The Fourier
transform and

Hausdorff
dimension

Pertti Mattila

The Fourier transform and Hausdorff dimension

Pertti Mattila

University of Helsinki

Sant Feliu de Guixols
June 15-18, 2015



Hausdorff dimension

The Fourier

transform and
Hausdorff - . . .
dimension The s-dimensional Hausdorff measure H®,s > 0, is defined by
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HE(A) = (L”BH(;( ):

where, for 0 < § < oo,

H3(A) =inf{> d(E)*:AC U d(E;) < d}.
J

Here d(E) denotes the diameter of the set E.
The Hausdorff dimension of A C R" is

dim A = inf{s: H*(A) = 0} = sup{s : H°(A) = oo}.



Frostman’'s lemma
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dimension For A C R", let M(A) be the set of Borel measures 1 such
B that 0 < ;(A) < 0o and g has compact support spty C A.

Theorem (Frostman's lemma)

Let 0 < s < n. For a Borel set A C R", H*(A) > 0 if and only
there is € M(A) such that

w(B(x,r)) <r® forallxeR" r>0. (1)

In particular,

dim A = sup{s : there is 1 € M(A) such that (1) holds}.




Riesz energies and Hausdorff dimension
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REvegh The s-energy, s > 0, of a Borel measure p is
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Is(p) = / x =y duxduy = /ks * prdpu,
where ks is the Riesz kernel:

ke(x) = |x|"5, x € R".

For a closed set A C R",

dim A = sup{s : there is u € M(A) such that Is() < co}.




The Fourier transform and Hausdorff dimension

The Fourier

et The Fourier transform of € M(R") is
Hausdorff
dimension

Pertti Mattila ﬁ(g) — /e_27ri§'x dux, &€ R".

The s-energy of € M(RR") can be written in terms of the
Fourier transform:

Is(p) = C(n,S)/Iﬁ(X)I2|XIS_”dX-
Thus we have

dimA =

sup{s < n: 3u € M(A) such that / G RIxS" dx < 0o}



The Fourier dimension
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e e The Fourier dimension of a set A C R" is

dim,:A =
sup{s < n: 3pu € M(A) such that |f(x)| < x|~/ ¥x € R"}.

Then
dimg A <dimA.

A is called a Salem set if dimg A = dim A.

Examples of Salem sets are smooth planar curves with non-zero
curvature and trajectories of Brownian motion. But line
segments in R"”, n > 2, have zero Fourier dimension.



The Fourier dimension of graphs
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BN  Fraser, Orponen and Sahlsten, IMRN 2014, proved that

For any function f : A — R"=™ A C R™, we have for the
graph Gr = {(x,f(x)) : x € A},

dimg Gr < m.

The Hausdorff dimension of one-dimensional Brownian graphs
is almost surely 3/2, so they are not Salem sets, in fact, they

have almost surely Fourier dimension one due to Fraser and
Sahlsten 2015.
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How do the projections
pg(x,y)zxcos{9—|—ysin9, (X,y)GRz,QG[O,ﬂ'),

affect the Hausdorff dimension? Notice that py is essentially
the orthogonal projection onto the line making angle 6 with the
X-axis.



Projections and dimension
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Jinension The following theorem was proved by John Marstrand in 1954
SR (L™ denotes the Lebesgue measure in R™), a Fourier-analytic
proof was given by Kaufman 1968:

Theorem

Let A C R? be a Borel set. Ifdim A < 1, then
dim pg(A) =dim A for almost all § € [0, 7). (2)

Ifdim A > 1, then

LY(pg(A)) > 0 for almost all § € [0, 7). (3)

<




Projections and dimension
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Generalized projections: Peres and Schlag 2000
Discrete versions: Katz and Tao 2001, Bourgain 2010, Orponen
2015

Self-similar and related sets: Peres and Shmerkin 2009,
Hochman and Shmerkin 2012, Shmerkin and Suomala 2014,
Falconer and Jin 2014, Simon and Rams 2014

Restricted families of projections: E. and M. Jarvenpaa and
Keleti 2014, Fassler and Orponen 2014, D.M. and R. Oberlin
2013

Heisenberg groups: Balogh, Durand Cartegena, Fassler, Mattila
and Tyson 2013
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Distance sets and dimension
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dimension The distance set of AC R" is
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D(A) ={|x —y|: x,y € A} C [0, 0).

