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LAYER POTENTIALS BEYOND SINGULAR INTEGRAL
OPERATORS

ANDREAS ROSEN*

Abstract: We prove that the double layer potential operator and the gradient of the
single layer potential operator are Lo bounded for general second order divergence
form systems. As compared to earlier results, our proof shows that the bounds
for the layer potentials are independent of well posedness for the Dirichlet problem
and of De Giorgi-Nash local estimates. The layer potential operators are shown to
depend holomorphically on the coefficient matrix A € Lo, showing uniqueness of
the extension of the operators beyond singular integrals. More precisely, we use
functional calculus of differential operators with non-smooth coefficients to represent
the layer potential operators as bounded Hilbert space operators. In the presence
of Moser local bounds, in particular for real scalar equations and systems that are
small perturbations of real scalar equations, these operators are shown to be the usual
singular integrals. Our proof gives a new construction of fundamental solutions to
divergence form systems, valid also in dimension 2.
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1. Introduction

This paper concerns the classical boundary value problems for diver-
gence form second order elliptic systems

D divAIVY =0, i=1,....m,

Jj=1

for a vector valued function u = (u’ )721 on the upper half space R_l‘_"’” =
{(t,z) € R x R"; t > 0}, n,m > 1, with boundary data in Ly(R"™). In

general, we only assume that the coefficients A = (A%)™._, are uni-

1,7=1
formly bounded and accretive. (Accretivity, or more precisely strict
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accretivity, is defined in (4) below.) Unless otherwise stated, we as-
sume that A(t,z) = A(x) is independent of the transversal direction ¢.
However, we do not assume that A is real or symmetric.

By scalar coefficients, or equation, we mean that A% = 0 for i # j.
For technical reasons we consider systems where the functions u’ are
complex-valued, and thus A% (t,z) € £L(C**™). However, working at the
level of systems of equations of arbitrary size, complex coefficients are no
more general than real coefficients. Indeed, using the relation C = R?
we see that any system of equations with complex coefficients of size m
can be viewed as a system of equations with real coefficients of size 2m.

For an 1+n-dimensional vector f, we let f, denote the normal/vertical
part (identified with the corresponding scalar coordinate), and write f,
for the tangential/horizontal part. Similarly, we write V, div, and curl,
for the differential operators acting only in the tangential/horizontal
variable . To ease notation, we use the Einstein summation convention
throughout this paper. Sometimes we shall even suppress indices 4, j.

A classical method for solving the Dirichlet problem is to solve the
associated double layer potential equation at the boundary R". In our
framework, the method is the following. Let T'(; ;) = (Fl(ix))zbj:l be the

fundamental solution for div A*V in R**" with pole at (¢,z), that is

div(A7) Tk = 30w
(t, 0, 1 £k,
and let 8VA*I‘3J) = ((A"”')*Vl“l(ctj;:ﬂ))l denote its (inward) conormal de-

rivative.
Given a function h: R™ — C™ on the boundary, define the function

Do) i= [ (-0 T O W) dy, () € RE,

where —0, ,. is the outward conormal derivative. The function u(t, z) :=
D h(z) then solves the equation div AVu = 0 in Rf”, and has boundary
trace

Dhi(x) = lim | (=0,,.T¢, ,,(0,9), W (y)) dy.

t—0t Jrn

Finding the solution v with Dirichlet data ¢: R™ — C™ on the bound-
ary, then amounts to solving the double layer equation

Dh=¢



LAYER POTENTIALS BEYOND SIOS 431

for h, which then gives the solution u(t,z) = Dih(z). In the case of
smooth coefficients A, it is well known that the operator D is well de-
fined and is %I plus an integral operator. For general systems with
non-smooth coefficients, as considered in this paper, the double layer
potential operator D is beyond the scope of singular integral theory.

Similarly, the single layer potential is used to solve the Neumann
problem. See Section 7. In this introduction, we focus on the double
layer potential and the Dirichlet problem.

During the last years, new results on boundary value problems for
more general non-smooth divergence form systems have been proved. In
particular, there have been two seemingly different developments, one
based on singular integrals (S) and one based on functional calculus (F).
The purpose of this paper is to demonstrate that the singular integral
operators used in (S) actually are special cases of the abstract operators
used in (F).

(S) In the paper [1] by Alfonseca, Auscher, Axelsson, Hofmann and
Kim, it was proved in particular that boundedness and invert-
ibility of the layer potential operators for coefficients Ay implies
boundedness and invertibility of the layer potential operators for
coefficients A whenever ||[A — Ap||oo is small, depending on Ay.
Here Ay and A are assumed to be scalar and complex, and such
that De Giorgi-Nash local Holder estimates hold for solutions to
these equations. Boundedness here includes square function es-
timates. This boundedness and invertibility result was shown to
hold for real symmetric coefficients, and the result was also known
for coefficients of block form and for constant coefficients.

During the writing of this paper, Hofmann, Kenig, Mayboroda
and Pipher [7] have proved L, well posedness, for some p < oo de-
pending on A, of the Dirichlet problem for general scalar equations
with real and t-independent coefficients. From this they deduce, in
[7, Corollary 1.25], boundedness in Lo (but not invertibility) of the
layer potentials for general real scalar equations and small complex
perturbations of such, by inspection of the proofs in [1].

After submission of this paper, Grau de la Herrdn and Hof-
mann [6] proved Lo estimates for layer potentials with complex
coefficients, assuming De Giorgi-Nash local estimates.

