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ASYMPTOTIC EXPANSIONS AND SUMMABILITY
WITH RESPECT TO AN ANALYTIC GERM

JORGE M0z0O FERNANDEZ AND REINHARD SCHAFKE

Abstract: In a previous article [CMS], monomial asymptotic expansions, Gevrey
asymptotic expansions, and monomial summability were introduced and applied to
certain systems of singularly perturbed differential equations. In the present work, we
extend this concept, introducing (Gevrey) asymptotic expansions and summability
with respect to a germ of an analytic function in several variables — this includes
polynomials. The reduction theory of singularities of curves and monomialization of
germs of analytic functions are crucial to establish properties of the new notions, for
example a generalization of the Ramis—Sibuya theorem for the existence of Gevrey
asymptotic expansions. Two examples of singular differential equations are presented
for which the formal solutions are shown to be summable with respect to a polynomial:
one ordinary and one partial differential equation.
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1. Introduction

The concept of asymptotic expansion for complex functions in one
variable is well established and widely used since Poincaré, in order to
give a meaning to divergent formal power series that appear as solutions
of different functional equations, and to understand the behavior near
singular points of analytic solutions and other special functions. We
mention only the books of W. Wasow [Was1] and F. W. J. Olver [Olv].

The closely related notion of summability was introduced to provide in
a unique way analytic functions having certain asymptotic expansions.
In one complex variable, it has been extensively used in such differ-
ent fields as ordinary differential equations, the analytic classification
of formal objects, and some classes of singularly perturbed differential
equations and partial differential equations.
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Research Agency (ref. ANR-10-BLAN 0102 and ANR-11-BS01-0009).
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For asymptotic expansions in several variables, different approaches
exist in the literature. Let us mention the approaches of R. Gérard
and Y. Sibuya [GS], who treated some class of Pfaffian systems, and a
more powerful one by H. Majima [Maj]. This last author introduced
the concept of strong asymptotic expansion in polysectors in order to
study several classes of singularly perturbed differential equations and
integrable connections.

Several problems suggested asymptotic expansions in several variables
in which monomials zPy? are crucial: W. Wasow [Was2] studied equa-
tions of the form J

shm_kﬁ = A(z,e)y,

where h,k € N and A(z,¢) is a matrix holomorphic near ¢ = 0 and
x = 0o. They are singular both in the variable x and in the parameter €.
J. Martinet and J.-P. Ramis [MR] studied the analytic classification of
resonant singularities of holomorphic foliations in two variables. The
formal normal form involved the monomial u = zPy%. The normalizing
transformations are (k,p, ¢)-summable in the following sense: they are
locally defined as

(z,y) = (zexp{qh(z,y)},yexp{—ph(z,y)}),
where h(z,y) = f(2Py?)(z,y) and u — f(u) € C{z, y} is obtained as the
k-sum of an element f € C{z,y}[u], k-summable in the variable u with

coefficients in C{z, y}. L. Stolovitch [Sto] used a similar construction in
n > 2 variables.

These examples lead M. Canalis-Durand and the authors [CMS] to
a detailed investigation of the concept of monomial asymptotic expan-
sion in two variables. One possible definition is the above one given
by [MR]; [CMS] gives a more algorithmical definition. In the case
of p=¢q =1, a power series f(z,y) is (k,1,1)-summable if, rewritten
f(z,y) =207 o(an(z) + bn(y))(zy)™, all series a,(z), by (y) have a com-
mon radius of convergence R > 0, and for sufficiently small r > 0,
the series T'f(u) = Y., cou™ € Oy(D(0,7)?)[u] is k-summable, where
en(z,y) = an(x) + bn(y), x| < r, |yl < r are elements of the Ba-
nach space Op(D(0,7)?) of bounded holomorphic functions on D(0,7)2.
[CMS] applied this definition to doubly singular ordinary differential
equations of the form

‘9er+1% = f(xv Evy):

where f(0,0,0) = 0 and %(0,07 0) is invertible.

Returning to the problem of classification of holomorphic foliations,
observe that resonant ones are some of the models that appear as a
final step in the reduction of singularities of holomorphic foliations in
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dimension two, in a situation in which the set of separatrices and the
divisor have normal crossings. Some examples of vector fields with nilpo-
tent linear part leading to foliations without normal crossings have been
previously studied. For instance, F. Loray [Lor| considered generic per-
turbations of the system & = 2y, ¥ = 322 with hamiltonian h = 3% — 23.
He obtained a formal normal form involving formal power series in h.
In [CS], it was shown that the normal form always contains summable
series in h. In this context an extension of monomial summability to
summability with respect to a polynomial will be useful. It is conjec-
tured that there is a normalizing transformation that is summable with
respect to y2 — 23

We choose to study asymptotic expansions with respect to a germ of
an analytic function as it is no more difficult than asymptotic expansions
with respect to a polynomial. Such a concept needs to behave properly
with respect to blow-ups in both directions: properties of the asymptotic
expansions must be preserved when you blow-up, and properties of the
blow-up must give properties of the original asymptotic expansion. Let
us remark here that in [Car, CM], the authors study the behaviour
of monomial asymptotics under blow-ups in order to establish certain
Tauberian theorems useful to study properties of Pfaffian systems.

The purpose of the present work is to introduce such concepts of
asymptotic expansions and summability with respect to a germ of an
analytic function in an arbitrary number of variables. We use blow-ups
of centers of codimension two and ramifications, in the style of Rolin,
Speissegger, and Wilkie [RSW], who, on their turn, follow the ideas of
Bierstone and Milman [BM]. The reader should note that we haven’t
used the full power of desingularization techniques — this undoubtedly
deserves a further study. Throughout this work, different techniques are
used, among them, induction on the number of steps needed to mono-
mialize the analytic germ, a Generalized Weierstrass Division theorem,
and Ramis—Sibuya theorems.

The structure of this work is as follows: In Section 2, we present some
tools needed in the present work. Among them are a normalization result
adapted from [RSW] and a Generalized Weierstrass Division theorem
from [AHV]. Both are proved here in a simplified version adapted to
our needs. They are used to deal with bounded quotients of germs of an-
alytic functions (i.e., for the elimination of indeterminacies, Lemma 2.2),
and to rewrite a formal power series in terms of powers of a germ of an
analytic function (Corollary 2.7). In Section 3, we recall some proper-
ties of classical and monomial asymptotic expansions and present the
latter in a more general setting than in [CMS]. In particular, monomial
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asymptotic expansions are given for an arbitrary number of variables.
Certain operators are defined, that transform, both in the formal and
in the analytic setting, monomial asymptotic expansions into asymp-
totic expansion in one variable with coefficients in a Banach space — the
inverse transformations are given by simple substitution operators.

Asymptotic expansions with respect to an arbitrary germ of an an-
alytic function, which are the main object of this work, are defined in
Section 4, and their main properties are established. In order to study
them, we construct new operators analogous to the previous section that
transform asymptotic expansions with respect to a germ into asymptotic
expansions with respect to one variable with coefficients in some Banach
space (see Theorem 4.9). In the analytic setting, these operators are
constructed in Theorem 4.7; this is one of the main results of this sec-
tion. Its rather technical proof is given in Section 5. It uses induction
with respect to the number of steps needed to monomialize the analytic
germ.

In Section 6, the behaviour with respect to blow-ups with centers of
codimension two is established for the new concept of asymptotic expan-
sion with respect to a germ of an analytic function. While a function f
having an asymptotic expansion with respect to a germ P clearly also
has a corresponding asymptotic expansion after blow-up, the converse
is more interesting and it is proved in Theorem 6.8. For P-asymptotic
series, i.e. series appearing as asymptotic expansions with respect to
a germ P for certain functions, we prove an analogous result (Theo-
rem 6.10).

In Section 7, Gevrey asymptotic expansions with respect to an ana-
lytic germ are defined and investigated, and subsequently, summability
with respect to such a germ. We also study the behavior of these con-
cepts with respect to blow-ups.

Finally, in Section 8, we present two examples of singular differential
equations for which the formal solutions are summable with respect to
a polynomial: one ordinary and one partial differential equation. The
examples suggest that asymptotic expansions with respect to an analytic
germ will play an important role in these theories and in the theory of
foliations. They also illustrate the application of our results, in particular
concerning blow-ups, in proving summability.

Acknowledgments. The first author wishes to thank the University
of Strasbourg and the second author wishes to thank the University
of Valladolid for the hospitality during their visits while preparing this
article.
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2. Preliminaries

2.1. Notation. The following notation will be used throughout this
work. We fix an integer d > 2.

D(0; (11,79, . ..,7a)):={x = (x1,22,...,24) € C% |xj| <7y, for j=1,...,d}

is a polydisk around the origin. As an abbreviation, D(0; p):=D(0;(p, .. .,
p)). If U is an open set, in C or in C¢, O(U) = O(U;C) is the set of
complex valued functions holomorphic on U, and O,(U) the subset of
bounded holomorphic functions. Analogously, if E is a Banach space,
O(U; E) will denote the set of E-valued holomorphic functions on U,
and O,(U; E) the set of bounded E-valued holomorphic functions. O =
C{z}=C{x1,za,..., x4} is the ring of germs of analytic functions at the
origin (convergent power series), and o= C[x] the ring of formal power
series. We denote by m the maximal ideal of both (local) rings. There
are natural inclusions

Ou(D(0;p)) € O(D(0;p)) € C{z} C Cla],

as well as the relation O = U,~004(D(0; p)) that we will not detail. For
an element f of one of those rings, J(f) will be its power series at the
origin, and J,,(f) its m-jet, i.e., the polynomial of degree at most m
obtained from J(f) deleting the terms of degree greater than m.

We use P{ = CU{oc} with the usual topology. For &= (z1,z2,...,24)€
C? put &' = (29,...,24) and =’ = (x3,...,14).

2.2. A normalization result. Our approach uses blow-ups at several
essential points and we would like to recall the well known result we use.
Our presentation follows that of [RSW] (who base their work on [BM]);
the results themselves are classical.

Following [RSW], we will only use blow-ups of codimension two
smooth varieties and so we only recall this case. Assume that the center
of the blow-up is z1 = 22 = 0 and define

M = {([ul,ug],t) S ]P)ql: X (Cd;ultg = u2t1}
the blow-up variety and

b: M — C¢
([u1, u2], t) — ¢t

the blow-up map (shortly blow-up). M is covered by affine charts, each
one analytically equivalent to C?. In fact, identifying PL = C = CU{oc}
as [1,£] =& € C, [0, 1] = oo, we use the charts centered in € € C,
d)g: Mg — Cd
(s uzl ) — (2 = g0,t")
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where M = My = {([u1,u2],t) € M; u; # 0} and the chart at co
Poo: Moo — ce
([U1, uQL t) — (%7 l2, tN) )
where Moo ={([u1,uz2],t) € M; ug # 0}. Then the map b is described by
be =bog,': C! —C?
v (v2, (€ + v1)v2, V")
in the chart at £ and by
boo =bogt: C4 — C
v i— (viva, v2, V"),
in the chart at co. The reason for our somewhat unusual choice of ¢¢ and
hence be will become clear in Section 6; otherwise the choice of charts is
not important. For k € N, k > 2, we introduce the ramification
rp: C* —s C?¢
t—s (th, ).
We say that f € O has normal crossings (at the origin) if there is a

diffeomorphism D € Diff(C%,0) (i.e. its Jacobian at the origin is an
invertible matrix) such that

(f o D)(x) = ai' -+ 2 U()

with non-negative integers ¢; and a unit U € O, i.e. a germ satisfying
U(0) # 0.
It has been shown in [RSW]:

Lemma 2.1. There exists a function h: O\ {0} — N with the following
properties:
(1) If h(f) = 0 then f has normal crossings.
(2) If h(f) > O then there exists a diffeomorphism D € Diff(C?,0)
such that either for all & € P

h(foDobe) < h(f)
or there exists k € N, k > 2 such that h(f o D ory) < h(f).

Observe that this lemma can be applied simultaneously to a finite
number of germs f1, fo, ..., fr. It suffices to consider their product f =
fife - fr. Moreover, it is elementary (see [RSW]) that fifo--- f has
normal crossings if and only if every f; has normal crossings (with respect
to a common diffeomorphism D).

In a more general setting (quasi-analytic classes), this result is proved
in [RSW], following some general ideas adapted from [BM]. In the
analytic situation, the result is much easier. We sketch a proof for com-
pleteness, omitting most technical details.



AsyMPTOTIC EXPANSIONS WITH RESPECT TO AN ANALYTIC GERM 9

Proof: Use induction on d. Every f € C{z} has normal crossings, so
h(f) = 0 and the result is trivial if d = 1. Assume now that d > 1,
and let n denote the order of f. By a linear change of variables, f can
be made z4-regular of order n, that is f(0,...,0,24) has valuation n.
Indeed, as fp(aq,...,aq) # 0 (where f,, is the homogeneous component
of degree n of f) for some sufficiently small vector e with ag # 0, the
function f(tl, oo ta) = ft+aata, .o ta—1 + ag_1ta, agqtyq) is regular.

If f is x4-regular, the Weierstrass Preparation theorem allows us to
write f(z) = (27 + c1(2)2 " + -+ + ¢u(2))U(x) where U € C{x},
U(0) # 0, and ¢y,...,c, vanish at the origin. Hence it is sufficient
to continue with the polynomial factor. Another change of variable
(tg = ¢q + c1(2’)/n, ¥ = x’) eliminates c1(x’), so we consider only
the case ci(2’) = 0. Let M denote the set of j € {2,...,n} such that
¢j # 0 which we assume to be non-empty.

Now apply the induction hypothesis to the product

[T II (@) —c@)™?).
keM 1,jEM, i<j

By a sequence of right compositions with diffeomorphisms, blow-ups,
and ramifications, we arrive at a situation where the product has normal
crossings. Thus every c;(z’) and every ci(z')?/" — ¢;(x/)%/7 in the
product has normal crossings. It is easy to deduce (see Lemma 4.7
in [BM)]) that if ¢;(x) = ' U, (2") with U;(0) # 0, then the set {%.!'yj |
Jj € M} is totally ordered with respect to the relation < defined by a < 8
if a; < B; for all 4. A ramification in the first d — 1 variables allows us
to suppose that, moreover, ; is divisible by j for all j € M and thus
the subset {%%- | j € M} of N9~ is totally ordered. Let I € M be such
n < %'}/j for every j € M.

Denote v; = (Vj1,---,%j,d=1); § € M. For the above [, let k be the
largest index such that v, # 0 (and consequently, v;x/j > v/l > 1 for
every j € M).

Now, blow-up with center zy = x4 =0. For £ = oo, this means re-
placing xj by zpzq. Then for j € M, the term i) 7 is trans-

formed into x}’kﬂl*j which can be divided by zjj, because v; > j.

Hence f is transformed into f(z) = 27 (1 +2iem® qj(z)z ") with
some ¢; analytic at the origin. Clearly, f has normal crossings.
For £ € C, this blow-up means to replace zq by g (xq + &). Then for

n-—j

Jj € M, the term ="z,

< 11 w)“f*u: +6",

i#k,d

is transformed into
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which can be divided by z7, because ~;; > j. Thus f(x) is transformed
into
f@) =i (€ +wa)" + E2(@)(E + 2a)" " + -+ En(2)),

where ¢j(x') = z,7¢;(x’) is analytic at the origin. We continue then

with the second factor f(z) = x,:"f(zc)

If all ;(0) vanish, we have normal crossings for £ # 0, but have to
blow-up another time if £ = 0 (we do not use ramifications as ~; is
already divisible by j for j € M). After a finite number of such blow-
ups, at least one of the &;(0) # 0. The second factor f(x) = z;" f(x)
is then of lower order than f for all £ and also z4-regular. Indeed,
F(0,...,0,24) = (E+29)" +E(0)(E+24)" "2+ - +&,(0) might vanish
at x4 = 0, but because it has no term with (é+x4)"~!, it cannot be equal

to 27 and hence cannot vanish of order n. As f(0,...,0,24) contains
some term x}', m < n, this term is also in f and hence it is at most of
order m. O

A first application of this monomialization lemma is the following
statement. It may be well-known to specialists, but lacking precise ref-
erences we include a proof for the sake of completeness.

Lemma 2.2. Let f,g € O, f(0) = g(0) =0, g # 0 be germs of holo-
morphic functions. Assume that both are defined on D(0;r) and that
|%| is bounded on the set Ag, of all x € D(0;r) such that g(x) # 0
and argg(x) = 0. Then g divides f, i.e. there exists ¢ € O such that
f=ag.

Proof: Note first that this result is much easier in dimension one. Indeed,
consider functions f, g holomorphic in some neighbourhood of 0 € C
such that f(0) = g(0) = 0, g # 0. Then the quotient f/g has at most
a pole at 0, if we restrict ourselves to a small enough neighbourhood of
the origin. If there exist a sequence {¢,}5°; such that lim, ,t, = 0
for which |f(¢,)/g(tn)| is bounded, the origin cannot be a pole, so it is
a removable singularity: there exists a germ ¢ € O such that f = gq.

In arbitrary dimension, we proceed by induction on A(f g). At some
points it might be necessary to reduce r but we do not always mention
this. If A(fg) = 0, f and g have normal crossings and we can assume
that

fl@) =a 2] Ui(z); g(x) = xil ~~m§dU2(m)

with germs U; and Us, U1(0)U2(0) # 0. If all £; vanish, there is nothing
to show. Otherwise, we can assume that ¢; > 0.
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For fixed xo,...,z4 # 0 and if r is sufficiently small, we can apply
the one-dimensional result with respect to the variable x; and appropri-
ate 01. This implies that m; > ¢;. Similarly, we obtain that m; > ¢; for
all 7 and the statement follows.

Assume now that the statement is true for all couples (f,g) with
h(fg) < m for some m € N. Consider some couple (f,g) satisfying
the assumptions of the lemma and h(fg) = m + 1. As the statement
is stable with respect to right composition by diffeomorphisms, we can
assume that h((f o be)(g o be)) < m for all £ € PL or that there is
ak € Nwith h((forg)(gorg)) < m. In the latter case, the assumption
of the lemma implies that f(ry(t))/g(rk(t)) is bounded on the set of all
sufficiently small ¢ € C¢ such that g(ri(t)) # 0 and arg(g(rx(t))) = 0.
Hence there exists ¢ € O such that

(2.1) fory=(gork)q.

As forg and gor are invariant under the rotation ¢ — (eQ”i/ktl, t'), so
is ¢ and hence there is a germ @) € O such that ¢ = Q o ri. We obtain
that f = ¢ @ and the statement follows.

Consider now the first case that h((fobe)(gobe)) < m for all £ € PE.
The assumption of the lemma implies that f(be(t))/g(be(t)) is bounded
on the set of all sufficiently small ¢ € C? such that g(be(t)) # 0 and
arg(g(be(t))) = 6. Hence for every £ € PL there exists g¢ € O such that

(2.2) Jobe=1(gobe)ge.

Thus for every £ € P{, there is an open neighborhood We of 0, where
fobeg, gobe, and g¢ are defined. With these we consider the open
neighborhoods Ug = ¢g1(W§) of (£,0) € M (see Subsection 2.2 for
notation) and the holomorphic Q¢: Us — C defined by Q¢ = gz 0 ¢¢. By
definition, for £,¢ € P§, we have Q¢(p) = Q¢(p) for p € Ue N U, with
g(b(p)) # 0. As g is not identically zero, this means that Q¢ and Q¢
coincide on an open and dense subset of Us NU;. Therefore Q¢ = Q¢ on
this intersection and thus all Q¢, £ € PL define a holomorphic function
Q: U — C, where U is some neighbourhood of P{ x {0} C M. P} being
compact, @ is constant over it, so there exists a holomorphic ¢q: V' — C,
V a neighbourhood of 0 € C¢, such that g o b = @ (apply Hartogs’
theorem). By construction, we have fobg = (gobe)(gobe) for all £ € PL
and thus we obtain that f = gq, as desired. O

Lemma 2.2 is basic for our article, but especially for the study of
Gevrey asymptotics with respect to an analytic function, we need more
quantitative information about division.
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Lemma 2.3. Let D', D denote two open connected subsets of C* such
that the closure of D' is contained in D and compact. Suppose that
P is holomorphic in D and not identically vanishing. Let 8 € R and
Agp ={x € D| P(x) # 0, arg(P(x)) = 0}. Forn € N let M, denote
the set of all functions f € Oy(D) such that f/P™ is bounded on Ag p.

Then f/P™ can be analytically continued to D' if f € M,,. Further-
more, there is a constant K > 0 such that the mappings q,: M, —
Op(D") associating to f € M, the analytic continuation of f/P™ to D’
have norms < K™ (provided M, and Oy(D") are equipped with the maz-
imum norm,).

Proof: The first statement is proved by applying Lemma 2.2 in the neigh-
borhood of each point of D’.

For the second statement, it is sufficient to prove the existence of such
a constant in some neighborhood of every point of the closure of D’ and
then use the compactness of the latter.

In order to show it in some neighborhood of some point g of the
closure of D’, one uses induction on h(P oTy,), Ty, the translation & —
x + x, similarly to the proof of Lemma 2.2. If P(xq) # 0, the statement
is trivial, if PoT,, has normal crossings, the existence of such a constant
follows by Schwarz’s lemma. Indeed, assume that D(xg,7) C D’ and
that (P o Ty,)(x) = x*U(x), U a unit, i.e. U(0) # 0, and without loss
of generality (reduce r otherwise) there is a constant g > 0 such that
|U(x)| > p for & € D(xo,r). Given f € M, we can apply Schwarz’s
lemma repeatedly to f/U™ and obtain that

sup |gu(f)(®)| < sup  [f(@)lr "
xz€D(xg,r) xz€D(xp,r)

Hence K = r~%u~! satisfies the wanted estimates in D(zq, 7).

If h(PoT,,) =m > 0, we can assume that either h(PoT, obs) < m
for all £ € PL or there is a k € N such that h(PoT,, ory) < m. In
the former case there exists such a constant K¢ and a neighborhood V¢
of the origin for P o T}, o be; & € P{ arbitrary. Using the compactness
of P{ as in the previous proof, the existence of such a constant K for P
and some neighborhood of 0 follows.

