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Abstract

The Abel differential equations of second kind, named after Niels Henrik Abel, are a class
of ordinary differential equation studied by many authors. Here we consider the Abel quadratic
polynomial differential equations of second kind denoting this class by QS 4 . Firstly we split the
whole family of non-degenerate quadratic systems in four subfamilies according to the number of
infinite singularities. Secondly for each one of these four subfamilies we determine necessary and
sufficient affine invariant conditions for a quadratic system in this subfamily to belong to the class
QS ap . Thirdly we classify all the phase portraits in the Poincaré disc of the systems in QS 45 in
the case when they have at infinity either one triple singularity (21 phase portraits) or an infinite
number of singularities (9 phase portraits). Moreover we determine the affine invariant criteria
for the realization of each one of the 30 topologically distinct phase portraits.

Key-words: quadratic differential system, second kind of Abel differential equations, phase por-

traits.
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1 Introduction and statement of the main results

We consider the class of real quadratic polynomial differential systems

& = po + p1(a, z,y) + p2(a, z,y) = P(a,z,y), )
y =4q0 + Q1(C~l>$7y) + QQ(d7x7y) = Q(&vxay)
where
Po = a, pl(&7$7y) =cx + dya p2((~1,l‘,y) = ng + thy + ky2>
0 =">, qi(a,z,y)=ex+ fy, ¢(a z,y)=I12>+2may+ny*.



and with max(deg(p),deg(q)) = 2. Here the dot denotes derivative with respect to an independent
variable ¢, usually called the time. We denote by a = (a, ¢, d, g, h, k,b, e, f,1,m,n) the 12-tuple of the
coefficients of systems (1), and by QS the class of all real quadratic polynomial differential systems,
that sometimes we simply will say quadratic systems.

There are more than one thousand papers published on QS. The main difficulty of studying
QS comes from the fact that they depend on twelve parameters. So people studied subclasses of
QS which modulo the affine group action and time rescaling depend on at most three parameters.
Without trying to be exhaustive we describe some of these subclasses in the following works: systems
in QS having a center [55, 62, 64, 78, 88]; systems in QS without finite real singularities [36, 76];
systems in QS with one anti-saddle and one focus [2]; QS with a unique finite singularity [27, 40, 59,
75, 77, 82, 83]; systems in QS having the infinity filled of singularities [37, 70]; systems in QS having
an integrable saddle [18]; systems in QS having a weak focus of third order [5, 52]; homogeneous
systems in QS [84, 85]; Hamiltonian systems in QS [3, 4, 42]); bounded systems in QS [28, 47];
semilinear systems in QS [54]; Darboux integrable systems in QS [49, 81]; Lotka-Volterra systems in
QS [72, 73]; structurally stable systems in QS [1, 41]; systems in QS having rational first integrals
[24, 50, 51]; systems in QS having a polynomial inverse integrating factor [25]; systems in QS having
invariant straight lines of total multiplicity > 4 [65, 67, 68, 69, 71]; systems in QS having polynomial
first integrals [35]; ... Using modern methods, such as the algebraic and geometric invariants, during
the last years better classifications of some subclasses of QS where obtained. For example systems
in QS having a second order weak focus [8], systems in QS having one invariant straight line and
a weak focus [10], and the complete characterization of the geometric configurations of singularities
of systems in QS [7, 11, 12, 13, 14, 15].

In this paper we study Abel differential equations of the second kind which are of the form

vl = Al + B()y + O(w), @)

with A(z), B(x), C(z,y) € R(z,y). These differential equations can be equivalently written as
polynomial differential systems

& =d(z)y, §=a(x)y’+bx)y+c(x),

where A(z) = a(x)/d(x), B(x) = b(z)/d(z) and C(x) = ¢(z)/d(x), with polynomials a(z), b(x), c(x)
and d(x) in Rlz,y]. In this paper we are interested in studying the Abel quadratic polynomial
differential systems, i.e., the differential systems of the form

&= (do + diz)y = P(z,y), 9= aoy®+ (bo + b12)y + co + c1z + caz? = Q(x, y), (3)
coming from the Abel differential equation of second kind (2).

Definition 1. We say that a non-degenerate quadratic system (1) is of Abel type if and only if
there exists an affine transformation which brings this system to the form (3). We denote the class
systems of Abel type by QS ap -

Some subclasses of QS ap have already been studied. In the paper [53] is considered the family of
systems (3) with agp = 0 and with Zs-symmetries. In the paper [33] the family of systems (3) with



dy = 0 and ag # 0 is analyzed. Finally, in the paper [34] is considered the family of systems (3) with
ag # 0 and having a symmetry with respect to an axis or with respect to the origin.

The goal of this paper is firstly to determine necessary and sufficient conditions in terms of affine
invariant polynomials for an arbitrary quadratic system to be of Abel type. Secondly to topologically
classify all the phase portraits in the Poincaré disc of the systems in Q.S apin the case when they
have at infinity either one triple singularity or an infinite number of singularities. Moreover to
determine the affine invariant criteria for the realization of each one of the 30 topologically distinct
phase portraits.

The affine invariant polynomials which appear in the statement of the next theorem are defined
in Section 2. Our main result is the following one.

Main Theorem. A non-degenerate quadratic system (1) (i.e. Z?:o wi # 0) belongs to the class
QS ap of Abel quadratic systems if and only if By = 0 and one of the following conditions is satisfied:

A) If n> 0 then either

Ay) 0#0, or

As) =0, N+#0, H; #0, or

As) §=0, N#£0, Hr =0, B, =0, or

Ay) =0, N=0,0;#0, or

As) §=0,N=0,05=0, B, =0, 6,0, or
Ag) =0, N=0,603=0, By =0, 64 =0, By =0.

B) If n <0 then either

Bi1) 6 #0, By #0, or
Bs) 6 +#0, Bo=0, B3=0, or
Bs) =0, N+#0, Hi #£0, By #0, or
By) =0, N0, Hi 40, B, =0, B3 =0, or
Bs) =0, N=0, By #0, or
Bs) =0, N=0, By =0, B3 =0.
C) If =0 and M # 0 then either
Ci) 6#0, or
Co) 0=0,pu#0, H; #0, or
C3) 6=0,pu0#0, H;=0, B, =0, or
Cy) 0=0, =0, N0, H #0, or
Cs) 0=0,0=0, N+£0, Hr =0, B3 =0, or
Ce) 0=0,pu0=0 N=0, K#0, 050, or
Cr) 0=0,p0=0, N=0, K+#0,6;5=0, B3 =0.



D) If n=0 and M =0 then either

Dy) Cy#0,0#0, or

) Co#0,0=0,N=0, By #0, or
Ds) Cy=0, Hig#0, or
Dy) Oy =0, Hig=0, Hys #0.

2 The main invariant polynomials associated to the class Q.S 4

Consider quadratic systems of the form (1). It is known that on the set QS acts the group Aff(2,R)
of affine transformations on the plane (cf. [66]). For every subgroup G C Aff(2,R) we have an
induced action of G on QS. We can identify the set QS of systems (1) with a subset of R'? via the
map QS— R!'? which associates to each system (1) the 12-tuple @ = (a,c,d, g, h, k,b,e, f,1,m,n)
of its coefficients. We associate to this group action polynomials in z,y and parameters which
behave well with respect to this action, the GL—comitants (G L-invariants), the T—comitants (affine
invariants) and the CT-comitants. For their definitions as well as their detailed constructions we
refer the reader to the paper [66] (see also [9]).

Next we define the following invariant polynomials associated to the class QS ap:

{M07~--7M4a D7 P7 R7 S7 T7 U77-17"'77217f7~717"'7f47 Hv Bv 617827 g,

N o (4)
n, M, Cy, 0, 03,04, K, N, H7, Hy, Hyo, H11, H12, E7, Uq, U2}-

According to [9] (see also [20]) we apply the differential operator £ = x - Ly — y - L acting on

Rla, x, y] with
0 0 1 0 0 0 1 0
L; =2 2b, b —b
! 0 5a10 8@ + a0 8@ + 2a018 aijl + 00 9b10 (%1 BT (%20 + 2 0L ob, 8b11
0 0 1 0 0 0 1 0
Lo =2 2b b b —
2 = 2a00 77— o1 + ap1 77— Daos + 2CL10a + 2000 57— Bboy + bo1 77— Bbog + =010 Oby,’

to construct several invariant polynomials from the set. More precisely using this operator and the
affine invariant pg = Res, (pg(d, x,y), q(a, z, y)) /y* we construct the following polynomials

1 . A A
:U“Z(aaxvy) = 5[’(7/)(:“0)) i=1,.,4, where ‘C(l)(,u(]) = ‘C(‘C(Z_l)(:u()))

Using these invariant polynomials we define some new invariants, which according to [9] are respon-
sible for the number and multiplicities of the finite singular points of (1):

D = [3((%,#3)(2)7 Mz)@) — (6popa — 3paps + p3, M4)(4)} /48,

P = 12044 — 3pipis + p13,

R =37 — 8uopa, 5)
S =R? - 16,3P,

T =185 (313 — Spapa) + 2023 — g piopi + 2703 pus) — PR,

U = i — 4paps.



In what follows we also need the so-called transvectant of order k (see [39], [60]) of two polynomials

f7 g & R[d,.’lﬁ,y]
k

k ok f kg
(k) — —_1)"
EYE) () i g

Next we construct the elements 71, ...,7; of the set (4) which are responsible for the number of
the vanishing traces corresponding to the finite singularities of systems (1). For this we define a
polynomial (which we call trace polynomial) as follows.

Following [80] we denote by o(a,z,y) = gp + gq = o09(a) + o1(a, z,y) and we observe that the
€T Y

polynomial o(a,x,y) € R[x,y] is an affine comitant of systems (1).

Definition 2 ([80]). We call trace polynomial T(w) over the ring R[a] the polynomial defined as
follows

1 . . @ .
3w = Y o (oh 7€) 0t =Y @ ut, )

where the coefficients G;(a) = (o}, w)® € Rla), i = 0,1,2,3,4 (Go(@) = po(a)) are GL-

invariants.

Using the polynomial ¥(w) we could construct the above mentioned four affine invariants 7y, 73, 72

and 7i: ‘
1 dT

Z' dwZ w=o(

Ti—i(a) eR[a], i=0,1,2,3 (Ta=%(00)).

In order to construct the remaining invariant polynomials contained in the set (4) we first need to
define some elementary bricks which help us to construct these elements of the set.

We remark that the following polynomials in R[a, x,y] are the simplest invariant polynomials of
degree one with respect to the coefficients of the differential systems (1) which are G L-comitants:

. 0 0 .
Cl(x7y):ypz(x7y)_$QZ(‘r7y)7 ’L:Oa1727 Dz(xay) = %pz(xay)—i_aiyql(x:y)v 1:172 (7)

Apart from these simple invariant polynomials we shall also make use of the following nine GL-

invariant polynomials:

Ty = (Co, C1)YV |, Ty = (Co,C)W | Ty = (Co, D)V, Ty = (C1, )P, Ty = (C1,Co)W,
To = (C1,C0)®, Ty = (C, Do)V, Ty = (Co, o), Ty = (Co, D).

These are of degree two with respect to the coefficients of systems (1).



