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LP REGULARITY OF THE DIRICHLET PROBLEM FOR
ELLIPTIC EQUATIONS WITH SINGULAR DRIFT

CRISTIAN RIOS

Abstract

Let Lo and L1 be two elliptic operators in nondivergence form,
with coefficients A, and drift terms by, £ = 0,1 satisfying

sup [Ao (Y) = AL (V)P +5(X)? [bo (V) — b1 (V)? dX
Iy —x|< 20 5 (X)

is a Carleson measure in a Lipschitz domain Q@ C R**+!, n > 1,
(here § (X) = dist (X, 0€2)). If the harmonic measure dw,, € Aco,
then dwg, € Aco. This is an analog to Theorem 2.17 in [8] for
divergence form operators. As an application of this, a new ap-
proximation argument and known results we are able to extend
the results in [10] for divergence form operators while obtaining
totally new results for nondivergence form operators. The theo-
rems are sharp in all cases.

1. Introduction and Background

Given a bounded Lipschitz domain © C R"*!, n > 1, and an opera-
tor £ given by

r_ div AV (divergence fom) or
" |A-V? (nondivergence form),

the harmonic measure at X € Q, dwf , is the unique Borel measure
on 99 such that for all continuous functions g € C (992),

u(X) = /8 9(Q) dF (@
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is continuous in € and it is the unique solution to the Dirichlet problem

{Lu_() in Q

1.1
(L) u=g¢g on Of.

Where we assume that the equality Lu = 0 holds in the weak sense for
divergence form operators and in the strong a.e. sense for nondivergence
form operators. Here A = A (X) is a symmetric (n+ 1) X (n+ 1) ma-
trix with bounded measurable entries, satisfying a uniform ellipticity
condition

(1.2) AP <e-AX)E<AlEf, X, €eR™

for some positive constants A\, A. In the nondivergence case the entries
of the matrix A are assumed to belong to BMO () with small enough
norm. For a given operator £, the harmonic measures dwf , X €, are
regular probability measures which are mutually absolutely continuous
with respect to each other. That is,

dwz
dw
By the Harnack’s principle the kernel function & (X, Y, Q) is positive and
uniformly bounded in compact subsets of 2 x {2 x 0. As a consequence,
to study differentiability properties of the family {dwf } Xen with respect
to any other Borel measure dv on 912, it is enough to fix a point Xy € Q
and study Z—‘l‘j, where dw = dwf“ is referred as the harmonic measure
of £ on 0. If there is unique solvability of the continuous Dirichlet
problem and a boundary Maximum Principle is available, then the well
definition of the harmonic measure follows from Riesz’s representation
theorem.

E(X,Y,Q) = (Q) € L' (dw},0Q), X,Ye€Q, Q€.

Definition 1.1 (Continuous Dirichlet problem - CD). Given an elliptic
operator £, we say that the continuous Dirichlet problem is uniquely
solvable in €2, and we say that CD holds for L, if for every continuous
function g on 99, there exists a unique solution u of (1.1), such that
u e C%(Q) N W?2P (Q) for some 1 < p < co.

Remark 1.2. By Theorem 3.2 below [16], a sufficient condition for CD
to hold for a nondivergence form operator £ = A - V2 is that there
exists p > 0 depending on n and the ellipticity constants such that

(1.3) [Allemoce) < P

where ||-[|gpo(q) denotes the BMO norm in  (see Definition 3.1 be-
low). It is not known whether or not the continuous Dirichlet problem
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is uniquely solvable in the case of elliptic nondivergence form operators
with just bounded measurable coefficients. On the other hand, even
under the restrictions (1.3) for any p > 0 it is known [18] that the con-
tinuous Dirichlet problem has non-unique “good solutions”. That is, for
any p > 0 there exists A (X) € BMO (Q) with [|A[[gyo) < p and
two sequences of C*>° symmetric matrices Ao ; and A, ; with the same
ellipticity constants as A, such that A, ; (X) — A(X) as j — oo for
a.e. X, =0,1, and such that for some continuous function g on 92 the
solutions ug ; and w1 ; to the Dirichlet problems

{Eo)qu)j =0 inQ and {ElJulJ =0 in®

uo,j =g on 09, up ;=g on 99,

converge uniformly in Q to different continuous limits ug and u;.

Given two regular Borel measures p and w in 09, dw € Ao (do) if
there exist constants 0 < €, 6 < 1 such that for any boundary ball A =
A, (Q) and any Borel set F C A,

E E
M <) = M < €.
1 (A) w(A)
The relation dw € Ao (dt) is an equivalence relation [15], and any two
measures related by the Ao, property are mutually absolutely continuous
with respect to each other. From classic theory of weights, if dw €
dw

Ao (dp) then there exists 1 < ¢ < oo such that the density h = m

satisfies a reverse Holder inequality with exponent g:

This property is denoted dw € By (du), and dw € By (dp) is equivalent
to the fact that the Dirichlet problem (1.1) for the operator £ is solvable
in LP (du, 09), %—l—% =1 (see [7] for details). When u = o, the Euclidean

measure, we write Ay for A (do).

Definition 1.3 (L - Dirichlet problem, D,). Let £ be an elliptic op-
erator that satisfies CD and let 1 be a doubling measure in 92. We
say that the L? (du)-Dirichlet problem is uniquely solvable in €, and we
write that D, (du) holds for £, if for every continuous function g on 9,
the unique solution u of (1.1) satisfies

”NUHLP(d#) <C ”g”LP(d,u) )
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for some constant independent of g. Here Nu denotes the nontangential
maximal function of u on 9Q2. When p = o is the Lebesgue measure
on 0§ we simply say that D, holds for L.

Definition 1.4 (Carleson measure). Let 2 be an open set in R"™! and
let 1 be a nonnegative Borel measure on 0€). For X €9 and r > 0 denote
by A (X)={Z€0N:|Z - X|<r}and T, (X)={Z€Q:|Z - X|<r}.
Given a nonnegative Borel measure v in €2, we say that v is a Carleson
measure in ) with respect to u, if there exist a constant Cy such that for
all X € 9Q and r > 0,

v (TT (X)) < CO/L (AT‘ (X)) .

The infimum of all the constants Cy such that the above inequality holds
for all X € 00 and r > 0 is called the Carleson norm of v with respect
to p in . For conciseness, we will write v € € (du,Q) when v is a
Carleson measure in 2, and we denote by [|v[|¢ 4, o) its Carleson norm.
When i = o is the Lebesgue measure on 02 we just say that v is a
Carleson measure in €.

Definition 1.5. Throughout this work, @, (X) denotes a cube centered
at X with faces parallel to the coordinate axes and sidelength +; i.e.

QV (X):{Y: (yla"'ayn-‘rl) ER"'H : |yi_$i| < %, 2:1,,n+1}

When X belongs to a domain Q, we write 0 (X) = dist (X,99Q). In
particular, when Q = R?*! and X € Q, it follows that & (X) = 41

In the remarkable work [7], the authors established a perturbation
result relating the harmonic measures of two operators in divergence
form. The analogue result was later obtained by the author in [17] for
nondivergence form operators.

