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1. Introduction

Iwasawa theory studies the mysterious relationship between pure arithmetic ob-
jects and special values of complex L-functions. Its precise statement is usually called
the “main conjecture” and provides an equality between a quantity measuring Selmer
groups and a p-adic L-function (interpolating the special values of a complex L-func-
tion). Its proof is usually divided into two parts, one part proving one divisibility by
Ribet’s method, and the other proving the converse divisibility by Euler systems.

In [1] Bertolini and Darmon proved one divisibility of the Iwasawa main conjec-
ture for elliptic curves over Q in the anticyclotomic setting. Note that Bertolini and
Darmon assumed a p-isolated condition among other technical conditions. The p-iso-
lated condition was removed by Pollack and Weston [16]. In [5] Chida and Hsieh
generalized this divisibility to elliptic modular forms of even weights < p — 1. Their
results were generalized to the setting of Hilbert modular forms by Longo [13] for
parallel weight 2, and by Wang [18] for even parallel weights < p— 1. There are other
generalizations obtained by Fouquet [8] and Nekovar [15].

One of the crucial ingredients for the Euler system argument in [1] is Thara’s lemma
for Shimura curves. In the case of elliptic modular forms, the required Thara’s lemma
is Theorem 12 in [7]. In the totally real case, [7, Theorem 12] is partially generalized
by Jarvis [11]. It seems that in the unpublished paper [4] Thara’s lemma was proved
under the conditions that the base totally real number field F' is sufficiently small, i.e.
[F: Q] < p, and that the level of the Hilbert modular form in question is sufficiently
large. In [14] Manning and Shotton proved Thara’s lemma under the hypothesis that
the image of gy (a modulo p representation defined in our text) contains a subgroup
isomorphic to SLa(F,). Thus under this strong hypothesis Longo’s and Wang’s results
are unconditional.

In this paper we remove the condition of Thara’s lemma, and thus obtain an un-
conditional result for all totally real number fields. We need to preserve technical
conditions in [13, 18] other than Thara’s lemma. Instead of proving Thara’s lemma,
we take an approach of avoiding it.
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Let F' be a totally real number field and p a place of F above p. Let K be a
totally imaginary quadratic extension of F'. We form the anticyclotomic Z][[,F":Qp Lex-
tension Ko of K. Put I' = Gal(K . /K).

Let f be a new Hilbert cusp form of parallel weight k& > 2. Let us write the level n
of f in the form n = n™n~, where nt is only divisible by prime ideals that split
in K, and n~ is only divisible by prime ideals that do not split in K. We assume
that n™ is the product of different prime ideals whose cardinal number has the same
parity as [F' : Q]. This condition ensures that f comes from a modular form on a
definite quaternion algebra with discriminant n=. We also assume p { nDg/p and f is
ordinary at p. Specifically, one of the two Hecke eigenvalues of f at each place of F
above p is a p-adic unit.

Let py: Gp — GLa(Ey) be the p-adic Galois representation attached to f (see [19,
17] among other references), where Ey is the defining field of p;. Then det py = ek,
where € is the p-adic cyclotomic character of Gr = Gal(F/F). We consider the self-
dual twist of py, namely p} = py ® 7. Let V¢ be the underlying representation
space for p}. Fix a Gp-stable lattice Ty of Vi, and put Ay = Vi /Ty

Let Sel(K«, As) be the minimal Selmer group of Ay. Put A = O[[I']], where Oy is
the ring of integers in Ey. Then Sel(K«, Af) and its Pontryagin dual Sel(K, Af)Y
are A-modules.

On the other hand, one can attach to f an anticyclotomic p-adic L-function
L,(K, f) € A that interpolates the special values L(f/K, x,k/2) of the L-function
attached to f (where x runs over anticyclotomic characters).

Conjecture 1.1 (Iwasawa main conjecture). The A-module Sel(K ., Ay) is a cofinitely
generated cotorsion module, and its characteristic ideal chary Sel(Ko, Af)Y € A sat-
isfies

charp Sel(Koo, Af)Y = (Ly(Koo, f))-

Our main result is the following:

Theorem 1.2. Assume that f satisfies the conditions (CR™'), (PO), and (n*-DT)
given in [18]. Then Sel(K«, As) is a cofinitely generated cotorsion A-module, and

charp Sel(Koo, Af)Y | (Lp(Koo, f))-
As applications of Theorem 1.2, we have the following consequences.

Corollary 1.3. Let A be a modular elliptic curve (or more generally a modular
abelian variety of GLo-type) over F. Assume that F, = Q, and that the modular
form attached to A satisfies the assumption in Theorem 1.2. Then A(K) is finitely
generated.

In [10] Hung proved the vanishing of the analytic u-invariant, generalizing the
result of Chida and Hsieh [6]. Combining Theorem 1.2 and Hung’s result, we obtain
the following:

Corollary 1.4. Keep the assumption of Theorem 1.2. Then the algebraic p-invariant
of the A-module Sel(K o, Af)Y is zero.

Corollaries 1.3 and 1.4 were already obtained by Longo [13] and Wang [18] respec-
tively, under the assumption of Thara’s lemma.

The strategy for the proof of Theorem 1.2 is to use the Euler system of Heegner
points {ko([)m 1 to bound the Selmer groups. In [18] these Heegner points were
shown to satisfy two properties called the First Reciprocity Law and the Second
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Reciprocity Law. The Second Reciprocity Law requires Thara’s lemma. Our input is
to prove a weaker form of the Second Reciprocity Law without Thara’s lemma. Our
weaker version is sufficient for us to run through Bertolini and Darmon’s Euler system
argument to prove Theorem 1.2. This is done in Section 5. See Proposition 4.6 and
Corollary 4.14 for the precise statements of the First Reciprocity Law and the weaker
version of the Second Reciprocity Law.

Both the original Second Reciprocity Law

(1.1) v, (ko (1)m) = v (kg (12)m)

(with [; and [ being different n-admissible primes) and our weaker version are based
on an analysis of the specialization modulo w (= the uniformizing element of O D>
Oy) of Heegner points to supersingular points. Starting from an (N, n)-admissible
form (A, g) (Definition 2.4), using this specialization we obtain a map
v: B"™\B"*)yy$' — O,

(see Subsection 4.2 for the meanings of the notations), which is expected to define a
new (N,n)-admissible form. In [18], N is taken to coincide with n. Our (N, n)-ad-
missible form is called n-admissible form in loc. cit.

In [18] Thara’s lemma is used to show that + is nonzero modulo w, i.e. the order

of 7 is zero, so that « really defines an (N, n)-admissible form denoted by ¢ in our
text. Wang ([18]) showed that

(1.2) v, (K (1)m) = Om(g")-

With [; and [, exchanged one obtains another n-admissible form A’ such that
Uy (H.@([Z)nz) = am(h//)

Then the multiplicity one result g = h” yields (1.1).

Both (1.1) and (1.2) are needed in Bertolini and Darmon’s (inductive) Euler system
argument. We sketch the Euler system argument as follows. The reader may consult
the text for notations.

Let ¢: O[[T']] = O’ be a homomorphism. Enlarging O if necessary one may as-
sume O = O'. One needs to show that the length of

SelA(KN, An)v Ry O

is bounded by 2ord ¢(6(g)). For this we consider the following two exact sequences:

~

Hl

L (Koot Th) —= Sela (Koo, Ap)Y — SY . —0

l1,l2

(Koo,[NTn) D I:jl

sing
and
HY (Koo, Tn) @ Hiy (Koo iy, Tn) — Selan, (Koo, An)Y — 8y, — 0.

Let e( be the (global) order of p(kg(l)). There exists
&' (1) € Selai( Koo, Tr) @y O
such that
ok (1) = w k().

Furthermore, (0, x'(I1),0) and (0, dy,x'(I2)) are annihilated by n¥, while (v, &'(l2),0)
and (0, v,/ (l1)) are annihilated by n7.

The First Reciprocity Law implies that the order of 9;x’([) is ord ¢(8(g)) —er. From
this one obtains that the length of the image of n? is at most

20rdp(6(g)) — (e, +e,)-
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So by the first exact sequence it suffices to control S[\i 1, ®p O, which also lies in the
second exact sequence.

To apply the second exact sequence one needs to make a good choice of [; and [y
to force 7 = 0 so that

Selan,(Koos An)Y @, 028 || @, O.

l1,l2

One chooses [; such that e, is minimal. Then one chooses [ such that
ord p(vi, k(1)) = ey

or the same ord vy, x’(l;) = 0, which implies that ﬁflm(KOOJz, T,) ®, O is annihilated
by njf. When Thara’s lemma holds, by the Second Reciprocity Law (1.1) we get

ord p(v, ke (lh)) = ord (v, kg (lz)).
Combining this with the trivial fact e\, < ord ¢(v, £9(l2)) and the minimality of ey, ,
one obtains
ord p(v, kg (k) = er,.
Thus HE, (Keo.t,, Tn) @, O is annihilated by 17 as well.

Then one uses (1.2) to finish the inductive argument.

In our approach, we deal with (1.1) and (1.2) separately.