In the latter case (h(PoT,,or;) < m), we can use the same constant
before and after ramification and only adjust the neighborhood. O

2.3. Generalized Weierstrass Division. We will present here a ver-
sion adapted and simplified by Stevens [Ste] of a generalized Weierstrass
Division theorem, who attributes it to Galligo [Gal], but whose original
version is due to Aroca, Hironaka, and Vicente [AHV]. The version (see
Lemma 2.6) for functions bounded and holomorphic on certain special
neighborhoods of the origin is particularly useful in the sequel.
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Let S be either the ring O = C{x} = C{x1,za,...,24} or O =R[x]
where R is an integral domain; in most cases we will use R=C. Each f €
S can be written as a (formal) power series

(2:3) f=Y faz®,

aeNd

where the monomials £® = 2§ - - - 2 are defined as usual. Let £: N —
R, be an injective linear form, ¢(a) = 1y + - -+ + Lgay. As in [Ste],
we define a total ordering on the monomials by

x™ <, «” if and only if £(c) < £(3).

For f € S\ {0} written according to (2.3), we will say that o is the
minimal exponent of f, and we will denote vy(f) = v if

xz* = min{z® | B € N%; f5 # 0},

where the minimum is taken according to the ordering <,. Observe
that v is compatible with the multiplication: vs(fg) = ve(f) + ve(g)
if f,g # 0. Therefore the multiples of some nonzero f € S (i.e. the
elements of f9) have minimal exponents in vy(f) + N¢. The converse is
false in general, of course.

Given a nonzero P € S with vg(P) >, 0, we introduce the set

(2.4) AZ(P):{g:Zgaxa;ga:OifaEW(P)—FNd}.

In the case of two variables and vy(P) = (a1, a2), a1,as > 0, this set can
be written as

a1 —1 ap—1
@ ] Clz2] @ 1! @ 5 Clz1].
3=0 k=0

In the general case it is possible to express Ay(P) in a similar way, but we
do not write down this cumbersome formula. In the rest of Subsection 2.3
we omit the index ¢ for the sake of simplicity.

Lemma 2.4. Let P € S, P # 0 with £(v(P)) > 0 and let A(P) be defined
by (2.4). In the case S = R[x], we assume that the coefficient P,(p)

of €"P) in P is a unit in R. Then for every g € S, there exist unique
q €S and r € A(P) such that
(2.5) g=qP+r.

Proof in the case S = C{z}: We even prove it in the case of the Banach
space S, = Oy(D,,), with norm || - ||oo, where D, = D(0; (1™, ..., ue)),
if w > 0 is sufficiently small. The set D, has been chosen so that
lz| < ¥ for x € D,,.
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If we define
T (m)* (g(iﬁ)_g($1,...,$j—1,0733j+1,...,Z’d))/itj lij#oz
i9\®) = %(m) ifz; =0,

then with g € S,, also Tjg € S, and || Tjgllc0 < 2175 |9l so-
We put a = v(P). Clearly, every g € S, can be written uniquely

(2.6) 9= Qo(9)x* + Ro(g) where Qo(g) € O, Ro(g9) € A(P)NO.

Rewriting Qo(g) = T7" ---T3?g we find that Qo is a linear operator
from S,, to itself and satisfies || Qo(g)|lco < 2!*/u= | glo for all g € S,,.

We can suppose P, = 1 without loss of generality. Then P = % + P
with some P € S,,, v(P) >; a. We can rewrite equation (2.5) as gz +
r=g-— Pgq which is equivalent to the fixed point equation
(2.7) 4= Qo(g — Pq)
together with r = Ry(g — }5q) We can find a constant K > 0 such that
|Ploo < Kue(“(ﬁ)) if p is sufficiently small. This finally yields

1Qo(P )l < K217 PV o
for all h € S, p sufficiently small. Therefore the right hand side of (2.7)
defines a contraction on S, and hence it has a unique solution if > 0
is sufficiently small. As (2.7) together with r = Ry(g — Pq) is equivalent
to (2.5), this implies the statement of the lemma in the case of S =S,
and also in the case of S = O = C{x}.

Concerning the proof in the case of S = @ = C[x], we define w(f) =
L(v(f)) for f € S. Then w is a discrete valuation on S: w(f + g) >
min(w(f), w(g) and w(f g) = w(f) + w(g), and d(g,h) = 2-w(o—
makes S into a complete metric space. In the same way as above, equa-
tion (2.5) of the lemma is equivalent to the fixed point equation (2.7)
and it can be shown that it has exactly one solution. O

An immediate consequence of the above lemma is

Corollary 2.5. Under the assumptions of Lemma 2.4, every f € R[x]
can be written uniquely in the form

n=0

where g, € A(P) for all n € N.
Proof: Using Lemma 2.4 repeatedly, we can write (uniquely)
f=g+gP+gP + - +gv 1P +qnP",

where N € N, all g, € A(P), and gn € R[x]. As N — oo, the statement
follows by m-adic convergence. O
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For later use, we note the statement proved in the first part of the
proof of Lemma 2.4 and prove the analogue of Corollary 2.5 for C{x}.

Lemma 2.6. Let ¢, P be as above Lemma 2.4 and let A(P) be defined
by (2.4). For s > 0 let Dy = D(0;(s%,...,s%)). If s is sufficiently
small, then for every g € Op(Ds) there exist unique r € Oy(Dy) with
J(r) € A(P) and q € Op(Ds) such that g =qP +r.

The corresponding operators Q, R: Op(Ds) — Op(Ds) defined by g —
q (respectively g — 1) are linear and continuous.

Corollary 2.7. Under the assumptions of Lemma 2.4, for every f €
C{x} there exist p > 0 and a sequence {gntnen in Op(D(0;p)) with
J(gn) € A(P) for all n such that f can be written in the form

(2.9) f@) =3 gu@P@)" for o] < p.

The functions g,, are uniquely determined by Corollary 2.5.

Proof: For s > 0 sufficiently small, f € Oy(Ds) and the operators @, R
of the preceding lemma are defined on O(Dy). For N € N, we obtain
N—-1
f@) = (RQ"))(@)P@)" + (Q" f)(z)P(z)"
n=0
by repeated application of Lemma 2.6.
If p €]0,s] is so small that M := sup{|P(x)| | £ € D(0,p)} < 57
then we can estimate

sup |f(x) — i[((RQ")f)P"](w) < (MIIQH)NyS;lg IF ()l

|z[<p

This proves the statement. U

2.4. A Cousin problem. In the sequel we use the following lemma
solving a certain Cousin problem for P{. Let I denote some finite set,
0 € I, U = (Uj)ier a finite cover of Pl by open sets. Assume oo €
U for simplicity of notation. Let (U;)i jer denote the collection of
intersections U;; = U; N U;.

Lemma 2.8. Let C°(U) denote the Banach space of collections f =
(fi)ier of bounded holomorphic f;: Uy — C such that fy(o0) = 0,
equipped with the mazimum norm. Let Z1(U) denote the Banach space of
collections d = (d;;)i,jer of bounded holomorphic d;;: U;; — C satisfying
the cocycle condition

dij(2) + dji(2) = din(2), fz€U;NU; NUy,

equipped with the maximum norm.
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Then the boundary mapping 6: CO(U) — ZX(U) defined by
6((fi)ier) = (fi = fi)iger

1s bijective, linear, and continuous and its inverse, denoted by X, is also
continuous.

Proof: § is surjective. Since H*(U,O) = 0 as is well known, there exist,
for every (dij)ijer € Z4(U), a family (f;)ier, fi: Ui — C holomorphic,
such that d;; = f; — f; for i, j € I. The additional condition fo(c0) =0
is achieved by adding the same suitable constant to each f;. It remains
to show that each f; is bounded.

As U is a cover of Pg, each point ¢ € P is contained in some Uy ();
hence there exists a neighborhood V. of ¢ the closure of which is contained
in Uj(c). Therefore f;y is bounded on V.. For j € I, j # i(c), the
function f; can be written f; = fi.)+d;ic) on VeNU; C Uy(ey;, provided
that Uss); # 0, and therefore f; is also bounded on V. NUj as d;(.); and
fi(c) are. We have shown that every ¢ € P{ has a neighborhood V,
such that for all j € I, the function f; is bounded on V. N U;. By the
compactness of ]P’é, a finite number of such neighborhoods V. covers IP’}C
and the boundedness of all f;, j € I, follows. This completes the proof
that § is surjective.

J is injective, because its kernel is {0}. Indeed, if §((fi)icr) = (0)i jer,
then f;(z) = f;(z) whenever z € U;NU;. Hence (f;)ier is actually the col-
lection of restrictions of some analytic function f: P{ — C to the (U;)ier.
By Liouville’s theorem, f is then a constant. The condition fo,(c0) =0
now implies that f = 0; hence (f;);er = 0.

Obviously ¢ is linear and continuous. Therefore, by the theorem of
the bounded inverse, its inverse is also continuous. O

In the sequel, we need an extension of the above lemma to functions
depending holomorphically upon parameters.

Lemma 2.9. Consider a collection (d;;); jer of functions holomorphic
on B x U;j, where B is some open subset of C™, m > 1, salisfying
the cocycle condition with respect to the second variable. There exists a
collection (f;)icr of holomorphic functions on B x Uy, i € I, such that
fz(b, t) - fj(b, t) = dij(b, t) forallbe B andt € Usij.

If there exists a function K: B — R such that for every b € B, the
collection of functions (z — d;;(b, 2)); jer is bounded by K(b), then the
collection of functions (z — fi(b, 2))icr is bounded by ||X|| K (b) for every
beB.
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Proof: We define the collection (f;)icr by fi(b,2) = ¢%(2), where
(¢)icr = 2((z = dij(b, 2))ijer) for b€ B,

where ¥ is the operator of Lemma 2.8. Then the second statement of
our lemma follows from Lemma 2.8. It is not clear, however, that the
functions f; are holomorphic with repect to both variables.

In order to prove this, we first choose an open cover V;, i € I, of ]P’(%:
such that for every i, the closure cl(V;) is a subset of U;. The set Vi
can be chosen such that, additionally, it contains co. Let ¥ denote the
operator of Lemma 2.8 applied to the cover V = (V}),¢;.

Now fix any by € B and choose p > 0 such that cl(D(bo,p)) C
B. Then the collection ((Zij)i,jej, Ciij = dij|D(bo,p)x (vinV;), consists of
bounded holomorphic functions. Then we use that for all open sub-
sets D C C™ the Banach space Oy(D x V, C) is canonically isometrically
isomorphic to Oy(D, Oy(V,C)) and that Cauchy’s formula with respect
to the first variable commutes with the continuous linear operator X,
applied with respect to the second variable. We obtain that the collec-

tion (f;)ies defined by fi(b, z) = ¢?(2),
(¥)ier = S((2 = dij (b, 2))izer)  for b€ D(bo, p),

consists of bounded holomorphic functions on D(bg, p) x V;, i € I.

We define now a collection of holomorphic functions (F;);c; on
D(bo, p) x U; by Fy(b,z) = fi(b, 2) + dir(b, 2) for b € D(bg,p), z € U;
if z € V,, for some k € I. Observe that here k = 7 is allowed in which
case dy(b,z) = 0 and hence Fy(b,z) = f;(b,z). Since Vi, k € I, form
a cover of PL, we can always find some k such that z € Vj. In that
case z € U; NV, C Uy, and F;(b, z) is defined. The cocycle condition
and the definition of f, k € I, imply that the definition is indepen-
dent of the choice of k with z € Vi. In a similar way, we obtain that
Fi(b,z) — Fj(b,2z) = d;;(b, 2) for all b € D(bg, p) and z € Uy;.

As Foo (b, 00) = foo (b, 00) = foo (b, 00) =0 for all b € D(by, 0), we ob-
tain that (z — F;(b, 2))icr = 2((2 — d;j(b, 2))ijer) = (2 = fi(b, 2))ier
for all b € D(bg,p). Therefore all functions f; are holomorphic with
respect to (b, z). O

We will use a consequence of this lemma for covers of the exceptional
divisor in subsequent sections. See Subsection 2.2 for notation.

Lemma 2.10. Consider an open cover U;, j = 0,...,N of the excep-
tional divisor E = P{ x {0} in the blow-up variety M. Then there exist
a positive constant C' and an open cover U, j = 0,...,N, of E with
Uj CcU;,j=0,...,N, and the following property.
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Given a collection of holomorphic functions Dy;: UyNU; — C, 4,5 =
0,...,N satisfying the cocycle condition D;;(p) + D;r(p) = Dix(p) for
alli, 7, k and p € U; NU; N Uy, there exists a collection of holomorphic
functions Fy: U; — C such that D;;(p) = Fi(p) — Fj(p) for all i,j €
{0,...,N}, pc ﬁiﬂfjj, and

max  sup |F;(p)| < C max sup |Dij(p)| < 0.
GE{0,.. N per| 5(p)] i,5€40,..., N}peUmUj‘ i(P)|

Proof: Without loss of generality, we can assume that (0o, 0) € Uy. Then
it is sufficient to prove the lemma under the additional assumption that
(00, 0) is not an element of the other Uy.

Consider the projection R: M — P& x C4=1 defined by R((&,t)) =
(&, (t1,t")). Tts restriction to the chart My is an analytic diffeomorphism
onto its image. We will use the geodesic distance d on P ~ S? and
denote for £ € PL, i > 0 by B(&, u) the set of all ¢ € P with d(€,¢) < p.
Also let V; C P{ denote the open (in Pl) set such that V; x {0} = U;NE.
As in the proof of Lemma 2.9 we choose an open cover Vi, k=0,...,N,
of P% such that for every k, the closure cl(V}) is a subset of V.

Fix now some k € {1,..., N}. By assumption, for all £ € Vj, there
exists pe > 0 such that B(§, pe) x D'(0,p¢) C R(U) (here it is used
that (co,0) ¢ Uy and hence oo ¢ V;). By the compactness of cl(V4), a
finite number of B(&, pe), € € cl(V4), is sufficient to cover cl(V},). Taking
the minimum of these p¢ implies that there exists p*) > 0 such that
Vi x D'(0,p®)) € R(Uy).

In a similar manner, we obtain p((Jk)7 k =1,...,N such that (Vk N
Vo) x D'(0, p{¥)) € R(U, N Up). Then let p > 0 denote the minimum of

the 2N numbers p*), p(()k), k=1,...,N. It has the property that for

k=1,...,N we have V;, x D'(0,p) C R(Uy) and (Vo NV;) x D'(0, p) C
R(Uy N Uy).

Therefore we can define bounded holomorphic functions Djk = Djjo
R~ on (V;NV) x D'(0,p) for j,k € {0,...,N} not both equal to 0.
For completeness put Doy = 0 on Vy x D’ (0,p). Now we can ap-
ply Lemma 2.9 and obtain a family of bounded holomorphic functions
Fj: f/] x D'(0,p) — C, j = 0,..., N, such that l~)j;~C = FN.'j — Fy, for
J,k=0,...,N. We have, moreover, for all j € {0,..., N}

[ F5lloe < Cmax{|| Dexlloo | £,k € {0,..., N}},

where C' denotes the constant associated to the cover {f/j}jzoww in
Lemma 2.8.
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Now put U; = R~'(V; x D'(0,p)) for j € {1,...,N}, Uy = R~*(Vp x
D'(0,p)) N Uy and F;(p) = Fj(R(p)) for j € {0,...,N}, p € U;. Then
U;jNE =V; x {0} for j =0,...,N and hence U;, j = 0,..., N, form
an open cover of E. By construction, we have Uj cUjforj=0,...,N

and Fj(p) — Fi(p) = Djx(p) for p € U; N T;. O

depending holomorphically upon parameters, that is D;; are holomor-
phic on T' x U;;, T' an open subset of C*. We obtain collections (F}); of
holomorphic functions on T' x U; and for ¢t € T the estimates
max  sup |F}(t, <(C max su D;;(t, < o0.
e thax N}pefz| ihp)l < ¢ max N}peUing\ i(t,p)l

The proof remains essentially the same, one just has to apply Lemma 2.9
to V; x D'(0, p) x T instead of V; x D'(0,p), j =0,...,N. Details are
left to the reader.

3. Classical and monomial asymptotics and summability

Here we recall the notions and main properties of classical Poincaré
and Gevrey asymptotics and summability in one variable (see, for in-
stance, [Ram2, Sibl, Bal, Can]) and then the corresponding theory
for monomial asymptotics of [CMS]. Our presentation follows essen-
tially [CMS]; the theory of monomial asymptotic expansions is pre-
sented for d > 2 variables instead of 2 and is rearranged and abbreviated.

3.1. Asymptotics in one variable. Let E be a complex Banach
space, with norm || - |z and f(z) = S ana™ € E[z]. A (open) sec-
tor in C is a set V(a,b;r) = {x € C| a < argz < b, 0 < |z] < 7}
We will omit frequently a, b, r, and speak of a sector V. If f: V — F
is holomorphic, f is said to have f as an asymptotic expansion at the
origin if for each N € N, there exists C(N) > 0 such that

N-1
f@) = 3 aua”
n=0

The asymptotic expansion is s-Gevrey if, moreover, C(IN) can be chosen
as C(N) = KANN!*, with constants K, A. We will write f ~ f and
fr~s f in the s-Gevrey case, respectively. Observe that f ~y f implies
that the formal series f is s-Gevrey, i.e. there exist C; A > 0 such that
lan| < CA™n!® for all n € N. The set of all such formal series will be
denoted by E[z]s.

Asymptotic expansions are unique, and respect algebraic operations
and differentiation. The so called Borel-Ritt—Gevrey theorem and Wat-
son’s lemma are of great importance. The following result collects them.

(3.1) < C(N)z|V in V.

E
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Theorem 3.1. Let V = V(a,b;r), f € Ez]s, and s > 0. Then:

(1) If b — a < sm, there exists f € O(V, E) such that f ~ f.

(2) If f € O(V, E) is such that | ~ 0, then there are positive constants
such that

I (@)]|e < Cexp(—Af|x|'*).

(3) If b—a > sm and f1, fo € O(V,E) have f as their s-Gevrey as-
ymptotic expansion, then fi = fo.

Because of the above theorem, a function f € O(V; E) is uniquely
determined by its s-Gevrey asymptotic expansion f , provided that the
opening of V is larger than sw. If such a function exists for a formal
series f, then it is said to be k-summable in V' with kK = 1/s and f is
called the k-sum of f on V. More precisely:

Definition 3.2. Let s > 0, k = 1/s, and f € E[z]s.

(1) The formal series f is called k-summable on V=V (a,b;r), if b—a>
sm and there exists a function f € O(V; E) such that f ~ f. The
uniquely determined function f is called the k-sum of f in the
direction 6.

(2) The formal series f is called k-summable in the direction 6 € R,
if there exist J,7 > 0 such that f is k-summable on the sector
V(Hfsg — 0,0+ 5% +5;7").

(3) The formal series f is simply called k-summable, if it is k-summable
in every direction 6 € R with finitely many exceptions mod 27.

The above notion of k-summability in a direction 6 does not indicate
how to obtain a sum from a given series; here the following characteri-
zation of k-summability helps.

Proposition 3.3. Given f(z) = Y ana" € E[x]s, it is k-summability
in a direction 0 if and only if the following statements hold.
(1) Its formal Borel transform g(t) =Y a,t"/T(1 + n/k) is analytic
in a neighborhood of the origin.
(2) The function g can be continued analytically in some infinite sector
S=V(0—90,0+0;00) containing the ray argt = 6.
(3) It has exponential growth there, i.e. there are there are positive
constants such that
lg(®)l|z < Cexp(A/|t]")

and hence the Laplace integral f(x)=kx =" _tk/g”kg(t)tk_1 dt
defining the sum of f~ converges for x in a certain sector V =
V(H— F %, 0+ o + %;7“), 0 < 9 <4, and suitably chosen 6 close

to 0. It satisfies f ~s f onV, s =1/k.

arg t=0 €



AsyMPTOTIC EXPANSIONS WITH RESPECT TO AN ANALYTIC GERM 21

We recall also the very useful characterization of functions having
an s-Gevrey asymptotic expansion due to J.-P. Ramis and Y. Sibu-
ya [Ram2, Sib2, Ram]1].

Theorem 3.4. Suppose that the sectors V; = V(aj,bj;7), 1 < j <m

J )
form a cover of the punctured disk D(0;7). Given f;: V; — E bounded
and analytic, assume that there is a constant v > 0 such that

(32) i1 (@) = fiz (@) 2 = O(exp(—7/|2|"*))
for x € V;, NV}, whenever this intersection is non-empty.
Then the functions f; have common s-Gevrey asymplotic expansions.
Conversely, if a function f: V — E having an s-Gevrey asymptotic
expansion is given, then a cover V;, 1 < j < m and functions f;: V; = E
can be found that satisfy estimates like (3.2) and f = fi.

Such a family fi,..., fin is sometimes called a k-precise quasi-func-
tion.
In [Sib2] the following complement of the above theorem can be found:

Theorem 3.5. Suppose that the sectors V; = V(a;,b;;r), 1 < j < m,

form a cover of the punctured disk D(0;r). For couples (j1,j2) with

Vi, NV, # 0, let holomorphic dj, j,: V;, NV;, — E be given that satisfy

the cocycle condition dj, ;, + d;, j, = dj, j, whenever V; NV, NV, # 0

and estimates

(33) 51,4 ()| 2 = Oexp(=/|2]"'*)

for j1,52 € {1,...,m} and x € V;, NV, with some constants s,y > 0.
Then there exist bounded holomorphic functions f;: V; — E such that

dj, j» = fj1 — [, whenever V;, NV}, # 0; moreover the functions f; have

common s-Gevrey asymptotic expansions.

3.2. Monomial asymptotics. In [CMS] the notion of monomial
asymptotics in two variables was introduced in order to study doubly
singular differential equations. We want to extend this notion to an
arbitrary number of variables.

In the sequel, let > = z{" --- 25" denote a monomial in the d vari-
ables x1,...,24. We begin by restating Corollary 2.5 in a slightly differ-
ent way: C is replaced by an arbitrary C-vector space E and P = x©.
Accordingly, we shall denote A(x*, E) = {g = Y. ggz® € E[z]; g5 =
0if B € a+ N9} asin (2.4).

