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POLAR DECOMPOSITION
IN RICKART C*-ALGEBRAS

DMITRY GOLDSTEIN

Abstract
A new proof is obtained to the following fact: a Rickart C*-algebra
satisfies polar decomposition. Equivalently, matrix algebras over
a Rickart C*-algebra are also Rickart C*-algebras.
Introduction.

In this paper we give new proof of the following result: all Rickart
C*-algebras satisfy polar decomposition. This fact was established in [2]
by P. Ara and author by using a suitable factorization of the elements
in the regular overring of a finite Rickart C*-algebra.

New proof also uses the construction of the regular overring, but in
a different way. In particular, we don’t need the result of Goodearl,
Lawrence and Handelman about algebras without one-dimensional rep-
resentations.

The regular ring of measurable operators of a finite AW *-algebra was
constructed by S. K. Berberian in [3]. Later Saito modified Berberian’s
approach for general AW *-algebras [11]. E. Christensen constructed and
investigated a x-algebra of measurable operators, associated to MSC C*-
algebras [5].

Handelman found a regular extension Q(T') for a finite Rickart C*-
algebra T, using a technique of the module-homomorphisms on the es-
sential countably generated ideals (instead of Berberian’s coordinated
sequences) [9]. It was established ([1], [10]) that a finite Rickart C*-
algebra T satisfies polar decomposition iff the bounded elements of Q(t)
belong to T. Goodearl, Handelman and Lawrence have proved that T
satisfies polar decomosition in the case where T has no one-dimensional
representations (see [8]).

P. Ara in [1], using his special construction, proved that left and right
projections of element in a Rickart C*-algebra are equivalent and the
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polar decomposition problem in general Rickart C*-algebras can be re-
duced to the finite case. In this work Ara also proved an equivalence of
the following conditions for a Rickart C*-algebra T":

(i) T satisfies polar decomposition;
(ii) The matrix algebras M, (T) over T are the Rickart C*-algebras
for all n;
(iii) The partial isometries of T' are Ng-addable.

Finally, by development of the methods of [1], [8], it was proved in [2]
that conditions (i)-(iii) are always fulfiled in Rickart C*-algebras.

In [6], [7] was constructed a *-algebra of measurable operators for a
finite Rickart C*-algebra and were proved some algebraic properties of
this x-algebra. We continue to develope this approach in order to solve
the polar decomposition problem.

1. Preliminaries.

A x-algebra A is Rickart, if for all z € A there exists a projection e € A
such that R(z) = {a € Alza = 0} is eA. Because of the involution,
L(z) = {a € Alax = 0} = T'f for some projection f. We shall write
e = RA(z), f = LA(z), 1 —e = RP(z), 1 — f = LP(z) and P(A) for
the set of all projections of A.

The projections e and f are equivalent (e ~ f) in a *x-algebra A if
e = uu*, f = u*u for some partial isometry v € A. A is finite if p ~ 1
implies p = 1. A Rickart C*-algebra is a C*-algebra that is also a Rickart
x-algebra. We recall some properties of the Rickart C*-algebras.

Theorem 2.1. A Rickart C*-algebra satisfies the following proper-
ties:

(i) P(T) is Ng-complete lattice partially ordered by p > q iff pq = q
(see [4]).
If in addition T is finite then the lattice P(T') is Ro-continuous
[9, Cor. 1.1].
(ii) LP(xz) ~ RP(z) for all x € T [1, Th. 2.5].
(iii) For given sequences (e,) and (fn) of ortogonal projections such
that ey, ~ fp for alln € N, we have \/, e, ~\/,, fn [1].

The partial isometries are Rg-addable in a Rickart C*-algebra T if for
every sequence of partial isometries {w,, } such that {w,w}} and {w}w,}
are the sequences of ortogonal projections there exists a partial isometry
w such that ww}w, = w,w)w = wy,.
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2. Strongly dense domains.

Through this paper T denotes (if the opposite is not specified) a finite
Rickart C*-algebra.

A sequence of projections (e,) C P(T) is a strongly dense domain
(SDD) in case e, T 1. Let e € P(T), x € T. We define z71(e) =
RA[(1 — e)x].

Proposition 2.1. Let (e,) and (f,) are SDD, z, € T such that
m < n implies Tnem = Tmem. Then a sequence (t, = x,; (fa) \en)
is a SDD.