(F) Auscher, Axelsson and MclIntosh [3] proved that the Lo Dirich-
let (and Neumann) problem is well posed for systems with coeffi-
cients A which are small L., perturbations of Hermitian, constant
or block form coefficients. Instead of the double layer potential
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operator D above, this used an operator D on Lo(R™) defined by
functional calculus from an underlying differential operator on R”.
More precisely, this used a self-adjoint first order differential oper-
ator D and a transformed multiplication operator B formed point-
wise from the coefficients A, to construct a solution

w'(t,x) = Dyhi(x) := (by(BD)R)' (z), (t,x) € R,

where the function

e t?, Rez >0,
0, Rez <0,

is applied to the operator BD by functional calculus. Here BD,
and therefore b,(BD), acts on C™(*+™)_valued functions h on R™.

Both works [1], [3] build on harmonic analysis developed for the so-
lution of the Kato square root problem by Auscher, Hofmann, Lacey,
McIntosh and Tchamitchian [4]. However, the approach (F) is more gen-
eral. On the one hand (S) uses De Giorgi-Nash local Holder estimates,
which holds for real scalar equations, and small L. perturbations of
such, but not for general A. On the other hand, (F) proves that D; in
fact is Lo-bounded for any t-independent and uniformly bounded and
accretive coefficients A; it is only invertibility of D= lim;_, o+ D, which
may fail. Note that (F) does not use De Giorgi-Nash local bounds at all.

Unlike 5, the definition of the double layer potential operator D re-
quire the existence of a fundamental solution to div A*V. For divergence
form systems, such fundamental solutions were constructed by Hofmann
and Kim [8] under the hypothesis that solutions to div AVu = 0 and
div A*Vu = 0 satisfy De Giorgi-Nash local Héolder estimates. That solu-
tions to div AVu = 0 satisfy such estimates means that

1/2
[u(y) —u(z)| —a—(14n)/2 2
(1) essSUPy pepin). yra o —ta SR U/ |ul
y:2€B(x;R), y# ly — z|]o B(x2R)

holds whenever u is a weak solution to div AVu = 0 in B(x;2R) C R,
for some ae > 0. It is known that (1) is equivalent to the gradient estimate

@) / Vul? < (r/R)n*W#/ VuP, 0<r<R,
B(x,r) B(x,R)
for all weak solutions u to div AVu=0 in B(x; R) CR*™, for some > 0.
It is known that (1), or equivalently (2), holds for all divergence form
systems div AVu = 0 where A is real and scalar, and small L.-pertur-
bations of such (¢-independence of A is not needed here). Estimates (1)
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and (2) also imply the Moser local boundedness estimate

1/2
(3) €SS SUPy ¢ p(x;R) lu(y)] < R—(1+4n)/2 / |u\2
’ B(x;2R)

whenever div AVu = 0 in B(x;2R) C R'™. We refer to [8, Section 2]
for further explanation of these results.

At the 8th International Conference on Harmonic Analysis and Partial
Differential Equations at El Escorial 2008, S. Hofmann formulated as an
open problem whether (F) as a special case implies the result (S). Our
main result in this paper is that this is indeed the case, as D = D
whenever D is defined. More precisely, we prove the following.

Theorem 1.1. Let n,m > 1, and let A = A(x) € Loo(R™; L(C™(1 7))
be t-independent and accretive in the sense that there exists k > 0 such
that

() Re [ (49(0) (o) f@)do =k [ |f)fde

for all f € Ly(R™; C™4M) such that curl, f, = 0.

Assume that whenever u is a weak solution to divAVu = 0 in a
ball B(x;2R), u is almost everywhere equal to a continuous function
and the Moser local boundedness estimate (3) holds. Then there exists
a fundamental solution T 5 € Wi, (R™"; C™) to div A*V with es-
timates

IV () (5,9))2 dy S (R+|s —t)) ™™,

ly—z|>R
forall R >0, t,s € R and z € R". Moreover
O [ o 0000 dy = (h(BDI 2)

holds for almost all (t,x) e RIT™ and all scalar functions he Lo(R™; C™).
The right hand side is defined in Section 2. In particular, we here iden-
tify h with a normal vector field h € Ly(R™; C™(1+1)),

This theorem allows us to transfer known results for the double layer
potential operator

DR = Dyh' = (by(BD)R)',, t >0,
defined through functional calculus, to the double layer potential oper-
ator

DAKE = Db ::/ (=00a- T4 5 (0,9), 1 (y)) dy, >0,

n
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defined classically as an integral operator. The following is a list of such
known results for 5?, which therefore also hold for D = 15;4 under the
hypothesis of Theorem 1.1. These results for 25;4 follow by inspection of
the proof of [3, Theorems 2.3 and 2.2], and extends the results for D/
from [1], [7].

e We have estimates
sup D3 +/ 10:Dh|3 tdt + | NL(D:h)|3 < |27,
> 0

for any system with bounded and accretive coefficients A, where
the modified non-tangential maximal function N, is defined in Sec-
tion 2. In particular, the implicit constant in this estimate depends
only on ||A|leo, K4, m, m, but not on the De Giorgi-Nash-Moser
constants. In presence of Moser local boundedness estimates of so-
lutions, 1\7* can be replaced by the usual pointwise non-tangential
maximal function.

e For any system with bounded and accretive coeflicients A, the op-
erators ZSt converge strongly in Ly and there exists an Ly(R™; C™)
bounded operator D such that

lim ||D¢h — Dhlly =0, forall h € Ly(R™;C™).
t—0t

e The map
{accretive A€ Log(R™; £(C™1H))} 5 A DA L(Ly(R™; C™))

is a holomorphic map between Banach spaces. In particular, DA e
L(Ly(R™;C™)) depends locally Lipschitz continuously on A €
Loo(R™; £L(C™1+)) " and therefore invertibility of D4 is stable
under small L, perturbations of A.

