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Abstract: We study metric and cohomological properties of Oeljeklaus—Toma manifolds. In par-
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Introduction

The class of Oeljeklaus—Toma manifolds ([24]) consists of complex non-Kéhler
manifolds including Inoue-Bombieri surfaces ([3, 17, 33]) of type Sy;. They were
constructed by number field techniques in [24], where they are presented as counterex-
amples to a conjecture by Vaisman concerning locally conformally K&hler metrics.
Because of their very construction, some of their geometric properties are encoded in
the algebraic structure and can be investigated by number-theoretic techniques; see
e.g. [24, 36, 8, 6, 4, 26, 18, 25, 1, 32, 34, 35, 21, 10].

In this paper, we proceed with the study of metric and cohomological properties
of Oeljeklaus—Toma manifolds, after [24, 8, 10, 25, 18, 22, 26]. In what follows,
X(K,U) = H* x C'/Ok x U will denote an Oeljeklaus-Toma manifold of complex
dimension n = s + ¢, associated to a number field K ~ Q[X]/(f), where f has
s > 1 real roots and 2t > 2 complex roots, and to the admissible subgroup U of
rank s of totally positive units, and Ok denotes the ring of rank s + 2t of algebraic
integers; see Subsection 1.1 for details on the construction.

We study the existence of “special” Hermitian metrics, that is, Hermitian met-
rics whose associated (1, 1)-form solves some PDE equation. Some results are already
known by [24, 8, 10, 25]. Here, we focus in particular on pluriclosed metrics (aka
SKT, Strong Kéhler with Torsion), namely, Hermitian metrics such that the associ-
ated (1, 1)-form satisfies 0w = 0. They play a fundamental role in the Hermitian ge-
ometry of complex manifolds with applications to string theory; see e.g. [2, 11, 15, 31,
5, 19]. By [25], it is known that the existence of pluriclosed metrics is equivalent to the
number-theoretic properties that s < ¢ and, for any u € U, 0;(u)|osy;(u)]? = 1 holds
for any j€{1,...,s}, and |0 (u)[*=1 for any j€ {s+1,...,t}, where oq,...,05:
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K — R denote the real embeddings and os41,...,054¢, Ostt41 = Ospl,---30s42t =
Gs+t: K — C denote the complex embeddings induced by the roots of f. In Theo-
rem 2, by number-theoretic arguments, we prove that these conditions cannot hold
unless s = t. We then get

Corollary 3. Let X(K,U) be an Oeljeklaus—Toma manifold of type (s,t). It admits
pluriclosed metrics if and only if s =t and, for any u € U,
oj(u)|osr;(W)|? =1, foranyje{l,..., s}

While the above statement can be read as a number-theoretic characterization of
the existence of pluriclosed metrics, we will also provide a cohomological characteri-
zation in Theorem 17.

We also study astheno-Kahler metrics, namely, Hermitian metrics whose associated
(1, 1)-form satisfies 90w™ =2 = 0. They appeared in [20]; see e.g. [12] and the references
therein. More generally, Hermitian metrics with 90w* = 0, for k € {1,...,n— 2}, see
also [13], play a role in pluripotential theory on compact Hermitian manifolds; see [7].
In Corollary 5, we show that Oeljeklaus—Toma manifolds never admit astheno-Kéhler
metrics, as a consequence of a more general result on the inexistence of Hermitian
metrics such that 90w = 0; see Proposition 4. In Proposition 6, we also show that
Oeljeklaus—Toma manifolds never admit strongly Gauduchon metrics in the sense
of [27].

In Table 1, we summarize what is known until now concerning special metrics on
Oeljeklaus—Toma manifolds. (The conditions are intended after possibly relabeling
the embeddings.)

Metric Conditions Reference

(w positive (1, 1)-form; 2 non-degenerate 2-form)

Kéhler dw =0 never [24]
taming symplectic =0, Q. J)>0 never [10]
balanced dw™ 1 =0 never [25]
_ s =1 and 1 i(w))? =1
pluriclosed 0w =0 i nd (W)l (u) [25], Corollary 3
VuelU Vje{l,...,s})
“special” k-Gauduchon _— =
QOw" =0 never Proposition 4
2<k<n—2,n>4)
astheno-Kéhle: _
asthenio-atier 90w 2 =0 never Corollary 5
(n>4)
Gauduchon 20wt =0 always [14]
strongly Gauduchon Aw™ 1 is O-exact never Proposition 6
lospi(u)] = =losa(u)]  (VueU)
LCK dw=0Aw,df =0 when t = 1: always [24, 36, 8, 6]
when ¢ > 2: never
LCB dw™ ' =0 AWt dI =0 always [25]

TABLE 1. Metric properties of Oeljeklaus—Toma manifolds.

