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Abstract

We show how to extend the method used in [22] to prove uniqueness of solutions
to a family of several nonlocal equations containing aggregation terms and aggrega-
tion/diffusion competition. They contain several mathematical biology models pro-
posed in macroscopic descriptions of swarming and chemotaxis for the evolution of
mass densities of individuals or cells. Uniqueness is shown for bounded nonnegative
mass-preserving weak solutions without diffusion. In diffusive cases, we use a coupling
method [16, 33] and thus, we need an stochastic representation of the solution to hold.
In summary, our results show, modulo certain technical hypotheses, that nonnegative
mass-preserving solutions remain unique as long as their L°°-norm is controlled in time.

1 Introduction

We aim to study the uniqueness of solutions to continuity equations evolving a nonnegative
density p(t,z) at position € RY and time ¢ > 0 by the equation

dp

E(t,x) + div [p(t, x)u(t, )] =0 t>0, zeRN,
—_ N (1.1)
u(t,z) := —=VK * p(t, x) t>0, xeRY
p(O,l’):po(x)ZO I'GRN,
where u(t,z) := —VK * p(t,z) is the velocity field. We will also deal with this uniqueness
issue for the associated equations in which a linear diffusion term is added, i.e.,
dp . N
—(t,z) + div [p(t, z)u(t, z)] = Ap t>0, zeRY,
ot (1.2)
p(0,2) = po(z) >0 r RN,

The initial data is assumed to have total finite mass, po € L' (RY). Moreover, since solutions
of (1.1) formally preserves the total mass of the system

[ ottrdo= [ o) dy = (1.3)
RN RN

we can assume, without loss of generality, that we work with probability measures, i.e. M =1,
by suitable scalings of the equation. A further assumption that will be done through this
work is the boundedness of the initial data, i.e., pg € L= (RY).

This kind of nonlocal interaction equations have been proposed as models for velocity
distributions of inelastic colliding particles [3, 4, 31, 14, 15]. Here, typical interaction kernels
K (x) are convex and increasing algebraically at infinity. Convexity gives rates of expan-
sion/contraction of distances between solutions, see also [1], and thus uniqueness.
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Other source of these models is in the field of collective animal behavior. One of the
mathematical problems arising there is the analysis of the long time behavior of a collection
of self-interacting individuals via pairwise potentials leading to patterns such as flocks, schools
or swarms formed by insects, fishes and birds. The simplest models based on ODE/SDEs
systems, for instance [10, 27|, led to continuum descriptions [13, 12, 29, 30] for the evolution
of densities of individuals. Here, one of the typical potentials used is the Morse potential,
which is radial K(z) = k(]z|) and given by

k(r) = —Cue "/t 4 Cpe™ "/t (1.4)

with C,, C, attractive and repulsive strengths and ¢,, ¢, their respective length scales. Typ-
ically, these interaction potentials are not convex, and they are composed of an attraction
part usually in a certain annular region and a repulsive region closed to the origin while the
interaction gets asymptotically zero for large distances, see [12]. Global existence and unique-
ness of weak solutions in Sobolev spaces when the potential is well-behaved and smooth, say
K € C*(RY) with bounded second derivatives, were established in [29, 21]. Uniqueness re-
sults in the smooth potential case also follows from the general theory developed in [1] as
used in [13].

One of the interesting mathematical difficulties in these problems relates to the case of
only attractive potentials with a Lipschitz point at the origin as the Morse Potential with
C, = 0. In this particular case, finite time blow-up for L' — L® solutions have been proved for
compactly supported initial data, see [21, 6, 5, 7] for a series of results in this direction. In this
particular case, a result of uniqueness of L' — L™ solutions under some additional technical
hypotheses was obtained in [5] inspired by ideas from 2D-incompressible Euler equations in
fluid mechanics [34].

Finally, another source of problems of this form is the so-called Patlak-Keller-Segel (PKS)
model [28, 20] for chemotaxis in the parabolic-elliptic approximation. This equation corre-
sponds to the case in which the potential is the fundamental solution of the operator —A in
any dimension. Originally, this model was written in two dimensions with linear diffusion,
see [18, 9, 8] for a state of the art in two dimensions and [17] in larger dimensions. Therefore,
in the rest we will refer as PKS equation without diffusion and the PKS equation. In the
case without diffusion, it is know that bounded solutions will exist locally in time and that
smooth fast-decaying solutions cannot exist globally. In the classical PKS system in 2D di-
mensions, the mass is a critical quantity and thus there are global solutions below a critical
mass and local in time solutions that may blow-up in time for mass values larger than the
critical one. In more dimensions, this dichotomy is not so well-known and there are criteria
for both situations.