Theorem 1.6 ([7]-[17]). Let Lg0 = divAeV and Lg1 = divA;V be
two elliptic operators with bounded measurable coefficients in 2, and let
wa,0 and wq,1 denote their respective harmonic measures. Let o be a
doubling measure on 02 and suppose that

(14)  6(X)" sup |AQ(Y)— A, (Y)]? dX € €(do, Q).
YeQsx)
2/m
If dwgo € Ao then dwgi € As. Also, if CD holds for the opera-
tors L0 = Aog-V? and L, 1 = A1-V? (see Definition 1.1), then their re-
spective harmonic measures wy o, Wn,1, Satisfy dwy o € Aso = dwp,1 € Ass.
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The theorems above were stated in terms of the supremum of the
differences |Ag (Y) — A1 (Y)] for Y in Euclidean balls |Y — X| < @.
The above formulation is equivalent. In [8], Theorem 1.6 was extended
to elliptic divergence form operators with a singular drift:

Theorem 1.7 (Theorem 1.9, Chapter III of [8]). If Lpo = div AV +
by-V and Lp1 =divA1V + by -V where Ay and Ay satisfy (1.4), and

b; = (b;);:ll, 1 =0,1 satisfy
(15)  6(X) sup |by (V) =by (V)] dX € €(do, ),

YeQsx) (X)
v

then de70 € Ay = dWD,l € A.

The results in Theorems 1.6 and 1.7 concern perturbation of elliptic
operators. They provide solvability for the L9 Dirichlet problem (for
some g > 1) for an operator £; given that there exists an operator Lo
for which the LP Dirichlet problem is solvable for some p > 1 and the
disagreement of their coefficients satisfy the Carleson measure condi-
tions (1.4) and (1.5). In [10], the authors answer a different question:
What are sufficient conditions on the coefficients A and b so that a given
operator Lp = div AV + b has unique solutions for the LP-Dirichlet
problem for some p > 1?7 See also [9].

Theorem 1.8 ([10]). Let Lp = divAV + b -V, where A satisfies

(1.6) 5(X) sup  |[VA(Y)]? dX € ¢ (do,Q),
¥ -x]< G2

and b satisfies

§(X) sup  |[b(Y)=b(Z)]dX €€ (do,Q).
Y7Z€Q6(\j(—) (X)

Then dwg,, € Ax.

2. Statement of the results

One of the main results in this work is an analog of Theorem 1.7 for
nondivergence form operators.
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Theorem 2.1. Let Ly o=Ao-V2+by-V and Ly 1 = A1V?+b1-V where

n+1 n+1
Ar = (A5)" ) and by = ()"
and Ay satisfy the ellipticity condition (1.2) for £ = 0,1 in a bounded
Lipschitz domain 2. Suppose that CD holds for Ly, £ = 0,1 and that

¢ = 0,1 are measurable coefficients

(2.1)
|AL(Y) = Ao(Y)[*+6%(X) [b1(Y) —bo(V)]?
{Yerii(X) 5 (X) } dX €€ (do,Q),
2vn

where o is Lebesgue’s measure on 0S). Then dwy o€ Ace = dwn,1 € Aco.
That is, if the LP-Dirichlet problem is uniquely solvable for Ly o in 2,
for some 1 < p < oo, then there exists 1 < q1 < oo such that the
L9-Dirichlet problem is uniquely solvable for Ly 1 in Q, 1 < q < q.

As an application of this result, Theorem 1.6 (nondivergence case)
and a simple averaging of the coefficients argument we obtain an analog
to Theorem 1.8. Moreover, this averaging argument and Theorem 1.7
yield an extension of Theorem 1.8 to the case when condition (1.6) is
replaced by the weaker assumption (1.4).

Remark 2.2. In the divergence form case considered in [8], it was only
necessary to assume that condition CD held for just the operator Lp g,
and not both of Lp ¢ and Lp ;. As mentioned in Remark 1.2, in the non-
divergence case there is no well defined notion of solution for operators
with measurable coefficients satisfying the hypotheses of Theorem 2.1.
Hence, without the CD assumption the harmonic measure for £ ; would
not be defined in general.

To make the statements of the results below more concise, we intro-
duce the following definition.

Definition 2.3 (Oscillation). For r > 0, the r-oscillation of a mea-
surable function f (X) (scalar or vector-valued) at a point X, denoted
osc, f (X), is given by

osc, f(X) = . lf W) = f(2)].
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Theorem 2.4. Let Lp=divAV +b-V and Ly = A -V2+Db-V be
uniformly elliptic operators in divergence form and nondivergence form,
respectively, with bounded measurable coefficient matriz A and drift vec-
tor b in a bounded Lipschitz domain 2. In the nondivergence case we
assume that CD holds for Ln. Suppose that the coefficients A, b satisfy

2 2
<OSC5(X) A (X)> + 6% (X) <OSC5(X) b (X))
(2.2) R
§(X)
Then dwr,, € Ax and dwr, € Aso. That is, there exist inderes 1 <
Pp,pN < oo such that the LP-Dirichlet problem is uniquely solvable

for Lp in Q, 1 < p < pp, and the Li-Dirichlet problem is uniquely
solvable for Ly in Q, 1 < q < pn.

g

dX € ¢ (do,Q).

Remark 2.5. The following extensions and generalizations can be ob-
tained (and might be subject for a subsequent work):

(1) The techniques used to obtain Theorems 2.1 and 2.4 also yield ana-
log results with the Euclidean measure do replaced by any doubling
measure dy on 0f2.

(2) Appropriate parabolic versions of Theorems 2.1 and 2.4 are possi-
ble in the nondivergence case (the divergence case was considered
in [8]).

(3) Stronger conclusions can be obtained in Theorems 2.1 and 2.4 if the
Carleson measure conditions are replaced by wvanishing Carleson
measures (the Carleson norm vanishes as the radius of the regions
goes to zero). Under such assumptions, it can be shown that the
harmonic measures dw. o and dw. ; from Theorem 2.1 preserve the
A, condition for any 1 < p < co. Thatis, dw.g € Ay = dw.1 € Ap.
In the case of Theorem 2.4, it can be shown that under vanishing
Carleson measure conditions dw,, € A; and dwz, € A;.

2.1. The theorems are sharp. In [7] it was shown that Theorem 1.6
is sharp for divergence form equations in two fundamental ways (see The-
orems 4.11 and 4.2 in [7]). The examples provided in that work were
constructed using Beurling- Ahlfors quasiconformal mappings on the half
plane Ri [2]. Quasi-conformal mappings preserve the divergence form-
structure of an elliptic operator £p, but when composed with a nondi-
vergence form operator £y the transformed operator has first order drift
terms.

The more recent work [10] for divergence form operators (Theo-
rem 1.8) can be applied to obtain regularity of elliptic equation in nondi-
vergence form in the special case that the coefficient matrix satisfies (1.6).
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The approximation technique to be introduced in the next section, to-
gether with Theorem 2.1, show that Theorem 1.8 can be extended to
operators in divergence and nondivergence form with coeflicients sat-
isfying the weaker condition (2.2). At the same time, this opens the
door to extend the scope of the examples provided in Theorem 1.6 to
this wider class of operators. The following theorem is a nondivergence
analog to Theorem 4.11 in [7].

Theorem 2.6. Given any nonnegative function o (X) in RE = {(,t) :
t > 0} such that a (X)) satisfies the doubling condition: o (X) < Ca (X))
for all X = (z,t), Xo = (z0,t0) : | X — Xo| <2 and such that

sup ) 1% ¢c (do 0 1]2)
YEQ(;(X) (X) 5 (X) 7 ’ 7
2vn

where do is the Euclidean measure in 0 ([O, 1]2) and § ((x,t)) =t. There
exists a coefficients matriz A such that
(1) the function a(X) = subycq, «, (x) |A (Y) — 1|, satisfies that for

2y/n

ﬂ

all I CR,

1 d 1 dy |
—// a’ (z,y) iz < ¢ —// o? (z,y) dz? 11 ;
1] T(I) Y i 1] T(21) Y |

(2) the function a(X) = oscq s, A (X), satisfies that for all I C R,

)
2v/n
L[ dy |1 s dy |, ]
L @eyac|l o2 (2,y) dz Y 1],
1] T(I) Y |I| T(2I) Y |
and
(3) if Ly = A -V? on RA, the elliptic measure dwg, is not in

A (dz,[0,1]).