The cohomological properties of Oeljeklaus-Toma manifolds are studied in [24,
32, 18, 22, 26]. In particular, it is known that the first Betti number equals the
number s of real places [24] and that the second Betti number equals (3) [24, 1].
More generally, the Betti numbers ([18]) and the Hodge numbers ([26]) can be com-
puted in terms of the non-trivial relations between the representations of U induced
by the embeddings; see Theorem 7 for a precise statement. Here, we completely de-
scribe the Ey-isomorphism type [29] of the double complex of differential forms on
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Oeljeklaus—Toma manifolds, which in turn allows one to compute the dimensions of
any cohomological invariant, including the Bott—Chern cohomology, the Aeppli coho-
mology, the Varouchas groups, any higher-page analogues, and the groups appearing
in the Schweitzer complex.

More precisely, we recall that any bounded double complex A over a field K (in
particular, the double complex Ax of complex differential forms on a complex mani-
fold X') can be decomposed as a direct sum of indecomposable double complexes that
are of type square, i.e.,

or type zigzag (with length equal to the number of non-zero components), i.e.,

K K K23 K
K, K-=5K, ET’ ZT : ET’
K K-=3K K

See [29, Theorem A] and also [23]. One notices that squares do not contribute to
any cohomology, even length zigzags correspond to differentials in the Frolicher spec-
tral sequences, while odd length zigzags correspond to de Rham classes, and the
dimension of Bott—Chern and Aeppli cohomologies equals the number of top-right,
respectively bottom-left, corners in the zigzags; see [29]. In particular, Betti num-
bers, Hodge numbers, Bott—Chern and Aeppli numbers are linear combinations of
the multiplicities multz(A) for zigzags Z; see [29, Corollary B]. We also recall that
an F7-isomorphism is a morphism between bounded double complexes inducing iso-
morphisms between the column (“Dolbeault”) cohomologies of source and target and
between the row (“conjugate Dolbeault”) cohomologies of source and target; see [29,
Definition D]. By [29, Proposition E], the E;-isomorphism type of a bounded double
complex is completely described by the multiplicities of all non-projective indecom-
posable bicomplexes (i.e., all “zigzags”).

For an Oeljeklaus—Toma manifold X, we will define a graded subalgebra VB =
P, V"B C Ax of the algebra of complex differential forms, see equations (15) and (16),
such that the inclusion is an Fj-isomorphism; see Lemma 9. Motivated by the above
discussion, and thanks to [26, 22|, we obtain the following description of the double
complex of an Oeljeklaus—Toma manifold:

Theorem 10. Let X be an Oeljeklaus—Toma manifold. For any even length zigzag Z,
one has

mult[z] (Ax)=0.

For odd length zigzags of shape SH?, one has

0 if p # q,

mult gr.qa (AX) = d— s )
: gy (VPB) = B2 (VPB) = o u (8 )ones #p =0

As explained above, Theorem 10 allows one to compute any cohomological invari-
ant of X, by simply computing how this invariant evaluates odd length zigzags. In
particular, we compute the Bott—Chern cohomology:



222 D. ANGELLA, A. DuBICKAS, A. OTIMAN, J. STELZIG

Corollary 12. Let X(K,U) be an Oeljeklaus—Toma manifold of type (s,t). The Bott—
Chern numbers of X are given by:

hGPHTifr > pr > g,
REL(X) = Z WEE(VTB),  where h3L(V'B) = hg’pﬂ*r*l ifr <p,r<gq,
" 0 otherwise.

Finally, in Subsection 3.2, we focus on Oeljeklaus—Toma manifolds admitting pluri-
closed metrics and study their cohomological properties. In particular, we prove that
the Dolbeault cohomology is invariant with respect to the solvmanifold structure of
Oeljeklaus—Toma manifolds (see Remark 16 for more details) and we explicitly com-
pute the Betti and Hodge numbers:

Theorem 15. Let X (K,U) be an Oeljeklaus—Toma manifold admitting a pluriclosed
metric. Then the Betti and Hodge numbers are:

bf:z< ’ )(S) P — (¢Z2)-(2) ifp even,
oo a ’ 0 otherwise.

k<s

We also provide the following cohomological characterization of the pluriclosed
condition:

Theorem 17. Let X(K,U) be an Oeljeklaus—Toma manifold of type (s,t). The fol-
lowing statements are equivalent:

(i) X(K,U) admits a pluriclosed metric;

(ii) s =t, h%’l = s, h%’Q =(3), hg’Q =0, and the natural map

N\ HyN(X) x HyY(X) — Hy?(X)
18 surjective.