Instead of Thara’s lemma, we use the global Tate pairing to prove a weaker version
of (1.1). We show that v, (kg (l1)) and vy, (k% (l2)) coincide with each other after
multiplying by 6(g). Indeed, by relations like

Z<59([1>m7 H@(b)m)v =0
provided by the global Tate pairing between H'(K,,,T},) and itself (noting that
Ty, = Ay,p) we obtain
0(g) - vi, (k2 () = 0(9) - vi, (ko (12))

up to multiplication by a unit in O,[[I']]. Note that this holds for any m-admissi-
ble I # [5. For the good choice of [; and [, made above, we have

p(0(g) - vi, (ko () # 0

in O,,,! from which we deduce

(1.3) p(vr,(k2(h))) = ¢(v, (ko(12)))

up to multiplication by a unit in O,. So, without Thara’s lemma we again obtain
0 _

ny = 0.

The reader should note that we show (1.3) only for carefully chosen pairs (I3, l2),
rather than random pairs.

For (1.2), without Ihara’s lemma, the order of 7, denoted by ng in our Proposi-
tion 4.15, may be nonzero. Fortunately, we can bound ng by vy, (k% (l1)). Especially, for
our good choice of [; and [5 we have ng < n. Then we obtain from v an (N, n—ng)-ad-
missible form denoted by ¢g” such that

(1.4) v, (kg (1)) = w™0(g").
Thus we have a weaker version of (1.2). In the (inductive) Euler system argument,
(1.2) is used to show that 2ord p(vi, (ke (l1))) bounds Selay, 1, (Koo, An)Y ®, O, since

this module is bounded by 2ord ¢(6(g”)) by the inductive assumption. Clearly, our
weaker version (1.4) is sufficient for this purpose.

1This requires a further technical condition which is clear in our text.
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Notations. Let Dk, p denote the relative difference of K with respect to F. Fix a
prime number p { nDg/p and a prime ideal p of Op above p.

Let K, be the ring class field over K of conductor p™ and put G,, = Gal(f(m/K).
Set Ko = U Ko

Let Ko be the unique subfield of Ko such that T := Gal(Ku /K) ~ ZV? %] pug
Ky =K, N Ky and T, = Gal(K,,/K).

Let € denote the p-adic cyclotomic character of G = Gal(F/F).

We will fix an isomorphism 7: C = C,,.

2. Automorphic forms and Galois representations

2.1. Galois representation attached to f. Throughout this paper we will fix a
Hilbert cusp newform f of parallel weight k£ > 2 and trivial central character. Let n be
the conductor of f, and we decompose n into n = n*n~, where nt is the product of
primes split in K, and n~ is the product of primes inert or ramified in K. We assume
that n is coprime to p.

We assume that n~ satisfies the following two conditions:

(sq-fr) n~ is square-free, that is, n™ is the product of different primes.

(card) The cardinal number of prime factors of n~ has the same parity as [F': Q).

By [19, 17] (among other references) up to isomorphisms there exists a unique
p-adic Galois representation

pr- GF — GLQ(CP)
that satisfies the following two properties.

e py is unramified outside pn.

e If [ is a prime of Op not dividing pn, then for the geometric Frobenius Froby
at [, the characteristic polynomial of py(Froby) is 2% — a((f)x + N(I)k~1. Here,
ar(f) is the Hecke eigenvalue of f at [.

Here we view a((f) as an element of C, via j. Let Ef be the defining field of p, which
contains all a((f). Let Oy be the ring of integers in Ey.
A consequence of the latter property is
det py = L,
The reader may consult [19, 17] for the construction of p; and more properties of py.
Let

« 2-k
Py =pr@c:
be the self-dual twist of py, and Vy the underlying representation space for p}. The

representation p} has the following properties.

e p} is unramified outside pn.

k
_152 *

) p}|g py = (X” ok ) for each v|p. Here x, is the unramified character such

0 Xv€ 2

that x,(Frob,) = a,(f).
* piler, = (%° 7)) for each [ dividing n exactly once.
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Fix a Gp-stable lattice Ty of V;. We use py to denote the residual Galois repre-
sentation of T’.
We state the conditions (CR™), (PO), and (n*-DT) in Theorem 1.2.

Hypothesis (CRT). (1) p>k+1 and (#(Op/p)* )1 > 5.
(2) The restriction of py to G'p(, /=) is irreducible, where p* = (—1)"= p.
(3) py is ramified at [if [[n™ and N()2 =1 (mod p).
(4) If n; denotes the Artin conductor of gy, then n/n; is coprime to n;.

p—1

Hypothesis (PO). a?(f) # 1 (mod p) for all v|p if k = 2.

Hypothesis (nT-DT). If [|[n" and N(I) = 1 (mod p), then p; is ramified at I.
We also need an auxiliary condition (n*-min).

Hypothesis (nt-min). If [[nT, then p; is ramified at L.

Throughout this paper, we fix a finite extension £ of E, and let O be the ring of
integers in £. So O¢ C O. Let w be a uniformizer of O. For each positive integer n we
put O,, = O/w™. Consider E, O, and O,, as coeflicient rings, and let G act trivially
on them.

Set To =Ty ®o, O, Ve = V; ®@g, £, and A = Vg/Te. For each n we put

T, = (To)/w" =Tt @0, On
and
A = ker(A 55 A).
They are all G p-modules.

Remark 2.1. By assumption (2) in (CR™), p; is itself irreducible. So, the G p-stable
lattice Tt of V; is unique up to isomorphisms. Hence, up to isomorphisms 7, and A,
are independent of the choice of T%.

Lemma 2.2. Suppose that assumption (4) in (CRT) holds. If ([nt and py is ramified
at I, then HO(FPT, A) is divisible.

Proof: By [17], and via the local Langlands correspondence, the Frobenius-simplifi-
cation of the Weil-Deligne representation attached to ps is the Weil-Deligne repre-
sentation attached to 7y . Thus the Artin conductor of p¢  is equal to the conductor
of my1 [9]. As € is unramified at [, the Artin conductor of p} | is equal to that of py .

When 5y is ramified at [, assumption (4) in (CRT) ensures that the conductor
of s is equal to the Artin conductor of py,. Therefore, the Artin conductor of p}
is equal to that of py (. Our assertion follows. O

Definition 2.3 ([18, Definition 2.2.1]). A prime ideal [ of O is said to be n-admis-
sible for f if the following conditions hold.

(a) [fpn.

(b) lis inert in K.
(c) N(I)2 — 1 is not divisible by p.
(d)

d) w" divides N(I)5 + N()*=> — eja((f), where ¢ = £1.
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2.2. (N, n)-admissible form. In this subsection we recall the definition of n-ad-
missible forms [18].
Let Ba be a quaternion algebra over F' with discriminant A. Suppose A is coprime
to p. For each v { A we fix an isomorphism (Ba), =& Ma(F,).
Let nt be an ideal of O coprime to pA, and let R,+ C Ba be an Eichler order of
level n. Then for each v[n™ with vt||nT,
(Rut)o ={(25) € Ma(Op,) : c € 7,OR, },

where 7, is a uniformizing element of F,.
For a fixed positive integer N we put

U= Moty :{xeﬁtﬁ cxp = (8°) (mod pN),a,beOFp}.

a
Let Ta(nt,pV) be the (commutative) Hecke algebra generated by
{T0, Sy vt pntAYU{U, s vlpn™AY U {{a) : a € OF ,}.
Here, as usual, for v {pnTA
Ty _ Ty 0 .
To= U)W, So=[4(T2,) 45
for v|pn™,
Uy = [9(7 1) 45
for v|A, we choose an element 7, of (Ba), whose norm is a uniformizing element
of F,,, and put
Uy = [t 8] ;
forv=rp
(a) = [ (§9) Y.
To define n-admissible forms we need the notion of algebraic modular forms with
values in p-adic rings.
Let ® be a finite extension of Q, that contains images of all embeddings o: F' —
Q,. Let Q be the maximal ideal of Og - Then p, := o~ 1(Q) is a maximal ideal of O
P

lying above p. We extend o continuously to F},_ . Let A be an Og-algebra. Then we
have a decomposition

Az 0p =@ A, a®b (ac (b)),

where o runs over all embeddings F' — .
For each embedding o let

Lk,o‘(A) = A[Xda Ya’}k—Q

be the space of homogenous polynomials of degree k — 2 with two variables over A;
we have an action of My(OF,_) on Li(A) by

ﬁk,o(g)P(XmYa) = P((XH7YU)9)
GL2(OFp”) Of GLQ(OFpa)- Put

Li(A) = Q) Lio(A) = Q) X Lio(A).

qlp o:Po=4q

2—k
We use pi,» to denote the action det 2 -py »

Then we consider Ly (A) as a GL2(OF, )-module by the action

() = Q) Q) rolo(ug)).

qlp o:po=4
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Similarly, we consider Lj(A) as a M3(OF,)-module by the action
Pie(up) = Q) Q) Prolo(ug))-
qlp o:po=q

Note that pj is self-dual; this means that there is a pg-invariant pairing (-,-); on
Now, let Ba be definite. One defines the space SEA (U, A) of algebraic modular
forms of level 1 and weight k by
SP2 (8, A) = {f: BX\BX — Li(A) | f(bu) = pilu,) " f(b) Vu € 4.

