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The Beurling Transform

The Beurling transform of a function f € LP(C) is:

e—0

Bf(z) = ¢ lim / o (Zf(m;z)zdm(z).
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The Beurling Transform

The Beurling transform of a function f € LP(C) is:

BF(z) — coali_r>n0/ . (Zf(m;zydm(z).

It is essential to quasiconformal mappings because

B(df) =0f  Vfe WP

U

Marti Prats Smoothness of the Beurling transform in Lipschitz domains



The Beurling Transform

The Beurling transform of a function f € LP(C) is:

e—0

Bf(z) = ¢ lim / o (Zf(m;z)zdm(z).

It is essential to quasiconformal mappings because

B(df) =0f  Vfe WP

Recall that B : LP(C) — LP(C) is bounded for 1 < p < oo.
Also B : W*P(C) — W=P(C) is bounded for 1 < p < oo and s > 0.
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Introduction

The Beurling Transform

The Beurling transform of a function f € LP(C) is:

Bf(z) = ¢ lim / o (Zf(m;z)zdm(z).

e—0

It is essential to quasiconformal mappings because

B(df) =0f  Vfe WP

Recall that B : LP(C) — LP(C) is bounded for 1 < p < oo.
Also B : W*P(C) — W=P(C) is bounded for 1 < p < oo and s > 0.

In particular, if z ¢ supp(f) then Bf is analytic in an e-neighborhood of
z and
f(w)

mdm(z).

0"Bf(z) = ¢, /

lw—z|>e
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Introduction

The problem we face

Let Q2 be a Lipschitz domain.

When is B : W*P(Q) — W*P(Q) bounded?
We want an answer in terms of the geometry of the boundary.

une
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Introduction

Known facts, part 1

In a recent paper, Cruz, Mateu and Orobitg proved that for 0 < s <1,
1 < p < oo with sp > 2, and 09 smooth enough,

Theorem
B: W*P(Q) — W*>P(Q) is bounded

if and only if
Bxq € WP(Q).
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Known facts, part 1

In a recent paper, Cruz, Mateu and Orobitg proved that for 0 < s <1,
1 < p < oo with sp > 2, and 09 smooth enough,

Theorem

B: W*P(Q) — W*>P(Q) is bounded

if and only if
Bxq € WP(Q).

One can deduce regularity of a quasiregular mapping
in terms of the regularity of its Beltrami coefficient.
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Introduction

Besov Spaces B; ,

The geometric answer will be given in terms of Besov spaces B, ..
B; , form a family closely related to W*”. They coincide for p = 2.
For p < 2, B;p C W*P. Otherwise W*P C B;p.
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Introduction

Besov Spaces B; ,

The geometric answer will be given in terms of Besov spaces B; ,
B; , form a family closely related to W*”. They coincide for p = 2.
For p < 2, B;p C W*P. Otherwise W*P C B;p.

Definition _

For0<s<oo, 1<p<oo feB;, (R)if

p 1/p
IFllg, = (/]R/]R dm(h) dm(x)> < o0,

L

ALS]+1 f(X)
hS
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Introduction

Besov Spaces B; ,

The geometric answer will be given in terms of Besov spaces B, ..
B; , form a family closely related to W*”. They coincide for p = 2.
For p < 2, B;p C W*P. Otherwise W*P C B;p.

Definition _
For0<s< oo, 1< p<oo, feB;p(R) if

p 1/p
IFllg, = (/]R/]R dm(h) dm(x)> < o0,

L
Furthermore, f € B, ,(R) if

ALS]+1 f(X)
hS

1Fllsy = I1Fle + IFllg; < oo.

We call them homogeneous and non-homogeneous Besov spaces
respectively. N8
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Introduction

Known facts, part 2

In another recent paper, Cruz and Tolsa proved that for any 1 < p < oo,
and Q a Lipschitz domain,

Theorem
If the normal vector N belongs to B;;,l/p(aﬂ), then B(xq) € WHP(Q)
with

||B(XQ)HW1,p(Q) < C”N”B;;UP(QQ)'
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Known facts, part 2

In another recent paper, Cruz and Tolsa proved that for any 1 < p < oo,
and Q a Lipschitz domain,

Theorem
If the normal vector N belongs to B;;,l/p(aﬂ), then B(xq) € WHP(Q)
with

||B(XQ)HW1,p(Q) < C”N”B;;UP(QQ)'

They proved also an analogous result for smoothness 0 < s < 1.
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Known facts, part 2

In another recent paper, Cruz and Tolsa proved that for any 1 < p < oo,
and Q a Lipschitz domain,

Theorem
If the normal vector N belongs to B;;,l/p(aﬂ), then B(xq) € WHP(Q)
with

||B(XQ)HW1,p(Q) < C”N”B;;UP(QQ)'

They proved also an analogous result for smoothness 0 < s < 1.
This implies

Theorem
Let0<s<1, 1< p< oo withsp>2. Ifthe normal vector

is in the Besov space B;;,l/p(aﬂ), then the Beurling transform
is bounded in W=P(Q).
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Introduction

Known facts, part 2

In another recent paper, Cruz and Tolsa proved that for any 1 < p < oo,
and Q a Lipschitz domain,

Theorem
If the normal vector N belongs to B;;,l/p(aﬂ), then B(xq) € WHP(Q)
with

||B(XQ)HW1,p(Q) < C”N”B;;UP(QQ)'

They proved also an analogous result for smoothness 0 < s < 1.
This implies

Theorem

Let0<s<1, 1< p< oo withsp>2. Ifthe normal vector

is in the Besov space B;;,l/p(aﬂ), then the Beurling transform
is bounded in W=P(Q).