The paper is organized as follows. In Section 1, we recall the construction of
Oeljeklaus—Toma manifolds and their solvmanifold structure. In Section 2, we in-
vestigate metric properties of Oeljeklaus—Toma manifolds, in particular, the exis-
tence of pluriclosed metrics (Theorem 2 and Corollary 3) and astheno-Kéahler met-
rics (Proposition 4 and Corollary 5). In Section 3, we study the double complex of
an Oeljeklaus—Toma manifold (Theorem 10) and its Bott—Chern cohomology (Corol-
lary 12), and then focus on the cohomologies of pluriclosed Oeljeklaus—Toma manifolds
(Theorems 15 and 17).
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the first and third named authors and the University of Florence for the hospitality
and excellent working conditions during a stay in the course of which a part of this
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1. The class of Oeljeklaus—Toma manifolds

1.1. Construction. We briefly recall their construction. Fix s,t € N\ {0}. Let K
be an algebraic number field, say,

K ~Q[X]/(f),
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where f € Q[X] is a monic irreducible polynomial of degree n = [K : Q] with s real
roots, and 2¢ complex roots. Such a field always exists [24, Remark 1.1]. Denote
by ai,...,as the real roots of f, and by as41,...,0s4t, Gstt41 = Ast1s-.-,0s42t =
Gs+¢ the complex non-real roots of f. By considering X +— a;, the field K admits
s+ 2t embeddings in C by the conjugate roots, more precisely, s real embeddings and
2t complex embeddings:

010,05 K — R,
TstlyevnsOsityTsttrl = Osqly---, 0542t = Ogpg: K — C.

The ring Ok of algebraic integers of K is a finitely generated free Abelian group
of rank n. The multiplicative group O7 of units of Ok is a finitely generated free
Abelian group of rank s + ¢ — 1, by the Dirichlet unit theorem. The group O}kf of
totally positive units is a finite index subgroup of O%.

Denote by H := {z € C : Imz > 0} the upper half-plane. By [24, p. 162], one can
always choose an admissible subgroup U C (’);{F7 of rank s, such that the fixed-point-
free action

O xU OH* x C

induced by
T: Ox OH® x CY,
To(Wi, .., Ws,y Zs g1y -y 2s4t) = (w1 + o1(a),. .., 254t + 0s1e(a)),
R: 0" OH® x C,
Riy(wiy ..., Wsy Zo1y .oy Zstt) = (w1 - 01(0), ..., 2sqt - Ospt(u)),

is properly discontinuous and co-compact. One defines the Oeljeklaus—Toma mani-
fold of type (s,t) associated to the algebraic number field K and to the admissible
subgroup U of Oy as

X(K,U) :=H*x C'"/Ox = U.

In particular, for an algebraic number field K with s = 1 real embedding and 2t =
2 complex embeddings, X (K, O;(’Jr) is an Inoue-Bombieri surface of type Sy [17, 3].

The Oeljeklaus—Toma manifold X (K, U) is called of simple type if there exists no
proper intermediate field extension Q C K/ € K with U C O}}?L This is equivalent
to saying that there exists no holomorphic foliation of X (K, U) with a leaf isomorphic
to X(K',U) [24, Remark 1.7].

1.2. Solvmanifold structure. Following [21], we can endow Oeljeklaus-Toma man-
ifolds with a solvmanifold structure (namely, a compact quotient of a solvable Lie
group by a co-compact discrete subgroup) in such a way that the complex structure
is left-invariant (namely, it descends from a complex structure on the Lie group that is
invariant by left-translations). For later use, we recall here the construction of a left-
invariant coframe of (1, 0)-forms and its structure equations, following the description
in [21, Section 6] and [25, Section 2].
On H* x C!, take coordinates (w',... ,w* z,...,2%). By the very construction,

{(logoi(u),...,logos(u)) :ue U}
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yields a lattice in R® of rank s. In particular, fix any generators {uq,...,us} for U,
then there exist real numbers b, ; € R and ¢;; € R, for k € {1,...,s}, i € {1,...,t},
such that, for any i € {1,...,t},

logoi(ur) -+ logoq(us)
(b1 -bsi) - : : = (2logosyi(u1)|- - - 2log|ossi(us)])
logos(uy) -+ logos(us)
and
logoy(u1) --- logoy(us)
(CREE R : : = (arg osyi(u1) - - - arg osyi(us));
logos(uy) -+ logos(us)
equivalently, for any u € U and any i € {1,...,t}, we have

Osyi(u) = H O’k(u)%bk’i - exp <\/—1 Z ki log Jk(u)> .
k=1 k=1

The manifold H*® x C' is endowed with the product

(oowh 2 ) (LR, L)

= (...,Rewk—i—lmwk-Rewk+\/—1lmwk-Imu?k,...,zi

+ H(Im w20 exp (x/—l Z Cr,i log(Im wk)> 7. ) .
k=1 k=1

It gives H® x C! a solvable Lie group structure. One can show that
Oxg xUCH* xC',  (u,a) — (...,01(a) + V—1og(u),...,051i(a),...)

is a discrete subgroup of (H* x Ct, x).
One can check that the following (1, 0)-forms yield a left-invariant coframe for (H?® x
Ct, *):

a wkzzlmlwk dw* for ke{l1,...,s},

vE=TTo_, (Imwk) =28 iexp(—v/ =130 _ g log(Imwk)) d2? for i€ {1,...,t},

with structure equations

dwk:‘/Tjwk/\ch for k € {1,...,s},
(2) dy' = oy (b — sewa)wF AY

+ 2221(_§bk,i + %C/w‘)@k Avyt forie{1,...,t}.

