, all the codimension 0 configurations which can have two
separatrix connections will complete the class (DD) and thus, all the codimension 2 topologically
distinct phase portraits will be classified.

This previous discussion was needed in order to make clear all the facts involved in the codimension
2 phase portraits. This will more than help in order to obtain the codimension 3 (and higher) phase
portraits. It will even be the instrument to do it.

4: Codimension 3 configurations: Note that a configuration in this class having a finite saddle-
node and two infinite saddle-nodes (of different types), may have up to 6 non-equivalent perturbations
inside the class of codimension 2. For codimension 3 we will still give here all the “potential un-
foldings” of codimension 2. By potential unfolding we mean an unfolding which is coherent with the
initial configuration, but still needs to be proved to exist. We will only describe some of them. In
fact, according to Definition 23, we only need to prove the existence of one unfolding of one less
codimension. The specific perturbations of at least one of the examples for each configuration (which
produces the proof of the given codimension) can be checked on a Mathematica file and a PDF file
that will be on the web page https://mat.uab.cat/~artes/articles/codimension/codimension.html.
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e (36) a,a,cp; ( )JSN, S — (32) or (34) or (35);

e (43) s,a, cp; ( JSN, N — (39) or (40) or (42);

o (49) cp; (5)SN, N —  (46) or (47) or (48);

o (52) sn,sn; (3)SN, N —  (46) or (39) or (50);

e (53) sn,ecp; N —  (47) or (40) or (50);

o (54) sn,cp; S, N, N — (48) or (42) or (51);

e (59) a,es; S —  (34);

e (61)a,es; S, S, N — (35);

o (64) s,es; N —  (40);

e (65) s,es; S, N, N — (42);

o (82) s,a,a; (3) HHP—H — (75) or (79) or (80) or (81);

e (95) a; (3) HHP—-H — (86) or (89) or (91) or (93);

e (100) a, sn; G)SN, (g) SN — (86) or (75) or (39) or (32) or (98) or (99);
o (101) a,cp; (})SN  —  (98) or (34) or (40);

o (102) a,cp; (1)SN, S, N —  (99) or (35) or (42);

o (105) s,cp; (1)SN, N, N —  (104) or (29) or (42);

e (106) s, sn; (;) E—H, N — (88)or (77) or (104) or (98);

e (108) a, sn; (;) E-H, S — (89)or (79) or (32) or (99);

e (109) a, sn; (;) PHP—-E,S — (91) or (80) or (32) or (99);
e (110) a, sn; (é) HHH—-H, N — (93) or (81) or (98) or (99);
o (123) 5,5, (3) E-E, N — (77);

o (124) s,a; (3) PH—-PH,N — (77) or (132);

o (125) a,a; (3) PHP—PHP, S — (80);

o (126) a,a; (3) HHH-HHH, N — (81) or (88);

o (129) s,a; (3) E-E, S — (79);

e (135) s,a; (g) PH—-H, N — (134) or (77) or (81);

e (136) s,a; (;) ( JSN  —  (134) or (79) or (77) or (75);
o (137) 0; (3) H-H, N —  (140) or (88);

o (138)0; (3) E-E, S — (89) or (91);

o (142) 0; (3) PH—H, N — (140) or (88) or (93);

o (143) 0; (3) E—H, (})SN —  (140) or (86) or (89) or (88);
o (148) sn; (1)SN, (})SN, N —  (140) or (132) or (104) or (99);
o (149) sn; (1)SN, (;)NS, N —  (141) or (134) or (104) or (99).

It is now worthwhile to mention why some of the configurations here have just one potential
unfolding in codimension 2. Let us explain this. It is not that we have not given all the possibilities.
Let us take for example configuration (123) s, s; (3) E—FE, N. There is just one multiple singularity,
an intricate infinite one formed by the coalescence of two finite singularities and two infinite ones.
Having just two elliptic sectors, it has index +2. So, any split of this singularity in a simple one
plus a triple one, or two double ones forces that the indices of these new singularities be both +1
or one 0 and another +2. But there are no triple singularities of index +2, and besides double
singularities have index 0. So, the only possible unfolding is into a simple and a triple singularity,
both of index 4+1. The case presented in the table is when we split a finite anti-saddle from infinity
and a nilpotent elliptic saddle still remains. If instead we try to split an infinite node, the triple
point that remains is a semi-elemental node @ N which is topologically equivalent to an elemental
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node. From a geometric point of view, the configuration s, s; @ N, N, N is of codimension 2 and
according to our definition of codimension it could be used to form the first step of the couple of
perturbations needed to prove the codimension 3 of configuration (123). The next perturbation
would lead to configuration (76) s, s, a; G) SN, N, N. But since we already have an unfolding into
codimension 2, we have no need of this path.