The above theorem shows that the Carleson measure condition (1.4)
in Theorem 1.6 is sharp also in the nondivergence case. In particular,
it shows that the main result in [17] is sharp. The proof is a simple
application of Theorem 4.11 in [7] and the approximation argument given
in the section below (Lemma 3.9). Indeed, by Theorem 4.11 in [7] there
exists a coefficients matrix A such that (1) and (2) hold for A and
(3) holds for dwg,,, with Lp = divAV. For simplicity, let say that
two elliptic operators Ly and L1 are simultaneously in A,,, and write
Lo ~ Ly if their respective harmonic measures dwg, and dwg, satisfy:
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dwg, € Aso & dwp, € As. Using Lemma 3.9 we can construct a
coefficient matrix A* such that if £* = divA*V = A*- V2 +b -V and
L% = A* - V2 then Theorems 2.1 and 2.4 can be applied to show that
Lp~ L~ Ly ~ Ly. See the proof of Theorem 2.1 in Section 4 for a
detailed application of this technique.

2.2. Organization of the paper. In the following section we define
several function spaces where the coefficients or the solutions to our
equations will belong. The basic objects associated to the geometry
of Lipschitz domains are also introduced. In this section we also list
useful known properties of solutions and the harmonic measure, and we
establish some auxiliary results that will allow us to treat the problems
locally. In Section 4 we prove Theorem 2.1 by reducing it to a special case
(Theorem 2.1). Theorem 2.4 then follows from the result just established
and previous theory. Finally, in Section 4.1 we prove Theorem 2.1 by
implementing the techniques from [17] (originally adapted from [7]) to
this special case.

Acknowledgement. We are grateful to the referee for useful comments
and insights that added clarity and elegance to the exposition. In par-
ticular we wish to acknowledge the referee’s suggestions leading to a
simplification of the proof of Theorem 2.4.

3. Preliminary results

Given a weight w in the Muckenphout class A, (Q2), we denote by
L1(Q,w), 1 < p < g < oo, the space of measurable functions f such
that

Flinia = ([ 1@ 0 (0) dr) <o

And for a nonnegative integer k, we define the Sobolev space W+ (Q, w)
as the space of functions f in L?(Q,w) such that f has weak deriva-
tives up to order k in L?(Q,w). Under the assumption w € A, the
space W*4 (Q, w) is a Banach space and it is also given as the closure
of C§° () (smooth functions of compact support in €2) under the norm

k
1 lra iy = 2 IVl Lo »
=0

see [6], [11]. We recall now some definitions.
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Definition 3.1 (BMO). Given a locally integrable function f in Q C R™,
the BMO modulus of continuity of f, nqo, s (r), is given by

1
(3.1) nQ, f (r) =sup sup

- (@) dy,
zeQ 0<s<r |Bs (x) (9 Bs(ac)ﬂﬂ|f(y) fs ()] dy

where

R
|Bs () N /B, 2)ne
The space BMO () of functions of bounded mean oscillation in Q is

given by

BMO (9) = {f € L () 01l po e, ) < 00} -

For ¢ > 0, we let BMO, () be given by
BMO, (©) = {f € BMO (Q) : lim(iﬁfngf (r) < g} .

It is easy to check that BMO, (£2) is a closed convex subset of BMO ()
under the BMO norm || f{|gp0(0)= ||7797fHL°°(R+)' When =0, BMOy ()
is the space VMO (2) of functions of vanishing mean oscillation. We say
that a vector or matrix function belongs to a space of scalar functions X
if each component belongs to that space X. For example, we sat that
the coefficient matrix A € BMO if A;; € BMO for 1 <i,j <n+1. The
following theorem establishes the solvability of the continuous Dirichlet
problem for a large class of elliptic operators in nondivergence form. In
particular, for such operators the harmonic measure is well defined.

Theorem 3.2 ([16]). Let £, = A - V2 be an elliptic operator in non-
divergence form in Q C R" T with ellipticity constants (\,A). There
exists a constant 0 = o (n, A\, A), such that if A € BMO, (Q) then for
every g € C (00) there exists a unique

weC(Q) () W@

loc
1<p<oo

such that Lou =0 in Q and u = g on Q). Moreover, for any subdomain
Q€ Q and 1 < p < oo, there exists C = C(n, A\, A,p,Q,dist (Q,00))

such that the above solution satisfies

~ 1
[ullwe.p@n <C ||uHLp(Q,) , where Q' = {XGQ 20 (X)> 3 dist (€', 8(2)}
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Theorem 3.3. Let w € Ay, p € [n,00) and @ C R” be a Lips-
chitz domain. For any 0 < A < A < oo there ewist a positive o =
o(n,p, N\, A, |[w]|a,), such that if Ly=A (X)-V?, A € BMO, (Q) then
for any f € LP(Q,w), there ewists a unique u € C(Q)\WP(Q,w)
such that Lyu = f in Q and v = 0 on 0. Moreover, if 02 is of
class C?, then u € Wy (Qw) \W?P(Qw) and there exists a posi-
tive ¢ = c(n,p, \, A, |[w]]a,,n0,a,0Q), with noa given by (3.1), such
that
llullw2r@uw) < cllfllLe@,uw)-

The following comparison principle is the main tool that allows us to
treat nondivergence form equations with singular drift. Since we assume
that our operator satisfies CD, the result from [1] originally stated in a C2
domain and for continuous coefficients extends to the more general case
stated here. Before stating the theorem, we introduce more notation.

If Q ¢ R**! is a Lipschitz domain and Q € 02, r > 0, we define the
boundary ball of radius r at Q as

N (Q)={Ped:|P-Q|<r}.
The Carleson region associated to A, (Q) is
T.(Q)={XeQ: | X-0Q|<r}.

The nontangential cone of aperture o and height v at Q, o, r > 0, is
defined by

Tor (Q ={X€Q:|X-Q|<(1+0a)§(X)<(1+a)r}.

Theorem 3.4 (Comparison Theorem for Solutions [1]). Let Q C R**?
be a Lipschitz domain and L = A -V? +b -V, be a uniformly elliptic
operator such that b satisfies

(3.2) §(X) sup  |b(Y)]? dX € € (do,Q)
YeQ 5(\;{_) (X)
2y/n

and L satisfies CD. There exists a constant C, ro > 0 depending only
on L and Q such that if u and v are two nonnegative solutions to Lw = 0
in Ty (Q), for some Q € 0N, and such that u = v = 0 continuously on
Doy (Q), then

u (X) < v (X) < u(X)
u(Xr (@) T v (X (@) T u(Xr(Q)

for every X € T, (Q), 0 < r < rg. Here X, (Q) € Q with dist (X, (Q)) ~
X —Q|=~r.

C—l
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Remark 3.5. In [1] the hypothesis on bis 6 (X)) |b (X)| <7 (d (X)) where
7 is an non-decreasing function such that 7 (0) = lim,_¢+ n(s) = 0.
Nevertheless, the main tools used to obtain Theorem 3.4 were

(1) L satisfies property DP

(2) a maximum principle

(3) Harnack inequality.
We assume (1) holds, while (2) and (3) follow as in [1] once we notice
that (3.2) implies that b is locally bounded in €. Therefore, Theorem 3.4
also holds under our assumptions.