e The operator DA € L(Ly(R™; C™)) is invertible when A is Hermit-
ian, (AY)* = A7 when A is constant, A(z)= A, and when A is of
block form, A7, =0=AY,.

e It is also known that D4 is not invertible for many A, even for
real and scalar (but non-symmetric) coefficients A in the plane,
n = 1. A counterexample was found in [9, Theorem 3.2.1] among
the coefficients

1 ksgn(x)

Alz) = —k sgn(x) 1
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Note that D4 = D4 for all these coefficients by Theorem 1.1. It
was shown in [5] that DA is not invertible for these coefficients
when k& = 1. Moreover, from [5] and [3, Remark 5.4] it follows
that D is invertible for these coefficients when k # 1, but that
the coefficients with k£ > 1 are disconnected from the identity A = I
by the set of coefficients for which DA is not invertible.

In the process of proving Theorem 1.1, we also give a new construc-
tion of fundamental solutions to divergence form systems. As compared
to [8], this works also in dimension 2, and constructs the gradient funda-
mental solution directly using functional calculus, taking (5) as a defini-
tion of the fundamental solution. Extending this construction to t-depen-
dent coefficients, we prove the following result. Note that we formulate
this result in dimension n, not 1 4+ n.

Theorem 1.2. Letn > 2, m > 1. Assume that Ay € Loo(R™; L(R™))
are real and scalar coefficients, identified with a matrix acting component-
wise on f € C™" which are accretive in the sense that there exists k > 0
such that

Re(Ao(2)f, ) 2 KIf[?, forall f € C™", z € R™

Then there exists € > 0 such that whenever A € Lo (R™; L(C™")) is
such that esssup,cgn |A(x) —Ao(z)| < €, then there exists a fundamental

solution T, to div AV, i.e. a function T, € W |, (R™; C™") such that

0y, 1=k,

div AVTIF = ,
0, 1i#k,

i distributional sense, with estimates

() / IVEL () dy S B
R<|y—z|<2R

for all R >0 and x € R".

From the gradient estimate (6), we deduce pointwise estimates of I',,
in Section 6. This section also contains the proof of Theorem 1.2, which
builds on the proof of Theorem 1.1, which is in Section 5. Sections 2,
3 and 4 contain the details of the construction of the fundamental solu-
tion for t-independent coefficients, which uses the Green’s formula from
Definition 3.1. Half of this identity yields the representation formula (5)
for the double layer potential operator. By a duality argument we also
derive corresponding results for the gradient of the single layer potential
operator in Section 7.
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2. Functional calculus for divergence form equations

In this section, we explain the method of functional calculus (F) for
the Lo Dirichlet problem for the equation div AVu = 0 in R_l‘_+". We
assume in this section that the coefficients A € Lo, (R'*™; £L(C™(111))
are t-independent and accretive in the sense of (4).

Recall from complex analysis the following two relations between har-
monic functions and analytic functions in C = R?: (a) u is harmonic
if and only if f = Vu is anti-analytic, that is divergence- and curl-free,
and (b) u is harmonic if and only if there exists an analytic function v
with Rev = u. In this section, we generalize this result to solutions to
div AVu = 0 in R, following [3], [2]. Following the notation from
these papers, we shall suppress indices ¢,j = 1,...,m in this section.

(a) If div AVu =0, write f=[f., f,]" :=[0v,u, V u]t, where [a, b]" := {Z] .

Decomposing the matrix A as

_ Al (z) Ay(e)
Ale) = [AL@) A|”($)] '

we have the conormal derivative 0, ,u := A, , O;u+ A,V u, or inversely
Ou= AT (fL — AL f)). In terms of f, the equation for u becomes

Opf. +divy (AHLAIi(fL A fi)+ Auufn)) =0.

The condition that f is the conormal gradient of a function u, determined
up to constants, can be expressed as the curl-free condition

{&Ef =V (Aﬁ(fi - Amfu)>7
curl, f, = 0.

In vector notation, we equivalently have

AR I

L =V 0 | [ALATE Ay - ALATIA L] L 7
together with the constraint curl, f, = 0. Define
0 div ATl —A7lA
D = :| and B := [ LL 11 iH ] ’
{—V 0 ALATL Ay - ALATHA,

so that the equation becomes
(7) O f +DBf =0

together with the constraint f € H := R(D) = {f € Lo; curl, f, = 0} for
each fixed ¢ > 0. (Here and below, R(:) and N(-) denote range and null
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space of an operator.) This equation for f, which is an Ly(R™; C™(11+7))
vector-valued ODE in ¢, can be viewed as a generalized Cauchy-Riemann
system.

Definition 2.1. The conormal gradient of u is the vector field
| Ouau
Vau = [Vu} ,

where 8,,,u = (AVu), is the (inward relative R}™™) conormal derivative.

(b) Another Cauchy-Riemann type system related to div AVu =0 is

Oyv + BDv = 0,
where D and B have been swapped. Applying D to this equation yields
(0y + DB)(Dv) =0, so

f:=Dv = [div v, —V,v,]
is the conormal gradient of a solution u to div AVu = 0. Looking at f,
we see that we should set
U= —v,.
Then V,u = f,. Moreover
Ou = —0w, = (BDv), = (Bf). = AIi(fL — AL Vu),

so that 0,,u = f,. Thus the equation
(8) 0w+ BDv =0

for v = [—u,v]" implies that u solves div AVu = 0. The vector-valued
function v, can be viewed as as a set of generalized conjugate functions
to u.

