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Abstract. — We show that up to automorphism of IP% there are 14 homogeneous convex foliations of degree five
on P@ZC' Using this result, we give a partial answer to a question posed in 2013 by D. MARIN and J. PEREIRA about
the classification of reduced convex foliations on IP%.
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Introduction

Following [10] a foliation on the complex projective plane is said to be convex if its leaves other than straight
lines have no inflection points. Notice (see [11]) that if F is a foliation of degree d > 1 on P2 , then ¥ can not
have more than 3d (distinct) invariant lines. Moreover, if this bound is reached, then ¥ is necessarily convex;
in this case ¥ is said to be reduced convex. To our knowledge the only reduced convex foliations known in
the literature are those presented in [10, Table 1.1]: the FERMAT foliation fod of degree d, the HESSE pencil
};14 of degree 4, the HILBERT modular foliation };15 of degree 5 and the HILBERT modular foliation TH7 of
degree 7 defined in affine chart respectively by the 1-forms

®f = (¢! —x)dy — (v —y)dx,
o = (263 —y* — Dydx+ (2y° —x* — 1)xdy,
@y = (=17 = (V5-2)") 0+ VEx)de — (¢ = 1) (¥ = (V5 -2)%) (x + V5y)dy,
o), = = 1) (P + 7% + 1ydx — (> — 1) (x* +7y° + 1)xdy.
D. MARIN and J. PEREIRA [10, Problem 9.1] asked the following question: are there other reduced convex
foliations? The answer in degree 2, resp. 3, resp. 4, to this question is negative, by [9, Proposition 7.4],

resp. [3, Corollary 6.9], resp. [4, Theorem B]. In this paper we show that the answer in degree 5 to [10,
Problem 9.1] is also negative. To do this, we follow the same approach as that described in degree 4 in [4].
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More precisely, we begin by establishing the following theorem classifying the convex foliations of degree 5
on Pé which are homogeneous, i.e. which are invariant under homothety.

Theorem A. — Up to automorphism of }P’é there are fourteen homogeneous convex foliations of degree five
Hi, ..., H4 on the complex projective plane. They are respectively described in affine chart by the following
1-forms

1. ® =ydy—xdy;

0 = y*(10x 4+ 10x%y + 5xy? 4+ y3)dx — x*(x + 5y)dy;
®; = y>(10x + S5xy + y?)dx — x> (x> + 5xy + 10y?)dy;
oy =y*(5x — 3y)dx +x*(3x — 5y)dy;
05 = y3(5x2 — 3y?)dx — 2x°dy;
0 = y°(220x% — 165xy + 36y?)dx — 121x°dy;

=Y

(5= V5)r—2y) et ((7-3V3)x—2(5 - 2v/5)y ) dy:

8. oy =y*(5(3- V2T)x+6y)dv+*(3(23 - 5v21)x—10(9 - 2v21)y ) dy;
(
(

DY O~ W N

7. (07

3

(
9. w9 =y 2(5—|— a)x* — 15+a)xy+6y )dx—x4((1—a)x+2ay)dy,Wherea: 5(4v61-31);
(

10. o=y (2 5+1 x — 15+1b)xy+6y) ((1—1b)x+21by>dy, where b = \/5(4v61+31);

11. o —y3(5x2 )dx+x ( 5y2)dy;

12. = y3(20x? — 5xy — y?)dx + 23 (x% + 5xy — 20y?)dy;

13. =y2(5x% — 10x%y 4 10xy? — 4y*)dx — x°dy;

14. =y (u(0)x* +v(c)xy + w(c)y2)dx+cx4 (20(02 —0+1)x—(c+1)(36*—50+ 3)y) dy,
where u(c) = (6> —36+1)(6> +56+1), v(6)=—2(c+1)(6*>~56+1), w(c) = (c>—To+1),

c=p+iy/g L 2p — %pz and p is the unique real number satisfying 8p3 — 52p> + 134p — 15 = 0.

Then, using this classification, we prove the following theorem.

Theorem B. — Up to automorphism of IP% the FERMAT foliation ?05 and the HILBERT modular foliation
.7 are the only reduced convex foliations of degree five on P%.
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1. Preliminaries

1.1. Singularities and inflection divisor of a foliation on the projective plane. — A degree d holomorphic
foliation 4 on ]P’% is defined in homogeneous coordinates [x : y : z] by a 1-form

o = a(x,y,z)dx +b(x,y,z)dy +c(x,y,2)dz,
where a, b and ¢ are homogeneous polynomials of degree d + 1 without common factor and satisfying the

EULER condition ir® = 0, where R = x% + y% + Za% denotes the radial vector field and ig is the interior
product by R. The singular locus SingF of ¥ is the projectivization of the singular locus of ®