We next define a list of T-comitants:
A(a) = (Cy,Ts — 2Ty + D3)?) /144,

B(a,z,y) = {16D1(D2, Ty)D(3C1 D1 — 2C, Do + 4T5) + 32Co(Ds, To) D (3D1 Dy
— 5T+ 9T%) + 2(Da, To)V (2701 Ty — 18C1 D} —32D1 T +32(Co, T5) V)
+ 6(Da, Tr) M [8Co(Ts — 12Ty) — 12C1 (D1 Do +T+) + D1 (26Co Dy +32T5)
+ Co(9Ty + 96T3)] + 6(D2, T5) ) [32C0Ty — C1 (12T + 52D1 Do)
— 3205D3] + 48Do(Ds, T1)V(2D3 — Ty) + 6 D1 DoTu(Ts — TD3 — 42Ty)
— 32D, T3(Dy, To)™) + 9D23Ty(Ts — 2T7) — 16D, (Cy, Tg) V) (D? + 4T3)
+12D1(C1, T3) P (C1 Dy — 2C5Dy) + 12D (C1, Ts) V(T + 2D, Dy)
+96D3[D1(C1, Tst)™M) + Do(Co, Ts) V] — 4D Do (D3 + 3T + 6Ty)
— 16Dy DoT5(2D3+3T) + GD%D§(7T6+2T7)—252D1D2T4T9} /(2833),

~

D(a,x,y) = [2Co(Ts — 8Ty — 2D3) + C1(6T7 — Tg) — (C1, T5)V) — 9D3Cy
+ 6D1(C1 Dy — T5)] /36,

E(a,z,y) = [D1(2Ty — Ty) — 3(C1, Ty)Y — Do(3T7 + D1 D) /72,

F(a,z,y) = [6D?(D% — 4Ty) + 4Dy Do(Ts + 6T%) + 48Co(Da, To) V) — 9D3T,
+ 288D E — 24(Cy, D)® 4 120(Do, D) — 36, (Do, T7) W
+ 8D (D, T5)M] /144,

K(a,z,y) = (Ts + 4Ty + 4D3) /72,

H(a,z,y) = (~Ts + 8Ty + 2D3)/72,

as well as the needed bricks:

A(a) = A, As(@) = (Ca, DY®) /12, A3(a) = [Cy, Do)V, Do), Dy) Y ja8,
Ay(a) = (H,H)?, As(a) = (H,K)?)2, Ag(a) = (E,H)® /2,
A7(@) = [Co, B)?, Do) /8, Ag(@) = [D, H)?, D2)'/8, Ag(a) = [D, D)™, Do)V, Dy) " /48,
Aw(@) = [D,K)@,D,)V /8, An(a) = (F,K)® /4, Ap(a) = (F, H)®) /4,
Au(a) = (B, C2) /36, Ai5(a) = (B, F)? /4, As(a) = [D, D)@, E)® /16,

Ass(a) = [[ﬁ’D2)(1)7F‘)(1) Dg)(l),Dg)(l)/IQ& Asy(a) = [[ZA),ZA))(Z),Dg)(l),K)(l),Dg)(l)/Gél

In the above list the bracket “[” means a succession of two or up to four parentheses “(” depending

on the row where it appears.



Now we can define the remaining invariant polynomials of the set (4):

Fola) = — 2A%A3 + 2A5(5As + 3A9) + A3(As — 3A10 + 3A11 + Ar2) — A4(10As — 3A9 + 5A10
+5A11 + 5A12),

F3(a) = — 10A2 A3+ 2A5(Ag— Ag) — Ay(2A3+ Ag+ Ao+ A1+ Ar) + A3(5A3+ Ag— A1+ 5A1),
Fi(@) =20A2 Ay — Ag(TAs — 4Ag + Ao + Ay + TA) + Ay (6A14 — 22A15) — 4433 + 4434,
H(a) = — (A4 +245),
B(a) = — (34s + 249 + Aio + A1 + A1),
Bi(a,z,y) = {(T7, Dy) MV [12D1T5 + 2D% 4+ 9D, Ty + 36(Ty, Do) "] — 2D, (Ty, Do)V (D? + 12T3)

+ D3y (T, 1) ? +6( (T, 1), D2) ]} /144,
Ba(a,z,y) = {(T% Dz)(l) [8T5(T5, Dz)(l) — D} (T, Cl)@) — 4D ((Ts, Cl)(1)7 Dz)(l)]
2
+ [(T7, DQ)(I)} (8T — 3Ty + 2D%)}/384,

— 4K = Jacob (pg(&,x,y),qQ(&,x,y)),
= (Cy, C’Q)(Q) = 2Hess (C’z(d, x, y)),

n(a :(M )(2)/384 Discrim (C’z(a T y))
— (N, N) ) /2 = Discrim (N(a, z,9));
=Ag + A,

Ei(a) = Ao,
Ur(a) = Ag — 54A2,
Us(a) =3As — Ay,
Hz(a) =(N,C)?,
Hy(a) = — [D,D)®,D,)", D)*,
Hiola :[[N,f))@), Do),
Hy (@, ,y) =8H[(Cy, D) +8(D, Do) V] + 3[(Cy, 2H — N)V —2D,N]?,
Hys(a,x,y) = (ﬁ,f))( ) = He551an(D)

We remark that the above invariant polynomials (except ﬁl and ﬁg) were constructed and used



in [80], [70] and [17] and only the invariant polynomials U; and Uy are defined here.

3 Preliminary results involving the use of polynomial invariants

We remark that the invariant polynomials p;(a,x,y) (¢ = 0,1,...,4) defined in the previous sub-
section are responsible for the total multiplicity of the finite singularities of quadratic systems (1).
Moreover they detect whether a quadratic system is degenerate or not. More exactly we have the
following lemma.

Lemma 1. ([20]) Consider a quadratic system (S) with coefficients a € R'2. Then:

(1) The total multiplicity of the finite singularities of this system is 4 — k if and only if for every i
such that 0 < i < k — 1 we have p;(a,z,y) =0 in R[z,y] and px(a,z,y) # 0.

(13) The system (S) is degenerate (i.e. ged(p,q) # constant) if and only if pi(a, z,y) = 0 in Rlz, y]
for everyi=0,1,2,3,4.

On the other hand the invariant polynomials 7, M and C5 govern the number of real and complex
infinite singularities. More precisely, according to [74] (see also [66]) we have the next result.

Lemma 2. The number of infinite singularities (real and complex) of a quadratic system in QS is
determined by the following conditions:

(1) 3 real if n > 0;

(7i) 1 real and 2 imaginary if n < 0;
(7i1) 2 real if n =0 and M #0;

( —

(

iv) 1 real if n = M =0 and Cy # 0;
v)ooifn:M:CQ:O.

Moreover, the quadratic systems (1), for each one of these cases, can be brought via a linear trans-
formation to the corresponding case of the following canonical systems (Sy) — (Sy):

i = a+cr+dy+gr?+(h—1)ay, (S1)
g = btex+ fy+(g—1)zy+ hy% !
i = a+cr+dy+gr?+ (h+1)ay, (Sn)

= b+ex+ fy—a*+ gry + hy% "
i = a+cx+dy+ gr®+ hay, (Sur)

= btex+ fy+(9— Dy + hy* o
& = a+cx+dy+ gx®+ hay, (Sn)
y = btex+ fy—a?+gry+ hy? v
& = a4 cx+dy+ x>, (Sy)

= b+exr+ fy+axy. v



According to [16] (see also [9]) the next proposition is valid.
Proposition 1. Consider a non-degenerate quadratic differential system. Then:

(i) this system has one center if and only if one of the following sets of conditions holds

C) Tu=T3=To=T1=0,0#40, F1 =0, H<0,B<0, F=0;
Q:4 71:7;’3:7’2:7’1:0,07&0,]-"1:O,H:Blz(),82<0;

C5)o=0,u<0, D<O,R>0, S>0; ®)
c=0,u=0, D<0, R#0;
¢7) o=0, yo>0,D > 0;

(ii) and it has two centers if and only if one of the following sets of conditions holds
€)Ta=T3=0,T2<0,B<0,H <0, F=0F =0;
(€3) 0=0, o >0, D<0, R>0, S>0.

In what follows we also need the next lemma.

Lemma 3.[65] For the existence of an invariant straight line of a system (1) in one (respectively 2;
3 distinct) directions in the affine plane it is necessary that By = 0 (respectively Bo = 0; B3 = 0).

4 The proof of the Main Theorem

We shall consider step by step each one of the subfamilies of quadratic systems defined by the
conditions A) - D) which are provided by the Main Theorem.

4.1 The subfamily defined by A): n >0

According to Lemma 2 we consider systems (S) for which calculations yield:
n=1 6=-8(g—1)(h—1)(g+h). (10)

We consider two cases: 6 # 0 and 6 = 0.

4.1.1 The case 6 #0

Then (g —1)(h —1)(g + h) # 0 and due to a translation we may assume d = e = 0, i.e. we get the

systems
i=a+cx+ga®+ (h—Day, §=b+ fy+(g— Day+hy’, (11)



for which we calculate
By =ab(g — 1)*(h — 1)*[(b—a)(g + h)* + cf(g — h) + *h — f*g] = ab(g — 1)*(h — 1)*H.

So due to 8 # 0 the condition By = 0 is equivalent to abH = 0 and we consider two subcases: ab =0
and H = 0.

4.1.1.1 The subcase ab = 0 We observe that systems (11) keep the form under the change
(z,y,a,b,¢, f,g,h) — (y,x,b,a, f,c, h,g) and hence without loss of generality we may consider that
the condition a = 0 is fulfilled. Then we arrive at the family of systems

i=z[c+gr+ (h—1y|, §=b+ fy+(g—Day+hy? (12)

possessing the invariant affine line x = 0. It is not too difficult to detect, that after the affine
transformation
rn=z, yr1=gr+(h-1ly+c

we arrive at the systems
o1 =zy1, y=b+ex+ l’x% + (f +2m'z1)y; + n'y?, (13)

where b, ¢/, f/,I',m' and n’ are rational functions of the parameters b, c, f, g, h with the same denom-
inator (h — 1) # 0.

It remains to observe that these systems belong to the family of systems (3).

4.1.1.2 The subcase H =0 Then the equality
(b—a)(g+h)*+cflg—h)+ch—fg=0

gives us

(f —c)(fg+ch)

b=a+
¢ (g+h)?

= by

and this leads to the family of systems
it=a+cx+gx®+ (h—Daxy, §=0by+ fy+ (g—1)zy+ hy>.
Since g + h # 0 we can apply to these systems the transformation
vr=(g+h)(@—y)+tc—f, n=_(+h)(gz+hy)+ fg+ch, t1=t/(g+h)

with the determinant (g + h)® # 0. As a result we get the family of systems (13) the parameters
b,e, f',I'ym" and n’ of which are rational functions of the parameters a,c, f, g, h with the same
denominator (g + h) # 0. So we again arrive to a subfamily of systems (3).

