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ABSTRACT. Given a Radon measure p on R¢, which may be non dou-
bling, we introduce a space of type BMO with respect to this mea-
sure. It is shown that many properties which hold for the classical space
BMO(p) when g is a doubling measure remain valid for the space of
type BMO introduced in this paper, without assuming p doubling. For
instance, Calderén-Zygmund operators which are bounded on L?(u) are
also bounded from L*°(u) into the new BMO space. Moreover, this
space also satisfies a John-Nirenberg inequality, and its predual is an
atomic space H'. Using a sharp maximal operator it is shown that op-
erators which are bounded from L°°(u) into the new BMO space and
from its predual H* into L' (1) must be bounded on L (i), 1 < p < oo.
From this result one can obtain a new proof of the T'(1) theorem for the
Cauchy transform for non doubling measures. Finally, it is proved that
commutators of Calderén-Zygmund operators bounded on L?(u) with
functions of the new BMO are bounded on L”(u), 1 < p < oco.
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1. INTRODUCTION

In this paper, given a Radon measure y on R¢ which may be non doubling,
we introduce a BMO space and an atomic space (the predual of the BMO
space), with respect to the measure p. It is shown that, in some ways, these
spaces play the role of the classical spaces BMO and H}, in case p is a
doubling measure.

Recently it has been proved that many results of the Caderén-Zygmund
theory of singular integrals remain valid for non doubling measures on R%. A
version of the T'(1) theorem for the Cauchy transform was obtained in [15],
and another for more general Calderén-Zygmund operators in [10]. Cotlar’s
inequality and weak (1,1) estimates were studied in [10] (for the particular
case of the Cauchy transform, the weak (1,1) estimate was studied also
in [15]). G. David [2] obtained a theorem of T'(b) type for non doubling
measures that solved Vitushkin’s conjecture for sets with positive finite 1-
dimensional Hausdorff measure. Another 7'(b) theorem suitable for solving
this conjecture was proved later by Nazarov, Treil and Volberg [12]. In [16],
it is shown that if the Cauchy transform is bounded on L?(u), then the
principal values of the Cauchy transform exist p-almost everywhere in C. In
[18], it is given another proof for the T'(1) theorem for the Cauchy transform,
and in [17] a T'(1) theorem suitable for non doubling measures with atoms
is proved. Also, in [13], another 7'(b) theorem for non doubling measures
(closer to the classical one than the ones stated above) is obtained.

However, for the moment, the attempts to find good substitutes for the
space BMO and its predual H}, for non doubling measures have not been
completely succesful. Mateu, Mattila, Nicolau and Orobitg [7] have studied
the spaces BMO(p) and HL, (1) (with definitions similar to the classical ones)
for a non doubling measure . They have shown that some of the properties
that these spaces satisfy when pu is a doubling measure are satisfied also if p
is non doubling. For example, the John-Nirenberg inequality holds, BMO(u)
is the dual of H},(u) and the operators which are bounded from H}, (1) into
LY(p) and from L®(p) into BMO(u) are bounded on LP(u), 1 < p < oo.
Nevertheless, unlike in the case of doubling measures, Calderén-Zygmund
operators may be bounded on L?(p) but not from L>(u) into BMO(u) or
from HL (i) into L'(u), as it is shown by Verdera [18]. This is the main
drawback of the spaces BMO(u) and HL,(11) considered in [7].

On the other hand, Nazarov, Treil and Volberg [13] have introduced an-
other space of BMO type. Calderén-Zygmund operators which are bounded
on L?(p) are bounded from L*(u) into their BMO space. However, the
BMO space considered in [13] does not satisfy John-Nirenberg inequality, it
is not known which is its predual, and (by now) there is no any interpolation
result such as the one given in [7].

Let us introduce some notation and definitions. Let d,n be some fixed
integers with 1 < n < d. A kernel k(-,-) € L} (R? xR\ {(z,y) : z = y}) is
called a Calderén-Zygmund kernel if



BMO AND H'! FOR NON DOUBLING MEASURES 3

C
1) k(z,y)| < ———,
(V) 1K) < =
(2) there exists 0 < § < 1 such that
|z — 2'|°

/ /
— — < -

if |x — 2| <|z—y|/2.

Throughout all the paper we will assume that p is a Radon measure on R?
satisfying the following growth condition:

1.1 B(z,r)) < Cyr™ for all z € R r > 0.
(1.1) u(B(z,r))

The Calderén-Zygmund operator (CZO) associated to the kernel k(-,-) and
the measure p is defined (at least, formally) as

Tf(z) = / k(z,y) F(y) du(y).

The above integral may be not convergent for many functions f because the
kernel k may have a singularity for x = y. For this reason, one introduces
the truncated operators T;, € > 0:

Tef(x)=/ ‘ k(z,y) f(y) du(y),
T—Y|>€

and then one says that 7" is bounded on LP(u) if the operators T, are bounded
on LP(u) uniformly on € > 0.

Recall that a function f € L} (u) is said to belong to BMO(u) if there
exists some constant C7 such that

1
(1.2) wp s /Q = mo(f)ldu < O,

where the supremum is taken over all the cubes Q C R? centered at some
point of supp(i) (in the paper by a cube we mean a closed cube with sides
parallel to the axes, and if ||| < co, we allow Q = R? too) and mg( f) stands
for the mean of f over @ with respect to p, i.e. mqg(f) = fod,u/,u(Q).
The optimal constant C is the BMO norm of f.

Let us remark that there is a slight difference between the space BMO(u)
that we have just defined and the one considered in [7]: We have taken the
supremum in (1.2) over cubes which are centered at some point in supp(u),
while in [7] that supremum is taken over all the cubes in RY.

It is well known that if p is a doubling measure, i.e. u(2Q) < C u(Q)
for all the cubes @) centered at some point of supp(u), and 7" is bounded on
L?(p), then T is also bounded from L>(u) into BMO(u1). As stated above,
this may fail if x4 is non doubling. Hence if one wants to work with a BMO
space which fulfils some of the usual and fundamental properties related
with CZO’s, then one must introduce a new space BMO. So, for a fixed
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p > 1, one says that a function f € L}, () belongs to BMO,(p) if for some
constant Cy

1
w(pQ)

again with the supremum taken over all the cubes @) centered at some point
of supp(). This is almost the definition taken by Nazarov, Treil and Volberg
in [13].

In fact, in [13], the supremum in the definition (1.3) of BMO, is taken
not only over all cubes ) centered at some point of supp(u), but over all
the cubes Q C R We have prefered to take the supremum only over cubes
centered in points of supp(u), to be coherent with our definitions below.

It is straigthforward to check that if T is bounded on L?(u), then T
is bounded from L*°(u) into BMO,(p). This is the main advantage of
BMO () over BMO(y1). Nevertheless, the new space BMO, (1) does not
have all the nice properties that one may expect. First of all, it happens
that the definition of BMO,(u) depends on the constant p > 1 that we
choose. Obviously, the BMO, norm of f (i.e. the optimal constant Cs in
(1.3)) depends on p. Moreover, it is shown in [13] that there exist measures
p and functions f which for some p > 1 are in BMO,(u), but not for other
p>1

Given p € [1,00), one says that f € BMOL(y) if

(13) sup— [ 17 = mo(f)ldu < Co
Q Q

(1.4) mm/Wf—mQuwwMSCMm@y
Q JQ

In case p is doubling measure, by John-Nirenberg inequality, all the spaces
BMOP(p) = BMngl(,u) coincide. This is not the case if p is non doubling.
In [13] it is shown that there are measures p and functions f such that f is
in BMO?(u) only for a proper subset of p € [1,00).

In this paper we will introduce a new variant of the space BMO suitable
for non doubling measures, which will satisfy some of the properties of the
usual BMO, such as for example the John-Nirenberg inequality. This space
will be a (proper, in general) subspace of the spaces BMO?(u). It will be
small enough to fulfil the properties that we have mentioned and big enough
in order that CZO’s which are bounded on L?(u) be also bounded from
L*> (1) into our new space of BMO type.

We will show that if T is bounded on L?(u) and g € L*(u), then the
oscillations of f = T'(g) satisfy not only the condition given by (1.3), but
other regularity conditions. Then, the functions of our new space will be
the functions satisfying (1.3) and, also, these additional regularity condi-
tions about their oscillations. We will denote it as RBMO(u) (this stands
for ‘regular bounded mean oscillations’). Notice that we have not written
RBMO, (). This is because, as we will see, the definition will not depend
on p, for p > 1.
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If one says that f is in BMO,(u) when it satisfies (1.3), it seems that we

have to consider the atomic space H, ;gf’;(u) made up with functions of the
form

(1.5) f= Z)\i Qi

where \; € R, Y. |\i| < oo and, for each i, a; is a function supported in a
cube Q;, with [|a;|| oo () < p(pQ:) ™", and [ a; dp = 0 (that is a; is an atom).
Obviously, H;f;(p) is the usual atomic space H,;>(u) = Hif;’zl(u) when
1 is a doubling measure. With this definition, a CZO which is bounded in

L?(p), is also bounded from Hif;’(u) into L'(u) (taking p > 1).

In this paper we will introduce another space of atomic type: H;go(,u)
(the subindex ‘atb’ stands for ‘atomic block’). This space will be made up
of functions of the form

16 F=Yn

where the functions b; will be some elementary functions, which we will call
atomic blocks (in particular, any atom a; such as the one of (1.5) will be an

atomic block). So we will have H;fpo (1) C H;;go () but, in general, Hi;go(,u)

will be strictly bigger than H, ;;f’po ().

We will see that this new atomic space enjoys some very interesting prop-
erties. First of all, the definition of the space will be independent of the
chosen constant p > 1. Also, CZO’s which are bounded on L?(y) will be also
bounded from H%>°(11) into L'(u). Moreover, we will show that H;° (i)
is the predual of RBMO(u), and that, as in the doubling case, there is a

collection of spaces Hclbgf (u), p > 1, that coincide with Hi;/go ().

We will show two applications of all the results obtained about RBMO ()
and Hil;go(u) In our first application we will obtain an interpolation the-
orem: We will prove that if a linear operator is bounded from L* into
RBMO(p) and from Hi;go(u) into L'(x), then it is bounded on LP(u),
1 < p < co. As a consequence we will obtain a new proof of the 7T'(1)
theorem for the Cauchy transform for non doubling measures.

We have already mentioned that in [7] it is also proved a theorem of
interpolation between (HL (1), L'(u)) and (L*°(u), BMO(u)), with u non
doubling. However, from this result it is not possible to get the T'(1) theorem
for the Cauchy transform, as it is explained in [7].

Finally, in our second application we will show that if a CZO is bounded
on L?(p), then the commutator of this operator with a function of RBMO (1)

is bounded on LP(u), 1 < p < oc.

2. THE SPACE RBMO(u)

2.1. Introduction. If 1 is a doubling measure and f is a function belonging
to BMO(p), it is easily checked that if @, R are two cubes of comparable
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size with ) C R, then

(2.1) imq(f) —mr(f)l < CllfllByow)

In case p is not doubling and f € BMO, (), it is easily seen that
n(pR)

(2.2) Imq(f) —mr(f)] < Q) | £1l B7O (1) 5

and that’s all one can obtain. So if (@) is much smaller than p(R), then
mq(f) may be very different from mpg(f), and one does not have any useful
information. However, to prove most results dealing with functions in BMO,
some kind of control in the changes of the mean values of f, such as the one
in (2.1), appears to be essential.

We will see that if T'is a CZO that is bounded on L?(u) and g € L>(u),
then the oscillations of T'(g) satisfy some properties which will be stronger
than (2.2). Some of these properties will be stated in terms of some coeffi-
cients Kg g, for () C R cubes in R?, which now we proceed to describe.

2.2. The coefficients K¢ r. Throughout the rest of the paper, unless oth-
erwise stated, any cube will be a cube in R? with sides parallel to the axes
and centered at some point of supp(u).

Given two cubes Q C R in R?, we set

No.r i
2

(2.3) Kor=1+)_ {ék %i,

k=1

where Ng p is the first integer k such that [(2¥Q) > I(R) (in case R = RY #
Q, we set Ng r = 00). The coefficient K¢ p measures how close @ is to R,
in some sense. For example, if () and R have comparable sizes, then K g
is bounded above by some constant which depends on the ratio [(R)/I(Q)
(and on the constant Cy of (1.1)).

Given o > 1 and 3 > o™, we say that some cube @ C R?is («, 3)-doubling
if u(aQ) < Bu(Q). Due to the fact that p satisfies the growth condition
(1.1), there are a lot of “big” doubling cubes. To be precise, given any point
x € supp(p) and d > 0, there exists some («, 3)-doubling cube @ centered
at = with [(Q) > d. This is easily seen by the growth condition (1.1) for
and the fact that § > o™.

In the following lemma we show some of the properties of the coefficients

KQ,R

Lemma 2.1. We have:

(1) If Q C R C S are cubes in R, then Kor<Kgs, Krps <CKqgs
and Kqg s < C(KQR + KR,S)-

(2) If Q@ C R have comparable sizes, Ko r < C.