Proof: Let d,, = x;'(f,). If m <n then
(1 —en)xntm = (1 —en)(1 —em)xnemtm = (1 — en)(1 — em)xmtm =0,
so that t,, <t,. Let p € P(T). We show that there exists a number k
such that ¢, A\ p # 0. For that choose a number ¢ such that ¢ = p A\ e; #
0. If x;q = 0, then g < t;. Now let z;q # 0. There exists a € T such that

h = x;qa is non-zero projection [4, par. 8]. Observe that ;¢ = x,q for
all n > and h' = fr A\ h # 0 for sufficiently large k. For k > i we have

(1 — fr)zrqah’ = (1 — fr)z;qah’ = (1 — fx)hh' = 0.
Therefore ¢ = LP(qah’) < di. In addition, g < ¢ < e; < e, hence
g<tr. Thusp Aty >g#0. 1

Corollary 2.2. If (e,) and (f,) are SDD, then (e, \ frn) is also SDD.
Proof: Put in Proposition 2.1 z,, =1 for all n. &

3. A ring of measurable operators.

An essentially measurable operator (EMO) is a pair of sequences
(Tn,en) with z,, € T, (e,) an SDD, and such that m < n implies
Tn€m = Tm€m and x:;em = x:nem- Two (EMO) (x'ruen) and (yna.fn)
are equivalent, if there exists an SDD (g,) such that x,g9, = yngn,
InTn = gnyn for all n € N. Clearly that this relation is indeed equiva-
lence relation (By Corollary 2.2). If (x,,e,) is (EMO), [x,, e,] denotes
its equivalence class. We call [z,,e,] a measurable operator (MO) and
denote by S(T') the set of all (MO), and use the letters x,y,z,... for
the elements of S(7T"). Now we define the algebraic operations on S(7T').
We put

]
] = P‘mmen}
[‘Tm en][ym fn] = [xnym k L
[Ty €n] = [T, €nl,
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where kn = fu Ay (en) Nen A(@5) 7 H(fn).

Summarizing,

Theorem 3.1. The set S(T') of all MO is a x-algebra. The mapping
x [z, 1)(z € T) is a *-isomorphism of T into Q, and [1,1] is a unity
element for S(T).

We write T = [z, 1], for # € T. The image of T in S(T') is T

We recall the construction by Handelman of the s-regular ring associ-
ated to a finite Rickart C*-algebra. Let A be a unital ring. A right (left)
ideal E C A is essential if F has nontrivial intersection with any nonzero
right (left) ideal of A. We say that E is essential countably generated
(ecg) right ideal if there exist a sequence {t,}nen C A such that > ¢;A
is essential in A. Similarly, we define left ecg ideal. It was proved in [9]
that every ecg ideal of a finite Rickart C*-algebra is generated by SDD.

Let T be a finite Rickart C*-algebra. Consider the following pairs
of mappings [f, F; f1, E1], where f is right T-module homomorphisms
from essential countably generated right ideal E, f; is left T-module
homomorphism from essential countably generated left ideal E;, and
they are balanced by the following condition: e;f(e) = fi(e1)e for all
e € F and all e; € Ey. Two pairs [f, E; f1, E1] and [g, J; g1, G1] are
equivalent if f(z) = g(x) and fi1(y) = ¢g1(y) for all x € E()J and all
y € E1()J1. Let Q be the set of equivalence classes of just defined pairs.
It was shown in [9] that @ is endowed with algebraic operations, and
with respect to these operation @) becomes a *-regular algebra.

Define mapping from S(T) to Q. If [x,, €,] is MO then E = (J;2, €,T
(E1 =U,~, Tey) is an essential countably generated right(left) ideal in
T correspondently. Define a right T-module homomorphism f : f(e,t) =
Znent, where e,t € E. Obviously, f(entz) = f(ent)z for all z € T. Let
ent =ems (m < n). Then

flems) = f(em)s = Tmems = Tpems = Tpent = f(ent).

Thus this definition is correct. Similarly, we define a left T-module ho-
momorphism f; : By — T, f(te,) = te,z,. Now let e € E, e; € Ej,
e =ent, e = tre,. If m <n then

e1f(e) = tienfemt) = t1enTmemt = t1epTnemt
= fi(tien)emt = fi(er)e.