10



4.1.2 The case 0 =0

For systems (Sy) we have
0=-8(g—1)(h-1)(g+h), N=(-1a’+2g-1)(h-Day+(*-1)y*  (14)

and therefore the condition § = 0 yields (h — 1)(g — 1)(g + h) = 0. Without loss of generality we
can consider g = 1. Indeed, if h = 1 (respectively, g +h = 0) we can apply the linear transformation
which will replace the straight line x = 0 with y = 0 (respectively, x = 0 with y = x) reducing this
case to h = 1.

So we assume h = 1 and in this case by (14) for systems (S;) we have N = (g — 1)(1 + g)z2. We
consider two subcases: N # 0 and N = 0.

4.1.2.1 The subcase N #0 Then (g —1)(g+ 1) # 0 and due to a translation we may assume
e = f =0. So we get he family of systems

i=a+cx+dy+gz®, §=b+(g—Day+y? (15)
for which we calculate

By = bd*g(g — 1)*[(b— a)(1 + g)* + (c + d)(c — dg)] = bd’g(g — 1)*®,
po = g°>, Hr=4d(g* —1).

4.1.2.1.1 The possibility H7 # 0. This implies d # 0 and due to N # 0 the condition B; =0
yields bg® = 0. We consider two cases: pg # 0 and pg = 0.

a) The case py # 0. Then g # 0 and we get bP = 0.

a.1) The subcase b = 0. Then systems (15) possess the invariant line y = 0 and using the
transformation

1=y, y1=(9—-Dz+y
we arrive at the systems
. . 1
i =my, th=alg—1)—(c+d—dg)r1+cyr + -1 (927 — (9 — Days + gyi]-
So we get a subfamily of the family of systems (3).
a.2) The subcase ® = 0. This condition gives

L alltg)? (e td)c—dg) _,
B (1+g)? -

and systems (15) with b = by possess the invariant line (1 + ¢g)(z — y) + ¢+ d = 0. Then applying
the transformation

r1=0+g)(z—y)+c+d, yi=gr+y (Det=(1+g)*#0)

11



we get a subfamily Abel quadratic systems of the form (3):

1 =x191, 1= Q(x,y),

where Q(z,y) is a quadratic polynomial the coefficients of which are rational functions of the pa-
rameters a, ¢, d, g, h (denominators are some powers of (g + 1) # 0).

b) The case p19p = 0. Then we have g = 0 and considering systems (15) we obtain the systems
i=a+cx+dy, 7=0b—xy+1y°
Since d # 0 we can apply the transformation
r1=x, y1=cr+dy+a

which brings the above systems to the form

1
T =xY1, Y1 = p [a2 + bd* + a(2¢c + d)xy + (cd — 2a)y; + c(c + d)a? — (2¢ + d)x1ys + y%]

It is clear that these systems are contained in the family of systems (3) (in the first equation we have
dl =0 and do = 1)

4.1.2.1.2 The possibility H7; = 0. Then d = 0 and we arrive at the family of systems
f=a+cr+gr?, y=b+(g— 1)y +1° (16)
for which we calculate
B1 =0, By=—648b(—1+ g)?[(b—a)(1 + g)* + *]a* po=g°
and we consider two cases: Bg # 0 and By = 0.

a) The case By # 0. We claim that for By # 0 the above systems could not be brought via an
affine transformation to the form (3). In order to prove this claim we examine two subcases: py # 0
and pg = 0.

a.l) The subcase pg # 0. Then g # 0 and systems (16) possess two parallel invariant lines
a+ cx + gx? = 0 (which can be real or complex or coinciding).

On the other hand for systems (3) we have g = agcad? and the condition pgy # 0 implies d; # 0.
This means that systems (3) possess invariant line dy + dyz = 0 and there does not exist another
parallel invariant line in the direction x = 0.

It remains to observe that according to Lemma 3 for the existence of invariant lines in two distinct
directions for a quadratic system the condition Bz = 0 is necessary. Therefore systems (15) for
By # 0 could not have an invariant affine line in other direction, which could be used for the
construction of the needed affine transformation.

a.2) The subcase o = 0. Then g = 0 and considering (16) we get the systems

t=a+4cx, §=0b—axy+y> (17)
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for which we have
Bi=puy=H; =0, N=—z2
On the other hand for systems (3) we have o = agcad; and the condition p = 0 gives agcad; = 0.

If d; = 0 then for systems (3) we calculate
H7 = —4(b% - 4a002)d0, ﬁ = —(b% — 4a002)x2
and the conditions H; = 0 and N # 0 implies dyp = 0 which leads to degenerate systems (3).

Assume now d; # 0. This means that systems (3) possess invariant line dg + djz = 0 in the
direction = = 0 and therefore (dy + d1x) is a factor in P(z,y). Moreover the second factor of P(z,y)
in (3) is y.

On the other hand systems (17) could possess in the direction 2z = 0 either one invariant affine
line lines a 4 cx = 0 if ¢ # 0 or zero lines if ¢ = 0. Moreover the right hand side of the first equation
does not contain the factor y.

It remains to observe that according to Lemma 3 systems (17) for Bs # 0 could not have an
invariant affine line in other directions, which could be used for the construction of the needed affine
transformation. This completes the prof of our claim.

b) The case By = 0. Then b[(b— a)(1+ g)* + ¢*] = 0. We observe that the second factor equals
<I>‘ 4o and we deduce that we can apply the same arguments as previously in the case H7 # 0
repeating the steps @) b =0 and b) ® = 0 and considering the condition d = 0.

Thus the condition By = 0 guarantees the existence of an affine transformation which brings
systems (16) to the form (3).

4.1.2.2 The subcase N = 0 Considering (14) the condition N = 0 yields (g — 1)(h — 1) =
g% —1=h?—1=0 and we obtain 3 possibilities: (a) g=1=h; (b) g=1=—h; (¢c) g=—1= —h.
The cases (b) and (c) can be brought by linear transformations to the case (a).

So g = h =1 and systems (Sy) after an additional translation (to make ¢ = d = 0 are of the form:
t=a+dy+az% §=0b+ex+y’ (18)
For these systems we calculate
By = —d**(4a —4b+d* —e?), uo=1, 03=—2de, 04=—(d+e)

and we consider two possibilities: f3 # 0 and 03 = 0.

4.1.2.2.1 The possibility 03 # 0. Then b= a + (d?> — €?)/4 and we get the systems
i=a+dy+2?, g=a+(d>—e*)/4+er+y? (19)
possess the invariant line 2z — 2y + d — e = 0. So by means of the transformation

x1=2x—-2y+d—e, yp1=z+y—(d+e)/2

13



we arrive at the following subfamily of (3):

i1 =21y1, = (da+2d*+e*)/2+ (e — d)w1 + (d+ e)yr + 27/8 + yi/2. (20)

4.1.2.2.2 The possibility 03 = 0. Then de = 0 and we may consider d = 0 due o the change
(z,y,a,b,d,e) — (x,y,b,a,e,d) which conserves the systems. In this case we have

B =0, By = 64862(4a —4b — 62):1:4, 0y = —e
and we consider two cases: By # 0 and By = 0.

1) The case By # 0. We claim that for By # 0 systems (18) with d = 0 could not be brought via
an affine transformation to the form (3).

Indeed, for systems (3) we calculate pig = agcad? # 0 (since for (18) we have p = 1). Hence d; # 0
and these systems possess a single invariant line dy 4+ d;x = 0 in the direction = = 0.

On the other hand systems (18) with d = 0 possess in the direction z = 0 two parallel invariant
lines 22 4+ a = 0, which could be real or complex or coinciding. Taking into account that by Lemma
3 in the case By # 0 these systems could not invariant lines in other directions we conclude that our
claim is proved.

2) The case By = 0. Then e(4a — 4b — €2) = 0 and we examine two subcases: 64 # 0 and 6, = 0.

a) If 0, # 0 then we obtain b = a — €?/4 and we get systems (19) with d = 0. So applying the
transformation
rp=2rx—-2y—e, y1=x+y—e/2

we arrive at the family of systems (20) with d = 0 which is a subfamily of (3).
b) Assume now 04 = 0, i.e. e = 0. In this case we get the systems
t=a+2% §=0b+y? (21)
for which calculations yield
By =By =0, B3=—12(a—b)z?y?, po=1.

These systems have two couples of parallel lines: @ + 22 = 0 (in the direction 2 = 0) and b+ y? = 0
(in the direction y = 0) which could be real, or complex, or coinciding.

b.1) If B3 # 0 then by Lemma 3 systems (21) could not have other invariant lines.

On the other hand, as it was mentioned earlier, since ug # 0 systems (3) have a single line in the
direction z = 0. So we conclude that systems (21) could not be brought to the form (3) by means
of affine transformation.

b.2) Assuming B3 = 0 we obtain b = a and then systems systems (21) possess also the invariant
line y = x. So applying the transformation x1 =z — y, y1 = * + y we get the family of systems

iy =21y1, 1 =2a+2%/2+yi/2.
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Clearly this family is a subfamily of (3).

As all the possibilities in the case n > 0 are examined we conclude that the statement A) of the
Main Theorem is proved.

4.2 The subfamily defined by 5B): n <0

In this case by Lemma 2 we have to consider the systems (Sjr) for which we calculate:
n=-1, 0=81+h[¢*+(h—1)?], N=(¢°—2h+2)z>+2g(h+Vxy+ (A* - 1)y (22)

So we examine two cases: 6 # 0 and 6 = 0.

4.2.1 The case 6 #0

Then h + 1 # 0 and due to a translation we may assume ¢ = d = 0, i.e. we get the systems
t=a+gz>+ (h+Dzy, §=>b+ex+ fy—x*+gry+ hy? (23)
for which we calculate
Bi =—a(h+1)*(a® + BB?),
By = — 648(ary + 86)zt + 648a(1 4 h)2ay? (6% — y?) — 2592a(1 + h)?Bry(z® — ),
where
a=a(l4+g—h)(=1+g+h)—2bg(-1+h)+ f(—e+ fg —eh),
B=2ag(—1+h)+b(l+g—h)(-1+g+h)— f>—efg+e’h,
v =—alg® — 4h —29°h) +bg(1 + ¢* — h*) + e(egh —  — fg* — [h),
§=—ag(l+g¢*—h?) —b(1+g>—2h—2¢°h+ h?) — f2(1 + ¢*) + e(e + fg)h.

(24)

We observe that he condition @ = 8 = 0 implies By = 0 and so we consider two subcases: Bs #£ 0
and Bg = 0.

4.2.1.1 The subcase By # 0 Then due to 8 # 0 the condition B; = 0 implies ¢ = 0 and
applying the transformation z1 = x, y1 = gz + (1 4+ h)y we arrive at the family of systems

. 1
T = 1Y, Y1 = b(l + h) + (6 — fg + 6h)l‘1 + fy1 - m [(92 + (h — 1)2)1‘% — 291’13/1 — hy%] .

So we get a subfamily of the family of systems (3).

4.2.1.2 The subcase By = 0 Then we obtain &« = 8 = 0 and considering (24) this condition
yields

e (hl— 1)2]* (e + fg — eh)(2egh+ fh® = f = f4*)] = ao,
" (92 + (hl— 1)?2) [efg(h —1)(1+3h) — efg® + (h— 1)*(f>— €®h) + g*(f* + €*h — 2f?h)] = b
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In this case clearly we obtain systems (23) with a = a¢ and b = by which we denote by (23(). For
these systems calculations yield By = By = 0 and

o= (2 + (5— 1)2]2 (L+h)*(e+ fg—eh)(f + fg* — 2egh — fh?)(2* + y*)? (25)

We detect that systems (23g) possess two complex invariant lines:
[gti(l—h)|z+ (1 —hFigly— (ftie)=0

in two different directions (intersecting infinite line at complex singularities).