(3) If N is some positive integer and the cubes 2Q, 2°Q, ...2N 1 are non
(2, B)-doubling (with 3 > 2"), then Kgong < C, with C depending
on B and Cy.
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(4) If N is some positive integer and for some (3 < 2",
p(2VQ) < Bp(2V Q) < Bu(2V Q) < ... < BV u(Q),
then Kgong < C, with C' depending on 3 and Cy.

Proof. The properties 1 and 2 are immediate. Let us see 3. For § > 2", we
have u(2841Q) > B u(2*Q) for k =1,...,N — 1. Thus

N
1(2FQ) < “;%fo)

for k=1,...,N — 1. Therefore,

peRre) p(2NQ)
Kgovg < 1+ Z BN Fl(2kQ)" + 1(2NQ)n
u(2NQ) & 1
< 1+Co+ l(2NQ)n ; BN—k 2(k—=N)n
< 1+Co+Co Y (27/B)F
k=1

Let us check the fourth property. For 8 < 2", we have

k
KQ,zNQ < 1+Z B u(Q)

A
~
+
=
)
E
|

IA
—_
+
9
(]2
VN
Nw ©
N———
El
IA
o)

O

Notice that, in some sense, the property 3 of Lemma 2.1 says that if the
density of the measure p in the concentric cubes grows much faster than
the size of cubes, then the coefficients Kg 9vg remain bounded, while the
fourth property says that if the measure grows too slowly, then they also
remain bounded.

Remark 2.2. If we substitute the numbers 2¥ in the definition (2.3) by o,
for some a > 1, we will obtain a coefficient K§ r- It is easy to check that
K r~ K§ i (with constants that may depend on a and Cp).

Also, if we set

I(R) B
K1+ [ B
UQ) "



8 XAVIER TOLSA

or
1

K”ﬂ:l—l—/ = duly),
(Q)<ly—zq|<i(R) |¥ — TQ|

where z( is the center of ), then it is easily seen that Kg g ~ Kég,R ~ KéR.
The definitions of Ké?, r and Ké, g have the advantage of not depending on
the grid of cubes, unlike the one of Kq g.

We have stated above that there a lot of “big” (a, §)-doubling cubes. In
the next remark we show that, for 3 big enough, there are also many “small”
(e, B)-doubling cubes.

Remark 2.3. Given o > 1, if p is any Radon measure on R?, it is known that
for 3 big enough (depending on a and d), for p-almost all = € R there is
a sequence of («, #)-doubling cubes {Q,, }, centered at x with I(Q),,) tending
to 0 as n — oo.

For a = 2, we denote by 3y one of these big constants . For definiteness,
one can assume that Gy is twice the infimum of these 3’s.

If @ and (8 are not specified, by a doubling cube we will mean a (2, 34)-
doubling cube.

Let f € Llloc(,u) be given. Observe that, by the Lebesgue differentiation
theorem, for y-almost all z € R% one can find a sequence of (2, 34)-doubling
cubes {Qy }x centered at x with [(Qx) — 0 such that

lim

A o0 o, fdu= f(x).

Thus, for any fixed A > 0, for p-almost all z € R? such that [f(z)| > A,
there exists a sequence of (2, 3;)-doubling cubes {Q}r centered at x with
[(Qr) — 0 such that

1 A
limsupi/ dp > —.
k—oo M(2Qk) Jo, 7] dy Ba

2.3. The definition of RBMO(u). Given a cube Q C RY, let N be the
smallest integer > 0 such that 2V@Q is doubling. We denote this cube by @
(recall that this cube @ exists because otherwise the growth condition (1.1)
on p would fail).

Let p > 1 be some fixed constant. We say that f € L}, (u) is in RBMO(u)
if there exists some constant C3 such that for any cube @ (centered at some

point; of supp(s)),
1
(2.4) 5 /Q = mfldu < Cy

and
(2.5)  |mqof —mpgf| <C3Kgpr for any two doubling cubes Q@ C R.

The minimal constant Cs is the RBMO(u) norm of f (in fact, it is a norm
in the space of functions modulo additive constants), and it will be denoted

by ||+ [J-
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Let us remark that the space RBMO(u) depends on the integer n because
of the definition of the coefficients K¢ g.

Notice that if (2.4) is satisfied, then (1.3) also holds. Indeed, for any cube
Q@ and any a € R one has

/If—meldu§2/ |f — aldp.
Q@ Q

In particular this holds for a = mxf. So, the condition (2.4) is stronger than
(1.3). Moreover, in the definition of RBMO(u) we ask also the regularity
condition (2.5).

Observe also that, as a consequence of (2.5), if @ C R are doubling cubes
with comparable size, then

(2.6) imQf —mrf| < Clf]

taking into account the property 2 of Lemma 2.1.

Remark 2.4. In fact, (2.6) also holds for any two doubling cubes with com-
parable sizes such that dist(Q,R) < I(Q). To see this, let Qy be a cube
concentric with @, containing @ and R, and such that {(Q) ~ I(Q). Then
K(Qo,@vo) < C, and thus we have K(Q,@B) < C and K(R,@vo) < C (we
have used the properties 1, 2 and 3 of Lemma 2.1). Then |mqgf — maof| <

Clfll+ and |mpf — m@vof| < C|f|l«. So (2.6) holds.

Let us remark that the condition (2.6) is not satisfied, in general, by
functions of the bigger space BMO, (1) and cubes @, R as above.
We have the following properties:

Proposition 2.5. 1. RBMO(p) is a Banach space of functions (mod-
ulo additive constants).
2. L) € RBMO(), with |, < 2] lzo=(o.
3. If f € RBMO(p), then [f| € RBMO(p) and |[|f] ][« < C'[|f]l«.
4. If f,g € RBMO(p), then min(f, g), max(f,g) € RBMO(u) and

[ min(f, g)l+, [[max(f, g)[[« < C(If]l« + [lgll+)-

Proof. The properties 1 and 2 are easy to check. The third property is also
easy to prove with the aid of Lemma 2.8 below. The fourth property follows
from the third. O

Before showing that CZO’s which are bounded on L?(1) are also bounded
from L*°(p) into RBMO (), we will see other equivalent norms for RBMO(p).
Suppose that for a given a function f € L}Oc(,u) there exist some constant
Cy and a collection of numbers {fo}qo (i.e. for each cube @, there exists

fo € R) such that

1
1w(pQ)

@7 sup / (@) — fol dulz) < C,
Q Q
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and,

(2.8) |fo — fr| < C4Kg r for any two cubes Q C R.

Then, we write || f|« = inf Cy, where the infimum is taken over all the

constants Cy and all the numbers {fg} safisfying (2.7) and (2.8). It is esily

checked that || - ||« is @ norm in the space of functions modulo constants.
The definition of the norm || - ||« depends on the constant p chosen in

(2.7) (the same occurs for [ - ||). However, if we write || - ||, (,) instead of

|« ||x, we have

Lemma 2.6. The norms || - ||, p > 1, are equivalent.

[ flsx,()- So we only have to show || flls, ) < C'[|f]ls,(p)- It is enough to
prove that for a fixed collection of numbers {fg}¢g satisfying

Proof. Let p > 1 > 1 be some fixed constants. Obviously, ||fl|. ) <

.

sup (@) = foldu(z) < 2| fl.,

P T0) QI (@) = fol du(@) < 2| f |l
and

|fo — frRI S 2KQ R || fllw,p forany two cubes Q C R,
we have
1

2.9 7/ — du < C o for any fixed cube Q.
9 ooy o 1 fauldn < Clflagy foramy :

For any x € QoNsupp(u), let Q. be a cube centered at = with side length
%Z(QO). Then I(pQ.) = nl—_oll(Qo), and so pQ, C nQo. By Besicovich’s
covering theorem, there exists a family of points {z;}; C Qo Nsupp(u) such
that the cubes {Q,}; form an almost disjoint covering of Qo N supp(u).
Since Q;, and (¢ have comparable sizes,

’foi - fQo‘ <C HfH**,(p)7
with C' depending on 7 and p. Therefore,

/ f— fauldn < /Q 1~ fou |+ |y — fou | (@)

Then we get

/Qo ’f_fQo‘d,U'S;/Qxi ’f_fQ()’d/’[/SCHfH**7(p)¥l’L(pQ$z)

Since pQg, C nQo for all i, we obtain

/ 1 = faol it < C [ fllunp) 1(1Q0) N,

Qo

where IV is the number of cubes of the Besicovich covering. Now it is easy
to check that N is bounded some constant depending only on 7, p and d: If
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£ is the Lebesgue measure on R? and By is the Besicovich constant in R¢,
we have

N‘Cd(sz) = Z‘Cd(QJBz) < By Ed(ﬁQo)-

Thus 4
Bq L (nQo) 10np
N ————==1B, —_—
>~ Ed(QmZ) d n— 1 )
and (2.9) holds. O

Remark 2.7. In fact, in the preceding lemma we have seen that if C'; is some
constant and {fg}¢ is some fixed collection of numbers satisfying

1
ldp@)jglf@ﬂ——thhdx)é(%

sup
Q
and

|fo — fr| < Ko rCy for any two cubes Q C R,
then for the same numbers {fg}q, for any n > 1 we have

a
sup (2) — fol du(z) < C Cy,
Q@ H(nQ) Jg !
with C' depending on 7.
We also have:
Lemma 2.8. For a fized p > 1, the norms || - ||« and || - ||« are equivalent.

Proof. Let f € Li, (n). To see that ||f|l. < C||f]l« we set fo = mgf for

loc —

all cubes Q. Then (2.7) holds with Cy = || f||«. Let us check that the second
condition (2.8) is also satisfied. We have to prove that for any two cubes
QCR,

(2.10) imgf —mpf| < CKorllfll
Notice that if @ C ﬁ, then
imaf —mzfl < Kg gl flls
because Q, R are doubling. So (2.10) follows if K@,E < C Kq,r. However,

in general, @ C R does not imply é C ]?i, and so we have to modify the
argument.

Suppose first that [(R) > [(Q). Then Q C 4R. We denote Ry = 4R.

Then we have

(2'11) ’méf - mﬁf‘ < ‘m@f - mRof‘ + ‘mRof - mﬁf’
Using the properties of Lemma 2.1 repeatedly, we get
Kagr, < CKqpr,<C(Kqr+Krkr,)
< C(Eqgr+ Kpr+Epupt K4E,R0) < CKQr-
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Since @ C Ry and they are doubling cubes, we have

imgf = maofl < Kg g, 1l < C Kq.rllfll.

Now we are left with the second term on the right hand side of (2.11). We
have
KE,RO <C(K RAR

Due to the fact that R C Ry are doubling cubes,
imrof —mpfl < Kg g Ifl < CEKqrllfll

and, by (2.11), we get that (2.10) holds in this case.
Assume now I(R) < 1(Q). Then R C 4Q. There exists some m > 1
such that [(R) > 1(2™Q)/10 and R C 2™Q C 4Q. Since R and 2™Q have

< C. Then, if we denote Qg = 4Q, we

+ K

siin) <C < CEqp

comparable sizes, we have K

R,2™mQ
get
K gy < € (Kpamg + Komgag T Kig o) = ¢
Also,
Kgq, = C(Eg.5+Kigo,) <€
Therefore,
imgf —mgfl < |mgf —mqofl+|mq,f —mgf]
<

K500 I1f 1+ + Eg o) 1 Fll« < Cllflle < C Kqrllf]-

Now we have to check that || f||« < C||f|l««. If Q is a doubling cube, since
(2.7) holds with p = 2 (by Lemma 2.6), we have
p(2Q)

1
fo - maf] = m/Q(f—fQ)d < 5] 422

Therefore, for any cube @ (non doubling, in general), using K 0.0 < C we
get

S C|[flss-

(fo —mgf| < |fa — f5l + 15— mgf| < Cf ]
Thus

1 1
oy | @ = maslane) < oo [ 170 = fol dute)

el /Q fq - mg /| dua)
< Ol
It only remains to show that (2.5) also holds with C'||f||. instead of Cs.
This follows easily. Indeed, if Q C R are doubling cubes, we have
imQf —mrfl < |mqf— fol +|fq — frl+|fr — mr/f]
< Clfllss + K@r [ flle < CKQR | f]4s-
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Remark 2.9. By the preceding lemma, it is easily seen that we obtain equiv-
alent norms and the same space RBMO(u) if we replace (2, 34)-doubling
cubes in the definition of the space RBMO(u) by (v, §)-doubling cubes, for
any choice of & > 1 and # > o”. We have taken (2, 34)-doubling cubes in
the definition of || - ||+ (and not (2,2"*!)-doubling, say) because to prove
some of the results below it will be necessary to work with doubling cubes
having the properties explained in Remark 2.3.

On the other hand, by Lemmas 2.6 and 2.8, the definition of RBMO(u)
does not depend on the number p > 1 chosen in (2.4). So, throughout the
rest of the paper we will assume that the constant p in the definition of
RBMO(p) is 2.

Also, it can be seen that we also obtain equivalent definitions for the space
RBMO( ) if instead of cubes centered at points in supp(u), we consider all
the cubes in R? (with sides parallel to the axes). Furthermore, it does not
matter if we take balls instead of cubes.

Notice that in Lemma 2.8 we have shown that if we choose fg = mea f for

all cubes @, then (2.7) and (2.8) are satisfied with Cy = C'|[| f|]+.

