COVERING DIMENSION OF CUNTZ SEMIGROUPS II

HANNES THIEL AND EDUARD VILALTA

ABSTRACT. We show that the dimension of the Cuntz semigroup of a C*-alge-
bra is determined by the dimensions of the Cuntz semigroups of its separable
sub-C*-algebras. This allows us to remove separability assumptions from pre-
vious results on the dimension of Cuntz semigroups.

To obtain these results, we introduce a notion of approximation for abstract
Cuntz semigroups that is compatible with the approximation of a C*-algebra
by sub-C*-algebras. We show that many properties for Cuntz semigroups are
preserved by approximation and satisfy a Lowenheim-Skolem condition.

1. INTRODUCTION

The Cuntz semigroup of a C*-algebra A encodes the comparison theory of pos-
itive elements in A and its stabilization in a partially ordered, abelian monoid
Cu(A). This invariant was introduced by Cuntz [Cun78] in his pioneering work on
simple C*-algebras, and it continues to play an important role to this day. For
example, it was used by Toms to distinguish his groundbreaking examples of non-
isomorphic simple, nuclear C*-algebras with the same K-theoretic data [Tom08§],
to classify algebras and morphisms in [Robl12], and it was a key feature in some
recent breakthroughs in the structure theory of C*-algebras [Thi20b, APRT18].

In [TV21], we introduced a notion of covering dimension (see Definition 2.8) for
Cuntz semigroups and their abstract counterparts, the Cu-semigroups as introduced
in [CEIO8] and extensively studied in [APT18, APT20]. Among other results, we
proved the expected permanence properties (recalled in Proposition 2.9), studied
the relation between the dimension of Cu(A) and the nuclear dimension of A, and
computed the dimension of Cuntz semigroups of simple, Z-stable C*-algebras.

The goal of this paper is to further develop the results from [TV21] and provide
additional tools to compute the dimension of Cuntz semigroups and Cu-semigroups.

Our first main result is a new permanence property: the dimension of Cuntz
semigroups behaves well with respect to approximation by sub-C*-algebras. Here,
we say that a C*-algebra A is approzimated by a collection of sub-C*-algebras
A, C Aif for every ai,...,a, € A and € > 0 there exist A € A and by,...,b, € Ay
such that ||b; — a;|| < € for j = 1,...,n. (This is stronger than requiring that
U, Ax is dense in A. On the other hand, the subalgebras are not required to be
nested.) For example, a C*-algebra is locally finite-dimensional (sometimes called
locally AF) if and only if it is approximated by a family of finite-dimensional sub-
C*-algebras.

Theorem A (3.8). Let A be a C*-algebra that is approzimated by a family of
sub-C*-algebras Ax C A. Then dim(Cu(A)) < sup, dim(Cu(Ay)).
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To prove this result, we introduce a notion of approximation for Cu-semigroups
(see Definition 3.1) and we show that if a C*-algebra A is approximated by a family
of sub-C*-algebras Ay C A, then Cu(A) is approximated by the corresponding
Cuntz semigroups Cu(Ay); see Proposition 3.7. For every fixed n, we prove that
the property of having dimension at most n is preserved by approximations (see
Proposition 3.4), which then gives Theorem A above.

Our second main result shows that the dimension of Cuntz semigroups satisfies
the Lowenheim-Skolem condition.

Theorem B (6.2). Let A be a C*-algebra. Then, for every separable sub-C*-alge-
bra By C A there exists a separable sub-C*-algebra B C A such that By C B and
dim(Cu(B)) < dim(Cu(A4)).

By combining Theorems A and B, we obtain the following characterization of
the dimension of the Cuntz semigroup of a C*-algebra in terms of its separable
sub-C*-algebras:

Corollary C (6.3). Let A be a C*-algebra, and let n € N. Then dim(Cu(A)) <n
if and only if every finite (or countable) subset of A is contained in a separable
sub-C*-algebra B C A satisfying dim(Cu(B)) < n.

The permanence properties from [TV21] together with Theorems A and B show
that associating to each C*-algebra the dimension of its Cuntz semigroup is a well-
behaved invariant that satisfies all but one property of a noncommutative dimension
theory; see Paragraph 6.4. The failing property is the compatibility with minimal
unitizations; see Example 6.5. It remains open if associating to each C*-algebra
the dimension of the Cuntz semigroup of its minimal unitization is well-behaved;
see Question 6.6.

To prove Theorem B, we show that every C*-algebra A admits a large collection
of separable sub-C*-algebras B C A such that the induced map Cu(B) — Cu(A4)
is an order-embedding (see Proposition 6.1) and we prove the Léwenheim-Skolem
condition for the dimension of Cu-semigroups: Given a Cu-semigroup S and a
countably based sub-Cu-semigroup Tp C .S, there exists a countably based sub-Cu-
semigroup T C S such that Ty C 7" and dim(7") < dim(S); see Lemma 5.5.

In Section 4 we investigate when a submonoid T of a Cu-semigroup S is a sub-
Cu-semigroup. In analogy to topological derived sets and Cantor-Bendixson deriva-
tives, we introduce the associated Cu-semigroups 7" and §(7") (see Definitions 4.8
and 4.13). In particular, we show that 7" C S is a sub-Cu-semigroup if and only
if T = T’; see Proposition 4.11. Further, using the sub-Cu-semigroup §(7T"), we
prove that the sub-Cu-semigroups of a Cu-semigroup form a complete lattice when
ordered by inclusion; see Theorem 4.15.

Our results also provide a characterization of the dimension of a Cu-semigroup
through its countably based sub-Cu-semigroups:

Theorem D (5.7). Let S be a Cu-semigroup, and let n € N. Then dim(S) < n if
and only if every finite (or countable) subset of S is contained in a countably based
sub-Cu-semigroup T C S satisfying dim(T) < n.

As an application of Theorem D, we generalize some results from [TV21] by
removing the assumption of countable basedness; see Propositions 5.8 and 5.9.

2. PRELIMINARIES

In the next paragraphs, we briefly recall the definition of (abstract) Cuntz semi-
groups. We refer to [APT11] and [APT18] for details.
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2.1. The Cuntz semigroup. Given a C*-algebra A, we use A4 to denote the set of
its positive elements. For a,b € A4, one says that a is Cuntz subequivalent to b,
in symbols a 2 b, if a = lim,, r,br}; for some sequence (r,), in A. One also writes
a ~ b, and says that a is Cuntz equivalent to b, if a 3 b and b = a.

The Cuntz semigroup of A is the set of equivalence classes Cu(A4) := (AQK)4/ ~,
where A ® KC denotes the stabilization of A. One endows Cu(A) with the partial
order induced by 3. Further, addition of orthogonal elements in (A ® K); induces
an abelian monoid structure on Cu(A). This turns Cu(A) into a positively ordered
monoid, that is, every element € Cu(A) satisfies 0 < z, and if z,y,z € Cu(4)
satisfy z <y, then z + z < y + z.

Given a € A® K, we denote its class in Cu(A) by [a].

2.2. Abstract Cuntz semigroups. In [CEIO8] it was shown that, beyond being a
positively ordered monoid, the Cuntz semigroup of a C*-algebra always satisfies four
additional properties. To formulate them, we need to recall the way-below relation:
An element z in a partially ordered set is said to be way-below (or compactly
contained in) y, denoted by = < v, if for every increasing sequence (z, ), that has
a supremum z satisfying y < z there exists n € N such that x < z,.

The properties introduced in [CEI08], and that the Cuntz semigroup of a C*-al-
gebra always satisfies, are:

(O1) Every increasing sequence has a supremum.

(O2) Every element is the supremum of a <-increasing sequence.

(03) Given '’ < z and y < y, we have ' + 3y < = +y.

(0O4) Given increasing sequences (), and (Y )n, we have sup,, x,, + sup,, yn =

sup,, (Tn + Yn).