Lemma 3.6. For any vector space E, there exists a canonical isomor-
phism

T: Efz] — A(z™, E)[t]
with the property (Tf)(x®) = f for all series f € E[x]. Here the
symbol (T f)(x®) means that t is replaced by x® in the series Tf.
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In this statement, the name canonical emphasizes the independence
of the linear form ¢. By abuse of notation, we use the same symbol T for
the analogous isomorphism T: E{x} — A(x®, E){t} if E is a normed
vector space (and consequently, there is a notion of convergence).

For r >0 let &, denote the Banach space of all functions f € Op(D(0;7))
the series expansion of which J(f) € A(x®). If ' < r there is a natural
restriction map &. — &, linear and continuous. The image of f € &,
will be denoted f|g ,. Similarly, if f(t) = >°," fat"™ € E-[t] is a formal
series, f(t)]e, will represent > o fnle "

In the subsequent lemma, we establish an analogue of the operator T
for functions defined on sectors in a monomial. This lemma generalizes
the construction below Lemma 3.5 of [CMS] to an arbitrary number of
variables.

We call “sector in £, or z%-sector, a set I = II(a, b; R) C (C\{0}),
R=(Ry,...,Ry) €]0,]¢,

M={xecC|a<arg(x®) <b,0<|z;] <Rjj=1,...,d}.

Remark 3.7. Here and throughout this work, we will only consider sec-
tors in C, i.e. of opening not greater than 27. So, in the definition of a
x*-sector, and in subsequent definitions, we will assume implicitly that
b—a<2m.

Lemma 3.8. Let IT = TI(a,b; R) a sector in * and f: 11 — C a
holomorphic function. Then there is a uniquely determined holomor-
phic function Tf: V(a,b; R*) x D(0; R) — C such that J((Tf)(t,.)) €
A(x®) for any t and (Tf)(x™, x) = f(x). Moreover, if there is a func-
tion K: 10, R*] — Ry such that |f(x)| < K(|x®|) for € II, then

(T, x)| < K([t]) H ( |x]\) fort € V(a,b; R*), ¢ € D(0; R).

Remark 3.9. (1) Thus for t € V(a,b; R), the mapping = — (Tf)(t, z)
defines an element of any &, 0 < 7 < min; R;. This element will be
denoted by T'f(t)|e,. Clearly T'fle.: V(a,b; R*) — &, is holomorphic.

_ =%

(2) The estimate could be improved by multiplying with ( R ) on
the right. We omit this factor, as it has no advantages in applications of
the lemma.

Proof of Lemma 3.8: If f: II(a,b; R) — C is a holomorphic function and
I(a’,b'; R') is some proper z®-subsector of Il(a, b; R), that is a < a’ <
V' <band 0 < R} < Rj for j =1,...,d, then we can establish a function
K:]0,R'*] — Ry such that |f(z)| < K(|]z%|) for € I(a’,V'; R). We
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can simply put

K(s) = max{|f(z)| | & € M(s)},
where M(s) = {x € cl(Il(d/,b'; R")) | |x*| = s}, because M(s) is a
compact subset of II(a,b; R). To see this observe that for j = 1,...,d
and & € M(s), |2;|* > s]];; R, ™" and hence none of the z; can be
too close to 0.

It is therefore sufficient to prove the lemma under the additional
assumption that there exists a function K: |0, R*] — R, such that
|f(x)] < K(Jz*|) for * € II. The uniqueness implies that we can
define T'f for a holomorphic function on II(a,b; R) by combining all
the functions T f obtained for the restrictions of f to proper subsectors
of Il(a, b; R).

The lemma had been proved in the case of a product of two variables
in [CMS]. We give a proof for the general statement. Suppose first that
a=(1,1,...,1), i.e. the monomial is the product ** = z1 - - - x4. Then
we show the statement with the improved estimate

d —1
(3.4) [(THt =) <KD ] (1 _ ‘%) for t€V(a,b; RY), € D(0; R).
j=1 J

Observe that we can assume without loss of generality that the radii
coincide: R; = R for j = 1,...,d. Otherwise put R = R; and con-
sider the function f(a:l, ceyg) = f(zl,xg%, e ,xd%) and K(t) =
K(tRy--- Rg/R1); the radii are all reduced to R now.

We now proceed similarly to [CMS], but have to treat Laurent se-

ries in several variables. Put g(t, z2,...,24) = f(ﬁ, 22y n, zd).
Then for fixed t € V := V(a,b; R?), g(2';t) (with notation as in 2.1)
is defined on the set of all 2/ = (zg,...,24) € C47! such that |2/| =
max(|zz|,...,|zd]) < R and |z3--- 24| > %. Applying several times

the theorem on Laurent series expansions, we obtain that g(z’;t) =
> mezd—1 9m(t)2'™ with coefficients gy, (t) holomorphic on V' and that

(3.5) |gm ()] < K([t))ry ™ - rg ™

whenever 0 < ro,...,rq < R are such that their product ro---7r4 > ‘iRl.
In order to get good estimates for these coeflicients, we have to choose
the r; in an optimal way.

In the case that one of the m; is negative, we choose ¢ such that the
minimum of ma, ..., my is my < 0 and rewrite (3.5) as

|gm (O] < K(t))(r2 -+ ra)™™org "2 g

As the differences my — m; < 0 and one of them equals 0 in case
j = £, we can choose r; = R if j # ¢ and r, arbitrary such that
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To - Tq > %. Going over to the limit, we can as well assume that

m

ry is chosen such that ro---rg = Introducing the notation u(m) =

my = min(my, ..., mg,0) and |m|1 = mg + - -+ + my, we thus obtain in
this case
(36) lgm ()] < K(Jt])[¢] 0™ RO =Imi

In the case where all m; are nonnegative, we choose r; = R for all j
and obtain |g,, (t)| < K(|t|)R~I™I1. So, (3.6) is valid for all m € Z4*.

Now we put o, (t) := t*(™) g, (t) and obtain that h,,, are holomorphic
on V and |hy,(t)] < K([t|)R*™ =™l for t € V and m € Z¢~1. Tt
is convenient to introduce ¢: Z9~! — N? by ¢(m) = (—p(m),mg —
p(m),...,mg— pu(m)). Observe that ¢ is a bijection between Z?~! and
the set My of all n = (ny,...,nq) € N? such that at least one of the n;
vanishes; moreover |¢p(m)|; = |m|; — du(m). Now we define for t € V

(3.7) (THEz) = > hm®z*™.

mezd—1

As all ¢(m) are in My, we obtain J((T'f)(t,.)) € A(x®). Next, we
have to show the convergence of the series if |z;| < R for all j. Using
H(Z171) = M, we estimate

S @12 < K(t) Y ('””R')'"'l K1) r_[( ‘1‘1')

mezd—1 neMy

and thus the convergence of the series and the estimate of the theorem.
This also implies that T'f is analytic for t € V, @ € D(0; R). The fact
that (T'f)(x®,x) = f(x) follows easily from the construction

Z hm(ma)wd)(m): Z gm(wa)m”(m)o‘+¢(m)

mezd—1 mezd—1
= > gm(a™z™ = f(x).
mezd—1

We now reduce the general case to the one treated above. Sup-
pose that oy > 1 and let £ = €™/ Observe that € II im-
plies «®) := (¢*x,2’) € M for k = 0,...,; — 1 and therefore there

are uniquely determined functions Fo, ..., Fy,—1 defined on the sector
a < arg(zxy? - )<b 0< |z < 0<|$J|<Rj,f01"j—2 ,d
in the monomial zm2 -y such that

al—1
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The functions Fj can be determined by the Vandermonde system

a;—1

(k) 251 1’1 , & /), k:O,...,al—l.

Hence,
a;—1
F('T17 Zgjk (k> jzoy"'7a1_17
and therefore [2$1 Fj (25, 2, . . ., 24)| < RS 7 K (J&®|) for j=0,...,a;—
1, € II. Continuing in this way we prove that
(3.8) f@)y= > aPFg(af,...,a5"),
0<B<a

where summation is over all integer vectors B € Z%, 0 < B; < aj for
all j, and where the functions Fg satisfy

@ Fa(at, ... 25%)| < R PK(|2%)).
Now the situation is reduced to functions Fjg, satisfying

a-p K(Jui - uaql)

F, <R
‘ ﬁ(uly 7ud)|— |u1"'ud|

on a (uq - - - uq)-sector II. Using the first part of the proof, especially (3.4)
for each Fg, and then combining them using (3.8) implies the statement.
We just have to use the formula

s I (i-20) 11 (-

0<B<a j=1

The proof of the uniqueness can be given following the same steps as
in the construction of T'f. Details are left to the reader. An alternative
proof is given, in the context of asymptotic expansions with respect to a
germ, at the end of the proof of Theorem 4.7, at the end of Section 5. [

Example 3.10. The following example due to S. Kamimoto shows that
if one of the a; > 1, then the estimate for T'f cannot be as good as
in (3.4) in the case of a “simple” product z; - - - z4.

Consider the monomial % = z?x, and a small z%-sector I =
I1(—0,8; R), 6,R > 0. Define f: II — C by the principal value mé/z
if argx1 and argxy are both small and extend this function to all of II
by analytical continuation. This is possible as for any path ~: [0, 1] — II,
v(s) = (71(s),72(s)), we must have |2arg~i(s) + argy2(s)| < 0. Hence
if we start with arg~y;(s) ~ 0 and 7, has made one tour of x5 = 0 and
thus reached arg~ys(s) ~ 2w, then we have arg~,(s) ~ —m and are far
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away from the starting point of the path. After two tours of v, around
29 = 0, we have arg~y;(s) = 27 and argy,(s) = 47 and are again (with
respect to the arguments) close to the starting points of the path. The
values of f obtained by analytic continuation of xé/ 2 are also close to
the original ones as argx, has been changed by about 4.

Thus we have an analytic function f: II — C that is bounded and
satisfies f(—x1,22) = —f(z1,22) for (x1,22) € II. The unique func-
tion T'f of Lemma 3.8 is apparently Tf(t, (x1,22)) = t~ Y/ 2x125 (with
the principal value of t~*/2) and this function is not bounded as ¢ — 0.

In the above example, the P-sector is connected. A simpler example
where II has several connected components is given in the one variable
case by the monomial z2. Consider the x2-sector I1(—4, d, R) which has
the two components |argz| < §/2 respectively |argz — w| < §/2. A
bounded holomorphic function can be defined by having the value 1
on one component and the value —1 on the other. The corresponding
function T'f is apparently T'f (¢, ) =t~'/?z and also unbounded as t — 0.

Now we are in a position to define monomial asymptotics.

Definition/Proposition 3.11. Let f be a bounded holomorphic func-
tion on I = I(a,b; R) and f € O. We will say that f has f as as-
ymptotic expansion at the origin in x® if there exists 0 < R < R such
that Tf(t) = Yoo o gnt™ € E[t] and one of the following equivalent
conditions is satisfied:
(1) For every r € |0, R[ one has Tf(t)lg, ~ Tf(t)le, as V(a,b;r™) 3
t — 0 in the sense of (3.1).

(2) For every 0 < r < R and every N, there exists C(N,r) such that
for all @ € II(a, b; )

N—-1
= gn(@)x"| < C(N,1)|a™.
n=0

Analogously, we define the notion of s-Gevrey asymptotic expansion ifo
is an s-Gevrey formal series (with coefficients in Ez) and Tf ~s T f or,
equivalently, C(N,r) can be chosen as L(r)A(r)N N!*.

Proof: It suffices to prove that the second condition implies the first,
the converse is trivial. For that purpose, consider the function é(x) =
f(x) — Zg:o gn(x)x™™. We can apply Lemma 3.8 with K (u) = uVt!
and obtain for 0 < 7/ <7 < R

(T, x) Zgn

I\ —d
<CN+1r)\t|( %) .
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So, we have

(Tt x) Zgn

+ lgn (@)t"|

(Tt x) Zgn

’

—d
T
< 0<N+1,r>|t|N(1 - 7) Flav @

Remark 3.12. Let us note that, in the Gevrey case, the series Tf(t)
automatically turns out to be s-Gevrey. In fact, from the inequalities

(TF)(t,x) Zgn

we obtain that

N\ —d
"< L) AN + Y (1 ~ 7’7)

Tl

oxt@) < LA™ 0 (1-7) s reaerve (1-7)

/

— L(r) (1 - Z>_dA<r>NN!S {f“ YN+ \H

Fixing ¢ with [t| = £ yields Gevrey bounds for gy ().

In the rest of this subsection, we recall the properties of Gevrey as-
ymptotic expansions in a monomial from [CMS], but state and prove
them in the general setting — whereas [CMS] only consider the mono-
mial z125. Since we have the main Lemma 3.8 in the general setting,
the generalization is straightforward.

As in the single variable case, functions Gevrey asymptotic to 0 in a
monomial are exponentially small.

Lemma 3.13. If f € O(IL; E) has an s-Gevrey asymptotic expansion
in x* where f = 0, then, for all sufficiently small R' > 0 there exist
C, B > 0 such that on 11

|f(x)] < Cexp (—ﬁ) forz eIl |z| < R'.

Proof: As in the classical case, we choose N close to the optimal value
(A]xz®[)~1/% in the definition of an s-Gevrey asymptotic expansion in £
Stirling’s formula yields the statement. O

Using the first condition in the definition of an s-Gevrey asymptotic
expansion in % and using Lemma 3.8 with K (u) = exp(—y/u!/®), the
theorem of Ramis—Sibuya (Theorem 3.4) (together with Theorem 3.1 (1))
immediately implies:
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Theorem 3.14. Suppose that the sectors II; = II(a;j,bj57), 1 < j <m
in x*, form a cover of D(0;r) \ {x; x> = 0}. Given f;: II; - E
bounded and analytic, assume that for every subsector II' of II;, N1IL;,
(provided that I1;, N1I;, # 0) there is a constant y(II') > 0 such that

(39) |fj1 (w) — fJ2(m)| — O(exp(—"}/(H/)/|wa|l/S))

for @ € II'. Then the functions f; have asymptotic expansions in x*
with a common right hand side and the expansions are s-Geuvrey.
Conversely, if a function f: II — E having an s-Gevrey asymptotic
expansion in x* is given, then a cover Il;, 1 < j < m and functions
fi: II; = E can be found that satisfy estimates like (3.9) and f = fi1.

As a consequence, Gevrey asymptotics in a monomial are compatible
with the elementary operations (sum, product,...). This is not obvious
from the definition, except for addition.

Also, a Watson’s lemma for Gevrey asymptotics in a monomial follows
from Lemma 3.8 and the one-variable version in Theorem 3.1 (2).

Theorem 3.15. Let II = II(a, b; R) be a sector in € with b—a > sm
and suppose that f € O(IL; E) has f = 0 as its s-Gevrey asymptotic
expansion. Then f =0.

Definition 3.16. Let s > 0, k = 1/s and a formal series f(x) =
Y mend AmT™ be given.
(1) We say that f is k-summable in ® on 11 = I(a, b; R) if b—a > sm
and there exists a holomorphic bounded function f: II — E such
that f has f as its s-Gevrey asymptotic expansion in % on II
in the sense of Definition/Proposition 3.11. Then f is called the
k-sum of f in £ on II. If it exists, it is unique, by Theorem 3.15.
(2) The formal series f is called k-summable in 2 in the direction 0 €
R, if there exist d,r > 0 such that f is k-summable in ® on the
sector H(9 — 55 — 0,0+ 55 + 5;7") in x«.
(3) The formal series f is simply called k-summable, if it is k-summable
in every direction § € R with finitely many exceptions mod 27
(called singular directions).

The first condition in Definition/Proposition 3.11 shows that f is
k-summable in ® on I(a,b; R) if and only if the formal series Tf =
>0 o gnt™ has coefficients in &, and if it is k-summable on V(a, b;r?)
for » > 0 sufficiently small as series in one variable with coefficients
in a Banach space. This allows us to carry over classical theorems to
k-summability in a monomial.



AsyMPTOTIC EXPANSIONS WITH RESPECT TO AN ANALYTIC GERM 29

It would be tempting to define summability in a monomial (and also
Gevrey asymptotics in a monomial) using only a fixed radius r > 0, but
an example in [CMS] shows that r might have to be chosen smaller and
smaller if the direction 6 approaches a singular direction.

4. Asymptotics with respect to an analytic germ

Consider a germ of analytic function P(x) € O = C{z1,...,z4}, not
a unit (i.e. P(0) = 0) and not identically vanishing, defined in some
neighbourhood of 0 € C¢, say in D(0; p).

Definition 4.1. A sequence {f,}52, in Oy(D(0;p)) is an asymptotic
sequence (for f) if J(f,) converges in the m-adic topology of 0= Clx]
towards an element f € O.

If, moreover, J(f,) = f mod PO for all n, then we will say that
{fn}n is a P-asymptotic sequence (for f).

If f € O is the limit of some P-asymptotic sequence, then we say that
f is a P-asymptotic series.
Definition 4.2. Given ¢ < b, 0 < R; < 400, j = 1,...,d, R =
(R1,...,Rq), the P-sector IIp(a,b; R) is the set

Ip(a,b;R) = {x € C% a < arg P(x) < b, 0 < |x;| < R;j for j=1,...,d}.

By abuse of notation, we sometimes write IIp(a,b; R) for Ip(a,b;
(R,R,...,R)).
Definition 4.3. Given a P-sector II, f € O(II), and f € C[x], we will
say that f is the P-asymptotic expansion of f on II if there exist p > 0
and a P-asymptotic sequence {f,}>2; in Oy(D(0;p)) for f, such that,
for every n € N, there exists K,, > 0 such that
(41) |f(z) — fu(z)| < KnlP(2)]"
on D(0; p) NTI. We will denote this by f ~& f. Observe that f is a
P-asymptotic series in this case.

Remark 4.4. (1) In Theorem 4.9, we will show that the above definition
is equivalent to statements that reduce to Definition/Proposition 3.11 in
the case of a monomial.

(2) If U is a unit and @ = UP then it is immediate to verify that f has a
series f as a P-asymptotic expansion if and only if f has the same series
as Q-asymptotic expansion.

(3) Specialization. Consider a disk D(0; p’) € C™, and Q: D(0;p') — C¢
such that Q(0) € D(0;p) C C% and PoQ(0) = 0 but Po Q # 0. Let
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f € O(Ilp(a,b; R)) and consider a P-asymptotic sequence {f,}22; for
f. There exists R’ > 0 such that, if y € C™ verifies 0 < |y;| < R’ for
every i, 1 <i < m, then Q(y) € D(0; R) C C%. Under these conditions,
foQ is well defined on a P o Q-sector II = IIpog(a,b; R') and has the
sequence {f, o @}, as P o @Q-asymptotic sequence.

This applies in particular when Q(0) = 0. Another interesting spe-
cial case of this property can be given in the context of monomial
asymptotic expansions, i.e. P = x®, and Q: C — C? is defined by
Q(z) = (z,ta,...,tq), with (ta,...,t5) € C¥1 0 < |[t;] < R. We ob-
tain that monomial asymptotic expansions can be specialized, fixing the
values of some of the variables.

(4) The notion of P-asymptotic expansion agrees with the usual notion of
asymptotic expansion in one variable if P = z. Indeed, suppose that f is
a holomorphic function defined on a sector V', and that there is a family
of holomorphic functions { f,, }, defined on a common neighbourhood of
the origin D(0’; p), and such that there exists C,, with

|f(2) = fu(@)| < Cula|"

on V N D(0;p). The sequence {f,}, turns out to be an asymptotic
sequence. Indeed, observe that
|fn(@) = frs1(@)| < [ fnlz) — @)+ 1f(@) = fas1(@)] < (Cn + Cryala])|z]",
and therefore the meromorphic functions (f,(z)— fnt1(z))/z™ are
bounded on V N D(0; p), thus holomorphic at the origin. Therefore we
have Jp,—1(fn) = Jn—1(fns1) for all n and J(f,,) converges in the m-adic
topology of C[z] towards some series f, such that Jy_1(fim) = Jn_1(f)
whenever m > n.

As we have |f,(z) — Jo—1(fn)(x)] < K,|z|™ for every n € N with
some K, we finally obtain
|f(@) = Jn1 (/) (@) < |f(@) = fr(@)[+[fn(z) = Jn-1(fn)(@)| < (Cn + Kn)lz|",
on VN D(0;p").

The converse is trivial.

Lemma 4.5. (1) If a sequence {f,}n of functions on some poly-
disk D(0;p) and a function f on some P-sector satisfy the in-
equalities (4.1), then {fn}n is a P-asymptotic sequence.

(2) The P-asymptotic expansion of a function f on a P-sector, if it
exists, 18 unique.

Proof: For (1): Such a sequence satisfies for all n € N

[fn(®) = fra(®)] < |fu(®) = f(@)] + (@) = fatr(2)]
< (Kn + Knia|P(2)])| P(2)|]" < Ky | P()]"
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on the P-sector II mentioned in the statement. By Lemma 2.2, P(x)"
divides fp(x) — frny1(x) for all n. As P(0) =0, {f» }nen is a Cauchy se-
quence for the m-adic topology and converges to some f € 0. Moreover,
fn = f mod PO for all n and the statement follows.

For (2): Let {fn}n, {fn}n be two asymptotic sequences on a P-sector II,
such that a family of constants C,, > 0 exists satisfying

|f() = fn(2)| < Cn|P(z)]",

[ (@) = fu(@)| < Cu|P()|".
Then,

|fr(@) = fo(@)| < 2C,|P(@)|"
on II, and by Lemma 2.2, P(x)" divides f,(x) — fn(w) So, the fami-
lies {fn}n, {fn} have the same limit in the m-topology. O

Let us see now that Definition 4.3 is independent of the chosen P-as-
ymptotic sequence with limit f. Assume that {f,}, in Op(D(0;p)) is a
P-asymptotic sequence, f € O(II), I a P-sector, such that for all n € N

|f(x) = fo(@)] < Kn|P(2)|",
for € IIN D(0; p), where K, > 0 are certain constants.

Let {fn}n be another P-asymptotic sequence with f,, € Oy(D(0;p))
and such that {f,}, and {f,}, have the same limit in the m-adic topol-
ogy. Without loss of generality we may assume that p = p.