Other possible ways of defining RBMO(u) are shown in the following
lemma.

Lemma 2.10. Let p > 1 be fivzed. For a function f € L}, (1), the following
are equivalent:

a) f € RBMO(p).
b) There exists some constant Cy, such that for any cube Q

(2.12) /Q 1 = mafldp < Cy u(pQ)
and
(2.13)
1(pQ) M(PR)>
mqf —mgrf| < CyKg, ( + for any two cubes Q C R.
el =mnfl < G lar Q) )
c) There exists some constant C. such that for any doubling cube Q
(214) |17 = masidn < Cont@)

and
(2.15)  |mqf —mprf| < C.Kqr for any two doubling cubes @ C R.
Moreover, the best constants Cy, and C. are comparable to the RBMO (1)

norm of f.

Proof. Assume p = 2 for simplicity. First we show a) = b). If f € RBMO(u),
then (2.12) holds with Cj = 2||f||.. Moreover, for any cube () we have
p(2Q)

(2.16) ‘me_me’ SmQ(’f—me‘) < HfH*—M(Q) .
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Therefore,
imQ.f —mrf| < mqf —mafl+Imgf —mpfl+Imrf —mzfl.

The second term on the right hand side is estimated as (2.10) in the preced-
ing lemma. For the first and third terms on the right, we apply (2.16). So
we get,

imof —mf| < (c Ko+ ’ﬁfg) ; ’jffg)) T
cran (258558 1,

Thus f satisfies (2.13) too.

The implication b) = c) is easier: One only has to consider doubling
cubes in b).

Let us see now c¢)=- a). Let @ be some cube, non doubling in general. We
only have to show that (2.4) holds. We know that for p-almost all z € @
there exists some doubling cube centered at z with sidelength 27%1(Q), for
some k > 1. We denote by @), the biggest cube satisfying these properties.

Observe that KQx o < C, and then

(2.17) imq, f —mgaf| < CCe.

By Besicovich’s covering theorem, there are points x; € @ such that u-
almost all @ is covered by a family of cubes {Q, }; with bounded overlap.
By (2.17), using that Q,, C 2Q, we get

/Q’f—m@f\du < ;/@Ii\f—m@ﬂdu
< Z/Q =g fldu+ " maf = ma. f1u(Qs)
< CCCM(;Q)-

O

2.4. Boundedness of CZO’s from L*(u) into RBMO(u). Now we are
going to see that if a CZO is bounded on L?(y), then it is bounded from
L>®(u) into RBMO(yt). In fact, we will replace the assumption of L?(u)
boundedness by another weaker assumption.

Theorem 2.11. If for any cube Q and any function a supported on Q

(2.18) /Q (Tealdys < C llall o 1(pQ)

uniformly on & > 0, then T is bounded from L*(u) into RBMO(p).

Let us remark that when we say that 7' is bounded from L*°(u) into
RBMO(1), we mean that the operators T, £ > 0, are uniformly bounded
from L% (u) into RBMO(p).
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Proof. First we will show that if f € L>(u) N LP9(u) for some py € [1, 00),
then

(2.19) | Te fllrerioqw) < CllFfI e (-

We will use the characterization of RBMO(u) given by (2.12) and (2.13) in
Lemma 2.10.

The condition (2.12) follows by standard methods. The same proof that
shows that T, f € BMO(p) when pu is a doubling measure works here. We
omit the details.

Let us see how (2.13) follows. For simplicity, we assume p = 2. We have
to show that if @) C R, then

n(2Q) | p(2R)
o) ) Wl

Recall that Ng g is the first integer k£ such that 28Q > R. We denote
Qr = 2Ne.rTIQ. Then, for € Q and y € R, we set

mo(Tof) — ma(T.f) < C Ko (

Ng,r

T.f(z) = Tof(y) = T.fxeq®)+ Z T f Xorr1g\2k () + Te f Xra\@, (%)
k=1

- <Taf XQr(y) + T:f XRd\QR(y)> .

Since

T-f XRd\QR(x) -T.f XRd\QR(y)| <C ||f||L°°(M)a

we get

&L p21Q)
IT.f(z) = Tef ()| < |Tef x2q(@)|+C 12RO £l oo ()
k=1

(2.20) HTef xQr W)+ C Nl |l o ()-

Now we take the mean over Q for z, and over R for y. Using the L?(p)
boundedness of T', we obtain

1 ) 1/2
mo(Tef xaql) < <m /Q T f v dﬂ)

p(2Q)\'?
< C<—u<@>> T,

2
C%Hﬂ\m(m-

For R we write

mR(|T:f xqQrl) < mr(UT:f XQrr2r]) + MR(T:f XQg\2r])-
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The estimate for the first term on the right hand side is similar to the
previous estimate for Q:

1/2
mr(|Tef XQrn2rl) < ( R )/ T f xQrr2r|* du)
( QRmzR >1/2

IN

£l oo (1)

M )
< W\If\lmo

On the other hand, since [(Qr) =~ I(R), we have mg(|T:f xg\2r|) <
C || fll oo (uy- Therefore,

No.r 2k+1
ot ~ma(Tf) < € %Hngmﬂm
=1

+0 (L HE) 1l

u2Q) . p(2R)
S(”%ﬂ<n@>+n<>>W“”

So we have proved that (2.19) holds for f € L (u) N LPO(p).

If f & LP(u) for all p € [1,00), then the integral f|$_y|>€ k(z,y) f(y)du(y)
may be not convergent. The operator T, can be extended to the whole space
L*> () following the usual arguments: Given a cube Qg centered at the origin
with side length > 3¢, we write f = f1 + fo, with fi = f x20,- For = € Qo,
we define

ﬂﬂ@=Tﬁmw+/%®w%%@th@MMw-

Now both integrals in this equation are convergent and with this definition
one can check that (2.19) holds too, with arguments similar to the case

f € L%(u) N L™ (). O

Let us remark that in Theorem 8.1 we will see that the condition (2.18)
holds if and only if 7" is bounded from L*°(u) into RBMO(1).

2.5. Examples.

Example 2.12. Assume d = 2 and n = 1. So we can think that we are
in the complex plane and T is the Cauchy transform. Let E C C be a
1-dimensional Ahlfors-David (AD) regular set. That is,

Clr <HYENB(z,r)) <Cr forallz € E,0<r < diam(E).

(Here H! stands for the 1-dimensional Hausdorff measure.) We set 1 = 'H| o
Notice that p is a doubling measure.
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For any ) centered at some point of supp(u), one has

n(2'Q) ~ 1(2"Q)
if 1(2*Q) < diam(FE). Then, given Q C R, it is easy to check that if I(R) <
diam(E),

~ IR
(2.21) KQ7R ~1+ log Z(Q),
and if [(R) > diam(FE),
N diam(E)

So, in this case, we have RBMO(u) = BMO(u), since any function f €
BMO(p1) satisfies (2.7) and (2.8), with fo = mqf for all cubes Q. Notice
that (2.8) holds because of (2.21) and (2.22).

Example 2.13. We assume again d = 2 and n = 1. Let p be the planar
Lebesgue measure restricted to the unit square [0,1] x [0,1]. This measure
is doubling, but not AD-regular (for n = 1). Now one can check that
the coefficients K r are uniformly bounded. That is, for any two squares
QCR,

KQ,R ~ 1.
Let us take Ry = [0,1]? and Q C Ry. Then, if f € RBMO(u),

ImQ(f = mrof)| = ImQf — mro f| < Kq.ro [Ifll+ < ClIf]l+

Since this holds for any square Q C Ry, by the Lebesgue differentiation
theorem f —mp,f is a bounded function, with

1 = mrg fllLeeny < [[f]ls-

Therefore, now RBMO (1) coincides with L* (1) modulo constants functions,
which is strictly smaller than BMO (p).

Example 2.14. This example is borrowed in part from [13]. Suppose d = 2
(i.e. we are in the complex plane) and n = 1. Let p be a measure on the
real axis such that in the intervals [—2, —1] and [1, 2] is the linear Lebesgue
measure, on the interval [—1/2,1/2] is the linear Lebesgue measure times
g, with € > 0 very small, and p = 0 elsewhere. We consider the function
f=et (X[1/4,1/2] = X[-1/2,~1/4])- 1t is easily checked that for p < 2,

£l Byo, () ~ 1,

while for p =5,
£l Brios () = 1-
On the other hand, the RBMO(u) norm of f is

£l et
since

Cllfll« = Im—221f — m1ja1/2f] = et
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and || fll« < C|[fllpoe( < Ce™

3. THE INEQUALITY OF JOHN-NIRENBERG

The following result is a version of John-Nirenberg’s inequality suitable
for the space RBMO(u). To prove it we will adapt the arguments in [6,
p.31-32] to the present situation.

Theorem 3.1. Let f € RBMO(u) and let {fo}g be a collection of numbers
satisfying

1
(3.1 oo /Q F(@) — foldu(z) < C £l
and
(3.2) |fo — frRI < CKgrlfll« for any two cubes Q C R.

Then, for any cube QQ and any A > 0 we have

(33)  nfr€Q:1f(@)~ fol > N} < Cs p(pQ) exp G?\TA) |

with Cs and Cg depending on the constant p > 1 (but not on \).

To prove this theorem, we will use the following straightforward result:

Lemma 3.2. Let f € RBMO(u) and let {fo}qg be a collection of numbers
satisfying (3.1) and (3.2). If Q and R are cubes such that I(Q) ~ I(R) and
dist(Q, R) S U(Q), then

[fQ = frl < ClIfls-
Proof. Let R’ be the smallest cube concentric with R containing ) and R.
Since (Q) = I(R') = I(R), we have Ko p < C and Kg g < C. Then,
\fo—frl < |fo—frl+|fr— frl < C(Kqr+ Krr) | flls < Clf]
O

We will use the following lemma too.
Lemma 3.3. Let f € RBMO(u). Given q¢ > 0, we set
f(z) if |f(x)] <q,

) =Y f@)

C]W if | f(x)] > q.

Then fq € RBMO(p), with || foll« < C|[f]]+.

Proof. For any function g, we set ¢ = g4 — g, with g; = max(g,0) and
g— = —min(g,0).

By Proposition 25, [|fy ], If_[l. < C[|f].. Since f, = min(fy,q)
and fq,— = min(f_,q), we have |[fg ¢+, [lfg~[l+ < C[[fll«. Thus [[fll« <
[fa+ 1 + gl < ClIf]l O
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Remark 3.4. Let f € RBMO(p) and let { fg }¢ be a collection of numbers sat-
isfying (3.1) and (3.2). We set fg 4+ = max(fg,0) and fg— = —min(fg,0)
and we take

fo@ = min(fq+,q) — min(fo,— ).
It is easily seen that

1
oo /Q Fa(@) — faal dulz) < C 1]l

and
|fo.0 — forl < CKgrlfll« for any two cubes @Q C R.

Proof of Theorem 3.1. We will prove (3.3) for p = 2. The proof for other
values of p is similar. Recall that if (3.1) and (3.2) are satisfied, then (3.1)
is also satisfied subsituting “u(2Q)” by “u(pQ)”, for any p > 1 (see Remark
2.7).

Let f € RBMO(1). Assume first that f is bounded. Let Qo be some fixed
cube in RY. We write Q) = %QO.

Let B be some positive constant which will be fixed later. By Remark
2.3, for p-almost any x € Qq such that |f(z) — fg,| > B ||f]|«, there exists
some doubling cube ), centered at x satisfying

(3.4) mq, (If = faol) > BIIf]«

Moreover, we may assume that @), is the biggest doubling cube satisfying
(3.4) with side length 27%1(Qq) for some integer k > 0, with

Q) < 35 1Q)

By Besicovich’s covering theorem, there exists an almost disjoint subfamily
{Q;}i of the cubes {Q,}, such that

(3.5) {z: |f(2) = foul > BIlfll+} € UQz
Then, since Q; C Qp and |fq, — fg,| < C'||f|lx, we have

Su@) < Y gy V- fauldn

c
< — d

C C
< - — f ! S — for | dp.

Since (3.1) is satisfied if we change “4(2Q)” by “u(3Q)”, we have

15 = foglan < C ) 151

(3.6)
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and, by (3.6),
Z CM@QO)
e B
So if we choose B big enough,
1(2Qo)
3.7 i) < .
(37) > u@) <155
Now we want to see that for each 7 we have
(3'8) |fQ¢_fQ0| §C7HfH*

We consider the cube 2Q;. If l(ﬁ) > 10[(Qo), then there exists some cube
2™@Q;, m > 1, containing Qy and such that [(Qp) ~ 1(2"Q;) < 1(2Q;). Thus

|fQ¢ - fQ0| < |sz - f2Qi| + |f2Q¢ - f2mQ¢| + |f2in - fQ0|'

The first and third sums on the right hand side are bounded by C'|| f]|«
because ); and 2Q); on the one hand and 2™Q); and )y on the other hand
have comparable sizes. The second sum is also bounded by C'|| f||. due to
the fact that there are no doubling cubes of the form 2FQ; between Q; and
2"M@Q);, and then Kq, omq, < C.