Since for system (3) we have 6 = 8d (b?cy — 4agcs + 4agcad; — apd?) # 0, we deduce that in order
to exist an affine transformation for bringing systems (23p) to the form (3) we need a real invariant
affine line in the third (real) direction.

On the other hand according to Lemma 3 for the existence of invariant affine lines in three distinct
directions the condition B3 = 0 is necessary.

So we conclude that in the case n < 0, § # 0, B = Ba = 0 and B3 # 0 a quadratic system could
not be brought to an Abel quadratic differential system.

Assume now B3 = 0. Considering the condition § # 0 and (25) we obtain the condition

(e+ fg—eh)(f + fg° — 2egh — fh*) = 0.

4.2.1.2.1 The possibility e(1—h)+ fg=0. If g=0thenduetod #0 (i.e. g>+(h—1)? #0)
we obtain e = 0 and in this case systems (23y) have the form

f2
5 + fy — z® + hy?.

&= (h+1)xy, y:—m

Thus we get Abel quadratic systems of the form (3).
Assume now g # 0. Then we obtain f = e(h — 1)/g and systems (23p) become

i = gx? + (1+h)xy, y= —62/92 +e(h—1)y)/g — 22 + gry + hy?.

Applying the transformation z1 = z, y; = gz + (1 + h)y we arrive at the following subfamily of the
family of systems (3):

toeay 4+ =D, 1
exr
1 g Y1 1+h

e2(1+ h)
2

$.1 = X1Y1, 3)1 = — [(92 + (h + 1)2)1‘% + 2gx1y1 + hyﬂ .

4.2.1.2.2 The possibility f(1 + g% — h?) —2egh = 0. If g =0 then h? — 1 # 0 and we again
get f =0 and we arrive at the case considered above.

If h = 0 then the condition f(1 + ¢g?) = 0 gives f = 0 and this leads to the degenerate systems

t=uz(gzr+y), y=z(e—x+gy).

16



Assume now gh # 0. Then we calculate e = f(1+g%—h?)/(2gh) and after the same transformation
applied to systems (23g) we obtain the systems

1 =T1Y1,
AR (D] —f(h=1)(? + (h+1)%)
PP+ (h+1)?) 5 2 2
Ton Aty pnnt i

Thus we get Abel quadratic systems of the form (3).

4.2.2 The case 0 =0

According to (22) we have (h+ 1)[(h — 1)2 4+ ¢%] = 0 and we consider two subcases: N # 0 and
N =0.

4.2.2.1 Subcase N # 0. Then by (22) the condition § = 0 yields h = —1 and in addition we
may assume f = 0 due to the translation z — x and y — y + f/2. Hence, we obtain the family of
systems

i =a+cx+dy+gr?, §=b+ex—z®+ gry— v, (26)

for which calculations yield:

By = —d%g(6% + %), Hy;=4d(4+ ¢%),

By = — 648(&4 + (0)x* 4 648a(1 + h)%ay? (622 — y?) — 2592a(1 + h)?Bxy(x? — y?), 27)
where
& =a(g® — 4) + 4bg — 2ce — d(d + ¢)g,
B=—dag+bg® —4)+ S+ d* — > + cdy, (28)
§=—a(4+3¢%) +bg’ + g —e(d + e)g + c(dg® — 2¢) + d’g,
6 =—ag® —b(4+3¢%) ++c(d+2e)g + (d+e)(d— e+ dg?).

~

We observe that he condition & = 8 = 0 implies Bo = 0 and so we examine two possibilities: By # 0
and By = 0.

4.2.2.1.1 The possibility By # 0. Then the condition By = 0 implies dg = 0 and we examine
two cases: H7y # 0 and Hy = 0.

1) The case H7y # 0. Considering (27) we have d # 0 and this implies g = 0. So we get the family
of systems
t=a+cx+dy, §=>b+ex—a*—1

and applying the transformation x; = z, y1 = cx + dy + a and t; = t/d we arrive at the family of
systems

i1 =dy, G =bd®>—a®+ (de — 2ac)z1 + (20 + cd)y; — ( + d*)z} + 2ca1y1 — 3.
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So we get a subfamily of the family of systems (3).

2) The case H; = 0. Then d = 0 and we arrive at the systems
t=a+cx+gz®, y=b+exr—a*+gry—y> (29)

which could have real straight lines only in the direction = 0. However the right hand side of the
first equation does not have as a factor y. Comparing with systems (3) we deduce that there could
not exist an affine transformation which brought the above systems to the form (3).

~

4.2.2.1.2 The possibility Bs = 0. Then we obtain & = § = 0 and considering (28) this
condition yields

1

a :m@c +dg + eg)(—4e + 2cg + dg?) = a1,

b :m [cdg® + (¢* — 3d* — 4de — €*)g® — 4e(d + 2€)g — 4(c® + d* — €*)] = b.
g

In this case clearly we obtain systems (26) with a = a1 and b = b; which we denote by (261). For
these systems calculations yield By = By = 0 and

By = —3d%g(x® +v%)?, H;=4d(4 + ¢%). (30)
We detect that systems (26;) possess two complex invariant lines:
(9x2i)z+(2Fig)y+cFi(d+e)=0.
We consider two cases: B3 #% 0 and B3 = 0.

1) The case Bs # 0. We have two complex invariant lines. But by the same arguments as earlier
we deduce that in order to exist an affine transformation for bringing systems (26;) to the form (3)
we need a real invariant affine line in the third (real) direction. However according to Lemma 3 for
the existence of invariant affine lines in three distinct directions the condition Bs = 0 is necessary.

So we conclude that in the considered case a quadratic system (261) could not be brought to an
Abel quadratic system of the form (3).

2) The case B3 = 0. Considering (30) the condition dg = 0 holds and we consider two subcases:
H7 #0 and H; = 0.

a) The subcase Hy # 0. Then d # 0 and the condition Bz = 0 implies ¢ = 0. Then systems (261)
become
i=—ce/2+cx+dy, Y= (F+d*—e*)/d+er—a®—y*

and applying the transformation 1 = z, y; = cx + dy — ce/2 and t; = t/d we arrive at the following
subfamily of systems (3):

T =dy, = (62 + d2)(d2 — 62)/4 + (02 + d2)€l‘1 +ce(d—e)y — (02 + d2)x% + 2cr1y1 — y%
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b) The subcase H7 = 0. Then d = 0 which implies B3 = 0. In this case considering systems (261)
we arrive at the systems
. _ 2 . 2 2
x—a1|d:0+cx—|—g:u , y—bl}dzo—i-ex—:v + gry — y~.

These systems could possess invariant lines in the unique real direction z = 0. However by the same
arguments as we present earlier for systems (29) we conclude that there could not exist an affine
transformation which brings the above systems to the form (3).

4.2.2.2 Subcase N = 0. Then from (22) we have g = h — 1 = 0 and without loss of generality
we may assume ¢ = d = 0 via the translation + — = — d/2, y — y — ¢/2. Hence we obtain the

Systems
t=a+2zy, y=b+exr+ fy—a+y (31)
for which calculations yield:
Bi = —da(e® + f*)%, By= —648[(e* — 8aef +2¢*f2 + fH)a* + 16a(e® — f?)2 y+

48ae fr2y? 4+ 16a(f? — e?)ay> — Saefy?.

We observe that the condition e = f = 0 implies By = 0 and so we consider two possibilities: Bs # 0
and By = 0.

1) The possibility By # 0. In this case the condition B; = 0 gives a = 0 and evidently systems
(31) are of the form (3).

2) The possibility Bo = 0. Then considering the condition By = 0 we obtain e = f = 0 and we
get the family of systems
t=a+2zxy, y=>b—z>+y%

for which we have B3 = —12a(z? + 3?)2. We detect that these systems possess the following two
couples of complex invariant lines:

b+ia—(z—iy)? =0, —b+ia—(z+iy)®=0.

According to Lemma 3 if By # 0 then in the real direction z = 0 the above systems do not
have any invariant line and this means that we could not bring them to the form (3) via an affine
transformation.

It remains to observe that for B3 = 0 (i.e. a = 0) the above systems are of the form (3).

Thus all the possibilities in the case 7 < 0 are examined and we conclude that the statement B)
of the Main Theorem is proved.

4.3 The subfamily defined by C): n =0, M #0

In this case by Lemma 2 we have to consider the systems (Syy) for which calculations yield:
0 =8h*(1—g), po=gh? N = (g% — 1)z% 4+ 2h(g — Vxy + h?y>. (32)

We consider two cases: 6 # 0 and 6 = 0.
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4.3.1 The case 0 #0

Then (g — 1)h # 0 and due to a translation we may assume d = e = 0, i.e. we get the systems
t=a+cr+gr®+hxy, §=0b+ fy+ (¢9— Dy + hy? (33)

for which we calculate
By = — a®b(g — 1)%h%.
Therefore due to € # 0 the condition By = 0 implies ab = 0 and we consider two subcases: a = 0

and b=0

4.3.1.1 The subcase a =0 In this case applying the transformation x1 = x, y1 = gx + hy + ¢
we arrive at the family of systems

i1 =y, 1= —cf +bh+ (c+cg— fg)m + (f —20)y1 + g2} — zay1 + v,
which is a subfamily of (3).

4.3.1.2 The subcase b = 0 Then systems (33) possess the invariant line y = 0 and using the
transformation...

ryr=y, y=@-Lr+hy+f

we arrive at the systems
T =T1Y1, Y= b+ 6/1‘1 + l,J)% + (f/ + 2m'x1)y1 + n’yQ,

where V', €', f/,I',m’ and n’ are rational functions of the parameters a,c, f, g, h with the same de-
nominator (g — 1) # 0.

It remains to observe that these systems belong to the family of systems (3).

4.3.2 The case 0 =0

By (32) we obtain h(g — 1) = 0 and we consider two subcases: po # 0 and po = 0.

4.3.2.1 The subcase py # 0 Considering (32) we obtain h # 0, g = 1 and then we may assume
h =1 due to the change y — y/h. Moreover, we may assume ¢ = d = 0 via the translation x — z—d
and y — y + 2d — ¢. So, we obtain the canonical systems

j:a—{—:zj—l—l’y, y:b+€$+fy+y2, (34)
for which calculation yields
By = —a%¢?, By = 648[(4a — b)e2zt + dae’ady — a2y4], H; = —4e.

The condition By = 0 implies ae = 0 and we consider two possibilities: H; # 0 and H7 = 0.
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4.3.2.1.1 The possibility H; # 0. In this case e # 0 and we obtain ¢ = 0. Then applying
the transformation z; = x, y1 = = + y we arrive at the family of systems

i1 =m1y1, i =b+ (e~ fz+ fyr + 2t — my1 + i, (35)

which is a subfamily of (3).

4.3.2.1.2 The possibility H; = 0. Then e = 0 and this leads to the systems
i=a+a2’+zy, y=b+fy+y’

for which
B =0, By = —648ay".