For any given n € N, we have J(f,) = J(f,) mod P"O. Applying
Lemma 2.4 for formal and convergent power series, it follows that actu-
ally J(fn) = J(fn) mod P"O for all n. Applying Lemma 2.6, it follows
that there exists some positive p’ < p such that for every n € N we can
write f,, — fn = h, P"™ with some h,, € Oy(D(0;p")).

On D(0; p') NII we have

(@) = fa(@)] < 1f(@) = fal@)] + |hn()] [P(2)]"
< (K + Co)|P(2)]",

where C,, denotes some bound of h,, on D(0; p'). This proves that {f, },

also satisfies the inequalities (4.1) and thus can be used to define f ~& f
on IL

Contrary to monomial asymptotics, there is no canonical expansion
(like in Definition/Proposition 3.11). Using Generalized Weierstrass Di-
vision in the form of Lemma 2.6, we are going to present standard ex-
pansions in an expression, but they cannot be called canonical, as they
depend on the choice of the linear form ¢ or equivalently on the choice
of the leading monomial of the analytic germ.
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The only case where this expansion is canonical is precisely when this
leading monomial does not depend upon the linear form ¢, or, in geo-
metric terms, when the Newton polyhedron of P(x) has only one vertex.
In this case, P(x) = x®U(x) with some unit U(x), and Remark 4.4 (2)
reduces the situation to the monomial case.

It is convenient to construct operators Ty (for injective linear forms
¢: N — R, ) analogous to the operator 7' used in monomial asymptotics.
First we restate Corollaries 2.5 and 2.7 in a slightly different way: C is
replaced by an arbitrary C-vector space E. For an injective linear form
0:NY - Ry, Pec0O\{0}, P(0)=0, and a vector space E, let Ay(P, E)
denote the subset of E[z] defined analogously to (2.4). We abbreviate
Ag(P) = Ay(P,C).

Lemma 4.6. Let : NY — R, an injective linear form, P € O\ {0},
P(0) =0. For any vector space E, there exists an isomorphism

Ty: Elz] — Ae(P, E)[t]

with the property (Tyf)(P) = f for all series f € E[x]. Here the
symbol (T f)(P) means that t is replaced by J(P) in the series Tyf.
If E is a normed vector space and f € E{x} then Tyf € E{t}, where
Ep = Ag(P, E) n E{iL’}

For » > 0 let &, denote the Banach space of all functions f €
Op(D(0;7)) the series expansion of which J(f) € Ay(P). If v’ < r there
is a natural restriction map &, — &, linear and continuous. The im-
age of f € &, will be denoted flg, ,. Similarly, if f(t) = > " fat" €
Eor[t] is a formal series, f(t)le, , will represent 3372 o fule, 1"

In the subsequent theorem, we establish an analogue of the operator T;
for functions defined on sectors in a germ. This theorem generalizes
Lemma 3.8 to arbitrary germs.

Theorem 4.7. Let {: N¢ — R, an injective linear form, P € O\ {0},
P(0) =0. LetII=IIp(a,b; R) a sector in P. Then there exists p,o, L>0
with P(D(0, p)) C D(0,0) and the following properties:

(1) If f: I — C is a holomorphic function on II, then there ex-
ists a uniquely determined holomorphic function Tyf: V(a,b;o) X
D(0;p) — C such that J(Tyf)(t,.)) € Ay(P) for any t and
(Tef)(P(x),z) = f(x) for all z € II, |x| < p.

(2) Moreover, given a function K:]0,S] = Ry, S > sup,ep |[P(x)],
such that |f(z)| < K(|P(x)|) for € II we have

(Tt )| < %K(It\) Jor t € V(a,b,0), @ € D(0: ).

Theorem 4.7 will be proved in the next section.
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Remark 4.8. (1) It is important in some applications, that the numbers o,
p, L are independent of the function f to which Ty is to be applied.

(2) Unfortunately, Tpf is in general defined on a small set only unlike T'f
in Lemma 3.8 for monomial asymptotics. As in our theory of asymp-
totics in a germ, the radius of the sectors or polydisks has to be reduced
frequently, this is not crucial. The authors were surprised that such an
operator Ty for asymptotics in a germ exists.

(3) The unicity of Ty f in statement (1) implies that the operator T is in-
dependent of the given P-sector in the following sense: If a < a’ < V' < b,
f e Oy(Mlp(a,b; R)), Fy = T;’bf : V(a,b,0) x D(0; p) is the function
of statement (1) and Fy = T;/’b/f\np(a/’b/;R) : Vi(d,V,0") x D(0;p)
is the function of statement (1) for f restricted to the P-subsector
IIp(a’,V'; R), then the restrictions of F} and Fy to V(a’,b’,5) x D(0; p),
& = min(o,0"), p = min(p, p’) coincide. This justifies our notation and
will become important later.

The first crucial application of the above theorem generalizes Defini-
tion/Proposition 3.11 to asymptotics with respect to an analytic germ.
Theorem 4.9. Let {: N — R, be an injective linear form, P € O\ {0},
P(0) = 0 and let A(P) be defined by (2.4). Let II be a P-sector, f €
O(II) and f € O. Then f has f as P-asymptotic expansion on 11 if and
only if there exists p > 0 such that Tyf € Oy(D(0;p))[t] and one of the
following two equivalent conditions holds:

(1) Tgfzzzozo gn(X)t" and for every N there exists Ly >0 such that
N—-1
f@) = 3 9@ P@)"| < LulP@)" for @ €110 D(O; ).
n=0
(2) The function Tyf from Theorem 4.7 is defined on V(a,b;o) X
D(0; p) — C for some positive o and satisfies

TngT[f as V(a,b;0) 3t — 0.

It is worth noting separately that series that are P-asymptotic expan-
sions, i.e. P-asymptotic series, cannot be arbitrary. The theorem will be
proved after the subsequent corollary and several remarks.

Corollary 4.10. Iff is a P-asymptotic series then there exists p > 0
such that Ty f € Oy(D,)[t], i-e. if f is written according to Corollary 2.5

f:Zg’ﬂPn7 g’ﬂeAl(P)’
n=0

then there exists p > 0 such that for all n € N, g, defines an element
of Oy(D(0; p)).
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Remark 4.11. (1) The converse is also true. Indeed, fn, = Y o_, gxP*
defines a P-asymptotic sequence converging to f.

(2) The set of the above series is a subset of the completion of C{x} with
respect to the valuation defined by the powers of the ideal (P). Observe
that their union over all p > 0 does not exhaust the completion: the
latter also contains series Y g, P", where the radii of convergence of
the g, tend to O.

(3) In the case of a monomial P = &%, Theorem 4.9 and Corollary 4.10
confirm that the “new” Definition 4.3 of x“-asymptotic expansions is
equivalent to the “classical” Definition 3.11 from [CMS].

(4) 1t fe Ou(D(0; p)), and f is the Taylor expansion of f at the origin,
f has f as P-asymptotic expansion, as f can be written in powers of P
by Corollary 2.7 of the Division theorem (Lemma 2.4).

(5) With € = Ay(P) N C{z}, the set £[t] is not an algebra, as it is
not closed under multiplication. Nevertheless, from Definition 4.3 it can
be seen that the product of functions having a P-asymptotic expansion
also has a P-asymptotic expansion. Indeed, consider functions f, g on
some P-asymptotic sector and P-asymptotic sequences {fn}tn, {gn}n
satisfying (4.1) corresponding to P-asymptotic expansions of f, g. Then
we can write

f(@)g(@) = fn(@)gn(@) = f(2)(9(2) — gn(@)) + (f(2) — fr(2))gn ().

So {fn(®)gn(x)}, is a P-asymptotic sequence converging to f(x)g(z).
In fact, if (Tof)(t, @) =Y o0 g an(@)t™, (T9)(t, @) = > 0" bu(x)t™, and

decompose
> ar(@bn k(@) =D b (@) P(z)™,

m=0

with h,,, € €, we have

To(fg)(t Z(Zhn mym ( >

n=0

(6) It is not evident from Definition 4.3 and the characterization given in
Theorem 4.9 that the set of functions having a P-asymptotic expansion is

stable by partial derivatives. Let II be a P-sector, f € O(II) having f €
O as a P-asymptotic expansion. Using the notation of Theorem 4.9 (2),
Ty f ~ Tyf. From the equality f(x) = Ty f(P(x),x), we deduce that

of 0P (L) o(T:f)
(@) = 5@ 25 (P@), @) + Z5 2 (P(@), @).
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As a(T‘f ) (t,x) and maigfif)(t,:c) have asymptotic expansion with respect
to t, by Cauchy’s formula, considerations about products made in (3)
and (4) imply that 8%(3") has a P-asymptotic expansion. Moreover, if
we write

oo

Tgf t:B Z

and expand
8P
Bx Z Grm(@ ’

with gnm(x) € Ay(P), then a stralghtforward computation shows that

> n+1
o (ga{) (he) =2 <g£n @)+ kgk,nkﬂ(m)) "

n=0 k=1
Observe that g—fg(a}) € Ay(P).

Proof of Theorem 4.9: Assume that { f,, }nen is a P-asymptotic sequence
defined on D(0; R) for some positive R satisfying the inequalities (4.1)
of Definition 4.3 with the constants K,,:

|f (@) = fau(@)] < Kn|P(2)]"

for 2 € D(0; R)NIL, II some P-sector, and such that J(f,) = f mod P"O.

According to Lemma 2.6, we can choose ;>0 such that D,, C D(0; R)
for the set D, of Lemma 2.6; let @, R denote the operators on Oy(D,,)
introduced there. Then we can write for all m € N

ZRQ (fa)P(@)" + Q™ (f2)P(z)™.

As in the proof of Lemma 4.5, we find that f, = f,+1 mod P"Oy(D,,)
and hence RQ¥(fn) = RQ"(fm), if v < n < m. So, define g, :=
RQ"(fn41) € Oy(D,,). We have J(gn) € A¢(P) and g, = RQ™(f,) for
all m > n.

Then for all n,

=3 @) P ()| = | ful@) — 3 RQU(furn) P (@)
v=0 v=0
— ful@) = 3" RQU ()P (@)| = 1Q" (F)P" (@) < M| P(a)]",

for * € D, with some constant A,. This first implies that flx) =
S22 gn(x)P(x)" and hence Tyf € Oy(D,)[t]. Together with (4.1),
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this yields

(4.2) < (Kn + My)|P(2)["

n—1
- gu(@)P"(x)
v=0
for n € N and @ € TI. Thus we have proved (1). Application of Theo-
rem 4.7 to (4.2) with K(s) = (K,, + M,,)s™ yields the existence of some
positive o, p < p and L such that

(Tef)(t, x) Zgl, < L(Kp + M)t

for (t,x) € V(a,b;0) x D(0; p). This proves (2).
The proof of the converses is trivial. O

Corollary 4.10 raises the question, whether all formal series ) g, P",
the coefficients g, € Oy(D(0; p)) of which satisty J(g,) € A¢(P) can be
attained as P-asymptotic expansions of some function f on an arbitrary
P-sector. Using the classical Borel-Ritt Theorem 3.1 (1), it follows easily
that this “Borel-Ritt theorem for asymptotics in a germ” is valid. Details
are left to the reader.

5. Proof of Theorem 4.7

The main problem is to find any function F' analytic on V' (a,b; o) x
D(0; p) satisfying F(P(x),x) = f(x) for small x in IIp(a, b; R) because
subsequently Corollary 2.7 can be applied to F'(¢,.). In the construc-
tion of such a function F' using induction on h(P), we need to study
functions F' satisfying F(P(x),x) = 0. This will be done in the two
subsequent lemmas.

In this section, we fix a linear form ¢ and a germ P as in the hypothesis
of the theorem and suppose that P € O(D(0; R)) for some R > 0. We
begin with a simple observation.

Lemma 5.1. Let a,b,r > 0 and D C D(0; R) be some domain. For
every analytic F: V(a,b;r) x D — C satisfying F(P(x),x) = 0 for
x € D with P(x) € V(a,b;r), there exists a unique analytic function
H:V(a,b;r) x D — C such that

(5.1) F(t,x) = (t — P(x))H(t,x) for allt € V(a,b;r), x € D.

Proof: H is determined by H(t,x) = F(t,x)/(t — P(x)) on the set
of (t,z) with ¢t # P(x). If there is no x € D with P(x) € V(a,b;r)
then H is obviously analytic on V(a,b;r) x D.

If there exists « € D such that P(x) € V(a,b;r), then the hypothesis

implies that lim;_, p(z) H(t,x) = %—I;(P(w), x) exists. Using Riemann’s
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theorem on removable singularities, this shows that, for any fixed x,
the function ¢ — H(¢,x) can be analytically continued to a function
holomorphic on V' (a, b;r).

The simplest way to establish analyticity of this continuation with
respect to (t,a) in the neighborhood of some “critical ” point of the
form (P(zo),zo) € V(a,b;r) x D is to write

1
H(t,z) = / a—F(Tt +(1—=7)P(zx),x)dr
. ot
for all (¢,) in its neighborhood. O

Lemma 5.2. Let a,b,r > 0 and D, D' C C? be two domains such that
the closure of D' is compact and contained in D. Then there exists
L > 0 with the following property: For every analytic F: V(a,b;r) x
D — C satisfying F(P(x),x) = 0 for & € D with P(x) € V(a,b;r)
and supgep |F(t, )| < K(t) with some K: V(a,b;r) — Ry, the unique
analytic function H: V(a,b;r)xD — C of Lemma 5.1 with (5.1) satisfies

sup |H(t,x)| < LK(t) forte V(a,b;r).

xeD’
Remark 5.3. Lemma 5.1 implies that ¢t — P(x) divides F(¢, ). Therefore
Lemma 2.3 could be applied to these functions of (¢, ). Unfortunately
this does not yield the desired result as we would have estimates for H
only on (¢, x)-subsets compactly contained in V (a, b, r) x D which cannot
have points with ¢ = 0 on their boundary.

Proof: It is close to that of Lemma 2.3, but use of Lemma 2.6 in this
special situation improves the domains of validity of the estimates.

By a classical argument of compactness, it is sufficient to prove that
for every to in the closure of V(a,b,r) and every xg € D, there exist
d,L > 0 and a neighborhood U C D of xy such that for every function
F: V(a,b;r) x D — C fulfilling the hypothesis of the theorem with some
majorant K, the quotient H from the previous lemma satisfies

sup |H(t,z)| < LK(t) fort € V(a,b;r)N D(to,9).
xelU

For the proof of this statement, we have to distinguish two cases.

If P(xg) # to, then |t — P(x)| is bounded below by some positive
constant if ¢ is sufficiently close to tg and a sufficiently close to xy. In
this case, the existence of §, L, U is immediate.

If P(x0) = to, then we apply the results of Subsection 2.3 to P(x) =
P(xg + x) — to. We choose some injective linear form ¢ and define
A;(P) accordingly (see (2.4)). We choose some neighborhood U of 0 such
that Lemma 2.6 can be applied. This yields bounded linear operators
Q. R: Op(U) = Op(U), U := g + U, such that for all functions ¢, q,r €
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Op(U), we have g = (P —tg)q+7, Jg,(r) € AZ(]:’) if and only if ¢ = Q(9)
and r = R(g). Here J,,(r) denotes the Taylor expansion of the function
x — r(xg + ).

Equation (5.1) is equivalent to

(t—to)H(t,z) — F(t,x) = (P(x) — to)H(t,z) + 0

for all (¢,«). Thus for ¢ € V(a,b,r), the functions h, f: U — C defined
by h(xz) = H(t,z), f(x) = F(t, :B) for © € U satisty
(5-2) h= (t = to)Q(h) — Q(f),
with the above operator Q on Oy(U). If § > 0 is sufficiently small, the
fixed point principle can be applied to (5.2) if |t —tp| < § and yields that

1] < o] 71, where || - || denotes the maximum norm. This yields

1-5]|Qll
||Q||
—4)|Qll =

ift € V(a,b,r), |t—to| < 6. Hence we can choose the above §, L = %

and the above neighborhood U of x( to obtain the wanted statement.
This completes the proof. O

sup |H(t, )| < sup |F(t, )|
xeld

The main step is:

Lemma 5.4. Let P € O\ {0}, P(0) = 0 and let IT = IIp(a,b; R) a
sector in P. Then there exist p,o, L > 0 with P(D(0;p)) C D(0;0) and
the following properties:
(1) If f: II—C is a holomorphic function, then there exists a holomor-
phic function F: V(a,b;0) x D(0;p) — C such that F(P(x),z)=
f(x) for allx € 11, |x| < p.
(2) Moreover, given a function K:10,S] = Ry, S > supg,er |[P(x)],
such that |f(x)] < K(|P(x)|) for © € II, the function F of state-
ment (1) satisﬁes

|F(t,x)] < —K(|t]) forteV(a,bo), z € D(0;p).

Proof: The statements can be formally combined if we allow a func-
tion K with K(s) = co. Thus we prove both statements together by
induction on h(P) using Lemma 2.1.

If h(P) = 0 then P has normal crossings and the statement can be
reduced to the monomial version, where Lemma 3.8 even gives a better
result. Assume now that the statement is true whenever h(Q) < m and
prove it if A(P) = m + 1. As the statement does not change by right
composition of P with a diffeomorphism, we can assume that h(Pobg) <
m for all £ € P{ or h(P org) < m for some k € N. See Subsection 2.2
for notation.
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We first assume that the statement is true for all P o b, & € PE.
Then for every ¢ € Pg and every sector Il := Ilpey, (a,b; R), there
exist pg,o¢,Le > 0 such that for every holomorphic f: Il — C and
K:10,0¢] — Ry U {oo} with |f(z)| < K(|(Pobe)(2)|) for z € TI¢ there
exists a holomorphic F': V(a,b;0¢) x D(0; p¢) — C with

f(z) = F((Pobe)(z),2z) for z € Ile N D(0, pe)

and |F(t, z)| < %K(\ﬂ) for (t,z) € V(a,b;o¢) x D(0; pe).

Given some analytic f: II — C and K:]0,S5] — Ry U {oco} with
|f(x)] < K(|P(x)|) for € II, let F; denote the holomorphic function
on V(a,b;o¢) x D(0; pe) corresponding to f=+Ffo be. As before we
use ¢¢ to carry over these statements to neighborhoods of points of the
exceptional divisor. So define G¢ on V(a,b;0¢) xUg, Ue = qbgl(D(O, pe))
such that Ge¢(t,p) = Fe(t, ¢¢(p)). By construction, we have

Ge((Pob)(p),p) = (fob)(p) forpeUs ¢e(p) €1l¢
and |Ge(t,p)| < Le K (|t]) for (t,p) € V(a,b, o¢) x Ue. The differences

[t]
Dey(t,p) = Ge(t,p) — Gy(t,p) are then defined and holomorphic for

t € V(a,b;0¢y), 0¢y :=min(og, 0y), and p € U N U,,. They satisfy
Den((Pob)(p),p) =0 for small p € Ug N Uy, arg(P(b(p))) € Ja, b[

and | Dey (t,p)| < Z5HELK (Jt]) for ¢ € V(a,b;0¢,)), p € Ug N Uy

In order to apply Lemma 5.2 (resp. Lemma 5.1 in the case K(s) = 00),
we also consider Uy = (bgl(D(O; 7¢)) with some positive 7¢ < r¢. Then
this lemma, applied to D¢, — more precisely to their right composition
with ¢¢ — yields holomorphic functions Q¢,,: V' (a, b; 0¢,y) X (Ugﬁf]n) —=C
satisfying

Den(t,p) = (t — (P 0 b)(p))Qen(t, p)
and |Qey(t,p)| < Cen(Le + Ln)ﬁK(\ﬂ) on the domain of Q¢, with some
constant C¢, depending only upon a, b, o¢y, Us N Uy, and U N U,,.
As the Ug, ¢ € PL cover the exceptional divisor in the blow-up va-

riety M, there exists a finite subcover, say corresponding to &;, j =
0,...,N. We now apply Lemma 2.10 and Remark 2.11 to the collec-

ng) — C, j,k =0,...,N, ¢ the minimum of o¢,, j = 0,...,N. We
obtain a collection of holomorphic functions Re,: V(a,b; &) x f]gj — C,
satisfying

Qgi’gj (t,p) = Re, (t,p) — jo (t,p) for (t,p) S V((I, b; 5’) X (Ugl N Ug].)
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and SUP e 7, |Re, (t,p)| < %K(|t|) for t € V(a,b,5). Here ﬁgj C
M are the open subsets of U, in Lemma 2.10 covering E and with
the constant C' from Lemma 2.10, the constant C' is the maximum of
Cnggk(ng + Lgk), j,k =0,... ,N.

Now we can define holomorphic functions C;'gj : Via,b;5) x Ugj — C,
j=0,...,N by

ng (t,p) = GEJ' (t,p) - (t - (P ° b)(p))jo (t,p).

By the construction of R, the family égj glues together, i.e. G, (t,p) =
ng (t,p) whenever p € U& ﬂf]gj . As at the end of the proof of Lemma 2.2,
this implies that there exists a positive p and a holomorphic function
F:V(a,b;5) x D(0,p) — C such that F(t,b(p)) = G¢,(t,p) for t €
V(a,b;5) and p € Ugj with b(p) € D(0,p). We can assume without loss
of generality that P(D(0;p)) C D(0;5). An easy calculation shows that
F(P(x),z) = f(x) for & € p(a,b; p).

By their definition, we have SUD e |C~¥5j (t,p)] < (L, —|—2&C~')‘—1|K(|t\)
for j =0,..., N and hence

=\ 1
sup |F(t, )| < (_:r&axN L, +200)—

K(I¢])
x€D(0;7) 3=0,.., [t|

for t € V(a,b;5). This completes the proof of the lemma in the case of
blow-ups.
The case of a ramification is much simpler and left to the reader. [

Now we are in a position to prove Theorem 4.7, combining the two
statements as in the above proof of Lemma 5.4. This lemma pro-
vides positive p, &, L and, for given holomorphic f: II — C with an
estimate |f(x)| < K(|P(x)|) on II, it yields a holomorphic function
F:V(a,b;6)xD(0; p) — Csatistying F'(P(z),xz) = f(x) for x € D(0;p)
and |F(t,x)| < %K(|t|) on V(a,b;5) x D(0;5). In order to apply
Lemma 2.6, we restrict F to V(a,b;&) x Dg, where Dy C D(0;p) is
chosen such that the operators ), R of Lemma 2.6 are defined.