Sing® = {(x,3,2) € C*|a(x,y,2) = b(x,3,2) = c(x,y,2) = 0},
Let us recall some local notions attached to the pair (F,s), where s € Sing F . The germ of ¥ at s is defined, up
to multiplication by a unity in the local ring Oy at s, by a vector field X = A(u, v)% +B(u, v)% The algebraic
multiplicity v(F ,s) of F at s is given by
v(F,s) =min{v(A,s),v(B,s)},
where v(g,s) denotes the algebraic multiplicity of the function g at 5. The tangency order of ¥ with a generic
line passing through s is the integer
(F,s) =min{k > Vv(F,s) : det(J*X,R;) # 0},

where JX X denotes the k-jet of X at s and Ry is the radial vector field centered at s. The MILNOR number of
F at s is the integer

u(F,s) =dimc Os/(A,B),
where (A, B) denotes the ideal of O, generated by A and B.
The singularity s is called radial of ordern — 1 if v(¥,s) = 1 and ©(F,s) = n.
The singularity s is called non-degenerate if u(F ,s) = 1, or equivalently if the linear part J! X of X possesses
two non-zero eigenvalues A,u. In this case, the quantity BB(F,s) = %—I— § 42 is called the BAUM-BOTT
invariant of F at s (see [1]). By [6] there is at least a germ of curve C at s which is invariant by . Up to local
diffeomorphism we can assume that s = (0,0) T;C={v= 0} and J!X = kuaa—u + (eu —0—,uv)%, where we can

take € = 0 if A # u. The quantity CS(F, C,s) = % is called the CAMACHO-SAD index of F at s along (.

Let us also recall the notion of inflection divisor of F. LetZ=F % +F % + Ga% be a homogeneous vector

field of degree d on C> non collinear to the radial vector field describing 7 , i.e. such that ® = igizdx Ady Adz.
The inflection divisor of F, denoted by I, is the divisor of IP’% defined by the homogeneous equation

x E Z(E)
y F Z(F) |=0.
z G Z(G)

This divisor has been studied in [11] in a more general context. In particular, the following properties has
been proved.

1. On }P’é N\ SingF, I+ coincides with the curve described by the inflection points of the leaves of ¥
2. If Cis an irreducible algebraic curve invariant by # then C C I if and only if C is an invariant line;

3. I can be decomposed into Iy = Ii;" +1Y, where the support of Ii}V consists in the set of invariant lines
of ¥ and the support of I[} is the closure of the isolated inflection points along the leaves of 7 ;

4. The degree of the divisor Iy is 3d.
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The foliation ¥ will be called convex if its inflection divisor I ¢ is totally invariant by ¥, i.e. if I is a product
of invariant lines.

1.2. Geometry of homogeneous foliations. — A foliation of degree d on IP% is said to be homogeneous
if there is an affine chart (x,y) of P% in which it is invariant under the action of the group of homotheties
(x,y) — A(x,y), A € C*. Such a foliation # is then defined by a 1-form

o =A(x,y)dx+ B(x,y)dy,

where A and B are homogeneous polynomials of degree d without common factor. This 1-form writes in
homogeneous coordinates as

ZA(x,y)dx +zB(x,y)dy — (xA(x,y) + yB(x,y)) dz.

Thus the foliation # has at most d + 2 singularities whose origin O of the affine chart z =1 is the only
singular point of # which is not situated on the line at infinity L., = {z = 0}; moreover V(H,0) =d.

In the sequel we will assume that d is greater than or equal to 2. In this case the point O is the only singularity
of H having algebraic multiplicity d.

We know from [3] that the inflection divisor of # is given by zCy/Dy, = 0, where Cyy = XA +yB € Clx,y]441

denotes the tangent cone of #{ at the origin O and Dy = % 3—5 — %—’; aa—f € Clx, y]24—2. From this we deduce that:

1. the support of the divisor I;‘}V consists of the lines of the tangent cone Cyy = 0 and the line at infinity Lo ;

2. the divisor I;[ decomposes as I‘;[ =TT, Tipi ~! for some number n <degDy =2d —2 of lines T; passing
through O, p; — 1 being the inflection order of the line T;.

Proposition 1.1 ([3], Proposition 2.2). — With the previous notations, for any point s € SingH{ N L.., we have
Lv(H,s)=1,;
2. the line joining the origin O to the point s is invariant by # and it appears with multiplicity T©(#{,s) — 1 in
the divider Dy = 0, i.e.
H,s)—1
Dy =14 J] ¥
s€SingH NLe