The following Falconer's conjecture seems plausible:

Ifn>2 and A C R" is a Borel set with dim A > n/2, then
LY(D(A)) > 0, or even Int(D(A)) # 0.

Falconer proved in 1985 that dim A > (n+ 1)/2 implies
LY(D(A)) > 0, and we also have then Int(D(A)) # 0 by Sjolin
and myself 1999.



Distance sets and dimension
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B The best known result is due to Wolff 1999 for n = 2 and to
Erdogan 2005 for n > 3:

If n>2 and A C R" is a Borel set with dimA > n/2+1/3,
then L1(D(A)) > 0.

The proof uses restriction and Kakeya methods and results. In
particular, the case n > 3 relies on Tao's bilinear restriction
theorem.



Distance sets and dimension
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A group-theoretic approach: Greenleaf, losevich, Liu and
Palsson 2013

Erdos problem on finite sets: Guth and Katz 2015
Distance sets in finite fields: losevich and Rudnev 2007 and
others

Angles, directions and other configurations: losevich, Laba and
others



Besicovitch sets

The Fourier
transform and
Hausdorff
dimension

S e say that a Borel set in R", n > 2, is a Besicovitch set, or a
Kakeya set, if it has zero Lebesgue measure and it contains a
line segment of unit length in every direction. This means that
for every e € S"! = {x € R" : |x| = 1} there is b € R" such
that {te+ b:0 <t <1} C B. It is not obvious that
Besicovitch sets exist but they do in every R", n > 2.

Conjecture (Kakeya conjecture)
All Besicovitch sets in R" have Hausdorff dimension n.




Besicovitch sets
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Theorem (Besicovitch 1919)
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For any n > 2 there exists a Borel set B C R” such that
L"(B) =0 and B contains a whole line in every direction.
Moreover, there exist compact Besicovitch sets in R".

The proof of Besicovitch from 1964 uses duality between points
and lines.

Theorem (Davies 1971)

For every Besicovitch set B C R", dim B > 2. In particular, the
Kakeya conjecture is true in the plane.

D. Oberlin proved in 2006 that even dimg B > 2.
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Line segment conjecture

Conjecture (Keleti 2014)

If A is the union of a family of line segments in R" and B is the
union of the corresponding lines, then dim A = dim B.

This is true in the plane:

Theorem (Keleti 2014)

The conjecture is true in R?.




Line segment conjecture
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Theorem (Keleti 2014)

(1) If the line segment conjecture is true for some n, then, for
this n, every Besicovitch set in R” has Hausdorff dimension at
least n — 1.

(2) If the line segment conjecture is true for all n, then every
Besicovitch set in R" has packing and upper Minkowski
dimension n for all n.




Subsets of hyperplanes
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Hausdorft For p = (a,b) € R x R let L(p) = L(a, b) denote the
SRV hyperplane {(x,y) €ER™ 1 xR:y=a-x+b}. If ECR" let
L(E) = Upee L(p).

Theorem (Falconer and Mattila 2014)

Let E C R" be a non-empty Borel set and let A C R" be a
Borel set such that L"*(L(p) N A) > 0 for all p € E. Then

dim (L(E) N A) = dim L(E) = min{dim E + n— 1, n}.

Moreover, if dim E > 1, then

L"(L(E)NA) > 0.




Kakeya maximal function
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Hausdorff . . H
dimension center a, direction e, length 1 and radius 9:
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Tg(a) ={xeR":|(x—a)-e| <1/2,|x—a—((x—a)-e)e|] < }.

Then L£"(T2(a)) = a(n — 1)6""1, where a(n — 1) is the
Lebesgue measure of the unit ball in R,

Definition

The Kakeya maximal function with width § of f € LL _(R") is

loc

Ksf : "1 = [0, 00],

Ksf(e) = sup

@),
—_— fldL".
ackn £L7(T2(a)) Tg(a)l |




Kakeya maximal conjecture

The Fourier

LESWEEN  We have the trivial but sharp proposition:

Hausdorff
Proposition

dimension
Forall0 <§<1andfell (R"),

loc
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s || oo (sn-1) < ||l oo (Rn)s

1KCsf [l oo (sn-1) < c(n — 1)1 7762"|| ]| 11 ey -

s (| n(sn—1y < C(n, )0 (||l Ln(rr)
forall e > 0,0 <& <1,f € L(R").