It is equipped with a natural T, (n*, p?V)-action, as follows: for any [Uzi]€ Tp,(nF,p™),
ifz, =(89) with a € O;p, one defines

st f ) = > prlupy) f(bu);
weLl/UNzr—1
if xp = (78“ (1)), one defines
Matf )= > palup)pi(y) f(buz).
ueld/UNzUz—1

When k = 2, SP2 (4, A) can be naturally identified with A[BX\BX /4]; it is com-
patible with Hecke actions if we define the Hecke action on the divisor group of the
Shimura set Bg\gz /44 via Picard functoriality.

Set Y = F*. Then there is an action of Y on SEa(u, A).

Let f be the Hilbert modular form of level n and weight & as in the introduction.
In particular, f is ordinary at p. Put

TA(n+apN)O = TA(n+apN) ® 0.
One can attach to f a Hecke character
)\ny: TA(H+,]3N)O — 0

as follows. As in Subsection 2.1, let {a,(f)}» be the system of Hecke eigenvalues
attached to f. Set

2

a,(f)N(v) =" if v fp.

Then we define Ay y by

the unit root of 22 — a,(f)z + N(v)*~1 if v|p,
a,,<f>={ (Hz+N(v) p

Af,N(Tv) = av(f)y
Apn(Sy) =1 for v t pn,
AN (Uy) = a(f)  for v|pn,

(
Arn({a)) =a 2 fora€Op.

Definition 2.4 ([18, Definition 5.1.1]). Let N and n be two positive integers. By an
(N, n)-admissible form we mean a pair 2 = (A, g) such that
(a) A is a square-free product of prime ideals (in Op) inert or ramified in K, n™|A,
A/n~ is a product of n-admissible prime ideals, and the cardinal number of
prime factors of A/n~ is even;
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(b) g € S22 (Un+ pr, On)Y such that
g (mod w)#0
and
)\g = /\f,N (mod w").
Let Z, be the kernel of A,.
When n = N, (N, n)-admissible forms are just n-admissible forms defined by [18,

Definition 5.1.1].
Let 7z € BX be the Atkin-Lehner element given by

0 1
TNy = (wgrdv(PN“Jr) 0) .
Then 7x normalizes U, + ,~ and gives an involution, called the Atkin-Lehner involu-
tion, on BA\BA /iy+ pv. We define a perfect pairing
<.7 '>N3 SEA (ﬂn+7pN,A)Y X S;A (Lln+7pN7A)Y — A
by

(f.9)n =Y F(B)gbra)§(BX N bikyr b /F*) 71,
b

where b runs over the Shimura set BX\BX [U+ pv. We have that the action of
Ta(nt,p™)o is self-adjoint with respect to this pairing.
For each g € SQBA (ﬂn+’pN,On)Y we define the map

%: SQBA(LLN,},N,(’))Y —>On, h—> <g, h>u“+,,,N'
Via the identity
SEA (Ut o, 0)Y 2 O[BX\BX /Y thys yv],

we have
(2.1) bg(x7Nn) = g().
Proposition 2.5 ([18, Proposition 5.1.2]). Assume (CR') and (n*-DT). Ifn < N,
and if (A, g) is an (N,n)-admissible form, then we have an isomorphism
hg: 832 (Uns yv, O)Y [Ty 5 Oy,

Proof: When n = N, this is [18, Proposition 5.1.2]. For the general case n < N,
we only need to slightly adjust the proof of [18, Proposition 5.1.2]. Let Pj be the

ideal {(a)—a"= :a € O}X;p} which is clearly contained in Z,, and let m be the maximal
ideal containing Z,. In loc. cit. it is shown that

534 (Ut prv, O)n/ (P, ™) 2 S (8, O)i /().
Since n < N, it follows that

538 (Ut o, O)p / (P, ™) = S8 (e, O/ (™).

By [18, Theorem 9.2.4] SP2(Uy+,0) is a cyclic Ta(nt)o-module. Thus
SPA (St v, 0)Y /T, is generated by some h as a Ta(n™,p™V)o-module. Since 1,
is surjective, 1,(h) € 0. Now our assertion follows from the fact that Ta(n',p™N)o
is self-adjoint with respect to (-, ) n. O
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2.3. Gross points and Theta elements. We define Gross points and Theta ele-
ments following [18].

If A in Subsection 2.2 is a product of primes inert or ramified in K, then K can
be embedded into BAo. We choose a basis of Bo = K & KJ over K such that

e J2 =€ F* is totally negative, and Jt = t.J for t € K
o B (OF, ) for all v|pnt and g € O, for all v|Dg/p.
To define Gross points we need to choose a precise isomorphism
[Tiv: BS — Mao(FA).
vtA
For this we fix a CM type ¥ of K. Choose an element ¥ such that

e Im(o(¥)) > 0 for all o € 3;
e {1,9,} is a basis of Ok, over O, for all v|Dg,ppn;
e 1 is a local uniformizer at each prime v that is ramified in K.

Then we require that for each v|pn™, i, is given by

i () = (T(119) 71\6(19)) i) = f(—l T(ﬁ)) ’
where T(9) = ¢ + 9 and N () = 9; for vt pnTA, i,(Ok,) C Ma(OF, ).

Now we define Gross points. For vjn™ we put ¢, = (¥ — )7 (¥ ?) € GLy(K,) =
GLs(F,) if v = ww in K. If m is a positive integer, we put
(151 (9) € GLa(Kp) = GLo(F)  if p = P,

(916)(wg?) if p is inert.

Set (™) = C)gm) Hv|n+ G € Ez
Let R,y, be the order Op +p™ O of K. If m > N, then (¢"™) 7 RX (™ C Uyt pn.
Thus we have a map

T KX\K*JYRY, — BX\BX/Y Uyt on

<(m)

— [aC™)].
If 2 =(A,g) is an (N,n)-admissible form (n < N), for each m > N we define
1
Om(g) = o Z 9(@m(a))am € On[Gnl,
p

[a]m€Gm

where a — [a],, is the map induced by the normalized geometrical reciprocity law.
These elements ©,,(g) are compatible in the sense that mp41,m(Om+1(9)) = Om(g).
Here, Ty 41,m s the quotient map O, [Gy+1] = On[Gp].
Let m,,: G,y — T’y be the natural map, and put
0 (9) = Tm(©m(9)) € On[l'm].
Then 6,,(g) (m > 1) are compatible and thus define an element 6(g) of O,[[T']].

Now we restrict to the case A = n™, and put B = B,-. Let R,+ be an Eichler
order in B of level n¥.

By the Jacquet-Langlands correspondence we find a C,-automorphic representa-
tion 7’ for the group G = Resp/g B* corresponding to f (more precisely j(f)) and
an eigenform fp € SE(E:JH(CP) with the property T, fp = a,(f)fp for v { n and
U,fs = au(f)fB for vin. Put

@B(x) = <pk,oo(xoo)VOa fB (woo»k’



IWASAWA THEORY FOR ANTICYCLOTOMIC EXTENSIONS 51

where vy = X*2YV*#*. Then ¢p is in the 7'-part of the space of Cp-automorphic
forms for G. We normalize fp such that ¢p takes values in O (enlargmg E if neces-
sary) and is nonzero modulo w.

Define the p-stabilization <p}rg of pp as

1
eh=vp——1((2)) ¢5-
Then we define
1
On(f) = am Z @TB(xm(a))[a]m € 0[Gn].
P [a]m€Gm

These elements ©,,,(f) are compatible, meaning mm4+1,m(Om+1(f)) = Om(f). Then
we define 6,,(f) and 0(f) as above.

Finally we define the p-adic L-adic function L,(Ku, f) by Ly(Kuo, f) = 0(f)>.
Hung ([10]) proved an interpolation formula for L,(K, f). We do not state it here,
since we will not use it.

Proposition 2.6 ([10, Theorem 6.9]). We have that the analytic p-invariant of
L, (K, f) is zero, i.e. Ly(Koo, f) Z 0 (mod w). In particular, L,(K, f) # 0.

Proposition 2.7 ([18, Proposition 7.4.2]). If A =n~, there exists an (N, N)-admis-
sible form 9 = (n—, f;(,) such that
0r(2N) = 0 (f)  (mod w™)
for each m > N. In particular
0(Zx) =0(f) (mod w™).
3. Selmer groups

For the convenience of readers, we recall the definition of Selmer groups. See [1, 5,
13, 18] for more details.

3.1. Basic properties of Selmer groups. Let L be a finite extension of F'. For
each place [ of F' and each discrete Gp-module M, we put

Lo M) = D H Ly, M), H'(IL, M) =@ H (I, M
A Y[
where A runs through all places of L above [. Denote by
resg: HY(L, M) — H'(L(, M)

the restriction map at [.
We define the finite part H* (L, M) as

HE, (Li, M) = ker(H' (L, M) — H*(I1,, M))
and the singular quotient as

Hgyo(Li, M) = H'(Ly, M)/Hg,, (Ly, M).

sing

One has the following exact sequence:
@)\\[Hl(GLA/ILwMILA) — HI(LUM) i @M[HI(ILMM)GL)‘/IL)"
Then H} (Li, M) coincides with the image of the map

P H (Gr, /11y, M2) — H'Y(Li, M),
Al
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and HL (L{, M) is naturally isomorphic to the image of d;. By abuse of notation, the

sing
composition map d ores; is also denoted by dy. If an element s € H(G, M) satisfies

di(s) = 0, then res((s) is in Hi (L, M) and we will denote it as v((s).
If [[n™, if [ is n-admissible, or if [|p, then the restriction p}|q, of A, to Gp, sits
in a G p-equivariant short exact sequence of free Oy ,,-modules

0— FTA, — A, — F7 A, — 0,

where G, acts on F{t A,, by %e (resp. x~1e¥/2) if [[n~ or [ is n-admissible (resp. [|p).
Here, when [|p, x is the unramified character of G, such that x(Frob) = «y, where
a is the unit root of the Hecke polynomial 22 — a(f)x + N(I)*~1. Then we define
the ordinary part of H! ,(Ly, A,) to be the image of

HY(Gp,,FtA,) — HY (G, Ay).
We define H:

oa(Li, T,,) similarly.