Definition 2.2. A conjugate system for u is a vector field v solving
Oyv + BDv = 0 such that

u=—v,.
We now consider the closed and unbounded operators DB and BD
in the Hilbert space Ly = Lo(R™; Cm(1+")). Here D is a non-injective
(if n > 2) self-adjoint operator with
R(D)=H and N(D)=H",
whereas B is a bounded and accretive multiplication operator just like A.
Indeed, in [3] it was noted that the transform

_ A Ay i [ AT —ATIAL,
A= [Au Ay A=

[ALAﬁ Ay — A ATIA
has the following properties.
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(i) If A is accretive, then so is A.
(ii) If A= B, then B = A.

(iii) If A = B, then A* = NB*N, where N := {_I 0} is the reflection

0o I
operator for vectors across R".

As B is bounded and accretive, we have
w:= sup larg(Bf,f)] <7/2.
fem\{o}
The operators DB and BD both have spectrum contained in the double
sector
Sw— U{0} U Swy,

where S,+ = {A € C\ {0}; |arg \| < w} and S,,— := —S,,;+. There are
decompositions of Ls into closed complementary (but in general non-

orthogonal) spectral subspaces associated with these three parts of the
spectrum. For DB we have

Ly = EZLQ (S5 BilHJ_ &b EXLQ
and for BD we have
Ly=E Ly ®H" & E{L,.

Note that for DB we have R(DB) = H = E, Ly ® E} Ly and N(DB) =
B~1H*, whereas for BD we have R(BD) = BH = E;Lg @ EXLQ and
N(BD) = H*. The proof of the fact that the the projections E% and EE
associated with these splittings are bounded uses harmonic analysis from
the solution of the Kato square root problem.

Important in this paper are the following intertwining and duality
relations.

Proposition 2.3. We have well-defined isomorphisms

B: EXLy — E% Ly,
and closed and injective maps with dense domain and range

D: EXLy — ELL,.
We also have a duality

(EX., NE}),

that is the map EJ.Ly — (EXLQ)*, mapping g € EX. Ly to the func-
tional ExLy 3 f — (9, Nf) € C, is an isomorphism.
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Proof: The intertwining by B is a consequence of associativity B(DB) =
(BD)B, the intertwining by D is a consequence of associativity D(BD) =
(DB)D, and the duality is a consequence of the duality

(9. N(BD)f) = (9. —~(NBN)DNf) = ((~DA*)g. N f). 0

To solve equation (7) for f € H, we note that DB restricts to an
operator in Eng with spectrum

J(DB|E§L2) C Su+-

Thus e*tDBf is well defined for f € EXLQ ift >0 and for f € B Ly if
t <0.
The following result was proved in [2]. Here the modified non-tan-

gential maximal function of a function f in RL™ is the function N.f
on R defined by

Nof(@) = sup 01720 flagveay @ € R,

where the Whitney regions are W (t,z) := {(s,y); ¢ ' < s/t < co, |y —
x| < ci1|t]}, for some fixed constants ¢o > 1, ¢; > 0. Also, here and
below, we write f;(z) := f(t,x).

Proposition 2.4. Let fy € Eng and define
ft,z) = (e PP f)(x), +t>0,z€cR"

Then

(i) f = [Ov,u, Voult for a weak solution u to div AVu = 0 in RY™,
unique up to constants,
(ii) £(0,00) > t = f; € Lo is continuous, with lim;_,ox+ fr = fo and
lim; s+ ft =0 in Lo sense, and
(iii) we have estimates

ol = sup 1503 [[ s oPratds~ [ (R0 d
+t>0 RLM n
Conversely, if u is any weak solution to div AVu = 0 in len, with

estimate | N, (f)|2 < oo, or SUPteso || fell2 < oo, of the conormal gradi-
ent f = [0,,u,Vyul, then there exists fo € E% Ly such that f(t,x) =
(e *PB fo)(x) almost everywhere in RY™.

Similar results apply to equation (8). The following result was proved
in [2].
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Proposition 2.5. Let vy € EjLQ and define
v(t,z) = (e""PPuy)(x), +t>0,zecR"
Then

(i) u:= —v, is a weak solution u to div AVu = 0 in RL™,
(ii) £(0,00) 2 t — v € Ly is continuous, with lim; o+ vy = vy and
lim; 4o vy = 0 @n Ly sense, and
(iii) we have estimates

leoll2 ~ sup [foe]3 ~ // Vu(t,2)*t dt d ~ / N, (0) 2 de.
+t>0 ng”' n

Conversely, if u is any weak solution to div AVu = 0 in R1+", with
estimate flegn \Vu(t,z)>tdtdz < oo, then there exists vy € E7Ly

and a constant ¢ € C™ such that u(t,z) = — (e *BPvy) | (z) + ¢ almost
everywhere in RYT™.

3. Green’s formula on the half space

Recall that for the Laplace operator, that is the special case A = I
and m = 1, we have the fundamental solution

(n—1)/2
B(t,2) = L e (A )T n 22,
o In V2 + a2, n=1,

with pole (0,0), where o,, denotes the area of the unit sphere in R,
We note that

1 (t,x)
Vo(t,z) = on (2 + |22)(n+ D72
forn > 1.

In this section, we construct a fundamental solution to more general
divergence form operators div AV using functional calculus. We assume
in Sections 3, 4 and 5 that the coefficients A € Lo, (R'"; £(C™(1+7)))
are t-independent, accretive in the sense of (4) and that solutions to
div AVu = 0 satisfy the Moser local boundedness estimate (3).