Definition 1.2 ([3]). — Let H be a homogeneous foliation of degree d on ]P)([Z: having a certain number m <
d + 1 of radial singularities s; of order t; — 1, 2 < 1; < d for i = 1,2,...,m. The support of the divisor It}r[
consists of a certain number n < 2d — 2 of transverse inflection lines 7; of order p; —1, 2 < p; < d for
j=1,2,...,n. We define the type of the foliation # by

m n d—1
Ty = ZRri—l + ZTp_,—l = Z(i’k'Rk +t-Ti) € Z[R1,Ry,...,R4_1,T1, Ty, ..., Ty 1].
i=1 j=1 k=1
Example 1.3. — Let us consider the homogeneous foliation H of degree 5 on IP% defined by

o =y’ dx +2x3 (3x% — 5y°)dy.
A straightforward computation leads to
Cyr=xy(6x* —10:%? +y*)  and Dy = 150x%* (x —y)(x +).
We see that the set of radial singularities of 4 consists of the two points s; =[0:1:0] and s, = [1:0:0];
their orders of radiality are equal to 2 and 4 respectively. Moreover the support of the divisor It;{ is the union

of the two lines x —y = 0 and x4y = 0; they are transverse inflection lines of order 1. Therefore the foliation
Hisof type Tyy=1-Ry+1-Ry+2-Ty.
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Following [3], to every homogeneous foliation # of degree d on P% we can associate a rational map
G, Pl — PL in the following way: if # is described by @ = A(x,y)dx + B(x,y)dy, with A and B be-
ing homogeneous polynomials of degree d without common factor, we define G 5 by

g}[qx : y]) = [*A(X,)’) : B(X,y)];
it is clear that this definition does not depend on the choice of the homogeneous 1-form ® describing the

foliation A .

Conversely, every rational map f : ]P’(lC — IP’(%: of degree d can be obtained in this way; indeed, if f(z) = &

q(z)’
with p,q € Clz], pged(p,q) = 1 and max(deg p,degq) = d, then f = G, Where #H; is the homogeneous
= Hy

foliation of degree d on ]P% defined by the 1-form
Of = —xdp (%) dx—i—xdq (%) dy.
Let # be a homogeneous foliation of degree d on P%. Notice (see [3]) that the map G, has the following
properties:
(i) the fixed points of G, correspond to the singular points of # on the line at infinity (i.e. [a: b] € PL is
fixed by G, if and only if the point [b:a:0] € L is singular for #);

(i) the point [a : b] € PL is a fixed critical point of G, if and only if the point [b:a:0] € L is a radial
singularity of . The multiplicity of the critical point [a : b] of % . is exactly equal to the the radiality
order of the singularity at infinity;

(iii) the point [a:b] € Pé: is a non-fixed critical point of G 5 if and only if the line by —ax = 0 is a transverse
inflection line of . The multiplicity of the critical point [a : b] of g o is precisely equal to the inflection
order of this line.

It follows, in particular, that a homogeneous foliation H on IP% is convex if and only if its associated map G o
has only fixed critical points; more precisely, a homogeneous foliation H of degree d on IP% is convex of
type Ty = Zz;ll 1k - Ry if and only if the map G 5 POSSESSES 7', 1eSP. 12, TeSP. Fg | fixed critical points of
multiplicity 1, resp. 2..., resp. d — 1, with Zz;ll kry =2d —2.

Remark 1.4. — Every homogeneous convex foliation of degree d on the complex projective plane has ex-
actly d + 1 singularities on the line at infinity, necessarily non-degenerate. This follows from remark (i) above
and Theorem 4.3 of [8] which ensures that if a rational map f of degree d from the RIEMANN sphere to itself
has only fixed critical points, then f admits d 4 1 distinct fixed points.

2. Proof of Theorems A and B

We need to know the numbers r;; of radial singularities of order j of the homogeneous foliations #4;,
i=1,...,14, j=1,...,4, and the values of the CAMACHO-SAD indices CS(#;,Lw,s), s € Sing#; N Lo,
i=1,...,14. For this reason, we have computed, for each i = 1,...,14, the type Ty of H; and the following
polynomial (called CAMACHO-SAD polynomial of the homogeneous foliation ;)

CSyM) = [ (A—CS(%,Less)).

s€SingH;NLeo
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The following table summarizes the types and the CAMACHO-SAD polynomials of the foliations 4, . .., H4.

i Ty CSy (M)

i

1 2-Ry (A—1)2(A+§)*

2 [ 1-Ry+1-R3+1-Ry | 257 (A—1)*(491A% + 98222 + 463A + 64)

3 2-Ry+1-Ry A—13A+2)2(A+8)

4 1-Ry+2-R3 A—1PA+ )2 A+ %)
5|2-Ri+1-Ry+1:-Ry (A—1)*(r+3)?

6 |2-Ri+1-Ry+1-Ry 35 (A= 1)*(59A% + 177 + 64)
7| 2Ri+2:Rs (A= 1D*(A2 4+ 30+ 1)

8 2-R;+2-R3 (7»71)4(7\4%)2

9 | 1'Ri+2-Ry+1-Ry | &= (A—1)*(197A2 +- 5914 + 302 — 10/61)

10| 1-R;+2-Ro+ 1Ry | 1= (A= 1)*(197A2 + 5911+ 302 + 10/61)

11 4-R, (x—1)4(x+g)2
12 2-R;j+3-Ry (A—1)3(A+4)
13 4-Ri+1-Ry (A—=1)5(A+4)
14 |3-Ri+1-Ry+1-R3 (A—1)>(A+4)

TABLE 1. Types and CAMACHO-SAD polynomials of the homogeneous foliations H, ..., Hi4.