Let A (n~|A) be a square-free product of prime ideals in Op such that A/n~ is a
product of n-admissible prime ideals. Let S be a finite (maybe empty) set of places
of F' that are coprime to pAn.

Definition 3.1. We define the Selmer group Seli(GL7 M), where M = A,, or T, to
be the group of elements s € H'(G, M) such that
(a) res((s) € HE (L, M) if [1pA and [ & S;
(b) resi(s) € HL (L, M) for all [[pA;
(c) res((s) is arbitrary if [ € S.
The group Gal(K,,/F) acts on H'(K,,,T;,) and H'(K,, A,,).
Lemma 3.2. Gal(K,,/F) preserves Sel (G, ,Ty) and Sel3 (G, , Ay).

Proof: If 1 pA and if [ ¢ S, then for each place A of K, above [, the largest unramified
extension of K, » is Galois over Fj. Thus Gal(K,,/F) acts on

I
@ H1<GKm,>\/IK7n,>\ ) TTLK
All

m)\)

and thus preserves Hi (K 1, Th)-
If I|pA, then Gal(K,,/F) preserves H. (K 1,T,). This follows from the fact that
G, preserves the subspace F| [+Tn of T}, used to define the ordinary part. O

Proposition 3.3 ([13, Proposition 7.5], [18, Theorem 7.1.2]). Assume (CR™) holds.
Let t < n be positive integers. Let k be a nonzero element in H'(K,T;). Then there
exist infinitely many n-admissible primes | such that O(k) = 0 and the map

v (k) — Hy (K, Ty)
is injective, where (k) denotes the O-submodule of H*(K,T;) generated by k.
We put

HY (K, A,) = lim HY(K,,A,), H' (K, T,) £_H (Ko, Ty)

Hl(Km,[aAn):ngl(KmlaA) and H (Koo [a ) L ( mIaTn)-

The finite parts and the singular quotients H} (K 1, 4,) and H71 (Koo,1,T,) for 7 €
{fin, sing} are defined similarly.
For each [ we have the local Tate pairing

(v HY (Koo, Tn) X H' (Koo 1, Ay) — EJO.
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Proposition 3.4. (a) Iflsplitsin K, then H} (K 1, Ay)=0 and flsling(Koo,[, T,)=
0.
(b) If Uis inert in K, then HY,,(Koo1, Tn) = H, o (K1, T) @0 O[[T]].

(c) If Lt p, then H} (K, Ay) and ﬁén(Koo’th) are orthogonal to each other
under the pairing (-, ).

(d) If Uis n-admissible, then H} (Koo, T)), flsling
are free of rank 1 over O[[T']]/(w™).

(e) Assume (CRT)and (PO) hold. If | is n-admissible or if [[pn~, then H}, (Koo ,Ar)
and H!

ord

(Koo,h T’ﬂ)7 and ﬁ;rd(KW7[7 T")

(Koo,1,T) are orthogonal to each other under the pairing (-, -)y.

Proof: This is [18, Proposition 2.4.1, Lemma 2.4.2, Proposition 2.4.4]. O
We define
—~ S
SelR (Koo, Ap) = lim Selx (K, Ap),  Sela (Koo, Tp) = Lim SelX (Ko, T,).

If S is empty, we drop S from the above notations. When S = @ and A =n~, we
drop both S and A from the notations; the Selmer group in Theorem 1.2 is in this
case.

3.2. Control theorems.

Lemma 3.5. Assume (CR") holds. Let L/K be a finite extension contained in K.
(a) The restriction maps
Hl(K, An) N Hl(L,An)Gal(L/K)
and
SelR (K, Ap) — SelA (L, Ay,)#(H/5)

are isomorphisms.
(b) If S contains all prime qn™ with py 4 unramified, then

(3.1) Sel? (L, Ay) = Sels_ (L, A)[w"].

In particular, if further (nT-min) holds, then for any set S of primes, (3.1) holds.
(c) If S contains all prime qn" with py 4 unramified, then for any m <n

(3.2) Sel? (L, A,,) = Sel (L, A, )[w™)].
In particular, if further (nT-min) holds, then for any set S of primes, (3.2) holds.

Proof: Assertion (a) is [18, Proposition 2.5.1(1)]. Next we prove (b).
Since L/K is abelian, by (CRT) we have AY% = 0. Then ASr = 0 for every m,
and thus AT = 0. So from the exact sequence

0— A, — A5 A0

we obtain the isomorphism H'(Gp,A,) & HY(GpL,A)[w"] and the injectivity of
Sela(L,A,) < Sel2(L,A)[w™]. To prove the surjectivity of Sela(L, A, ) < SelA(L,A)[w"],
it suffices to prove

(i) HY (L™, An) — HY (LY, A) is injective for [1pA and [ ¢ S.

(ii) H'(Li, An/FT A,) — HY(Ly, A/F[ A) is injective for [|[pn~.
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For (i) if I ¥ n™, the action of Iy is trivial and the claim follows immediately.
If [[n™, then by Lemma 2.2, H(FP", A) is divisible. The claim again follows.

For (ii) if [n~, the actions of G, on A,/F" A, and A/F A are trivial, and the
claim is clear. If [|p, then G, acts on A, /F" A, by X[el‘g, where x| is an unramified
character. Thus H(Ly, A, /F{" A,,) = 0 for each m. Then H°(L(, A/F;* A) = 0. The
claim follows.

The proof of (¢) is similar to that of (b). One only needs to note that, for each [|A,
the action of G, on An/F[+An is trivial. O

Theorem 3.6 ([18, Proposition 7.2.3]). Assume the conditions (CR™), (PO), and
(n*-min) hold. For each positive integer n there ewists a finite set S of n-admissible
—~5

prime ideals such that Selp (Ko, Tr) is free over Opy[[I]].

Theorem 3.7. If Sel,- (K, A) is O[[[']]-cotorsion and the algebraic p-invariant of
Sely- (Koo, A)Y wanishes, then for any finite set S of n-admissible primes that do not

—~35

divide pnA\, Sela (Koo, Tr) is free over Op[[T]].

Proof: This was essentially proved by Wang [18, Chapter 10] following Kim, Pollack,
and Weston’s idea [12]. However, the assertion in the above form is not clearly stated

in loc. cit., so we give a sketch of the proof.
Let

®,,: {cofinitely generated O[[I']]-modules} — {finitely generated A/w"-modules}
be the functor defined by ®(M) = @M[a}"]rm. It follows from Lemma 3.5(a) that

Py, (Sell (Koo, A)) 2 lim Sell I (Koo, A)[w0"]™

imSel™ S (K A~ S (K. T
—(El en* ( ms n)— en*( 00 n)

The functor ®,, satisfies the following properties.

e If A and B are pseudo-isomorphic cofinitely generated O[[I']]-modules, then

o If Y is a finitely cotorsion O[[I']]-module with vanishing (algebraic) p-invariant,
then @, (Y) =0.

o If Y = O[[I]]/w! with t > n, then &, (YV) = O[[[']]/w".

Wang ([18, Lemma 10.1.2]) showed that for any finite set S away from pnA,
Self'_1+ (Ko, A) sits in the exact sequence

0 — Selt” (Koo, A) — Selt "5 (Ko, A) — [[,eg Ho — 0,

HY (K, A). When v € S is n-admissible, H,, = (O[] /w!)V

wlv

where H, = lim |
for some ¢, > n [18, Lemma 10.1.3]. Thus SelztS(Koo, A)Y is pseudo-isomorphic to

(Dorrys )«

veS
where Y is a torsion O[[I']]-module with p(Y) = 0. Hence, by the above properties
—~ Snt
of @, Selni1 (Koo, Ty) is free of rank #S over O[[I']]/w™.
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For [ € A we have the following exact sequence:
nts

—~ntS [ ~
0— Sely, (Koo, Tp) — Sely (Koo, Tyy) — HE (Koot Thy) — 0.

—~Ints ~
So, the freeness of Selnti (Ko, Tp) and H} (Koo, Ty,) implies the freeness of

—~ntg —~ntsg

Sel?nf (Koo, Ty). Repeating this several times we obtain the freeness of SelnA (Koo, Th)-
.S —~ntS

By Proposition 3.4(a), we have Selp (Ko, Tp) = SelnA (Koo, Tn)- O

4. Euler system of Heegner points
Fix N >n>1. Let 2 = (A, g), n~|A, be an (N, n)-admissible form.

4.1. Shimura curves. In this subsection we collect necessary results on Shimura
curves [13, 18].

Let [1 A be an n-admissible prime ideal of f with e;oy = N(I) + 1 (mod w™). One
defines the character of Hecke algebra

A TA (T, pY)o — 0,

by A (U)) = €, and let T} be the kernel of AL

Let B’ be the quaternion algebra with discriminant Al that splits at exactly one
real place. Then we have an isomorphism ¢ : Eg) >~ B/ Let (’)B; be the maximal
order of Bj. Put

W= 100 v = (U ) )0,
With i’ instead of { = U+ ,~ we have a Hecke algebra Ta((n™, ).
Associated to (B’,Yl') there is a Shimura curve M ][\[,] with complex points

M(C) = B*\(P'(C) - P'(R)) x B™/Y4l';

M 1[\[,] is smooth and projective over F. We write [z,b'|y for the point in M 1[\[,] corre-
sponding to z € P}(C) — PL(R) and ¥/ € B'*.