To explain the definition, we start with the following formal calcula-
tion. Assume that T' = (ino 2oy (1)1 is a fundamental solution to
div A*V, that is

Otz 1=
ki kj (to,zo)>» Js
div(A™)* VTG ) = {07 i
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Assume that tg > 0 and that u solves div AVu = 0 in Rf‘". With
appropriate estimates of u and I'*, Green’s formula shows that

w(to, z0) = /R (071 (0.2). B (0,2) (B, T, (0.2), (0, 2))

where the conormal derivative is 9,,u/ = (A7*Vu*),. Now let v be a
conjugate system for u so that v/ = —v’ and 9, ,u’ = div, v]. Then by
integration by parts, we obtain

u'(to, m) = —/ (V4 I’(t - )(O,x),NUj(O,a:)) dx,

where the conormal gradient is V 4TV = [9,,. 7%, V,T7/]*. More gen-
erally, it follows in this way that if vy € E;{LQ, then

(e=0BDPyg)i (x0), to >0,
0, to <0,

/" (Va-T{y, 1) (0,2), Nuj(x)) dx:{

and if vy € EZLQ, then

. 0 to >0
VarTfy .0 (0,2), Nvj(z)) de = : 7
/R (Va- (t a0)(0:7) w(@)) de {(etOBDUO)i(xo)’ to <0.

We now reverse this argument, taking these four formulae as definition.
From the Moser local boundedness estimate (3), it follows that

lu(to, zo)| < Nou(z) for |z — z0| < e1lto]/2.

Thus
(e BPug)  (w0)| < Itol ™2 ||voll2,

uniformly for vy € Eng and *+ty > 0. Proposition 2.4 and the duality
from Proposition 2.3 enable us to make the following construction.
Definition 3.1. For (fo,z9) € RI™ and i = 1,...,m, let I‘(Zto o) =

(I&Z 2oy D€ the, unique up to constants, weak solution to div A'VI; =

0 in R such that
/ (VA* (to m)(O,JC), NU%(JI)) dr = (eitOBDUO)i(IO)’

for all vg € EXLQ.
For (tg,z0) € R™™ and i =1,...,m, let F(to o) = (Fﬁo 20))i De the,

unique up to constants, weak solution to div A*VFE to,m0) = =0 in len
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such that
/ i (VA*F{ED,xo)(O, x), Nvg(x)) dr = —(e7"BPyy)i (x0),
for all vg € E‘ZLQ.
Some straightforward observations are the following.
Lemma 3.2. For ty,a > 0, there is a constant ¢ € C™ such that

Ctg,e0)(t = @, 2) = T4y 4a,20) (L) +
for almost all (t,x) € R™. Similarly, for fized to < 0, a > 0, there is
a constant ¢ € C™ such that

L(to.20)(t +a,2) =T (1g—az0)(t, ) + ¢
for almost all (t,z) € RLT".

Furthermore, there are estimates ||VT gy 20y (t,-)||2 S [t — to| 7/

Proof: Fix tg, a > 0 and consider the functions VA*F&O vo)(t—0ay) =

e—(t—a)DBVA*I‘ftO@)(O, -) and VA*F(ito+a,xg)(t’ ) :e_tDBVA*F(’tO+a7IO)(0, )
in E. Ly, where B := NB*N. We have

/ i (VA*FZtio,xo)(t —a,1), NUS(J:)) dx
= / i (VA*F{ZU,%)(O’ ), Ne(tfa)BDvg(x)) dx
— (e_tUBDe(t_a)BDU())i(!L‘o) _ (6_(t0+a)BD€tBDU0)i(.’I?0)
:/n(VA*F{;M@O)((),.)7NetBDvg(x)) i

:/ (VA*FZEMEJO)(t,x),NU%(:L‘)) dx

for all v EEXLQ, and therefore VA*I‘étO’IO)(t—a, x) :VA*I"(‘tOJra’IO) (t, ).
The proof for to < 0 is similar. The estimate of ||V, 4, (%, -)l|2

follows from Proposition 2.3 and the bound [to| =™/ of the functional
vo > (e70BPyq)i (2). O

Note that the translation invariance from Lemma 3.2 enables us
to define, for any (to,z0) € R'", a weak solution I'(, ,)(t,x) to
div A*VT (4 20) = 0 in {(¢,2); t # o}, so that

L(to.20)(t:2) = Ltgraze) (t + a, x).
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We shall prove in the following sections that for appropriate choices of
constants, this defines a fundamental solution I, ,.)(t,7) to div A*V
on RM™™, that is that the traces at ¢t = t; coincide except for a Dirac
delta distribution at (¢,z) = (to,x0). Note that in this paper, except
in Section 6, we only define the fundamental solution on Rf" modulo
constants.

4. Green’s formula on Lipschitz graph domains

In this section, we improve the estimate ||V a-T'(1y 20)(,)|l2 S [t —
to|~™/? away from g, and prove the following.

Proposition 4.1. We have for R > 0 and t # ty the estimate
/ |VA*1"(tO’mO)(t,x)|2dx,<v (R4 |t —to])™™.
|x—zo|>R

To prove this, we consider the graph
={(y(z),z); x € R"}
of a Lipschitz function v: R™ — R. We assume ~y(zg) = 0 and write
0:=V,v € Lo(R"R").
Recall the following consequence of the chain rule.

Proposition 4.2. Let Q@ C R be an open set. Then u is a weak
solution to div AVu =0 in {(t + v(x), x); (t,x) € Q} if and only if

U (t, ) == u(t + v(x), )

15 a weak solution to div A,Vus = 0 in Q. Here

1 —ot] 1 0
1 . i
el 7l

has estimates || As]lo S (1+ [loll3)[[Allc and ka, 2 £a/(1+ [oll3,).
where ot denotes the transpose of the column vector o.