Moreover, it was also proved in [CEI08] that every *-homomorphism ¢: A — B
between two C*-algebras A and B induces an order-preserving monoid morphism
Cu(A) — Cu(B) that also preserves suprema of increasing sequences and the way-
below relation.

It follows that the Cuntz semigroup defines a functor from the category of C*-
algebras and *-homomorphisms to the category Cu of Cu-semigroups and Cu-mor-
phisms, which are defined as follows: A Cu-semigroup (also called abstract Cuntz
semigroup) is a positively ordered monoid satisfying (01)-(04). A Cu-morphism
between Cu-semigroups S and T is an order-preserving monoid morphism S — T
that preserves suprema of increasing sequences and the way-below relation.

2.3. Additional properties. In addition to (O1)-(04), the following properties are
known to be satisfied by the Cuntz semigroup of every C*-algebra (see [APT1S,
Proposition 4.6], [Rob13] and [APRT19, Proposition 2.2] respectively):

(05) Givenz+y < z, 2’ < x and iy’ < y, there exists ¢ such that 2’'4+¢ < z < x+c¢
and 3’ < c.
(06) Given 2/ <« & < y+z there exist v < z,y and w < x, z such that 2’ < v+w.
(O7) Given 2] < 1 < w and x5 < x2 < w there exists « such that 2/, 2z} <
r < w,x1 + Ta.
It is common to use (O5) when y = 0, that is, for ' < = < z. In this case, (O5)
implies that there exists an element ¢ such that 2’ +c <z <z +c.
A Cuntz semigroup is said to be weakly cancellative if, whenever 42 < y+z, we
have z < y. It was shown in [RW10, Theorem 4.3] that stable rank one C*-algebras
have weakly cancellative Cuntz semigroups.

The following result contains a characterization of (O5) that will be used in
Proposition 3.3 to show that (O5) is preserved by approximation of Cu-semigroups,
and in Proposition 5.3 to show that it satisfies the Léwenheim-Skolem condition.
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Analogous characterizations of (O6) and (O7) are shown in Propositions 2.5 and 2.6
below.

Recall that a subset B of a Cu-semigroup S is said to be a basis if for every
x',x € S satisfying 2’/ < x there exists y € B such that 2/ < y < z. A Cu-semi-
group is said to be countably based if it contains a countable basis.

Cuntz semigroups of separable C*-algebras are countably based (see, for exam-
ple, [APS11, Lemma 1.3)).

Proposition 2.4. Let S be a Cu-semigroup. Then S satisfies (05) if and only if
there exists a basis B C S with (equivalently, every basis B C S has) the following
property: for all ', x,y ,y, 2,2 € B satisfying

r+y<z, <z, Yy <z,
there exists ¢ € B such that
P4egz, Z<rte, and Y <ec.

Proof. First, assume that S satisfies (05), and let B C S be a basis. To verify
that B has the stated property, let ', 2,9, y,2’,2 € B satisfy z + y < 2/, ' < z,
Yy < y and 2’ < z. Choose 2" € S satisfying 2/ < 2" < 2. Applying (O5) for
x4y <z' r <zandy <y, we obtain a € S such that

2 +a<zZ' <zr+4a, and Yy <a.
Using that 2’ < 2” and 3’ < a, choose o’ € S such that
Y <z+d, and ¥y <d <a.

Since B is a basis, we obtain ¢ € B with ¢’ < ¢ < a. Then ¢ has the desired
properties.

Next, assume that B C S is a basis with the stated property. The proof is similar
to that of [APT18, Theorem 4.4(1)]. To verify that S satisfies (05), let 2/, 2,y y, 2
be elements in S such that

r+y<z o<z, and ¥y <y.
Since B is a basis, we can choose a <-decreasing sequence (2, ), in B such that
T L1 KTy L L1 L 1o L T
Further, we can choose ¢, co € B with
Y <L cp <Ko Ky

Using that xo + ¢g < z, we can take a <-increasing sequence (z,), in B with
supremum 2z, and such that zg + ¢y < zg.
We have

To+ o K 20, 1 K T, €4 <Ko, and zp <K 21.
By assumption, we obtain ¢; € B such that
T+ <21, 20 <xo+cr, and ¢ < e

Choose ¢} € B such that zp < xg + ¢} and ¢ < ¢} < ¢;.
Then

r1te Kz, 12<Kx, ¢ <ep, and 2 < 2.
By assumption, we obtain ¢y € B such that
To+ o K29, 21 <K x1+c2, and ¢ < eca.
Choose ¢) € B such that z; < x1 + ¢5 and ¢} < ¢, < ¢s.
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Proceeding in this manner inductively, we obtain a <-increasing sequence (c/, ),
such that

4, <anton <z <z, oand z, Lazpt ), ST+

for each n. Therefore, the supremum c := sup,, ¢}, satisfies ' + ¢ < z < x +¢, as
desired. |

Proposition 2.5. Let S be a Cu-semigroup. Then S satisfies (06) if and only if
there exists a basis B C S with (equivalently, every basis B C S has) the following
property: for all *’,xz,vy',y,2', 2 € B satisfying

Ty +7, <y, Yy, <z,
there exist v,w € B such that
< vtw, vy, and w2,

Proof. Assuming that S satisfies (O6), one can use the same methods as in the proof
of Proposition 2.4 to see that every basis B C S satisfies the desired condition.
Next, assume that B C S is a basis with the stated property. To verify that S
satisfies (06), let o', z,y,z € S satisfy
< <y+z

Using that B is a basis, choose a’,a € B such that 2’ < ¢’ < a < z. Thus, one
has a < y + z, and we can choose V', b,c, c € B satisfying

a<b+cd, V<bgy, and <Kz
By assumption, we obtain v,w € B such that
¥ <d <v+w, v<ab and w<a,c
Since a < x, b < y and ¢ K z, the elements v and w have the desired properties. O

The next results are proved with the same methods as Proposition 2.5. We omit
the proofs.

Proposition 2.6. Let S be a Cu-semigroup. Then S satisfies (07) if and only if
there exists a basis B C S with (equivalently, every basis B C S has) the following
property: for all T, x1, 24, xa,w',w € B satisfying

L < v, wh<Lry<w, and v <K w,
there exists x € B such that
Ty, Lz L w, w1 + T2,

Proposition 2.7. A Cu-semigroup S is weakly cancellative if and only if there
exists a basis B C S with (equivalently, every basis B C S has) the following
property: for all ¥’ ,x,y',y,2',z € B satisfying 2’ < x, vy < y and 2z’ < z with
T+ 2 <<y + 2, we have ' < y.

We recall the definition of (covering) dimension for Cu-semigroups from [TV21,
Defintion 3.1]:

Definition 2.8. Let S be a Cu-semigroup. Given n € N, we write dim(S) < n if,
whenever 2’ < © < y1+...+yr in S, then there exist z;, € S for j =1,...,r and
k =0,...,n such that:

(i) zjk < y; for each j and k;

(i) o' <325k ik

(i) >, 2jk < @ for each k =0,...,n.
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We set dim(.S) = oo if there exists no n € N with dim(S) < n. Otherwise, we let
dim(S) be the smallest n € N such that dim(S) < n. We call dim(S) the (covering)
dimension of S.

The following result summarizes the permanence properties shown in [TV21].

Proposition 2.9 ([TV21, Propositions 3.5, 3.7, 3.9]). Given a Cu-semigroup S
and an ideal I C S, we have:

dim(I) < dim(S), and dim(S/I) < dim(S).
Given Cu-semigroups S and T, we have:
dim(S ® T') = max{dim(S), dim(7")}.
Given an inductive limit of Cu-semigroups S = @AEA Sx, we have

dim(S) < lim)\inf dim(S)).