Let Fy2 be the unramified extension of Fy of degree 2. The Shimura curve M 1[\[,]
admits a regular semistable model over Op , such that all irreducible components of
its special fiber are smooth. One associates a graph G to the special fiber as follows.

The set of vertices in G which correspond to irreducible components of M ][\[,] is
identified with

V(G) = BX\BX/Y$lys yv x Z)2.
The set of oriented edges which correspond to ordered singular points on the special
fiber is identified with

E(G) = BX\BX/Y ttur pv X /2.

—

We choose an orientation of £(G) such that the source and target maps s,¢: £(G) —
V(G) are given by

s: £(G) = BA\BX /YW 1yt pv — V(G) = BX\BX /Y s yn X Z/2Z
BXbY Uty — (BXbY Syt yx,0)
and
t: E(G) = BX\BX /Y8t pv — V(G) = B\BX/Y Uns yn X Z/27
BXbY Uyt o — (BXbY 8yt v, 1).
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Let J ][\[,] be the Jacobian of M ][\[,], and let ®U be the component group of the Néron

model of J][\[,] over Fjz. Let ry: J][\[,] — ®U be the reduction map.
There is a natural action of Tar(n™,p™) on Jy U via Picard functoriality. Note that

TG (n*, pV) = TR (0", p™).

We extend it to a homomorphism
Ox - TA([T‘L+, ]JN) — TA[(n+, pN)

which sends Uy = [t (7T 9) 4] to U= [smw’

on JU. It induces an action of Ta(In",p

Ul

M)
We need the relation between @1 and G.
Let

Via go* we obtain an action of Ta (In*, pV)
on ®lY

di =ts — 5.1 Z[E(G)] — Z[V(G)]
be the boundary map, and
d*:t* — " ZV(G)] — ZIE(G)]

its dual. Put Z[V(G)]o = im(d.). By [2, Section 9.6, Theorem 1] there exists a natural
identification

ol ~ Z[V(G)]o/d.d".
One can identify Z[V(Q)] with (SP2(4,Z)Y)®2, and identify Z[V(G)]o with a
submodule (S22 (4, Z)YV)$? of (SFP2(U,2)Y)®2. Define an action of Ta(In™,p™) on
(S5 (4,2)")®? by

tx,y) = (ta), t(y), teTY (m* pV),
and
Ui(z,y) = (-N(y, = + Ti(y))-

Here, in the event of confusion with the diagonal action we use the notation U, instead
of U[.

Proposition 4.1 ([18, Proposition 4.4.1]). We have the following T a(In*, p™v)-mod-
ule isomorphism:

ol o (595 (44,2)")§/ (07 - 1).

Write
(I)Eg = ¢l ®yz O.

Corollary 4.2. We have an isomorphism
ol 7l ~ §82 (4, 0) /1, 22 0,,.
When n = N, this is [18, Theorem 5.1.3].

Proof: Let ml! be the maximal ideal of Ta (I, p™)e containing Ig].
Note that (SF2 (4, ©)V)®2/(SE~ (4, ©))9? is Eisenstein, while m!! is not Eisen-
stein. Thus

(S22 (4, 0)")g
By Proposition 4.1 we obtain

(O i = (572 (41, 0))22 /(T2 — 1) = (SP2 (4, 0)) 22, /(U1 — e).

= (5575 (4,0)")%%

mll]
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Hence,
B /T =~ (S92 (4, 0)Y)%2 /(U — &) © Ta (In*,p") /Z]!
~ (852 (1,0)" /(e(Ty = N(1) = 1)) ® Ta(n™,pY)/Z,
~ 572 (4,0)Y /T,
By Proposition 2.5, ¥4 is an isomorphism. 0

Let Tp(J][\[,]) be the p-adic Tate module of JJ[\[,]. Then TP(JI[\[,]) is a Ta(n*, p™)-mod-
ule.

Proposition 4.3. We have an isomorphism of G p-modules
[
T,(J\)o /I ~ T,.
When n = N, this is [18, Theorem 5.1.4].

Proof: Let m! be the maximal ideal of Ta(Int, p™)o containing Ié[,q. In the proof of

[18, Theorem 5.1.4] it is shown that Tp(JJ[\[,])@/m[[] ~ Ty. By irreducibility of T, to
finish the proof one only needs to show that the exponent of T,(J ][\[,])o /Ig] is w™. On
one hand, its exponent is at most w™. On the other hand, when n' is sufficiently large,
JJ[\[,] [p"/]@/Ig] maps onto @g /Ig], together with Corollary 4.2, which implies that the
exponent is at least w™. O

Let
Kum: JY(Kp)o — H (K, To(JY)o)

be the Kummer map.

Proposition 4.4 ([18, Theorem 5.2.2]). We have the following commutative diagram:

TV ) o/T B2 HY(K,,, Ty

ol % HL (K, Tn) -

sing

4.2. First and Second Reciprocity Laws. We choose an auxiliary prime qq t An™
such that 14+ N(qo) — aq,(f) € O*.

The inclusion #'(K*) C B’ C GLa(R) gives an action of K* on P(C) — P1(R).
This action has two fixed points; we choose one of them and denote it by 2’.

For m > N and a € K* we define the Heegner point

Po(a) = [¢/, 6(aV¢™ry)]y € MU(C).

See Subsections 2.2 and 2.3 for the notations ¢(™ and 7n. By the theory of complex
multiplication Py, (a) is defined over the ring class field K,,.
We define a map
€901 Div(MY (Kp)) — J (K)o
1

P N e €0+ N@o) = 7)),

Dp= > &u(Pa(1)7) = Yo & (Pu(a) € Y (K)o

c€Gal(Kpm/Km) [a]m €Gal(K /[ Kom)
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We define the cohomology class kg ([),, by

1
kg (Om = — - Kum(Dy,) (mod I € HY (K, Ty(J¥) 0 /IW) = HY (Ko, Ty).
p
When m varies, these x4([),, are compatible for the corestriction maps [18, Lem-
ma 5.4.1], and thus give rise to an element kg () of H' (K, T},).

Proposition 4.5 ([13, Lemma 7.16], [18, Proposition 5.4.2]). kg(I) belongs to
SelA[(Koo, Tn)

By Proposition 3.4(d), Hglmg(Koo 1) is free of rank 1 over O[[I']]/(w"). Choosing
a base of Hsmg(Koo}[, T,) we may identify Hg . (Keo1,Ty) with O[[I]]/(w™).

Proposition 4.6 (First Reciprocity Law [18, Theorem 6.1.2]). Let m > N > n. For
each (N,n)-admissible form 2 = (A, g) and each n-admissible prime [t qoA, we have

Nz (Dm) = O0m(g) € On[l'y]
up to multiplication by a unit of Op|Th].

:amg

Proof: By Proposition 4.4 one has
(ko (! Z Yg(ri(

ol
But

e (rd D7) = > (g, 2m(ab)Tn) = > 9(am(ab)),
[b]im €Gal(Kp /Km) [b]m €Gal(Kp / Kom)
where a € K* satisfies mp,([a]y) = 0. Thus

dra(Om) = Y g(xm(a))mm((am),

lalm€Gm
as desired. O

We fix two different n-admissible prime ideals [ and [y (I3, [ f qu) Then [; and
[ are inert in K. We fix a place [, of K, above [3, and a place [’ of K,, above .
We have already seen that the image of the map

I (K)o /) — H (K, 1)
is contained in H} (Ki,,T,) = O,, and that the reduction map
Jj[\lfl](Klg)O/Igl] — J[[l](klz)/zgl]

is an isomorphism, where ki, is the residue field of K, .
Let B” be the definite quaternion algebra with discriminant Al;l;. Then there is
an isomorphism

e E//(b) o ﬁ/([z).
Let Opr and Opy be the maximal orders of Bi! and By respectively. Put
1 2

= (s pn) ) O O
By [20, Section 5.4] we have an isomorphism
L B//X\EIIX/YMII ~ S,

where S|, is the set of supersingular points in J][\[,I](klz,). Let Ta(lin*,pY) act on
Div(Sy,) via Picard functoriality.
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The reduction redy, (P,,(a)) of the CM point P,,(a) modulo [} is in Sy,. We choose ¢
such that

vedy, ([,¥]) = o~ (502).
In particular we have
redy, (Pn(a)) = t(xm(a)TN).
So, restricting the isomorphism
T (k)0 /T — 0O,
to S, we obtain a map
~v: Div(Sy,) — On.
Write T for the image of T' € Ta(lin*,p")e in TA([ln“‘,p”)o/Igl].
Proposition 4.7 ([13, Lemma 7.17]). For x € Div(Sy,) the following relations hold:
(a) For qf An'tly, one has v(Tyz) = Tqy(x).