By a similar argument e;f(e) = fi(er)e. Therefore [f, E, f1, E1] €
Q. We shall denote just defined mapping by n. Then 7 ([x,,e,]) =
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[f?EvflvEl]' Let [xn,en] = [x/nve;z}? ﬂ-([m;z’e;z]) = [flvElvf{vEﬂ'
Choose an SDD (p,,) such that x,p, = &/, pn, pnxn = pnpal, for all
n € N. Put ¢, = pn, Aen A€),. Note that ¢, € ENE1(E'E]. We

have f(gn) = Tndn = TnPndn = Than = f(gn). Thus f = f' on U anT.

n=1

oo
In the same way we obtain f; = f{ on U Tqy.
n=1

Theorem 3.2. The mapping 7 is a x-isomorphism from S(T) onto

Q.

PI‘OOf'. LEt [faEvflaEl] € Qa E = U'Zozl enT’ El = UZ‘;l TeTH (en) an
SDD,
flex) = fle)x, fi(zer) = xfi(e1)

foralle € E, ey € Ey, x € T. Put f(en) = yn, fi(en) = z,. Obviously,
Yn€n = Yn, €Enln = Zn. Set

Tn =Yn + 2n — Zn€n = Yn + 2n — Enln

so that z,e, = yn, enxy, = z, for all n € N. It is easy to see that
[Zn,en] is MO. Set w(zn,en]) = [9,E, g1, E1], where g(e,) = zpen,
gl(en) = enTn. Then g(en) = Yn = f(en)7 gl(en) = Zn = fl(en)a
hence [f, E, f1, E1] = [g, E, g1, F1]. Thus 7 is surjective. Now we show
that the mapping 7 preserves the algebraic operations. Let [x,,e,],
[, kn] € S(T). Put

ﬂ([xnven]) = [faEvflvEl]a W([ymkn]) = [g, J7917J1]7

where

E = G e, I, B = D Te,,
n=1

n=1

J= G ko T, Jy = [j Tk,,.
n=1

n=1

We have (see [9, Section 2])

(£ B i B + g, ogu, 1) = |+ 9. BV fu+ g B ()]

[Tn, €n] + [Yn, kn] = [:cn + Yn, n /\kn} .
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Let p, = ep A\ kn and 7 ([, +Yn, en A\ kn]) = [r, L, 71, L1]. We can regard
that

L={JpaT L1 = | Tpn,
n=1

n=1
7(pn) = (Tn + Yn)Pn, 71(Pn) = Pn(Tn + Yn).
Since (en A kn)T = (enT)N(knT) ( see [9]) it follows L = J(E, L1 =
Ji (N E1. In addition
r(Pn) = @n+yn)Pn = (f+9)(Pn): T1(Pn) = Pul(@n+yn) = (f1+91)(Pn).
Consequently

[7’7L,7’1,L1] = |:f+ngmJ7f1 +917E1ﬂJ1:| .

Further, [Zn, €x][Yn, kn] = [TnYn, tn], where t, is a suitable SDD. On the
other hand,

[f7E7f1aE1][ga JathI] = [fgag_1E7glflaff1J1]-

We shall establish that U t.T is an essential subideal in ¢~ 'E. By the
n=1

definition, t,, = h, A gn, where

hn = en /\(x:;)il(kn)v In = kn /\y;l(en), g 'E={zeJ:g(x)cE}.
We have t, < g, < k,, therefore t,, € J for all n € N. It remains to
prove that g(t,) € F for all n. Really,
9(ta) = 9 (gn)tn = 9(gnknyr ' (€n))tn = g(kn)yy " (€n)gntn
= YnknYp ' (€n)gntn = Yn¥y ' (€n)kngntn
= enYn¥n  (€n)kngntn = enynyy ' (€n)tn,
therefore g(t,) € E. So t, € g7'E for all n.

Similarly, we obtain U Tt, C f~'J;. Thus

n=1

[fgvgilEa flglafflJl] - fga U tnTvglfla U Ttn .

It implies
([0, enl[Yn, knl) = 7([20, en])T([Yn, kn)-
Obviously,
T(A[Xn, en]) = Am([Xn, en]).