3. APPROXIMATION OF Cu-SEMIGROUPS AND C*-ALGEBRAS

In this section, we introduce a notion of approximation for a Cu-semigroup S by
a family of Cu-morphisms Sy — S; see Definition 3.1. The definition ensures that
any ‘reasonable’ property passes to the approximated Cu-semigroup, and we show
this specifically for the property of having dimension at most n; see Proposition 3.4.

If S is an inductive limit of a system of Cu-semigroups S», then the canonical
maps Sy — S approximate S; see Proposition 3.5. Another natural source of
approximation comes from C*-algebras: If a C*-algebra A is approximated by a
family of sub-C*-algebras Ay C A (we recall the definition before Proposition 3.7),
then Cu(A) is approximated by the Cu-morphisms Cu(Ay) — Cu(A4) induced by
the inclusions Ay — A; see Proposition 3.7.

Note that in Definition 3.1 below we do not insist that the Cu-morphisms S\ — S
are order-embeddings. The reason is that this would exclude the abovementioned
sources of approximations. Indeed, the natural maps Sy — S to an inductive limit
are not necessarily order-embeddings. Further, if Ay C A is a sub-C*-algebra,
then the induced Cu-morphism Cu(A4,) — Cu(A) need not be an order-embedding
(consider, for example, C C Os).

Definition 3.1. Let S be a Cu-semigroup and let (Sx, ¥x)rea be a family of Cu-
semigroups Sy and Cu-morphisms @y: Sy — S.

We say that the family (Sx, ©x)xea approzimates S if the following holds: Given
finite sets J and K, given elements J:;», z; € S for j € J, and given functions
my,ng: J — Nfor k € K, such that 2, < x; for all j € J and such that

D omi(G)ay <Y k(i)

jeJ jeJ
for all k € K, there exist A € A and y; € Sy for j € J such that 2} < pa(y;) < z;
for each j € J, and such that

> omi()y; <> i)y
jed jed
forall k € K.

Remark 3.2. In Definition 3.1, we think of J as the index set for a collection of
variables, and for each k € K we think of the pair (my,ny) as the encoding of a
‘formula’. We say that S is approximated by the S if every finite collection of
elements in S that satisfy certain formulas can be approximated by a collection of
elements in some S that satisfy the same formulas.
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Assume that the Cu-semigroup S is approximated by the family (Sx,®x)xea-
Definition 3.1 ensures that every ‘reasonable’ property of Cu-semigroups passes
from the approximating family to S. In Proposition 3.3 we show this for weak can-
cellation, (05), (06) and (O7), and in Proposition 3.4 we prove it for the property
‘dim(-) <n’.

We do not formalize the notion of ‘formula’ or ‘reasonable property’ for Cu-
semigroups since this would go into the direction of developing a model theory for
Cu-semigroups, which is an elaborate task that will be taken up elsewhere.

Proposition 3.3. Let S be a Cu-semigroup that is approximated by (Sx, ©a)reA-
If each Sy is weakly cancellative, then so is S. Similarly, if each Sy satisfies (0O5)
(respectively, (06) or (07)), then so does S.

Proof. First, assume that each S is weakly cancellative. To see that S is also
weakly cancellative, we will use Proposition 2.7. Thus, let 2/, 2,y ,y,2",2 € S
satisfy o/ < z, ¢y <y, 2/ € zand x + 2 < ¢/ + 2'.

Since S is approximated by (S, ¥a)aea, there exist A € A and elements u, v, w €
Sy such that

P <oau) <z, Y <oav) Ly, F<oa(w) Lz, and utw <Ko+ w.
Since S is weakly cancellative, one gets u < v and, consequently,
¥ < pr(u) < palv) €y,

as required.
Next, assume that each S satisfies (O5). We show that S satisfies the property
of Proposition 2.4. Let o/, z,vy',y,2', 2 € S satisfy

rty<z, <z, Yy <z
We need to find ¢ € S such that

¥4ekz, Z<rte and Y <ec
By assumption, there exist A € A and u, v, w € Sy such that

¥r<onu)<Lr, ¥ <o)<y, Z<orw) <z, and u+v < w.
Since ¢, is a Cu-morphism and u + v < w, we can choose u’,v’ € Sy such that
<), v<u, y <pr(v), and v <w.
Using that S) satisfies (O5), we obtain a € Sy such that
W+a<w<u+a, and v <a.

Then ¢ := ¢y (a) has the desired properties.
The statements for (O6) and (O7) are proved with similar methods, using Propo-
sitions 2.5 and 2.6 respectively. a

Proposition 3.4. Let S be a Cu-semigroup that is approximated by a family
(Sx;@a)aea. Then dim(S) < supycp dim(Sh).

Proof. Set n := supyc, dim(Sy), which we may assume to be finite. To verify
dim(S) <n,let 2’ <« x < y1 + ...+ y, in S. Choose yj,...,y. € S such that
YL <y +o Yy, Y <y, e, and g <y

Using that S is approximated by (Sx,¢x)rea, we obtain A € A and elements
v, W1, ..., w, €Sy such that

<o) <z, Y <oa(wr) <yr, ..., and gy, < oa(wy) <K yr,

and such that
vL Wy F .. W
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Since @, is a Cu-morphism and 2’ < @y (v), there exists v' € Sy such that

¥ < pr(v), and v <.

We have v/ < v € wy + -+ + w, in Sy. Using that dim(S)) < n, we obtain
elements z;, € Sy for j =1,...,r and k = 0,...,n satisfying conditions (i)-(iii)
in Definition 2.8. It is now easy to check that the elements @y (z;) € S satisfy
conditions (i)-(iil) in Definition 2.8 for 2’ < © < y1 + ... + Y, as desired. O

Proposition 3.5. Let S = hﬂ)\e/\ Sy be an inductive limit of Cu-semigroups, and

let x: Sy — S be the Cu-morphisms into the limit. Then the family (Sx, ©x)xea
approximates S.

Proof. For A < pin A, let ¢, »: Sy — S, denote the connecting Cu-morphism of
the inductive system. We will use the following conditions, which were shown in
[TV21, Paragraph 3.8] to characterize that S is the inductive limit:

(LO) We have ¢, 0@, =@y for all A < pin A;
(L1) If zy € S\ and =z, € S, satisfy @x(zr) < @u(z,), then there exists p with
A, o < v such that ¢, (2x) < @uu(TL);
(L2) For all 2/, z € S satisfying @’ < x there exist A € A and x) € Sy such that
< (p)\(z’)\) <L .
Let J and K be finite sets, let 27, z; € S satisfy 2} < z; for j € J, and let
mg,nk: J — N such that
> omi(Gay; <Y (i)
jeJ jeJ
for all k € K.
For each j € J, applying (L2), we obtain A; € A and z; € S, such that
o L i, (25) < @

Choose A € A with A; < A for all j, and set Z; := @iz, (2;) € Sy for each j.
Given k € K, we have

ox [ Dome(iz | <D omi(i)a; < (i)l < on | D neli)z

jeJ jeJ jeJ jeJ

Applying (L1), we obtain v, € A with A < v, such that

(3.1) Cuen | Y_ome()z | < oven | D neli)Z

jeJ jeJ
Choose v € A with v, < v for all k, and set y; := ¢, A(Z;) € S, for each j.
For each j, we have
eu(y) = a(z)) = oa; (%))
and therefore #; < ¢, (y;) < x;. Further, for k € K, using (3.1), we obtain

S mi()y = o | Pur | D me(i)z

jeJ JjEJ

L P | PurA Z ni(4)z; = Z (7)Y,
jeJ jeJ
as desired. O

The next result recovers [APT18, Theorem 4.5] and [TV21, Proposition 3.9], and
is in fact new for (O7).
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Corollary 3.6. Let S = hﬂ/\eA Sy be an inductive limit of Cu-semigroups. If
each Sy 1is weakly cancellative, then so is S. Similarly, if each Sy satisfies (05)
(respectively, (0O6) or (07)), then so does S. Further, given n € N such that
dim(Sy) < n for each A, then dim(S) < n.