Tolsa proved a converse for 2 flat enough. uns
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Main results

Main Theorem
Let Q be smooth enough. Then we can write

10"Bxallixg) < INIIZ, H(09Q)*7"".

BiLYP( aQ)
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Main results

Main Theorem
Let Q be smooth enough. Then we can write

10"Bxallixg) < INIIZ, H(09Q)*7"".

BiLYP( aQ)

Conjecture (work in progress)

Let2 < p<ooandl<n<oo. Let Q be a bounded domain
smooth enough. If the exterior normal vector of

is in the Besov space B,’,’;,”"(@Q), then the Beurling transform
is bounded in W™P(Q).
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Reduction to local charts

» We have a domain smooth enough.
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Reduction to local charts

» We have a domain smooth enough.

» In particular, at every boundary point
we can find a cube
with fixed side-length R
parallel to the tangent line
inducing a parametrization C"~ 11,
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Reduction to local charts

» We have a domain smooth enough.

» In particular, at every boundary point
we can find a cube
with fixed side-length R
parallel to the tangent line
inducing a parametrization C"~ 11,

» We make a covering of the boundary
by N of such cubes
with some controlled overlapping.
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Reduction to local charts

» We have a domain smooth enough.

» In particular, at every boundary point
we can find a cube
with fixed side-length R
parallel to the tangent line
inducing a parametrization C"~ 11,

» We make a covering of the boundary
by N of such cubes

\ P with some controlled overlapping.

» The Beurling transform
of the interior points
is controlled by the distance to the
boundary:

1
0"Bxa(z)| £ =.
ey -
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Defining some generalized betas of David-Semmes

M/\ JJ\\ A measure of the flatness of a set I':
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Defining some generalized betas of David-Semmes

A measure of the flatness of a set I':
k@ Definition (P. (d;)nes)
/

| — 1 BF(Q) infy wQ)

U nB
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Defining some generalized betas of David-Semmes

The graph of a function y = A(x):

M Consider | C R, and define
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Defining some generalized betas of David-Semmes

The graph of a function y = A(x):
Consider | C R, and define
Definition
Boo(l, A) = infpepr

ZONII

U

Marti Prats Smoothness of the Beurling transform in Lipschitz domains



Defining some generalized betas of David-Semmes

The graph of a function y = A(x):
Consider | C R, and define
Definition
Bo(1,A) = infpepr 75| 457 |
mlen i,
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Defining some generalized betas of David-Semmes

The graph of a function y = A(x):
Consider | C R, and define
Definition

Biny(1, A) = infpepn ﬁH%HI

If there is no risk of confusion,
we will write just B, (/).

U nB
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Relation between S, and B,gw

Theorem (Dorronsoro)

Let f : R — R be a function in the homogeneous Besov space B;’p.
Then, for any n > [s],

I, =3 (2255 ) @,

1eD
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Local charts: Whitney decomposition

Qk QO

e [ 10 Braaan(e)
QNN
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Local charts: Whitney decomposition

W(Qr)

Qk Q
[ 10 Buaaan(e)
QNN

> /Q (0" Bxa()|Pdm(2)

Qew

U
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Local charts: Whitney decomposition

W(Qr)

ke

o / 1" Bxa(2)Pdm(2)
QNN

<X /Q (0" Bxa(a)Pdm(2)

]‘ Qew
|

b r < 3 m(Q) 10" Bxalljg)

— Qew

.
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Introduction
Local charts: Bounds for the first derivative

Xo =X, + (xa—xa,) Q)

Universitat Autbnoma
de

Barcelona
(=)

» Second order derivative » Higher order derivatives » Skip higher order derivatives
o =
Marti Prats

Smoothness of the Beurling transform in Lipschitz domains



Introduction
Local charts: Bounds for the first derivative

xe = X0, + (xo — X00)

OBxa,(2) =0

2Q)

Smoothness of tl

[m]

(=)

» First order derivative » Second order derivative » Higher order derivatives » Skip higher order derivatives

eurling transform in Lipschitz dor




Local charts: Bounds for the first derivative

W(Qr)

Qe

e [ 1omxa@pan(s
QN

< }:L/|aBXszdnma

Qew

QAQ

< Y m(Q)19Bxalls()
Qew

XQ = X, + (xa— Xﬂu) @(Q)

E)BXQA;(Z) =0

dm(w
[0B(xa — x00)(2)] S/ ( )3
QAQ, |z — wl
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Introduction
Local charts: Second order derivative

Xe = X0, + (xo — X00)

10°Bxa(2)]

2Q)
Cay

C
R

x

R?