Assume now 15 [(Qo) < 1(2Q;) < 10((Qo). Then

|fQi - fQ0| < |sz - fg”@| + |f2”@ - fQ0|-

Since 2/(2@ and Qo have comparable sizes, by Lemma 3.2 we have | fz/Qv -
fQ0| < CHfH* And since K 20; < C(KQ“?QZ + KQQZ.é@)’
\fai — fag,| < Cllfll+- So (3. 8) Tolds in this case too.

If 1(2Q;) < L1(Qo), then, by the choice of Q;, we have M5 (]f faol) <
B fll«, which implies
(3.9) Imag, (f = fao)| < BIIf|«
Thus

we also have

‘sz’ - fQo‘ < ‘sz - fi@’ + ’ff@ - meZf’ + ’m@f - fQo"
As above, the term |fg, — fz/Qv\ is bounded by C'||f]|«. The last one equals

\m -(f = fqo)|, which is estimated in (3.9). For the second one, since 2Q;
is doubhng7 we have

B 1 (2 2Qs)
i~ i < o = sl c o 171 < Il

[ale >

So (3.8) holds in any case.
Now we consider the function
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Since we are assuming that f is bounded, X (t) < co. By (3.5) and (3.8) we
have

1 t
~ fool —— ) d
712Q0) /Q P ('f fao Hf\h) H
1

< — exp(Bt)du
1(2Qo) /QO\UZ' Qi (BY)

+ T;QO) ;/l exp <\f — fo.l ﬁ) dp - exp(Cr t)
1
1(2Q0)

By (3.7) and taking into account that 1(2Q;)/u(Q;) < B4, we get
ey - e (1 = Faul ) o < esplB) 4 5 X(0) exp(C 1),
Thus

< exp(Bt) +

Z 1(2Q;) X () exp(Cr t).

1
X(t) <1 ~3 exp(Cy t)) < exp(Bt).
Then, for tg small enough,
X(to) < Cs,

with Cg depending on tg, B and Cr.
Now the theorem is almost proved for f bounded. We have

e € Q:[f(x) = fol > Allfll«/to}
ox M) exp(—A) du(a
< fyoo (M) vt
< Cs p(2Q) exp(=2),
which is equivalent to (3.3).

When f is not bounded, we consider the function f,; of Lemma 3.3. By
this Lemma and the subsequent remark we know that

—Cs A
12 € Q: 1o(@) — fal > M} < Cs u(pQ) exp (ﬁ) .
Since 4z € Q : |fy(2)— faql > A} — #{z € Q: [£(x) — fol > A} as g — oo,
(3.3) holds in this case too. O

From Theorem 3.1 we can get easily that the following spaces RBMOP (u)
coincide for all p € [1,00). Given p > 1 and p € [1,00), RBMOP (1) is defined
as follows. We say that f € L} (u) is in RBMOP(u) if there exists some

constant Cy such that for any cube @ (centered at some point of supp(u))

3.10 1 Pq 1/p<C
(3.10) <m/@|f—me| ,u> = Gy
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and
(3.11)  |mqgf —mpf| < CyKgpr for any two doubling cubes Q C R.

The minimal constant Cy is the RBMOP (1) norm of f, denoted by || - ||«p-
Arguing as for p = 1, one can show that another equivalent definition for
RBMOP (1) can be given in terms of the numbers {fg}o (as in (2.7) and
(2.8)), and that the definition of the space does not depend on the constant
p>1

We have the following corollary of John-Nirenberg inequality:

Corollary 3.5. For p € [1,00), the spaces RBMOP(u), coincide, and the
norms || - ||« p are equivalent.

Proof. The conditions (2.5) and (3.11) coincide. So we only have to compare
(2.4) and (3.10).

For any f € L, .(u), the inequality | f|« < ||f]|«p follows from Holder’s
inequality. To obtain the converse inequality we will apply John-Nirenberg.

If f € RBMO(u), then

u(plQ) /Q f - m@f]p dys M(plQ) /0 p AP p{a s | f(x) - m@f’ > AbdA

Cop [t e (ﬂ?ﬁA) < C|fIE,
0 *

and s0 [ f[l«p < Ol fls- O

IN

17
4. THE SPACE H _;;° (1)

For a fixed p > 1, a function b € L}, (1) is called an atomic block if
1. there exists some cube R such that supp(b) C R,
2. / bdu =0,

3. there are functions a; supported on cubes @; C R and numbers
Aj € R such that b= >, \ja;, and

-1
llajll oo (uy < (1(pQ5) K, r) -
Then we denote

‘b‘Hi;Cf(u) = Z ‘)‘j’
J

(to be rigorous, we should think that b is not only a function, but a structure
formed by the function b, the cubes R and @, the functions a;, etc.)

Then, we say that f € H;g,?o (w) if there are atomic blocks b; such that

F=> b,
i=1
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with ), ‘bi‘Hi;io(#) < 00. The Halnl/go(,u) norm of f is

|’f”Hi£°(H) = lnfz ‘bl‘Hi;fgo(‘uy

where the infimum is taken over all the possible decompositions of f in
atomic blocks.

Observe the difference with the atomic space H, ;fpo (u). The size condition
on the functions a; is similar (we should forget the coefficient K¢ r), but the
cancellation property [ ajdu = 0 is substituted by something which offers
more possibilities: We can gather some terms \ja; in an atomic block b, and
then we must have [bdu = 0.

Notice also that if we take atomic blocks b; made up of a unique function
a;, we derive H;f;’(u) C H;go(,u)

We have the following properties:

Proposition 4.1. 1. H:>(u) is a Banach space.

1, ,
2. H,;p*(n) € LY (), with || fllz g < 1Al oo -
3. The definition of Hi;go(,u) does not depend on the constant p > 1.

Proof. The proofs of properties 1 and 2 are similar to the usual proofs for
17
Hatoo (lu')
Let us sketch the proof of the third property, we can follow an argument
similar to the one of Lemma 2.6. Given p > n > 1, it is obvious that

1, 1, .
Hatlcfp(u) C Hatfn(;ﬁ) and HfHH;,’gfn(u) < HfHHiiZ?p(N)' For the converse in-

equality, given an atomic block b = zj Aja; with supp(a;) C Q; C R, it
is not difficult to see that each function a; can be decomposed in a finite
fixed number of functions a;j such that ||a;kl|pec(u) < [la;lleo(y) for all k,
with supp(a; i) C Qj i, where Q) are cubes such that I(Q; ) = [(Q;) and

PRk C 1Qj, ete. o
Then, we will have ’b’HiifP(M <C ’b’Hiifn(M’ which yields ”f”Hi;Z?p(u) <

¢ ”f”Hiéfn(u)' g

Unless otherwise stated, we will assume that the constant p in the defini-
tion Hi;go(u) is equal to 2.

Now we are going to see that if a CZO is bounded on L?(u), then it is
bounded from H;go(,u) into L' (). In fact, we will replace the assumption

of L?(11) boundedness by another weaker assumption (as in Theorem 2.11).

Theorem 4.2. If for any cube QQ and any function a supported on Q
(41) | el < € ol 1(6)

uniformly on € > 0, then T is bounded from H;I;go(u) into L'(u).
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Proof. By standard arguments, it is enough to show that

”Teb”Ll(u) <C ‘b‘Hi;Cf(u)

for any atomic block b with supp(b) C R, b = Zj Ajaj, where the a;’s are
functions satisfying the properties 3 and 4 of the definition of atomic block.
We write

(4.2) / 20| dpt = / Tob] dp + / 20| dp.
Rd\2R 2R

To estimate the first integral on the right hand side, we take into account
that [bdp = 0, and by usual arguments we get

(1.3 L bl < C L3 < ol

On the other hand, for the last integral in (4.2), we have

T:bldpy < X/ T.a;|dp
| i Sl [, e
- m/ \Tajrdem/ [Tyl

By (4.1), for each j we have

| sl < Clagllie n(20Q,).

J

Also,
| malde < Z / (7.0 dy
2R\2Q, 2F1Q;\2%Q;
Noj R k+1
2 Q]
< C Z l2k+1Q o laglipe
< CKQ;‘RH“]’HL“’(M w(Qy).
Thus

|| Tl din < € Koy oy~ 1(20))
and then, taking into account the property 3 in Proposition 4.1,
(4.4) / I Tebl dp < Oy [N Ky r llajl| ooy 1(20Q;) < C 1Bl e -
2R ] atb
By (4.3) and (4.4), we are done. O
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We will see below, in Theorem 8.1, that condition (4.1) holds if and only
if T is bounded from H;;I?O(u) into L' (u).

The spaces H;go(,u) and RBMO (1) are closely related. In the next section
we will prove that the dual of Higgo(u) is RBMO(u). Let us see one of the
inclusions (the easiest one).

Lemma 4.3.
RBMO(p) C H,ip° ()
That is, for g € RBMO(u), the linear functional

Ly(f) = /fgdu

defined over bounded functions f with compact support extends to a contin-
. . 1,00 .
uous linear functional Ly over H_;,°(u) with

||Lg||Hi£°(H)* < Clgll+-

Proof. Following some standard arguments (see [3, p.294-296], for example),
we only need to show that if b is an atomic block and g € RBMO (1), then

‘/bgdu

Suppose supp(b) C R, b = > y Ajaj, where the a;’s are functions satisfy-
ing the properties 3 and 4 of the definition of atomic blocks. Then, using

[bdp =0,

45) | [voau| =| [ ba—om ] < Wl laslim [ lo— sl

J

< Clyprie o 9l

Since g € RBMO(11), we have

/lg—gR!du < / 19— 90, di + lgr — 90,1 1(Q;)

J J

lgll« #(2Q5) + Kq; & llgll- #(Q;)
CKQ;.rllglls 1(2Q;)-

IAINA

From (4.5) we get

[ vaau] <€ Sl = C 1o gy Dl
J

O

In the following lemma we prove the converse inequality to the one stated
in Lemma 4.3.

Lemma 4.4. If g € RBMO(p), we have

12l g1y = ol
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To obtain this result we need to define another equivalent norm for
RBMO(p). First we introduce some notation. Given a cube Q C R? and
f € Li.(1), let ag(f) be the constant for which infoer mo(|f — o) is at-

tained. It is known that the constant ag(f) (which may be not unique)
satisfies

plr € Q: f(x) > ag(N)} < Zu(@)
and

ple € Q1 f(2) <aq(N} < (@)

(see [6, p.30], for example).
Given f € L} (u), we denote by || f]|o the minimal constant Cyq such that

loc
(4.6) 7 |1 - aghlan<c
: — —ag n < Cio
n(2Q) Jg @
and, for any two doubling cubes Q C R,
(4.7) laq(f) — ar(f)] < Cro Kq k-
Then,
Lemma 4.5. || - ||o is a norm which equivalent with || - ||.

To prove this result, one can argue as in Lemma 2.8 and show that the
norm || - ||, is equivalent with the norm || - ||««. The details are left for the
reader

Proof of Lemma 4.4. We have to prove that HLQHHLOO(M)* > C7|g|l«. We
atb

will show that there exists some function f € Hi;go(,u) such that

-1
Lol = € gl L1

Let € > 0 be some small constant which will be fixed later. There are two
possibilities:
1. There exists some doubling cube @ C R such that

(48) /Q 19— ag(g)] du > < lgllo 1(Q).

2. For any doubling cube @ C R%, (4.8) does not hold.

If case 1 holds and @ is doubling and satisfies (4.8), then we take f such
that f(z) =1if g(x) > ag(g), f(z) = —1if g(x) < ag(g), and f(z) = £1
if g(z) = ag(g), so that [ fdu = 0 (this is possible because of (4.6) and
(4.7)). Then,

'/gfdu‘ - \/<g - aQ(g))fdu‘ = [19-aole)di > = gl u(Q)
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Since f is an atomic block and @ is doubling, HfHHl,OO(ﬂ) < Sl e ) <
atb a
C n(Q). Therefore

ILy(f)] = ‘/gfdu

In the case 2 there are again two possibilities:
a) For any two doubling cubes @ C R.

—1
> 0 e gl 11 -

1
laq(9) — ar(9)l = 5 Kqrl9llo-
b) There are doubling cubes ) C R such that

1
lag(g) — ar(g)] > 5 Kor lgllo-

Assume first that a) holds. By the definition of ||g||o there exists some
cube @ such that

1
19 aglo)dn = 3 loll 2.

We consider the following atomic block supported on é: We set f = a1 +as,
where

a1 = XQn{g>ag(9)} ~ XQn{g<agz(9)}
and as is supported on @, constant on this cube, and such that [(a; +
az)du = 0.
Let us estimate || f|| HY () We have
foaloeiy @) =| fax ] =| [ ] < @)
Then, since @ is doubling and K 020 = C,
11l g0y < ey 12Q) + € llaall ey 12@) < € (2Q).

Now we have

L = dp = —ax d
g(f) /gf 1 /@(g a(9)) fdp
(4.9) = /@(9 —ag(g)) ardp + /@(g —ag(g)) az dp.