Proof. This follows by combining Proposition 3.5 with Propositions 3.3 and 3.4. [

A C*-algebra A is said to be approzimated by a collection of sub-C*-algebras
Ay C A, for A € A, if for every finitely many elements aq,...,a, € A and every
€ > 0 there exist A € A and by,...,b, € Ay such that ||b; —a;|| <eforj=1,...,n.

Proposition 3.7. Let A be a C*-algebra that is approximated by a family of sub-
C*-algebras Ay C A, and let iy: Ay — A be the inclusion maps for A € A. Then,
the system (Cu(Ax), Cu(ix))rea approzimates Cu(A).

Proof. We may assume that A and A, are stable for every A € A. We begin with
three claims. Since they are simple computations, we omit their proof (for Claim 1,
one can approximate the function (¢ — €)+ by a polynomial).

Claim 1. For any e,d > 0 and a € AL, there exists o > 0 such that, whenever
b e A, satisfies |la — b|| < o, we have ||(a —e)1 — (b—¢)4|| < 6.

Claim 2. Let € > 0 and let a,b,r € A be such that ||a — rbr*|| < e. Then, there
exists § > 0 such that for every c,d,s € A with

le—all <d, |ld=0b||<d, and |s—r7]<d

one has
lle = sds™|| < 2e.

Claim 3. Givena € A, ande > 0, there exists § > 0 such that for every b € A
with ||b — al| < & we have ||(b*b)'/? —a| < e.

Now let J and K be finite sets, and take elements z;, zj € Cu(A) for j € J, and
functions my, ng: J — N for k € K, such that x; < z; for all j € J and such that
S i) < Yo mi,

jeJ jeJ
for all k € K. We may assume that (3, ; m(5)) (3¢5 nk(j)) # 0 for every k.
For each j € J, let a; € A1 be such that [a;] = x;. Since J is finite, there exists
€ > 0 such that
7)< (a5 — 26)4] < faj] = 75
for every j € J.
For each k € K, we have

D™ =3 mi()a; < Yo mi); < [ Play — 207

jeJ jeJ jed jeJ

which allows us to take 7, € A satisfying

. . i c
@a;qamku) — EB(GJ' _ QE)fmc(]) rill < 3
jeJ jed
For each k, let 6; be the bound given by Claim 2 for the previous inequality, and
take § > 0 such that

6 < min Ok and § < e.

kek (ZjeJmk(j))(ZjeJ ni(4))’
Then, using Claim 1, let ¢ > 0 satisfy ¢ < § and such that for every j € J and
be A, with ||a; —b|| < o, we have ||(a; —2¢)4 — (b—2¢e)4] < 6.
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Since the sub-C*-algebras A, approximate A, and using Claim 3, there exist
A € A and elements s, € Ay and b; € (Ay)4 such that
lsk —rill <o and [b; —a;] <o

for each k € K and j € J.
By the choice of o, note that we also have ||(b; —2¢)1 — (a; —2¢)4|| < 0 for each
j € J. Using that ||(b; — ¢)+ — a;|| < 2¢ in the first step, and that ||b; —a,|| < e in
the second step, we note that the element [(b; — )] € Cu(A) satisfies
[(a = 2¢)+] < [(bj — €)+] < [ay]

for every j € J.
Further, for each k € K, we have

P af™ 7 — @oE™ N <N mp()llag - bill <Y mi(5)o < b

jed jed jed jed

and, similarly,

PBla; — 2079~ Pb; 2929 | <3 ()8 < b

jeJ jeJ jeJ

Thus, it follows from Claim 2 that, for every k € K, we get

@my(5) ®ne(d) | = € _
@bj M ey, 69(111-725)4r ) ek <2§—e

jeJ jeJ
and, consequently,
ka b—€+]<2nk b—2€) ]
jeJ JjEJ
in Cu(A4)).

Recall that iy: Ay — A denotes the inclusion map. Using that [(a; — 2¢)4] <
[(b;j —€)+] < [a;] in Cu(A) and [(b; — 2¢)4] < [(bj — €)4] in Cu(A)), one notes
that the elements [(b; —€)4] € Cu(A,) satisfy

7 < [(a; - 26)4] < Cu(ix)([(bs — £)4)) < lag) =
for every j € J, and
ka (b —e)y <an [(bj —2¢)4 <<an [(b; —e)+]
JjEJ Jj€J JjeJ
for every k € K, as desired. a

Theorem 3.8. Let A be a C*-algebra that is approzimated by a family of sub-C*-
algebras Ay C A, for A € A. Then dim(Cu(A)) < supycp dim(Cu(A4y)).

Proof. By Proposition 3.7, we know that the system (Cu(Ay), Cu(ix))rca approx-
imates Cu(A). Thus, the result follows from Proposition 3.4. O

4. THE LATTICE OF SUB-Cu-SEMIGROUPS

In this section, we provide characterizations for when a submonoid of a Cu-semi-
group is a sub-Cu-semigroup, which will be used in Section 5. In particular, given a
Cu-semigroup S, we construct for every submonoid 7' C § an associated sup-closed
submonoid T°" C § (see Definition 4.6) and a ‘derived’ submonoid T/ C S (see
Definition 4.8). We show that a submonoid 7' C S is a sub-Cu-semigroup if and
only if T'=T"; see Proposition 4.11.
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We also describe, for every submonoid 7' C S, the largest sub-Cu-semigroup
contained in T . This construction is used in Theorem 4.15 to prove that the
collection of sub-Cu-semigroups of a Cu-semigroup is a complete lattice.

Definition 4.1. Given a Cu-semigroup S, we say that a submonoid 7" C S is a
sub-Cu-semigroup if T is a Cu-semigroup with respect to the order induced by S
and if the inclusion map 7' — S is a Cu-morphism.

The next results provide characterizations of sub-Cu-semigroups. We omit the
straightforward proofs.

Lemma 4.2. Let S be a Cu-semigroup. Then a submonoid T C S is a sub-
Cu-semigroup if and only if it is closed under passing to suprema of increasing
sequences and for every ¥’ € S and x € T with ¥’ < x there exists y € T such that
<y <.

Lemma 4.3. Let S,T be Cu-semigroups, and let ¢: T — S be a Cu-morphism.
Then the following are equivalent:
(1) ¢ is an order-embedding, that is, x,y € T satisfy x < y if (and only if)
o(x) < o(y);

(2) z,y €T satisfy x < y if (and only if) p(x) < v(y);
(8) o(T) C S is a sub-Cu-semigroup and ¢: T — o(T) is an isomorphism.

Remark 4.4. Let us recall the notion of subobjects from category theory. Let C
be a category, and let X be an object in C. Given monomorphisms a: Y — X and
B: Z — X, one sets a ~ [ if there exists an isomorphism v: Y — Z such that
[ o~ = a. This defines an equivalence relation on the class of monomorphisms
to X, and a subobject of X is defined as an equivalence class of this relation. We
refer to [Bor94, Section 4.1] for details.

Let S be a Cu-semigroup, and let 7' C S be a sub-Cu-semigroup. It is easy
to verify that the inclusion map T — S is a monomorphism in the category Cu,
whence every sub-Cu-semigroup of S naturally is a subobject. The converse holds
if and only if the following question has a positive answer.

Question 4.5. Is every monomorphism in the category Cu an order-embedding?

Definition 4.6. Let S be a Cu-semigroup, and let T'C S be a subset. We set

—seq . . . .
T " = {Sup Xy €S : (Tn)n Is an increasing sequence in T} .
n

We define T(Q) for every ordinal a by setting 7 := T, T = T, and by
using (transfinite) induction:

T(a+1) o —bT(a) 'eq7
T(A) = U T(a)7 if A is a limit ordinal.
a<A
We define the sup-closure of T as T+ := L_Ja21 T, We say that T is sup-closed

T =T"".