As in the proof of Corollary 2.7, we can write

N—-1
F(t,x) =Y ((RQ")(F(t,.)(@)P(@)" + (QVF(t,.))(x)P(x)"
n=0
forteV(a,b;5), NeNand x € Dy by repeated application of Lemma 2.6.
If p>0 is so small that D(0; p) C Dy and B=sup{|P(x)|; x € D(0;p)} <
o then [(QVE(t,))(=)P(x)N| < (BIQIDVIF(t )] = 0as N — oo
for & € D(0, p) and we obtain F(t,z) =~ ((RQ™)(F(t,.)))(z)P(x)™
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for these . Now we define the desired function T, f by
(Tef)(t,®) = > ((RQ™)(F(t,.))) (@)t"
n=0

for t € V(a,b;0), x € D(0;p); here ¢ = min(é, B) and we reduce p if
necessary so that P(D(0; p)) C D(0;0). The function Ty f is independent
of the choice of F' in Lemma 5.4. This follows from the uniqueness
established at the end of this proof. Note also that the choice of F
does not depend on the linear form ¢. By construction, we then have
(Tyf)(P(x),z) = F(P(x),z) = f(x) for x € p(a,b,p). As

sup >\((RQ")(F(E~)))(ﬂv)| < HRHIIQH"%SDU(% , |E'(t, )|,

xeD(0,p

we obtain that

[l L
sup |(TuH)|(t,x) < ———— sup |F(t,x)| < —K(|¢
B P SRR TR
fort € V(a,b,0), where L = %. By the definition of R, the expan-

sion J((RQ™)(F'(t,.)) is in Ag(P) for any ¢, n. Hence also J((T¢f)(¢,.)) €
Ay(P) for t € V(a,b,0) as desired. Hence the function T; f satisfies the
properties wanted in the theorem. It is defined and holomorphic on
V(a,b,0) x D(0, p) and the above construction of o, p, L is independent
of f.

Thus it remains to show the uniqueness of T,f. If G: V(a,b,0) x
D(0,p) — C is another holomorphic function satisfying G(P(x),x) =
f(x) for sufficiently small € IIp(a,b, R) and J(G(t,.)) € Ay(P) for
teVia,b,o), then 6 =Tyf — G: V(a,b,0) x D(0, p) — C satisfies

J(0(t,.)) € Ag(P) fort € V(a,b,o), and

0(P(x),z) =0 for small @ € IIp(a,b, u), if p > 0 is small enough.

We will show that this implies § = 0.
Indeed, let H: V(a,b,0) x D(0, p) — C denote the function of Lem-
ma 5.1 with

(5.3) o(t,x) = (t — P(x))H(t, )
for all ¢, . For sufficiently small positive s, the operators @}, R of
Lemma 2.6 are defined on Op(D;) and the restriction h; of H(¢,.) to Ds
is bounded, i.e. in Oy(D;). For each fixed ¢, we can apply @ to equa-
tion (5.3) and obtain

he =tQ(ht)
because J(4(t,.)) € Ay(P) implies Q(d(¢t,.)|p.) = 0. As Q is a bounded
linear operator on Oy(Dy), this is only possible if h; = 0, provided ¢ is
sufficiently small. This means that H(t,x) = 0 for all sufficiently small ¢
and all € Dy. By the identity theorem, H must vanish and hence also 4.
This proves that G = Ty f and thus the last assertion of the theorem.
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6. Behaviour under blow-ups and ramification

In this section, we study how the notion of asymptotics with respect
to an analytic germ behaves under blow-ups and ramification. This will
be useful to reduce the notion to monomial asymptotics when necessary.
The statements and proofs of this section also prepare analogous ones in
Section 7.

Consider a nonzero germ P € O = C{zy,...,24}, not a unit, and
suppose it is defined on D(0; R). All radii of polydisks in this section
are assumed to be smaller than R, but we will not mention this below.
Consider some P-sector II = IIp(a, §; p) and a function f holomorphic
on II.

If we suppose that some f is the P-asymptotic expansion of f on II,
then it is straightforward that f obg is the (P obe)-asymptotic expansion
of fobe on any (Pobg)-sector Ilpep, (c, B; ) with sufficiently small » > 0.
The converse is much more interesting, also for applications.

Proposition 6.1. Consider P on D(0; p), Il = U p(a, B;p), and f: 1T —
C holomorphic as above. Suppose that for every & € P{, the function fo
be, restricted to Ile = Ilpop, (v, B;7¢) with some sufficiently small re,

has some formal series ge € O as (P o be)-asymptotic expansion on its
domain.

Then there exists a formal series f € O that is the P-asymptotic
expansion of f on Il and it satisfies fo be = ge for all € € PL.

Proof: Using Definition 4.3, we can assume that, for every & € P, there

are sequences { gff)}n of bounded holomorphic functions gff) : D(0;r¢) —
C with J(gg)) — J¢ as n — oo and positive constants C7(L§) such that

(6.1) |(f 2 be)(v) = 9 (V)| < ORI |(P o be) (v)["

for n € N and v € 1l¢.

As in the proof of Lemma 2.2, we consider the neighborhoods Us =
(bgl(D(O; r¢)) of (£,0) in M and the functions G =g ¢¢ holomor-
phic on Ug. In order to apply Lemma 2.3 at some point, we also consider
Ue = d)gl(D(O; 7¢)) with some positive 7¢ < 7.

By (6.1), we have

G = GiP|(p) < (CFF + CENPOBM)"

for £,¢ € PL, p € Us NU¢ with a < arg(P(b(p))) < B. Now we apply
Lemma 2.3 — more precisely after right composition with ¢¢ —and obtain
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that there are bounded holomorphic functions H,(LE’C) : Ug N Ug — C such
that

(6.2) G — Gl =HEO(Pob)™.

More precisely, we have |[HE || < LEO(CE + C), where LE©
denotes the constant of Lemma 2.3 for the domains Us NU¢ and Ug N ﬁg,
and, as usual, || - || denotes the maximum norm.

Now the neighborhoods Ug, ¢ € PL of (£,0) cover the compact set
E = P{ x {0} and therefore there is a finite subcover, say corresponding

to &o, .., ¢k B
At this point, Lemma 2.10 can be applied. It yields open sets Ug;, C

Ufj forming an open cover of F and a constant C used later in the
estimates. For n € N, we now apply it to the family Hflgi’éj), 1,j =
0,..., K, and obtain bounded holomorphic functions Lgfj ), Ugj — C,
j=0,..., K satisfying

LS oo < Cmax{ | HE ) |l | £,k € {0,..., K}}

and HSS) = L&) _ [ for 5k =0,... K.
With these functions gfj ) we now define

(6.3) F8) =6 — LS (pop)n

for j=0,...,K,n €N. Then F') are defined on U, for j=0,..., K.

The domains of the functions F,ng ), j =0,...,K again cover a neigh-

borhood V of the exceptional divisor £ in M. By construction, the
functions satisfy

(6.4) 1£(b(p) — F7 (p)] < (O + IS ||oo) | P(b(p)) "

forneN,j=1,..., K and p in the domain ofFéE"')7 a < arg(P(b(p))) <
B. Again by construction, the functions FT(,,EJ')7 j=0,..., K coincide on
the intersections of their domains, i.e. they glue together to functions
F,: V — C. As in the proof of Lemma 2.2, this implies that there
are holomorphic bounded functions f,: V — C, n € N, defined on the
neighborhood V' = b(V) of 0 in C¢ such that F,, = f, ob on V. The
inequalities (6.4) yield that

£(@) = ful@)| < Bu[P@)|" for z € V, a < arg(P(2)) <

i.e. on V NII, where B, is the maximum of the above constants C’r(f" ) +

\|L§j)||oc, j =0,...,K. Taking the above estimates into account, we
find altogether

(6.5) Bn < (14 2LC) max{C\¥ | j=0,... K},
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where L denotes the maximum of the constants L% k¢ € {0,..., K}
associated in Lemma 2.3 to the domains Ug, NUg, and ng QU& and C de-
notes the constant associated to the cover {Ugj }j=o,....x in Lemma 2.10.

By Lemma 4.5 (1), the sequence {f,}, is a P-asymptotic sequence,
i.e. there exists f € O satisfying J(fn) = f for n € N that is the
P-asymptotic expansion of f on V NII. As we have seen this implies for
every £ € Pl that fo be is the (P o be)-asymptotic expansion of f obe on
any (Pobg)-sector Il pop, (v, B; ) if o is sufficiently small. The uniqueness
of the (P o b¢)-asymptotic expansion (see Lemma 4.5 (2)) now implies
that f o be = g¢ and the last assertion of the theorem is proved. O

In the sequel, we want to improve Proposition 6.1 and also give a
variant for P-asymptotic series. For this purpose, we need some addi-
tional notation and exploit the crucial observation that for any formal
series f € O, the compositions f obe(v), £ € PE, are not arbitrary formal
series. Indeed by the formulas of Subsection 2.2, we see that for each
term in the series expansion of such a composition, the exponent of vy
is smaller or equal to the one of vy. Our charts were chosen so that
we have this property for £ € C and for £ = co. As a consequence, if

we write f o be(Vv) as a series in powers of v, ..., vg, the coefficients are
polynomials of vy, i.e.
(6.6) fobe(v) € Clni][va, ... ,va] for fe O, ¢ePg.

We will work in a larger set than Clvy][ve,...,v4]. We consider for

positive p the algebra A, = Oy(D(0, p))[ve, ..., vq] and regard it as
a subset of O. It is endowed with the m’-adic topology, where m’ =
(v2,...,vq). A, is complete for this topology. It is finer than the one
inherited from O: Any sequence converging for the m’-adic topology
also converges for the m-adic topology. As P obs € m’ for any &, the
P o be-adic topology generated by the powers of the ideal (P obe(v))A,
is even finer than the m’-adic topology. It is readily shown that A, is
also complete for the P o be-adic topology.

Lemma 6.2. Consider § € A, for some positive p and & € PL. Then
there exists a p' € )0, p| such that for all ¢ € C sufficiently close to &, the
composition G o (¢¢ o (bg_l)(v) is well defined and an element of A,

Proof: In the case £ € C this follows immediately from the formula
be 0 B (v) = (01 +C — £,7).

In the case £ = co, we have ¢ ozbc_l(v) = ((C+v1) L (CHv1)ve, V7).
If fa(v1), B € N1, denotes the coefficient of f(v) in front of (v')?
then the corresponding coefficient of fo (peo qbgl)(v) is of the form (¢ +
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v1)P2 fg(((+v1)~1) which defines elements of O,(D(0, p)) for sufficiently
small p’ if ¢ € C is sufficiently large. O

Another consequence of (6.6) is used in Generalized Weierstrass Divi-
sion (see Subsection 2.3). For a given injective linear form ¢: N — R,
the minimal exponent of a series g is important in this context and de-
termines the set Ay(g) used in the statements. It will be important
for us to have an injective linear form such that the minimal exponent
of P obg(v) is the same for all but finitely many ¢ € P¢.

In the case d = 2, we simply consider the leading terms of P(x1,x2)
with respect to the homogeneous valuation. Let H(x1,z3) be their sum
and h > 0 their valuation. As H o bg(v1,ve) = H(1,£ + v1)v} for £ € C
and H o be(v1,v2) = H(vi,1)v} for € = oo, the leading term is v}
whatever the choice of ¢ provided H(£) # 0. (As we have identified
& = [1,€] in the case £ € C, resp. co = [0, 1], we use here and in the
sequel H(§) = H(L,§), resp. H(oo) = H(0,1).) Observe that ¢ with
H(¢) = 0 correspond to the tangent directions of the curve P(z1,z2) =0
in the origin. Geometrically, we have shown above that the germ P is
monomialized by blow-ups for all but some of these tangent directions.
The tangent directions are also the intersection points of the exceptional
divisor with the strict transform of P(x1,z2) = 0 under blow up.

In the case d > 2, consider any injective linear form £: N4=2 — R, .
Let M be the set of exponents m = (mg,...,mgq) € N9°2 such that
there exists a nonvanishing term ax("*x5"*(2”)™ in the series of P(x)
and denote by a the minimum of M with respect to the ordering <,
induced by £. Now consider the sum Pg(x1,z2) of all terms in the
series of P(x) contain (x”)® and let h > 0 denote the homogenous
valuation of Pr(x1,z3). Denote by Hp(x1,x2) the terms of P (z1,x2) of
valuation h. In order to extend £ to an injective linear form £: N — R, |
choose a convenient ¢5 such that

loh < i L - L
2h < toin (B) — L(a)

and with a convenient ¢; the linear form

(6.7) UB) =11 + a2 + L(B").

Evaluating Hobg(v1,v2) as above, it follows that v5 (v')® is the minimal
term of P o b¢(v) for the ordering induced by ¢ provided H. (&) # 0.
Observe that H, can be a nonzero constant in the case d > 3. In order
to combine the cases d = 2 and d > 2, we put £ = ) in the former case
and choose an arbitrary injective linear form .

We summarize the discussion in the following lemma.
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Lemma 6.3. Consider an injective linear form L£: N¥=2 — R, in the
case d > 2 and L = () in the case d = 2. There exist an injective linear
form £: N — R extending L as in (6.7), a nonnegative integer h and
a homogeneous polynomial Hp(x1,x2) of degree h such that for § € P
the dominant term of P o bg(v) is H(€)vh(v")® provided H(€) # 0.

Our next goal is to establish a statement analogous to Proposition 6.1
for P-asymptotic series. The first step is some kind of continuity for the
notion of P o bg-asymptotic sequences with respect to § € ]P(lc.

Lemma 6.4. Suppose that & € Pt and {gn }tnen is a P o bg-asymptotic
sequence in Oy(D(0, p)) for some formal series §j € O. Then there exists
a p’ €10,p[ such that § € A, and hence there exists a neighborhood V
of & in PL such that for ¢ € V, Ge(v) = g(¢e 0 (;Sgl(v)) defines a series
in A,. with some pc > 0 and such that f],(f)(v) = gn (¢ O¢>21(V)) defines
a P o be-asymptotic sequence for e in Op(D(0;pc)).

Proof: By definition, we have J(g,) = g mod (Pobg)”(;) and thus J(g, —
gni1) = 0 mod (P obg)"O for all n. Tt is well known that this implies
that J(gn — gnt+1) = 0 mod (P o be)"O for all n. This is a very special
case of Artin’s approximation theorem. In the context of our work, it
also follows using Lemma 2.4 for some arbitrary injective linear form ¢
in the cases S = C[v] and S = C{v}.

Here we apply Corollary 2.7 with the same £ for Pobg and obtain some
D, s small, such that the linear operators Q, R: Oy(Ds) — Op(Dy) are
continuous. Applying them several times, we obtain the existence of
dn € Oy(Dy) such that g, — gnt1 = gn(Pobe)” for all n € N. If p/ €
10, p[ is sufficiently small, this relation remains valid for the restrictions
to D(0, p').

This means that {g,}n,en is a Cauchy sequence in the P o bg-adic
topology of A, and thus has a limit he A, in that topology, i.e.

(6.8) gn=h mod (Pobg)" A, forneN.

Therefore also J(g,) = h mod m" for all n. By the uniqueness of the
limit we obtain that g = h and hence the first statement.

If ¢ € P is sufficiently close to & then right composition of every
term in equations (6.8) with ¢¢ quEl is well defined by Lemma 6.2. This

implies that g,(f) tends to g¢ in the P o b¢-adic topology of A, for some
small pc and hence the second statement. O

Now we can prove the announced statement for P-asymptotic series
analogous to Proposition 6.1.
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Proposition 6.5. Let f € O be such that for all & € ]P’ql:, the compo-
sition f o be is a P o bg-asymptotic series. Then f is a P-asymptotic
series.

Proof: By definition, for every £ € IP’}C there exist ps > 0 and a se-

quence {g,(f)}n in Oy(D(0; pe)) such that ggf) =fo be mod (P o be)™O.
By the above lemma, g,(fc) = g o (¢e o ¢ ') are well defined for ¢ in

some neighborhood V¢ of € in P{ and they satisfy
(6.9) 9} = fob: mod (Pobo)"O for ¢ € Ve.

Consider now the neighborhoods Us = gf)gl(D(O;pg)) of (£,0) in the
blow-up variety M. By reducing V¢ or pe, if necessary, we can assume
that Ve x{0} = U¢NE (recall that E = PL C M is the exceptional divisor
of the blow-up). Since the family U, £ € P}, covers the exceptional
divisor, a compact set, we can choose a finite subcover, say U;, i =
0,...,K, where U; corresponds to a certain & € P}. For the sake of
brevity of notation, we put g/, :ggi), bi=0¢;, Vi=V,, and G\, =g 0 ¢;.
Then (6.9) can be written
(6.10) Giog.' =fobs mod (Pob)"O for €V, i=0,...,K.
This implies that
(6.11) (Gh —Gl)og:' =0 mod (Pobe)"O
for all n and ¢ € V; NV;, i, € {0,...,K}. Unfortunately this does
not allow us to conclude that G!, — GY can be divided by (P o )" on
the intersections U; N U of their domains. These domains have to be
reduced.

For every ¢ € P}, we can choose an open neighborhood D(§) of (€,0)
in M with the following properties:

(1) For every i € {0,...,K}, if £ € V; then cl(D(£)) C U;.

(2) The image ¢¢(Dg¢) = Dgy(e) is a neighborhood of 0 such that Lem-
ma 2.6 is valid for Pob, and some arbitrarily chosen injective linear
form /.

We obtain from (6.11) that for 4,5 = 0,..., K and £ € V; NV; there
exists holomorphic functions H, ;Jg € Op(D(&)), n € N, such that

(6.12) (G = GL)(p) = H% (p)(Pob(p))" for p € D(E).
We just apply the operator @ of Lemma 2.6 several times to (G, — G )o
qﬁgl and use (6.11).

On nonempty intersections D (&) N D(¢), equations (6.12) imply that

H;LJE (p) :Hfb’i (p) for p in the dense subset of all p such that (Pob)(p) #
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0. By continuity, we obtain that H;JE and H;’jc coincide on such an
intersection D(§) N D(¢). This allows us to define U] = Ugey, D(§) and
holomorphic functions H7: U/ N U J’ — C by

Hy (p) = H}%.(p) if pe U NUj, pe D).

By construction, the sets U/, i = 0,..., K are open, satisfy U/ N E =
V; x{0} and U] C U;, and the restrictions of G, n € N, which we denote
by the same name, satisfy

Gl — Gl =H(Pob)” forallneN,i,je{0,...,K}.

Now we can proceed as in the proof of Proposition 6.1.

For i = 0,..., K, we choose open sets U; such that cl(U;) C U/ and
the U; still form a cover of E. This is possible by the compactness of E.
Then the functions H7:* are bounded on ﬁj N U for all n € N and
all j, k. By Lemma 2.10 we find bounded holomorphic functions L,
j=0,...,K, on some open sets Uj - ﬁj forming an open cover of F
satisfying HJ'* = L7 — L¥ for all n and all j, k. Then we define I =
GJ — Li(Pob)"onUj, j=0,...,K.

By construction, it follows that the functions 7, j=0,..., K, glue to-
gether and are hence restrictions of some holomorphic functions F, : vV —
C, where V is some neighborhood of E. Hence they come from some
holomorphic functions f,: V — C, V = b(V)7 i.e. F, = f, ob. Observe
that V and V (as the neighborhoods used before) are independent of n.
By their construction and (6.10), it is easily verified that for all £ € P{
and n € N, we have

(6.13) frnobe=fobe mod (Pobe)"O.

Unfortunately it is not clear how to deduce directly that f,, = f mod P"O
for all n.
It is more convenient to consider the sequence {f, — fn+t1}nen. From

(6.13) and Lemma 2.4 applied for S = O and S = O, we find that
(fn = fat1) 0 be € (Pobg)"O

for all n, £. As in the proof of Lemma 2.2 this implies that f, — f,411 €
PO for n. Hence {f,}n is a Cauchy sequence for the P-adic topology
and hence has a limit § € O in it, i.e. f, = ¢ mod P"O for all n.

By (6.13) and the uniqueness of the limit we obtain that §o b = f o be
for all £ € P{. This implies that § = f and completes the proof.
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Observe that if |g£§)| < K¥ on D(0; p¢), then |Hj*| < Mj’k(l@(fj) +
K,(f")), where M7 * denotes the constant of Lemma 2.3 for UJ’» nUj,
and Uj N Ug. This implies with

|L7| < Cmax{|H*||j,k=0,...,K},

where C' is the constant of Lemma 2.10 for the cover U'j, j=0,...,K,
that

(6.14) |FI| < K7 +(sup| P o b])"C max{M*! (K& 4 K&) | k,1=0,..., K}.

J

This will be used later. ]

In order to improve Proposition 6.1, we first note a consequence of
Lemma 6.4.

Lemma 6.6. Suppose that g is holomorphic on Ilpoy, (a,b, R) and has
some P o be-asymptotic expansion ge on it. Then for ¢ € P{ close the &,
the composition ge (¢ © qﬁgl(v)) is well defined and it is the P o b¢-as-
ymptotic expansion of g o (¢¢ o (bC_l) on pep.(a,b, pc) for sufficiently
small positive p¢.

In particular, if f holomorphic on Ilp(a,b, R) and & € P} such that
fobe = g satisfies the assumption, then the statement holds for go (¢¢ o
gbgl) = fobe and ¢ close to €.