At this point of codimension 3 it is worthwhile to start asking if any of the configurations described
here could in fact be of codimension 4 by unfolding into another one of this group. But we can check
that each configuration cannot bifurcate into any other from the list of codimension 3 configurations
of singularities. In particular it is interesting to see that configuration (125) a, a; (;) PHP—-PHP, S
cannot bifurcate into (36) a, a, cp; (g) SN, S because we have already proved Lemma 2 which states
that an intricate infinite singularity cannot eject a single generic cusp into the affine region. Since
configuration (125) already has two finite singularities, the cusp that appears in (36) cannot come
from the infinite intricate singularity.

5: Codimension 4 configurations. In this group there will appear the first configuration that needs
a double conjugate perturbation in order to compute its codimension. More specifically this is the
configuration (69) hhhhhh; N, N, N, that contains precisely the singularity described in Example
2. Thus configuration (69) unfolds into s,3(3); N, N, N which is topologically equivalent to configu-
ration (15), but which can unfold into configuration (20) s, s, cAp(Q); N, N, N, that has codimension
2, thus proving the codimension 4 of (69). The other codimension 4 configurations are (we just show
one of the unfoldings that we have proved to exist for each case):

(55) sn, cp; ( JSN, N — (52);
(56) cp,ecp; N —  (53);
(57) ep,cp; S, N, N —  (54);
(63) a,es; ( JSN, S —  (36);
(66) s, es; ()SN N —  (43);
(67) ee; S —  (59);
(68) ee; S, S, N — (61);
(71) phph; S, N, N — (65);
(83) s,a,a; [00; O] —  (82);
(96) a; [o0; 0] — (95);
( a, cp; (1)5N (O)SN —  (100);
e (107) s, cp; (;) E—-H,N — (106);
( 3) HHP—P  —  (95);
( ) E—H,S — (108);
( ) PHP—E, S —  (109);
( ) HHH—H, N — (110);
( NSN, S, N = (102);
( 2 HHP—-PHH — (82);
( ) HE-P — (82);
( PH-PH,N — (137);
(
(
(
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o (152) sn; (3) PH-H, N — (142);

o (154) sn; () E—H (})SN, — (143);

e (156) s; (3) E-PH,N — (123);

o (157) a; () HP~HHH, N — (126);
e (160) s; (3) E-E, (})SN —  (136);

o (161) a; (35) PH-PH, (})SN —  (136).

In this set we have found the first configuration with the infinite line filled up with singularities.
The bifurcation of (83) into (82) is quite simple since as it can be seen in [5, Diagram 2], both
configurations can be distinguished by the comitant C5 being zero or not. We must mention that
Cy = 0 also implies L =0. So one simply needs to perturb a parameter in C for making it non
zero, while maintaining pg = K = L= 0, that is possible as it is shown in the examples given in

https://mat.uab.cat /~artes/articles/codimension/codimension.html.

As before, in order to prove that none of these configurations can have codimension 5, one needs
to check (and have checked) that none of them can unfold in any of the others of this list. This will
applied for all the upcoming codimensions, so we will skip mentioning it.