2. Metric properties of Oeljeklaus—Toma manifolds

On a complex manifold X of complex dimension n endowed with a Hermitian
metric g, denote by J the integrable almost complex structure and by w := g(J_,.)
the associated (1,1)-form. We recall some special classes of Hermitian metrics [16]:

e Kdhler metrics satisfy dw = 0;

e taming symplectic (aka Hermitian symplectic) structures €2 are symplectic forms

satisfying Q(-, J_) > 0;
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pluriclosed (aka SKT) metrics satisfy 90w = 0;

if n > 3, astheno-Kdhler metrics satisfy 00w™ 2 = 0;

balanced metrics satisfy dw™ 1 = 0;

Gauduchon metrics satisfy 0w™ ' = 0;

strongly Gauduchon metrics satisfy dw”~! is 0-exact;

for k € {1,...,n — 1}, k-Gauduchon metrics satisfy d0w* A w™ %=1 = 0; notice
that the case kK = n — 1 coincides with Gauduchon metrics, the case £k = 1
includes pluriclosed metrics, and the case £k = n — 2 includes astheno-Kéahler
metrics;

e locally conformally Kahler (for short, LCK) metrics satisfy dw = 6 Aw for some
1-form 6 such that df = 0;

e locally conformally balanced (for short, LOB) metrics satisfy dw™™! = 6 Aw" ™!
for some 1-form 6 such that df = 0.

By [14, Théoreme 1], Gauduchon metrics always exist on compact complex man-
ifolds. In what follows, we collect what is known about the existence of special Her-
mitian metrics on Oeljeklaus-Toma manifolds, after Oeljeklaus, Toma, Vuletescu,
Dubickas, Otiman, Fino, Kasuya, and Vezzoni:

Theorem 1 ([24, 8, 10, 25]). Let X(K,U) be an Oecljeklaus—Toma manifold of
type (s,t). Then:

o [t never admits Kdhler metrics, [24, Proposition 2.5].
e [t never admits taming symplectic forms, [10, Theorem 1.1].
o [t admits pluriclosed metrics if and only if s <t and, for any u € U,

Uj(u)|os+j(u)|2 =1, fOT' any j € {]-7 ) 8}7
vy =1, for anyj € {s+1.....1},

after possibly relabeling the embeddings, [25, Theorem 1.1].
It never admits balanced metrics, [25, Theorem 1.2].
It admits an LCK metric if and only if |os41(u)| = -+ = |osye(u)| for any u €
U, [24, Proposition 2.9], [8, Theorem 8].
— Ifs > 1 andt =1, then there is an admissible subgroup U with this property,
[24, Proposition 2.9].
— Ift > 2, then there is no admissible subgroup U with this property, [6].
o It always admits an LCB metric, [25, Theorem 1.3].

By methods similar to those used in [8] and [9], we shall prove:

Theorem 2. Let K be a number field with s real embeddings and 2t complex embed-
dings such that

1<s<t.

Then, the smallest d = s + 2t for which there is a unit u € K of degree d satisfying

(3) 7 (u)|osij(w)* =1
for each j € {1,...,s} and
(1) Ours(w)] =1

for each j € {s+1,...,t} is d = 12. Moreover, there is no group of units U C (’)};’Jr
of rank s such that for each w € U (not necessarily of degree d) we have (3) and (4).
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Proof: Assume that a unit u € K satisfies (4). Then, v must be a reciprocal unit.
(An algebraic number « is called reciprocal if a~! is a conjugate of o over Q.) We
claim that

(5) H oj(u) =1
j=1

for each reciprocal unit u € Oy, satisfying (3) and (4).

Note that o;(u) > 0 for j = 1,...,s by (3), and hence u € Oy". Clearly, (5) is
true for © = 1. Otherwise, u € (’)}’+ is irrational. Since w is reciprocal and u ¢ Q, it
must be of even degree. Since Q(u) is a subfield of K, the degree n = s + 2t of K
must be even. Consequently, s is even.