Before beginning the proof of Theorem A, let us recall the following result which follows from Proposi-
tions 4.1 and 4.2 of [3]:

Proposition 2.1 ([3]). — Let H be a convex homogeneous foliation of degree d > 3 on IP%. Let v be an
integer between 1 and d — 2. Then, H is of type

Ty =2-Ry_y, resp. Tyy=1-Ry+1-Ry_y_1+1-Ry_y,

if and only if it is linearly conjugated to the foliation 9-[1”1 , resp. 9-[3d’v given by

d v
d - d .
of =y?dx—x‘dy, resp. @f" = )y < '>xdlyldx -y ( ->xd’y’dy.
i=vir1 \! i—0 \!
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Proof of Theorem A. — Let H be a convex homogeneous foliation of degree 5 on IF’%C, defined in the affine
chart (x,y), by the 1-form

®=A(x,y)dx+B(x,y)dy, A,B¢€Clx,y]s, ged(A,B)=1.

By [5, Remark 2.5] the foliation # can not have 5+ 1 = 6 distinct radial singularities; in other words it cannot
be of one of the two types 5-R;+1:-Rz or4:-R; +2-R,. We are then in one of the following situations:

Ty =2-Ry; T=1R +1-R3+1-Ry; T,y =2-Ry+1-Ry;
T,y =1-Ry+2-Ry; Ty =2-Ri+1-Ry+1-Ry; T, =2-Ry+2-Rs;
T =1-R;+2-Ry+1-Ry; T,y =4-Ry; T,y =2-Ri+3-Ry;
T,y =4-Ri+1-Ry; T,y =3-Ri+1-Ry+1-Rs.

o If the foliation #{ is of type T;r =2-Ry, resp. Ty =1-Ry+1-R3+1-Ry, resp. Ty =2-Ry+1-Ry,
then, by [3, Propositions 4.1, 4.2], the 1-form o is linearly conjugated to

0] =y dx—x°dy = oy,

5
5
resp. mg’l = Z( >x5 fyldx — Z( > >Thyidy
i

i=2 i=0
= y2(10x° 4 10x%y + 5xy* + y*)dx — x* (x + 5y)dy
= 2,

5
5 5
resp. (1);2—2<,>X5_11 <>51[
i=3

y? (10x% + Sxy +y* )dx (6% 4 5xy + 10y?)dy
= 3.

A(l,z)
B(1,z)’
possesses three fixed critical points, one of multiplicity 2 and two of multiplicity 3. By [7, page 791, G 5
#*(3z-5)
5z—-3

o Assume that 7, = 1-R; +2-R3. This means that the rational map Q}[ : ]P’(lC — IP’(IC, gﬂ(z) S

is conjugated by a MOBIUS transformation to z — —
04 = y*(5x — 3y)dx +x*(3x — 5y)dy.

e Letus study the possibility 75y =2-Rj;+1-Ry 4+ 1-Ry4. Up to linear conjugation we can assume that
Dy, = cx*y?(y — x)(y — o) and Cy(0,1) = Cy(1, 0) Cyr(1,1) = Cyr(1,a) = 0, for some ¢, a0 € C*,
o # 1. The points co = [1:0], [0: 1], [1: 1], [1: o] € PL. are then fixed and critical for G, With respective
multiplicities 4,2, 1, 1. By [3, Lemma 3.9], there exist constants ag,az,b € C*,a; € C such that

. As aresult, ® is linearly conjugated to

B(x,y) = bx°, A(x,y) = (aox2 —|—a1xy—|—a2y2)y3, (z— 1)2 divides P(z), (z— Oc)2 divides Q(z),

where P(z) := A(1,z) + B(1,z) and Q(z) := A(1,2) + aB(1,z).
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Therefore we have

P(1)=0 ap+ay+ay+b=0 a0:5“2°°
3
P/(l):() 3ag+4a;+5a, =0 al:_Saz((X—l—l)
& N 4
Q(a)=0 a0t 4+ a103 4+ apo* +b =0 bi_“2(5“—3)
N 12
Q'(a)=0 5a,0% +4ajo+3ap =0 (+1)(302 —500+3) =0

Replacing o by %m, we reduce it to

® = y* (200 — 15(a+ Dy + 12y*)dx — (S —3)x°dy, (a4 1)(30> — 50 +3) = 0.
This 1-form is linearly conjugated to one of the two 1-forms
05 =y (5x% — 3y?)dx — 2x°dy or 06 = y*(220x% — 165xy + 36y%)dx — 121x°dy.
Indeed, on the one hand, if o« = —1, then w5 = —%co. On the other hand, if 302 — 500+ 3 = 0, then
121(1500— 16)
Wg=————~
81(3ct—8)>
Assume that 75 = 2-R; +2-R3. Then the rational map G 5 admits four fixed critical points, two

of multiplicity 1 and two of multiplicity 3. This implies, by [7, page 79], that up to conjugation by a
MOBIUS transformation, Q o writes as

©*m, where @ = ((30(—8)x,—3y>.