6: Codimension b configurations. The configurations of singularities with codimension 5 are:

e (58) cp, cp; ()SN N —  (55);

e (70) ee; (Q)SN, S =  (68);

e (72) phph; (g)SN7 N — (71

e (112) a,sn; [oo; 0] —  (83);

o (116) a,cp; (3) HHP—P —  (111);

o (118) es; (})SN, (SN —  (103);

o (119) es; () E—H, S — (113);

o (120) es; () PHP—E, S — (114);
o (121) es; () HHH—H, N — (115);
e (128) a,a; [o0; S| —  (127);

e (131) s,a; [oo; N]  —  (130);

o (146) sn; (;) HE—P — (130);

o (153) cp; (5) PH-H, N — (144);

o (155) cp; (3) E—H, (j)SN —  (154);
o (158) a; (3) HE-PHH — (157);

o (162) s; (3) EE-P — (130);

e (163) a; () HPH-P —  (130);

o (164) 0; (3) PHP—PHP, N — (156);
o (165) 0; (3) E-HHH, N — (157);
e (166) 0; () E-PH, (})SN — (161).

Now we start having configurations with the infinite line filled up with singularities and are not
generic inside the class Cy = 0 (like (112), (128) or (131)). They easily bifurcate into the most
generic elements of this class, or into other configurations such as (127) or (130) as we have checked.

In this codimension we see some configurations with no finite singularities. We already saw some

before, but those were due to the existence of some finite complex singularities. The ones we see
here are due to the fact that all four finite singularities have escaped to infinity. Their bifurcations
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are simple and obtained by returning one singularity to the affine plane yielding an already known
configuration of codimension 4. Note that if we send all four finite singularities to the same infinite
singularity to obtain a geometrical codimension 4 configuration, the infinite singularity will be semi-

elemental of type (‘11)]\7 or (‘11)5 . This will be topologically equivalent to an elemental node or saddle.
That is, this will have geometrical but not topological codimension 4.

7: Codimension 6 configurations. The codimension 6 configurations are:

o (122) es; [o0; 0] —  (112);

139) 0; [o0; C]  —  (97) ¢; [oo; 0] —  (96);
147) sn; [oo; N —  (131);

a; [oo; (3)SN]  —  (131);

0; (3) EH-HE — (158);

0; (33 EE-HH —  (162);

0; (5) EH-P — (163).

In this group we find three configurations ((167), (168) and (169)) where a singularity of multi-
plicity 7 occurs. The phase portraits with singularities of multiplicity 7 were studied in [27]. In
fact, there are up to six geometrically different configurations of singularities with a singularity of
multiplicity 7 (see [6]), but only the three we have here are not topologically equivalent with other
configurations of lower topological codimension.

Regarding configuration (139), even though it has not a finite isolated center, its simplest pertur-
bation is the one which takes out the center from the infinity and moves it into the affine plane,
obtaining configuration (97). We initially wanted to assign a codimension to every configuration
and phase portrait with a center, but as we have already explained in Section 4, this has not been
possible. We can justify the codimension 6 given to configuration (139) by the double conjugate
perturbation (which does not enve needs to be done in the complex) which after passing through
(97) arrives at (96), i.e. a configuration of codimension 4.

8: Codimension 7 configuration. Finally, there is only one configuration of codimension 7 which
is:

o (170) a; [o0; (3)ES] —  (159).

5.2. Codimensions of configurations for degenerate quadratic systems. We consider now
the configurations of singularities for degenerate quadratic systems. We start by taking the most
generic cases which are degenerate and determine their codimension by perturbing them into some
of the non degenerate configurations.

1: Codimension 4 configurations. Among all the configurations of singularities of degenerate
quadratic systems, the most generic ones are the following:

e (171) a, (01; 0); G [:0) —  (59);
N, S, ©[:0) —  (61);
N

b (176) a, (9 (5 (Z))? S
e (178) s, (011; 0); N, N, ©[[l;0) — (65).

We claim that these configurations have topological (and geometrical) codimension 4 and not
only because the indicated unfoldings are of codimension 3. These configurations have the invariant
n # 0 (see [6]) and this implies that we cannot get any infinite singularity with n = 0 from their
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unfolding. So, all the codimensions of an unfolding must come from the finite singularities. The
only way to obtain a codimension 4 finite singularity would be to have a multiplicity 4 singularity
(or two cusps). But we already have a simple finite singularity outside the line of degeneracy, so
the most we can obtain from there will be a triple nilpotent singularity, which corresponds to the
indicated configurations on the right. Now that we have the topological codimension of the most
generic configurations of degenerate systems, the others may simply be derived from them (except
for two cases that we will see in the next block).