Here, we will essentially work with the three type of interaction potentials above: bounded
second derivatives, pointy potentials and Poisson kernels, to show uniqueness of bounded
weak solutions on a given time interval [0,T]. The idea is based on G. Loeper’s work [22]
who showed the uniqueness of bounded weak solutions for the Vlasov-Poisson system and the
2D incompressible Euler equations using as ”distance” an estimate on the euclidean optimal
transport distance between probability measures. We handle the case without diffusion in
the next section. Finally, Section 3 will present the adaptation of this idea using a coupling
method [16, 33] to the case with diffusion by assuming we have an stochastic representation
formula.

2 Uniqueness for Aggregation Equations

2.1 Notion of Solution

Let us start by working with the continuity equation (1.1) with a given velocity field w :
[0,T] x RN — R¥. The continuity equation comes from the assumption that the mass
density of individuals in a set is preserved by the flow map or characteristics associated to



the ODE system determined by

X0 4 X)) 120,
dt
X(0,0) =« a RN,

Let us assume that the given velocity field u is such that the solutions to the ODE system are
globally defined in [0, 7] and unique. Moreover, let us assume that the flow map X (t) : RV —
RY for all t > 0 associated to the velocity field u(t,z), X (t)(a) := X (¢, ) forall« € RV isa
family of homeomorphisms from RY onto RY. Typically in our cases, u € C([0, 7] x RY; RY)
and is either Lipschitz or Log-Lipschitz in space, which implies the above statements on the
ODE system, see for instance [23, 24].

Given p € Cy([0,T],LL(RY)), we will say that it is a distributional solution to the
continuity equation (1.1) with the given velocity field u and initial data py € L} (RY), if it
verifies

/OT/RN <‘g‘f(t,x) +u(t, z) - V@(t,x)) p(t,x) dxdt = /RN ©(0,z)po(z) dz:

for all ¢ € C5°([0,T) x RY)). Here, the symbol C,, means continuity with the weak-*
topology of measures. Let us point out that under the above hypotheses the term (u - V)p
makes perfect sense as duality L' — L.

In fact, the distributional solution of the continuity equation with initial data py €
LY (RY) is uniquely characterized by

[ottaraa= [ poia)ds
B X(6)-1(B)

for any measurable set B C RY see [1]. In the optimal transport terminology, this is
equivalent to say that X (t) transports the measure py onto p(t) and we denote it by p(t) =
X (t)#po defined by

o C(z)p(t,z) de = o C(X(t,x))po(x)de V¢ eCHRY). (2.1)

With these ingredients, we can define the notion of solution for which we will prove its
uniqueness.

Definition 2.1 A function p is a bounded weak solution of (1.1) on [0,T] for a nonnegative
initial data po € L*(R™N), if it satisfies

1. p e Cu([0,T], LL(RY)).

2. The solutions of the ODE system X'(t, &) = u(t, X (t, ) with the velocity field u(t, z) :=
~VK *p(t,x) are uniquely defined in [0,T] for any initial data o € RN

3. p(t) = X (t)#po is the unique distributional solution to the continuity equation with
given velocity field u.

4. p € L>(0,T; LOO(RN)).
Remark 2.2

1. Let us point out that even if the solution to the continuity equation with given velocity
field w is unique, the uniqueness issue for (1.1) is not settled due to the monlinear
coupling through v = —V K * p.

2. In order to show that bounded weak solutions exist, one usually needs more assumptions
on the initial data depending on the particular choices of the kernel K. Typically for
initial data pg € Lﬂ_ N L>®(RY), we will have a time T > 0 possibly depending on the
initial data and a bounded weak solution on the time interval [0,T).



2.2 Ingredients about optimal transport

Given two probability measures p; and ps probability measures with bounded second mo-
ment, the Euclidean Wasserstein Distance is defined as

1/2
Walp1, pa) — inf { I - y|2dn<x,y>} (2.2)
I1er RN xRN

where II runs over the set of transference plans I'; that is, the set of joint probability measures
on RN x RY with marginals p; and po, i.e.,

//RNX]RN o(x) dTI(z,y) = /RN () pr () di

//]RN X RN ply) dll(z,y) = /RN o(y) p2(y) dy

for all ¢ € Cy(RY), the set of continuous and bounded functions on RY.

and

Remark 2.3 As it will be used below, given two maps X1, Xs : RN — RN and a given
probability measure with bounded second moment py, then

W3 (X1#p0, Xa#po) < /RN |X1(z) — Xo(z)[2dpo ()

Just by using II = (X1 x Xo)#po in the definition of the distance Wa.