We list now some consequences of the above result that will be useful
to us.

Lemma 3.6. Let Q C R**! be a Lipschitz domain and L = A - V? +
b -V, be a uniformly elliptic operator such that b satisfies (3.2) and L
satisfies CD. Let A (Q), T, (Q), X, (Q) and ro be as in Theorem 3.4.
Let A = A, (Q) for some 0 <1 <1y and Q € IN.

(1) wX @ (A)=1.

(2) If EC A and X € Q\T», (Q), then
wX (E)
AV
(3) (Doubling property) wX (A (Q)) ~ wX (Ao, (Q)) whenever X €

Q\T2T (Q)
An important consequence of the properties listed in Lemma 3.6 is the

following analog to the “main lemma” in [4]. Before stating the result
we need to introduce the concept of saw-tooth region.

WX (@ (B) ~

>

w

Definition 3.7 (Saw-tooth region). Given a Lipschitz domain © and
F C 0N aclosed set, a “saw-tooth” region 2 above F in ) of height >0
is a Lipschitz subdomain of 2 with the following properties:

(1) forsome 0 <a< f3,0<c; <cyand all a < o/ <o’ < g,
U Fa’,cw“ (P)cQrC U Fa”mr (P);
PEF PEF
(3) there exists Xo € Qp (the center of Qp) such that dist (X, 0Qr) =~

T

(4) for any X € Q, Q € 9 such that X € Ty, (Q)Qr # 0,
dPeF: Qa(x) (X) C FOtoﬂ“o (P),
2n
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(5) Qp is a Lipschitz domain with Lipschitz constant depending only
on that of €.

With these provisos, now we state the following:

Lemma 3.8. Let Q be a Lipschitz domain and L =A -V2+b -V, be
a uniformly elliptic operator that satisfies CD. Let F C 02 be a closed
set, and let Qp be a saw-tooth region above F in ). Let w = wr o and
let v = wi"ﬂp, where Xq is the center of Q. There exists 6 > 0 such
that
0
“’(%Q)F) gu(EﬂF) . forECA=A0,(Q).

Here 0 depends on the Lipschitz character of 1, but not on E or A.

The following result will allow us to relax the hypothesis (1.6) in
Theorem 1.8. We adopt the following notation

W = (w,r), where w=(wi,...,wn), T=Wpt1
Y:(y,S), where y:(yla-'-ayn)v S = Yn+1
X =(z,t), where z=(x1,...,2,), t==Tps1.

Given a measurable function f(X) and v > 0, we recall that the oscil-
lation of f in the cube @, (X) (see Definition 1.5) is given by
ose, f(X)= s |F(W)—£(Z)].
Y,WeQ~(X)
Lemma 3.9. Let Q be a Lipschitz domain in R*1, 1 be a doubling
measure on 09, 6 (X) = dist (X, 09), and suppose that g is a measurable

function (scalar or vector valued) such that for some constant 0 < o < 1
it satisfies

dv = & (X) 08cas(x) 9 (X)? dX € € (dp, Q).

The for every Lipschiltz subdomain Q C Q, there exists a doubling mea-
sure fi on 0, with doubling constant depending only on the doubling
constant of p, such that i = p in Q) 0N, and

dir = § (X) 05cas(x) 9 (X)? dX € € (dﬂ, Q) ,

where § (X) = dist (X, BQ) Moreover, the Carleson norm ||d17||¢(dﬂ_’£~2)
depends only on the Carleson norm of dv, the doubling constant of u,
and the Lipschitz character of Q. If p is the Lebesque measure on 0N
then [ can be taken as the Lebesgue measure on o0.
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Proof: In the case that do is the Euclidean measure do on 012, the result
follows as in the proof of Lemma 3.1 in [10]. To obtain the Lemma 3.9 for
an arbitrary doubling measure o, given a Lipschitz subdomain QcQ,
we will construct an appropriate extension of o from 9Q ) o9 to Q. We
may assume that Q = Rt = {(z,¢) : 2 € R", t > 0}, the general case
follows by standard change of variables techniques. For X = (x,t) €

RY Jet Ax = {(y,0): |z — y| <t} and define M (X) = 425} where

o is the Euclidean measure in R™ = 9. Since p is doubling, M (X)
is continuous in R’}rﬂ and M — Z—g as t — 0 in the weak™ topology of

measures. Now, for any Borel set E C 0, we define

i(E) = pu (Eﬂas)) o (X) d5 (X)),

where d& (X) denotes the Euclidean measure on dQ. Then obviously
[ is an extension of y from 9 (9N to . It remains to check that [ is

a doubling measure and that dv € € (dﬂ, Q) Let A C 99 be a surface

ball centered at Xo = (z0,t9) € 9Q and let T (A) C Q be the associated
Carleson region. Following the ideas in [10], we consider two cases.

In case 1, we assume that dy = diam7T (A) is smaller than . If
X = (x,t) € R belongs to T'(A), then [tg — t| < 8 and so § (Xg) =
to < 2t = L5(X). From the definition of M (X), and the doubling

property of p, it follows that for all X € By (Xo), M (X) = M (Xo)
10

with constants depending only on the doubling constant of u. Since Qis
a Lipschitz domain, it follows that

n

(8= [ 20 a5 00 (X0) [ o ()= (X0~ D (A,
A N to

Similarly, & (24) ~ 2ndgu(2AX0), which shows that i (A) =~ [ (24).

tg

On the other hand, because dv (X) € € (du, §2), we have

[SE

)

C
sw o) -9(2)1<
Y, ZEB, 5(x)(X)

N(Ax)>

tn
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where €' depends only on n, «, the doubling constant of o and ||dv|¢ (45,0 -
Since Q C Q, we have 6 (X) < § (X) =t for all X € Q. Then

/ X = [ §5(X)  swp  lg(Y)—g(2)?dxX
T(A) T(A) Y,ZEB ,5x)(X)

gc/ 5(X)%“(AX)CZX
(1) 2 ¢n

1 (Ax,
<c ig:f)mm

m—+1

<C

< (b)) < CR().
0

In case 2, when do = diamT (A) > 8 let Qo = Qcd, (70,0) be the
cube in R™"*! centered at (z9,0), with faces parallel to the coordinate
axes and side-length cdy. For ¢ big enough depending only on the Lip-
schitz character of Q, we have T (A) € T = Qo (R, Then, since
5(X) <d(X) for all X € Q and dv (X) € € (do,Q),

/ dD(X):/ 5 (X) 0sco5x 9 (X)? dX
T(a) T(2)

§[5(X)05Ca5(x)9(X)2 dXx
T

(3.3) _ / dv (X)

T

< O (Qo(VR" x {0})
< Ot (Quy (20,0 (VR x {0}).

where we used the doubling property of u. Let {Q;};o, be a Whit-
ney decomposition of RQ‘_H into cubes, i.e. for each i, diam(Q;) =
dist (Qi, 8RT‘1), for different indexes ¢ and j, Q; () Q; has no interior,
and R =2, Q;. Let {P; }2y € {Qi}iZ, be the collection of cubes
such that P; (| A # 0, and let X; be an arbitrary point in P; () A. Then
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from the definition of i and since diam (Q;) =~ dist (Ql-, 8RT‘1),
N . n(Ax,) / N
(L) = / M (X) d& (X) ~ 222257 5 (X
i (PiN2) R ME@ )~ T | de(X)
~ K (AXJ') / ~ ~
- Cdiam (P)" Jp,na @ (X)~ Ou(8x,)

Then

g(A):M(Aﬂg)+§ﬂ(PjﬂA)w(AﬂQ)+iu(AXj)

> Cpu (Quy (w0,0) (YR x {0}),
the last inequality follows from a simple geometrical argument. From
this and (3.3) we have fT(A) dv (X) < Ci(A) as wanted. From (3.4) we
also have i (A) = 1 (2A) in this case. O

(3.4)

The following lemma estates the local character of the regularity of
the harmonic measure.