Recall that o;(u) are real and positive for all j =1,...,s. We claim that o, ;(u)
are non-real for all j > 0. Indeed, if o4 ;(u) were real for some j > 0, then G54, (u) =
0s+j(u). So, by (3), we must have

u//u/2 -1

for some two conjugates v’ = o;(u), v = o44;(u) of u over Q. Take the small-
est p > 1 such that all the conjugates of u lie in the annulus p~! < |z| < p, with
at least one conjugate lying on the boundary. By Kronecker’s theorem (see e.g. [28,
Theorem 4.5.4]), since u is an algebraic integer which is not a root unity, we must
have p > 1.

Consider an automorphism 7 € {o1,...,0s12t} which maps v’ to a conjugate lying
on the boundary of the annulus, say u. Then,

1 =7("u?) = 1(u")7r(W)? = u?r(u”),
where |u| € {p,p~'}. However, if |u| = p, then

L= Pl ()| = Plr ()| 2 P = p,

1 1

which is impossible. Likewise, for |u| = p~! we obtain 1 = p=2|7(u')| < p~2p = p~ 1,
which is impossible too. Consequently, all o4 ;(u) for j > s are non-real.

In particular, this implies that the list oq(u),...,0s(u) contains all the real con-
jugates of u, possibly with repetitions. Suppose the reciprocal unit u is of degree 2¢,
where ¢ € N, and its conjugates are

-1 -1
UL, Uy 5ee, U, Uy

Then s must be a multiple of 2¢, and the product in (5) contains s/2¢ copies of each
real conjugate of w. This clearly yields (5).

Suppose now that U is admissible for K, and for each v € U the conditions (3) and
(4) are satisfied. Since U is of rank s, it must contain s units, say v1,...,vs for which
the matrix ||logo;(v;)l]i,j=1,...s is non-degenerate. However, as we have already shown
above, each v; € U is reciprocal, and hence Z‘;:l log o;(v;) = 0 by (5). It follows that
the rank of U is less than s, which proves the second assertion of the theorem.

In order to prove the first assertion we first show that no K of degree less than 12
exists for which a unit u € O3" satisfies (3) and (4). Assume such a unit of degree d =
s+ 2t exists in the number field K with signature (s,t). Then, as s is even and s < t,
we have d > 12, unless (s,t) = (2,3) or (s,t) = (2,4).

We first investigate the case (s,t) = (2,3). Suppose that the real conjugates of u
are u; > 1 and ug = ufl < 1. By (3), it also has conjugates us, uqy = ug, us, ug, where
urluz)? = 1 and {us,ug} = {uz*,u;'}. Without loss of generality, we may assume
that us = u3_1 and ug = u; ' =u3 ' = 5. Also, by (4), it has two conjugates u7 and
Uug = Uy = Uy 1 on the unit circle. For convenience we present them in a table.
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U1 (5 us | ug us Ug uy us

— — 1 — 1
Uy us | ug Us = Uy U7 = Uy

TABLE 2. Conjugates of u.

Recall that uq; > 1 and
u|us)® = uruzug = 1.

Take an automorphism o € {o1,...,08} which maps u; to uy. Then, from u; =
uz 'uyt = usug we obtain uy = o(us)o(ug). Since |o(us)o(ug)| = |Jur| = 1 and uy
is non-real, the only possibilities for {o(us),o(ug)} are {ug, us} and {us, ug}. Hence,
U7 = UgUs OF U7y = UsUg. Since us = uzug, multiplying it by uy = ugqus we get
ugty = uzujus = uj. This, mapping uy to uy, gives a contradiction by the modulus
consideration. Likewise, in the case when u; = uzug, we deduce usuy; = uguqusug =
u3, which leads to the same contradiction by mapping us to uy. This shows that for K
with signature (2,3) no unit u € O} of degree 8 satisfying (3) and (4) exists.

Now, we investigate the case (s,t) = (2,4). Then, without loss of generality we
can label the conjugates ui,...,us as in Table 2. In addition, by (4), there are two
more conjugates ug and uig = Uy = ugl on the unit circle. From uw; = wusug, as
above we obtain u; = o(us)o(ug). This time, the possibilities for {o(us),o(ug)} are
not only {wg,us}, {us,us}, but also {us,ug} and {us, u19}. In the first two cases the
argument is exactly the same as above. Assume that {o(us),o(us)} = {us,ug}. Then,
from u7 = ugug we find that u2 = uyugug = ug. Now, mapping uy to ui, we arrive at a
contradiction by the modulus consideration. (The case {o(us), o(ug)} = {us, u10} can
be treated in the same fashion.) Therefore, for K with signature (2, 4) no unit u € 03"
of degree 10 satisfying (3) and (4) exists.

In order to complete the proof of the theorem we will give an example of a number
field K with signature (2,5) and a positive unit u € K of degree 12 satisfying (3)
and (4). Select the numbers

S:i=—12+9vV2=0.727922... and P :=33—22v2=1.887301...