2: Codimension 5 configurations. The codimension 5 degenerate configurations are:

e (173) (ol f); ©[;0) — (171);

o (175) (s[c]; O); N, (©[];0,0) —  (56);

o (177) (o, n); S, N, (©[[;0) — (176);

e (179) (o1; 5); N, N, (©[[);0) — (178);

e (180) (o; 0); (SN, N, @©[];0) — (176);
o (181) (e[)(]; 0); N, ©[)(1;0,0) —  (57);

o (183) a,(ol1; 0); 3)SN, ©[1:0) — (176);
o (185) s,(0;; 0); N, ©[I: N)) — (178);

e (187) a,(o11; 0); S, ©[|]; N°)  —  (176);

e (189) a,(o1; 0); N, ©1); S3) —  (176).

Configurations (175) and (181) deserve a comment. There is no way to perturb an irreducible
conic formed by singularities into a line of singularities. So, if we perturb a system with an ellipse
formed by singularities (so as to obtain something topologically different), we must move into a
non-degenerate system. What is the greatest codimension that such a system may have? The
original system with the conic formed by singularities has already non-zero invariants like 1 and
D (see [6]). Thus the perturbed system will also have them different from zero. This implies
that we cannot have an intricate singularity either finite (because this would imply D = 0) or
infinite (because this would imply n = 0). We can neither have a nilpotent infinite singularity
(because this would also imply 7 = 0). So, the largest geometrical codimension we may have is 4
with finite configurations like 57\1(4) or @(2), @(2). Both are realizable as it can be checked in the file
https://mat.uab.cat/~artes/articles/codimension/codimension.html. The first option does not have
topological codimension 4 but a second perturbation could produce eAS(g), s and thus would also be
acceptable. We have presented here the configuration (56) which is the one with two cusps. Other
possible bifurcations into codimension 4 could be a triple nilpotent finite singularity plus a (})SN .

We present an example related to configuration (181) which shows the necessity of improving the
Definition 20 to Definition 23 where the hyperbolas are dotted).

EXAMPLE 4: Consider the systems
(a) 2/ =—-1+4+ay, ¥y =1-ay,
(b) /=0, ¥ =1-uay,
() 2/=1—ay, ¥y =1-—ay.
All three systems are degenerate having a hyperbola filled up with singular points (see the phase
portraits in Figure 8).

The first and the third have the topological configuration of singularities (o[)]; 0); N*, (@ D(; 0, Q))
while the second has (g[x]; 0); ©[)(]; N*,0), respectively cases (181) and (199) from [5]. Notice that



CODIMENSION IN PLANAR POLYNOMIAL DIFFERENTIAL SYSTEMS 41

(a) | (b) (c)

FIGURE 8. Phase portraits with degenerated hyperbolas

all three phase portraits are topologically different, and thus, there is no affine change of variables

which can transform one system into another.

Clearly case (b) is one codimension higher than (a) and (¢) which must have the same codimension.
Case (a) can easily be perturbed into a system which has a nilpotent saddle-node of multiplicity 4.
Even though this singularity is not topologically of codimension 4 by being topologically equivalent
to a semi-elemental saddle-node, using the double conjugate perturbation we get €s(3) + s which has
codimension 3. Thus we obtain codimension 5 for case (181). However, we claim that case (c) can
never be perturbed into a system having a nilpotent saddle-node of multiplicity 4, nor any other

configuration of codimension 4.

To prove the claim we first show how case (a) can be perturbed into an 5n4). The singularities of
system (a) are of the form (zg,1/zp). We move one such point to the origin so that when perturbed,
this will remain as an isolated singularity with determinant and trace of the jacobian equal to zero.
In order to get this, we need that the linear part of the degenerate system has determinant and trace
zero. This can be obtained only if the chosen singularity is (1,1) or (—1,—1). Then the system

becomes
/

(al) o' =zty+ay, ¥ =-w-y-uay,
which after a change (z,9,t) — (z + y, —z + y, t/2) becomes

(a2) ' =5-—72/24+75%/2, 7 =0,

and then a simple perturbation on y? in the second equation produces the nilpotent saddle-node.
Subsequent perturbations on xy, 22, y and z all in the second equation produce the chain §7\z(4) —
€53) S > Py ts+a—3sny +s+ta—s+st+ata

However, if we try to do the same with system (c), after translating any singularity (xo,1/x¢) of
the degenerate hyperbola to the origin, the condition to be hold so that the linear part of the system
has trace zero, is that xo 4+ 1/z¢9 = 0 and this implies xg = %i. So, according to Definition 20 which
does not accept the double conjugate perturbation, this system cannot be considered of codimension
5, even though logic says that the configuration of singularities of systems (a) and (c) are the same
and they should have a unique codimension. So, our final Definition 23 solves this problem too.