Proposition 4.3. Fiz (tg,zq) € Rf" and consider a Lipschitz graph X
as above such that y(x) > 0 and y(x¢) = 0. Define I' = L'y, o) for
coefficients A, and define I'y = T4, 4,) for coefficients As, as in Defini-

tion 3.1. Then there is a constant ¢ € C™ such that
D(t,x) =Tyt — v(x),x) + ¢
forallt <ty, z € R".
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Proof: (i) The function T'(¢, x) is uniquely, up to constants, determined
by the property that

9) / i (V4 1740, z), Nué(:r)) dr = (e "0BPyy) (z),

for all vy € E;{Lg. By the intertwining B : EXLQ — EXLQ from Propo-
sition 2.3, we can write

v/ = (BV qu)’ = [0pu?, (Ajkvuk>u]t

for a weak solution u to div AVu = 0 in R, Then (9) reads

y —_AF ,
(10) / (VF”(O,Q:), [ OLL Ajk} Vuk(O,m)> dzx = dyu'(to, zo)-
n 1]

(ii) Now replace A, I' and u by A,, T', and
Uy (t,2) == u(t + y(z), z).
Then u, is a weak solution to div AYVul = 0 for t > —v(z), and in

particular V4,1, (0,-) € Ef Ly. As in (10), we have

(11) / n(VF{j(O,xL[_(A%k)LL (Ag?c)”]Vug(O,xD dar=0yu (to, o).

Here I', is a weak solution to div(AZ)*VIZ*¥ = 0 for t < to. Since
(Ay)* = (A*),, the function

L(t,z) ==To(t - y(z),)

is a weak solution to div(A7)*VI7% = 0 for t < to + v(z). Changing
variables in (11), we get

(12) [ (VI (),0), A7(-1,0(2) Vi (3(0), ) do= Do (1, 0)
where

jk . Adk 140 0 0 Vt jk
(13) A% (v, v):= A L} O}—i_[() e AP,

This uses the chain rule
k |1 0 k
Vug(t,z) = [o—(x) 7| Vu (t+~(x),x),

and the calculation

o AT ]l f=veeen
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(iii) We now apply Stokes’ theorem to the 1-form ~ n-form
(vo,v) — (iji(t,x),Ajk(VO,V)Vuk(t,:E))

on {(t,z); 0 <t < y(x)}. Using (13) and the product rule shows that
its exterior derivative is

(VIVi(t, 2),A7%(0,, V) VuF (t, z))
= (div(ATF)*VIV 9 + (A7F)* VI, 9,VuF)
+ (V8,17 — 9,V (AT* Vb))
+ (VI [div, (AT*Vu¥),, =0, (A7*VuF), 1)
= 0+ ((A7%)*VIV?, 0, VuF) + 0+ (VI —0,(ATFVuk)) =0.

Thus, applying Stokes’ theorem to (12) gives

Byl (to, 20) = /n(iji(O,x),Ajk(fl,O)Vuk(O,:z:)) dz

o —A%k
= VI7(0,x), [ o ; } Vuk((),x)> dx.
/n < 0o Ay

Comparing with (10) proves the proposition, by uniqueness of I'. O

Proof of Proposition 4.1: Consider Iy, ;). By Lemma 3.2, we may as-
sume that t = 0. Fix R > tg > 0 and apply Proposition 4.3 with

o (ol <R
TR, e > R

Then || Ay ||oo = ||Allco and k4, K4 and T'(0,2) =T, (=R, x)+c for |z|>
R. Thus the estimate from Lemma 3.2 gives

/ | R|VA*F(O,x)|2dx:/ IV 4Ty (=R, 2)|2 da
T—xTo|>

le—zo|>R

SIVaTo(=R, )P S IR+ to] "

This proves the estimate for tg > t. The proof for ty < t is similar, using
the analogue of Proposition 4.3 for ¢y < t. O



446 A. ROSEN

5. Fundamental solution for t-independent coefficients

In this section, we complete the proof of Theorem 1.1. Fix 2o € R”
and i =1,...,m, and define the vector field

fit,z) = VA*Fgé)wo)(t,x), t #0.
As in Section 2, we suppress the index j.

Proposition 5.1. For R > 0, we have the estimate

// |f(t,z)|? dt de < R,
R<|(t.)—(0,20)|<2R

In particular, for 1 <p < (n+1)/n, we have f € Li**(R**™) and

// |f(t, x)|P dt dw < R~
[(t,2)—(0,z0)|<R

Proof: From Proposition 4.1, we obtain the estimate

) 2R dt )
[t drdos | <RI,
//R<|(t,z)(0,w0)<2R o (max(R—t,0)+1t)"

Holder’s inequality then gives the L,-estimate after summing a geometric
series. 0

Proposition 5.2. We have that f € LY¢(R'™") and, in RY™ distri-
butional sense,

(0 + DB)f)’ = {5)5(0@0)70)7 z Z

and curly f, = 0.

Proof: That curl, ff = 0 is clear from the construction of f. To compute
(0r + DB) f, we fix a test function ¢ € C§°(R*™; C™(+)) and define

I(zo) = / /R ((t2), ~N (@, + B@)D)(t,)) dt dr
For € > 0, let
I (z) = //|t> (f(t,z),—N (0 + B(x)D)p(t,x)) dt du.