Remark 4.7. Let S be a Cu-semigroup, and let T' C S be a subset. Then (T(a))a
is an increasing family of subsets of S, which therefore stabilizes eventually. Thus,

there exists an ordinal ag such that T(a) = T(an) for all @« > ag. Then " = T(ao),
Fsu seq su ===l
and we get T PO =T Tt follows that T " is sup-closed, as expected.

We also note that T is sup-closed if and only if T'=T"" .
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Definition 4.8. Let S be a Cu-semigroup, and let 7' C S be a subset. We set
T = {sup Xy €8 (Tn)n Is & <K-increasing sequence in T} .
n

Remark 4.9. Given a topological space X and a subset Y C X, the derived set
of Y, denoted by Y, is defined as the set of limit points of Y.

Let S be a Cu-semigroup and let T" be a subset of S. We think of suprema of
<-increasing sequences of elements in 7" as the limit points of T. Therefore, one
may view T” as the derived set of T. Further, the derived subsets of a Cu-semigroup
satisfy the following properties, which are analogs of well known facts satisfied by
the derived subsets of a topological space:

(i) If x € T" and if = is not compact (that is, x & z), then z also belongs to
(T —{=})".
(ii) We have (TUH) =T'UH'".
(iii) If T C H, then T" C H'.
To push the previous analogy even further, recall that a subset Y of a topological
space is said to be perfect if Y = Y’. Proposition 4.11 below shows that we may
think of sub-Cu-semigroups as the perfect submonoids of a Cu-semigroup.

Lemma 4.10. Let S be a Cu-semigroup, and let T C S be a submonoid. Then T’
is a sup-closed submonoid of S.

Proof. Using that the way-below relation is additive and that 0 is way-below itself,
it follows that 7" is a submonoid. It remains to verify that 7" is closed under
suprema of increasing sequences.

Let (x,)n be an increasing sequence in 7”. For each n, by definition of 7",
there exists a <-increasing sequence (z, x)r with supremum z,. Set k(0) := 0.
Then zq k)11 < o < 1. Choose k(1) € N such that zg k)41 < T1,5(1). Using
that xo p(0)42 and 2y k(1)42 are way-below x5, we can choose k(2) € N such that
T0,k(0)+25 T1,k(1)+2 <K T2,k(2)- We inductively choose indices k(n) € N such that

Z0,k(0)+ns T1,k(1)+n> - -+ s Tn—1,k(n—1)4+n <K Tn k(n)-
For each n € N set yn := 2y kn). Then (yn)n is a <-increasing sequence with
Sup,, Yn = sup,, T, and consequently sup,, x, belongs to T". |

Proposition 4.11. Let S be a Cu-semigroup. Then a submonoid T C S is a
sub-Cu-semigroup if and only if T =T".

Proof. The forward implication is clear. To show the converse, assume that T C S
is a submonoid satisfying 7' = 7”. By Lemma 4.10, T is sup-closed. Hence, we can
apply Lemma 4.2 to deduce that T is a sub-Cu-semigroup. a

The next result recovers [APT18, Lemma 5.3.17].

Corollary 4.12. Let S be a Cu-semigroup, and let T C S be a submonoid such
that every element in T is the supremum of a <K-increasing sequence in T. Then
—seq =sup

T =T " =T ", which is a sub-Cu-semigroup of S.

Proof. The inclusions T C 7 T°" hold in general. By assumption, we have

T CT'. Using Lemma 4.10 at the second step, we get
Tsup C Fsup — T/
Since T is sup-closed, we have T” C T’. On the other hand, using again that

T CT', we have T" CT". Thus, 7" = T”, which by Proposition 4.11 implies that
T’ C S is a sub-Cu-semigroup. O
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Let a be an ordinal number. Continuing with the analogy from Remark 4.9, we
now define what may be seen as the Cu-counterpart of the a-th Cantor-Bendixson
derivative.

Definition 4.13. Let S be a Cu-semigroup, and let T C S be a submonoid. We
define T(® for every ordinal a by setting 7 := T, T := T’  and by using
(transfinite) induction:

7t = (7))

TN = m T, if X is a limit ordinal.
a<
We set
§(T) = () T.
a>1

Theorem 4.14. Let S be a Cu-semigroup, and let T C S be a submonoid. Then
o(T) C S is a sub-Cu-semigroup.

We always have §(T) C T "°. Thus, if T is sup-closed, then §(T) C T.

Proof. Using transfinite induction, we prove that 7(®) is a sup-closed submonoid for
each ordinal @ > 1. For a = 1 and the successor case, this follows from Lemma 4.10.
The limit case follows directly from the definition.

Thus, §(T) is a submonoid. Further, we deduce that the T(®, for a > 1, form
a decreasing family of submonoids, which therefore stabilizes. Hence, there exists
a > 1 such that §(T) = T(®). Tt follows that

8(T) =T =1+ — 5(TY,

which by Proposition 4.11 implies that §(7') is a sub-Cu-semigroup.
It is clear from the definition that 77 C T" ", which shows that §(T) CT" ~. O

Let S be a Cu-semigroup. Let P be the collection of all subsets of S; let C
be the collection of all sup-closed submonoids of S; and let S be the collection of
sub-Cu-semigroups of S. We equip each of these collections with the partial order
given by inclusion of subsets.

Let a: P — C be the map that sends a subset of S to the sup-closure of the
submonoid it generates. Then « is order-preserving. Further, considering o as a
map P — P, we see that « is idempotent and satisfies X C a(X) for every X € P.

Therefore, a: P — P is a closure operator in the sense of [GHK 03, Definition 0-
3.8(ii)]. Using that P is a complete lattice, it follows that C is a complete lattice
as well, that a preserves arbitrary suprema, and that the inclusion map ¢: C — P
preserves arbitrary infima. In particular, given a subset C' C C, the supremum of C
in C is sup, C = a(|JC) and the infimum is infc C' = (| C. (The intersection of a
family of sup-closed submonoids of S is again a sup-closed submonoid.)

Let 6: C — S be the map that sends T € C to 6(7T) as defined in Definition 4.13.
It follows from Theorem 4.14 that § is well-defined and order-preserving. Using
also Proposition 4.11, we see that § as map C — C is idempotent and satisfies
(T) C T for every T € C. Thus, 0: C — C is a kernel operator in the sense
of [GHK ™03, Definition 0-3.8(iii)]. It follows that S is a complete lattice, that &
preserves arbitrary infima, and that the inclusion map ¢: & — C preserves arbitrary
suprema.

The considered maps are shown in the following diagram:

& «a
TN N
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Theorem 4.15. Let S be a Cu-semigroup. Then the collection of sub-Cu-semi-
groups of S is a complete lattice when ordered by inclusion.

Given a collection (T}) ey of sub-Cu-semigroups of S, their supremum is the sup-
closure of the submonoid of S generated by \J; T, while their infimum is 5(; Tj).

5. REDUCTION TO COUNTABLY BASED Cu-SEMIGROUPS

In this section, we show that the dimension of a Cu-semigroup is determined
by its countably based sub-Cu-semigroups; see Theorem 5.7. We then generalize
some results from [TV21] by dropping the countably based assumption; see Propo-
sitions 5.8 and 5.9.

Lemma 5.1. Let S be a Cu-semigroup, and let Ty C S be a countable subset. Then
there exists a countably based sub-Cu-semigroup T'C S such that Ty C T.