First, we recall a result, already used in [22], for estimating the displacement interpolation
between two absolutely continuous measures p; and ps with respect to Lebesgue. Let us define
the displacement interpolation between these measures as

po = (6 — DT + (2 — 0)Iew) 41 (2.3)

for 6 € [1,2], where T is the optimal transport map between p; and py due to Brenier’s
theorem [11] and Ipw~ is the identity map.

Theorem 2.4 [2, 25, 19, 1] Let p; and pa be two probability measures on RN | such that they
are absolutely continuous with respect to the Lebesgue measure and Wa(p1,p2) < oo. Then
there exists a vector field vg € L*>(RN, pg dx) such that

i. dilepg + div(pgrg) =0 for all 0 € [1,2].

ii. / polve|? dx = Wi (p1, p2) for all 0 € [1,2].
RN
1. We have the L -interpolation estimate
190l Lo () < max {|[p1]|Loe @) [|p2]| oo @) }
for all 6 € [1,2].

One of the ingredients in the proof of Loeper for the Vlasov-Poisson and the 2D in-
compressible Euler equations is an interpolation estimate between the associated Newtonian
potentials.

Proposition 2.5 [22] Let p; and py be two probability measures on RN with L> densities
with respect to the Lebesgue measure. Let ¢; the solution of the Poisson’s equation —Ac; = p;
in RN given by ¢; = Ty % p; with T the fundamental solution of —A in RN . Then,

IVer — Veall 2@y < max(||p1ll @y, o2l Lo @v) > Walpr, p2)



We will proceed similarly to the proof of the previous proposition to get the following
interpolation in smoother situations where the kernel has integrable Hessian.

Proposition 2.6 Let p; and py be two probability measures on RN with L™ densities with
respect to the Lebesque measure. Let ¢; = K * p; with VK € L*(RY) and |D?*K| € L*(RYN).
Then,

IVer = Ves| o @y < max([|pa | poe @y, o2l Lo @) /> Walpr, pa)-

Proof.- Let us first point out that V¢; € L2(RY) due to the assumption VK € L?(RY). By
using Theorem 2.4, we can write

IVer = Veallam, = [ VK5 (o1 = p2) (0 da

:/RN (VK*/12§9pgd6> (@)
:/RN <VK*/12div(p91/9)d0> (@)

Applying Jensen’s inequality, integrating-by-parts and estimating the modulus and the L2-
norm of the convolution, we get

2
dx

2
dx

2
2
||vC1—Vc2||iz(RN)s/ /N||D2K|*(p9|1/g|)| dz df
1 R

2
< lpollm DKy [ [ poloPdade

from which the desired inequality follows using the other information from Theorem 2.4. O

2.3 Uniqueness for bounded weak solutions

Let us set some notation for the rest of this section. Let us assume that p; and ps are two
bounded weak solutions to (1.1), we look at the two characteristics flow maps, X; and Xa,
such that p; = X;#p0, i = 1,2, and provide a bound for the distance between them at time
t in terms of its distance at time ¢ = 0.

In the following, we will address the uniqueness with u = —VK % p, first providing the
details of the computation for a regular smooth kernel K € C?(RY) and with L°-bounded
Hessian and then modify it in order to include a more general family of kernels with possibly
Lipschitz point at the origin, namely, for kernels with the Hessian bounded in L!'(R"). Let
us remark that the potential K(z) = e~ 1#| belongs to this class for N > 2. Finally, we look
at the Keller-Segel model without diffusion, i.e. taking u = Ve = —VI'y % p. The main
theorem is summarized as:

Theorem 2.7 Let p1, pa be two bounded weak solutions of equation (1.1) in the interval
[0, T] with initial data py € LY (RY) and assume that either:

o u is given by u = —VK % p, with K such that K € C?>(RY) and |D?*K| € L>=(R").
o u is given by u = —VK * p, with K such that VK € L*(RY) and |D?K| € L*(RY).
o u=—VIy=xp.
Then p1(t) = pa(t) for all0 <t <T.
Idea of the proof.- Given the two bounded weak solutions to (1.1), let us define the quantity

Q) =5 [ 1X:(0) = %) Pou(a) e, (2.4)

with X; the flow map associated to each solution, p;(t) = X;#po, ¢ = 1,2. Taking into
account the remarks to the definition of the Wa-distance, we have W2(p1(t), p2(t)) < 2Q(t).
It is clear then that Q(t) = 0 would imply that p; = pa.