By the definition of aq,
1
(g—az@)ardul = [ |g—az(@)de> gl n(2Q).
o Q 0 Q 2

On the other hand, by the computation about ||az||ze(,) and since (4.8)
does not hold for QV,

(4.10)

@) | [ o= aglanas 7E % [ o= glal dn < Clgll n20).
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By (4.9), (4.10) and (4.11), if ¢ has been chosen small enough,

1 _
LoD > § lgllo #(2Q) > € gl Il -
Now we consider the case b). Let @ C R be doubling cubes such that

1
(4.12) laq(9) — ar(9)l > 5 Kqrlgllo-

We take
1 1

[ = —5XR— —~7 XQ-
u(R) (@)
So ffd,u = 0, and f is an atomic block. Since () and R are doubling,
HfHH;;ZO(M) < C Kq,gr.- We have

L(f) = /R (¢ — anlg)) f du

1 1

- o /R(g — arlg))du — Q) /Q(g — ar(g)) du
1 1

- /R(g — ar(g))du — Q) /Q(g —aq(g)) du

+ (a@(9) — ar(g))-
Since we are in the case 2, the terms
1 1
m/}%(g—aR(g))d,u', 'm/@(g_o@(g))dﬂ‘

are bounded by ¢ ||g|lo. By (4.12), if € is chosen < 1/8, then

1 -
Lo(F) = 1Kqr gl = O lglle 1o

Lp
5. THE SPACES H ;,(jt) AND DUALITY

To study the duality between H;;go (1) and RBMO(p) we will follow the
scheme of [6, p.34-40]. We will introduce the atomic spaces Hi;/g (), and we

will prove that they coincide with H;;go(p) and that the dual of Hi;go(p) is
RBMO( 1) simultaneously.

For a fixed p > 1 and p € (1,00), a function b € L (u) is called a
p-atomic block if

1. there exists some cube R such that supp(b) C R,
2. /bd,u =0,

3. there are functions a; supported in cubes @; C R and numbers
Aj € R such that b= 322, \ja;, and

laglliog < np@)P~ K
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We denote
Pliyg = 2 ]
J

(as in the case of Higgo(u), to be rigorous we should think that b is not only
a function, but a structure formed by the function b, the cubes R and @),
the functions a;, etc.)

Then, we say that f € H;;g (p) if there are p-atomic blocks b; such that

[ = Z b;,
=1

with ), ‘bi‘Hi;’l;(u) < 00. The Higg(,u) norm of f is

HfHH;;g(“) = lnfz |bl|Hi£(ﬂ)a

where the infimum is taken over all the possible decompositions of f in
p-atomic blocks.
We have properties analogous to the ones for H;go(,u)

Proposition 5.1. 1. H-P(1) is a Banach space.

1, .
2. Hyjp(n) C L (), with [| £l L1y < ”fHHigl;(ﬂ)-
3. For 1 < p; < py < o0, we have the continuous inclusion H;? (1) C

17
Ho' ().
4. The definition of Hi;g(u) does not depend on the constant p > 1.

The proof of these properties is similar to the proof of the properties in
Proposition 4.1.

As in the case of RBMO(u) and Hi;go (1), we will assume that the constant

p in the definition of the Hi;g(,u) is p=2.
The proof about the duality between Hi;go(,u) and RBMO(u) and the

coincidence of the spaces H ;ﬁ; () has been split in several lemmas. The first
one is the following.

Lemma 5.2. For1l <p < oo,
RBMO() C Hyf (1) -
That is, for g € RBMO(u), the linear functional

Ly(f) = /fgdu

defined over bounded functions f with compact support extends to a unique
continuous linear functional Ly over Higg(,u) with

1Zgll 1,7 < C llglle
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Proof. This lemma is very similar to Lemma 4.3. We only need to show that
if b is a p-atomic block and g € RBMO(u), then

[ o] < g -

Suppose supp(b) C R, b = zj Ajaj, where the a;’s are functions satisfying
the properties 3 and 4 of the definition of p-atomic block. Since [bdyp =0,

(5.1)
1/p
lg — grl? du) ,

'/bgd,u' _ '/Rb(g—gR)d,u' < Z|)‘j|‘|aj||Lp(H) </Q

where p' = p/(p —1). As g € RBMO(u) = RBMO" (11), we have

J

1/p 1/p
</ lg — grlP du) < </Q Ig—ngldu> +19r — 90, 1(Q)"?
J J
< gl Q)" + Kq, r llglls n(@)""
< CKg,rlglls n(2Q)"7.

From (5.1) we get

[radu| <€ S llall = €l ol
J

Lemma 5.3. Forl <p < oo,

17
Hatg( ) mLg)oc

() C RBMO(p).

Proof. Let g € I Oc( ) such that such that the functional L, belongs to

Hitb( ) We have to show that g € RBMO(p) and ||gllo < C'[[Lyll
So we will see that, for any cube Q,

(52) 00 o1~ @)1 < C gy

A

and for any two doubling cubes @ C R,
(53) (00 (9) ~ ar(0)] < O Lol g, Ko

First we will show that (5.2) holds for any doubling cube @ = é In this
case the argument is almost the same as the one of [6, p.38-39]. We will
repeat it for the sake of completeness. Without loss of generality we may
assume that

19 — ag(g) du > / 19 — ag(g)l” du.

/Qﬁ{g>aQ (9)} RN{g<aq(9)}
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We consider an atomic block defined as follows:

lg(z) — g™t ifzeQn{g>anly)},
Co if v € QN {g < ag(g)}
0 ifx & Q,

where C is a constant such that [adp = 0.
By the definition of ag(g), we have

Q) < u(@n{g < aqgg)}).

N |

w(@N{g > aqg)}) <

Since @ is doubling,

Ha”Hifg(ﬂ) < Cllall gy 1(@)' VP < C (@)

31

1/p
1 / , 1
| —= lg — aq(g)l” du+—/ !CQ!pdu> :
<M(Q) Qn{g>aq(9)} Q) Jongg<ag (o)}

Now we have

1

— Cal” du
(@) /Qﬁ{gSaQ(g)}

< ! /
@ N{g < ag(9)}) Joniy<ao(e)

coao .
w(@N{g < aqg(9)}) Jonig<ao )

) <M(Q {7 < agle))) /Qm{gwg)} 9= (o)l dﬂ)
1

= p(@nN{g <aglg)}) /Qm{g>ag(g)}

[Col” du

p

Codp

9 — ag(g) dp.
Therefore,

1

64 lallgg < Cu@) (—

1/p
lg — ag(g)l” du) :
(@) /Qﬂ{g>aQ(g)}

Since (g — ag(g))a > 0 on @, we have

/andu = /Q(g—aQ(g))adu

/ 1 /
(55) =00l dp 2 3 [ 9 0a(o)l dn

Y

/Qﬂ{g>on(g)}
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From (5.4) and (5.5) we get

1 , 1/p' /
(u(Q) /Q 9= aq(g)l “) lall g2y o lg — aq(g)lP du

<C /and,u =CLyg(a) <C HLgHHi;ﬁ(u)*

all g1 -

So (5.2) holds in this case.

Assume now that @ is non doubling. We consider an atomic block b =
ay + as, with

g —ag(a)l”
(56) a1 = g aé(g) XQﬂ{g;éoz@(g)}
and
(5.7) a2 = Cy X

where Cg is such that [ (a1 + az) dp = 0.

Let us estimate Hb\|H;£(M). Since @ is doubling and K 5 < C,

) 1/p , ~
55) Wiy <C ([ lo=oglol du) w200 +C1Cq u@)

Since [bdp =0, we have

HQICql = \ / a du' < /Q 9~ aglg)F " du
, 1/p .
(5.9) < (/Q ‘g — Oé@(g)\p d:“’) M(Q)l/p )
Thus
, 1/p /
(5.10) 1]l 5722,y < € (/Q g - ag(g)? d,u) 2O .

As [bdp =0, we also have

/gbduz/é(g—a@(g))bduz/Q(g—a@(g))al du+C@/é(9—%(9))dﬂ-
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Therefore, taking into account that Q satisfies (5.2), and using (5.9),

610 [ 19— oglo)l du= [ (o~ aglo)a dy

<| [ sbin] <151 [ 1o oglo)dn

< Lol p iy e + C1CGHILg lp ey (@)

1/p
< O lLgll i [HbHH;;zw( /Q l9 —agla)l? dﬂ) u<@>1/p].

By (5.10) we get

[ 19= g0 du < Cltllsger ([ 1= agon d@”” "

That is,
1/p’
p *
(g o= oa@? du) < ClLallyng

which implies (5.2).

Finally, we have to show that (5.3) holds for doubling cubes Q C R. We
consider an atomic block b = aj + as similar to the one defined above. We

only change Q by R in (5.6) and (5.7):

lg — ar(g)]

a; = o
1 g— ar(9) XQn{g#ar(9)}

and

az = CR XR,
where Cp is such that [(a; + a2)dp = 0. Arguing as in (5.8), (5.9) and
(5.10) (the difference is that now @ and R are doubling, and we do not have
Kqg r < C) we will obtain

1/p
512 Wl < Chan ([ lo=agl ae)  n20)"

As in (5.11), we get

_ 4 . .
/Q 9= ar(@I di < ILall g 10710 + C ICRINE gl g1, #(R)

1/p
< Oyl iy [||b||H1p o+ [ lo-antor i) QY

By (5.12) we have

/ / 1/p /
|l i < gl Ko ( | to—ertar i) Q.
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Thus

1 , 1/p'
513 (s [l an@l dn) < CU g s Ko
Since @ is doubling and satisfies (5.2), by (5.13) we get

lao(g) — arlg) = #/\o@m R(0)] dp

/Ig 9)ldu + (162)/ng—a3(g)ldu

C HLg”Hi;PI;(M)* KQ7R7

IN

IN

and we are done. O
Lemma 5.4. For1l <p < oo,

Higg(,u) CLloc( ) modulo constants.

Proof. This lemma is an easy consequence of the Riesz representation theo-
rem. The same argument as the one of [6, p.39-40] works here. O

Now we have:

*

Theorem 5.5. For 1 < p < oo, Hatb( ) = Hi;go(u). Also, Hitz’o( ) =
RBMO(1).

Proof. Notice that, by Lemmas 5.2, 5.3 and 5.4, Hizg(p)* = RBMO(u) for
1<p<oo.
Now we repeat the arguments in [6] again. We consider the diagram

y 17 ).
L Hatgo (lu’) - Hatg(lu’)

*: RBMO(j) = Hyp (1) —  Hopp ()

The map 7 is an inclusion and ¢* is the canonical injection of RBMO(u) in

Hi;go(,u)* (with the identification g = L, for ¢ € RBMO(p)). By Lemma

4.4, i*(RBMO(u)) is a closed subspace of H;I?O(u)* By Banach’s closed

range theorem (see [19, p.205]), Hi;go(,u) is also closed in Hi;g(,u). Now it is

easily checked that the Hahn-Banach theorem and the fact that Hiﬁ; (,u)* =
RBMO () imply H,;°(n) = RBMO(n). O

Example 5.6. By the previous theorem and the fact that for an AD-regular
set the space RBMO(u) coincides with BMO(u), we derive that in this case
we have Hi;go(u) = H“°(u) too (using the same sort of uniqueness ar-
gument as above). However, this does not hold for all doubling measures
w. For instance, in the example 2.13 (i equal to the Lebesgue measure on
[0,1)%, with n =1, d = 2) since RBMO(p) = L*° () modulo constants, we

have H2°(u )—{f€L1 . [ fdu=0}.
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6. THE SHARP MAXIMAL OPERATOR

The classical (centered) sharp maximal operator M* is defined as
MEf(x) = sup s /U?%ﬂm

where the supremum is taken over the cubes () centered at x and f € Ll oe(1t)-
Then, one has f € BMO(u) if and only if M*f € L>®(pu).
Since M* f is pointwise bounded above by the (centered) Hardy-Littlewood

maximal operator
/ |fldp

(with the supremum again over the cubes @ centered at x), one has

(6.1) 1M fll oy < C 1 llw

for 1 < p < co. On the other hand, the converse inequality also holds. If
feLrP(u),l<p<oo,then

(6.2) £z (uy < C M fll o)

(assuming [ fdp = 01if ||u]| < 00).

In [7] it is shown that the inequalities (6.1) and (6.2) are satisfied too if u
is non doubling (choosing an appropiate grid of cubes). However, the above
definition of the sharp operator is not useful for our purposes because we do
not have the equivalence

(6.3) f € RBMO(p) <= M*f e L™®(u).

Now we want to introduce another sharp maximal operator suitable for
our space RBMO(u) enjoying properties similar to the ones of the classical
sharp operator. We define

Mf(x) = sup

(6.4) M*f(x) = sup —— / lf — me]du—i— sup M.
anu QCR:z€Q, Kqr
Q, R doubling

Notice that the cubes that appear in these supremums may be non centered
at . It is clear that f € RBMO(u) if and only if M*f € L>®(u) (recall
Remark 2.9).