We observe that these systems possess only two (parallel) invariant lines b+ fy + y?> = 0 in the
direction y = 0 which could be real or complex or could coincide. Moreover by Lemma 3 in the case
By # 0 we do not have any other invariant line in the second direction & = 0. Therefore by the same
arguments as we presented earlier for systems (29), we conclude that for By # 0 there cannot exist
an affine transformation which brings the above systems to the form (3).

Assuming Bs = 0 we obtain a = 0 and using the transformation z; = x, y; = x + y we arrive at
the systems (35) with e = 0, i.e. we get systems of the form (3).

4.3.2.2 The subcase pup =0 Since § = 0 this implies h = 0 and for the systems (Sy;) we have
N = (g* — 1)2% and we examine two possibilities: N # 0 and N = 0.

4.3.2.2.1 The possibility N # 0. In this case g — 1 # 0 and we may assume e = f = 0 via
the translation z — x + f/(1 — g) and y — y + e/(1 — g). This leads to the systems
it=a+cx+dy+gz:, y=b+(g—1ay, (36)
for which we have
By = —bd*(g — 1)%¢%, N = (¢> —1)a?, H7=4d(¢g*> —1).
So due to N # 0 the condition By = 0 gives bdg = 0 and we consider two cases: H7 # 0 and H7 = 0.

1) The case H; # 0. Then d # 0 and we get bg = 0.
If b = 0 then it is evident that after the interchange x <> y systems (36) become of the form (3).

Assume now g = 0. Since d # 0 we can apply the transformation z; = z, y1 = cx + dy + a and
this leads to a subfamily of (3):

#1=y1, @ =0bd+ary+cy + cxi — Y1
2) The case H; = 0. Then d = 0 and we obtain the systems
t=a+cx+gr?, y=b+(g—ay (37)
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which possess the invariant lines a+cz+gz? = 0 in the real double direction 2 = 0 because Co = 2%y.

We calculate
By =By =0, Bz=—-3b(g—1)**

and we conclude that an invariant line exists in the direction y = 0 if and only if B3 = 0. So by the
same arguments as we presented earlier for systems (29), we conclude that for Bs # 0 there cannot
exist an affine transformation which brings the above systems to the form (3).

Assuming Bz = 0 we obtain b = 0 (due to N # 0) and in the same manner as above by the
interchanging x <+ y systems (36) become of the form (3).

4.3.2.2.2 The possibility N =0. In this case g?—1=0,ie. g=1lorg=—1.

On the other hand for systems (Sy;) with h = 0 we have K = g(g — 1)z2 and we consider two
cases: K # 0 and K = 0.

1) The case K # 0. Then g—1 # 0 and this implies g = —1. In this case we may assume e = f =0
via the translation x — = + f/2 and y — y + e¢/2 and we arrive at the family of systems

t=a+cx+dy—a2* ¢=0b—2xy, (38)
for which calculations yield:
By = —4bd*, 65 = 2d2.

a) If 3 # 0 then the condition By = 0 gives b = 0 and after interchange x <> y the above systems
become of the form (3).

b) Assume now 03 = 0, i.e. d = 0 and we get the systems (37) with ¢ = —1. So we repeat the
same steps as before in this particular case and we conclude that the systems (37) could be brought
via an affine transformation to the form (3) if and only if either 65 # 0 or 3 = 0 and B3 = 0.

2) The case K = 0. Then g = 1 and we may assume ¢ = 0 due to the translation z — = — ¢/2
and y — y. Then we obtain the systems

t=a+dy+2%, y=b+ex+ fy. (39)

It is clear that in order to have invariant lines in the direction = 0 (respectively y = 0) the condition
d = 0 (respectively e = 0) has to be satisfied. However in the case d = 0 we obtain two parallel
complex lines and clearly we could use them for the construction of the transformation which brings
these systems to the form (3).

On the other hand if e = 0 we have the invariant line fy +b = 0 for f # 0. However applying
the transformation z; = fy + b, y1 = yx + dy + v with free parameters v, and v, we arrive at the
Systems

1= fx1, 11 =Q(z1,y).

As it can be observed these systems do not have the form (3).
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So we deduce that in the case N = 0 = K there cannot exist an affine transformation which brings
a system (Sy7) to an Abel quadratic system of the form (3).

So since all the possibilities in the case n = 0 and M # 0 are examined we deduce that the
statement C) of the Main Theorem is proved.

4.4 The subfamily defined by D): n= M =0

According to the conditions provided by Main Theorem we consider two cases: Cy # 0 and Cy = 0.

4.4.1 The case Cs #0

Then by Lemma 2 we examine the systems (Sp) for which calculations yield:
n=M=0, Cy=2a> 0=8h" (40)

4.4.1.1 The subcase 6 # 0. Then h # 0 and due to a translation we may assume ¢ = d = 0,
i.e. we get the systems

t=a+ gz’ +hxy, y=b+ex+ fy—z®+ gry+ hy?, (41)

for which we calculate By = —a®h8. So the condition B; = 0 gives a = 0 and then the above systems
after the transformation z; = z, y1 = gz + hy become

i1 =x1y1, ¢ =0bh+ (eh— fg)x1 + fy1 — hat + y?,

i.e. we get a subfamily of (3).

4.4.1.2 The subcase § = 0. Then h =0 and we calculate

By = —d%?, N = g*z*

and we consider two possibilities: N # (0 and N =0.

4.4.1.2.1 The possibility N # 0. We have g # 0 and the condition By = 0 gives d = 0. In
this case due to a translation we may assume e = f = 0 and this leads to the systems a

t=a+cx+gz?, §=0b—2a%+ gxy. (42)

Since for these systems we have Cy = 23 (i.e. we could have real invariant affine lines only in this
direction) we conclude, that besides the parallel invariant lines a + cx + gz? = 0 the above systems
cannot have other invariant lines.

Thus applying the same arguments as we present earlier for systems (29), we deduce that for
N # 0 there cannot exist an affine transformation which brings systems (42) to the form (3).
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4.4.1.2.2 The possibility N = 0. Then g = 0 (this implies B; = 0) and we arrive at the
systems
i=a+cx+dy, y=0b+ex+ fy—a’

for which By = —648d%z*.
1) The case By # 0. We obtain d # 0 and applying the transformation 1 =z, y1 = cx +dy + a

we obtain a subfamily of (3):

1 = 1, 3)1:bd—af—i—(de—cf)xl—i—(c—i—f)yl—dm%. (43)

2) The case By = 0. Then we get the systems
t=a+4cx, y=b+ex+ fy—a>

and since the right hand side of the first equation does not have as a factor y we deduce that there
could not exist an affine transformation which brings the above systems to the form (3).

4.4.2 The case Cy =0

Then by Lemma 2 we examine the systems (Sy-) which have the infinite line fulfilled with singularities.
This family of systems is considered in [70], where are presented a total of 9 canonical forms of this
family: C5.1 — C2.9 (see Table 1, page 741).

We observe that the canonical systems Cs.1 — C5.4 for Hyg # 0 as well as Cs.5 — (5.7 for Hig =0
and His # 0 after the additional interchange x <> y have the form

t=uzy, y=Qix,y), (i=1,...,7)
where Q;(z,y) is the corresponding to C.i quadratic polynomial depending of at least one parameter.
It is evident that these canonical systems belong to the family (3).
It remains to consider two canonical systems given in Table 1 of [70]:
& = 2,

y=1+uxy,

&=z + 22,
y=1+wy;

(C2.8) : { (C2.9) : {

and we claim that there does not exist an affine transformation bringing any of these two systems
to the form (3).

Indeed, for both systems (C5.8) and (C2.9) we have: Co = 0 and Hig = 0 = Hjo.

On the other hand for systems (3) we calculate
Cy = —agz® — b1x2y — (e2 — dl)xy2
and hence the condition Cy = 0 implies ag = by = 0 and dy = co. Then we get the systems

&= (d+2hx)y, §=>b+ex+ fy+ 2hy?
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for which calculations yield
Hyg = 36cicy =0, Hy (erermt) = —8ctcqy* = 0.
If ¢ # 0 then we obtain ¢; = 0 = ¢¢ and this leads to degenerate systems
&= (do+diz)y, 9 =y(bo+ diy).
On the other hand assuming d; = 0 we get the linear systems
T =doy, Y =cy+ciz+ byy.

This completes the proof of our claim.

Thus all the cases are examined and we deduce that the the Main Theorem is proved.

4.5 Phase portraits of the quadratic systems from the family D)
defined in the Main Theorem

According to Lemma 2 the systems from the family D) defined by the condition n = M = 0 could be
brought via an affine transformation either to the systems (Sp) (if C2 # 0) or to the systems (Sy)
(if C9 = 0). So we examine these two subfamilies separately. We give examples for the realization of
each one of the constructed phase portraits of systems (1) belonging to one of the above mentioned
two classes in the form (a,c,d, g, h, k), (b,e, f,1,m,n).

4.5.1 Systems (Sy): n = M=0,Cy#0

Theorem 1. Assume that for a quadratic system the conditions n = M = 0, and Cy # 0 hold.
Then this system belongs to the class QS ap if and only if either 8 £ 0 or 6 = N =0 and B, £ 0.
Moreover its phase portrait is topologically equivalent to one of the pictures given in Figure 1 if and
only the following corresponding conditions are verified:
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Picture Syl < 040, D <0, R>0,S>0, o <0, ~(¢), U1Us < 0; [Conf. (3)]
Picture Spy.2 & 0#0,D<0,R>0,S >0, up <0, ~(&), U1Uz > 0; [Conf.(3)]
Picture Sjy.3 & 0#0,D<0,R>0,S>0, ug <0, (€2); [Conf.(4)]
Picture S;yy.4 & 60#0,D<0,R>0,S>0, uyo>0; [Conf.(8)]
0 D R < S <
Picture Spy.5 < 70D <0, (R<0)V(S<0)or [Conf.(12)]
§=N=0,By#0,U < 0;
. 9+0,D >0, <0,-(¢),0, <0, or
Picture Sjy.6 < Conf.(16
feture S 00D T s o om0t £ o< Conf- (10)
Picture Sjy.7 & 0#0,D >0, pup <0, ~(¢1),U; > 0; [Conf.(16)]
Picture Sjy.8 < 60#0,D >0, pp <0, (&); [Conf.(18)]
0 7& 0,D>0,uo > 07_'(62% or
Picture Spy.9 & {9¢O,D—T—P—O,R7é0,717é0,,uo>0, or [Conf.(23)]
02N:07B2 #07U>07_'(Q:9);
. 0#0,D>0,pug>0,(C), or
Picture Sp,.10 ~ Conf.(24)] Th
reHre o {Q:N:O,BQ#O,U>O,(€9); (Conf. (24)] The

Picture Sy .11
Picture Spy.12
Picture Sp/.13
Picture Syp,.14
Picture Sp/.15

Picture Sp/.16

Picture Sp,.17

Picture Sp/.18
Picture Sp/.19
Picture Sp/.20
Picture Spy.21

r ¢T3

teed ¢

0+£0,D=0,T<0 uy<0, BUy #0, Ey # 0;
0+£0,D=0,T<O0 uy<0, BsUy #0, E; = 0;
040, D=0,T <0 py<0, Bo=0;

940, D=0, T<0p<0, U =0;

00, D=0, T<0 pg>0;
6+£0,D=0,T >0, E #0 or
{G#O,D:T:P:Rzo,uo>0;
##£0,D=0,T>0,F =0 or
{e:ﬁ:o,Bﬂéo,U:o;
0+£0,D=0T=0P #0;
0+£0,D=0,T=0P=0,R#0, Ta=0, o <0;
0+£0,D=0,T=0P=0,R+#0, Ta=0, o > 0;
0+£0,D=0,T=0P=0,R=0, o <O0;

[Conf.(67)

last column in the above table contains the corresponding topological configurations according to the
notations given in the set of diagrams provided by the Main Theorem in [16].