Lemma 3.10. Let L be an elliptic operator in divergence form or nondi-
vergence form with drift b in a Lipschitz domain Q; i.e. L= A-V+b-V
or L=A-V? +b-V where A satisfies the ellipticity condition (1.2).
Suppose that b is locally bounded in Q and it satisfies

(3.5) 6 (X)oscyg b (X)) ee(Q).

Then dwr € Ao if and only if there exists a finite collection of Lipschitz
domains {Q}Zj\il and compact sets K; € 0Q; (0 such that U?:l 0, CQ,
N c U, K, and

dw£i|Ki€Aoo(dU); i1=1,..., N,
where L; denotes the restriction of L to the subdomain €2;.

Proof: If b = 0, the result is an immediate consequence of the “main
lemma” in [4] for the divergence case and the analog to the main lemma
in the nondivergence case, contained in [5] (see also Lemma 3.8). The
case b # 0 then follows from Theorem 1.7 for the divergence case and
Theorem 4.1 from next section for the nondivergence case. Indeed, by
the mentioned theorems, if £ is the operator with drift b and Ly is
the operator with the same second order coefficients but without a drift
term, then dwy € A (do) < dwg, € A (do). On the other hand,
by Lemma 3.9 with ¢ (X) = b (X), the restriction of b to any Lipschitz
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subdomain Q' C € also satisfies (3.5) in §2’. Hence, by Theorems 1.7 and
4.1, for any doubling measure do’ on 9€', we have dwr o € A (do’) <
dwrgjor € A (do’). Now, for Q;, K; as in the statement of Lemma 3.10,
do|k;, the restriction of do to the compact set K;, can be extended to
a doubling measure do; on 0f2; with the same doubling constant. Then
dwrio, € A (dai) & dwrylo, € Ao (doi), which implies that

K; € Ao (dU|K¢)7

where dwp o, |k, denotes the restriction to K; of the harmonic measure
of £ in Q;, with a similar definition for dw |q,|x,. This shows that
Lemma 3.10 in the case b # 0 follows from the case b = 0. O

dwejo, |k, € A (dolk,) < dwigo,

4. Proofs of the Theorems

We recall that @, (X) denotes a cube centered at X with sidelength r,
and § (x) denotes the distance of X to the boundary (see Definition 1.5).
The proof of Theorem 2.1 relies on the following special case.

Theorem 4.1. Let EN.,O = A-V? and EN_; = AV? +b -V where
A = (Aij)?;r:ll and b = (bj);:ll are bounded, measurable coefficients
and A satisfy the ellipticity condition (1.2) in a Lipschitz domain €.
Suppose that CD holds for Ly ¢, £ = 0,1 in Q and that

(4.1) §(X) sup |b(Y)] dX €€ (do,Q).

YeQ sx) (X)
2Vm

Then dwEN S Ay = dwEN L€ As.

We defer the proof of this result (which contains the main substance
of Theorem 2.1) to next section. Now we obtain Theorem 2.1 from
Theorem 4.1.

Proof of Theorem 2.1: Let EN,ozAO-VQ—i—bO-V and Ly 1=A, V%4+b,-V
where Ay, by and Ly ¢ satisfy the hypotheses of Theorem 2.1 for £ = 0, 1.
Then if dwzy , € Ao, by Theorem 4.1 it follows that dwes € Ao Where
Ly = Ao - V> By Theorem 1.6 [17] and Theorem 4.1 again, we have
that if L3, = Ay - V?, then

dwﬁfv,o €Ay = dwﬁ}‘\,’leo = de‘N’l € AOO,
as wanted. O

Theorem 2.4 will follow by reduction to the special case 2 = R’ffl,
the localization given by Lemma 3.10 and an approximation of the co-
efficients matrix A by appropriate smooth matrices.
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Proof of Theorem 2.4: Given Py € 99 let X = (z,t) be a coordinate
system such that Py = (xo,t9) € 99 and there exists a Lipschitz func-
tion 9: R™ — R defining a local coordinate system of {2 in a neighbor-
hood of Py. That is, for some ro = ro (2) > 0 we have

8Qm{|x—:vo| <ro} xR ={(z,¢(x)):|x—z0| <710}

(4.2)
Q' = {(z,t): |z —x0| <70, Y () <t < (x)+1re} C N

Let 15 (y) = s7"n (%), where 7 is an even C* approximate identity
in R™ supported in {|y| < 3}. Set p(y,s) = (y,cos + F (y,s)) with
F(y,s) =ns %9 (y) = [gn s (y = 2) ¥ (2) dz. We have

I V,F
Vyp = v .
vp <0 co+%—§)

Since | SE||. < Cn [Vy¢|l ., where C,, = n [ (y) |y| do, (note that, for
appropriate 1), C,, is a universal constant), taking co = 14+Cy, ||V, 9|l , p
is a 1-1 map of R’ onto {(z,t) : t > ¢ ()}, moreover, p is bi-Lipschitz
and 1 < |det Vyp| < 1420, ||Vy9|, . This transformation gives rise
to the Dahlberg-Kenig-Stein adapted distance function. For a > 0, let
O, ={y:|ly—zo| <a} x (O,%), and Q, = p(®,). For a = ag small
enough depending only on [|V,1[  and n, we have Q,, C €, where
Q' is given by (4.2). Moreover, 2, is a Lipschitz domain with Lipschitz
constant depending only on the constant of €2.

We note that because of Theorem 1.7 from [8] in the divergence case
and because of Theorem 2.1 in the nondivergence case we might as-
sume b = 0. We will first consider the divergence case, suppose that
Lp = div AV is a uniformly elliptic operator in divergence form with
bounded measurable coefficient matrix A satisfying (2.2), i.e.

(4.3) 01 (X) 0scq ) (x) A (X)? dX € €(do,9).
2vn

Since Py is an arbitrary point on 9 and 0 is compact, by Lem-
ma 3.10, to prove Theorem 2.4 it is enough to prove that if w is the
harmonic measure for Lp in Q,,, then

(4.4) w|lg € Ao (do|k) ,

where K C 0€q, is the compact set given by

(4.5) sz{Yz(y,s):|y—x0|§%,s=0}caﬂao.
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For simplicity, we will write Q2 = Q,,and ® = ®,,. Since v is Lipschitz,
it follows that the transformation p: ® — € can be extended to a home-
omorphism from ® to  and such that the restriction of p to 9 is a
bi-Lipschitz homeomorphism from 9 to 0Q. Indeed, since {ns} ., is a
smooth approximation of the identity, it easily follows that p restricted
to 09 is given by

(4.6)

p(Y)=p(y,s)= (Y, cos + F(y,5)) 0<s< j—sa ly — xo| = o

o o «
<yaCO_O+F<ya_O)> :_0
Co Co Co

whenever Y € 9®. If § (V) = dist (Y, d®), then for some constant C
depending only on ||V, and n, the following estimate holds for the

V)

distance functions ¢ and ¢:
(4.7) CTo(YV)<o(p(Y)<Cs(Y), YeO.