Since

() — I(z0)| 5//| Ml
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for some C' < oo depending on ¢, we have that I, — I uniformly in xg
as € = 0. By Definition 3.1, we have

Gao) = [ (@ BPEL(BD + d)h) (xo) di

+ /_e(etBDEX(BD + 8t)¢t)i($0) dt

o

= _ /OO 3y (e'BPEL 1) (o) dt

+ [ 0P EL60) (x0) di(e PP B o) (w0)
+(e"PPEL o) (wo).
Therefore I, € Ly and
I — (Ef o + Ex o)} = (é0)}
in Ly as € = 0. We have here used that v, =0 for v € N(BD).
We note that I. are continuous functions, since A satisfies prop-

erty (M), and converge uniformly to I. Thus I is continuous, and it
suffices to prove

[ 110) = 0,01t Par = 0
K

for an arbitrary compact set K. But this is clear since I. — (¢o)% and
I. — I in Lo(K). This proves the proposition. O

Proof of Theorem 1.1: Fix (tg,x9) € R'™, define as in Section 3 the
function Ty, z,)(t, z) for t # to. Without loss of generality, we can
assume that tg = 0. It follows from Propositions 4.1, 5.1 and 5.2, that
[ (ty.20)(t, ) is a fundamental solution with the stated bounds, using the
correspondence between div A*V and 0; + DB from Section 2.

By Definition 3.1, we have for all vg € EZLQ and almost all (t,z) €
R}™™ the identity

| (VT 0.). Nen(a) dy = (PP’ (o),
where I'" = (I'7%);. Now let vy = Ejh = Ej[h,O]t for some scalar h €

Ly(R™;C™), or equivalently normal vector field [k, 0] € Ly (R™;C™(1+7)),
We then obtain

/R (VAT (0.9), NELh(y) dy = (e PP ESh)’ (a).
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Using the duality from Proposition 2.3, the left hand side is

[R (B1.VaT{ ) (0,9), Nh(y)) dy = [R (Va-T{, 1y(0,9), Nh(y)) dy

_ /R (BTl (0.9). hly) dy,

whereas the right hand side is (b;(BD)h)’ (z). This proves the theo-
rem. O

6. Fundamental solution for t-dependent coefficients

In this section, we prove Theorem 1.2 and show some further esti-
mates of the constructed fundamental solutions. We assume throughout
this section that n > 2 and m > 1, and that Ag and A are as in the
hypothesis of Theorem 1.2, where we choose € > 0 small enough so that
the De Giorgi-Nash local Holder estimates (1), or equivalently (2), hold
for A- and for A*-solutions, and that A is accretive. Note that in this
section we allow Ay and A to depend on all n variables. As in the proof
of Theorem 1.1, we write I'" = (IY%),; and suppress the index j, and
sometimes also i.

Proof of Theorem 1.2: (i) Define, in R'*", t-independent coefficients

A(tax)[va fH]t = [.fLa A(l’)f”],

so that A(t,z) = A(z). Our aim is to construct a fundamental solution
for A on R™ from the already constructed fundamental solution for A
on R™, by integrating away the auxiliary variable t. We assume that
€ > 0 is small enough so that A is accretive and that De Giorgi-Nash
local Holder estimates (1), or equivalently (2), hold for A- and for A*-so-
lutions.

In particular this means that the hypothesis of Theorem 1.1 is satisfied
for A*, giving a fundamental solution f(O,xo) € W} ,.(R™; C™) with pole
at (0,z0) to div AV in R with estimates

/ Tl 60 de S (R )
T—To|>

forall R>0,t € R and zg € R™.

(ii) Assume first that n > 3. Define

gi () = vt,wréo,xo) (t, @),
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so that [7 [|g¢llL,(r<jal<2r) dE S [o° W < R'™/2. Thus
. oo .
gie)= [ (@il di
— 00

converges in Lo(R < |z| < 2R), and we have ||g||1,(r<|z|<2r) S R'™™/?
so that g € LI°¢(R™; C™"). It suffices to show that

(div Ag')? = Oy ].: Z_’
0, J#i

and curlg’ = 0 in R™-distributional sense. The latter is clear from
the definition of g. To prove the former, let ¢ € C5°(R™;C™). Let
n € C§°(R) be such that n =1 for |t| < 1 and n = 0 for |¢| > 2, and let
nr(t) :=n(t/T). Consider the integral

I [ (6@ A @) Vo) dtds = ~¢' (o).
Then
e = [ [ (Gi(). o) (0) dt e
/ﬂ@um (@) V()L — (1)) dt da
+ /(gi,A*V@ de =:IIp — Iy + /(gi,A*ngS) dx
The estimates ||g¢|l2 < ¢/ proves that IIr — 0 and III7 — 0 as

T — oo, so that [(g%, A*V¢)dx = —¢*(xo).

(iii) Now let n = 2. We claim that in this case

sup/ 19l L2 (121 < r) dE < 0.
R>0J|t|>R

From this claim, it will follow that
2R dt

HgHLz(R<|fF|<2R) S R_|_t

+/ 9t/ Lo (lz|<2ry dt S 1

and I'Ir — 0 and Il — 0 as T — oo as in (ii). To prove the
claim, we apply the estimate (2) to the solution div AVFZ('OM) =0 in
{(t,2); max(|z|, |t = T|) < |T|/2} D {(¢t,z); max(|z|,|t — T|) < R} for
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|T| > 2R. We obtain

T+R
/ . 19411 £ (121 <y At S VRGN Lo () 111 < 1)

SVRR/T)Y gl (o) jt—11< 171 /2)

1/2
< VR(R/|T|)V/2 / 2 dt
[t—=T|<|T|/2

S (R/|T)HH-
From this it follows that

o0
/ 196l ety d S SO (R/ER)HE S 1.
[t|>R =1

This completes the proof of the theorem. O
Proposition 6.1. Under the hypothesis of Theorem 1.2, and suitable
choices of integration constants, the following holds.

(i) The gradient of the fundamental solution to div AV has estimates

[ ITaw)dy S e gt
B(z,r)

for 2r < |z — x| and some p > 0.