Proof: We prove this theorem following the conditions provided by the statement D) of the Main
Theorem.

4.5.1.1 The case 6 # 0.
tems we examine the family:

Considering the systems (41) and the corresponding transformed sys-

i=uxy, §=0b+ex+ fy—ha®+y> (44)

We shall consider step by step the conditions provided by the the Diagrams 1-6 form [16], taking

into account that the conditions n = M = 0, and Cy # 0 are satisfied.
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Picture Sp,.16 Picture Sy .17 Picture Sy .18 Picture Spy.19 Picture Sp/.20

&

Picture Sy, .21

Figure 1: Global phase portraits of quadratic systems with n = M = 0, Cy #0.

For these systems calculations yield:

Cy = ha®, pg=—h, D= —48b*(f? —4b)(e® + 4bh), By = —648b>h2z*,
Ta=—f?h(9b—2f7), Ts=—fh(18b—5f%), To=—=3(3b— f*)h, F=9fh/8, (45)
F1 =0, Fo=—9f2h%/2 = —F3, B=—9(9¢* + 36bh — 8f%h)/8, H = —9h/2, 0 = f + 3y.

We observe that the condition Cy # 0 implies pug # 0 and according to [9, Table 6.2] the above
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systems possess finite singularities of total multiplicity four. More exactly we have the singularities
Mi,2(0,y1,2) and M3 4(x34,0), where

yig=(—fE£V[2—4b)/2, z34= (e£Ve>+4bh)/(2h). (46)
It is clear that on the real invariant line z = 0 are located the singularities Mj 2(0,y1,2) and these

singularities are real if f2 —4b > 0 and they are complex if f2 — 4b < 0.

First we prove the following lemma:

Lemma 4. For a system (44) the conditions (€1) as well as the conditions (€5) - (€10) and (€3)
could not be satisfied.

Proof: First of all from (45) we obtain that for systems (44) the condition o = f + 3y # 0 holds.
Therefore considering (8) and (9) we deduce that the conditions (€5) - (€19) and (€3) could not be
satisfied for these systems.

It remains to examine the conditions (€;). According to (8) these conditions imply 73 # 0 and
F2 = 0. However considering (45) it is clear that the condition T3 # 0 (i.e. fh # 0) implies Fy # 0.
This completes the proof of the lemma. n

According to [9, Table 6.2] all the finite singularities of systems (44) are distinct if D # 0 and we
have multiple singular points if D = 0. So we examine three subcases: D < 0, D > 0 and D = 0.

4.5.1.1.1 The subcase D < 0. According to [9, Table 6.2, page 124] systems (44) possess
either four real distinct finite singularities in the case R > 0, S > 0, or four complex finite singularities
if (R<0)V(S<0).

1) The possibility R > 0, S > 0 So systems (44) possess four real distinct finite singularities and
following [16, Diagram 1, page 3] we consider two cases: po < 0 and ug > 0.

a) The case pog < 0. According to this diagram we could have either the topological configuration
(3) s,a,a,a; S if (&) or (4) s,a,a,c; S if (€q).

Consider first the configuration (3). It is clear that if the saddle is located on the invariant line
x = 0 then we have the separatrix connection between the finite saddle and the infinite one. So we
need a condition to distinguish this case.

On the other hand denoting by A; (i = 1,2, 3,4) the determinant of the linear matrix corresponding
to the singular point M; we calculate

Apo=—2b+ (f2+ f/f2—4b)/2 = A1Ay =b(4b— f?).

We remark that when two finite singularities coalesce it is important to distinguish if they are located
on the invariant line, i.e. if 4b — f? = 0. For systems (44) we have:

Uy = —27(f% — 4b)h/8, Uy = 9bh/2. (47)

Therefore U,Us = 243b(4b — £2)h%/16 = 243A1A3h?/16 and we conclude that the following remark
is valid:
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Remark 1. Assume that two real singularities of a system (44) are located on the invariant line
x = 0 and in addition the condition UyUs # 0 holds. Then sign (A1Ag) = sign (U1Uz), i.e. on the
invariant line of this system lies exactly one saddle if and only if U1Us < 0.

So, considering the above remark and the fact that we have a single saddle, in the case of the
topological configuration (3): s,a,a,a; S (see [16]) we obtain Picture Spy.1 if UyUs < 0 and Picture
St.2 if UyUs > 0. The corresponding example are:

Picture Spy.1 if —(€3) and U Us < 0 [Ex: (0,0,0,0,1/2,0), (1/8,0,1,—1,0,1)];
Picture Spy.2 if —(€3) and UyUs >0 [Ex: (0,0,0,0,1/2,0), (—3/4,2,1,—1,0,1)];

Consider now the configuration (4): s,a,a,c; S. Since we have a center (i.e. the conditions (€3)
hold), considering [78] (see also [79]) we get the unique phase portrait given by Picture Spy.3  [Ex:
(Oa Oa 07 07 1/27 0)7 (_L \/57 07 _17 07 1)]

b) The case po > 0. In this case by [16, Diagram 1, page 3] we could have either the topological
configuration (8) s, s,a,a; N if =((€1) V (€2)) or (9) s,s,¢,¢; N if (€1) V (&y).

However the configuration (9) with two centers is not realizable for systems (44) because by Lemma
4 the conditions (€3) are incompatible.

Consider now the conditions (61) According to (45) and (9) the condition H = —9h/2 < 0 is
necessary but this implies A > 0 which contradicts pg = —h > 0. This completes the proof of our
claim.

It remains to examine the configuration (8) s, s,a,a; N. It is not too difficult to convince ourself
that both saddles could not be located on the invariant line 2 = 0 (since A; + Ay = f?2—4b >
0). If both singularities on x = 0 are nodes, then we get Picture Spy.4 [Ex: (0,0,0,0,1/2,0),
(—=3/4,1,1,1,0,1)]. We claim that if we have a saddle and a node on 2 = 0 then the phase portrait
is topologically equivalent to Picture Sps.4. This results from the following lemma:

Lemma 5. The only possible phase portrait of systems (44) with configuration s, s,a,a; N and a
saddle and a node on x = 0, is topologically equivalent to Picture Sy .4.

Proof. We will prove first that Picture Sp/.4 is the only generic phase portrait that we may have in
family (44) and later we will prove that no other non-generic phase portrait may exist. So assume
we are looking first for a generic phase portrait.

The ordinates of both singularities on x = 0 must have the same sign, otherwise, a) if both
singularities on y = 0 had the same sign of abscissa, three of them would form a triangle inside of
which is the remaining singularity, and this forces three points of index +1 (respectively —1) and
one of index —1 (respectively +1) and this is incompatible with ug > 0; or b) singularities on y = 0
have different signs and all form a quadrilateral but again this is incompatible with the result of
Berlinski (see [21]) since we get that a saddle and an anti-saddle occupy opposite vertices.

So, the ordinates of both singularities on x = 0 have the same sign, and due to a symmetry we
may assume both positive. Again, the abscissa of both singularities on y = 0 must have the same
sign, otherwise this contradicts the result of Berlinski [21]. By means of another symmetry we may
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consider them also to be positive. And since we do not have yet applied a time change, we may
assume that the node at [0: 1 : 0] is attractor.

The isocline on which § = 0 is a real ellipse since the homogeneous quadratic part of this ellipse
(see systems (44)) is —ha? +y% and h < 0 by pg > 0. The other possibility would be a complex
conic or a single point, but since we have 4 real singularities, we could only have a real ellipse.

A generic phase portrait of these systems must be topologically equivalent to a structurally stable
quadratic system of family 3 (see [1]) which we portray in Figure 2. We have already mentioned
that the triple node at infinity behaves as a simple node.

S5 32 S5 S3a S35

Figure 2: Structurally stable quadratic systems of Family 3 of [1].

Four of these phase portraits contain what is called in some papers (see [1, 6]) a basin, that is,
a saddle sending two of its separatrices to a same singularity and enclosing at least one finite anti-
saddle in the region formed by the two separatrices. The only case which does not contain any basin
is Si 4, 1s topologically equivalent to Picture Spy.4. We claim then that a system (44) cannot contain
any basin.

By (46) we have that y12 = ( — f £ /f? —4b)/2 and we are assuming that both ordinates are
positives and we have that f2 —4b > 0. By means of a change of parameters b = (f2 — u?)/4 we
may write them simply as y; 2 = (—f £ u)/2 and their determinants are Aj 2 = u(u F f)/2. Due to
the change u — —u we get y; > y2 and we may assume 0 < y; < y2. Then the singularity on (0, y;)
must be a saddle and correspondingly (0, y2) is a node, otherwise we will have A; > 0 > Ag and the
conditions {0 < —f +u < —f —u,u(—f +u) > 0,u(f +u) < 0} are clearly incompatible.

So we assume we have a basin from the finite saddle at (0,y;) and that the finite node is at (0, y2)
with 0 < y; < 2, so the basin formed by this saddle must end at the infinite node [0 : 1 : 0]. Then
we put the other two singularities on (z1,0) and (z2,0) with 0 < z; < z3. The saddle must be on
(z2,0) by Berlinski. We plot also with doted lines the isocline on which ¢ = 0. This is an ellipse and
the remaining component y = 0 of the isocline & = zy = 0 (see Figure 3). The eigenvectors of the
saddle (0,y1) are (1,0) and (0, 1), then the right separatrix of the saddle (0,y;) in the (1,0) direction
must enter inside the ellipse. But after entering, it must leave it again if we want it to arrive at
[0:1:0], and in order to leave the ellipse it must cross it again (at a point we may call p) with slope
zero. Then a straight line passing through the point p and the saddle (0, ;) will have three contact
points. So, the left separatrix of (0,y;) must go to the infinite singularity [0 : 1 : 0] and the other to
the anti-saddle at (z1,0) (remember that we are looking for a generic phase portrait). Then, since
both anti-saddles already receive a separatrix from the saddle (0,y;), the saddle at (z2,0) cannot
form a basin by itself since there is no anti-saddle inside the basin. So we have proved that if the
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phase portrait is generic it must be Sg 4 which is topologically equivalent to Picture Sp/.4 in Figure 1.

Figure 3: Impossibility of a portrait with a basin.

Since S§’4 is the only structurally stable possible phase portrait with these conditions, we cannot
have a higher codimension phase portrait (with connections of separatrices) since a small perturba-
tion that keeps the infinity untouched would produce a structurally stable phase portrait which we
have proved it is not possible to be. So the lemma is proved.