Proof. We may assume that Ty is a submonoid. For each x € Tj choose a <-
increasing sequence in S with supremum z, and let 77 be the submonoid of S
generated by Ty and the elements in each of the chosen sequences. Repeating
this process, we successively obtain an increasing sequence (7})x of countable sub-
monoids of S such that for each k¥ € N and = € T} there exists a <-increasing
sequence in Tj1; with supremum z. Then T := |J, Tk is a countable submonoid
of S such that every element in T, is the supremum of a <-increasing sequence
in Th. Set T := Too " By Corollary 4.12, T is a sub-Cu-semigroup of S. It is
straightforward to verify that T, is a countable basis for T. a

5.2. Given a Cu-semigroup S, we let Subpi(S) denote the collection of countably
based sub-Cu-semigroups of S. If T C Sub¢pi(S) is a countable, directed family,
then |J7 is a submonoid of S such that every element is the supremum of a <-
increasing sequence in |J7, whence it follows from Corollary 4.12 that the sup-
closure Wup is a (countably based) sub-Cu-semigroup. Note that Wﬁup is the
supremum of 7 in the complete lattice of sub-Cu-semigroups; see Theorem 4.15.

A collection R C Subtpi(S) is said to be o-complete if |J T belongs to R for
every countable, directed subset 7 C R. Further, R C Subep,i(S) is said to be
cofinal if for every Ty € Subepi(S) there is T' € R satisfying Ty C 7.

We say that a property P of Cu-semigroups satisfies the Léwenheim-Skolem
condition if for every Cu-semigroup S satisfying P, there exists a o-complete, cofinal
subcollection R C Subep1(S) such that every R € R satisfies P. In Propositions 5.3,
5.4 and 5.6 below, we show that (05), (06), (O7), simplicity, weak cancellation and
‘dim(-) < n’ (for fixed n € N) each satisfy the Léwenheim-Skolem condition.

Proposition 5.3. Given a Cu-semigroup S satisfying (05) (satisfying (06), sat-
isfying (O7)), the countably based sub-Cu-semigroups satisfying (05) (satisfying
(06), satisfying (O7)) form a o-complete, cofinal subset of Subep1(.S).

In particular, the properties (05), (06) and (O7) each satisfy the Léwenheim-
Skolem condition.

Proof. Let S be a Cu-semigroup satisfying (O5). Set
R := {R € Subctn1(S) : R satisfies (05)}.

To show that R is o-complete, let T C R be a countable, directed subset. Then
UiTsup is the inductive limit of the system 7. By [APT18, Theorem 4.5] (see also
Corollary 3.6), (O5) passes to inductive limits, whence U4’7'Sup belongs to R.

To show that R is cofinal, let Ry € Sub,1(S). We need to find R € R satisfying
Ry C R. Choose a countable basis By C Ry.

We will inductively choose an increasing sequence (Ry), in Subep(S) and a
countable basis B,, C R,, such that for each n the following holds:
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For every ', xz,y',y,7 ,2 € B,, satisfyingx +y <2 <z, 2 <z and y <y,
there exists ¢ € Byy1 such that ¥’ + c < 2z, 2/ K x4+ c and iy < c.

We have already obtained Ry and By. Let n € N and assume that we have
chosen Ry, and By, for all k¥ < n. Consider the countable set

Iy ={( 2,9 ,y,7,2) € BS ia+y <2 < 2,2/ <,y <y}

Since S satisfies (O5), we obtain for each i = (2/,z,y',y,7',2) € I, an element
c; € S such that 2’ +¢; < 2z, 2/ < x +¢; and y < ¢;. Applying Lemma 5.1, we
obtain Ry,41 € Subetn(S) containing B, U{c¢; : i € I,,}. Since B,, is a basis for R,
we have R,, C R,41. Choose a countable basis B, ;1 for R, that contains B,
and each ¢; for i € I,. This completes the induction step.

Now set R :=J, Rnwp and B :=J,, Bn. Then R is a sub-Cu-semigroup of S
containing Ry. Further, B is a countable basis of R. By construction, B satisfies
the condition from Proposition 2.4, showing that R satisfies (O5). Thus, R belongs
to R, as desired.

A similar argument, using Corollary 3.6 (to show o-completeness) and Propo-
sitions 2.5 and 2.6 (to show cofinality) proves that (O6) and (O7) satisfy the
Lowenheim-Skolem condition. a

A Cu-semigroup S is simple if for all x,y € S with y # 0 we have x < ocoy.

Proposition 5.4. Given a simple (weakly cancellative) Cu-semigroup S, every
sub-Cu-semigroup of S is simple (weakly cancellative).

In particular, simplicity and weak cancellation each satisfy the Léwenheim-Sko-
lem condition.

Proof. Let S be a simple Cu-semigroup, and let 7' C S be a sub-Cu-semigroup. To
verify that T is simple, let z,y € T with y # 0. Since S is simple, we have z < ooy
in S, and since the inclusion T'— S is an order-embedding, we get z < ooy in T'.
Let us now assume that S is a weakly cancellative Cu-semigroup, and let T C S
be a sub-Cu-semigroup. To show that T is weakly cancellative, let z,y,z € T
satisfy z + z < y + z. This implies that z < y in S, and thus * < y in 7. O

Lemma 5.5. Let S be a Cu-semigroup, and let Ty C S be a countably based sub-
Cu-semigroup. Then there exists a countably based sub-Cu-semigroup T' C S such
that To C T and dim(T) < dim(S).

Proof. Set n := dim(S). If n = oo, then T := Tj has the desired properties. Thus,
we may assume that n is finite.

Claim: Let P C S be a countably based sub-Cu-semigroup. Then there exists a
countably based sub-Cu-semigroup QQ C S satisfying P C Q and with the following
property: Whenever ' < © < y1+ ...+ y, in P, then there exist zj, € Q for
j=1,...,r and k=0,...,n satisfying (i)-(iii) from Definition 2.8.

To prove the claim, choose a countable basis B C P. For each r > 1, consider
the countable set

Ir = (‘r/a-rayla"'?yr) GBT+2:‘II DR y1++y’"}

For each i = (2/,x,y1,...,yr) € I, we apply dim(S) <nforz’ < c < y1+...+yr
to obtain elements z; j5 € S for j = 1,...,r and k = 0,...,n satisfying (i)-(iii)
from Definition 2.8. Applying Lemma 5.1, we obtain a countably based sub-Cu-
semigroup @ C S that contains B and each z; j forr >1,i€ 1., j=1,...,r, and
k=0,...,n. Since B is a basis for P, we have P C Q.

To verify that @ has the claimed property, let 2’/ < < y1 + ...+ y, in P.
Using that B is a basis, we can choose ¢/, c,dy,...,d, € B such that

<< d<egr<L<di+.. +dy, i<y, ..., dp Ly
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Then i := (¢, ¢,dy, . ..,d,) belongs to I.. By construction, @) contains the elements
Zi ik, which satisfy (i)-(iii) from Definition 2.8 for ¢ < ¢ < di + ... + d,, and
it is easy to see that these same elements satisfy (i)-(iii) from Definition 2.8 for
' <z <y +...+vy. This proves the claim.

Now, we successively apply the claim to obtain an increasing sequence (T})g
of countably based sub-Cu-semigroups T C S such that for every £ € N and
¥ Lz <Ly1+...+yr in Ty there exist zj, € Tpqq forj=1,...,randk=0,...,n
satisfying (i)-(iii) from Definition 2.8.

Let T := Uy Tk, which by construction is a submonoid of S such that every
element in T, is the supremum of a <-increasing sequence in T,,. Set T' := T,
By Corollary 4.12, T is a sub-Cu-semigroup of S satisfying Tp C T. It is now
straightforward to verify that 7" is countably based and satisfies dim(7") <n. O

Proposition 5.6. Let n € N. Given a Cu-semigroup S satisfying dim(S) < n,
the countably based sub-Cu-semigroups T C S satisfying dim(T) < n form a o-
complete, cofinal subset of Subcp1(.S).