We consider the non centered doubling maximal operator N:

1
Nf(x)=  sup —/ |fldp.
Q> oz, M(Q) Q
@ doubling
Observe that |f(x)] < Nf(x) for y-a.e. x € R? by Remark 2.3. Moreover,
the operator N is of weak type (1,1) and bounded on LP(u), p € (1,00].
Indeed, if @) is doubling and x € ), we can write

Ba
iy 1 s [ 151 < M )




36 XAVIER TOLSA

where, for p > 1, we denote

M) f(x) = g;upQ /Ifl -

So Nf(x) < BaM(a) f(z). The maximal operator M, is bounded above by
the operator defined as

M@ f(z) = sup ﬁ/Qlfldﬂ-

p~1Qoz M

This is the version of the Hardy-Littlewood operator that one obtains taking
supremums over cubes () which may be non centered at x but such that = €
p~ Q. Recall that since 0 < p~! < 1, one can apply Besicovich’s covering
theorem (see [9] or [4, p.6-7], for example) and then one gets that M) is of
weak type (1,1) and bounded on LP(u), p € (1,00]. As a consequence, M,
is also of weak type (1,1) and bounded on LP(u), p € (1, 00]

Now we derive that M?* also satifies the inequality (6.1) since the first
supremum in the definition of M?f is bounded by M3/9) f(x) + N f(z) while
the second one is bounded by 2N f(x).

Remark 6.1. We have
M| f|(x) < 584 M* f ().
This easy to check: Assume that x € @ and @ is doubling. Then we have

imolfl — Imofl| = ‘@ / (1F@) — [mo 1) du(z)

/ (@) — mof] du(z)

(6.5) < ﬂd Mjj (z).

Therefore, if Q C R are doubling,

imolfl—mzlfl| < |mqf—mprf|+268s M*f(x)
< (Kqr+2Bq) M f(z) < 364Kqr M*f(x).
Thus
QCR:zeqQ, KQ,R

@, R doubling
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For the other supremum, by (6.5) we have

f@)| —mz|f||du(z
% /|| Q| [ du(a)
<sup / 1£@)| = Img | | du(e) + B MPf ()

9J:M§

sup —— € f T
Sow s Q)/Qlf( ) = mg /| du(@) + 62 M1 ()

< 284 MPf(z).

Finally we are going to prove that our new operator M?* satisfies (6.2)
too. This is a consequence of the next result and Remark 2.3.

Theorem 6.2. Let f € Li, (1), with [ fdu =0 if |u]| < co. For1<p<
oo, if inf(1, Nf) € LP(u), then we have

(6.6) INFllo gy < CUME £l o)

Proof. We assume ||| = co. The proof for ||u|| < oo is similar. For some
fixed n < 1 and all € > 0, we will prove that there exists some § > 0 such
that for any A > 0 we have the following good A inequality:

6.7)  p{z: Nf(z)> 1 +e)A, M f(x) <A} <nufz: Nf(z) > A}
It is well known that by this inequality one gets || N f|| () < C HMﬁfHLp(u).

if inf(1, Nf) € LP(u).
We denote Q) = {z: Nf(x) > A} and

Eyx={x: Nf(z) > (1 +e)\, M*f(x) < 5N}

For the moment we assume f € LP(u). For each z € E), among the doubling
cubes @ that contain x and such that mq|f| > (1 +¢/2)\, we consider one
cube @, which has ‘almost maximal’ side lenght, in the sense that if some
doubling cube @' with side lenght > 2/(Q,) contains x, then mg/|f| <
(1 +¢/2)\. It is easy to check that this maximal cube @, exists, because
fe LP(p).

Let R, be the cube centered at z with side length 3[(Q,). We denote
S = R,. Then, assuming & small enough we have mg,|f| > A, and then
Sz C ). Indeed, by construction, we have Kg, 5, < C. Then, as @, C S,
are doubling cubes containing z,

imq. | f1 —ms,|f|| < Kq,.5. M*|f|(2) < Cr15B40A,
Thus, for § < C11e/1008y,
msx’f’ > (1 + 8/2))\ — C1150840\ > A.

By Besicovich’s covering theorem there are np (depending on d) subfam-
ilies Dy, = {Sf}i, k=1,...,np, of cubes S, such that they cover F), they
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are centered at points xf € F), and each subfamily Dy, is disjoint. Therefore,
at least one the subfamilies D;, satisfies

1
Skl > _— k
o(Ust) = Lu(Us
% i,k
Suppose, for example, that it is D;. We will prove that for each cube Sil,

(6.8) p(S; N Ey) < u(S})/2np

if § is chosen small enough. From this inequality one gets

M (E)\ N US}) < % ZM(SS) < LM(QA)-

B ~ 2np
Then,
wE) < pllUSENUSH| +n (EmUS}>
ik % %
< (1 - é) 1 (LZJ 53) + ﬁ#(ﬁx)
(6.9) < (1_ %) ().

Let us prove (6.8). Let y € S} N Ey. If Q > y is doubling and such that
molf] > (1 +¢€)A, then 1(Q) < I(S})/8. Otherwise, 30Q D S} D Q,1, and

since () and 3/6@ are doubling, we have
malf| = magalfl| < Kq 50 MFI(y) < Craor < S,
assuming C120 < £/2, and so
magalf] > (1 +2/2)\

which contradicts the choice of @,1 because 3/6@ D @, and l(?ﬁ@) >

21(Q,1)-
So N f(y) > (14 ¢)\, implies

Nixss ) > (1+ A
On the other hand, we also have

M lf1 < (14 2/2) 7,
4%
since %VS} is doubling and its side length is > 2I(Q),1). Therefore, we get

19
N(xssilf] = mg”vsil\f\)(y) > 5N
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and then, by the weak (1,1) boundedness of N and the fact that S} is
doubling,

p(SINEY) < ply: Nxggr (] = mes ) > 5 A
C
< 3 g U= gl

< S st M|

< @u(&l)-

Thus, (6.8) follows by choosing § < £/2npC13, which implies (6.9), and as
a consequence we obtain (6.7) and (6.6) (under the assumption f € LP(u)).

Suppose now that f ¢ LP(u). We consider the functions fg, ¢ > 1,
introduced in Lemma 3.3. Since for all functions g,h € Li (1) and all
x we have M*(g + h)(z) < Mfg(z) + M*h(z) and M¥|g|(z) < C Mfg(x),
operating as in Lemma 3.3 we get M*f,(z) < C M*f(z). On the other hand,
|fg(x)] < ¢ inf(1,|f|)(x) < ¢ inf(1, Nf)(x) and so f; € LP(u). Therefore,

IN fallzouy < CIMEf o gy-
Taking the limit as ¢ — oo, (6.6) follows. O

7. INTERPOLATION RESULTS

An immediate corollary of the properties of the sharp operator is the
following result.

Theorem 7.1. Let 1 < p < oo and T be a linear operator bounded on
LP(u) and from L () into RBMO(p). Then T extends boundedly to L™ (p),
p << o00.

Proof. Assume ||u|| = oo. The operator M*oT is sublinear and it is bounded
in LP(u) and L*°(u). By the Marcinkiewitz interpolation theorem, it is
bounded on L"(u), p < r < co. That is,

IMPT £ 1y < C Il )-

We may assume that f € L"(u) has compact support. Then f € LP(u) and
soTf € LP(u). Thus Nf € LP(u), and so inf(1, Nf) € L"(u). By Theorem
6.2, we have

1T fllruy < CIMATf 1y < C Ul

The proof for [|u]| < oo is similar: Given f € L"(u), we write f =
(f = [ fdu)+ [ f dp. It casily seen that the same argument as for ||u|| = oo
can be applied to the function f — [ fdu. On the other hand, T is bounded
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on L"(u) over constant functions. Indeed, since T is bounded from L*°(u)
into RBMO(11), we get

Tl Lry < IT1 —mpa(T1)|[r ) + lmga (Tl Lr ()
< CuRYY" + [lmpga(T1)]| e () -

We also have

Imsa(TDll ey = e Tl 1oy n(®D >
1Ty (RY) 7 < Cp®RYY™ = CI1llgr o,
and 50 [Tz iy < C Mz go- .

IN

The main theorem of this section is another interpolation result which is
not as immediate as the previous one. Using this result, we will be able to
prove the T'(1) theorem for the Cauchy integral in the next section. The
statement is the following.

Theorem 7.2. Let T be a linear operator which is bounded from Hil’tgo(p)
into L*() and from L°°(u) into RBMO(u). Then, T extends boundedly to
LP(p), 1 <p < o0.

The proof of this theorem will follow the scheme of [6, p.43-44]. To prove
it we need a substitute for the Calderén-Zygmund decomposition of a func-
tion, suitable for non doubling measures. Nazarov, Treil and Volberg [11]
showed that if a CZO is bounded on L?(p), then it is of weak type (1,1)
(with g non doubling). They used some kind of Calderén-Zygmund decom-
position to obtain this result. However, their decomposition does not work
in the proof of Theorem 7.2. Mateu, Mattila, Nicolau and Orobitg [7] also
used a Calderén-Zygmund type decomposition to prove an interpolation the-
orem between (H, (1), L' (1)) and (L (i), BMO(u1)) with g non doubling.
Their decompositon is not suitable for our purposes either. We will use the
following decomposition instead.

Lemma 7.3 (Calderén-Zygmund decomposition). For 1 <p <oo, consider
[ € LP(n) with compact support. For any XA > 0 (with A > Ba || fll g1/l
if ||n]] < o0), we have:

a) There exists a finite family of almost disjoint (i.e. with a bounded
overlap) cubes {Q;}; such that

1 AP
(7.1) m/@ 7 du> 5

1

AP
—_ fPdy < — foralln > 2,
1(2nQ;) /nQi 717 dp Ba 7

(7.3) fI <A ae (u) on R\, Q.
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b) For each i, let w; = <2~ and let R; be a (6,6™1)-doubling cube

(7.4)

(7.5)

(7.6)

X XQp
concentric with Q;, with [(R;) > 41(Q;). Then there exists a family

of functions p; with supp(y;) C R; satisfying

/%‘d/i:/ Jwidp,
Qi

Z|90z‘|§3>\

(where B is some constant), and if 1 < p < oo,

Yoo C
%de> p(R;) P S—/ fIP dp.
(/] 1ed < ]

c) For 1 < p < oo, if R; is the smallest (6,6"+1)-doubling cube of the

(7.7)

family {6*Q;}k>1 and we set b =3".(fw; — ¢;), then

C
||b||H;£(M) < annip(u)'

Proof. We will assume ||u|| = oco.

a)

Taking into account Remark 2.3, for p-almost all z € R such that
|f(x)[P > NP, there exists a cube @, satisfying

b p AP
Mw”é}ﬂ@>@

and such that if Q/, is centered at z with [(Q%) > 21(Q,), then

1 p A
n(2Q7) /Q; 717 dp < Ba

Now we can apply Besicovich’s covering theorem to get an almost
disjoint subfamily of cubes {Q;}; C {Q;}, satisfying (7.1), (7.2) and
(7.3).

Assume first that the family of cubes {Q;}; is finite. Then we may
suppose that this family of cubes is ordered in such a way that the
sizes of the cubes R; are non decreasing (i.e. [(R;4+1) > l(R;)). The
functions ¢; that we will construct will be of the form ¢; = o; x4,

with a; € R and A; C R;. We set A; = R; and

Y1 = &1 XRy>»

where the constant o is chosen so that le fwrdp = [ ¢1dp.
Suppose that ¢1,...,¢r_1 have been constructed, satisfy (7.4)

and Zé:ll |pi| < B A, where B is some constant (which will be fixed
below).
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Let Ry, ..., Rs,, be the subfamily of Ry, ..., Rg_1 such that Rs;N
Ry # @. As l(Rs;) < I(Ry) (because of the non decreasing sizes of
R;), we have R;; C 3Ry,. Taking into account that fori =1,... k-1

/|%’|d#§/ |fldp
Qi

by (7.4), and using that Ry, is (6,6"!)-doubling and (7.2), we get

Z/\%j\du < Z/ |f1 dps
J J %
< ¢ f il
3Ry
1/p ,
< o[ ipan) " uemo
3Ry
< CAu(6R)YP u(3Ry) 'Y
< Cu pu(Ry).
Therefore,
R
p{ Syl > 2002} < L)
So we set
Ak; = Rk N {Z]|SDS]| < 2CI4>‘} ’
and then

1(Ax) > p(Ry)/2.

The constant «j, is chosen so that for ¢, = oy xa, we have
[ o du = ka fwg du. Then we obtain

1 2
onl < s /Q 1Sl < s /Q 1f1dp

P p Hp
< fldp < —/ fIPdu < CisA
() /;Rk' | <u<Rk> — '

2

(this calculation also applies to k = 1). Thus,

okl + > s, ] < (2C14 + Chs) A
J

If we choose B = 2C14 + C5, (7.5) follows.
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Now it is easy to check that (7.6) also holds. Indeed we have
Vr 1/p/ 1 1/p'
(/R |%’|de> p(B) = o] ()P (R
C lai| u(A:)

Jwi d#‘

IN

= C

IN

Qi
1/p L
% ( i Iflpdu> W@

and by (7.1),

1/p ) C
(f 1) " wtze < 55 [ g

Thus we get (7.6).