It is sthrightforward to check that m([z,,en]*) = 7([xn, €,])*. W
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Corollary 3.3. S(T) is a Rickart x-algebra and Rg-continuous ring.
Proof: Tt follows from Theorem 3.2 and [9, Th. 2.1]. &
4. Some algebraic properties of S(T'). Cayley transform.

Lemma 4.1. If x = [z,,¢e,] € Q and the x,, are all invertible then x
is invertible and x~1 = [x,;, hy,] for a suitable SDD (h,,).

n

Proof: Set f, = LP(xpe,). We show that (f,) is a SDD. If m < n

then fn(mmem) = faTnem = faTnenem = Tnenem = Tmem, fm < fn.
Since x,, is invertible then RP(x,e,) = e,. We have f,, ~ e, [1, Th. 2.5].

As p ~ q implies 1 — p ~ 1 — ¢ for the projections p and ¢ in a finite
Rickart C*-algebra, so e,4+1 — €, ~ fn+1 — fn. Then by Np-additivity,

1= [S}rlbp(enﬂ —en)] \/61 ~ [S},lbp(fnﬂ = fn) \/fl] =/

Set y, = x,; L. If m < n, then y, f, = Ym fm. Really,
YnTm€m = YnTnlm = €m = YmITmEm,

hence (yn, — Ym)Tmem = 0 and (yn — Ym)fm = 0. Similary on setting
gn = LP(x}e,), we have that (y,) is a SDD and yg,m = v, gm when
m < n. Put hy, = fu A gn, theny = [y,, h,] is MO, and xy =yx=1. &

Corollary 4.2. For any x € S(T) an element 1 + x*x is invertible.
Proof: It follows immediately from Lemma 4.1. B

Lemma 4.3. If x = x*, one can write X = [z, e,] with ©}, = x,.
Proof: If x = [yn, fn], then x = 1/2(x* + x) = [1/2(y% + yn), frn]. W
Corollary 4.4. If x = x*, then x + i is invertible.

Proof: Let x = [z, e4], ) = xp; then  + ¢ = [z, + i,e,] and each

n
T, + % 1s invertible. W

Theorem 4.5. The formulas
u=(x—9)(x+i) L x=il+u)d—-u)!

define mutually inverse one-one correspondences between the self-adjoint
elements x € Q, and the unitary elements u for which 1 —u is invertible.

Proof: Tt follows from Corollary 4.4. ®
We call this u the Cayley transform of x.
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Lemma 4.6. Let x = [xn,e,] € S(T) and x, — = in norm, then
X=T.

Proof: Evidently, ||ze, — znen|| = ||ze, — xren]| for all k& > n. Then
lxen — znenll < ||z — x| for all k > n, ||ze, — zpen|| = 0, ze, = zpe,.
In just the same way, e,z = e, x,,. B

Lemma 4.7. Let x = [z, e,] € S(T). Then xe, = Tpey,.
Proof: Obvious. R

5. The bounded measurable operators.

Let T be a finite Rickart C*-algebra, Q = S(T') denotes a *-algebra of
measurable operators of T

An element x = [z, €e,] € @ is bounded, if sup,, ||z,| < co. Let B be
a set of all bounded MO. It is clear that B is x-algebra. Since P(Q) C B
hence B is Rickart x-algebra. We define the mapping || - ||; : B 3 x —
IIx|lx = inf sup, {||zx|l|(zn, en) € x} € R.

The bounded elements of S(T') play a crucial role in the following
discussion of the polar decomposition problem (or Ng-addability of the
partial isometries, see Introduction) in a finite Rickart C*-algebra. It is
easy to see that the partial isometries of B are RXp-addable (Corollary 7.3).
On the other hand, it is well known that the algebras B and T coincide
if T is AW*-algebra [3]. We shall prove a similar result for a general
Rickart C*-algebra.

Theorem 5.1. The mapping || - |1 is a C*-norm.

Proof: Let x = [zy,e,] € B. Clearly, ||x|l1 > 0. If |x[|; = 0 then
for any € > 0 there exists EMO (z,,e,) € x such that sup,, ||z,|| < e.
Let y = [yn,en] € B, sup,, [|[yn] = o. We can choose (z,,¢€]) € x with
|zl < e/a for all n € N. Therefore ||z,y.| <&, [xy|1 =0.