In particular, the property of Cu-semigroups of having dimension at most n
satisfies the Lowenheim-Skolem condition.

Proof. Let R be the collection of sub-Cu-semigroups 7' C S satisfying dim(7") < n.
By Proposition 2.9, the property of having dimension at most n passes to inductive
limits, which shows that R is o-complete. Further, R is cofinal by Lemma 5.5. [

Theorem 5.7. Let S be a Cu-semigroup, and let n € N. Then the following are
equivalent:
(1) dim(S) < n;
(2) every countable subset of S is contained in a countably based sub-Cu-semi-
group T C S satisfying dim(T) < n;
(3) every finite subset of S is contained in a sub-Cu-semigroup T C S satisfying
dim(T) < n.

Proof. 1t follows from Lemmas 5.1 and 5.5 that (1) implies (2). It is clear that (2)
implies (3). To show that (3) implies (1), let 7 be the collection of sub-Cu-sem-
igroups with dimension at most n. For each T € T, let v7: T — S denote the
inclusion map. It follows from the assumption that the family (T, t1)re7 approxi-
mates S. Hence, we have dim(S) < n by Proposition 3.4. O

As an application of the methods developed in this section, we can remove the
assumption of being countably based in several results from [TV21]. We first gen-
eralize [TV21, Proposition 7.14].

Proposition 5.8. Let S be a zero-dimensional, simple, weakly cancellative Cu-
semigroup satisfying (O5). Then S has the Riesz interpolation property. If we
additionally assume that S is nonelementary, then S is almost divisible.

Proof. If S is elementary, then S is isomorphic to {0,1,...,00}, or to {0,1,...,n}
for some n € N; see [APT18, Proposition 5.1.19]. In either case, S has the Riesz
interpolation property. So we may assume from now on that S is nonelementary.
This allows us to choose a sequence (sy,,), in S with sg > s1 > .. ..

Let Ros, Rsimple,; Rcancs and Raimo be the collections of countably generated
sub-Cu-semigroups of S that satisfy (O5), or that are simple, weakly cancellative,
or zero-dimensional, respectively. By Propositions 5.3, 5.4, and 5.6, each of these
collections are o-complete and cofinal. Set R := Ros N Rsimple N Reanc N Rdimo-
Then R is o-complete and cofinal.

To verify that S has the Riesz interpolation property, let zqg, z1, Y9, y1 € S satisfy
x; < yg for all j,k € {0,1}. We need to find z € S such that z; < z < yj, for all
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J,k € {0,1}. Using Lemma 5.1 and that R is cofinal, we obtain R € R containing
o, %1, Y0, y1 and containing g, s1, ..., which forces R to be nonelementary.

Note that R is a zero-dimensional, countably based, simple, weakly cancellative,
nonelementary Cu-semigroup satisfying (O5). By [TV21, Proposition 7.14], R has
the Riesz interpolation property. We therefore obtain z with the desired properties
inRCS.

To verify that S is almost divisible, let n > 1, and let ',z € S satisfy 2’ < x.
We need to find z € S such that nz < = and 2/ < (n + 1)z. As above, we
obtain R € R containing ', z, so, 1, . ... By [TV21, Proposition 7.14], R is almost
divisible, which allows us to find z with the desired properties in R. g

The next result generalizes [TV21, Proposition 3.17]. Recall that an element x
in a Cu-semigroup S is said to be soft if for every 2’ < z there exists k € N such
that (k + 1)z’ < kz. The set of soft elements, denoted by Sgof, is a sub-Cu-semi-
group of S satisfying (O5) and (O6) whenever S is simple, weakly cancellative and
satisfies (O5) and (O6); see [APT18, Proposition 5.3.18].

Proposition 5.9. Let S be a simple, weakly cancellative Cu-semigroup satisfying
(05) and (06). Then

dim(Ssor) < dim(S) < dim(Ssog;) + 1.

Proof. To prove the first inequality, set n := dim(S), which we may assume to be
finite. To verify condition (3) of Theorem 5.7, let H be a finite subset of Sgogt.

Proceeding as in the proof of Proposition 5.8, and using Lemma 5.1 and Propo-
sitions 5.3, 5.4 and 5.6, there exists a simple, weakly cancellative, countably based
sub-Cu-semigroup 7' C S satisfying (O5) and (O6) with dim(7) <n and H C T.

It follows from [TV21, Proposition 3.17] that dim(7Tios) < n. We note that
Tiort 18 a sub-Cu-semigroup of Sgope containing H. Thus, every finite subset of
Ssoft 18 contained in a sub-Cu-semigroup of dimension at most n. This shows that
dim(Ssogs) < n by Theorem 5.7.

To prove the second inequality, set m := dim(Ssof;), which we may assume
to be finite. Let H be a finite subset of S. Using once again Lemma 5.1 and
Proposition 5.3, one finds a countably based sub-Cu-semigroup 7)) C S satisfying
(05) and (06) with H € T,

By Proposition 5.6, there exists a countably based sub-Cu-semigroup R of
Seoft such that TS(Olf)t c RM and dim(R™M) < m. Since R and T™ are countably
based, there exists by Lemma 5.1 and Proposition 5.3 a countably based sub-Cu-
semigroup T2 C § satisfying (O5) and (06) with R, 71 C 7(2),

Proceeding in this manner, one obtains an increasing sequence of countably based
sub-Cu-semigroups T*) C S satisfying (O5) and (O6) and an increasing sequence
of sub-Cu-semigroup R®) of Sy with dimension at most m such that

T®) ¢ R ¢ T+,

Set T := |J, T® " and R = Us R®™™ Then T C S is a countably based
sub-Cu-semigroup. Since each TF) satisfies (O5) and (06), it follows from Propo-
sition 5.3 that T also satisfies them. Moreover, using that 7" is a sub-Cu-semigroup
of S, it follows from Proposition 5.4 that T is also simple and weakly cancellative.

Since dim(R*)) < m for every k, we have by Theorem 5.7 (or using Proposi-
tion 2.9) that dim(R) < m, and it is easy to check that Tso = R. Applying [TV21,
Proposition 3.17], we get

dim(7) < dim(Tiott) + 1 = dim(R) +1 < m + 1.

Thus, every finite subset of S is contained in a sub-Cu-semigroup with dimension
at most m + 1. This shows, by Theorem 5.7, that dim(S) < m + 1, as desired. O
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6. DIMENSION OF THE CUNTZ SEMIGROUP AS A NONCOMMUTATIVE DIMENSION
THEORY

In this section, we show that associating to a C*-algebra the dimension of its
Cuntz semigroup satisfies the Lowenheim-Skolem condition; see Theorem 6.2. It
follows that this association is a well-behaved invariant that satisfies most of the
axioms of a noncommutative dimension theory in the sense of [Thil3, Definition 1];
see Paragraph 6.4. It remains open if the dimension of the Cuntz semigroup is
compatible with minimal unitizations; see Question 6.6.

If B C A is a sub-C*-algebra, then the inclusion map B — A induces a Cu-
morphism Cu(B) — Cu(A) which in general is not an order-embedding. Thus,
the Cuntz semigroup of a sub-C*-algebra is not necessarily a sub-Cu-semigroup.
However, the next results shows that there are sufficiently many separable sub-C*-
algebras whose Cuntz semigroups are sub-Cu-semigroups.

Given a C*-algebra A, we let Subge,(A) denote the collection of separable sub-
C*-algebras of A. See [Thi20a, Paragraph 3.1] for details.

Proposition 6.1. Let A be a C*-algebra. Then

S := {B € Subyp(A) : Cu(B) — Cu(A) is an order-embedding}
is o-complete and cofinal. Fach B € S induces a countably based sub-Cu-semigroup
Cu(B) C Cu(A). Let a: S — Subtpi(Cu(A)) be the map that sends B € S to the

sub-Cu-semigroup Cu(B) C Cu(A). Then a preserves the order and the suprema of
countable directed subsets, and the image of a is a cofinal subset of Suben1(Cu(A)).