Let R and T be two complex conjugate numbers satisfying R+ 7T = S, RT = P, and
Im (R) > 0. Consider the polynomial

234+ Re? —Tx—1
and its reciprocal
23 4+ T2*> — R — 1.
Their product is a reciprocal polynomial
G(x) := 254825+ (P — 8)z* + (2P — 5% — 2)a® +(P — S)x? 4+ Sz +1
= %1225 +452% — 2422 + 4522 — 122+ 1+ (92° — 312 +1722° — 3122 +92) V2.

We claim that it has six roots on the unit circle.
Indeed, setting y = z+2~! and using the identities 23 +173 = 3> -3y, 2?2+ 272 =
y? — 2 we derive that

r3G(x) =y — 3y + Sy —2)+(P— S)y +2P — 5% -2
=43+ 8y  +(P—S—3)y+2P - S*-25 -2
=% + (=12 + 9vV2)y® + (42 — 31V2)y — 218 + 154V/2.
The latter polynomial (in y) has three roots
g1 = —1.724350..., y2 = —0.110593..., ys = 1.107021...

in the interval (—2, 2), so the six roots of G coming from x+2z~! = y; are all on |z| = 1.
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Similarly, setting
S = —12—-9v2=—-24.727922... and P’ :=33+22V2=64.112698...,

we define two negative real numbers R’ = —21.784939... and T’ = —2.942982...
which satisfy R' + T’ = S’, R'T' = P’. The product of two reciprocal polynomials

4+ Ra2*>-Tr—1 and 2°+T'z—Rzx—1
equals
G(x) == 2548 2% +(P' — §")a* +(2P" — 8% — 2)a3 +(P' — §)a?+ Sz +1
= 25 -122° +452* — 24223 44522 —1204+1— (92° — 3124 +1722° — 3122 +92) V2.
This time, for y =  + 2~ ! we find that
273G (x) = y* + (12 — 9V2)y? + (42 + 31V2)y — 218 — 1542,
and the latter polynomial (in y) has one real root 21.697332. .. and two complex con-
jugate roots. It follows that G € R[z] has two real roots, say u; = u = 21.651145. ..
and uy = u !, and two pairs of complex conjugate roots, uz,us = Uz and us = ug_l,
Ug = Us = u;l. Relabeling the conjugates if necessary, we can assume that
P+ R —Tr—1=(z—u)(r—us)(z —uq)
and
23+ T'2? — Rox— 1= (z —uz)(x — us)(z — ug).

Here, we clearly have

(6) wiusuy =1 and  wususug = 1.
Suppose uz,...,us are the six unimodular roots of G, so that
(7) luz| =+ = [urz| = 1.

Multiplying G and G we find the reciprocal polynomial
2224011472210 — 4482° — 19128 — 44027 — 43225 —4402° —1912* — 44823+ 722% —242+1

in Z[z] with 12 roots wuq,...,u12 satisfying (6) and (7). One can easily verify with
Maple that this polynomial is irreducible over Q, so its root © = 21.651145... is a
reciprocal unit of degree 12 satisfying the conditions (3) and (4). This completes the
proof of the first claim of the theorem. O

As an immediate corollary, we get:

Corollary 3. Let X(K,U) be an Oeljeklaus—Toma manifold of type (s,t). It admits
pluriclosed metrics if and only if s =t and, for any uw € U,
(8) oj(u)|ose;(W)|? =1, foranyje{l,..., s}

For each s > 1 the construction of such fields K with signature (s, s) and such
admissible group of units U € O of rank s for which (8) holds for any u € U was
given in [9].

As for astheno-Kéhler metrics, it is easy to prove that Oeljeklaus—Toma manifolds
do not admit left-invariant Hermitian metrics of this type. We notice here that, as
opposed to the balanced, pluriclosed, or taming symplectic cases, the averaging trick
on solvmanifolds does not apply for astheno-Kéahler metrics. Moreover, we will prove
that astheno-Kéahler metrics never exist on Oeljeklaus—Toma manifolds.

This will follow by considering a more general metric condition. We recall that
k-Gauduchon metrics ([13]) are defined by the property d0w* Aw" *~1 = 0. In what
follows, we prove that k-Gauduchon metrics of “special type”, including astheno-
Kahler metrics, never exist on Oeljeklaus—Toma manifolds:
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Proposition 4. Let X(K,U) be an Oeljeklaus—Toma manifold of type (s,t) and
compler dimension n > 4. Fix an arbitrary integer k such that 2 < k < n — 2.
Then there is no Hermitian metric w such that 00wk = 0.

Proof: Consider the coframe of left-invariant (1, 0)-forms given by {w',...,w*~y% ... 4%,
as presented in Subsection 1.2.