(b) For q|AnTly, one has y(Ugx) = Uqy(x).
(C) ,Y(le‘r) = T[z’Y(x)
(d) y(Froby,(x)) = e,y(x), where Froby, is the Frobenius of F at l5.
The relation between « and the system {9 (l1), : m > N} is given by the follow-
ing.

Proposition 4.8. If (A, g) is an (N, n)-admissible form, and if m > N, then

walra(Wm) = == 37 70 (@) mnalm)

P [a]nzeGnL
in Op[Thm].

Proposition 4.8 is more or less contained in [13, 18], but it is not stated in the
above form.

Proof: All primes of K, above [3 are {ol} : 0 € T',,}. So

v, (ko (l)m) = Z Vot (K2 (1) m)

oel,,
—1

= > wylko(h)y, o

oel'y,

1
= Tm 1 (Pm(a))ﬂ-m([a]m)-

« 2

P la]m€Gm

Note that the reduction of Py, (a) modulo~[’2 lies in Sy,. Thus

i, (Pu(a)) = y(redyy (P (@))) = 7 0 12 (@) 7).
as wanted. O
Corollary 4.9. If there exists m such that vy, (kg (I1)m) # 0, then v # 0.
Proposition 4.10 ([13, Lemma 7.20]). If Thara’s lemma holds, then ~ is surjective.

By Proposition 3.4(d), ]?[ﬁln(Koo’[UTn) and ﬁén(Koo
over O[[I']/(w"). We may identify both H} (Ko
O[II]/(w™).

1y, In) are free of rank 1
T,) and H} (Keo,,T,) with

S
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Proposition 4.11 (Second Reciprocity Law [18, Theorem 6.6]). If Thara’s lemma
holds, then

v, (ko ()m) = v, (Ko (I2)m)

up to multiplication by a unit of O, [[,].

4.3. A weaker version of the Second Reciprocity Law. One expects to show
that

v, (B ()m) = vi, (k2 (12)m)
without using Thara’s lemma. But we can only prove a weaker result. We will deduce
from the First Reciprocity Law and Tate duality that they coincide with each other
after multiplying by 6,,(g).

Let 7 be a complex conjugation which depends on a choice of embedding of the
algebraic closure of F in C. For each o € T',,, we have 70 = 0~ !'7. The homomorphism
o+ o~ ! of I, induces an involution ¢ on O,[[,,]. Then 7 acts on O,[[,,] as ¢.

For each i € {1, 2}, as [; splits completely in K, [18, Lemma 2.4.2], the number of
places of K, above [; are [K,, : K]. Fix a place [} of K,,, above [;. Then all places of K,
above [; are {ol; : 0 € Gal(K,,/K)}. Note that 7 permutes {ol; : 0 € Gal(K,,/K)}.

Note that

Hf}m(Km,[q, ’ Tn) = Hf%n(KM,T[; 9 Tn) ®O O[Fm]

and
Hsling(Km,[i’ T’ﬂ) = Hsling(Km’[QTn) ®o O[Fm]
Both Hg, (K -, Tp) and Hy,o (K 1, T) are isomorphic to O,,. We choose gener-

ators ¢y and dy of H (K, rv, T) and ol

sing(Km,l;an) such that (c i, 7dy)ry =1
and (rc ¢, dp )y = 1.
27 o/l

Lemma 4.12. For each o € T',,, we have
(ocry,0mdy)ory, = (0TCry, 0dy ) oy, = 1.

Proof: Let Res: HY(Ky,, T,,) = H (K 1,, Ty,) and Cores: H (K,
be the restriction map and the corestriction map respectively.

As Y yrdy is fixed by Ty, we have Y- y7dy =Res(z) for some z € H' (Ky,, T,).
vE€lm Y€l m
Then

(ocry,0mdy )orr, = <Uc7.[/1, Z ’)/JTd[/1> = (ocry, Res(x))r, = (Cores(ocry, ), )y, -

V€l h

T,)— HY (K, T,)

M

As Cores(oc,y; ) = Cores(cr ), we obtain
(ocry,07dy)ory, = (Criy, Tdyy ) oy = 1.

The proof of
(oTCry,0dy)on, =1
is similar. O
Proposition 4.6 says that there exist two units u; and us in O,[I';,] such that
O, (ka(li)m) = uibm(g) - d[§~
Let 6; and 65 be the elements in O,[T,,;] such that

v, (ko (l)m) = bicry,  and vy, (kg (l2)m) = Oacry .
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Theorem 4.13. We have
(41) Qm(g)(uﬁl + Ulog) = O
mn (’)ﬁn[Fm].

Proof: Note that T, is self-dual, so we can form the local Tate pairing (-,-), on
HY(K ., T,) for each place v of K,,.

For any ci,co € HY(K,,,T,) and each place v of K,, we write (c1,c2), =
(resy(c1),resy(c2))v. Then Y (c1,¢2), = 0. We apply this to ¢; = Thg(l1)m and
co = Yhg(l2)m with v € Ty,

By Lemma 3.2, ¢; € Selay, (K, Ty), and c2 € Selar, (K, Ty). So, when v is not
above [; or [5 we have

(Tha (1), vk9(l2))s = 0.

Hence,
> (rha(h), vEa(12)) oy, + (Tha (L), Ea (12))or,) = 0.
oel'y,
We write
uzem(g) = Z ;. 00, Qi S On7
oel',,
and
922 szaav bldeon
oel',
Then
o, (Tha (1)) = t(u1b,(g))Tdy = Z ay g-107dy,
oel,
and

v (7"4‘@([2)) = 76207'[’1 = Z b2,o‘»y*10'C.,-[/1.
oel',,

By Lemma 4.12 we have
(Tha (), 769 (12))ory, = (01, (Thg (), vy, (VE2(12)))ory,

= <a17a—107—d[/1,b2,o”y—1o—c‘r[’1>o‘rl’1 = al,o—le,o'y—L

Hence,
Z (Tha (1), vE9(12))oy, = Z (Tha (), vE9(12))ory = Z a1,5-1b2 51
o€l o€l o€l
Similarly,
Z <7—H.@([1)a7/€@([2)>0[§ = Z b1,0*1a2,0'y*1'
oel'y, o€l
Therefore,
Z (01170.—1()270.7—1 + b1,0—1a2707—1) = 0
oel'y,
This sum is just the coefficient of v~1 on the left-hand side of (4.1). This proves (4.1).

O

Each element a of O,, can be written as a = uw?® with v a unit in O,,, and s €
{0,1,...,n}; we put ord(a) = s.

Let ¢: O,[I'y,] — O, be a homomorphism. For each 6 € O,,[I',,,] we put ord,,(6) :=
ord(p(6)).
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For each element z of H'(Ko,T,) we write p(x) for its image in
HY (Ko, T,) ®p On = O,
and put
ord, (x) = ord(()):

Then we have

ord, (vi, (kg (l)m)) = ord, (61)
and

ord, (v, (55 (1)) = 01 (6).
Corollary 4.14. If o: Oy[T'y] = O, is a homomorphism such that

ordy (9, (k ()m)) + ordy (v, (k2 (h)m)) < n,
then
ordy (vi, (k7 (l)m)) = ordy vy, (k2 (I2)m))-

Proof: By Theorem 4.13 we have

©(0m(9)) (p(uz)p(01) + o(u1)p(62)) = 0.

Note that ¢(u;) and ¢(uz) are units of O,
We write

©(Om(g)) =vw", @(0) =vw™, and @(f2) = vaw*?,

where v, v1, and vy are units of O,, and 7, s1,s2 € {0,1,...,n}. By our assumption,
r 4+ s1 < n. What we need to show is s1 = ss.
If s1 > s9, then

81—82)

P(uz)vv1w® =% 4 (ug )vvg = @(u1)ova (1 + (@(ur)ova) ' - p(uz)vor - w

is a unit. Indeed,
(p(ug)vv1w™ ™2 + p(uy Jvvg)

‘ ((@(Ul)m&)_l : i((ap(m)vvg)_l - p(ug)vuy -wsl_”)i> = 1.
=0
It follows that

P(0m (9)) (p(u2)(01) + p(u1)p(8a)) = w2 (p(uz)vv1w™ =2 + p(ur)vvz) # 0

since 7 + s9 < r 4 $1 < n, and @(uz)vv1wWS T2 + p(ug v is a unit.
If 51 < s9, we again have

@(0m(9))(p(u2)@(01) + @(u1)(f2)) = w1 ((uz)vvr + p(ur)voaw= =) # 0,

since 7 + 1 < n, and p(u2)vvy + p(ug)vvew ! is a unit.
Thus we must have s; = ss. O
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4.4. Admissible form.

Proposition 4.15. Let (A, g) be an (N, n)-admissible form. If l; and Iz (I1, 151 qoA)
are two different n-admissible prime ideals, and if m > N is an integer such that
v, (kg (l1)m) # 0, then there exists a nonnegative integer ng < n and an (N,n —ng)-
admissible form (Alyly, g"") satisfying the following.