O]

2) The possibility (R < 0) V (S < 0). It was mentioned earlier that in this case we have four
complex singularities. According to [16, Diagram 1, page 3] we could have a single topological
configuration (12) N, which leads to the Picture Sp/.5: [Ex: (0,0,0,0,1/2,0), (1,0,0,1,0,1)]

4.5.1.1.2 The subcase D > 0. According to [9, Table 6.2, page 124] systems (44) possess
two real and two complex finite singularities. Considering the coordinates (46) of the singularities
M 2(0,y12) we observe that they are real if f2 — 4b > 0 and they are complex if f2 — 4b < 0.

On the other hand for systems (44) we have U, = —27(f2 — 4b)h/8 and oy = —h and hence,
sign (f? — 4b) = sign (uoUn).

Remark 2. Assume that for a quadratic system (44) the condition Duy # 0 holds. Then the finite
singularities located on the invariant line x = 0 of this system are real if uoUy > 0 and they are
complex if puoUy < 0.

1) The possibility po < 0. Since n = M = 0, by [16, Diagram 1, page 4] systems (44) could have
either the topological configuration (16) a,a; S if =((€1)V (&1)), or (17) a,¢; Sif (&1), or (18) ¢, ¢; S
if (€4).

We observe that by Lemma 4 the conditions (€;) from (8) are incompatible for systems (44). This
means that the topological configuration (17) could not be realizable for these systems.

Since ug < 0, considering Remark 2 it is not difficult to detect that in the case of the configuration
(16) a,a; S we get the Picture Sp/.6 if Uy < 0 and the Picture Spy.7 if Uy > 0.

On the other hand the configuration (18) ¢, ¢; S leads to the Picture Spy.8. exhibit three examples
of realization of the pictures:

Picture Sy .6: [Ex: (0,0,0,0,1/2,0), (—1,2,1,—2,0,1)];
Picture Syy.7: [Ex: (0,0,0,0,1/2,0), (2,0,—1,—1,0,1)];
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Picture Syy.8: [Ex: (0,0,0,0,1/2,0), (1,0,0,—1,0,1)].

2) The possibility po > 0. Considering the condition n = M = 0, by [16, Diagram 1, page 3|
systems (44) could either have the topological configuration (23) s,a; N if =((€2) V (€7)), or (24)
s,¢; N (€3) V (€7). However by Lemma 4 the conditions (€7) could not be satisfied.

Thus considering Remark 2 and the condition po > 0 we deduce that the configuration (23) s, a; N
with the condition —(€3) leads to the Picture Spy.9 if Uy > 0 and to the Picture (a) (see Figure 4)
if U1 < 0. We observe that the last phase portrait is topologically equivalent to the Picture Sy, .9.

On the other hand the configuration (24) ¢, c¢; S (with the conditions (€2)) leads to the Picture
S1v.10. The realization of these phase portraits is proved by the next examples:

Picture Sry.9: [Ex: (0,0,0,0,1/2,0), (1/8,0,1,1,0,1];
Picture (a), Fig.4 : [Ex: (0,0,0,0,1/2,0), (2,3,—1,1,0,1];
Picture Sp.10: [Ex: (0,0,0,0,1/2,0), (1/2,2,0,1,0,1)]

MO

(a)

Figure 4: Some phase portraits of quadratic systems with n = M = 0, Cy #£ 0.

4.5.1.1.3 The subcase D = 0. If T # 0 then according to [9, Table 6.2, page 125] systems
(44) possess one double real singular point and two distinct finite singularities. Moreover these two
singular points are real if T < 0 and complex T > 0. In the case T = 0 and po # 0 by [9, Table 6.2]
these systems possess at most two finite singularities of total multiplicity four.

Considering (45) we detect that the condition D = 0 gives three possibilities: 1) b = 0; 2) f2—4b =
0 and 3) (e? + 4bh) = 0. Taking into account the values of the invariant polynomials D, By and
U, from (45) and (47) it is easy to determine, that due to g # 0 the three mentioned possibilities
could be distinguished by means of these invariant polynomials. More precisely, considering also the
coordinates (46) of the finite singularities M; 2(0,y1.2) and M3 4(x34,0) we have the next remark.

Remark 3. (i) The following conditions are equivalent:
) b =0 & By =0;
2) 4b=0 & U= 0
3)(6 +4bh)—0 < D=0, BzUl#O
)

(7i) In the case By = 0 (respectively Uy =0; D=0, BU; # 0) the singular point My coalesces
with My (respectively My with My; My with Ms).
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(iii) the condition Bo =0 (i.e. b=0) implies T = —3e2f?2%y*(fhx — ey)? < 0.

In what follows we consider three cases: T < 0, T >0 and T = 0.

1) The possibility T < 0. Then all three finite singularities (one of them is double) are real and
following [16, Diagram 1, page 4] we consider two cases: pg < 0 and pg > 0.

a) The case pop < 0. Since n = M = 0, according to this diagram we could have either the
topological configuration (30) a,a,sn; S if By # 0 or (34) a,a,cp; S if E; = 0.

Considering Remark 3 (i) we examine three subcases: ByU; #0; By =0 and U, = 0.

a.1) The subcase BoU; # 0. Then by Remark 3 (i) the condition D = 0 yields 2 + 4bh = 0 and
we obtain b = —e?/(4h). In this case for systems (44) we calculate:

T = —3e%(e? + f2h)x?(eha® + 2fhxy — ey®)?/(16h), E; = —e?f(e® + f*h)/(8h) (48)

and since T < 0, the condition £; = 0 is equivalent to f = 0.

By Remark 3 (i7) we deduce that in this case the singularities located outside the invariant line
coalesced. So in the case E7 # 0 the configuration (30) a,a, sn; S leads to the phase portrait given
by Picture Spy.11 (see Figure 1).

If F1 =0 we have the topological configuration (34) a, a, cp; S which leads to the Picture Sy, .12.
The corresponding examples are:
Picture Spy.11: [Ex: (0,0,0,0,1/2,0), (-1,2,—1,—1,0,1)];
Picture Spy.12: [Ex: (0,0,0,0,1/2,0), (—1,-2,0,—1,0,1)].
a.2) The subcase By = 0. Then by Remark 3 we have b = 0 and in this case we obtain:
T = —3e2 2222 (fha — ey)?, E; = —€2f3/2 (49)

and evidently the condition T # 0 implies £ # 0. So in this case we could have only the config-
uration (30) a,a, sn; S. Taking into account Remark 3 (ii) we arrive at the Picture Sps.13: [Ex:
(0,0,0,0,1/2,0), (0,-1,—-1,—1,0,1)].

a.3) The subcase (71 = 0. By Remark 3 we have b = f2/4 and in this case we obtain:
T = —3f2(® + f2h)y? (= fha® + 2exy + fy?)? /16, Ei = f3(e® + f2h)/16. (50)

Clearly that the condition T # 0 implies Fy # 0 and again we could have only the configuration
(30) a,a,sn; S. In this case according to Remark 3 (i) in this case the singularities located on
the invariant line coalesced. Therefore we arrive at the Picture Sp,.14: [Ex: (0,0,0,0,1/2,0),
(1/4,1,-1,-1,0,1)].

b) The case po > 0. In this case by [16, Diagram 1, page 4] we could have either the topological
configuration (37) s,a,sn; N if E1 # 0, or (40) s,a,cp; N if E; = 0 and —(Cg), or (41) s, ¢, cp; N if
FE; =0 and (€g). However by Lemma 4 the conditions (&g) are incompatible for systems (44). So it
remains to examine the phase portraits given by the topological configurations (37) and (40).
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b.1) The subcase BoU; # 0. Then by Remark 3 (i) we have €2 + 4bh = 0, i.e. b= —e2/(4h) and

we calculate:
T = —3e%(e? + f2h)az*(eha® + 2fhay — ey®)?/(16h), E; = —e*f(e* + f2h)/(8h)

and since T < 0, the condition F; = 0 is equivalent to f = 0. However for f = 0 we get T =
—3e%z%(ha? — y?)?/(16h) and therefore the condition T < 0 implies A > 0 and this contradicts
Ho = —h > 0.

Thus in the case Bg(jﬁ # 0 we could only have the configuration (37) s,a, sn; N and considering
Remark 3 (i¢) there are two singularities (saddle and node) on the invariant line x = 0 and a saddle-
node outside. Since the triple infinite node behaves as a simple one, the possible generic phase
portraits that may appear in these systems under the current conditions must be topologically
equivalent to one of the 9 codimension 1 structurally unstable phase portraits ranging from U,lq,z
to [U,l4,10 from [6]. We do not plot them to save space. Note that they are simply the five phase
portraits given in Figure 2 where one anti-saddle had coalesced with a saddle. However if any one
of them cpold be then by a small perturbation that leaves the infinity untouched, we could produce
the respective structurally stable phase portrait. Since we have proved that only 8374 is realizable,
then the only codimension 1 realizable phase portrait for these systems is Uzl4,7 which is topologically
equivalent to Picture Sp/.15.

For the same reason, as we proved that S% 4 Was unique, here we cannot have other phase portraits
with separatrix connections and hence U}477 is also unique. As an example of Picture Spy.15 we
may take [Ex: (0,0,0,0,1/2,0), (1/8,1,—1,2,0,1)]. Moreover, the next two cases must also be
topologically equivalent to Picture Sp,/.15 with the difference of the relative position of the saddle-
node with respect to the the invariant straight line.

b.2) The subcase By = 0. According to (49) in this case the condition T # 0 implies E; # 0 and
we could only have the configuration (37) s, a, sn; N. Taking into account Remark 3 (ii) we arrive
at the Picture (b), Fig.4: [Ex: (0,0,0,0,1/2,0), (0,-1,—1,1,0,1)].

b.3) The subcase Uy = 0. Considering (50) we conclude that the condition T # 0 implies E; # 0
and again systems (44) could have only the configuration (37) s,a,sn; N. In this case taking into
account Remark 3 (ii) we get the Picture (c), Figure 4: [Ex: (0,0,0,0,1/2,0), (1/4,1,-1,1/2,0,1)].

We remark that the phase portraits Picture (b) and Picture (¢) from Figure 4 are topologically
equivalent to the Picture Sp/.15.

2) The possibility T > 0. According to [16, Diagram 1, page 4] systems (44) possess one real
(double) and two complex singularities. Moreover in this case we could have either the topological
configuration (44) sn; N if Ey # 0 or (47) ¢p; N if E; = 0.

According to Remark 3 (7ii) the condition By = 0 implies T < 0 and therefore we examine two
cases: Uy # 0 and Uy = 0.

a) The case Uy # 0. In this case the condition D = 0 gives b = —e2/(4h) and we obtain the values
of T and E; given in (48). Clearly the condition T > 0 implies e?h(e? + f2h) < 0 and then the
condition £y = 0 is equivalent to f = 0.
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So in the case E; # 0 we get the Picture Sps.16: [Ex: (0,0,0,0,1/2,0), (1,—-2,—1,1,0,1)].
If £y = 0 we have a cusp and this leads to the phase portrait given by Picture Spy.17: [Ex:
(0,0,0,0,1/2,0), (1,—2,0,1,0,1)].

b) The case Uy = 0. Then b = f?/4 and in this case we obtain the values of T and E; given
in (50). Evidently the condition T > 0 implies E; # 0 and we could have only the configuration
(44) sn; N. Then we obtain a phase portrait topologically equivalent to the Picture Sp/.16: [Ex:
(0,0,0,0,1/2,0), (1/4,0,—1,1,0,1)].