*(3z+4cz—5¢—4)
= )
Z+tc

where ¢ = —1/24+/5/10 or ¢ = —3/104+/21/10. Thus, up to linear conjugation

1 5 3 V21
o = y*(3y +4cy — Scx — 4x)dx + x* (y + cx)dy, ce {—zi\g, —10:|:10} .

In the case where ¢ = —1/24+/5/10, resp. ¢ = —3/104+/21/10, the 1-form ® is linearly conjugated
to

@1 =y*((5 = V5)x—2y)dr -+ ((7-3v/5)x = 2(5 - 2v/5)y)dy,
resp. @ =y*(5(3— V21)x+ 6y )dx-+x* (3(23 ~ 5V21)x — 10(9 ~ 2v21)y )dy:

Indeed, on the one hand, if ¢ = —1/2++/5/10, resp. ¢ = —3/10++/21/10, then @; = —2(5—2V/5)w,
resp. @3 = —10(9 —2v/21)w. On the other hand, if ¢ = —1/2 —+/5/10, resp. ¢ = —3/10 —+/21/10,
then

o =—(25+ 11\f5)(p*0), where @ = (%ﬁx,y) ,
_ * _ [ V21-5
resp. wg = 5(87 + 19\@)\|I ®, where y= (72 x,y) )

By Table 1, we have on the one hand CSy, # CSy, , so that the foliations #y and #j are not linearly
conjugated, and on the other hand 7y = 75, = 1-R; +2-Ry + 1-R;3. Moreover, by [7, page 79],
up to MOBIUS transformation there are two rational maps of degree 5 from the RIEMANN sphere to
itself having four distinct fixed critical points, one of multiplicity 1, two of multiplicity 2 and one of
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multiplicity 3; thus up to automorphism of P there are two homogeneous convex foliations of degree 5
on IP% having type 1-R; +2-R; +1-R3. As a result, we deduce that if the foliation # is of type
Ty =1-R;1+2-Ry+1-Rj3, then H is linearly conjugated to one of the two foliations Hy or ;.

Assume that 75 = 4 -R,. The rational map g 5 has therefore four different fixed critical points of
multiplicity 2. By [7, page 80], up to conjugation by a MOBIUS transformation, G o writes as

2(—5z+5)
e e L Rt
572 —10z+4

As a consequence, up to linear conjugation
=y} (522 — Sxy +y?)dx 4 x° (4x% — 10xy + 5y%)dy

This 1-form is linearly conjugated to @1 = y*(5x* — y?)dx +x*(x* — 5y*)dy; indeed
0 = %(p*co, where @ = (x+,2y).

Assume that 75 = 2-R; + 3 -R,. Then the rational map g possesses five fixed critical points, two of

multiplicity 1 and three of multiplicity 2. By [7, page 80], g G, is conjugated by a MOBIUS transforma-
(22 +52—-20)

tion to z — ——, which implies that ® is linearly conjugated to
202 —5z—1

o12 =y (20x% — 5xy — y?)dx + x> (x* + 5xy — 20y?)dy.

Let us consider the eventuality 7, = 4-R; + 1 - R4. We can assume, up to linear conjugation, that
Dy = ex*y(y —x)(y — oux) (y — Bx) and Cy(0,1) = Cyr(1,0) = Cyy(1,1) = Cyp(1,0) = Cyr(1,B) = 0,
where o, € C\ {0,1},c € C*, with &  B. The points o = [1: 0], [0: 1], [1: 1], [1: o], [1 : B] € P are
therefore fixed and critical for % e with respective multiplicities 4,1,1,1,1. By [3, Lemma 3.9], there
exist constants ag,as,b € C*,a,a; € C such that

B(x,y) = bx’, A(x,y) = (apx® + a1x*y + axxy® 4+ azy*)y?, (z—1)? divides P(z),
(z—o)? divides Q(z), (z—B)? divides R(z),

where P(z) :==A(1,2) +B(1,z), O(z) := A(1,z) + aB(1,z) and R(z) := A(1,z) + BB(1,z). Then we have

P(]):O ag+ai+ar+az+b=0 . a306(0(+1)(3062—506+3)
w=- 2(02 — 1)
P(1)=0 2a0 +3a; +4ax +5a3 =0 az (o +20% — 302 + 200+ 1)
a= —o+1
Q(a) =0 a30t + ar o + a0 +ago+b =0 . az(o+1)(40% — 50+ 4)
N P M 22 —a+1)
Q'(0)=0 5a30 4+ 4ar0? +3ar o+ 2ag = 0 . azo? (o —1)?
2(02 —a+1)
R(B)=0 a3+ arBP +a P +aB+b=0 B (a+1)(302 — 50+ 3)
502 —a+1)
R(B)=0 5a3B° +4axB* +3a1B +2a0 =0 (0? —200+2) (202 — 20+ 1) (a? +1) =0
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Multiplying ® by 1723 (0 — o+ 1), we reduce it to

o = (oo+ 1)(302 — a4+ 3)° + (o+ 1)(402 = S+ 4)xy> ~ 2(02 — - 1)y ) de
+2(a* 4202 — 302 + 200+ 1)x%y dx + o (o — 1)%x°dy,
with (0> — 20+ 2) (202 — 20t + 1) (a2 + 1) = 0. This 1-form  is linearly conjugated to
013 = y*(5x° — 10x%y + 10xy* — 4y*)dx — x°dy.
Indeed, the fact that o satisfies (0> — 200+ 2) (20> — 20+ 1) (o + 1) = 0 implies that