Suppose now that the collection of cubes {@Q;}; is not finite. For
each fixed N we consider the family of cubes {Q;}i<i<n. Then,

as above, we construct functions ¥, ..., ¥ with supp(p)) C R;
satisfying
/soﬁvduz/ fw; dp,
Qi
N
> e <BA
i=1

and, if 1 < p < o0,

N 1/p Lot C
([ wepan) " uim < 55 [ iswan

By (7.9) and (7.10) there is a subsequence {¢¥}rcr, which is con-
vergent in the weak * topology of L>°(x) and in the weak * topol-
ogy of LP(u) to some function ¢; € L>®(u) N LP(u). Now we can
consider a subsequence {gog}ke 1, with Io C I} which is convergent
also in the weak * topologies of L>°(u) and LP(u) to some function
w2 € L®(u)NLP(p). In general, for each j we consider a subsequence
{@?}kelj with I; C I;_; that converges in the weak * topologies of
L>(p) and LP(u) to some function ¢; € L (u) N LP ().

We have supp(y;) C R; and, by the weak * convergence in L ()
and LP(u), the functions ¢; also satisfy (7.4) and (7.6). To get (7.5),
notice that for each fixed m, by the weak x convergence in L™ (u),

m
=1

and so (7.5) follows.
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c¢) For each i, we consider the atomic block b; = fw; — ¢;, supported
on the cube R;. Since K, r, < C, by (7.8) and (7.6) we have

C
|bi|Hifé(u) < W1 /Q [fIP dps,

which implies (7.7).

Proof of Theorem 7.2. For simplicity we assume ||u|| = oo. The proof fol-
lows the same lines as the one of [6, p.43-44].

The functions f € L*°(u) having compact support with [ fdu = 0 are
dense in LP(u), 1 < p < oo. For such functions we will show that

(7.11) IMET oy < Clfllirgy 1< p < oo
By Theorem 6.2, this implies

1T fler(uy < ClUFLr (-
Notice that if f € L°(u) has compact support and [ fdu = 0, then f €

Hi;go(,u) and Tf € L'(u). Thus N(Tf) € LY*°(u), and then inf(1, N(T'f)) €

LP(p). So the hypotheses of Theorem 6.2 are satisfied.

Given any function f € LP(u), 1 < p < oo, for A > 0 we take a family of
almost disjoint cubes {Q;}; as in the previous lemma, and a collection cubes
{R;}i as in ¢) in the same lemma. Then we can write

XQ;
f=btg=) ( f—<pi>+g-
By (7.3) and (7.5), we have [|g||p () < C A, and by (7.7),

C
|’b”Hi£(u) < W”f”}zp
Due to the boundedness of T" from L*(u) into RBMO(u), we have
[M*Tg|| ooy < C6 A

Therefore,
{M!Tf > (Cig+1) A} € {M*Th > \}.
Since M is of weak type (1,1), we have
1T 11 ()
A
On the other hand, as T is bounded from nggo( ) into L'(u),

p{M*Th > \} < C

7821 < C 0l e o < oy 1o
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Thus

P
17120

Y

So the sublinear operator M*T is of weak type (p,p) for all p € (1,00).
By the Marcinkiewitz interpolation theorem we get that M*T is bounded on
LP(p) for all p € (1,00). In particular, (7.11) holds for a bounded function
f with compact support and [ fdu = 0. O

p{r e RY: MY (Tf)> A} <C

8. THE T'(1) THEOREM FOR THE CAUCHY INTEGRAL

Before studying the particular case of the Cauchy integral operator, we
will see a result that shows the close relation between CZO’s and the spaces
17
RBMO(1), H.5% (1),

Theorem 8.1. Let T be a CZO and p > 1 some fized constant. The follow-
ing conditions are equivalent:

a) For any cube Q and any function a supported on Q

(.1) /Q Tealdys < C llall o 1(pQ)

uniformly on € > 0.
b) T is bounded from L (u) into RBMO ().
c) T is bounded from Hil;go(u) into L' (p).

Proof. We have already seen a)==-b) in Theorem 2.11 and a)==-c) in The-
orem 4.2.

Let us prove b)=a). Suppose that p = 2, for example. Let a €
L>°(u) be a function supported on some cube . Suppose first 1(Q) <
diam(supp(u))/20 (this is always the case if ||u|| = 00). We have

(.2) /Q e — m(Tea)| dp < C [l ) 12Q).

So it is enough to show that
(8.3) Img(Tea)| < Cllal| poo -

Let x € supp(p) be the point (or one of the points) in R?\ (5Q)° which
is closest to Q. We denote dy = dist(zg, Q). We assume that z is a point
such that some cube with side length 27 %dy, k > 2, is doubling. Otherwise,
we take yo in supp(p) N B(zo,(Q)/100) such that satisfies this condition,
and we interchange xy with . N

We denote by R a cube concentric with @ with side length max(10dp, [(Q)).
So K@,R < C. Let Qg be the biggest doubling cube centered at x( with side

length 2=%dy, k > 2. Then Qy C R, with Kgy,r < C, and one can easily
check that

84)  [mqy(Tea) —mg(Tea)| < C|[Teallrario < Cllallze -
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Moreover, dist(Qo, @) ~ dy and so, for y € Qo,

mQ
Teaty)] < 02 el < C ol

because 1(Q) < do. Then we get |mq,(T:a)| < C'lla|| (), and from (8.4),
we obtain (8.3).

Suppose now that {(Q) > diam(supp(u))/20. Since @ is centered at
some point of supp(u), we may assume that [(Q) < 4diam(supp(p)). Then
QNsupp(p) can be covered by a finite number of cubes (); centered at points
of supp(p) with side length 1(Q)/200. It is quite easy to check that the
number of cubes @); is bounded above by some fixed constant N depending
only on d. We set
— XQJ

Zk XQx
Since a) holds for the cubes 2Q); (which support the functions a;), we have

Teal dy / Ta,| du + / Toa;| dp
/Qa ;@\2@6] ;2@”

ZC llajll ooy 1(Q) + ZC @l zoo () 1£(4Q;)
J J

C N |lall g () #(2Q).

aj a.

IN

IN

IN

Now we are going to prove c)—>a). Let a € L% (u) be supported on
a cube Q). Assume p = 2 and suppose first [(Q) < diam(supp(u))/20. We
consider the same construction as the one for b)=a). The cubes @, Qy and
R are taken as above, and they satisfy Q,Qo C R, Kgr < C, Kgy,r < C
and dist(Qo, @) > 1(Q). Recall also that Qg is doubling.

We take the atomic block (supported on R)

b= a+ Qo XQo:
where ¢, is a constant such that [bdu = 0. For y € Q we have
lcqo| 1(Qo) lallz: g
T. < <C
oo x@) W)= €350, qu = © Tot(Q. Qo

Q
B o e < C el

<C

Then we have
/Q Taldu < /Q T2l dp+ C ]| g ) 1(Q)

c Hb”HiQZO(“) + Clal ooy 1(Q)
C Kq,r llall o uy 1(2Q) + C Ko,k [cq, | 11(2Q0)

IN

IN

+ C lal| Loo (u) 1(Q)-
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Since Qg is doubling, we have

leqol 1(2Q0) < Cllallpi(w < Cllall g 1(Q)-

Therefore,
/Q (Teal dp < Cllall o= 1(2Q).

If I(Q) > diam(supp(u))/20, operating as in the implication b)==-a), we
get that a) also holds. O

Now we are going to deal with the T'(1) theorem for Cauchy integral
operator. So we take d = 2 and n = 1. Using the relationship of the Cauchy
kernel with the curvature of measures, it is not difficult to get the following
result operating as Melnikov and Verdera [8]:

Lemma 8.2. Let u be some measure on C satisfying the growth condition
(1.1). If HCEXQHLQ(MQ) < Cu2Q)'? (uniformly on € > 0), then for any
bounded function a with supp(a) C @,

/Q (Ceal? dpt < C [lalf2e  2Q)

uniformly on & > 0.

We omit the details of the proof (see [8]). This follows from the formula,
for a € L>°(u) with supp(a) C Q,

2/ \CgaIQdu—i—élRe/ aC.a-Coxgdp
Q Q

=[] w2 aty) o) duta) i) ) + Ollal a2,
where we have denoted
SEZ{(SC,y,Z) GQS: |$—y| >6? |y—Z| >6a |Z—CC| >€}a

and c(x,y, z) is the Menger curvature of the triple (z,y,z) (i.e. the inverse
of the radius of the circumference passing through z,y, z).

Using the preceding lemma and the interpolation theorem between the
pairs (Hi;go(,u), L (p)) and (L> (1), RBMO(11)), we get the following version
of the T'1 theorem for the Cauchy transform for non doubling measures.

Theorem 8.3. The Cauchy integral operator is bounded on L*(u) if and
only if

(8.5) / ICoxol? du < Cu(2Q)  for any square Q C C
Q

uniformly on € > 0.
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This result is already known. The first proofs were obtained indepen-
dently in [10] and [15]. Another was given later in [18]. The proof of the
present paper follows the lines of the proof found by Melnikov and Verdera
for the L? boundedness of the Cauchy integral in the (doubling) case where
 is the arc length on a Lipschitz graph [8].

Let us remark that in the previous known proofs of the T'(1) theorem for
the Cauchy integral, instead of the hypothesis (8.5), the assumption was

/ IC-xol? dp < Cpu(Q)  for any square Q C C.
Q

This is a little stronger than (8.5). However, the arguments given in [10],
[15] and [18] can be modified easily to yield the same result as the one stated
in Theorem 8.3.

Using the relationship between the spaces BMO,(p) and RBMO(p) we
obtain another version of the 7'(1) theorem, which is closer to the classical
way of stating the T'(1) theorem:

Theorem 8.4. The Cauchy integral operator is bounded on L*(u) if and
only if C-(1) € BMO, (1) (uniformly on e > 0), for some p > 1.

Proof. Suppose that C.1 € BMO,(n). Let us see that this implies C.1 €
RBMO(s). The estimates are similar to the ones that we used to show that
CZO’s bounded on L?(u) are also bounded from L*(u) into RBMO(p).
Assume, for example p = 2. We have to show that if Q C R, then

n(2Q) | p(2R)
0@ T u®) )

Img(C:1) —mp(C:1)| < CKgr (
We denote Qp = 2N@.2+t1Q). Then we write
|mQ(Cz-:1) - mR(C€1)|
< Imq(Cex)| + Im@(Cex20\0)| + Mm@ (CoX@p\20)]
+ Mm@ (Cexengr) — Me(Cexaovgr)|

+ Impr(Cexr)| + ImRr(CoXgp2r)| + IMR(CoXQpn2r\R)]
= My + Ms + M3 + My + Ms + Mg + Ms.

Since C. is antisymmetric, we have My = M5 = 0. On the other hand, since
the Cauchy transform is bounded from L?(pc\q) into L?(p1q), we also have

My

1 , 1/2
Imq(Caxa0\0)| < (m/@\CaXm\Q)\ dﬂ)

p2Q)\"? | u(2Q)
¢ <M(Q) ) =¢ w(Q)

By the same argument, we get

pQrN2R) _ . u(2R)

M7 = |mg(C. <C
7 ’ R( XQRHZR\R)‘ :U'(R) :U'(R)
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Also, it is easily seen that [C-xg\20(7)| < C Kg,r for z € Q, and so

M3 = [mq(Coxqp\2@)| < C Ko,k
On the other hand, if z € Q and y € R, we have

’CEXC\QR(x) - C&‘X(C\QR(y)‘ <C,

and so My < C. Finally, since [(Qr) ~ [(R), [Ccxgp\2r(2)| < C for x € R,
and thus Mg < C.
Therefore,

o) ~maie] < Cliqu+0 (58 + HE)

n(2Q) | p(2R)
W@  u®) )

So C.1 € RBMO(1), and thus we also have C.1 € BMO%(M), for any p > 1.
Now, some standard calculations show that the condition (8.5) of Theorem
8.3 is satisfied:

1/2 1/2
(/Q |CEXQ|2d,U> = (/Q |CsXQ_mQ(CeXQ)|2d,U>

1/2
([ 1ea=moteyian)
Q

1/2
+ ( /Q ICoxevag — m@(Coxenon)| du)

IN

CKQJ{(

IN

1/2
+ ( /Q IC-x20\0 — mQ(CaX2Q\Q)’2dM> :

Since C.1 € BMO3 (1), we have fQ IC-1 — mg(C-1)2du < C u(2Q). Also, as
usual, we have fQ ICexe\2g — mQ(ngc\QQ)‘2 dp < C p(Q). Finally, the last

integral can be estimated using the boundedness of the Cauchy transform
from L?(pc\g) into L*(pyg). Thus (8.5) holds. O

Let us remark that, until now, the T'1 theorem for the Cauchy integral
was known under the assumption C.1 € BMO/%(M), but not under the weaker
assumption C.1 € BMO,(j).

Also, for general CZO’s, the assumption 71,71 € BMO%(M) in the T'1
theorem for non doubling measures of Nazarov, Treil and Volberg can be
substituted by the weaker one 7T.1,T1 € BMO,(u). This is due to the fact
that if T, is weakly bounded in the sense of [13] and T:1,771 € BMO,(u)
for some p > 1, then arguing as in the proof of Theorem 8.4 it follows that
T:1,T71 € RBMO(), and so T:1,T>1 € BMO%(M), for any p > 1.
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9. COMMUTATORS

In this section we will prove that if b € RBMO(u) and T is a CZO bounded
on L?(u), then the commutator [b, 7] defined by

[0, T](f) = oT(f) = T(bf)

is bounded on LP(p), 1 < p < oo. In this formula, 7" stands for a weak limit
as € — 0 of some subsequence of the uniformly bounded operators 7.