Proof. To prove that S is o-complete, let 7 C S be a countable, directed subfamily.
Set D := [JT7. We need to verify D € S. Let pap: Cu(D) — Cu(A) denote
the Cu-morphism induced by the inclusion map D — A. Similarly, we define
¢p p: Cu(B) = Cu(D) and ¢4 p: Cu(B) — Cu(A) for each Be T.

To verify that @4 p is an order-embedding, let =,y € Cu(D) satisfy

va,p(T) < ap(y)
Let z',2” € Cu(D) be such that 2’ < 2”7 < z. Then 4 p(z") < pap(zr) <
©4,p(y), which allows us to choose ' € Cu(D) with

1

pap(@") <eap(y), and y <y.
Using that D =1lim B, we have Cu(D) =lim __ Cu(B) by [APT18, Corol-
lary 3.2.9]. Applying (L2) from [TV21, Paragraph 3.8] (see also the proof of Propo-

sition 3.5), we obtain B € T and ¢, d € Cu(B) such that
' < ppplc)<z”, and y < opp(d) <y.
Then
1"

¢a,5(c) = va,p(pp,B(c) < 0ap(a”) <ap(y) < vaplep,s(d) = pard).
Using that ¢4, is an order-embedding, we obtain ¢ < d in Cu(B), and thus

2’ < pp,p(c) < ¢p,p(d) <y.
Thus, 2’ < y for every ' way-below x, which implies z < y.

To verify that S is cofinal, let By € Subge,(A4). By [FHL'16, Theorem 2.6.2],
there exists B € Subgep(A) such that By C B and such that B is an elementary sub-
model of A. By [FHL*16, Lemma 8.1.3], Cu(B) — Cu(A) is an order-embedding.
Thus, B belongs to S, as desired.

Given B € S, it follows from Lemma 4.3 that we can identify Cu(B) with a
sub-Cu-semigroup of Cu(A). Since B is separable, Cu(B) is countably based. It is
then straightforward to see that the map « is order-preserving. Next, let 7 C S
be a countable, directed subset, and set D :=J 7. We identify Cu(D) and Cu(B)
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(for each B € T) with sub-Cu-semigroups of Cu(A). Then (Cu(B))pe7 is a count-
able, directed family in Subcp(Cu(A)), with supremum given by supgc Cu(B) =

Uger Cu(B)Sup; see Theorem 4.15. Since Cu(B) is contained in Cu(D) for each
B € T, we have

U CuB)  CCu(D).
BeT

The other inclusion follows using that Cu(D) is the inductive limit of (Cu(B))geT-
This shows that « preserves suprema of countable directed subsets.

Finally, to show that the image of « is cofinal, let T' € Subtp(Cu(A)). Choose
a countable basis D C T. For each x € D choose a, € (A® K)4 with z = [a,]. We
can then choose a separable sub-C*-algebra By C A such that each a, is contained
in By ® K € A® K. Using that S is cofinal, we obtain B € S containing By.
Then the sub-Cu-semigroup Cu(B) C Cu(A) contains each x € D, which implies

T C Cu(B) as required. d
Theorem 6.2. Let n € N, and let A be a C*-algebra satisfying dim(Cu(A4)) < n.
Then

8 1= {B € Subg(A) : Cu(B) — Cu(A) order-embedding, dim(Cu(B)) < n}

is o-complete and cofinal.
In particular, for every separable sub-C*-algebra By C A there exists a separable
sub-C*-algebra B C A such that By C B and dim(Cu(B)) < n.

Proof. Set
Sy := {B € Subgep(A) : Cu(B) — Cu(A) is an order-embedding},
T = {T € Subcipi(Cu(A)) : dim(T) < n}.

By Proposition 6.1, Sy is a o-complete and cofinal subfamily of Subge,(A). Sim-
ilarly, by Proposition 5.6, 7 is a o-complete and cofinal subset of Subc) (Cu(B)).
Let a: Sy — Subepi(Cu(A)) be the map that sends B € Sy to the sub-Cu-semi-
group Cu(B) C Cu(A), as in Proposition 6.1. Then

S={BeSy:a(B)eT}.

Using that Sp and T are o-complete, and using that « preserves suprema of
countable, directed sets, it follows that S is o-complete. To show that S is cofinal,
let By € Subgep(A). Using that T is cofinal, we obtain Ty € T such that «(By) C Tp.
Using that the image of « is cofinal, we find By € Sy such that Ty C «(By).
Continuing successively, we obtain an increasing sequence (T} )reny in 7 and an
increasing sequence (By)g>1 in Sy such that

Ot(B()) Q TO Q a(Bl) ng g CM(BQ) QTQ g

Set B:=U, By and T := U, Tx . Then By C B, B € Sy and T € T. Using that
« preserves suprema of countable, directed sets, we get a(B) = T', and thus B € S,
as desired. |

Corollary 6.3. Let A be a C*-algebra, and let n € N. Then dim(Cu(4)) < n
if and only if every finite (or countable) subset of A is contained in a separable
sub-C*-algebra B C A satisfying dim(Cu(B)) < n.

Proof. The forward implication is Theorem 6.2, and the backward implication fol-
lows from Theorem 3.8. |

6.4. Following [Thil3, Definition 1], we say that an assignment that to each C*-
algebra A associates a number (the dimension) d(A) € {0,1,2,...,00} is a (non-
commutative) dimension theory if the following conditions are satisfied:
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=

I) < d(A) whenever I C A is an ideal in a C*-algebra A;

A/I) < d(A) whenever I C A is an ideal in a C*-algebra A;

A® B) = max{d(A),d(B)}, whenever A and B are C*-algebras;

d(A) = d(A) for every C*-algebra A;

If n € N and if A is a C*-algebra that is approximated by sub-C*-algebras
A C A with d(A)) < n, then d(4) < n;

(D6) Given a C*-algebra A and a separable sub-C*-algebra By C A, there exists
a separable sub-C*-algebra B C A such that By C B and d(B) < d(A).

Assigning to a C*-algebra the dimension of its Cuntz semigroup satisfies condi-
tions (D1), (D2) and (D3) (by Proposition 3.10 of [TV21]), (D5) (by Theorem 3.8)
and (D6) (by Theorem 6.2). However, Example 6.5 shows that (D4) does not hold.

Using [Thil3, Proposition 3], one can also see that this assignemnt is in fact
Morita-invariant, that is, dim(Cu(A4)) = dim(Cu(B)) whenever A and B are Morita
equivalent.

(
d(
(

CEEIEEE
S— \C:J/\_/\_/
U

Example 6.5. Let W denote the Jacelon-Razac algebra. Then
dim(Cu(W)) =0, and dim(Cu(W)) = 1.

Indeed, we have Cu(W) = [0, oo], which is easily seen to be zero-dimensional. (See
also [TV21, Proposition 3.22].)

Further, since the nuclear dimension of W is 1, we have dim(Cu(W)) < 1 by
[TV21, Theorem 4.1]. On the other hand, since W has stable rank one, so does

w (by definition); but W does not have real rank zero, and hence neither does W.

Thus, it follows from [TV21, Corollary 5.8] that Cu(WW) is not zero-dimensional.

Question 6.6. Let I C A be an ideal in a unital C*-algebra A. Do we have

dim(Cu(T)) < dim(Cu(A))?

If the above question has a positive answer, then associating to a C*-algebra the
dimension of the Cuntz semigroup of its minimal unitization is a noncommutative
dimension theory. Indeed, one can verify that this assignment satisfies (D2)-(D6),
and Question 6.6 is asking if (D1) holds.
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