5a.(o0—1)? )

2 _
o (0TGRS t3) Where(p:<x’(

503(a—1)* o+ 1)(362—50+3)

o Finally let us examine the case 7,y = 3-R; +1-Ry + 1 -R3. Up to isomorphism, we can assume that
Dy = cx’y?(y —x)(y — o) (y — Bx) and Cyy (0, 1) = Cy(1,0) = Cyy(1,1) = Cyr(1,0) = Cy(1,B) = 0,
where o, p € C\ {0,1},c € C*, with o # B. A similar reasoning as in the previous case leads to

0 =o0() :y3((oc2 —3a+1) (o +5a+1)x* —2(o+1) (0 — 50+ 1) xy + (0 — 7o+ 1)y2)dx
+axt(20(02 — o+ 1) (@t 1) (302 — S0+ 3)y ) dy,

with P(at) = 0 where P(z) := 3% — 3927 4 194z* — 203z> + 1947% — 39z + 3. The 1-form o is linearly
conjugated to

o4 :y3((02 ~36+1)(c*+506+1)x* —2(6+1) (6> =56+ 1)xy+ (6> —To + l)yz)dx

+Gx4<20(62 —6+1)x—(c+1) (362—50+3)y)dy,

where 6 =p 414/ % — %p — %pz and p is the unique real number satisfying 8p> —52p>+134p — 15 =0.
Indeed, on the one hand, it is easy to see that G is a root of the polynomial P, so that ®14 = ®(G).
On the other hand, a straightforward computation shows that if o} and o are any two roots of P then

o(on) = _212T00 (13035a§ — 16780204 + 8216330 — 77766703 + 7437780 — 76185) ¢ (o(ay))

with u = 19503 — 20203 + 23303 — 420 + 3, ¢ = <x, > where

A
43200”
A= (390@ — 5010} + 244703 — 229303 + 23430t — 477) (24a§ — 3090t + 1510083 — 141502 + 14460, — 21) .

The foliations #, ..., #4 are not linearly conjugated because for all i,j € {1,...,14} with i # j we have
(see Table 1)

This ends the proof of the theorem. O

An immediate consequence of Theorem A is the following.

Corollary 2.2. — Up to MOBIUS transformation there are fourteen rational maps of degree five from the
RIEMANN sphere to itself having only fixed critical points, namely the maps G JUEEErS: G 9
— /1] — /114
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Proof of Theorem B. — Let ¥ be areduced convex foliation of degree 5 on ]P%. Let us denote by X the set of
non radial singularities of . By [4, Lemma 3.4], ¥ is nonempty. Since by hypothesis ¥ is reduced convex,
all its singularities have MILNOR number 1 ([3, Lemma 6.8]). The set X consists then of the singularities
s € SingF such that T©(F,s) = 1. Let m be a point of X; by [4, Lemma 3.1], through the point m pass exactly
two F -invariant lines /1) and ¢().
On the other hand, according to [4, Proposition 3.2] or [3, Proposition 6.4], for any line £ invariant by , there
exists a homogeneous convex foliation #; of degree 5 on P% such that the line £ is #j-invariant. Therefore
Hp, and in particular each }[E(i)’ is linearly conjugated to one of the fourteen homogeneous foliations given
by Theorem A. Proposition 3.2 of [4] also ensures that

(o) Sing¥ N¢ = SingHyN ¢,

(b) Vs € SingHyN L, u(Hy,s) =1,

(c) Vs € SingHy N, t(Hy,s)=1(F,s);

(0) Vs e SingHyN¥, CS(Hy,l,s) =CS(F,L,s).

Since CS(, £y, m)CS(F €57 ,m) = 1, relation (3) implies that CS(Hq), ), m)CS(Hye) £ ,m) = 1. This
equality and Table 1 lead to ! !

@2.1) {{cs(%m,ﬁgp,m% CS(}[E(@,E’(nZ)’m)}} _ {{ Y S G T V- %\fs}}.
At first let us assume that it is possible to choose m € X so that

{CS (. 6, m), CS (e ) m)} = {~4,~3}.

Up to renumbering the E,(,? we can assume that CS(}[gm ,fﬁ,}),m) = —% and CS(}[E@ , 5,(412) ,m) = —4. Consult-

ing Table 1, we see that
Ty, = 2R, Ty, € {2-R1+3~R2,4~R1+1 .R4,3.R1+1-R2+1-R3}.