Now assume that there exists x € B such that x # 0 and ||x[|; = 0.
Choose number n such that xe, # 0. By Lemma 4.7 xe,, = T,e,. As
it was shown above ||xe,|l1 = ||Tnenlli = 0. Let a = x,e,. By the
definition of the norm || - ||; we have ||a|; = inf sup, {||a.|||(an, k) € @}.
For any (a,,k,) € a there exists an SDD (p,,) such that ap, = a,p,.
Note ||apn|| = ||anpnl| < ||an||. Choose b such that ba = e is a non-zero
projection [4, par. 8]. Since P(T) is Np-continuous, there exists k € N
such that ¢ = e A pr # 0.

Consequently

L= [lgll < llepr|l = [bapr|| < [lapxll]|b]l,
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hence ||apg|| > 1/[|b]|. It follows |lax|| > 1/|/b]|, hence |ally # 0, a
contradiction. Thus ||x|; = 0 implies x = 0.

Obviously ||Ax|]1 = A||x||1 for each x € B.
Further, let x, y € B, x = [Zn,€p], ¥ = [Un, fn]. Then

[x+yl = infsup{chlll(cmgn) €x+y}

| /\

mfbup{Hx + ynlll(zh,, er,) € x(yn, fr.) €y}

| /\

inf sup{[|,, || + [[y/lll(z%, n) € %, (4. fu) € ¥}
||X||1 + lllh-

In just the same way, we get
Ixyllr < [[x[[x[lyll-

From previous property we have ||x*x||; < |x[|?. On the other hand,
let (bp,@n) € X*X, (Sn, kn) € x for a suitable SDD k,,.

Hence there exists SDD (p,,) such that
nPn = S:LSnpnv pnbn = an:LSn-

Let t, =pn A kn A\ gn. Then (t,s )( ntn) =tnbpty, and so ||t sk sty || <
[Ibn]l. In addition, [t,sk, fn] = [sk,kn] for suitable SDD (f,), there-
fore (tns), fn) € x*. Hence for any EMO (by,qn) € x*x there ex-
ists EMO (2, fn) € X(2n = sntn) such that ||z,]|> < ||ba]|. Thus
T <l =

Corollary 5.2. The norms || - || and || - ||1 coincide on T
Proof: Let x be a positive element of T'. By the definition, we have

[Zlls = nfsup{||zn[l[(zn, en) € T}
n

Obviously [|Z|l1 < ||z||. Set (zn,en) € T. Then there exists SDD p,, such
that x,p, = xp, for all n. Therefore ||xp,| = ||[znpnll < ||2n||. Choose
a sequence of the positive numbers ¢,, with €, T ||z||. Set {z}"" = C(K),
for some Hausdorff space K. Put U, = {a € K : z(a) > &,},

bu(a) = ;v()’ aeU

0, otherwise.
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Since U, is clopen [4, par. 8] so b,(a) € C(K) and ||b,(a)| < i As
it was shown in Theorem 5.1, we can obtain that for each n € N there
exists a number m(n) such that ||z,,] > 1/[|bn]l > &n if m > m(n).
Therefore sup,, ||zm|| > e, for all n. It follows that ||Z|; > e, for all
n € N. Therefore ||Z||; > ||z|. Thus ||Z||1 = ||=| for all positive z € T.
For arbitrary € T we have ||Z||? = [|[Z*Z|1 = ||z*z| = ||=||*.

We shall use a notation B for a completion of B in the norm || - ||;. In
this connection X is an image of x € B in B. B

Lemma 5.3. If x € B and ||x||; < 1 then the series ) ., X" con-
verges to (1 —x)~! € B in the norm || - ||;.

Proof: We can choose (2, e,) € x such that sup,, ||z,] < 1. Then all
the 1 —x,, are invertible. By Lemma 5.2 it follows that 1 —x is invertible
in @ and (1 —x)~t=[(1—x,)"!, k] for suitable SDD (k). Observe

I —a) 7 < D llzmll < D0 P < oo

k>0 k>0

for all n, where 1 = sup,, ||z,|| < 1. Thus (1 —x)~! € B. Identifying x
-1

and (1 — x) with their images X and (1 —x) in C*-algebra B, we get
the statement of Lemma. W

Lemma 5.4. If x € B then p(x) = sup{|A||A € 0(x)} < ||x||1, where
o(x) is a spectrum of x.