To see this, let Yy € @ and let 6y = § (Yp). Now, 8 (p (Yo)) = dist (p (Yp),
99) = |p(Yy) — X'| for some X' € Q. Let Y/ = p~1(X’), and X, =
p (Yp), thus, Y’ € 9® and since p~ ! is Lipschitz in ®, we have

0 (Yo) < Yo —Y'|=|p" (Xo) — p7H (X)) < C|Xo — X'| = CS (p (Vo))

with C' = C (n,||Vy¢|). The other inequality in (4.7) follows in a
similar manner.

The Lebesgue measure o on 0f) induces a doubling measure ji on 9P
by the relation

a(E)=0(p(E)), for any Borel set E C 09.

Let & be the Lebesgue measure on 0@, then from the definition of i and
the fact that p is bi-Lipschitz it easily follows that % ~ 1. Hence we
can replace i by & in our calculations. Now, if u (z,t) is a solution of
Lpu=divy AVxu=0inQ, then v (y,s) = u(p(y,s)), defined in D, is
a solution of EDU = divy AVy’U = 0, where

(4.8) A(Y)= ((Vyp)f1 (Y))t A(p(Y) (Vyp) ' (Y)det (Vyp) (V).
We claim that A satisfies

(4.9) s(v) ! 05CQ gy, (1) A(Y)? dY € ¢(d5,®).
2y/n
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Let Yy € @ let Y1, Y3 such that Yy — Y| < 360 and Y2 — Yy| < 360,
where 6y = 6 (Yp), then by (4.8)

= (Vv ™ (1)) A (p () (Vo)™ (¥a) det (V) (¥2)

+12

(9vo) )" = ((wwn ™ ()

<C -
do

< |A (p (1) (Vv ) (v1) det (V) (V)]
(v 00 = Ty )]

+C =
do

2
|det (Vy p) (Y1)[?

((9vo) " () Al (1))

X

4 oldet (Vvp) (1) g det (Vyp) (Yo)|”
0

2
X

(Vv () Ao (1) (Fvp) ™" (¥2)

LA -Ap ()2

do

x (Vvo) ™ (1) det (Vyp) ()]

((wvo) )

We will use the following fact:
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Lemma 4.2. For Q, ®, o, fi, d, § and p as above, the functions
2

1 —1
r (Y) = ) 0sCQ s ) (Vyp)  (Y)
and
. 2
ro (V) = %) 0SCQ 5y (¥) (det (Vyp) (Y))
( v

Y
defined in ®, satisfy [r1 (Y)+r2 (V)] dY € €(do,®), where & is the

Lebesgue measure on 0.

The lemma above follows from the fact that
(4.11) 3(YV) V2| dY € € (d5, ®).

This property is discussed in [10], and it can be obtained as an applica-
tion of the characterization of A in terms of Carleson measures given
in [7].
Then (4.9) follows by applying (4.3), (4.7) and Lemma 4.2 to (4.10).
We recall that ® =®,,, where ®,, is given by @, = {y : |y — 20| < a} x

(0, %) Denote by ®F = {y : [y — x| < o} x (—ﬁ %) and let v (Y) €

co? ¢

C° (@) such that 0 < v <1, v =11in @% and ¥ =0 in @io\flfzt%.
For Y € R} let
AY)=v(AY)+(1-v(Y)I,

where T is the (n 4 1) x (n 4 1) identity matrix. It follows that A* (Y) is
an elliptic matrix function, with the same ellipticity constants as A.
The measure & extends trivially from 0® N OR’ ™ to IR, we dub
this extension (which is just the Euclidean measure) dé*. With this
definitions, because of (4.9), for Y = (y,t) € R A* satisfies

- 9
OSCQ%\M vy A" (Y)

(4.12) € ¢ (d5*, R,

t

(i.e.: is a Carleson measure in R’ with respect to 6*). Where Q. () is
the cube centered at Y with faces parallel to the coordinate axes and
sidelength ~t.

Now we will construct a smooth approximation of A* via an n+1 di-
mensional approximate identity. Let

nren = [ (S50 s dyas
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where ¢ € C§° (R"H) is supported in the ball or radius a < 1 at the
origin (o to be chosen later) and [[¢ = 1. Since P,1 = 1 we have
Vz+P:1 =0 and therefore A** = P,A* satisfies

- —y t— -
VA* = //tfnflvz_,t(p (I ; y, TS) A" (y,s) dyds

= _//tinilvy,sw <x ; ya t;S> A* (y,S) dde
oyt -
e (25 (R ct0)

for any function C' (X) at our disposal. Taking C' (X) = A* (X) it follows
that for o small enough

. _ 0sCQ , (v) A~
& (Y)= sup ‘VA** (Z)‘ <o
ZeQo(Y)

~+

and

E* (V)= sup \A** (Z) — A* (Z)‘ < Coscg , (v) A
ZEQo(Y) 2Vn

where Qo (Y) = Qs (V) and C is a universal constant (this constant
oV

depends on the Lipscﬁitz norm of p, which we can assume only depends
on the dimension n). From (4.12) it follows that

k% 2
(4.13) t&*(Y)? e (do*,RTH!)  and %dXe@(d&*,R’}r“).

Moreover, from the definitions it is easy to check that A** s elliptic with
the same ellipticity constants as A.

Let now Z*D = divy A*Vy and £~*D* =divy A**Vy. By the Carleson
measure property of £**, and Lemma 3.9, £~*D and 5}5* satisfy the hy-
potheses of Theorem 1.7 in ® (with respect to the measure &), therefore,
if ©* and ©** denote the harmonic measures of £% and £ in @, respec-
tively, we have that &* € Ay, & @** € A. On the other hand, because
of the Carleson measure property of £*, and Lemma 3.9, ZB* satisfies
the hypotheses of Theorem 1.8 in ®; and therefore @** € A,. From
what we just proved it follows that ©* € A.
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Let £}, denote the pull-back of E*D from ® to 2 through the map-
ping p. Since the mapping p: 09 — 912 is bi-Lipschitz, and if w* denotes
the harmonic measure of £}, in €, then w* € A. This follows directly
from the definitions of the A, class, the harmonic measure w* and L7,.
On the other hand, the operator L}, coincides with Lp = divx AVx

inp Q% , hence an application of Theorem 1.7 and the“main lemma”

in [4] (see Lemma 3.10), implies that w|g € Ac (dw*|x), where w is the
harmonic measure of £p restricted to the compact set K given by (4.5).
This, in turn, implies that w|x € A (do|x) and proves (4.4), hence
Theorem 2.4, for the divergence case.