3: Codimension 6 configurations. The codimension 6 degenerate configurations are:

o (174) (0 0); B; 0) — (173);

e (182) (o(x]; 0); (© [ ],(Z),Q)),N - (181);
o (184) (el); n ), ( 1;0), QSN —  (183);
(186) (om; s); @ [1; M), N — (185);
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(em;n); ©1I; Ns°), S — (187);
e (190) (13 n); ©l; S2), N —  (189);
191 (e[u,(b ;@ 0),N — (175);
)i )SN3), N —  (189);
(D) E-H —  (180);
N), (})SN —  (185);
;0 ©0D(E N0 —  (181);
a, (e[l], 0); @1 5)SNs) —  (189).

From this set we point out the configuration (174) that does not have a center and by perturba-

)

)

)

) I G
197) <e 5 ®>, © [I], 0)

)

)

)

tion produces configuration (172) ¢, (a(1; #); (© [|];0), so logically the codimension of (172) (which
corresponds to phase portrait Vulyg from [32]) would be 5.

4: Codimension 7 configurations. The codimension 7 degenerate configurations are:

o (194) (oli;; 0); @©11;0), N —  (191);
|

|
I, (DSNy), N —  (193);

e (19 )(em, 0); ©I1

e (200) (oix]; 0); (©[x]; N,0) — (182);

* (202) (e Lt @[ ()SN)  —  (201).
e (203) (om; 0); ©I; (O) E-H) — (197);
o (204) (o[u; 0); ©[U; N)  —  (199);

° (207) a, (011 0); [oc; @ [|]; 05)] —  (201).

Remark 2 (Important). In this codimension we should have had to put the configuration (192)
(e1l°; 0); (@ 11l @), N which may be perturbed into degenerate configuration (191) of codimension
6. However we have realized of a mistake in [5] since configuration (192) is topologically equivalent to
configuration (137). The reason is that the intersection of two parallel complex lines produces a real
infinite singularity which behaves like an intricate singularity with two hyperbolic sectors. Anyway,
we have decided not to shift the codes of the configurations from (193) up to (208) to one less number,
and leave the gap in (192) as an empty set. We think that if a reader sees in some future papers
a code above (192) and wants to refer to the original paper [5], s/he does not need to take the shift
into consideration.

5: Codimension 8 configurations. The codimension 8 degenerate configurations are:

o (196) (e1121; 0); © 171 0), N —  (194);
e (205) (elii; 0); ©l; N)  —  (204);
i (208) (9 [ n )7 [ ( [Ha (2)2)] — (207)'

6: Codimension 9 configuration. And finally, there is just one codimension 9 degenerate configu-

ration:

e (206) (0121; 0); ©[*; N) —  (196).

6. NOTATION

During the last decades, mathematicians have classified particular subfamilies of quadratic phase
portraits and have assigned to them various labels. Most of the time, a phase portrait appears in
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different papers having different labels. At this moment we need to choose in a consistent way labels
for all phase portraits of quadratic systems.

Here is what we propose: We have 208 distinct topological configurations of singularities [5].
This implies that two phase portraits having different configurations of singularities, cannot be
topologically equivalent. So the 208 configurations of singularities provide a nice skeleton for our
topological classification of the phase portraits. Many of the topological configurations will produce
just one phase portrait, some may have several realizable phase portraits, and a few configurations
may have dozens of phase portraits. We propose to call each phase portrait as QSrgb) where QS
stands for “quadratic differential system”, ’r’ is the number of the configuration of singularities from
[5], ’b” is the topological codimension of the phase portrait (except in the case where centers are
present), and ’a’ is simply an integer to enumerate the different phase portraits which have the same

configuration and codimension.