Proof: Let |A| > ||x||1, then applying Lemma 5.3 we obtain that the
series A7t 3" (xA™1)™ converges to (A1 —x) ™! in the norm || - ||; and
lemma follows. W

Lemma 5.5. Let u be a unitary element in B. Then

o(u) C {A e CJA| = 1}.

Proof: By Lemma 5.4 o(u) C {\ € C||\| < 1. Since u is invertible we
have o(u) = o(u*) = o(u)~!. It follows that o(u) C {A € C||]A\| = 1}. &

Lemma 5.6. Ifx € B, x =x* then o(x) C [—||x||1, ||x/1]-

Proof: The proof is similar to the case of C*-algebras. B
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6. Module of a self-adjoint element from B.
We call an element x € B positive, x > 0, if x > 0.

The goal of this section is to prove that for any self-adjoint element

X € B there exists an unique positive y € B such that y? = x2.

~ Theorem 6.1. Let u be a unitary element of B. Then the mapping
T > 7T — uzu” € B is a x-automorphism of a finite Rickart C*-algebra

=

Proof: Set A = uTu*. Obviously A is a *-algebra with a C*-norm
|- 1l1- Let {x,,} be a || - ||1-fundamental sequence in A. Then there exists
a sequence {t,} such that z, = uf,u*. Since

[tn = tmll = [tn = Em 1 = [[u* (uinu® —utpu®)ully < [xp = Xmll1,
hence the sequence {¢,} is fundamental in 7. Let ¢ = lim ¢,. Then
n—oo
clearly that the sequence {uf,u*} converges to utu* in the norm || - ||;.

Thus A is a C*-algebra. Clearly, that P(A) C P(Q). On the other
hand, any projection e € P(T) can be written as u(u*eu)u*. Since
u*eu € P(Q) = P(T) ([9]) we conclude that P(A) = P(T). By spectral
theory, it follows that A=T. m

The next Corollary is a key result in proving an existence of a module
of self-adjoint element of B.

Corollary 6.2. Let u be a unitary element of B, t € T. Then tueT
implies ut € T.

Proof: Since uf = u(fu)u*, by using Theorem 6.1 we have ut € T. B

Proposition 6.3. Let x € B and SDD (e,) such that xe,, e,x € T
for alln € N. Then x = [yn, €,], where 7, = xe, + exX — e,Xey,.

Proof: Let x = [z, pnl, ¢n = Pn \ €n. By using Lemma 4.7,
TpQn = XQp = (Xen +enX — enxen)Qn = Unn, TnGn = Ynqn-
In analOgY7 nTn = qnYn- n

Lemma 6.4. Let u = [uy,,e,] be a unitary element of B. Then for
any k € N one can write u* = [z,,, e,] for a suitable sequence {x,}.

Proo_f: By Lemma 4.7, ue, = uye, for all n. Let f = ue,u”, then
fu € T. By using Corollary 6.2 we obtain that uf € T. Therefore
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u?e, = ufu=uffuecT. Now let g = ufu*. Obviously gu € T. By
Corollary 6.2 it follows ug € T'. Hence

u’e, = uu’e, = uufu =ugufueT.

Inductively, applying the same k times, we obtain that uFe, € T and so
(Corollary 6.2) e,u* € T for all n.

Now we can get the sequence {z,}. As it was shown above,

uken + enuk — enuken eT.

k

Put %, = u®e, + e,uf — e,ufe,, where z,, € T. By Proposition 6.3,

[Tn, €] =uF. W

Lemma 6.5. Let {x*)} be a | - ||-fundamental sequence in B. And
let a SDD (ey,) such that x®e,, e,x*) € T for all n and k. Then the
sequence {x®)} converges to some element x € B in the norm || - 1.

Proof: Let [|[x*) —xW||; < ¢/3. By Proposition 6.3, x*) = [yﬁf)7 nl,

k)

where y%’“) =x®e, +e,x*) —e,xFe,. For fixed n, we have

Iy =y =158 = 70 [h
= ”(X(k) - X(l))en + en(x(k) - X(l)) - en(x(l) - X(k))en”l <e.