We now consider the nondivergence case. Let Ly = A - V2 where
A satisfies (4.3). Let 2 = Qq,, ® = D,,, and p be as before. Also, for
Y € &, let A** (Y) be as above, and define L** = A** . V2, where

AT (X) = ((Fyp) (07 (X)) A% (071 (X)) (Vo) (07 (X))
x (det (Vyp) (0" (X)) "
Let Q1 =p (@%), we claim that A** (X)) satisfies the following

A (2) - A (2)[°

(4.14) sup dX € €(ds,Q1), and
ZeQ six) (X) §(X) ( *)
2vn
(4.15) sup  8(X)|VA* (Z)]? dX € ¢ (d&,m)
ZEQa(j_) (X) :
2y/n

where ¢ is the Lebesgue measure on 0f2 1. Taking these properties for
granted, by (4.15), (4.3) and Theorem 1.8 applied to the operator £**, we
have that if w** is the harmonic measure of £** on 89%, then w** € Ay.
On the other hand, by (4.14) and Theorem 2.1 applied to the operators £
and L£**, from w** € A, we conclude that w € A,,, where w is the
harmonic measure of £ on 02 1. This finishes the proof of Theorem 2.4

in the nondivergence case.
It only rests to establish properties (4.14) and (4.15). Let Z €
Qsx) (X) and let W = p~! (Z), then from the definitions of A and A**
2y

we have

A (2) = A" ()] = |(Typ) W) [A (W) = & ()]

X (Vyp) (W) (det (Vyp) (W))"'|.
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From (4.7) and the fact that p is bi-Lipschitz, and since p~! (Q%) =
)

)

|Awyﬁvwmfw-AMU—A“Mﬂ{_MwwyﬂvwW)
6(2) - s(W) - 3 (W)

Applying the proof of Lemma 3.9 to & (VV)_1 0SC () (A* - A**) (W),
from the second property in (4.13) it follows that for some 0 < ¢ < 1
- - 2
SUPWeQ 5y (V) ‘A* (W) — A** (W)‘
5(Y)

e@(du,rb%),

where 4 is the Lebesgue measure on 9® o ; (4.14) then follows from the
fact that p is bi-Lipschitz. Now, by the product rule of differentiation

VA" = Vi {(Vyp) A" (Vyp) det (Typ) ' }

—{Vx (Typ)' } A (Vyp)det (Vyp) !
+(Vyp) { VXA (Vyp) | det (Vyp) ™
+(Vyp) A {Vx (Vyp)}det (Vyp)

+ (Vyp)t A** (Vyp) {VX det (Vyp)_l} .

Applying the chain rule in each term, we see that VA** satisfies (4.15)
because of the first property in (4.13), (4.11), and the boundedness
of |Vyp|. O

5. Proof of Theorem 4.1

In the spirit of [7] (see also [17]) we will obtain Theorem 4.1 as a
consequence of the following perturbation result.

Theorem 5.1. Let /:N.,O = A-V? and EN_; = AV? + b -V where
A= (Aij)z;:l andb = (bj);:ll are bounded, measurable coefficients and
A satisfy the ellipticity condition (1.2). Suppose that CD holds for ENNJ,
£ =0,1. Let Gy (X,Y) denote the Green’s function for £~N70 mn Q and

set Go (Y) = Go (0,Y). There exists eg > 0 which depends only on n, A,
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A and Q such that if

(5.1) Go(X) sup |b*PdX, XeQ,
YEQa(j_) (X)
2y/n

is a Carleson measure in ) with respect to dwz =~ on 0 with Carleson
norm bounded by g, i.e.,

Go(X) sup [bPdXec (dwéN Q) ,
YGQL})(X) '
2y/n

Go (X)  sup Ib|* dX < o,
YeQs5x) (X)
2V c(dwﬁN O,Q)

then dwéN S By (d“fm))' Where Bs (dwiNo) denotes the reverse

Holder class of dw; — with exponent 2.

We defer the proof of Theorem 5.1 to the next subsection, and prove
now Theorem 4.1, we follow the argument in [7]. Let A, (Q) be the
boundary ball A, (Q)={P €9 : |Q — P| < r}, and denote by T,. (Q) the
Carleson region in  associated to A, (Q), T (Q)={X €Q : | X -Q|<r}.
By Lemma 3.10 we may assume that b (X) = 0 if 6 (X) > r¢ for some
fixed (small) ro > 0. To prove Theorem 4.1 it is enough to show that
if 01 = WEs with £~N71 as in the statement of the theorem, then for
all @ € 09,

(5.2) dllAro(Q) € As.

For Q € 9Q, r > 0, o > 0, let T'y» (Q) be a nontangential cone of fixed
aperture a and height r, i.e.

Far(Q)={XeQ:|X-Q<(14+a)d(X)<(1+4+a)r}.
For a fixed ag > 0 to be determined later, let &, (Q) be given by

2

Er@={ [ 50" s pPdXp . Qeon
Faom(Q) YEQM (X)
2V
Fix ag, ro, such that Tny v, (Q) C T (Q) for all @ € 9Q. Then, letting
o be the Lebesgue measure on 0f2, by Fubini’s theorem, the hypothesis
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8 (X)supyeq, x, x) [P (V)[* dX € €(do,2) and the doubling property
2Vn

of do, we have

1 2
_ Ep.ry (P)? do (P
o (D (Q)) /ATO(Q) b (P77 (P)
1 2
co b 5(X b (YV)[? dX < C.
o (A (Q) ~/T2ro(Q) ( )Yergﬁ’f)l v -

2/

That is, the average in A,, (Q) of 5§7T0 is bounded. Hence, there exists a

closed set F' C Ay, (Q) such that o (F) > 30 (A (Q)) and &y, (P)<C
for all P € F. Let QF be a “saw-tooth” region above F'in 2 as given in
Definition 3.7, and let b* (X) be given by

ey [P Xear
=10 X € O\Qp.

The drift b* so defined satisfies Ep* r, (P) < Cp for all P € Ay, (Q). We
claim that if Cj is small enough then the operators Ly = Ln =A-V2and
L1 = A-V2+b*.V satisfy the hypotheses of Theorem 5.1 in ® = T3, (Q).
Indeed, since b* = 0 in Tsy.(Q)\T2r, (@), we only need to check the
Carleson measure condition (5.1) near Ag,, (Q). More precisely, we will
show that for all s < ro/2 and P € Qg (Q),

(5.3) / Go(X) sup |b]® dX < eqwo (As(P)),
Ts(P) YeQsx) (X)
2v/n
where Gy (X,Y) is the Green’s function for Ly in ®, Gy (V) = Gy (Xo,Y)
(where X is the center of @) and wy = wf[;’)q) in 0®. As in [17] (see
Lemmas 2.8 and 2.14 there), we have

1 Go(X) _ g(X)
2~ )
wo (Ax) §(X) fQé(X) G(Y)dy
e
where Ax = Ajsx) (Q) for some @ € 9 such that |[X — Q| = 0 (X);
and G (X) = G (X,X), with G(Z,X) the Green’s function for Ly in
a fixed domain 7 ® Q and X € 7\Q is a fixed point away from .

From (5.4), writing G (Q S(X)) = fQ G (Y) dY and proceeding as in
2vn ‘;(\j%)

(5.4)
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the proof of (5.1) in [17] we have

/ Go(X) sup [b?dX
Ts(P)

YeQsx) (X)
2vn
X6 (X
S/ wo (Ax) sX)GX) sup Ib]* dX
T, (P YeQ (X)
" g (Qgg_g) B

<C[ &, p)da(p)
AL(P)

< CCgwo (D5 (P)) < eowo (A5 (P))
if Cy is small enough. Thus, £y and £, satisfy the hypotheses of Theo-

rem 5.1 in ® and hence w; = w?fﬂ) € Bs (dwg, 0®). By property (2) in
Lemma 3.6 we have that for E C Ay, (Q),

_weee(B)

T wgen (D)

This together with the hypothesis from Theorem 4.1 that wg, o € Ao,
implies wola,, (@) € Aoc. From wi € Bs(dwy,d®) we conclude that
W1|A2T0(Q) € A.. Hence, for some constants 0 < ag, ¢y, we have

[T Mi(}?) " C, ﬂ C_O
(55) ()T~ <w1 o, (Q))) = Q) 7 2

where we applied property (1) of Lemma 3.6 and we used that o (F) >
30 (D0 (Q))-

Now, let v be the harmonic measure of £; in Qp. By Lemma 3.8 we
have that for some 0 < 6 < 1,

wi (F)
w1 (Ar, (Q))
On _the other hand, since b* coincides with b in Qp, any solution u
of L4 = 0 in @ is a solution of Liu = 0 in Qp C ®. The boundary
maximum principle implies that for all F C A, (Q), v(F) < wi (F),
where wi = w;, 4. From (5.6) and (5.5) then we obtain

u}o(

(5.6) <v(F).

wi (F) >e¢1 > 0.
By property (2) in Lemma 3.6 and the maximum principle, we have
w1 (1)
w1 (A, (@)

ZWT(F)>61>O.
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o(F)
7(Lr (@)
shows that (5.2) holds.