Proof: By definition, there exists p > 0 and a P obg-asymptotic se-
quence {gy }, for ge on Oy(D(0;p)) such that

(6.15) |f 0 be(v) = gn (V)] < Ku|P o be(v)]"

for v € Ilpop, (a,b, p). By the above lemma, G (V) = gn(g¢ o (bc_l(v))
defines a P o bc-asymptotic sequence for ge(¢e o gbc_l(v)). Substitution
of ¢¢ o gbgl(v) for v in (6.15) yields that
[ obe(v) = g (v)] < Ka|P o be(v)["

and the corollary is proved. Observe that for ¢ close to £ and small v
with arg(Pob¢(v)) € ]a, b, we have qbgogﬁgl(v) € lpop, (a, b, p). (Indeed,
using the formulas for ¢¢ o (bgl(v), we find that ¢¢ o qul(O) is small if
¢ is close to £. Hence by continuity, there is a p’ € ]0, p[ such that
|¢>§o¢<_1(v)\ < pif |v| < p'. The rest follows from (Pob¢)o (qﬁgogbc_l) =

Next, we need a statement concerning the {-dependence of Ty(f ob).
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Lemma 6.7. Consider L, £, h, Hy as in Lemma 6.3 and let Z; denote
the set of zeros of Hy in PL. Let a bounded function f € Ilp(a,b, R)
be given. Then for any D with cl(D) compact and contained in C\ Z.,
there exist o,p > 0 and a function G.: V(a,b,0) x Q@ — C, Q = D x
D(0; p)?=1, such that for &€ € D, the function Fe(t,v) = To(f o be)(t,v)
of Theorem 4.7 defined for P o b satisfies Fe(t,v) = Gz (t, (v1 +&,V"))
fort e V(a,b,o) and small v.

This means essentially that the functions Ty(f o be), £ € C\ Z, glue
together to a single function except for shifts in the variable v;.

Proof: Applying Theorem 4.7 for £ € C\ Z, and with P replaced by Pobe
yields positive o¢, pe and functions Fe: V(a,b, o¢) x D(0; p¢) = C such
that for any t, we have J(F¢(t,.)) € Ag(P obe) and Fe(Pobe(v),v) =
f(be(v)) for v € Ipop,(a,b,pe). Observe that I are uniquely deter-
mined by this property except for restrictions.

Putting F(t,v) = F(t, ¢¢ 0¢El(v)) = Fe(t, (vi+¢—¢&,v")) for ¢ close
to ¢ and sufficiently small v, this function has the defining properties
of F¢. By the essential uniqueness of the latter, we obtain

(616) Fg(t,V):Fg(t7U1+<—£7V,)

for ¢ close to ¢ and sufficiently small v. This means that F¢ and F; are
analytic continuations of each other, except for a shift in the v; compo-
nent.

Consider now D compactly contained in C\ Z, and choose a finite
subset A of the closure of D such that the disks £ + D(0, p¢) cover D.
This allows us to define

G(t,v) = Fe(t,v1 — &,v') fort € V(a,b,0) and v € ,

if v1 € £+ D(0, pe) where o = min{o, | £ € A}, p = min{p | £ € A}.
Property (6.16) implies that the value of G(t,v) is independent of the
choice of { with vy € £ + D(0,p¢). G has the wanted properties by
construction. O

Now we are in a position to prove that the assumption on f o b in
Proposition 6.1 is only needed for finitely many & € P{.

Theorem 6.8. Consider L, ¢, h, Hy, Z, as in Lemma 6.7 and put Z =
Zr if He is not a constant, Z = {&} with arbitrary § € P§ otherwise.
If f is holomorphic and bounded on II = Ilp(a,b, R) such that for £ €
Z, the composition f o be has some P o bg-asymptotic expansion Ge on
Hpop, (a,b, R) then f has a P-asymptotic expansion f on Il such that

fobg=ge for§ e 2.
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Proof: As we can always achieve this by a linear transformation in the
(21, x2)-space, we assume that co € Z, if H. is not constant. Indeed,
if we replace (z1,22) by (z1,22)A with some invertible 2 x 2 matrix A,
then Z, changes to Z; A~ the set of all [, 8] such that [«, 5]A € 2.
The same transformation allows us to assume that Z = {oc} in the case
that H, is constant.

This means that we have now oo € Z in all the cases. Put Z' =
Z \ {o0}. This set may be empty, in which case the proof is a little
simplified. We only give the proof when Z’ # ().

By Lemma 6.6, fob¢ has a Pobg-asymptotic expansion for large £ € C
and for £ close to Z’. To fix notation assume this is the case for || > R/2
resp. dist(&, Z’) < 2r.

Then we apply Lemma 6.7 with D = D(0, R) \ Uyez cl(D(x, 7)) to f.
We obtain o, p > 0 and a holomorphic function G : V(a,b,0) x Q@ — C,
Q =D x D(0; )41, such that for £ € D, the function Ty(f o be)(t,v) of
Theorem 4.7 satisfies

(6.17) To(f obe)(t,v) = Ge(t, (v1 +&,v") fort € V(a,b,o) and small v.

By Theorem 4.9, Ty(f o b¢)(¢, v) has a uniform asymptotic expansion
as V(a,b,0¢) 3t — 0if £ is in some neighborhood of 0D, the bound-
ary of D. Using (6.17) and the compactness of 9D, this implies that
there exist some positive o, p such that G(¢,v) has a uniform limit as
V(a,b,0) 5t — 0 for v with |v'| < p, dist(v1,9D) < p. By the Cauchy
criterion, this is equivalent to

(6.18) Ve > 036 >0V, te € V(a, b, O’)
(|t1|, |t2‘ <9, |V/|<p, diSt(Ul,aD)<p — |G(t1,V) — G(tz,V)|<€).

Here we can apply the maximum modulus principle to G(¢,v) in the
variable v1 on the domain D. This implies that

(6.19) Ve > 036 > 0Vty,t2 € V(a,b,0)
(|ta], [t2| <8, |V | < p, v1 € D = |G(t1,v) — G(t2, V)| < ).

This means that G(¢,v) has some uniform limit as V(a,b,0) 3t — 0,
say go(v), for v € Q.

In the same manner, we show that 1(G(t,v) — go(v)) has a uniform
limit as V(a,b,0) 3t — 0 for v € Q etc. and obtain that G(¢,v) has
an asymptotic expansion as V(a,b,c) 3 ¢t — 0, uniformly for v € Q.
By (6.17) and Theorem 4.9, this means that fob. has a Pob¢-asymptotic
expansion for every & € D. Now this is also the case for the remaining &
as discussed in the beginning of the proof. Proposition 6.1 implies the
statement of the theorem. O
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In the last part of this section, we want to improve Proposition 6.5 in
a way similar to Theorem 6.8. We first show for any formal series f c0
that the coefficients series of all but finitely many of the series Tj( f obe),
¢ e ]P’(%:, can be combined into one formal series.

Lemma 6.9. Consider L, £, h, Hy as in Lemma 6.3 and let Z; denote
the set of zeros of Hy in PL. Let R = Cluy,1/Hz(1,v1)] and B =
Rlve,...,vq]. Finally consz’derf € O. Then there exists a formal series
G(t,v) = S o gn(V)t" € B[t] with the following property. For all
£ e C\ Z,, the series

oo

To(f o be)(t,v) Z V)t" € Ay(Pobe)[t]

of Lemma 4.6 applied with P o b¢ in place of P satisfies
(6.20) Fre(v) = Je @m)(v) forn €N,

Here Je(h)(v) = 0o, 252 6(u1 (&, v )vl is obtained from some ele-
ment h € B by replacing each of its coefficients by its Taylor series in
the point £. Since the coefficients are elements of R and hence ratio-
nal functions of v; the denominator of which is a power of Hp(1,v1),
this is possible for € € C\ Z;. Observe that Je is compatible with
multiplication.

Proof: We consider the linear operator By: Clz] — Clv1][v] deter-
mined by Bo(z®) = v®2052T°2(v)®" and continuity with respect to
m-adic topology of C[x] and the m’-adic topology of Clu1][v'].

Observe that J¢(By(§)) = § o be € C[v] for § € C[x]. The difference
of By(g) and § o by is essentially that the former is in Clv;][v’] whereas
the latter is in C[v]. Expansion of the polynomial coefficients in their
Taylor series at the origin maps By (§) to § o by. The introduction of By
becomes more useful if Clv1][v’] is considered as a subset of B; B cannot
always be identified with a subset of C[v].

We consider By(f) and By(P) as elements of B = R[vs, ..., vq] and

use the injective linear form ¢ (as,...,aq) = foas + - - - + f4aq on N1,
By Lemma 6.3, the dominant term of Bo(P) is H.(1,v1)vk(v")® with
a = (as,...,aq) and certain nonnegative a;.

Now we apply Corollary 2.5; this is possible because H.(1,v1) is a
unit of R by construction. Therefore we can write uniquely

(6.21) Bo(f) = gnBo(P)
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with certain g, € BN Ay (By(P)). These can be written
W= Y g
BeNd—l
with certain g, g3 € R; by definition of Ay (By(P)) we have g, g = 0 if
B € (h,a) + N1, We define

Zgn )t € B[]

and it remains to show that G has the wanted properties.
We can apply Je, £ € C\ Z¢, to equality (6.21) and obtain

(6.22) fobe(v Z Je(Gn) (V) (P o be(v))"a.

n=0
Observe that g, € Ay (By(P)) implies that for £ € C\ Z,, we have
Je(Gn) € Ay(P o be) because the leading terms used to define these
vector spaces are vhv§? -+ - v? respectively v?v§v3 ---v3%. This implies
that (6.22) is actually the unlque way to write f o be as a series fo be =
S2%° ) fue(Pobe)™ with fre € Ag(Pobe) if € € C\ Z,. This means that

Ty(f o be)(t,v) = > 0" Je(gn)(v)t™ thus proving the lemma. O
Now we can also improve Proposition 6.5.

Theorem 6.10. Consider L, ¢, h, H;, Z,, and Z as in Theorem 6.8.

Let f € O be given such that fobg is a Pobg-asymptotic series for & € Z.

Then f is a P-asymptotic series.

Hence as in Theorem 6.8, consideration of f o b for finitely many & €
Pl is already sufficient.
Proof: We can again assume that co € Z; otherwise we proceed as in the
beginning of the proof of Theorem 6.8. By assumption and Lemma 6.2,

fo be is a P o be-asymptotic series for large £ and for £ close to 2/ =
Z \ {oo}. Therefore in the series expansions

(fobe) = anf

of Corollary 4.10, the coefficients fng(v) are convergent series with a
common radius of convergence, say p¢ > 0, for these &.

We can also apply the above Lemma 6.9 and obtain a series G (t,v) =
> o Gn(V)t" € B[t] such that for £ € C\ Z’ we have

(6.23) (fobe) = ZJg gn)(
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Here J¢(gn) = fng are convergent series for all n and & large or £ close
to Z'. Therefore if we write

Jg gn Z hnﬁvl

BeNd—1

then there exist for these £ constants K, ¢ and p¢ > 0 such that
5, p(01)] < Kuepg ™ for Be N, Jur] < pe.

For the coefficients H,, g(v1) in the expansion

jz: ELMB(UI)VMa

BeNd—l

which are elements of R = Clvy,1/H(1,v1)] and hence can be consid-
ered as holomorphic functions on C\ Z’, this means that for £ large
or £ close to Z’ there exist positive pe such that

(6.24) |Hag(&+v1)| < Knepe 0 if [v1] < pe.

Consider now the domain D = D(0, R) \ Uycz' cl(D(x, 7)) where r, R
were chosen such that (6.24) holds for |£] > R/2 or 0 < dist(&, Z’) < 2r.
Then H,, s is holomorphic on a neighborhood of the closure of D and,
by compactness, there are K,,,p > 0 such that for v; on the boundary
of D we have |H,, g(v1)| < K,p~!Pl. The maximum modulus principle
implies here that

|Ho g(v1)] < Knp~ Pl for all vy € D.

Using that §,(v) = > gcna- H,5(v1)(v')P, we obtain that the coeffi-
cients of t" in (6.23) are convergent series on some common polydisk for
all§ € D. By Remark 4.11 (1) this proves that fobg is a Pob¢-asymptotic
series for every £ € D. As we already know this for the remaining ¢ € Pg,
we can apply Proposition 6.5 and finally obtain the statement. O

We end this section with a discussion of the compatibility of asymp-
totics with respect to an analytic germ and ramification. The proofs are
much simpler here.

Proposition 6.11. Consider P on D(0; p), U=Ilp(«, B;p), and f: T—
C holomorphic as above. Suppose that for some integer k > 2, the
function f ory, restricted to I, = Ilpoy, (o, B; p) with some sufficiently
small p, has some formal series g € O as (P org)-asymptotic expansion
on its domain.

Then there exists a formal series f € O that is the P-asymptotic
expansion of f on Il and it satisfies fo Tk =4g.
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Proof: Using Definition 4.3, we can assume that there exists a se-
quence {g, }» of bounded holomorphic functions g,: D(0;p) — C with
J(gn) — § as n — oo and constants C,, such that

(6.25) [f ori(v) = gn(V)| < CulPork(v)["

for n € N and v € II;.

By construction, forg and Pory are invariant under right composition
with the rotation R: v — (e2™"/*y;,v') and as a consequence also ITj.
This implies using (6.25) that

[ o ri(v) = gu 0 R (V)| < Cul P o ri(v)["

forneN, j7=0,...,k—1, and v € IIj.
Consider now the sequence {h,, } in Oy(Ilx) defined by h,, = ¢ Ly~k— i 0 n©
RJ. Clearly, we have

[fork(v) —hn(V)| < CplPorg(v)"| forneN, vell

and J(h,) — h as n — oo with h = %Zf ég o RJ. Furthermore, h,,
and h are invariant under right composition w~1th the rotation R. Hence
there exist bounded holomorphic fo: I =-C I =1p(a 6 ;1) with some

small positive r and f € O such that fnory =h, and f ory = h.
We obtain the wanted properties

F(@) = ful@)| < CulP(@)"| forneN, zell

and J(fn,) — f as n — co. This proves that f has f as P-asymptotic
expansion. The last assertion of the proposition follows from the fact
that f ory has for, and g as P o rip-asymptotic expansions. O

We can also prove a statement for P-asymptotic series analogous to
Proposition 6.11.

Proposition 6.12. Let feOandk € N, k> 2 be such that the
composition fork is a Porg-asymptotic series. Then f is a P-asymptotic
series.

Proof: Ts it analogous to the previous one. If {g, }, is a Porg-asymptotic
sequence in Ipe,, (o, B; ~) for some «, B, p with limit f ory then so
is {hy, }n where h,, = £ Zj —0 » gnoRI, R the rotation R: v — (e27/ky;, v").
Again the sequence {f,}, in IIp(a, 8;7), r > 0 sufficiently small, Where
fn o1 is a restriction of g,, is a P-asymptotic sequence for f . O
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7. Gevrey asymptotic expansions and summability with
respect to a germ

7.1. Gevrey asymptotic expansions with respect to an analytic
germ. We first give a definition analogous to Definition 4.3 and then a
characterization analogous to Theorem 4.9. Theorem 4.7 is again crucial
in order to establish a relation between asymptotics involving powers of
the germ and single variable asymptotics with coefficients in a certain
Banach space.

We consider again a nonzero germ of analytic function P(x) € O =
C{z1,...,24}, not a unit (i.e. P(0) = 0), defined in D(0;p), p > 0.
Definition 7.1. Given a P-sector II = Ilp(a,b;r), and f € O(II), we
will say that f € O is the P-Gevrey asymptotic expansion of order s
of f, or more briefly its “P-s-(Gevrey) asymptotic expansion”, if there
exist p > 0, a family {f, € Oy(D(0; p))}y, converging to f in the m-adic
topology, and constants K, A > 0 such that:

(1) Vn e N,V € D(0;p), |fu(z)] < KA"T(sn+1).

(2) Vn e N, V& € IIND(0; p), | f(x) — fu(x)] < KA"T(sn+1)|P(x)|™.
A sequence {fp}nen satisfying (1) and J(f,) = f mod PO will be
called a P-s-asymptotic sequence for f .

Remark 7.2. (1) As for Definition 4.3, this definition is compatible with
changes of variables and with multiplication of P by a unit U € O. This
is verified in the same way as in Remark 4.4.

(2) Again as for Definition 4.3, the definition is independent of the choice
of the P-s-asymptotic sequence for f Indeed, if {f,}nen is as in the
definition and if {g, }nen is another P-s-asymptotic sequence for f, then
J(fn) = J(gn) mod PO for all n. Here Lemma 2.6 can be applied in
Oy(Ds), D, = D(0; (s",. .., s%)), for sufficiently small positive s as it
was done below Lemma 4.5. It shows that we can write f,, — g, = h, P",
hn - Qn(fn - gn) S Ob(Ds)

Hence, there exist some positive p’ < p and positive constants L, M
such that

|fn(@) — gn(z)| < LM"T(sn + 1)|P(x)|"

for all © € D(0;p') and all n. This implies that property (2) also holds
for {g,}» with certain K, A.

(3) This definition agrees with the well-known definition of Gevrey
asymptotics in one variable, i.e., if P = 2. In fact, suppose that |f(z) —
fu(x)] < KA™T(ns + 1)|z|™ on a sector V, with f,, € Oy(D(0; p)) satis-
fying |fn(z)] < KA™T(ns + 1). Write f(2) = Jn_1(fn) + fu(x). Let S
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again denote the operator defined by S(f) = £ f@=FO) oy Oy(D(0; p)).
The maximum modulus principle implies that ||.S(f )||OO < [2)||f||OO More-

over, fn(z) = x"S"(fn). Hence
|f(x) — (N <1 (@) = fa(@)] + |fa()]
< KA"T(ns+ 1)|z|" + |=|” (%) KA"T(ns+ 1),

as wanted. The converse follows from the Gevrey property of the formal
series [ and is left to the reader.

As for general asymptotic expansions in a germ (see Theorem 4.9), we
want to write Gevrey expansions in an expression in a standard form.
Recall that this standard form depends on the choice of £ in the subse-
quent theorem.

Theorem 7.3. Let : N® — R, be an injective linear form, P € O\
{0}, P(0) = 0 and let Ty be defined by Lemma 4.6 resp. Theorem 4.7.
Let I be a P-sector, f € O(I), f € O, and s > 0. Then f has f as
P-s-asymptotic expansion on I if and only if there exist p > 0 such that
T,f = oo o gnt™ € Ou(D(05p))[t] is a formal s-Gevrey series and one
of the following two equivalent conditions holds:

(1) There exist constants K and A such that

Z gn(x < KANT(sN +1)|P(x)|™

forx € IIND(0;p), N € N.
(2) The function Tyf from Theorem 4.7 is defined on V(a,b;o) X
D(0, p) — C for some positive o and satisfies

Tef ~s Tgf as V(a,b,0) 3t — 0.

Remark 7.4. (1) In the case of P(x) = x, statement (1) agrees with
the second definition of monomial asymptotics of Gevrey type (see Def-
inition/Proposition 3.11).

(2) As stated for general asymptotic expansions in a germ in Remark 4.11,
products of functions having P-s-Gevrey asymptotic expansions also
have P-s-asymptotic expansions. For a proof, consider P-s-asymptotic
sequences { [ }nen, {gntnen satisfying the inequalities in Definition 7.1
for f, g, respectively. Define

"—ZZ — fi-1)(gk—5 — gr—j-1),

k=0 j=0
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(where f_1=g_1=0). A straightforward computation shows that
f(@)g(@) —hn(x)=(f()—- +Z Ji(@) = fr—1(2))(9(2) = gn - (T))-

Then it is first shown that f,,(x) — fn,l(a:) and g, () — gn—1(x) satisfy
s-Gevrey estimates and then using the inequality

(7.1) ZF((n—V)s+1)F(Vs+1) < K,'(ns+1)

with some constant K independent of n, s-Gevrey bounds for the mod-
ulus of this expression are obtained.

For a proof of (7.1), first use that the I-function is logarithmically
convex and hence I'(z/)['(y') < T(z)['(y) if 0 < z < o’ <3y < y with
@' +y' = x+y. Therefore, if N is the smallest integerN > < and n > 2N
then the left hand side of (7.1) is smaller than 2NT'(ns+1)+ (n — 2N +
1T'(ns—Ns+1)I'(Ns+1). Since 1 <ns—Ns+1 < ns and ns > 2, we
obtain the bound 2NT'(ns 4+ 1) + nI'(ns)['(Ns+ 1) < KI'(ns 4+ 1) with
K; = 2N + %F(Ns + 1) provided n > 2N. For the remaining finitely
many cases it is sufficient to increase K if necessary.

The compatibility of P-s-asymptotic expansions with partial deriva-
tives could also be shown using Definition 7.1, but we prefer to prove it
using our generalization Theorem 7.18 of the Ramis—Sibuya theorem.

(3) As is Remark 3.12, the series Tf turns out to be s-Gevrey if we only
suppose that it is the s-Gevrey asymptotic expansion of T'f in the sense
of statement (2) of the theorem.

Proof of Theorem 7.3: Suppose {f,}, is a P-s-asymptotic sequence for

f satisfying the conditions of Definition 7.1 on a certain P-sector II and
a certain polydisk D(0,p). As in the proof of Theorem 4.9, we choose
a positive u such that D,, C D(0, p) for the set D,, of Lemma 2.6 and
write (the restrictions to D,,)

n—1

o= Z ngm +Qn(fn)Pn:

m=0

where ¢, = RQm(fm+1) = RQ™(f,) for all v > m. Then

Zgu = Q" (fn)(z)P(x)"|
< K[|Q[" AT (sn + 1)| P()]"

for n € Nand € IIND,,. Together with condition (2) of Definition 7.1,
this proves (1).
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Application of Theorem 4.7 with K(t) = KAMT(sN + 1)tV to the
inequalities in (1) yields (2).
The proof of the converses is again trivial. O

The same proof shows the following characterization of P-s-asymp-
totic sequences.

Definition/Proposition 7.5. Let £: N® — R, be an injective linear
form and let Ay(P) be defined by (2.4). Let P € O\ {0}, P(0) =0, and
f € O be a formal series. Then the following statements are equivalent:

(1) There exists a P-s-asymptotic sequence forf in the sense of Defi-
nition 7.1.
(2) There exist p > 0 and a sequence {gn}n in Op(D(0;p))N with
J(gn) € A(P) for all n such that f = 3.0 J(gn)J(P)" and
Tof = oo o gnt™ € Op(D(0; p))[t] is a formal s-Gevrey series.
If one and hence both statements are true, then f is called P-s-Gevrey.

As for general P-asymptotic expansions, P-s-asymptotic expansions
are compatible with blow-ups.