Thus, {ygk)}k is fundamental in 7. Set y,, = limy_, o yﬁlk)

that [yn, en] is a MO. Let m < n, then

. Now we show

Yynem—ymeml = ”(yn_yg ))evrb+( (k) y( ))6 "’(y( )—ym)emH < (k).

Since ||(ynem — Ymem|l das not depend on k we can conclude ||ypen, —
Ymem| = 0, Ynem = Ymem. In just the same way, enyn = €nym. Put
X = [Yn, €n]. It remains to prove that the sequence x (%) converges to x
in the norm || - ||;. We have

I = x®lr = lllyn =y, enllls = llynen =y en, pallh

for a suitable SDD (p,,). Note that 796, = xWe,. Identifying 74, en,
Y, and x(*) with their images jn(k), €n, jn and x(*) in B, we obtain the
following relations:

7, e =x®

~ -~ . ~ (k) ~
€ns Yn€n =1 - |1 — lim yn( )en.
k—oo
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Since {x(®} is a || - ||;-fundamental, there exists j € B such that § =
-1 - klim 7). Hence,
—00

-~ .= (k) . . ~ (k) ~ Jo
Unn = |- |h = lim 5,76, = || - |h — lim xM&, = §é,.
k—o0 k—o0

It yields

I = x®| < sup [lynen — yiPen|
n

. =~ (k) - -~ ~ ~
= SUp U6 — U €nllr = sup ||, — xMe, |
n n

< sup{[[§ — x® |1 fleall} = |17 = %M1 — 0
n

for Kk — oco. N

Theorem 6.6. If x = x* € B, then there exists a positive element
a € B such that a2 = x2.

Proof: We have x = i(1+u)(1—u)~!, where u = [uy, e,] is the Cayley
transform of x. Then x? = xx* = (2+u+u*)(2 —u—u*)~!. Observe
the sequence

l

1

yO =[2+u+u? (1 +ch(1 - (2+u+u*)/||2+u+u*||1)k> ,
k=1

where ¢, are coefficients of Taylor series for a function f(a) = /1 —a on

[0,1]. Since (2 +u+u*) > 0 the sequence {§} is || - ||;-fundamental
in B and therefore so is {y("'} in B. But all the members of the sum

l

> el -2+ utut)/)2+utut)”
k=1

are linear combinations of the degrees of u, u* and 1. By combining
Lemma 6.4 and Lemma 6.5 the sequence {y(V} || - ||;-converges to some
element y € B. Clearly that ¥2 = (2 + u + u*), hence y? = 2 + u + u*.

Similarly, we can find an element z € B such that z2> = 2—u—u*. Note
that all elements y, (2—u—u*), z, (2+u+u*), (2—u—u*)"! mutually
commute. Consequently, zz(2 —u—u*)"! =z(2—-u—-u*)"lz=1,ie.
z is invertible. Finally, puting a = yz~!, we obtain a? = x2. Evidently,
that a € B and such a is positive and unique. B
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7. Polar decomposition.

In this section we prove the main result of the paper: all Rickart C*-
algebras satisfy polar decomposition.

Theorem 7.1. Let T be a finite Rickart C*-algebra. Then the alge-
bras B and T coincide.

Proof: We shall prove this statement as a spectral theorem for self-
adjoint element of B. Each operator x = x* € B will be approximated
(in norm || - ||1) by means of simple operators of T

For self-adjoint x € B write |x| = (x2)%, x+ = (x| +x)/2, x_ =
(|x| — x)/2. Note that x; —x_ = x, x4 +x_ = |x|, xyx_ = 0. If
x = x* € B then {x}5 = A is a commutative Rickart *-algebra (see [4,
p. 17] with C*-norm || - ||;. It is easy to see that [x|, x4, x_ € A. ®

Lemma 7.2. Let x € B, x = x*. The family of the projections
ex = s[(Al — x)4] holds the following properties:

(

a) e, > ey for > A;
(b
C

)

) supy ex = 1;

) inf>\ €\ = O,‘

(d) If p1 > p2 > A1 > Ag then (e — eu2)(ear —exz) = 0.