1. Regular kernel case.- In this case, the velocity field is continuous and Lipschitz in
space, therefore the characteristics are globally defined and unique. Now, by taking the
derivative of Q w.r.t. time, we get

0Q _
at_RN

:/]RN<X1 — Xo,uy(z1) — uy(a2))po(z)dz +

(X1 = X2, u1(21) — uz(x2))po(x)da

/]RN (X1 — Xo,u1(x2) — ug(z2))po(x)dx (2.5)

where the time variable has been ellipsed for clarity. Now, taking into account the
Lipschitz properties of u into the first integral and using Holder inequality in the second
one, we can write

W=

% < o +Qu? ( [ o Ctatt,2)) = (Xt ) |2po<x>dx)
= CQt) +Q(t)2I(t)=. (2.6)

Now, let us work in the term I(t). By using that the solutions are constructed trans-
porting the initial data through their low maps, we deduce

16) = | | IVK * (o = o) [Xa(t.)] Profe) d

= /R N ] - VK(Xa(z) —y)pi(y)dy — [ VE(Xa(z) —y)p2(y) dy’zpo(x) dz

RN

= /RN ’ /RN [VK(Xa2(z) — X1(y)) — VK (X2(z) — X2(v))] po(y) dy‘zpo(x) dz
< / / ‘VK(XQ(x) - X1(y)) - VK(Xa(z) _Xg(y))fpo(y)po(x) dy dz,
RN JRN

the last step holding due to Jensen’s inequality. Using Taylor’s theorem, since K is
twice differentiable, we deduce

1
VE(A) = VK(B)+/O (D?E) [X2(2) — X1(y) + ¢(X1(y) — X2(y)] (X1(y) — Xa(y) dC

with A = Xa(z) — Xo(y) and B = Xo(z) — X1(y), and thus [VK(A) — VK(B)| <
C|X1(y) — Xa(y)| since |[D2K| € L (RY). This finally gives that I(t) < CQ(t). Going
back to (2.6), we recover % < CQ(t), and hence we can conclude that if Q(0) =0
then Q(t) = 0, implying p; = po.

2. Kernels allowing Lipschitz singularity.- Under the assumptions on the kernel K and the
properties of bounded weak solutions, it was shown in [5, Lemma 4.2] that the velocity

field w is Lipschitz continuous in space and time. Therefore, we can recover exactly the
relation (2.6) again. Now, in order to estimate I(t), we write it as:

16)= [ 19K (o1 =) Xa(t. 0] Fpa(o)de = [ 19K 5 (1 = po) (2) (o)

R
Using Proposition 2.6, we deduce that

1(t) < [|p2ll oo ey max([|p1 [l L= vy, o2l os () W3 (p1, p2) < CQ(1),
and we can conclude similarly as in the previous case.

3. PKS model without diffusion.- Under the assumptions on bounded weak solutions, the
velocity field in our case is Log-Lipschitz in space. This is a classical result used in
2D incompressible Euler equations and easily generalized to any dimension [23, 24, 22].



More precisely, u € L>((0,T) x RV;RY) and there exists a constant C' depending on
the L' and L norms of p(t) such that

DO | =

lu(t, z) — u(t,y)| < Clr — y|log ——

when |z —y| <
|z =yl

for any ¢ € [0, T]. The flow map under these conditions can be uniquely defined and it
is a Holder homeomorphism.

The uniqueness proof follows estimating the second term in (2.5) as in the previous
case. More precisely, we use Proposition 2.5 to infer that

I(t) < ||p2lpoe vy max (|| p1 || oo vy, 1|02l oo m3)) W3 (p1, p2) < CQ(E),

implying

[N

/R (X0 = X, (22) — w2 o) < QUHI)E < CQU)

Now, let us concentrate in the first term of (2.5), we just repeat the standard arguments
in [22] to get that by taking T small enough then

[0 = X (e0) = @) po(o)ide < CQU)og*(2Q(0)

where the log-Lipschitz property of w was used. This finally gives the differential

inequality

d 1

—Q)<CQ() 1+ 1log ——

500 < 00 (1+1ox 55 ).
for 0 < ¢ < T with T small enough. Standard Gronwall-like arguments as in [23] imply
Q(t) = 0, and thus, the uniqueness. 0

3 Uniqueness for aggregation/diffusion competition
We start by defining the concept of solution, we will work with.

Definition 3.1 A function p is a bounded weak solution of (1.2) on [0,T] for a nonnegative
initial data po € L*(R™N), if it satisfies

1. p € Cyw([0,T], LY (RYN)).