2) The possibility T = 0. Since D = 0, according to [16, Diagram 1, page 5] we consider two cases:
P#0and P=0.

a) The case P # 0. Then by [9, Table 6.2] systems (44) possess two double finite singularities,
which are real if PR > 0 and complex if PR < 0. However we have the next lemma.

Lemma 6. The conditions D =0 =T and P # 0 imply for a system (44) PR > 0 and Bz # 0.

Proof: Suppose first that the condition By = 0. Then b = 0 and for systems (44) we have:
D=0, T=-3%f222y*(fhx —ey)?, P =e’f22?y?

and clearly the condition P # 0 implies T # 0, i.e. we get a contradiction.

So By # 0 and then the condition D = —48b%(f2 — 4b)(e? 4 4bh) = 0 gives (f% —4b)(e? +4bh) = 0.
We claim that the condition D = 0 = T implies f? — 4b = €% + 4bh = 0.

Indeed, assuming b = f2/4 we obtain:
D=0, T=-3(+ f2h)y’P, P = f*(fha’® — 2exy — fy*)?/16

and therefore the conditions T = 0 and P # 0 imply (e? + f?h) = 0 and f # 0. So we have
h = —e?/f?% and we get e? + 4bh = 0 and this proves our claim.

On the other hand for b = f2?/4 and h = —e?/f? calculations yield
D=T=0, P=(ex+fy)'/16, R=c(ex+ fy)*/f* Ti=e'f?/4#0

and we observe that PR > 0 and this completes the proof of the lemma. ]

Considering the conditions D = T = 0, PR > 0 and 74 # 0, according to [16, Diagram 1, page
5] we arrive at the unique topological configuration (50) sn,sn; N. According to Remark 3 (i7)
we have one saddle-none on the invariant line and another outside. As a result we arrive at the
Picture Spy.18: [Ex: (0,0,0,0,1/2,0), (1/4,0,—1,1,0,1)]. There are other topologically different
phase portraits with two finite saddle-nodes and one infinite node as it is pointed out in [19] but in
this case, the existence of the invariant straight line, or simply continuity arguments from the cases
already studied s,a,sn; N and s,s,a,a; N, give that there is only one possible phase portrait in
these conditions.

b) The case P = 0. We prove the following lemma:
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Lemma 7. Assume that for a system (44) the condition D = T =P = 0 holds. Then the following

conditions are equivalent:

R#0, u#0 & b=e=0, f#0;
R#0, i=0 & b=/f=0, ¢#0;
R=0 & b=e=f=0.

Proof: The condition D = 0 yields b(f? — 4b)(e? + 4bh) = 0 and we consider all three cases given by
this relation.

(i) If b = 0 then for systems (44) we have:
T = 362 f22%2 (fha — ey)?, P =e2f%2%y?, To=2fh.
It is clear that the condition T = P = 0 implies ef = 0 and therefore R = 3f2h%2? 4 3e%y?. We

observe that the condition f = 0 is equivalent to 74 = 0.

Thus in the case R # 0 we have either b=e=0and f #0if Ty #0,or b= f =0 and e # 0 if
T4 =0.

(ii) Assuming b = f2/4 we obtain:
T = —3(c’ + f*h)y°P, P = f*(fha’® — 2exy — fy*)*/16, Ta=—f*h/4

and clearly the condition T =P = 0 yields f = 0 and we have 73 = 0 and R = 3e?y%. So if R # 0
we get the conditions b= f =0 and e # 0.

(iii) Suppose now that the condition b = —e?/(4h) holds. Then we calculate:
T = —3h(e® + f?h)2*P, P = e*(eha® + 2fhay — ey?)?/(16h2), Ti = f*(9¢* +8f2h)/4

and evidently the condition T = P = 0 gives e = 0 and in this case we obtain R = 3f2h%22 and
Ti = 2f*h. Therefore the condition R # 0 implies 73 # 0 and in this case we have b = e = 0 and

f#0.

It remains to observe that in all three cases (i), (ii) and (iii) the condition T =P = R = 0 gives
b=e = f =0 and this completes the proof of the lemma. B

In what follows we consider each one of the subcases provided by Lemma 7.

b.1) The subcase R # 0, Ty # 0. By Lemma 7 we have b = e = 0 and considering [16, Diagram 1,
page 6] we calculate:
Bz =—f*h/4, Ta=2f*h, po=—h.

If o < 0 then A > 0 and this implies E5 < 0. Then by [16, Diagram 1, page 6] we arrive at the
configurations (16) a,a; S. This leads to the Picture Sp/.6: [Ex: (0,0,0,0,1/2,0), (0,0,1,—1,0,1].

Assuming py > 0 we obtain E3 > 0 and by the same Diagram 1 from paper [16] we obtain either
the configuration (23) s,a; N if =(€9) or (24) s,¢; N if (€19). However by Lemma 4 the conditions
(€1p) are not compatible for systems (44).
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On the other hand the configuration (23) s,a; N leads to the phase portrait which is equivalent
to Picture Spy.9: [Ex: (0,0,0,0,1/2,0), (0,0,1,1,0,1].

b.2) The subcase R # 0, Ty = 0. By Lemma 7 we have b = f = 0 (this implies 73 = 0) and e # 0.
Therefore we obtain E3 = —e?/4 < 0 and following [16, Diagram 1, page 6] we need to distinguish
two cases: po < 0 and po > 0.

If 4o < 0 then by [16, Diagram 1, page 5] we get either the configuration (59) a,es; N if =(€3) or
(60) c,es; N if (€3). Considering the conditions (€3) from (8) in the case b = e = 0 we obtain:
To=T3=To=Ti=0, 0=3y#0, F=F, =0, H=—9h/2, B=—81¢*/8 < 0.

Since po < 0 (i.e. h > 0) we have H < 0 and we deduce that the conditions (€3) are satisfied in the
considered case. So we could have only the configuration (60) ¢, es; N which leads to the Picture
Sn.19: [Ex: (0,0,0,0,1/2,0), (0,1,0,—1,0,1].

Assume now pg > 0. Since E3 < 0 and 74 = T3 = 0 by [16, Diagram 1, page 5] we have the unique
configuration (64) s,es; N which leads to the Picture Sp,.20: [Ex: (0,0,0,0,1/2,0), (0,1,0,1,0,1]

b.3) The subcase R = 0. By Lemma 7 we have b = e = f = and this leads to the homogeneous
quadratic systems (44)
i =uzy, y=—hz®+y>

In this case by [16, Diagram 1, page 6] we could have either the topological configuration (67) ee; S
if o < 0, or (44) sn; N if pg > 0.
In the first case we arrive at the Picture Spy.21: [Ex: (0,0,0,0,1/2,0), (1/4,1,—1,1,0,1)].

The configuration (44) sn; N leads to a phase portrait topologically equivalent with Picture Sy .16:
[Ex: (0,0,0,0,1/2,0), (1/4,1,—1,1,0,1)].

4.5.1.2 The case § = N = 0, By # 0. Considering the systems (43) we shall examine the
family:
&=y, §=>b+exr+ fy+ha’ (51)

For these systems calculations yield:

Coy=—ha®, n=M=0, uo=p1 =0, uy = h’z?,

L (52)
U=h%e*—4dbh)zty?, k=K=L=0, h=B,=0, 0 = f.

Since pp = p1 = 0 and the condition Cy # 0 implies pz # 0, according to [9, Table 6.2] the above
systems possess finite singularities of total multiplicity two. More exactly we have the singularities
MLQ(JILQ, 0), Where

(—e£Ve2—4bh)/(2h), and sign(e* — 4bh) = sign (U). (53)

So we examine three subcases: U >0, U <0 and U = 0.
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4.5.1.2.1 The subcase U > 0. Then considering (52) by [16, Diagram 3, page 9] we obtain
either the configuration (23) s, a; (g) P — P if (&) or (24) s,¢; @) P — P if (Cy).

On the other hand comparing the conditions (&) from (8) with (52) we deduce that all the
conditions are satisfied except o = 0, because for systems (51) we have 0 = f. So we deduce that in
the considered case the conditions (&€g) are satisfied if and only if f = 0.

Thus we obtain that the configuration (23) s, a; (?,’) P — P leads to a phase portrait topologically
equivalent with Picture Sp/.9: [Ex: (0,0,1,0,0,0), (0,1,—1,—1,0,0)].

In a similar way we detect that the configuration (24) s, ¢; (g) P — P leads to a phase portrait
topologically equivalent with Picture Sp,.10: [Ex: (0,0,1,0,0,0), (0,1,0,—1,0,0)].

4.5.1.2.2 The subcase U < 0. By [16, Diagram 3, page 9] we get the topological configuration
(12) (g) P — P. This configuration leads to a phase portrait topologically equivalent with Picture
Sw.5: [Ex: (0,0,1,0,0,0), (—1,0,—1,—1,0,0)].

4.5.1.2.3 The subcase U = 0. In this case systems (51) possess a double singular point which
could be a saddle-node or a cusp. But since the conditions xk = K=1L= 0, 74 = By = 0 hold,
according to [16, Diagram 3, page 11] we arrive at the topological configuration (47) cp; (g) pP—P.
This configuration leads to a phase portrait topologically equivalent with Picture Sp/.17: [Ex:
(0,0,1,0,0,0), (—1,2,0,—1,0,0)].

Since all the cases are examined Theorem 1 is proved. m

4.5.2 Systems (Sy): Co =0

These systems have the infinite line filled with singularities and this family is considered in [70],
where a total of 9 canonical forms of this family are presented: C.1 — (2.9 (see Table 1, page 741).

Following [70] and considering our Main Theorem we arrive at the next result.

Theorem 2. Assume that for a quadratic system the condition Cy = 0 holds. Then this system
belongs to the class QSaper if and only if the condition HZ, + HZ, # 0 is satisfied. Moreover its
phase portrait is topologically equivalent to one of the pictures given in Figure 5 if and only the
following corresponding conditions are verified:

Picture Cs.1
Picture Cy.2(a)
Picture C5.2(b)
Picture C9.3
Picture Cy.4
Picture Co.5(a)
Picture C5.5(b)
Picture Cy.6
Picture Cs.7

Hyg#0, Hy <0;

Hyg#0, Hy >0, H7 # 0;

Hjp 7’5 0, Hy >0, H; =0;

Hyo #0, Hy =0, Hy2 # 0;

H10 7& 0, Hg = 0, H12 = 0,‘
Hip=0, Hio 7& 0, Hi1 >0, pa < 0y
Hip=0, Hio 7é 0, Hi1 >0, pa > 0;
Hyo =0, Hi2 #0, H11 <0;
Hiy=0, Ho #0, H; =0.

S I A N
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Picture C,.1 Picture C,.20) Picture C,.20) Picture C,.3 Picture C../
Picture C..5@) Picture C;.5() Picture C,.6 Picture C,.7

Figure 5: Global phase portraits of quadratic systems with Cy = 0.
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