Case s > 2 and t < k < n — 2: Consider the (1,1)-form 7 := —/—1 22,4:1 wk A @t
Following (2), we get 00n = @ Doks WP Ak Aw® A@?, which is a non-zero, strongly

positive form of type (2,2). For I = {i1,...,n—k—2}, denote wy :=w;, A+ Aw;, , -
Let
wo = Z wr Nwr A 1.
[I|=n—k—2

Then 90wy = @ Z|I|:n—kw1 A wr is a strongly positive (n — k,n — k) form. If w
such that 90w* = 0 existed, we would get the following contradiction:

(9) 0</ 65w0/\wk:/wo/\85wk:0.
X b'e

Case s = 1: Let us fix 1 < k < n — 2. We shall prove that there exists a positive
V—100-exact (n — k,n — k)-form. To this end, we claim that there exist 1 < i3 <
v < p_p_1 <t such that

pi= (b + - +bii, )i+ b1, +1)
n—k—1 _ _
V-1 Yix A Yiy A Vin—k-1 A Yip—r—1

satisfies v/—109p > 0 and it is not 0. Using the structure equations given in (2), one
can easily compute that:

= 1
v=190p = 7 (brg, +--- + b1y o)1y o A b,y 1)
K n—k—1
VT wAe A N\ v A,
r=1
If there were no choice of {iy,...,i,_p_1} such that v/—190p is not 0, it would further
imply that for any subset {i1,...,in—r—1} C {1,...,t} we have
(10) bl,i1 +'..+b1yin—k—1 S {0,—1}.
Assume for now that this is the case. If n — k — 1 € {1,2}, it is straightforward
to see that (10) combined with the fact that Z;:1 bi; = —1 amounts to by ;, =
—1 for some 1 < 49 < ¢ and by; = 0 for ¢ # 4p. If ¢ > 1, this further leads
to o1(u)o144y(W)T144,(w) = 1 and |o144(u)] = 1, for any ¢ # ip, which, however,
is impossible, due to Theorem 2.

Let us suppose now that n—k—1 > 3. If there exist i,,, 4, %¢ such that by ;, # b1,
bl,im 7é bl,ig’ and bl,iz 7é bl,ipa then, since n—k—1 < t, one can take {jl, ce ajn—k—?)} S
{1,...,t} \ {im, ¢, ip} and therefore the sums

n—k—3 n—k—3 n—k—3
bii, +bii,+ D bij,bui, +big,+ Y by and b, +big, + Y biy,

t=1 t=1 t=1
are all different and cannot attain only the values 0 and —1. Moreover, it is impossible
to have by 1 = --- = by, since this would contradict (10) and Z§:1 by, = -1
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Therefore, by j, for any 1 < j < ¢, can attain precisely two values. Let m < M be
these two values. Let = denote the number of b; ; that are equal to m and y the
number of by ; that are equal to M. Then z +y =tandz-m+y-M = —1. If
z<n—k—-—1and y < n—Fk—1, then we must have 2 < = and 2 < y, since
n —k — 1 < t. However, we cannot have the situation x = y = 2, because this leads
to the contradiction 2(m + M) = —1, m+ 2M = 0, and 2m + M = —1. Therefore,
in both cases x > 3 and y > 3, we can construct three different sums that cannot
cover only the two values 0 and —1. Finally, this gives that necessarily t >n—k — 1
or y > n—k—1. Nevertheless, x > n —k — 1 leads easily to a contradiction with (10)
and the case y > n — k — 1 is the only one not conflicting with (10) and giving
b1,i;, = —1 for precisely one 1 < iy <t and by; = 0 for j # ip. If t > 1, we further
have again o1(u)o144y(1)F14i,(u) = 1 and |o14(u)] = 1, for any i # ig, which is
impossible by Theorem 2.

The contradiction therefore stems from assumption (10), which means that there
exists a choice of {i1,...,ip_r—1} such that \/?185/) is non-zero and positive.
From here we argue as in (9) to deduce the inexistence of a Hermitian metric w

with v/=18dwk = 0.

C@se s > 2 and 2 < k < t: Assume there exists a Hermitian metric w such that
A0w* = 0. Now define

wo(X1,. .., Xox) ;:/ W (X1, ..., Xog) dvol,
X

where X1, ..., Xoi are any left-invariant vector fields and d vol is a bi-invariant volume
form. Then wy is a strictly positive left-invariant (k, k)-form that is d0-closed. Note
that wp is not necessarily the k-th power of a strictly positive (1, 1)-form. We consider
the frame B := (w',...,w®,7',...,~") and we denote by o’ its elements and by /3’
their conjugates; we also denote by (w1,...,ws,¥1,-..,7:) the dual basis. We have a
decomposition of wy over the basis B as follows:

wo = Z A(aI,B‘])ail ABIEA A Qe A BIE
[I|=k,|J|=k

where A(al, 37) € C. Since wy is strictly positive, we get that, for any :={iy,...i;} C
{1,...t}, A(y',4%) > 0 holds, where v! := v;, Ai, A+ Avi, A¥i,- A straightforward
computation using (2) shows that, for any I C {1,...,¢} and h # ¢,