(a) For any homomorphism ¢: Op|l'y] = O, we have
no < ordy (vi, (kg (11)m))-
(b) We have
vty (k9 () m) = w"0m(g") € On[Tn]
up to multiplication by a unit of Op[Th,].
Here, 0,,,(g"”) is in Op—pny[I'm]. The homomorphism

Xw"™0

Onlp] —— O[]

E Ay —— E w™aso

o€l cel,

annihilates W™~ O, [I',,], and thus induces a homomorphism
On—no[Cm] 2% O, [Tl

Proof: Let ng be the largest integer such that Im(vy) € w™ O,,. By Proposition 4.8 we
have

v, (kg (I)m) € W™ O[T

Thus for any homomorphism ¢: O,[I'] = O,, we have

p(vr, (k2 (l)m)) € W™ On
yielding

ordy (vi, (K (11)m)) > no.

Let 4 be a map
7: Div(S,) — O,

such that v = w™7. Let 4/ be the composition

Div(Sy,) — Op — Onnos

where O,, = O,,_p, is the natural quotient map.

If gt Alilon™, from y(Tyz) — Tqy(xz) = 0, we get
Y(Tyz) — Ty (z) € W™ ™00,
It follows that
Y (Tqz) = Tq7'(2) = 0.

The same argument shows that, if qJAn*(;, then

’Y/(qu) = Uq'y’(x).
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In particular, v/ (U, x) = e, 7/ (x). Similarly, v’ (Froby, (z)) = €, (z). By [3, Section 9]
we have Uy, = Froby, on Div(Sy,). Hence,

V(U x) =+ (Froby, z) = 1,7/ (x).

Let
" c S2B (u//70n_n0>Y

be the function such that ¢4 = +'. Since 4" is Hecke equivariant, (Alily, ¢”) is an
(N, n — ng)-admissible form. By (2.1) we have

9" (xm(a)) = (@m(a)7n).
By Proposition 4.8 we have

Vi, (59 (1) m f—m > Y@mla)Tn)Tm([alm)

p [ameGm

1
T am Z (@)7n) i ([a]im)

p [a]meGm

a))Tm([a]m) = W™ 0m(g"),
P lalm€Gm
as desired. O

Remark 4.16. Proposition 4.10 says that, if Thara’s lemma holds, then ng = 0.

We can strengthen the statement of Corollary 4.14. Though it will not be used in
the next section, we give it below for its own interest.

Theorem 4.17. Assume (CR") and (nt-DT) hold. If there exists a homomorphism
©: Oplm] — On

such that

(4.2) ordy (9 (kg (1 )m)) + ordy (v, (k7 (h)m)) <7,

then

Vi, (k2 ()m) = vy, (k2 (l2)m)
up to multiplication by a unit of O, [[y,].

Proof: By Corollary 4.14 it follows from (4.2) that
ord, (v, (kg (l))) = ord, (v, (ke (1)) < n.
Let ng and ¢” be as in Proposition 4.15. Then
ng < ordy, (v, (ke (h)))
and
v (ko () = w™0(g") € Ou[[T]]

up to multiplication by a unit of O,[[[']]. Exchanging l; and [5, by Proposition 4.15
there exists a nonnegative integer

ny < ordy (v, (k2 (12)))
and an (N, n — n()-admissible form (Al;lz, 2") such that
v, (kg (1)) = w"8(h") € On[[T]
up to multiplication by a unit of O,[[T]].
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Without loss of generality we may assume that ng <nj. When (CR") and (n*-DT)
hold, the multiplicity one theorem holds [18, Theorem 9.1.1], from which we obtain
B’ =g" (mod w" ).

So ) )
in O, ['y,]. It follows that
ord (v, (k5 (12))) = 1 + 0rdl (B (")

= (ng — no) + (no + ord, O (g”))
= (ng — no) + ordy (v, (kg (1))
Since
ordg (v, (k2 (l2))) = ordy (v, (k2 (hh))) < n,
we obtain n{, = ng, yielding our conclusion. O

5. Proof of Theorem 1.2
Let ¢: O[[I']] = O be a homomorphism. For each positive integer r, let ¢, be the
composition
O] -5 0 — 0, = O/ (w").
We write ord for the valuation of O whose value on w is 1.
Theorem 5.1. Let N > r be two positive integers, and 9 = (A, g) be an (N,r)-ad-

missible form. Assume that ¢,(0(g)) # 0. If t, 4 := ord(p,(0(g))) satisfies 2t, 4 <,
then for each positive integer n < r —t, , we have

(5.1) lengthy (Sela (Koo, An)Y ®, O) < 2ty .

We fix an integer m > N such that ¢x factors through On[I';,]. Then ¢, factors

through O, [I';,]. So ¢©,-(0(g9)) = ¢, (0m(g)) and t, 4 = ord(er(9m(g))).
We prove (5.1) by induction on ¢, 4.

First we assume (CR™), (PO), and (n*-min) hold. By Theorem 3.6 there exists a fi-
—~5
nite set S of r-admissible prime ideals such that Selx (Koo, T7)®, O is free over O,.. We
fix such a set S. Let
—~5
$1,...,8¢ (d=ranke, Selp (K, 1)) ®@, O)

s .S
be a basis of Selx (Koo, T )®,O over O,.. For every element ) .a;s; in Selx (Koo, T7)®4
O we define

ord <Z aisi) := min{ord(a;) :i =1,...,d} € {0,1,...,7}.

Note that this does not depend on the choice of the basis {s; : i =1,...,d}.
For each r-admissible prime ideal [ ¢ S, considering £, ([) = ¢(k%(l)) as an element

of S/\eli(Koo,Tr) ®, O, we put e = ord k(). By Proposition 4.6, we have e; < t,, 4.
Then there exists s
7 (1) € Seln (Koo, T,) ®, O
such that w® &' (I) = k().
The quotient map T, — T}, induces a homomorphism

—~. 5 ~
Selp (Koo, Tr) @p O — HY (Koo, Tp) @, O.



66 B. XiE

Lemma 5.2. Let /(1) be the image of & (1) in H (Koo, T,) ®, 0.

(a) ords/(I) = 0.

(b) ord k'(l) =ty 4 — er.

(c) Oqk'(1) =0 for q 1 Alp.

(d) resq /(1) € HE y(Koo.q, Tn) ©, O for q|Alp.
Proof: Assertions (a) and (b) follow from the definition of x’(l) and the First
Reciprocity Law. The latter two assertions for q ¢ S follow from the fact 7/(l) €
Solx (Ko, T,) @, O.

We assume that q € S and q { Alp. As q is r-admissible, by Proposition 3.4(d)
we have that ﬁl(Koo’q,TT) ®, O is free over O[I'] ®, O. Thus there exists s €
fIflin(Koo,q,Tr) such that w®s = resq Ky, (l). This means w® (s — resq &'(I)) = 0. As
e <ty g <1 —n, from the freeness of fII(KOO)q,TT) ®, O we obtain s — resq &/(I) €
W HY (Koo 4, Tr) @, O. Hence the images of s and resq &'(I) in H (Ko g, T) ®p O
coincide with each other, which shows (c) for q € S.

By the same argument we can prove (d) for q € S. O

Lemma 5.3 ([18, Lemma 7.3.4]). Let

e H g (Koot, Tn) ©p O — Sela (Koo, Tp) Y ®, O
be the map defined by
m(c)(x) = (¢ resi(z))

for z € Sela (Koo, Ay)[ker(¢)] and ¢ € HL (Koo,1;Tn). Then ni(0i(K' (1)) = 0.

sing

Proof: By the global class field theory we have }_ (resqs'(l),resqz)q = 0. When

q # [, both resq £'([) and resq z lie in the finite part or the ordinary part. Thus by

Proposition 3.4(c) and (e), (resqx'(l),resqz)q = 0 for q # [. So (Oi/(I),resiz); =

(res k' (I), resy ) = 0. O
Choose an r-admissible prime ideal [; ¢ S such that

= min ey,
1¢SU{qo}:

r-admissible

where (o is the prime chosen in Subsection 4.2.

Lemma 5.4 ([18, Lemmas 7.3.5 and 7.3.6]).

(a) Ifty,g =0, then Sela (K, An)Y ®, O is trivial.

(b) Ift,q >0, then e, <ty 4.
Proof: Assume that Sela (Koo, An)Y @, O # 0. Then by Nakayama’s lemma

(Sela (Koo, An)” @, 0)/(w) = (Sela (Koo, An)[m])” @, O
is nonzero. Here, m is the maximal ideal of O[[I']]. Let = be a nonzero element in
Sela (Koo, Ay )[m]. By Lemma 3.5(a) and (c) we have
Sela (Koo, Ap)[m] = Sela (K, Ay).
So, by Proposition 3.3 there exists an r-admissible prime [ ¢ S such that v((x) # 0.
We show that e; < t, 4 for this [. Indeed, if e, = t, 4, then by Lemma 5.2(b),

O’ (1) is indivisible, hence a generator of H},,, (Koo,1, Tn) ®,O. By Proposition 3.4(b)
and (d) the image of 9y’ (I) in Hsling(K[, Ty) is a generator. As (-, -); induces a perfect
pairing between ﬁsling(K[,Tl) and H} (Ki, A1), we have (Res;#'([), Res; ) # 0. But
this implies n(x'()) # 0, which contradicts Lemma 5.3. O

By Lemma 5.4(a), (5.1) holds when t, , = 0. So we assume that ¢, , > 0.
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Lemma 5.5. We have
e, = In[}n ord(veky(lh)),

where !

mS.

runs over all r-admissible prime ideals that do not divide l1qoA and are not

Proof: What we need to prove is

rr%jn ord(vpi'(11)) = 0.
Let 1 denote the image of #'(I;) in

—~ S —~. S
Selp (Koo, T1) @y O1 = Selp (Koo, Ty) /m @, O — HY (K, T).