2. The SDE system
dX (t) = u(t, X () dt + V2 dW,

with the wvelocity field u(t,x) := —VK «* p(t,z) and initial data X (0) with law po(x)
has a solution given by a Markov process X (t) of law p(t,x). Here W, is the standard
Wiener process.

3. p(t) is a distributional solution to (1.2).
4. p€ L*(0,T; L (RY)).

We point out that again more additional assumptions on the kernel K and the initial
data pg are needed to prove the existence of such solutions. Solutions of this form have
been obtained for particular cases of K in [26, 16]. Moreover, stability estimates, leading in
particular to uniqueness of solutions, are obtained under convexity assumptions on the kernel
K in [16]. Here, we will assume the existence of bounded weak solutions for the three models
introduced in the previous section with diffusion. The existence theory seems a challenging
problem to be tackled in the PKS system. The main theorem for these models with diffusion
can be summarized as:



Theorem 3.2 Let p1, pa be two bounded weak solutions of equation (1.2) in the interval
[0, T with initial data po € LY (RY) and assume that either:

o u is given by u = —VK * p, with K such that K € C*(RY) and |D*K| € L>(RY).
o u is given by u = —VK * p, with K such that VK € L>(RY) and |D?K| € L*(RY).
o yu=—VIy=*p.
Then p1(t) = pa(t) for all0 <t <T.
Proof.- Given the two bounded weak solutions to (1.2), let us consider that the solutions of

the SDE systems:
dX;(t) = u(t, Xi(t)) dt + V/2dW,

with initial data X;(0) = X2(0) a random variable with law pg, are constructed based upon
the same Wiener process as in [16], see also [33, Chapter 2]. Then, the stochastic process
X1(t) — Xo(t) follow a deterministic equation:

%(Xl (t) = Xa(t)) = u(t, X1(t)) — u(t, Xo(t)).

Therefore, the quantity used in this case will be
1 2
Qt) := iE [|X1(t) — Xo(t)| } . (3.1)

It is easy also to check that Wi(pi(t),p2(t)) < 2Q(t) by defining an admissible plan
transporting p;(t) to pa(t) by

/ (@, y)dn(z, y) = E[p(X, (), Xa(1))]
RN xRN

for all ¢ € Cy(RY). This plan has the right marginals since the law of X;(¢) is given by
pi(t, ) meaning that

|, eladmi(t.0)de = Bp(Xi0)].

It is clear then that Q(t) = 0 would imply that X;(¢) = Xa(t), and thus their laws
p1 = p2. With this new quantity the proof now follow exactly the same steps as in Theorem
2.7. 'We make a quick summary of the new ingredients to consider. We first compute the
time derivative of Q(t) as

aQ

dt
with abuse of notation since an integrated in time version of it would give full rigor. Now, the
proof of the smooth case can be really copied directly to this case by replacing integration
with respect to the measure py by expectations. The second and third cases can be also
adapted by using the following ingredients:

E[(X1 — X2, u1(X1) — w1 (X2))] + E [(X1 — X2, u1(X2) — ua(X2))],

1. The interpolation results in Propositions 2.6 and 2.5 can be used by realizing:
I(t) = E[|VE * (p1 — po) [Xa(t)] "] = / VK (o1 = p2) () Ppa(e) da

since po(t, x) is the law of Xs(t).

2. In the case of the PKS system, one of the ingredients used by G. Loeper in his proof
in [22] was the continuity in time of the solutions of the ODE system for small time.
This step was not detailed in the previous section since the proof coincided with the
one in [22]. This needed continuity can be also proved in the present case since being
the two SDE systems solved with the same Brownian motion, then

%(Xl(t) — Xo(t)) = ui(t, X1(t)) — ua2(t, Xa2(1)).



Using that under the assumptions of bounded densities the velocity fields are bounded
and Log-Lipschitz and since the initial data is the same, we deduce | X3 (t) — X2 ()| < Ct
for all 0 <t < T a.e. in the probability space.

All the rest of the details are left to the interested reader. ]
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