Proof: (a) Let A < g, then A1 —x < pl —x. Set {x}p = A, a =
(Al =x)4, b= (gl —x);. Then a, b € A. Put s(a) =e, s(b) = f. By
[4, p. 17], e, f € A. Since A is commutative C*-algebra we have a < b.
Observe,

a(l—f)=(0-/fla(l-f)<1- /)bl -Ff)=0,

hence f > e.
(b) Let e = supyex. Then A(1 —e) < A(1 —ey) for all A € R,
Further,
AMl—x=Al—-x)y — (A —x)- <Al —x)4.

In addition,
ex(Al—x) =e)[(Al —x)y — (A1 —x)_] = (Al —x)4.

Hence A\(1 —ey) < (1 —ey)x and thus A(1 —e) < (1 —ey)x.
Note since
(1 —ex)x < lz]1,



POLAR DECOMPOSITION IN RICKART C*-ALGEBRAS 19

llz]

consequently, 1 —e < T‘ If e # 1 then
L=1—ef < [xIl[1/A
for all A > 0, a contradiction.
(c) Using the inequality [Alex < exx, repeat the proof of (b).
(d) It follows immediatly from (a). ®
Now one can begin to approximate an operator x.
By Lemma o(x) C [—||x|l1, ||x]l1]. Let @ € R, ||x]1 < . Take an
arbitrary partition of the segment [—c, o
—a=A < < << A=
Consider the elements u, = A\, (exn — €xn—1). Observe that
ey —ex) < (ep —ex)x < ple, —en)
for p > A. It follows that
Up — X(exn — €xn—1) < 6(exn — €xn—1),

where § = maxi{\; — A\i_1}. Note w, —x(ex, — exn—1) > 0. Construct
an integral sum

k
o= Z An(ekn - e/\n—1)~
n=1

Set A > a, then A1 —x > €1 for some € > 0. Consequently, (Al —x); =
A —x. Since A ¢ o(x), we obtain s((A —x)+) =1. Soey =1 for A > a.
In analogy, ey = 0 for A < —a. We have,

k
(Un - X(e)\n - e)\n—l)) < Z 5(6)\n—e>\n—1) =41l
n=1 n=1
Therefore, 0 < & —x < 61, so [|[g — x[|; < J. Thus, each self-adjoint
operator x € B can be approximated by the simple elements from T
in the norm || - ||;. It follows that T is dense in B and therefore these
C*-algebras coincide.

M=

T—X=

Ql

Corollary 7.3. The partial isometries are Rg-addable.

Proof: Let (e;) and (f;) are sequences of ortogonal projections such
that e; = w;u} and f; = wju,;. Put

n n n
Un =Y Ui kn =Y e tn=> fie=\ei, f=\/F
i=1 i=1 i—1 i i

Then the sequences (p, = e+ + k) and (g, = f* +t,) are SDD. Set
dp, = pn N\ @n. Clearly that v = [v,,d,] is MO from B. By previous
theorem, there exists v € T such that ¥ = v. It is easy to see that
vufu; = u;, w;uiv =u; foralli € N. B
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Corollary 7.4. All Rickart C*-algebras satisfy polar decomposition.

Proof: By [1, Th. 3.4], this assertion is reduced to a finite case. Now
combine Corollary 7.3 and [1, Prop. 2.1] and the Corollary follows. B

Corollary 7.5. Let T be a Rickart C*-algebra, then the matriz alge-
bras M, (T') over T are also Rickart C*-algebras for all n € N.

Proof: See [1, Th. 3.5]. =

8. Axiom (PSR) in Q.
Using Theorem 7.1 and the methods of [3], [11] or [6], we can describe
the self-adjoint elements in Q.

Theorem 8.1. Letx =x* € Q, u=1u (u € T) its Cayley transform.
One can write X = [Ty, e,] with x,, e, € {u}’, % = x,, Tpen = Ty,
2
z; 1.

Proof: See [3, Th. 4.2]. B

An element x € @ is positive, written x > 0, if x = y*y for some
y Q.

Theorem 8.2. Let x = x* € B, u = u its Cayley transform. The
following conditions are equivalent:
a) x > 0;
b) one can write X = [yn, fn] with y, > 0;
c) the spectrum of u contained in {€'© : -7 < O < 0};
d) one can write x = [xy, e,] with ©,, e, € {u}’, v, >0, xpe, =
T

Proof: See [3, Th. 6.1]. B
Corollary 8.2. Q satisfies axiom (PSR).

Proof: See [3, Cor. 6.2]. B
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