(ii) If n > 3, then the fundamental solution to div AV has pointwise
estimates

L) S ly—2*" y#u,
and Hoélder estimates

()~ Tel)l S (22) =2, ' — vl < ly—al/2.

(ii) If n = 2, then the fundamental solution to div AV has pointwise
estimates

Ca() S 1+ mly —af |, y#u,
and Holder estimates
()~ Tal) S (B24)" (0 Ity — ol ]), 1y’ =yl < |y — al/2.
Proof: (i) This follows by from (6) and (2).
(ii) For R > 0, consider the mean values

1

Ap = —/ I (y) dy.
(2n_ 1)0-n71Rn R<|y—z|<2R !
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We obtain from Poincaré’s inequality, with means over the inner/outer
halves of the annuli, and (6) that

/ (Tx(y) — Ar) dy
R<|y—z|<4R

/ (T2(y) — A2r) dy
R<|y—z|<4R

L / (Iu(y) — Ag| + ICu(y) — Asr]) dy
R<|y—z|<4R

1
|[Aor — AR| S R

1

+R”

1
<
< g
1 1/2
< (Rn / (|rm<y>—AR|2+|Fz<y>—AzRQ)dy)
R<|y—z|<4R

1/2
< (RH / |vrm<y>|2dy> <R,
R<|y—z|<4R

If n > 3, we obtain the estimate
(14) |Agi — Age| S (29)°77,

for all j,k € Z with j > k. In particular lim;_, Ay exists. Choosing
the constant of integration, we assume that this limit is zero. This gives

|Ar| < R*™™, for all R > 0,
and again by Poincaré’s inequality and (6) that

. 1/2
(R" /R<y—ac|<2R

1/2
1
SIARl+ (R”/ T (y) — Arl? dy)
R<|y—z|<2R

1/2
S Al + (R VrL)Pdy) SR
R<|y—z|<2R
Using the Moser local boundedness estimate (3) and the De Giorgi-Nash
local Holder estimate (1), this proves the estimates (ii).
(iii) If n = 1, the equation (14) becomes
|Ags — Age| S j — k-
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Choosing the constant of integration so that |A;| < 1, this gives
|Ar| S 1+ |InR].

The pointwise estimates (iii) then follows as in (ii). O

7. The gradient of the single layer potential operator

We end this paper by deriving results for the single layer potential
operator

Sihi(e) = [ Tt ) d

where I' here denotes the fundamental solution for div AV. Recall that
the Neumann problem, with boundary datum ¢, is solved through the
ansatz u(t, z) := S¢h(x), where the auxiliary boundary function h solves
the equation

lim 9,,S:h = ¢.
Jim, OnaSih =

We prove the following result for the single layer potential operator,
analogous to Theorem 1.1 for the double layer potential operator.

Theorem 7.1. Assume the hypothesis of Theorem 1.1, with A replaced
by A*, so that T now denotes the fundamental solution for div AV. Then

(15 V[ T, o)y = PPE )

holds for almost all (t,x) e RT™ and all scalar functions h€ Lo(R™; C™).
We here identify h with a normal vector field h € Ly(R™; C™(1+7) op
the right hand side.

This theorem allows us to transfer known results for the conormal
gradient of the single layer potential operator

VaSAh = V a8k = (e PPPEFR), >0,
defined through functional calculus, to the conormal gradient of the sin-
gle layer potential operator

VaSEh = VaS:h = VA/ 7 (R (y)dy, t>0,

(0,y)

n

defined classically as an integral operator. The following is a list of such
known results for V 487 which extends the results for V 457 from [1], [7].
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e We have estimates
sup [VaSil+ [ 109 aS B tar+| BT aSmIE < 117
> 0

for any system with bounded and accretive coefficients A. In
particular, the implicit constant in this estimate depends only
on ||Alls, ka, n, m, but not on the De Giorgi-Nash-Moser con-
stants.

e For any system with bounded and accretive coefficients A, the oper-
ators V A‘SN't converge strongly in Lo and there exists an Ly(R™; C™)
bounded operator V A§ such that

lim ||VASih — VaShllz =0, for all h € Ly(R™; C™).
t—0t
e The map
{accretive A € Log (R™; L(C™ )N} 5 A s V4SA € L(Ly)

is a holomorphic map between Banach spaces. In particular,
\Y AgtA € L(L3) depends locally Lipschitz continuously on A €
Loo(R™; £(C™+M))  and therefore invertibility of lim;_,q+ ,,, S
is stable under small L., perturbations of A.

e The operator 9, S € L(Ly(R™; C™)) is invertible when A is Her-
mitian, (A%)* = A7" when A is constant, A(x)=A, and when A is
of block form, AZH =0= Aﬁﬂ The counterexample to invertibility
of D mentioned in the introduction applies also to lim; .o+ 0, St

Proof: In the classical case of integral operators, the conormal derivative
of the single layer potential is dual to the double layer potential oper-
ator. Similarly, the proof of Theorem 7.1 is by duality. We note from
Definition 3.1 that

/H(VAF( ‘. )(o,x),Nvg(:c)) dz = —(e P E L vo), (y)

forallt > 0 and vg € Lo. Integrate this equation against a scalar/normal
vector field h € Lo(R™; C™) to obtain

/n ( - VAI‘ZJ £ (0, 2R (y) dy, Nv} (x )) de = —(h7et;ﬁDEg*vo).
Since A*D = NB*ND = N(—B*D)N, we obtain

(V[ T 0 ) d Vi) ) de = (e PP V).

Since vy € Lgy is arbitrary, this proves (15). O
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