Therefore, it follows from relations (a) and (c) that F possesses two radial singularities m,m, of order 4 on
the line €§,} ) and a radial singularity m3 of order 2 or 4 on the line ZS,% ).

We will see that the radiality order of the singularity m3 of F is necessarily 4, i.e. T(¥,m3) =5. By [2,
Proposition 2, page 23], the fact that ©(F,m;) +t(F,m3) > 543 > deg ¥ implies the invariance by ¥ of
the line £ = (mym3); if T(F,m3) were equal to 3, then relations (a), (b) and (¢), combined with the convexity
of the foliation #j, would imply that

Ty

€ {2-R2+1-R4,2-R1+1~R2+1-R4}

so that (see Table 1) #j would possess a singularity m' on the line £ satisfying
CS(Hy, ) € {he T 1 (h+3)(A+5) (A+3) (5907 + 1770+ 64) =0}
which is not possible by (2.1).
By construction, the three points m;, m, and m3 are not aligned. We have thus shown that F admits three

non-aligned radial singularities of order 4. By [3, Proposition 6.3] the foliation ¥ is linearly conjugated to
the FERMAT foliation 7.
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Let us now consider the eventuality {CS(}[ZS),EE,P,m), CS(}[éf,f)’K'(’%)’m)} ={-3+1V5 -3 - 1V5} for
any choice of m € X. In this case, Table 1 leads to {IHN =2-Ri+2-R3fori=1,2. Then, as before, by
using relations (a), (b) and (¢), we obtain that F posselgses exactly four radial singularities on each of the

lines Em , two of order 1 and two of order 3. Moreover, every line joining a radial singularity of order 3 of

F on €m and a radial singularity of order 3 of ¥ on K,(nz ) must necessarily contain two radial singularities
of order 1 of F. We can then choose a homogeneous coordinate system [x:y: z] € ]P’%C in such a way that
the points m; =[0:0:1], my=[1:0:0] and m3 = [0: 1 : 0] are radial singularities of order 3 of .
Moreover, in this coordinate system the lines x = 0, y = 0, z = 0 must be invariant by ¥ and there exist
X0,¥0,20,X1,Y1,21 € C*, x1 # X0,¥1 # Y0,21 # 20, such that the points mg = [xo : 0: 1], ms = [1: yo : 0],
me=10:1 :z()] m7 [x1:0: 1], mg = [1 :y;:0], mg=[0:1:z] are radial singularities of order 1 of 7.
Let us set § = P = yl , 6 = 2, wo = xoy0z0; then wo € C*, €,p,6 € C\{0,1} and, up to renumbering
the x;,yi,2;, we can assume that 3‘,, p and ¢ are all of modulus greater than or equal to 1. Let ® be a 1-form
describing ¥ in the affine chart z = 1. By conjugating ® by the diagonal linear transformation (xox, xoyoy),
we reduce ourselves tomg = [1:0: 1], ms=[1:1:0], mg=[0:1:wo], my=[§:0:1], mg=[1:p:0],
mg = [0:1:0wg]. The equalities V(¥ ,m1) = 1, T(F ,m;) = 4 and the invariance of the line z =0 by ¥ ensure
that o is of type

o = (xdy — ydx) (Y+ hox + Ay + cox® +crxy + c2y?) + (aox* + 0Py + opx?y? + azxy® 4 ouy*)dx
+ (B0x4 + B1x3y + Bzxzy2 + B3xy3 + B4y4)dy + (ao)c5 + a1x4y + a2x3y2 + a3x2y3 + a4xy4 + a5y5)dx
+ (box° + b1x*y + box’y? + b3x®y? + baxy* + bsy® )dy,

where a;,b;, cj, 0, Br, Ay € Cand y € C*.
In the affine chart x = 1, resp. y = 1, the foliation ¥ is given by

—(Boz+ B1yz+ Bay*z+ By’ z+ Bay*z + bo + bry + bay* + b3y + bay* + bsy’) (ydz — zdy)
—(opz+oyyz+ Otzyzz + 063y3z + Oc4y4z +ap+aiy+ a2y2 + a3y3 + a4y4 + asys)dz
+ 22 (Y22 + Myz 4+ Aoz + co + c1y + c2y?)dy,

resp. N = (ocox4z + 074 0xP 7+ 03X + 0wz + ap X + a1x* + aox® + asx® + asx+ as)(zdx — xdz)
— (Box*z+ B1x’z+ Box’z + Baxz + Baz + box® + b1x* + box® + b3x* 4 bax + bs)dz
-7 (W(Z2 +Moxz+Mz—+cox® +c1x+ co)dx.