The use of the codimension for the notation allows us to reduce the size of a, but more importantly,
it helps us to link the different phase portraits and to detect which ones can (or cannot) bifurcate
from others. That is, it helps us to locate the “neighbors” of the phase portraits.

We already have the complete set of phase portraits (modulo limit cycles) for some of the con-
figurations. Others have been partially studied. For example, configuration (1) s,s,s,a; N, N, N
has exactly 13 possible phase portraits: QS 150), QS 1&0), QS 1&0) and QS 1510) which correspond to
the structurally stable cases S%l, S%Q, S%?, and S%A from [2] respectively; there are also the phase
portraits QSlgl), QSIS), QSlgl), QSIS), QSlgl) and QSI,(;), which correspond to the structurally
unstable topological codimension 1 phase portraits U}j’w, Ublﬁ, [UlD’N, Ulelg, Ulelg and szo
from [3], respectively; and the phase portraits Q.S 1&2), QS 1&2) and QS 1:(),2), which correspond to the
structurally unstable topological codimension 2 phase portraits b, C'la and C1b of [33]. These last
three phase portraits have two separatrix connections without forcing the anti-saddle to become a
center. It is easy to see that if we try to force a third connection in this configuration, the anti-saddle
becomes a center and we are in fact in configuration (2) and in the phase portrait Vulyg.

The configuration for which all its realizable phase portraits have already been found and up to
now has the largest number of phase portraits is (39) s,a,sn; (g) SN, N. There are 99 distinct
realizable phase portraits (modulo limit cycles), which split in 46 of topological codimension 2, 47 of
codimension 3 and 6 of codimension 4. We know that this list is complete because the study of all
the family with a finite saddle-node and a (g) SN has already been done [8, 9], and also the study of
all potential phase portraits of codimension 2 of this class is also done [10]. Again, it is not possible

to have 3 separatrix connections in this family.

There are many topological configurations of singularities which have a single phase portrait like

)

(47) ¢p; N whose only possible phase portrait Q.S47 §2 can be seen labeled as Fig. 12(a) in [22] as

well as in many other papers with different other labels.

Regarding the phase portraits with centers, we have already mentioned that we do not need to
assign to them a codimension. So the phase portraits Vulyi, Vulg, Vulg and Vulig that can be
obtained from configuration (2) may be labeled @521, Q522, Q523 and QS524, respectively.

Since the total amount of topologically distinct phase portraits of quadratic systems modulo limit
cycles is expected to be between 1500 and 2000 (or even more), we do not attempt to label all of
those already found in a paper. From now on we will begin using this notation, and in the future,
the complete collection of them may appear in Wikidata.
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This notation was originally designed to cover the phase portraits of quadratic systems without
limit cycles. It is of course possible to extend it to phase portraits with limit cycles. In order to
do this one must take into account that some configurations with 2 or 3 anti-saddles, may have
different phase portraits with the same number of limit cycles depending which anti-saddle they
surround. For example, configuration (3) s,a,a,a;S has three finite anti-saddles and there is just

)

one possible phase portrait of codimension 0 without limit cycles labeled QS3§O which corresponds
to S, from [2]. In this phase portrait, one anti-saddle receives (or emits) exactly one separatrix,
another anti-saddle receives (or emits) exactly two separatrices, and the third anti-saddle receives
(or emits) exactly three separatrices. So, it is clear that if a system has a phase portrait topologically

)

equivalent modulo limit cycles to QS3§O and has some limit cycles, one must specify around which
ones of the anti-saddles they occur. We propose to denote these possibilities as QS3§O) (i, k) LC where
i,j, k are respectively the numbers of limit cycles around the anti-saddle with one, two or three

separatrices. Collecting from many different papers, we have already been able to corroborate the
: (0) (0) (0) (0) (0)
existence of @53, (1,0,0)LC> Q53; (2,0,0)LC" QS3; (0,1,0)LC> QRS3; (0,0,1)LC and QS53; (1,0,1)LC"

7. APPENDIX A

In this appendix we are going to prove that all the geometrical configurations of singularities shown
in Diagram 2 are realizable for quartic differential systems.