=}
Smoothness of tl
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» First order derivative » Second order derivative » Higher order derivatives » Skip higher order derivatives
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Local charts: Second order derivative

W( Qk) Qk

28 / |0? Bxa(2)[Pdm(z)
2,n0

= Z/Q |0*Bxa(z)|Pdm(z)

[ Qew
<> m(@)[#*Bxall}. )
QeW

080 .
xXo=Xxa, + (xo—x0,) Q) \\\

) o . Cay c
4 2 = .
1" BxaqI = ez < 2

OZB<X!17XSZU)<Z)‘§/ dm(w)

QAQq |z —wl!

ure
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L Introduction e —
Local charts: Higher order derivatives

xe = X0, + (xo — X00)

0" Bxag(2)] <7

2Q)

=}
Smoothness of tl

(=)

» First order derivative » Second order derivative » Higher order derivatives » Skip higher order derivatives

eurling transform in Lipschitz dor




Local charts: Higher order derivatives

W(Qr)

Qe

o / 10" Bxa(2)Pdm(2)
QN2

< Z/ |0" Bxa(2)[Pdm(z)

Qew

< > m(Q) 10" Bxall)-
QeW

xe=x0,+ (xa—x0,)  ®(Q)

0" Bxag(2)] <7

dm(w)

n+2

[0"B(xa — xa,)(2)] < /

QAQq |z — w|
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Bounding the polynomial region

xo = Xog + (xo = xa))  $(Q)

(0" By, ()] < 7

We can choose R small enough (depending on the Lipschitz condition of
the boundary) so that the following proposition holds:

uns
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Bounding the polynomial region

xo = Xog + (xo = xa))  $(Q)

[0 Byay(=)] < 7

We can choose R small enough (depending on the Lipschitz condition of
the boundary) so that the following proposition holds:

Proposition

If we denote by 2 the region with boundary a minimizing polynomial for

Bin)(®(Q)), we get

..........

C
‘8HBXQQ‘ S ﬁ ..ngﬂu(B
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Bounding the interstitial region

Q) Lr
[@
| = / 0" Bxa(2)Pdm(z)
X/ 10" Bxa(z)|Pdm(z)
I Gova
R e < X m@10" Bl
N V\A—\—\ :
X0 = X0+ (0= xng) (@) -
0" Bxay(:)| < 7
di(w)
"B = xa) ) < [
s

Proposition
Choosing a minimizing polynomial for 3, (®(Q)), we get
dm(w Bem (! 1
/ ( n)+2 S Z (n)(n) TR
Qaq, |1z = wl leD (1) R
S(Q)CICH(Qk) urns
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Holder inequalities do the rest

Qe o

/ (0" Bxo(2)[Pdm(z)
Joca
) / 10" Bxal2)|Pdm(z)
dowla
3 m(Q) 10" Bxallix g

Theorem
Let Q be a Lipschitz domain of order n. Then, with the previous notation,

N
10"Bxall gy S D Z ( il (”n) 1)/p> o)+ HY (0Q)> .

f=tie unB
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Holder inequalities do the rest

[ irButorin

Theorem
Let Q be a Lipschitz domain of order n. Then, with the previous notation,

-1/ T H H0Q)*7".

N

10"Bxallfuay S D I,
k=1

urs
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Holder inequalities do the rest

[ irButorin

Theorem
Let Q be a Lipschitz domain of order n. Then, with the previous notation,

N

HanBXQHIZp(Q) S Z AL
k=1

by e+ HH (O,
urs
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Holder inequalities do the rest

Theorem
Let Q be a Lipschitz domain of order n. Then, with the previous notation,

N
H@"BXQHZ,(Q) S Z ||NaQﬂQk||I;g—1/P + H1(69)2_np-
— P

1
urne
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Holder inequalities do the rest

Theorem
Let Q be a Lipschitz domain of order n. Then, with the previous notation,

+ H(0Q)?"P. unB

llllllllllllllllllll
de Barcelona

||a"BXQ||FZP(Q) 5 HN| ,;S;l/p(aQ)
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Conclusions

» The Besov regularity B,';,;l/p of the normal vector to the boundary
of the domain gives us a bound of Byxq in W™P (and 0 < s < 1).
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Conclusions

» The Besov regularity B,';,;l/p of the normal vector to the boundary
of the domain gives us a bound of Byxq in W™P (and 0 < s < 1).

» We think we are close to proving that if we assume N € Bs;,l/p,

we get also the boundedness of the Beurling transform in W™P(Q)
as long as p > 2.
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Conclusions

» The Besov regularity B,';’;l/p of the normal vector to the boundary
of the domain gives us a bound of Byxq in W™P (and 0 < s < 1).

» We think we are close to proving that if we assume N € Bs;,l/p,

we get also the boundedness of the Beurling transform in W™P(Q)
as long as p > 2.
> Next steps are proving analogous results for any s € R, and

giving a necessary condition for the boundedness
of the Beurling transform when p < 2.
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Thank you!
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