Kakeya maximal conjecture
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Theorem (Cérdoba 1977)
K5l 2(sry < C/log(1/8)[If] 2(we)

for all 0 < § < 1,f € L?(R?). In particular, the Kakeya
maximal conjecture is true in the plane.

The factor /log(1/9) is sharp due to Keich 1999.



Kakeya and Hausdorff dimension
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Suppose that 1 < p < oo, >0and n— Bp > 0. If

IKsf Nl iosn-1y < C(n, p, BYSP|If|l, for0 <6 <1,fe LP(R"),

then the Hausdorff dimension of every Besicovitch set in R" is
at least n — Bp. In particular, if for some p,1 < p < oo,

ICsf | o(sn-1y < C(n, p, )| f || p(mr)

holds for all e > 0,0 < 6 < 1,f € LP(R"), then the Hausdorff
dimension of every Besicovitch set in R" s n. Thus the Kakeya
maximal conjecture implies the Kakeya conjecture.

o’




Discretized Kakeya
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dimension
BN Lct 1< p<oo,g=;7,0<d<1and0<M <oo. Suppose
that
m
1D tkxrllagny < M
k=1
whenever Ty, ..., Ty are d-separated (in directions) d-tubes
and ti, ...ty are positive numbers with
m
Fo=" Z t] < 1.
k=1
Then
||’C5f||Lp(5n71) S C(n)MHfHLp(Rn) for all f € LP(R”)




Bourgain and dimension of Besicovitch sets
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For all Lebesgue measurable sets E C R”,

o 1{ee St Ks(xe)(e) > A}) < C(n)dt—"A=""1Ln(E)?

for all 0 < § <1 and X\ > 0. In particular, the Hausdorff
dimension of every Besicovitch set in R" is at least (n+ 1)/2.

4

The above restricted weak type inequality is very close to,
I1Ksf ] La(sn—1)y < C(n, p, e)s~(/P=1E I £,

for all e > 0 with p=(n+1)/2,g=n+1.



Wolff and dimension of Besicovitch sets
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Bourgain’'s proof used bushes; many tubes containing some
point. Wolff replaced this with hairbrushes; many tubes
intersecting some tube.
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Theorem (Wolff 1995)

Let0 <8 <1. Then for f € L'z (R”)

HIC(;fH n32

25 gy S ST g2

(4)

Z(R")

for all € > 0. In particular, the Hausdorff dimension of every
Besicovitch set in R" is at least (n+ 2)/2.
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Theorem (Bourgain 1999, Katz and Tao 1999)
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Let eg = 1/6. Suppose that A and B are finite subsets of A\Z™
for some m € N and A > 0, #A < N and #B < N. Suppose
also that G C A x B and

#{x+y:(x,y) e G} <N. (5)
Then
#{x—y:(x,y) e G} < N2—€o,

The best value of €y is not known, but it cannot be taken
bigger than log6/ log 3 = 0.39907 ... .




Application to dimension of Besicovitch sets
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Theorem (Bourgain 1999, Katz and Tao 1999)
For any Besicovitch set B in R", dim B > 6n/11 4+ 5/11.

Theorem (Katz and Tao 2002)

For any Besicovitch set B in R", dim B > (2 — v/2)(n — 4) + 3.

The second theorem improves Wolff's (n + 2)/2 bound for all
n > 5. Wolff's estimate is still the best known for n = 3, 4.
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Restriction problem

When does ?\5”_1 make sense? If f € L}(R") it obviously
does, if f € L?(R") it obviously does not.

1571 makes sense for f € LP(R") if we have for some q < 0o
an inequality

1)l Lagsn-1y < C(n, P, @)l|F |l Loy (6)

valid for all £ € S(R").

The restriction problems ask for which p and ¢ (6) holds.

By duality (6) is equivalent, with the same constant C(n, p, q),
to

Pl ey < 0. @501y "

Here p’ and ¢’ are conjugate exponents of p and g and f
means the Fourier transform of the measure fo"!.