By Lemma 5.2, k1 # 0. If ord(vr&'(I1)) > 0 for each r-admissible prime ideal I' ¢ S
that does not divide [1q9A, then vy (k1) = 0 for each I, as above. This contradicts
Proposition 3.3. 0

Let Io (I t LigoA and I ¢ S) be an r-admissible prime ideal such that
ordvg, (ky(l)) = er,. In particular, v, (ko (l1)m) # 0. By the choice of I and the
minimality of e, we have

(5.2) ord v, (ke(l)) = e, < e, < ordwy, (ke(l2)).
As
ord, vy, (ko (l1)m) + ordy, Oy (Ko (l1)m) = ordy, vy, (ke (1)) + ordy, Oy, (ko (1))
=ep +tpg <2lpg <,
by Corollary 4.14 we have
(5.3)  ordwy,(ke(lh)) = ordy vy, (ke (l1)m) = ordy, vy, (kg (l2)m) = ord vy, (ke (l2)).
Combining (5.2) and (5.3) we obtain
ord vy, (ke (1)) = e, = e, = ord vy, (kp(l2)).
It follows that
(5.4) ord vy, (k'(I2)) = ord vy, (k'(11)) = 0.
Since vy, (ko (lh)m) # 0, by Proposition 4.15 there exists an integer 7o < r and an
(N, r — rg)-admissible form (Alls, ¢”) such that
ro < ordy, vy, (Ko (l)m) = e,
and
v, (K9 ()m) = w0 (g") € Or[Lin]
up to multiplication by a unit of O,[I',,]. It follows that
T0 + tp,gv = ordy, vy, (ko (l)m) = ey, .

Let Sy, 1, be the subgroup of Sela (K, Ay) consisting of elements that are locally
trivial at the prime ideals dividing [; or [;. By the definition of Selmer groups, we
have the following two exact sequences:

HY (Koot Tn) @ HY (Koo, To) = Sela (Koo, An)Y — SY (, — 0
and
ﬁf-}m(KOO,ll ) Tn) D ﬁf-lm(KOO,[szn) L SelAh[z (Kooa An)v — Sl\i,[z —0,

where 7, and 7y are induced by the local Tate pairing (-, )i, & (-, )1, -
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Lemma 5.6. We have nf = 0.
Proof: From (5.4) we see
(ﬁén(KOOJNTn) D ﬁén(KOO,[w Tﬂ)) ®<P @

is generated by (vy, (k'(l2)),0) and (0, vy, (k'(l1))).
Let s be in Selar, 1, (Koo, An). By Lemma 5.2(c), for each q 1 Alylp,

(K'(11), 8)q = (Oqr' (1), 8)q = 0.
By Lemma 5.2(d), for each g|Al;p,
(+'(l), 5)q = 0.
Thus by the global Tate pairing we have (v, (k'(I1)), s)i, = (&'(I1), $)1, = 0. The same
argument shows that (v, (k'(l2)), s);, = 0. O

By Lemma 5.6 we obtain
SV 1, ®p O = Selay 1, (Koo, An)Y ®, O.
As
T + 2t g < 2rg + 2ty gn = 2er, < 2ty g <y
we have
24 g < T —T0.
We also have
n<r—tyy<r—ey=(T—19)—tygr.

Hence, (Alily,¢g”) is an (N,r — rg)-admissible form, 2t, v < r —rg, and n <
(r—mo) —tygr. Asty gr <ty g, by the inductive assumption we have

lengthe Sy, ®, O = lengthy, Selar, 1, (Koo, An)” @y O < 2ty g
By Lemma 5.3, n¥ factors through the quotient
O/((9' (1)) ® O/ (91, (12))-
Thus
lengthy Sela (Koo, An)Y @y O < orddy, ('(11)) + ord 9y, (£'(I2)) + lengthy, Sy, @, O
< (tpg —en) + (tpg —€1,) + 2ty 47
=2y 4 —2rg < 2ty 4.
This finishes the inductive argument of the proof of Theorem 5.1 in the case of

(n*-min). O

Proof of Theorem 1.2 in the case of (n*-min). Let ¢: O[[I']] — O’ be a homomor-
phism from O[[T']] to the ring of integers in a finite extension of E. Enlarging F if
necessary we may assume that O = 0.

If o(L,(K, f)) = 0, then obviously

o(Lp(Keo, f)) € Fitto(Sely- (Koo, 4)Y @, O).
So, we may assume that ¢(L,(Ks, f)) # 0. Choose t* larger than ord ¢(L,(K, f)).
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Let n be a nonnegative integer. We consider the (n + t*,n + t*)-admissible form
Dprer = (07, TTLH*) provided by Proposition 2.7. That is, we take N = r = n + t*

and g = fr]:-',-t* in Theorem 5.1.
Since ord (L, (Ko, f)) <,

er(O0(f 1)) = er(Lp(Kos, f) = o(Lp(Koo, f))  (mod w')

is nonzero in O,., and we have

2t¢7ff = QOrdwr(a(f:L-s-t*)) = Ord@r(Lp(Komf)) = Ordgo(Lp(Koo,f)) <t <

n4t*

On the other hand,

n=r—t"<r—ordp(L,( K, f)) <r—ord @T(G(fl+t*)) =r— t9°vfi+t*'

Thus by Theorem 5.1 we have
length (Sely- (Koo, An)Y ®, O) < 2t, 41 =ordo(Lp(Kx, f))-
AR

So, p(Ly(Kso, f)) belongs to Fitto(Sely- (Koo, Ap)Y @4 O).
Hence, ¢(L,(Ko, f)) belongs to

Fitto(Sely- (Koo, A)Y ®, O) = [ Fitto(Sely- (Koo, An)” @, O).

Now, by [5, Lemma 6.11] we have
L,(Kx, f) € Fitto(Sely- (Koo, 4)Y).

As L,(Kw, f) # 0 by Proposition 2.6, Sel,- (K, A) is O[[[']]-cotorsion. Taking
O = O; we obtain the precise statement in Theorem 1.2. O

Next, we relax the condition (n*-min) to (n™-DT).

Lemma 5.7. There exists a Hilbert modular form f' congruence to f modulo w that
satisfies (CR™), (PO), and (n*-min).

Proof: We need to show that, if [\niﬁ, then there exists a Hilbert modular form f’ of
level dividing § congruence to f. In the case where 7 is special or supercuspidal, this
follows directly from Jarvis’s level lowering result [11, Theorem 0.1]. Note that our
condition (nt-DT) ensures that f satisfies conditions of [11, Theorem 0.1].

Now, let my = IndgL2(F‘)(x ® x~!) be a principal series representation, where
is a character of F*, and B is the Borel subgroup of GLy(F}) consisting of upper-
triangular invertible matrices. When the conductor n, of x is [, f again satisfies the
condition of [11, Theorem 0.1], and so we can apply Jarvis’s result. It remains to show
that, either if n, is Op,, or if n, is divisible by [, then [} nip In the former case there
is nothing to prove. In the latter case, observe that the conductor of Y = x (mod w)
is equal to that of x. It follows that the conductor of p¢, is equal to that of py 1, since
PrI= X ® x ! when it is restricted to the inertia subgroup of G, [17]. O

Proposition 5.8. Assume that (CRT), (PO), and (nt-DT) hold. Then Selzir (Koo, A)
is O[[T']]-cotorsion and Selgt (Koo, A)Y has vanishing p-invariant.

Proof: Let f’ be as in Lemma 5.7. We write A" and A} for A and A; attached to f.
We have already shown that Theorem 1.2 holds for f’. Combining this with Propo-

sition 2.6 we obtain that Selﬁt (K, A’)Y has vanishing p-invariant. In other words,
Selzt (Koo, A')[w] is finite.
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By Lemma 3.5(b), taking S = n™*, we get
Sel™” (Ko, A)w] = Sel’” (Koo, A1) = Sel (Koo, A}) = Sel™ (Koo, A)[w].
Thus Sel';t (Koo, A)[w] is finite, and Sel,’}ir (Koo, A)Y has vanishing p-invariant. O

Since Selﬁt (Koo, A)Y has vanishing p-invariant, by Theorem 3.7, S/\elA(Koo, Ty) is
free over On/[[I']]. Now repeating the argument for the case of (n™-min) we finish the
proof of Theorem 1.2. The only place we need to revise the argument is the proof
of Lemma 5.4. Assume that Sela (K, Ay) is nonzero. In general, we may not have
Sela (Koo, Ap)[m] = Sela (K, A1) now. But by Lemma 3.5(a) and (c¢) we have

Sela (Koo, An)[m] € Selk (Koo, Ap)[m] = Selk (K, Ay).

)
Consider the nonzero element x in Sela (K, An)[m] as an element in Sel“A+(K JAL).
If e; =ty 4, we again obtain (Res;x’([), Resix); # 0 and n(x/(I)) # 0, contradicting
Lemma 5.3. ]
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