Proposition 7.6. Consider P € O(D(0;p)) \ {0}, P(0) = 0, IIp =
Mp(a,b;r), and f € O(lp). Then, f has a P-s-Gevrey asymptotic
expansion on Ilp if and only if for every & € PL, there exists a posi-
tive re such that f obg has a P o be-s-Gevrey asymptotic expansion on

Hpob, (a, b;7e).

Proof: We follow the proof of Theorem 6.1, taking cl® = CeApT(ns+1).
By the compactness of P, it suffices to consider only a finite number
of points in P, say &, &1, ..., &k, so we can omit the dependence on &
of the above constants, taking the maximum of their values. Using the
notation of Theorem 6.1, there exists a constant L such that

|HE || < L2CA™ (ns + 1),

and C such that

ILE || < GL2CA™(ns + 1).
Similarly, the constants in (6.4) and (6.5) are of s-Gevrey type, i.e. the
construction in the proof of Theorem 6.1 yields a P-s-Gevrey asymptotic
expansion if the given expansions of fobg are Pob¢-s-Gevrey asymptotic
expansions for every ¢ in P. O

As for ordinary P-asymptotic expansions, the above proposition can
be improved. Its assumption is in fact only necessary for a finite number
of ¢ in P.
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Theorem 7.7. Consider L, ¢, h, Hr, Z, as in Lemma 6.7 and put Z =
Z¢ if He is not a constant, Z = {&} with arbitrary & € PE otherwise.
Let s > 0. If f is holomorphic and bounded on II = Ilp(a,b, R) such
that for £ € Z, the composition f o bs has some P o bg-s-asymptotic
expansion ge on Illpoy, (a,b, R) then f has a P-s-asymptotic e:z:pansionf
on II such that fObg =g¢ for§ e Z.

Proof: We follow the proof of Theorem 6.8 and essentially add Gevrey
estimates. We again can assume that co € Z. We first carry Lemma 6.6
over to P-s-Gevrey asymptotics. It suffices to use K,, = CA"T'(sn + 1)
in its proof. As we will need this statement again, we write it down as
a lemma.

Lemma 7.8. Suppose that g is holomorphic on Ilpoy, (a,b, R) and has
some P o bg-s-Gevrey asymptotic expansion ge on it. Then for ¢ € ]P’(%:
close the £, the composition e (¢ o gbc_l(v)) s well defined and it is the
P ob¢-s-Gevrey asymptotic expansion of g o (¢¢ o ¢El) on Mpop (@, b, p¢)
for sufficiently small positive pe.

In particular, if f holomorphic on Ilp(a,b, R) and & € P{ such that
fobe = g satisfies the assumption, then the statement holds for go (¢¢ o
¢<_1) = fobe and ¢ close to &.

We obtain that f o be has a P-s-Gevrey asymptotic expansion for &
large or £ close to 2/ = Z \ {o0}.

In a second step, we use again Lemma 6.7 on some domain D =
D(0, R)\Uyez cl(D(x,r)). It yields o, p > 0 and a holomorphic function
Gr:Via,b,o) x Q — C, Q=D x D(0; )%, such that for & € D, the
function Ty(f o be)(t, v) of Theorem 4.7. satisfies
(7.2)  Te(fobe)t,v) = Ge(t, (vi +&,v')) fort € V(a,b,0) and small v.

It had been shown in the proof of Theorem 4.7 that G(¢,v) has a
uniform asymptotic expansion on Q as V(a,b, p) 3 t — 0. Denote it by
Ge(t,v) ~ >0 gn(V)t". As Ty(f o be)(t, v) has a Gevrey asymptotic
expansion by assumption and Theorem 7.3, provided ¢ is close to the
boundary of D, we obtain using (7.2) and the compactness of 9D again
that there are positive constants K, A such that

N-1
(7.3) Ge(t,v) = Y gn(Wt"] < KANT(sN + 1)[t™
n=0

for all n € N, all t € V(a,b,p), and all v such that |v/| < p and
dist(v1,9D) < p. Here we use again the maximum modulus principle
in the variable v; on the domain D and obtain that (7.3) is valid for all
the above n, t and all v € . This shows using (7.2) and Theorem 7.3
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again that fobe has a Pobg-s-Gevrey asymptotic expansion for all £ € D.
As this is known for the remaining ¢ already, we have it for all £ € P¢.
Proposition 7.6 allows us to conclude. O

We can also carry over the statements of Section 6 concerning P-as-
ymptotic series to P-s-Gevrey asymptotic series. We first do so for
Proposition 6.5.

Proposition 7.9. Let f € O be such that for all & € P{, the composi-
tion fobg is a Pobe-s-Gevrey asymptotic series. Then f is a P-s-Gevrey
asymptotic series.

Proof: The proof of Proposition 6.5 carries over unchanged. Just ob-
serve that we have here special constants K, © = CEA”F(sn + 1) with
Ce¢, A¢ independent of n and that by (6.14), we obtain such Gevrey
estimates also for the F7 and hence for the functions f,. 0

As for Proposition 6.5, the above proposition can be improved insofar
as it is sufficient to assume the Gevrey character of f o b for finitely
many & only.

Theorem 7.10. Consider L, £, h, Hr, Z,, and Z as in Theorem 7.7.
Let f € O be gwen such that fObg is a Pobg-s-Gevrey asymptotic series
for &€ Z. Then f is a P-s-Gevrey asymptotic series.

Proof: In the proof of Theorem 6.10, only the constants have to be mod-
ified: We have K, ¢ = C¢ AT (sn + 1) with some positive C¢, A¢ inde-
pendent of n and as a consequence later K,, = CA"T'(sn+1) with certain
positive C', A. Details are left to the readers. O

Remark 7.11. Consider the formal series f(z1,x5) = e ol ad (ziaa)"
and the monomial P(z1,23) = x122 as a special germ of an analytic
function. Whatever ¢, we have (Tpf)(t)(x1,22) = Y200, n!a3"t" and
therefore f is a P-1-Gevrey asymptotic series.

Whatever ¢, we have Z;, = {0,00}. We calculate

) Bn 4n 2n
fObo(Ul,Uz)Z (v2, v1V2) E nlv g nlof( 1)11)2

and P o by(vy,v2) = v103. Hence fo bo isa Po bo—g—Gevrey series. We
also calculate

oo

y b n 4n |
fobos(v1,v2) = vlv2,v2 V1 Vg n! v v1v2

and again P o by, (v1,v2) = v1035. Hence f o0bs is Po boo—l—Gevrey.
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Using Theorem 7.10, this confirms that f is a P-1-Gevrey asymp-
totic series. It also shows that we need to consider the blow-ups f o be
for all £ € Zy in order to conclude: Theorem 7.10 seems to be sharp
with respect to the number of points to be considered in the exceptional
divisor.

P-s-Gevrey asymptotic expansions and series are also compatible with
ramification.

Proposition 7.12. Consider P on D(0;p), H=1p(a, B;p), and f: T—
C holomorphic. Suppose that for some integer k > 2 and positive s, the
function f ory, restricted to Iy, = Il po,, (a, B; p) with some sufficiently
small p, has some formal series g € O as (P o ry)-s-Gevrey asymptotic
expansion on its domain.

Then there exists a formal series f € O that is the P-s-Gevrey as-
ymptotic expansion of f on Il and it satisfies fo e =g-

Proposition 7.13. Let f €O, keN, k>2 and s > 0 be such that
the composition fork is a Porg-s-Gevrey asymptotic series. Then f is
a P-s-Geuvrey asymptotic series.

The proofs are analogous to the ones of Propositions 6.11 and 6.12.
One just has to add Gevrey estimates.

As for monomial Gevrey asymptotics, functions having a P-s-asymp-
totic expansion with vanishing series are exponentially small.

Lemma 7.14. If1I is a P-sector for a certain P and if f € O(II) has a
P-s-Gevrey asymptotic expansion where f = 0, then for all sufficiently
small R’ > 0 there exist C, B > 0 such that on 11

|f(z)] < Cexp (—ﬁ) forz Tl x| < R

Proof: As f = 0 implies that all g,, of Theorem 7.3 vanish, we have that
|f(z)] < KANT(sN + 1)|P(z)|V for all sufficiently small z € I and for
all N € N. Again we choose N close to the optimal value (A|P(x)|)~/*
and Stirling’s formula yields the statement. O

As a consequence of Definition/Proposition 7.5 we can also construct a
function that have a prescribed P-s-Gevrey series as its P-s-asymptotic
expansion.

Proposition 7.15 (Borel-Ritt-Gevrey). Let P € O\ {0}, P(0) =0 as
before, f a P-s-Geuvrey series, and II = Il p(a, b;r) a P-sector of opening
b—a < sm. Then there exist p >0 and f € O(ILN D(0;p)) such that f
has f as P-s-Gevrey asymptotic expansion on I1 N D(0; p).
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Proof: Statement (2) of Definition/Proposition 7.5 yields the existence
of p > 0 and of a sequence {g, }n € Op(D(0; p))N with J(g,) € A(P) for
all n such that f = S o (gn)J(P)  and Y 07 o g T™ € Oy(D(05 p))[T]
is a formal s-Gevrey series. Now let V = V' (a, b; u), where u > |P(x)| for
all € D(0;p). By the Borel-Ritt—-Gevrey theorem in Banach spaces
(see Theorem 3.1), there exists F' € O(D(0;r) x V) having > gmT™
as s-Gevrey asymptotic expansion at 7" = 0. The function f defined by
f(x) = F(x, P(x)) gives the result. O

As in the classical and monomial asymptotics, functions having
Gevrey asymptotic expansions in a germ can be characterized by com-
pleting them to a family almost covering a neighborhood of 0 such that
the differences of any two of them is exponentially small if the intersec-
tion of their domain is nonempty. In this context, covers of polydisks
D(0; R) outside the zero set of P will be important.

Definition 7.16. A P-cover denotes a family {II;};cs, I some finite
set, of P-sectors that covers the open set D(0; R) \ { P(x) = 0} for some
R > 0. Given such a P-cover P = {II;};cr, a P-k-quasifunction on P
is a family (f;);cr of bounded holomorphic functions f; € O(IL;), such
that whenever II; N II; # () there exist constants C' and B satisfying

\fl(ac)—f](ac)| < Cexp (— for all € II; N 11;.

_B
|P(a)]* )

Proposition 7.15 and Lemma 7.14 imply that a function having an s-
Gevrey asymptotic expansion in a germ can be completed to a P-k-quasi-
function, k = 1/s.

Proposition 7.17. Consider a holomorphic function f € O(II) having
a P-s-Gevrey asymptotic expansion on II. Then there exist p > 0, a
P-cover 111,15, ..., I, of D(0,p) \ {P = 0} with II; = D(0,p) NI,
and a P-k-quasifunction (f1, fa,..., fr) on it such that k = 1/s and
fl = f|H1 :

Proof: We need to assume that the opening of each II;, ¢ > 1, is not
greater than sm. Then there exist f; € O(IL;) (i > 1) having the
same P-s-asymptotic expansion as f; this is possible thanks to Propo-
sition 7.15 provided II; are contained in a sufficiently small polydisk. If
II; N1II; # 0 then f; — f; have a P-s-asymptotic expansion on it and
(fi — f;)(x) ~ 0. Lemma 7.14 now implies that the f; can be combined
to a P-k-quasifunction, k = 1/s. O

As for classical and monomial asymptotics, the converse is also true.
This result, which generalizes the classical Ramis—Sibuya theorem (The-
orem 3.4) and the version for monomial asymptotics (Theorem 3.14),
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are the most important means to establish the existence of P-s-Gevrey
asymptotic expansions.

Theorem 7.18. Suppose that the P-sectors II; = Ilp(a;,bj;r), 1 <
j < m, form a cover of D(0;7) \ {z; P(x) = 0}. Given f;: II; — C,

j=1,...,m, bounded and analytic, assume that there exists v > 0 such
that for every couple (j1,J2)
(7.4) |f52(®) = fiz (@) = O(exp(—/|P(x)|"*))

for x € I1;, N1}, provided II;, N1IL;, # 0. Then the functions f; have
P-s-Gevrey asymptotic expansions with a common right hand side.

Proof: Consider some injective linear functional /: N — R, and the op-
erators Ty corresponding to it for the P-sectors II; and their nonempty
intersections according to Theorem 4.7. Here the fact that the operators
are independent of the P-sector in the sense of Remark 4.8 (3) is impor-
tant. Without loss of generality, we can assume that the constants p, o, L
of that theorem are the same for all these finitely many sectors. For con-
venience, we identify the Banach spaces Op(V (a,b; o) x D(0; p), C) with
Op(V(a,b;0),0s(D(0; p),C)) in the usual way. The inequalities (7.4)
imply that

I(Tef52)(8) = (Tefia) (D)o, (pe0s0),0) = Oy exp(=[t] /%))

forteV(aj,,bj,;0)NV (aj,,bj,;7) provided this intersection is nonempty.
Here the classical Ramis—Sibuya Theorem 3.4 applies and yields that
the functions Ty f; have common s-Gevrey asymptotic expansions. We
conclude using Theorem 7.3. O

In the same way, the complement to the classical Ramis—Sibuya the-
orem (Theorem 3.5) will now be carried over to Gevrey asymptotics in
a germ.

Theorem 7.19. Suppose that the P-sectors II; = Ilp(aj,b;;7r), 1 <
Jj < m, form a P-cover. For couples (ji,j2) with IL;, N1, # 0, let
holomorphic dj, ;,: I1;;, N1l;,: — E be given that satisfy the cocycle
condition dj, j, + dj, j, = dj, j, whenever II; NILi, NIL;, # 0 and
estimates

(7.5) |dj1.42(®)] = Olexp(—7/|P(@)['/*))

for ji,j2 € {1,...,m} and x € II;, N1II;, with some constants s,y > 0.

Then there exist p > 0 and bounded holomorphic functions f;: II; N
D(0;p) — E such that djhjz\njlmnmﬂD(g;p) = fj, — fj, whenever II; N
I1;, # 0; moreover the functions f; have P-s-Gevrey asymptotic expan-
stons with a common right hand side.
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Proof: With the same notation as before, take an injective linear func-
tional £: N — R, and the operators Ty. If I1;, NI, =T p(a;, 5, bj1ja; ),
consider Tyd;, j,(t, ) € O(V(aj,j,,bj 4.5 0) X D(0; p)), for some o, p. If
IT;, NII;, N1I, * (0 then we have that (Tédjljé)(t? CE) + (ngj2j3)(t, 213) =
(Tedj, ;) (t, ) because the operators T, are independent of the P-sector
(Remark 4.8). The hypotheses of Theorem 3.5 are verified, and hence,
there exist holomorphic bounded functions F;: V(a;,b;;0) x D(0; p) —
C such that F}, — Fj, = Tyd;, ;, whenever V(a;,,b;,;0)NV(aj,,bj,;0) #
(. The functions f;(x) = F;(P(x),z) satisfy the statement of the theo-
rem. O

7.2. Summability with respect to a germ. In the sequel we still
consider some analytic germ P and suppose that P € O,(D(0, R)) \ {0},
P(0) = 0. The existence of a summability result in a germ is based
on the following Watson’s lemma. It generalizes the theorem for mono-
mial expansions (Theorem 3.15), and as before it is easily established by
carrying over the classical version Theorem 3.1 (3) using Theorem 4.7.

Lemma 7.20. Let II=IIp(a,b; R) a sector in P with b—a> s and sup-
pose that f € O(II) has f = 0 as its P-s-Gevrey asymptotic expansion.
Then f =0.

Now the following definition makes sense.

Definition 7.21. Let II = IIp(a,b;r) be a P-sector with b — a > s,
k= %, and f e O. We will say that f is P-k-summable in II if there
exists f € O(II) having f as P-s-Gevrey asymptotic expansion. In this
situation, f is called the P-k-sum of f in IT (and it is uniquely determined
by Lemma 7.20).

f is called P-k-summable in direction 6 € R if there exists a P-sec-
tor IT as before, bisected by 6, with b — a > sw, and such that f is
P-k-summable in II. f is called P-k-summable if it is summable in
every direction # € R but a finite number mod 27.

The above notion of P-k-summability in a direction 6 does not indi-
cate how to obtain a sum from a given series. Theorem 7.3 allows us
to carry over the classical characterization using Laplace integrals (see
Proposition 3.3) to the new concept.

Proposition 7.22. Let s=1/k. Given a P-s-Geurey series f(z) € O, it
18 P-k-summable in a direction 6 with P-k-sum f if and only if there exist
p >0 and a formal Gevrey series F(t) = oo o gnt™ € Op(D(0; p))[t]s
with F(P(x))(x) := Y00 o J(gn) () J(P)(z)" = f(x) and the following
properties:
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(1) The formal Borel transform G(x, 7) =3 g, (x)r/T(1+n/k) of F(t)
s analytic in a neighborhood of the origin.
(2) The function G can be continued analytically with to some domain
D(0;p) x V(0 — 6,0 + §;00).
(3) It has exponential growth there, i.e. there are positive constants
such that
|G(,7)| < Cexp(Alr|*)  for (z,7) € S;

so the Laplace integral F(x,t)=kt™* _Tk/th(ac, )=t dr
converges for @ € D(0; p) and t in a certain sector V = V(G— %=
%,9 + g5 + %;r), 0<6<6, and suitably chosen 6 close to 6.

(4) Finally f(x) = F(x, P(z)) which has f(x) as its P-s-Geuvrey as-
gimpgotic expansion on some Il-sector I1p (9 — g — %, 0+ o + %; /3),
p>0.

arg r=6€

As the concepts of asymptotic expansion in a germ and Gevrey as-
ymptotic expansions in a germ, the notion of summability with respect
to a germ behaves well under blow-ups. We first show:

Proposition 7.23. Consider a P-sector II = Ilp(a, b;r) with b—a > s,
and f € @, such that for every & € ]P’(%:, the series ge = fo be is P o be-
k-summable in ¢ := Tl pop, (a, b; re). Then, f 18 P-k-summable in II.

A formal series f € O is P-k-summable in a direction d if and only
if for every & € P, fo be is P o be-k-summable in direction d.

Proof: We only prove the second statement; the proof of the first is
analogous. Also, we only prove the nontrivial implication.

Suppose that for every & € PL, the series f o be is P o be-k-summable
on some P o be-sector g = Ipop (d — e, d + @e;re) with e > 7/k.
This means that for every £ € ]P’(lc, there exist uniquely determined func-
tions ge: I — C that have f o be as their P o be-s-Cevrey asymptotic
expansion, s = 1/k.

With the notation of Subsection 2.2, let Ug = qbgl(D(O,pg)) CM,a
neighborhood of (§,0) € M. Then G¢ = g¢ o ¢¢ are defined on Ue N {p |
|arg (P(b(p))) — d| < ¢¢}-

Observe that by Lemma 7.8, the composition ge o (¢¢ o ¢;1) has the
P o by-s-Gevrey asymptotic expansion fo by on Hpop, (d— g, d+ e, 1)

and hence it is the P o b,-k-sum of fo by, on this sector for some small p
if x is sufficiently close to €. Without loss of generality we can assume
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that this is already the case for x € Us. By Watson’s Lemma 7.20, we
then have

(7.6) ge 0 (B¢ 0 3 (V) = gx (V)

for x € Ug and small v with |arg (P o b,)(v) — d| < min(pg, ¢y ).
Using this property with some x € Us N U, and extending it because
of the analyticity of the functions, we obtain

(7.7)  Ge(p) = Ge(p)
for &,¢ € ]P’(lc, p € Us NU: with |arg (P(b(p))) — d| < min(ge, pc¢)-

Using the compactness of P{ as before, a finite number of members of
the family Ug, ¢ € P, covers the exceptional divisor E = P¢ x {0} in M,
say B C U = U;=1..nUe. Then property (7.7) allows us to define G
for p € U with |arg (P(b(p))) — d| < ¢ = min; p¢, by G(p) = Ge(p) if
p € Ug, |arg (P(b(p))) — d| < ¢. In turn, we obtain a function g defined
for small z € C? with |arg (P(x)) — d| < ¢ by setting g(b(p)) = G(p).
Then g has f as P-s-Gevrey asymptotic expansion on Mp(d—p,d+
; p) for sufficiently small positive p. Indeed, using property (7.7), we
find that for every ¢ € P, the function gobe = G¢ ogbgl is the restriction
of ge to Hpop (d — ,d + @; p) and it has fo be as its P o be-s-Gevrey
asymptotic expansion. By Theorem 7.6, g has some P-s-Gevrey asymp-
totic expansion § on IIp(d—, d+¢; p). Obviously, we have gobs = fo bg
for every & € P{. and thus § = f This means that g is the P-k-sum of f
in direction d. O

As for Propositions 7.6 and 7.9, the above proposition can be im-
proved; again, it is sufficient to assume summability of f o be for a finite
number of well chosen &.

Theorem 7.24. Consider L, £, h, Hz, Z,, and Z as in Theorem 7.7.
Let f €O be gwen such that fObg is Pobg¢-k-summable in the direction d
for &€ Z. Then f 1s also P-k-summable in direction d.

Corollary 7.25. Consider L, £, h, Hz, Z;, and Z as above and f € 0.
Iff o be is P o be-k-summable for £ € Z then f is P-k-summable.

Proof: By the theorem, the singular directions of f, i.e. the directions d
for which it is not P-k-summable, are contained in the finite union of
the sets of exceptional directions for fobe, £ € Z. O
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Proof of the theorem: We can again assume that oo € Z; otherwise we
proceed as in the beginning of the proof of Theorem 6.8.

As summable series are also Gevrey, application of Theorem 7.10
yields that f is a P-s-Gevrey series, s = 1 /k. As a consequence fo be
are P o bg-s-Gevrey series for every ¢ € PL.

By Lemma 6.9 there exists a formal series G(t,v) = 300 G (v)t" €
B[t], B = Clvy,1/H(1,v1)][v] with the following property. For all { €
C\ Z, the series

To(f o be)(t,v) = ang " € Ag(P o be)[t]

of Lemma 4.6 applied with P o b¢ in place of P satisfies

(7.8) fre(V) = Je(gn)(v) for m e N.

Since all f o be are P o be-s-Gevrey series, we obtain from Definition/
Proposition 7.5 that the series f,, ¢(v) are convergent for all n and & €
C\ Z,, that for every £ € C\ Z there exists p¢ > 0 such that f, ¢(v)

defines an element of O,(D(0, p¢)) that we denote f, ¢ and there exist
K¢, A¢ > 0 such that for all n

(7.9) |fne(V)| < KeAT(sn+ 1) for [v] < pe.