Stein-Tomas theorem

The Fourier
transform and
Hausdorff
dimension

Pertti Mattila

Theorem (Tomas 1975, Stein 1986)
We have for f € L2(S"1),

[l ca@ny < C(n, @) f |l 2(sm-1)

forq > 2(n+1)/(n—1). The lower bound 2(n+1)/(n—1) is
the best possible.

v

The sharpness of the range of g follows using the Knapp
example.



Restriction conjecture
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R £ o(rry < C(n, q)||f||p(sn-1y for g > 2n/(n— 1) and

1.7
qg=It1p'.

This is equivalent to

Fllagzny < C(n @)lIf[lpoe(sn1y for g > 2n/(n— 1),
and to

]l agrny < C(n,q)||fllagsn1y for g >2n/(n—1).

The range g > 2n/(n — 1) would be optimal. Stein-Tomas
theorem implies that these inequalities are true when
g>2(n+1)/(n—1).



Restriction conjecture in the plane
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Fefferman 1970 and Zygmund 1974 proved in the plane

1]l a2y < C(q)[|f || o(st) for ¢ > 4 and g = 4p'

Thus the restriction conjecture is true in the plane.
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Restriction implies Kakeya

Theorem (Bourgain 1991)

Suppose that 2n/(n—1) < q < co and

[Flioqer) Sng Iflliagsn-yy for £ € L(S™H). (8)
Then with p = q/(q — 2),

IKCs£ lp(sn-1) S 8*/472 D],

for all0 < § < 1,f € LP(R"). In particular, the restriction
conjecture implies the Kakeya maximal conjecture.

The proof uses Khintchine's inequalities and the Knapp
example.
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Let c >0 andlet S; C {x € S"1:x,>c},j=1,2, with
d(51,52) > ¢ >0. Then

12l Laqrny < C(n, G, ) Ifill2sy)lIall2(sy)

for ¢ > (n+2)/n and for all f; € L*(S;) with
sptf; C Sj,j=1,2.

The lower bound (n+2)/n is the best possible due to the
Knapp example.



Progress on restriction conjecture
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Tomas 1975: ¢ > (2n+2)/(n—1), g > 4 for n = 3.
Stein 1986: g = (2n+2)/(n—1), g =4 for n = 3.
Bourgain 1991: g > (2n+2)/(n— 1) — €p,
qg>31/8=4—-1/8forn=3.

Tao, Vargas and Vega 1998, Tao 2003 by bilinear restriction:
q>(2n+4)/n,

q > 10/3 =31/8 — 13/24 for n = 3.

Bennett, Carbery and Tao 2006, Bourgain and Guth 2011 by
multilinear restriction: g > 33/10 = 10/3 — 1/30 for n = 3.
(Dvir 2009), Guth 2014 by polynomial method:

g >13/4=33/10—-3/40 =3+ 1/4 for n = 3.



Distance sets and bilinear restriction
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The proof of the Wolff-Erdogan distance set theorem is based
on the following: Define quadratic spherical averages of

w e M(R") for r >0,
o)1) = /5 ()P dam .

If s > n/2,I(n) < oo and [ o(u)(r)?r" 1 dr < oo, then
§(p) < L

This gives: If t <s,s+t>n, Is(u) < oo and

o(u)(r) < Cr=t for all r > 0, then L£Y(D(sptp)) > 0.

Pertti Mattila



Distance sets and bilinear restriction

MOGLEN  Wolff proved that for all 0 < s < 2,¢ > 0 and pu € M(R?) with

transform and

Hausdorff sptu C B(O’ 1),

dimension
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Erdogan extended this to higher dimensions: For all
(n—2)/2<s<nn>2e>0and p € M(R") with
sptu C B(0,1),

o(p)(r) < C(n,s, e)r=(MH25=2/4 1 (1)) for r > 1.
Combining these leads to
dimA > n/2+1/3 implies L!(D(A)) > 0.

Wolff's power s/2 is sharp, Erdogan’s (n + 2s — 2) /4 probably
is not sharp when n > 2. The proofs of these estimates are
based on Kakeya and restriction type methods. Erdogan's
estimate explicitly uses Tao's bilinear theorem.