A straightforward computation shows that

( dx — xdz) =z0(x,z)dx Adz,
f<1y.z>=<|,0)9) A ((y 1)dz —zdy) =—28(»,29)dyAdz,
(( —&)dy —de) =EU(x,y)dx Ady,
A

((z —owyp)dx —xdz) =W(x,z)dxAdz

(J b= 0>9) A (ydz - ZdY) = —zP(y7)dyNdz, (
(Fhy=1.00@) A (= Ddy = ydx) = R, yydendy,
(J(X o, m“) A (e wo)dx —xdz) = T(r.2)dxAdz, (I @)
(J<1 . ) ( p)dz — zdy) = 2V (y,2)dy Adz, (
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with
P(y,2) = ap + a1y + Gz + azy” + 0 yz +azy’ + 0ay’z — coyz?,
Q(x,2) = bs + bax + Paz+ b3x> + Bsxz + box® + Box’z+ cox2?,
R(x,y) = 4ao+ 309 — (9ag + T )x + (Y— co — a1 — oty — 4bo — 3Bo)y + (Ao +2co + a1 + oty + 5bo +4Bo)xy
+ (Sag +400)x> + (M + 1 + b1 +B1)y*,
S(y,z) = (a1 +2a2 + 3az + 4as + Sas + by +2by +3b3 +4bs + 5bs)y + ag — az — 2az — 3as — 4as + by — by — 2b3
—3b4 —4bs + (0l + 01 + 0t + 03 + 0l + Bo + Bi1 + B2 + B3 + Pa)z,
T(x,2) = —bswo — wo(4ywg + 3N w3 4+ 2cawd + Bawo + as + ba)x — (Bawo — bs)z +wo(Aowd + c1wh — azwo — ag)x*
+ (5yw( -+ 4Mwp + 3cawg — lgwo + Bawo + ba)xz + Baz?,
U(x,y) = (4a0& +300)&" — & (9a0§ + 70 )x — (a1&* +4bo&* + o1&’ + 30§ + co&” —7)y + & (5a0& + 4ap)x
+ (@18 +5b0&” + o &% +4BoE” + 20 + ho)xy + (B1E + B1&” + 1§ + M)y,
V(y,z) = (5bsp’ + Sasp® +4bsp* +4asp™ +3b3p® + 3azp® + 2b2p? +2a2p + b1p +ay )y — 4bsp® — (4as + 3bs)p°
+ (Bap” + oup® + Bsp* +0ap’ + Bop’ + 00p” + Bip® + 0 p + Pop + 00)z — (3as +2b3)p* — (2a3+ b2)p’
—ap® + bop + a,
W (x,2) = owo(AoG Wy + 162 W3 — 030wo — ag)x> + (5yc*wi + 4N W) + 3¢26° w3 — ayowo + B3owo + by)xz
+ Baz? — owo (4yS W + 30 P W + 20267 WE + B3owo + as + by )x + (bs — Paowp)z — bsowy,
so that the equality T(F,my) = 4 (resp. T(F,m3) = 4, resp. T(F,ma) =2, resp. ©(F,ms) = 2, resp.
©(F,mg) =2, resp. T(F,my) =2, resp. T(F,mg) =2, resp. ©(F,mg) = 2) implies that the polynomial P
(resp. Q, resp. R, resp. S, resp. T, resp. U, resp. V, resp. W) is identically zero. From P = Q =0 we

0btaina0=a1:a2:a3:0c0:(x1=0c2:b2:b3:b4:b5:|32:[33:[34:c()262:0. Next, from
the equalities R=S =T =U =V =W = 0 we deduce that

E-p-c-2+ _4T+21V5 Jg— B5T2VS
=p= _2 ) B Y= 7 as, 0 — 7 as,
54+4/5 25+11V5
ag = — 2\[615, bI:(5+2\@)a5, BOZ%%,
25+ 115
03 = (9+4V5)(Swo +5 —2V5)as, o = == aswo, M = —(85+38v/5)aswo,
2 -2 47421 )
51:—(65+ 9\6)(;0+5 \/g)as, c1=( s \5)(52W0+5 \/g)as, wo:i(\@—Z)

with as # 0. Thus o is of type

0= Cls@ﬂ—zm(xdy—ydx) (2 (5= V/5)x=wo(5+/5)y+ (10w0 + 10— 4v/5) )
+ D3 ((9+4V5) (10w + 10— 4v/5)x = wo (25 + 11V5)y = (5+V/5)ay +2))de

+ 50 ((25+11V5)x— (65+29V5) (wo+5 —2V5)y — (7+3V5) + (10+4v5)xy) dy,
where wy = +(v/5 —2) and as € C*. The 1-form is linearly conjugated to

oy = (¥ = 1) (3" = (V5-2)?) (y+ V5x)dx — (x* — 1) (= — (V5 - 2)?) (x + V/5y)dy.
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Indeed, if wy = V5-2, resp. wog =2 — V/5, then

32(3571—1597+/5) 3+5 2++/5
0, = ( o >(p1co, where @ = ( 2 (x+1),— 5 -1,
32(64079 —28657+/5 2 5 7435
resp. @y = ( P \[)(pﬁ(o, where @ = < +2\[(x+\f5—2),—+4\[(y+ \@—2)) .
5
O
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