5.1. Proof of Theorem 5.1. The proof of this results closely follows
the steps in [17]. We will sketch the main steps and refer the reader
to [17] for the technical details omitted here. First, by standard argu-
ments the problem is reduced to treating the case in which 2 is the unit
ball B = By (0) (this is justified as far as the methods are preserved under
bi-Lipschitz transformation). For simplicity, we will write wg = w Fno

> % it follow that - @1(F)

Therefore, whenever 1 (200 (Q)

> ¢y. This

and w; = wz . To see that dwi € B (dwp) it is equivalent to prove
that if u; is a solution of the Dirichlet problem

Lyiu; =0 in B

Uy =g on 0B,
where g is continuous in B, then

(5.7) INuLll 2208 dwe) < C 9Nl 2208, dwo) »

where Nu is the nontangential maximal function (with some fixed aper-
ture a > 0) of u. We let ug be the solution to

Lyoug=0 in B
uy =g on 0B.

Then u; — ug = 0 on OB and we have the representation

(5.8) uy (X) =ug(X)— / Go (X,Y) Ly our dY = ug (X) — F(X).
B

Then, (5.7) follows as in [17] from the following two lemmas.

Lemma 5.2. Let Q(_X, Y) denote the Green’s function for £~N70 in B1p(0)
and let G (Y) = G (X,Y) where X is some fized point in R" T such that

|X| =5. ForY € B let By (Y) and B(Y) denote the Euclidean balls

centered at 'Y of radii @ and @ respectively (in this case § (Y) =

dist (Y,0B) =1 —|Y|). Under the hypotheses of Theorem 5.1, we have
that F' as in (5.8) satisfies

0 = su 2 g(Y) : £ u
NF (@) —XEFI(»Q){ /| WP emwy dy} < Ceg M,y (511) (@),

where

1
Mwof(Q) - iglg wo (Ar (Q)) AT(Q) |f(P)| dWO

1s the Hardy-Littlewood mazimal function of f with respect to the mea-
sure wg, and Suy is the area function of uy.
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Lemma 5.3. Under the hypotheses of Lemma 5.2,

S2U1 dwo S C (NU1)2 d(AJQ.
0B 0B

Indeed, by Lemma 2.21 in [17] it follows that

/ (NU1)2 dwo S O/ (NOU1)2 dwo
OB OB

SC’/ (N0u0)2 dwo—i-C'/ (NOF)2 dwo
0B 0B

where N%; is as in Lemma 5.2. Given that Lemmas 5.2 and 5.3 hold,
we have

/ (Nup)? dwy < C / (Nug)® dwo + Ceg / M., (Su1)*(Q) dwo
OB OB oB

<C [ g¢*dwo+ Ceo / (Su1)* (Q) duwo
0B 0B

< C/ g° dwo + Cao/ (Nu1)®(Q) dwo
oB oB

and the last term on the right can be absorbed into the left if ¢ is small
enough. This proves (5.7) and hence Theorem 5.1.

We will only write in some detail the proof of Lemma 5.2. Given the
big overlap with the methods in [17] this will suffice to indicate the proof
of Lemma 5.3, which is very similar to the proof of Lemma 3.3 in [17].

Proof of Lemma 5.2: Fix Qo € 0B and X € I' (Qo). Let By = Bs, (Xo)
- 6
and KBy = Brxs, (Xo) where dg = § (Xp) and K > 0. Let G (X,Y) be
6

the Green’s function for £ N,0 on 3By, set

P (X) = . G(X,Y) Ly our (V) dY,

Py (X) = /2 [ y) =G| Evom (V) aY,

Fy(X) = /B - Go (X,Y) Ly ous (V) dY.
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So that F in (5.8) is given by F' (X) = I} (X)+ F» (X) + F3 (X), and
proving Lemma 5.2 is reduced to proving that

/ F2(Y) g(%i(;z)) dY < CefMZ, (Su1) (Qo), fori=1,2,3.

0

We will only prove this in some detail for i = 1. Even though ¢ =1 is
allegedly the simplest case of the three, its proof captures the significant
differences with the proof of Lemma 3.2 in [17] (the analog to Lemma 5.2
here), so the other two cases follow in a similar manner as in [17].

Let 8(X) = SUP| 7 _ x| <200 |b(Z)|, then, given Y € By, we have

C
b= 13Bo (Y)] /?>B()(Y) B(X)dX
C 2 G(X) :
(5.9) < BB {/womﬂ X B Ey dX}

GB) .\
X{/wom G (X) dX} |

Using (5.4) on the right side of (5.9), applying the Carleson measure
property of Gy (X) 8 (X )2 and the doubling property of wy, we obtain

Y
~
——
ol

C 1 2 Go (X)
bl < |3Bo (V)] {WO(AY) /380(X)6(X) §(X)?

Nl=

5.10 ¢ L 2 Go (X)
(510 = 13Bo (Y)| | wo (Ay) /330(3/)6()() X

(=%
>
S~—
S
—_—— ——  ——
IS

Ceo G (B (X)) * Ceo
= 13Bo (V)% {/wom g (X) dX} =5
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where the last inequality follows as (3.6) in [17]. Note that Fj satis-
fies Ln0F1 = x (2Bo) Ln,0u1 in 3By, where x (2By) denotes the charac-

teristic function of 2By. Hence, from the (weighted) a priori estimates
for solutions (Theorem 2.5 in [17]),

§O5O{/

On the other hand, by the weighted Poincaré inequality (Theorem 1.2
in [6]),

o G )7 . ) 0}
{/F S1S) dy} =0 {ABO'VR SRlNTv:Tg) dy} '

Combining this with (5.11), using

Gg(B(Y

0

Loy (Y)’2 &))) dY} .

LyoFy = x (2Bo) {ZN,O - EN,I} u1 = x (2Bo) b - Vuy,

and (5.10), we get

1

{/ i mg(gb?@))‘”}
<Co {/
432 2 G(Y) ;
gc{/woam Ib|? [V | mdif}

S OE()Sul (Qo) .

CxoF (Y)‘Q &;)) dY}

(5.12)
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The rest of the proof proceeds as in [17], to obtain

(5.13) {/B F2(Y) Q(%Q)) dY} < CeoSur (Qo) and

(5.14) {/BD F2(Y) g(%(y;)) dY} < CegMu, (Sui) (Qo)

respectively. Since F (V) = F1 (Y) + F» (Y) + F5(Y), we have

, G(Y) : ) G (V)
/Bo<xo> T KA /Bo<xo> B gEay

=1

Lemma 5.2 then follows from (5.12)—(5.14) by taking supremum over
all Xo eI (QQ) O
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