In the same way that the quadratic system 2’ = 22, o' = 222 + y? has the configuration of

singularities hh; N*, (©), (©), it is a simple exercise to check that the quartic system
(12) =22+ 2*, y =227 4+ y? + 22 + 4,
has the geometric configuration hh(4)7 ©,0,0,0,0,0,0,0,0,0,©,©; N*, @a @a @a ©’ that

means, we have the same singularities as in the quadratic case plus 12 finite and 2 infinite complex
singularities. The infinite node is located at [0 : 1 : 0]. For compactness we will avoid writing the
complex singularities in this appendix.

Now we make the following perturbation to system (12)

— €€ + 267 + 26?) zy?

€i€s

€i€
x/:z2+x4+edﬂsy3+e*((28 —i—ei:cy+y3>,

(13)
Y =6x + esy + 20% + 47 + 22t + ¢t

As we will see, the perturbation just in e, turns the infinite star node into an N¢, the perturbation
just in g4 turns the infinite star node into a generic node, the perturbation just in g; turns the finite
intricate singularity into a nilpotent one and the perturbation just in €5 turns the finite singularity
into a semi-elemental one. In fact the perturbation in ¢4 produces a reduction of the codimension in
two steps because it perturbs the infinite star node into a generic node. And the perturbation in e,
produces another reduction of codimension of two steps because it perturbs the finite intricate singu-
larity into a semi-elemental saddle-node of multiplicity 4. But any path in Diagram 2 consisting in 4
steps from the bottom to the top can be followed using the corresponding perturbation e, g4, €;, €5
in the proper order.

It is easy to check that if €, # 0 = ¢4 = ¢; = &, the finite singular point remains intricate with the
same geometrical configuration, no other finite singularities appear, no other infinite singularities
appear, the infinite node at [0 : 1 : 0] has not changed the position, however it is no longer a
star node but a one-direction node N¢ (i.e. we have configuration hhy; N 4). And if we make the
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perturbation €4 # 0 = ¢; = €5 (e, is irrelevant) again nothing has changed except that the infinite
node at [0 : 1 : 0] is generic, more precisely we have N/ if ¢4 > 0 or N> if £4 < 0 (i.e. we have
configuration hh4); NY or hh(gy; N°°).

If we make a perturbation ¢; # 0 = €5 = €, = €4, in this case the finite intricate singular point
becomes nilpotent, and applying Theorem 3.5 in [16] to study the nilpotent singularity, it is a saddle-
node of multiplicity 4. The singularity at infinity remains a star node (i.e. we have configuration
5n(4); N*). If we make the perturbation e, = &; # 0 = €4 = €, again the finite singularity turns into
a nilpotent saddle-node of multiplicity 4 and the infinite node at [0 : 1 : 0] is an N? (i.e. we have
configuration s74); N 4). And if we make the perturbation g; = e4 # 0 (&, is irrelevant) again the
finite singularity turns into a nilpotent saddle-node of multiplicity 4 and the infinite node at [0 : 1 : 0]
is generic (N7 if 4 > 0 or N if ¢4 < 0). Thus we have configuration 5N (4); N7 or 5n(g); N

In any of the cases the perturbation in £, turns the finite singularity into a semi-elemental one.
The tricky coefficient of xy? in the first equation is the one that maintains the singularity with
multiplicity 4.

The way to check that the semi-elemental singularity is of multiplicity 4 is by applying Theorem
2.19 in [16]. Then the expression g(z) = apz™ + o(2™) needed to determine if the singularity is
a node or a saddle or a saddle-node has m = 4, and thus we can add one more perturbation in
order to obtain m = 3. And one more to get that m = 2, and a last one to split into two elemental
singularities.

Since the perturbations ¢, and &4 are independent of ¢; and e, all the different trips in Diagram
2 are possible and all the configurations of singularities are realizable. So we can conclude that
the geometrical configuration of singularities hh4); N* (plus the required complex singularities of
multiplicity 1), has codimension 7 inside the family of quartic systems, but codimension 6 inside the
family of quadratic systems. As we have said at the beginning, codimension is a relative concept.
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