We can now define g, by gn(v) = fae(vi — &, V') if |ug — €| and |v/|
are sufficiently small. The value of g,(v) does not depend on £ be-
cause of (7.8). This defines functions g, on some common neighbor-
hood Q of (C\ Z.) x {0} C C¢. By (7.9), the formal Borel transform
G(1,v) = 32% , gn(v)7T"/T(sn+1) defines a holomorphic function G' on
some neighborhood of Q x {0} in C4+1.

By assumption and Lemma 7.8, f o b is P o bg-summable for all £
large and ¢ close to 2’ = Z \ {oo}. Consider again the domain D =
D(0, R)\Uyez cl(D(x,r)) where r, R were chosen such that summability
holds for |£] > R/2 or dist(¢,2’) < 2r. By Proposition 7.22, (7.8),
and compactness, we can find positive p, § such that G(r,v) can be
continued analytically to the set W x A where W is the set of all 7 with
T € D(0,p) UV (d—d,d+ 6,00), A the union of “tori” of all v with
dist(vy, D) < p, [v/| < p. Also by Proposition 7.22, G has at most
exponential growth as 7 — co: There exist K, L such that |G(r,v)| <
Kexp(L|t|¥) forve A, 7 e W, |7] > 1.

We can assume that also the set Q' of all v with dist(vy,D) < p and
|v/| < pis contained in Q and that G is holomorphic on D(0, p) x ('
Now G is holomorphic on the union of W x A and of D(0, p) x . This
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is a “U-shaped” domain and hence Hartogs’ lemma can be applied. It
yields that G can be continued analytically to W x €.

For the convenience of the reader we give a short proof using Cauchy’s
formula. For 7 € D(0,p) and v € ', we have

(7.10)  2miG(r,v) = (fizm,s_ Z 7{“(”) wd”z

for p € ]0, p| sufficiently close to p (more precisely, we must have p > p >
dist(vy, D)). As the right hand side of (7.10) only uses values G(, (z,v'))
where (z,v') € A, it is defined for any 7 € W, hence the right hand side
can be continued to an analytic function on W x '. As they coincide
except for a constant factor on some open subset of W x Q’, the same is
true for G.

Now the maximum modulus principle applied in the variable vy per-
mits to carry over the exponential estimate of G to W x €': we have
|G(7,v)| < K exp(L|7|*) for ve Q and 7 € W, |7| > 1.

As before, this implies that f o bg is P o bg-k-summable in direction d
for all £ € D. As this is already known for the remaining £ € P{, we
have it for all £ € P&. We conclude with Proposition 7.23. O

As for P- and P-s-Gevrey asymptotic expansion, we complete the
theory of P-k-summability with statements concerning the compatibility
with ramification.

Proposition 7.26. Consider a P-sector Il = Ilp(a,b;r) withb—a > sm,
k=1/s, f € @, and a positive integer m.

If the series §,, = form is Porp,-k-summable in 11, := I po,, (a,b;T)
then f 18 P-k-summable in II.

f is P-k-summable in some direction d if and only ifform is Porp,-
k-summable in direction d.

f is P-k-summable if and only if f 0Ty 18 P o1y -k-summable.

Proof: The first statement follows immediately from the definition of
summability in a sector and Proposition 7.13. The remaining two then
follow from the definitions of summability in a direction respectively
summability. O

7.3. Consequences and further properties. Theorem 7.18 may be
used, as in classical asymptotics, to show properties about the composi-
tion of functions having P-s-Gevrey asymptotic expansion, and analytic
functions. More precisely:
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Theorem 7.27. Consider P(x) as before, with P(0) = 0, and II =
p(a,b;r) a P-sector. Let fi(x),..., fn(x) € OI) be functions having
series fl(w), R fn(ac), respectively, as P-s;-asymptotic expansions, i =
1,...,n, with fi(O):O. Let D be a disk around the origin in C™, and
F(x,y)=F(1,...,%d,Y1,---,Yn) €EO(D). Then, if s=max{s1,...,Sn},
we have:
(1) F(x, fi(x),..., fo(z)) is defined in a P-sector I = Ilp(a,b;7),
with ¥ < r small enough.
(2) F(z, fi(x),..., fa(x)) has a P-s-Gevrey asymptotic expansion
in II.

Proof: The conditions f;(0) = 0 imply that H%irn Ofi(:r) = 0 and the
z—

first statement follows. As a P-s;-Gevrey asymptotic expansion also is
a P-s-Gevrey asymptotic expansion, we can assume that all s; = s. For
simplicity of notation, we combine f(x) = (fi(x),..., fu(x)), f(x) =
(fi(x),..., fu(x)). By Proposition 7.17, there exist a P-cover {II =
Iy, M, ..., 11}, with II; = Ip(a,, bs;7), and functions f, € O(II;C"),
1 <4 <r,such that f;(x) has f(x) as P-s-asymptotic expansion. Con-
sider the functions g;(x) = F(x, f(x)), defined on I1p(a;, b;; 7), reducing
7 again if necessary. If IT;, NII;, # () then

(951 — 952)(x) = H(w)(.fgl - sz)(w)v
where H (x) = /O g—i(w,rfjl (®) + (1 —71)f,,(x))dr.
As with k =1/s

£, (@) = £, ()] < Kexp (7ﬁ;)\’“)

for certain K, A > 0, we obtain that
- A
. — s < [
1912 (%) — 32 (@)] < K exp ( |P(w)|k)

for appropriate K > 0, reducing radii if necessary. These estimates and
Theorem 7.18 show that every g;(x), i = 1,...,r, has a P-s-asymptotic
expansion, and the result follows. O

Remark 7.28. This result provides an alternative proof that the product
of functions having P-s-Gevrey asymptotic expansions has a P-s-Gevrey
asymptotic expansion. Indeed, just take F'(x,y1,y2) = y1y2 in the above
theorem.

Concerning the partial derivatives of a function having P-s-Gevrey
asymptotic expansion, we can proceed as above first embedding the
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function in a P-k-quasifunction using Proposition 7.17 and applying the
Ramis—Sibuya Theorem 7.18 to the derivatives. For this approach, we
have to show that, if f(x) € O(IIp) verifies an estimate

(7.11) f(@)] < Coxp (—ﬁ) ,

then their derivatives satisfy similar estimates.

To show this, consider IIp = Ilp(a, b;r), f € O(II,) verifying (7.11).
Lemma 5.4 shows the existence of a bounded holomorphic function F':
V(a,b;0) x D(0; p) — C with F(P(x),x) = f(x) and

CL A
Ft,e) < —exp| ——+ | -
) < G o (g7

Choosing some positive A’ < A, there exist C’ > 0 such that
Al
!
|F'(t,@)| < C"exp (_W) .

Taking derivatives, we obtain

of . OF op OF
Now choose a < aa < 8 < b, 0 < ¢’ < o,and 0 < p' < p. Applying
Cauchy’s formula for the derivative of a holomorphic function, we obtain
in a well known way the existence of certain positive D, B such that

oF B oF B
el < _2 _ 2
ot (t,z)| < Dexp ( \tl’“) and Ers (t,z)| < Dexp ( Mk)
for (t,x) € V(a, B;0") x D(0; p'). We obtain the existence of positive C,
A such that ~
of . A
I @) < - ).
2| < Cow (o)

as needed. Thus we have proved:

Proposition 7.29. If 11 =1Ip(a,b;r) is a P-sector and f € Op(I) has
a P-s-Gevrey asymptotic expansion, then for a, B such that a < a <
B <b, %(m) has a P-s-Geuvrey asymptotic expansion in lp(a, B;r).

8. Examples

8.1. First example. We consider the following singular ordinary dif-
ferential equation depending upon a small parameter

2dy _

dx

where P(x,e)=x"+--- is a homogeneous polynomial having n > 2 sim-
plerootsife # 0, P’ = %—I;, A, B, f are holomorphic near the origin in C2
resp. C3, A has a homogeneous valuation w(A4) > n and w(B) > 2n — 1
if f is not identically 0. If € # 0 then (8.1) has n finite irregular singular

(81)  P(z,e) (P'(z,€) + A(z,))y + Blx,e) +y* f(z,¢,y),
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points of Poincaré rank 1. If ¢ = 0, then z = 0 is an irregular singular
point of Poincaré rank n after the reduction y = 2" 'z. This means
that our equation has n coalescing irregular singular points.

Theorem 8.1. Suppose that (8.1) has a formal solution y(z,e) € C[x,e].
Then it is P-1-summable in every direction d Z 0 mod 27Z.

Remark 8.2. The existence of such a formal solution is quite exceptional.
It is nevertheless possible to have a divergent formal solution, as the sim-
ple example y = Y>> m! P! solution of Pz% = P’y — PP’ shows.

Proof: We apply Theorem 7.24 with x; replaced by x, z2 replaced by ¢.
Then the set Z is the set of zeroes of the polynomial P(u, 1) — it contains
exactly n elements. We have to show that y o be is P o bg-1-summable in
every direction d #Z 0 mod 27Z for any £ € Z.

For simplicity, we consider only the case £ = 0 € Z; the modification
for arbitrary & € Z is left to the reader. Here, we perform the blow-
up ¢ = eu and at the same time change the dependent variable by
putting y = "~ 1z. We obtain the doubly singular equation
(8.2) E"uQ% = Q(it)Q ((P’(u, 1) +eA(u,€))z+eB(u, 5)+22f(5u,6,5"712)),
where Q(u) = P(u)/u is a polynomial satisfying @Q(0) = P’(0,1) and
A, B are analytic near the origin. (As there exists a formal solution, we
can assume that w(B) > 2n — 1 also in the linear case.)

The main result of [CMS] applies to this equation and yields that
its unique formal solution z(u,¢) is e™u-1-summable in every direction
not in —arg(P’(0,1)) mod 27Z. It remains to multiply e™u by the
unit Q(u). Observing that Q(0) = P’(0,1) we obtain the z(u,e) is
¢"P(u, 1)-1-summable for every direction not in 27Z. O

8.2. Second example. We consider the following singular partial dif-
ferential equation

oP k1 of oP k1 of _
(8.3) ($28P£L'2 + aP +PA>:cla—xl :cla—ml—i—ﬁP +PB xga—m_h,

where P is a quasi-homogeneous polynomial for the valuation w deter-
mined by w(z1) = a, w(ze) = b, where k € N* h, A, B are convergent
power series and w(A),w(B) > kg, g = w(P).

Theorem 8.3. If (8.3) has a formal solution f(u) € Clu] then it is
P-k-summable provided «, B satisfy the following conditions.
(1) o+ B #0 if P is not a monomial.
(2) apofB # (g — buo)a if xo is a factor of P of multiplicity g > 0.
(3) bpcor # (g — apioo)B if 1 is a factor of P of multiplicity piee > 0.
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Remark 8.4. (1) The existence of a formal solution is a very strong
hypothesis, comparable to the necessary condition (see [CE, Lak]) for
Ackerberg-O’Malley resonance [AO]. The investigation of conditions
for the existence of formal solutions, also for non-linear equations, will
be done in a future article.

(2) A formal solution of (8.3) is not necessarily convergent, as the sim-
ple example f(z) = z1 Y .o n! P(z)" ™! with any quasi-homogeneous
polynomial P shows. It is solution of (8.3) with k =1, a =0, 8 = 1,
A=B=0, and h(x) = (EQ%P.

(3) In the case of a monomial P, equations like (8.3) have been studied
by Pingli Li [Li] using a different method.

Proof: In a first step, we prove the statement in the case of monomi-
als P. Then we reduce the statement for homogeneous and then quasi-
homogeneous polynomials P to the former one using Theorem 7.24 and
Proposition 7.26.

In the case of a monomial P = z$x4, ¢, d positive integers, the choice
of a and b is arbitrary. The conditions (2) and (3) are both equivalent
to the condition that «/d # B/c. The right hand side of equation (8.3),
moreover, is divisible by P, because the left hand side is. We obtain the
equation
(8.4) (d+ aP* + A)mlg—i —(c+ BP* + B)mg—:g2 =h/P.

For later use, it is convenient to relax the conditions on A, B slightly.
We we also allow terms in A, B that are divisible by 5™ or 25!, Let
7 denote the ideal of all convergent series satisfying this condition.

We can now apply a result of Martinet and Ramis [MR] and obtain
a formal change of coordinates = & + (&) where both components
of ¢ are in Z such that the vector field

k i _ k i

(d+ aP" 4+ A)x; Fr (¢+ BP" + B)xs 92,

in (8.4) is reduced its formal normal form (d+aP*)i, 621 —(c+BP") 2y 622
except for a unit factor 1 + ¢(&) € 1 + Z. It is proved in [MR], fur-

thermore, that ¢ and the components of ¢ are P-k-summable under our
condition a/d # (/c.
It remains to solve a partial differential equation

(8.5) (d+ aPk)xlgTi —(c+ 5P’“)z2§—£2 = h,

where P = 2§x% and h is a P-k-summable power series such that (8.5)
admits a formal solution f.
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If ¢ > 1 then replacing z; by z1e*™"/¢ we find that f(xl,xg) =
f(z1€¥™/¢ 1) is a solution of (8.5) with right hand side h(z1,zs) =
h(x1e*™/¢ x5). This leads us to split f and h into c series: f(ml, x9) =
Z; éxlfj (2f,22) and a similar formula for k and hj, j =0,...,¢c— 1.
We obtain ¢ equations for the f; = f;(u1, 22).

sy O Bar  0fi | J peye Ly

where P(uy, ) = uizd. In a similar way, splitting

U17$2 § ) fjnL ’u,17$2

m=0
we obtain equations for each of the f;,,. We simplify the notation by
omitting the indices and the constant factor c—ld and by introducing & =
a/d, B = B/c, P(ui,uz) = ujus. This yields the equation

=k Of of
(8.7) (1+aP )U171 - Pus
with v € M ={0,1,... 1—l}c 0,1, pe N={0,%,....1 -1} C
[0, 1], where now h = h(uq,uz) is P-k-summable.

Now we use Proposition 7.22 to establish the P-k-summability of a
formal solution f of (8.7) provided & # B.

Consider any direction @ for which h is P-k-summable and which is not
congruent to —+ arg(& — 3) mod TZ. Then there is a function H(u,T)
holomorphic for w € D(0;p) and 7 € D(0,0) or 7 € V(6 — 6,0 + §; 00)
with the properties (1), (2) (3) stated in Proposition 7.22. In particular,
there are positive constants C', A such that

(8.8) |H(u,7)| < Cexp(Alr]*) if |u| < p, 7 € (D(0,8)UV (0 —8,0+5;0)),

for every 7, we have J,(H(.,7)) € C{u1} + C{uz}, the Laplace trans-
forms

(1+BP*Yua 2L + (y(1 +&P*) — (14 BP*)) f = h,

L(H)(u,t) = kt_k/ i e_Tk/tkH('u,7 ) dr
arg 7=0

converge for 6 near 6 and we have h(u) as P-k-Gevrey asymptotic ex-

pansion of £(H)(u, P(u )) in some P-sector of angular opening larger

that 2% bisected by arg(P(u)) = 6.

Suppose for a moment that there is a function F' = F(u,7) with
properties similar to H such that £(F)(u, P(u)) is a solution of (8.7)
having f(u) as its 15( )-asymptotic expansion Using classical properties
of the Laplace transform we obtain that ura L (u, P(u)) = L(u, gf +
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T%—f)(u,p(u)), r=1,2, and t*L(G)(u,t) = L(KI(G))(u,t) for G with
properties like F, where I(G)(u,7) = [J 0F¥7'G(u,0)do. Inserting
into (8.9) this yields that F' satisfies the following equation

AI(F)

(89) w5 = uog—+k(a = B)(r"F — KI(F)) + kéw =5~ — kfua OI(F)

u Ouz

+ (v = W F + k(ya — pB)I(F) = H.
Conversely, the existence of a solution F' of (8.9) with properties analo-
gous to (1), (2), (3) proves the P-k-summability of a formal solution f
of (8.7), because (8.7) has a unique formal solution except for its con-
stant term in the special case £ = v = u = 0. This last assertion follows
by consideration of the terms of f of lowest valuation. Details are left
to the reader.

In order to solve (8.9), we expand H and F' into series with respect
to u1, uz. We have H(u,7) = >0 Ho(T)ul + Yo, H_¢(7)ub and want
F(u,7) =320 Fo(r)uf + Y2, F_o(1)ub. Equation (8.9) is equivalent
to a sequence of equations for the functions G, = I(Fy)

(U+y—p+ k(@=B)r") G+ kr" ™ (xt—k(a—PB) +7a—pB)Ge=7""Hu,
GZ (0) = Oa

(8.10)

for £ € Z, where xy =a if £ > 0, x = B otherwise.
Ifl+~v—p #0,ie £ #0ory = pu, we can write the solutions of (8.10)
using the solutions of the corresponding homogeneous equations

U —(xt—k(a—p)+ya—upB)/(k(a—p))
k(a—p)r"
wv)i(y%€+7—u
We obtain
T k—1
Go(r) = Us(7) / T Hi(s) ds,
o (L+vy—p+k(@—pB)sk)Ueds)

Fy(r) = Ho(r) — k(x{ — k(& — B) JF:Vd - NB)GZ.

(4~ —p+k(@—pB)rk

k(G—f)r"
bty —p
sector |argq| < m — §/2 and therefore %log(l + ¢q) is bounded by some
constant. This implies that there are constants K, M such that |Uy(7)]
and 1/|Uy(7)| are bounded by MeX 17\ for 7 € D(0,6) UV (6 — §/2,6 +
§/2;00) and all £ € Z, v € M, p € N, £ # 0, v # p. By (8.8),
we have |Hy(7)| < C5~MeAIT" for all ¢, ~, p, and all 7. The above
formula for F, implies that there is a constant D such that |Fy(7)| <

DS~ e(AT2K+DIT" for all £, ~, w, 7 in the case £ # 0, v # L.

By our hypothesis on 0, we can assume that g = is in the
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Observe that the formula for Fy remains valid in the exceptional case
(=0, v = pu, if we replace Uy by Up(7) = 77, Tt is straightforward to
prove that |Fy(7)| < DeA+2K+DIT1" for a certain D in the finitely many
cases y EM, peN, v =p.

This implies that

4D
2-6

for uw € D(0;6/2), 7 € D(0,8) UV (0 — /2,60 +6/2; 00). Thus the P(u)-
k-summability of the formal solution f of (8.7) is proved.

Going back to the formal solution of equation (8.3) in the case of the
monomial P = x$x4, we obtain its P-k-summability provided a/d # 3/c.
In the terms of the theorem, this condition is equivalent to conditions (2)
and (3) and the theorem is proved for monomials P.

In a second step, we consider (8.3) with a homogeneous polynomial P
that is not a monomial, i.e. the case a = b. We can assume that a = b =
1. We apply Theorem 7.24 to the formal solution f of (8.3) that exists
according to the assumption of the theorem. Let M denote the set of
zeroes of P in P{. If we show that fobg is P obg-k-summable for £ € M
then the statement follows in the present case.

It is sufficient to consider the case where £ € C, the case £ = oo is
reduced to the case £ = 0 by exchanging vy and ve, a and 3, a and b
respectively. R ~

Now we consider f = f obe and the analogously constructed h, P,
A, B. We calculate

A+2K+1)|7|F

|F(u,7)| < el

2L a6+ 01)02) = - 2L 1,0,
(8.11) . _
of _(Of &+wv Of
671:1(7.127 (€ + Ul)’UQ) = (67’[}2 — Tai’ul) (’Ul,’UQ)

and obtain analogous formulas for P. This leads to the following partial
differential equation for f.

0P s i) OF
(8.12) ((f + Ul)avl +aP" + PA) V2 Dos

(250 + a4 P4 PUAHB)) (€ + o) 2L =
where~ now the vo-valuation of A and B is larger than kg, g = w(P),
and P(vi,v2) = P(v2, (§ + v1)v2) = v§Q(v1) with some polynomial Q
vanishing at the origin.
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In order to reduce P to a monomial, we consider a holomorphic func-
tion ¢ such that Q(¢(v1)) = v§, where ¢ is the multiplicity of v; =0 as a
zero of . Then replacing v, by ¢(v1), multiplying by v1¢’(v1), and di-
viding by €+ ¢(v1), we obtain a new equation for f(vi,vs) = f(é(v1),v2)
with P = v$vd.

813 V1 (}5/ (1}1)

e, o). OF
(813) (U1Tm+m(ap + +PA)) 1)287’1}2

p _ L P
— (vgg—v? + (a —‘,—B)P}H'1 + P(A+ B)) vlﬁ = h,

where h(vy,vs) = gfq;gzi))ﬁ(qﬁ(vl),w) and A, B are certain convergent
series containing only terms of vs-valuation larger than kd. Choosing
the quasi-homogeneous valuation appropriately, more precisely a = 1
and b sufficiently large, we arrive at an equation of the form (8.3) with
the monomial P = z§zj. In the case & # 0, the factors «, 3 replaced
by a+f, 0, and fobg is Pobe-k-summable if o+ 5 # 0; this is satisfied
by condition (1). In the case £ = 0, these factors have to be replaced
by (a+ 5,a). As ¢ = up > 0 and d = ¢ here, we obtain that f o by
is P o bg-k-summable if (o + 3)/g # /0. This condition is equivalent
to (2). In the case £ = oo the reduction to the case £ = 0, that is
exchange z; and s etc., proves that f o by, i8 P o bso-k-summable if
(a4 B)/g # B/loo- This is condition (3). Thus the theorem is proved
for homogeneous non-monomial P.

In a third and last step, we reduce a quasi-homogeneous non-monomial
case to a homogeneous case by the ramifications x; = v§, 5 = v5. It
suffices to use Proposition 7.26 twice. The ramifications preserve the
form (8.3) of the equation, only «, § are replaced by ba, af, it is ho-
mogeneous for w satisfying w(vy) = w(vy) = 1 and po, feo are replaced
by buo, apis, but g remains unchanged. This yields the conditions of
the theorem for P-k-summability in the present case. O
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