The LP(u) boundedness of the commutator [b,T] is a result due to Coif-
man, Rochberg and Weiss [1] in the classical case where p is the Lebesgue
measure on R Their proof, with some minor changes, works also for dou-
bling measures. On the other hand, for y being the Lebesgue measure,
they showed that if R;, i = 1,--- ,d, are the Riesz transforms on R¢, then
the LP(u) boundedness of the commutators [b, R;], i = 1,--- ,d, for some
p € (1,00) implies b € BMO(p).

When p is a non doubling measure and b satisfies (1.2), i.e. it belongs to
the classical space BMO(u), then it has been shown by Orobitg and Pérez
[14] that the commutator [b, T is bounded on LP(u), 1 < p < co.

Let us state now the result that we will obtain in this section in detail.

Theorem 9.1. If T is a CZO bounded on L*(u) and b € RBMO (1), then
the commutator [b,T] is bounded on LP ().

Our proof will be based on the use of the sharp maximal operator, as the
one of Janson and Strémberg [5] for the doubling case. However, the result
can be obtained also by means of a good \ inequality, as in [1].

To prove Theorem 9.1 we will need a couple of lemmas dealing with the
coefficients Kg g.

Lemma 9.2. There exists some constant P (big enough) depending on Cjy
andn such that if Q1 C Q2 C - -+ C Qp are concentric cubes with Kq, ,., >
P fori=1,...,m—1, then

m—1
(9.1) Z KQi.Qin < C17 KQ1 Q>

i=1

where Cy7 depends only on Cy and n.

Proof. Let Q) be a cube concentric with @; such that [(Q;) < I(Q}) < 21(Q;),
with 1(Q") = 2¥1(Q1) for some k > 0. Then

—1
Cis KQ;Qit1 < I(C);,CQ’Z-Jrl < Cis KQ,Qit1>

for all 7, with C1g depending on Cy and n.
Observe also that if we take P so that CfglP > 2, then KQ;7Q§+1 > 2 and
SO
N,

P
DA

Koy <2 .
Q5,Q Z(QICQ;)n

i+1 —
k=1
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Therefore,

Nay, Qi1 QkQ
(92) ZKinQz-H - Z Z 2kQ
7

On the other hand, if P is big enough, then Q; # Q. Indeed,

NQi’Qi-H
w25 Qi)
Co NQi,Qis1 = Z (QkQ )Z =P -1,
k=1
and so Ng,0,;, = (P —1)/Cy > 2, assuming P big enough. This implies

1(Qit1) > 21(Q;), and then, by construction, @} # Qj, ;.
As a consequence, on the right hand side of (9.2), there is no overlapping

. n(2* Q)
in the terms 1@FQy and then

ZKQ o S 2Kg,, <2018 K@y ,Qms

and (9.1) follows. O

Lemma 9.3. There exists some constant Py (big enough) depending on Cy,
n and By such that if x € R¢ is some fized point and {fo}osa is a collection
of numbers such that |fg — fr| < Cy for all doubling cubes Q C R with
x € Q such that Kg r < Py, then

|fo— frl < CKgrCy for all doubling cubes Q C R with x € Q,
where C depends on Cy, n, Py and (.

Proof. Let Q C R be two doubling cubes in R?, with z € Q =: Q. Let
Q1 be the first cube of the form 2¢Q, k > 0, such that Kg.g, > P. Since
Kgo-1g, < P, we have K g, < P+ Cp. Therefore, for the doubling cube

@1, we have KQ 9, < Chg, with Cig9 depending on P, n, 84 and Cj.

In general, given @i, we denote by @;y1 the first cube of the form 2k@i,

k > 0, such that Kx > P, and we consider the cube QHI- Then, we

Qi,Qit1
have KszQ < Cho, and also KQ Tiv1 = KszQz-H > P.
Then we obtaln
N
(9:3) \fo—FrRI <D |fa_ =I5+ 15, — frl,
i=1

where QN is the first cube of the sequence {@Z}Z such that QVNH O R. Since

K@N@NH < Chg, we also have K@N,R < Ch9. By (9.3) and Lemma 9.2, if

we set Py = Chg, we get

N
|fo—frl < ZK@,@'H Co + K@N,R Ca
=1
< CKQ,@N C, +KQN,RCQU <CKgrCy.
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Remark 9.4. By the preceding lemma, to see if some function f belongs
to RBMO(u), the regularity condition (2.5) only needs to be checked for
doubling cubes ) C R such that Kgr < Fy. In a similar way, it can
be proved that if the regularity condition (2.8) holds for any pair of cubes
Q@ C R with Kg r not too large, then it holds for any pair of cubes @ C R.

On the other hand, one can introduce an operator M defined as M ¢ but
with the second supremum in the definition (6.4) taken only over doubling
cubes Q C R such that z € Q and Kg r < Fy. Then, by the preceding

lemma it follows that Z\/Zﬁ(f) ~ M*(f).

Proof of Theorem 9.1. For all p € (1,00), we will show the pointwise in-
equality

(94)  M¥([b,T]f) (@) < Cp [1bll« (Mp (078 f () + My (32T f () + T f (),
where, for n > 1, M,, () is the non centered maximal operator

M, = ! Pd .
@ =g (g 1)

and T, is defined as

T f(x) = iglg T f ()]

The operator M, ;) is bounded on L"(u1) for r > p, and T is bounded on
L"(pn) for 1 < 7 < oo because T is bounded on L?(p) (see [11]). Then the
pointwise inequality (9.4) for 1 < p < oo implies the LP(u) boundedness of
M¥([b,T]) for 1 < p < co. If b is a bounded function we can apply Theorem
6.2 because, by the LP(u) boundedness of T, it follows that [b,T] € LP(u).
On the other hand, by Lemma 3.3 it is easily seen that we can assume that b
is a bounded function. So the inequality (9.4) implies that [b,T] is bounded
on LP(u), 1 <p < oo.
Let {bg}q a family of numbers satisfying

/Q b= bol dit < 2u(2Q) [b]..

for any cube @, and
bg — br| < 2Kq,R |[bl|+
for all cubes Q C R. For any cube (), we denote

hq = mq(T((b - bg) fod\%Q)
We will show that
1
(9.5) Es) /Q 16, Tf — hqldp < C||bll« (My,9/8) f(x) + My, 3/2)T f ()
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for all x and @ with z € ), and

(9.6) Ihq = hil < Cbll. (My,9/5) f (2) + T f (2) K g

for all cubes Q C R with x € Q. In the final part of the proof we will see
that from the preceding two inequalities one easily gets (9.4).

To get (9.5) for some fixed cube @ and x with = € Q, we write [b,T]f in
the following way:

b.Tf = (b=bQ)Tf=T((b-1bq)f)
(9.7) = (b=bQ) TS =T((b—=bq) /1) = T((b—bQ) f2),

where f1 = fxag and fa = f — f1. Let us estimate the term (b—bg)Tf:
3

1 o
<T<%Q> /Q (b bg) du)
1/p
1 p
X <m/@\Tﬂ du)

C ||bl[« My, 3/ T f ().

Now we are going to estimate the second term on the right hand side of
(9.7). We take s = /p. Then we have

1/s 1/ss'
1 1 /
[m [lQKb_bQ)fﬂsd:u] S (M(%Q) /1Q|b—bQ|ss d,u)

3

1 1/p
o rq
" (m%@ /Q /! ’”‘)

C ||b]]. Mp,(9/8)f(95)-

Notice that we have used that f%Q b —bo|** du < C'[b]|3* w(3Q), which
holds because [bg — big| < C||b|«. Then we get
3

/

1/p

IN

1
§ /‘b_bQ Tf‘dlu'
2

(9.8)

IN

IN

1-1/s
% 1T((b = bq) fi)llLs(w
2

1-1/s
< CM b—b s
< (20) 16 = bq) fill s

1-1/s
< O I My /@)
2

C HbH*Mp7(9/8)f(x)'

1
T((b—bq) fi)ldp <
% / Q) J1)|ap

—~
©
=)

SN—
N
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By (9.7), (9.8) and (9.9), to prove (9.5) we only have to estimate the
difference [T'((b — bg) f2) — hq|. For z,y € Q we have

(9.10) [T((b— bo) fo)(x) — T((b— bg) f2)(w)|
" 6(z) — bol 1F(2)] du()

d
= CZ/ 21 Q\2k-130 D (ocz) - bar 1ol + 1bg = byragl) 1£(2)] dpa(2)

|2 — [

ly
<C O rer
T Jravig |z — a0

< OS2 o M)~ gl M)

+ O Rl LN )

k=1

< O3 2 o My f5) + € 3 K2 8 Mo 0
=1 k=1
< C bl My (9/8) f ().

Taking the mean over y € (), we get

T((b=bq) f2)(x) = hol = [T((b=0bq) f2)(z) = mQ(T((b—bq) f2))l
Cbll« My, 08)f (2),

IN

and so (9.5) holds.

Now we have to check the regularity condition (9.6) for the numbers
{hg}q. Consider two cubes @ C R with z € Q. We denote N = Ng g + 1.
We write the difference |hg — hg| in the following way:

Imq(T'((b — bg) fX%Q)) —mp(T((b— br) fX%R))’
< [mq(T((b —bg) fXQQ\%Q))’

+ Imq(T((bg — br) f Xra\20))|

+ Imq(T((b = br) f Xovg\20))]

+ Imq(T((b — br) f Xrar2ng))

)

+ |mr(T((b—br) f Xoxo\2r))]
:M1+M2—|—M3+M4+M5.

—mp(T((b—br) f Xra\2vg))|
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Let us estimate M;. For y € Q we have

C
(6 ~b0) f g 1) < e [, 10— bl 51

C , 1/p’ 1/p
Q)" </2Q b= bol” du> </2Q o du>

C ||b]]. ( )“p
Qv /2Q |fIPdu

< Clbll« My, g9/s).f ()-
So we derive My < C' ||b]|. M), (9/8) f ().
Let us consider the term Ms. For x,y € @Q, it is easily seen that
1
T(f Xpa Yl < Tif(x +Csup7/ fldu
T(f Xra\2Q) ()] (z) S 700 Jo /]

< Tuf(w) +C My o8 f(2).

IN

IN

Thus
My = |(br — bQ) T(f Xra\2Q) (W) < C K@ r||bll« (T f(z) + My, (9/8) f ().

Let us turn our attention to the term My. Operating as in (9.10), for any
Y,z € R, we get

‘T((b_bR)fXRd\QNQ)(y)_T((b_bR)fX]Rd\2NQ)(Z)’ < C||b]l« Mp,(Q/S)f(x)'

Taking the mean over () for y and over R for z, we obtain
My < C||bl[« My, (9/s) f ().

The term M5 is easy to estimate too. Some calculations very similar to the
ones for My yield M5 < C'||bl[x M), (9/8) f ().

Finally, we have to deal with Ms3. For y € (), we have
1

=

Q
I I

1
— b—b d
TG o~ Il

1 C O\
b—bpl? d,u)
P l(QkQ)" (/QkﬂQ | |

1/p
<(/ Iflpdu> .
2k+1Q

IT((b = br) f x2v@r2@)) (W) <

IN

C

We have
, 1/p' , 1/p'
(/ b— bal? du> < (/ b~ byeerg P du>
2k+1Q 2k+1Q
+ u(25L QMY |byrsi g — bl
< CKqprl|bll: p(2"2Q)V7.
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Thus

IT((b = br) f X2nvQ\20)) (¥ )I

1. }j w2 2Q) sran)”
<CKqrlb < f du>
£ 2FQ) p2k+2Q Y10
N 1 2k+2Q

lc 1

< C K3 Il My, 9/8) f ().
Taking the mean over @), we get
My < C KR g [[bll« My o/s) f ().

So by the estimates on My, My, M3, My and Ms, the regularity condition
(9.6) follows.

Let us see how from (9.5) and (9.6) one obtains (9.4). From (9.5), if @ is
a doubling cube and x € @), we have

1
ma(.T1) ~hal < oy [ 715~ hald

(9.11) < CHbH (My,9/8)f () + My (3/2)T f ().
Also, for any cube @ > x (non doubling, in general), K 0.0 < (), and then
by (9.5) and (9.6) we get

1
012) / 6,71 — mg([b, T1)] di

(5Q

< 3—/ 0, T1f — hol dyi + |hg — hgl + Ihg — mg([b. 7))

< C||bll« (My,(9/8) f (%) + My, (3/2)T f (x) + T f ().

On the other hand, for all doubling cubes Q C R with z € @ such that
Kqg r < Py, where Py is the constant in Lemma 9.3, by (9.6) we have

hq = hi| < C[[bll. (M os) f () + Tof () P§
So by Lemma 9.3 we get
hq — hr| < C bl (My,9/8) f(2) + Tu f(2)) Kq,r
for all doubling cubes @ C R with = € @ and, using (9.11) again, we obtain
Imq([b,T]f) — mr([b,T]f)]
< Cblls (M, (9/8) f (%) + My, 32T f () + T f () Kq,r-
From this estimate and (9.12), we get (9.4). O
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