0 = i, nan Ayings 00wo = AV, i, nan nyrng, 00(7T AFT)

(11) 1.,
= ZA(’V el )(bl,il ot bfyik)(bh,il +oeee bh,ik)

and

0= iw/\wmym«‘”agwo = A(’YI,WI)Z'W/\@A«”Awaé(’YI A ’71)
1 _
= 514(7[,71)(37@,1'1 4o+ bey ) (beyiy + 0+ beg, +1).

This further implies that bg;, + --- + bg;, € {0,—1}, for any 1 < ¢ < s and for
any {i1,...,ixr C {1,...,t}. Now following the same argument as presented in the
previous case, we obtain that, for any 1 < ¢ < s, there exists 1 < j, < ¢ such that
bej, = —1 and b, ; = 0, for any j # j,. We now take ¢ # h and choose {i1,...,ix}
such that jg,jn € {i1,...,ix}. This is possible since 2 < k. Then we further have
(beiy + -+ bes, )by, + - +bpi) = —1, which is not possible by (11). Therefore,
there exists no metric w such that d9w* = 0, with 2 <k < t. O
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By Proposition 4 for k = n — 2, we immediately get the following

Corollary 5. Oeljeklaus—Toma manifolds of complex dimension n > 4 never admit
astheno-Kahler metrics.

We further investigate the existence of strongly Gauduchon metrics, which are by
definition Hermitian metrics w such that dw™ ! is d-exact. They were introduced
in [27] and possess the remarkable property of openness under complex analytic de-
formation. One special subclass of such metrics are the balanced ones. We prove the
following:

Proposition 6. Oeljeklaus—Toma manifolds X (K,U) of any type do not admit
strongly Gauduchon metrics.

Proof: Assume there exists a strongly Gauduchon metric w. Then, by definition, there
exists an (n,n — 2)-form « such that dw"™ = da. Let 7 := £ 37 | &', with the
notation of (1). By Stokes, we have the following:

(12) /57’/\01:/7/\(’%«:/7/\&«;”*1:/87/\@0”*1.
b's b's X b's

However, by (2), 7 = 0 and 97 is a (strongly) positive (1, 1)-form. Then the first
term of (12) vanishes, but the last term is strictly positive and hence, there cannot
exist any strongly Gauduchon metric on X (K, U). O

3. Cohomological properties of Oeljeklaus—Toma manifolds

In what follows, we collect what is known about the cohomologies of Oeljeklaus—
Toma manifolds, after Oeljeklaus, Toma, Tomassini, Torelli, Kasuya, Istrati, and the
third named author. We use the following notation: for any multi-index I = (1 <41 <
o+ <y < n) of length |I| = m, we consider o7: U — C* the representation oy(u) :=
oi(u) ... 04, (u). We denote by p,,, the number of non-trivial relations among the
representations o; with fixed length m, respectively, by pp, », the number of non-trivial
relations among the o; with fixed contribution from real and complex parts:

(13)  pm:=t{I:|I| =m,or =1},
(14) ppm=8{IC{1,...,s+t}, JC{s+1,...,s+t}:|I| =p,|J| =m, 0165 =1}.
With this notation, we have the following:
Theorem 7 ([24, 18, 22, 26]). Let X(K,U) be an Oeljeklaus—Toma manifold of
type (s,t). Then:
e The Betti numbers are computed in [18, Theorem 3.1]:

- 2.

] +m=k
In particular:

— by = s, [24, Proposition 2.3].
— by = (‘5), [24, Proposition 2.3], [1, Proposition 2.4].
e The Hodge numbers are computed in [26, Theorem 4.5] and also [22, Corol-

lary 3.5]:
s
hg® = E : (5) Pp.m-

. l+m=q
In particular:

— h%’l = s, [26, Corollary 4.6].

e The Hodge—Frolicher spectral sequence degenerates at the first page, [26, Theo-
rem 4.5].
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3.1. The E;-isomorphism type and Bott—Chern cohomology. Let X:=X (K, U)
be an Oeljeklaus—Toma manifold associated to the number field K with s real places
and t complex places and to the admissible subgroup U. Denote by n = s + t its
complex dimension. We order the embeddings o; s.t. o; = 7; for ¢ € {1,...,s}, and
G; = oyq; for j € {s+1,...,5+t}. With respect to the solvmanifold presentation
of X = G/T in Subsection 1.2, denote the G-invariant (1,0)-forms by w¥, ~, for
ke{l,....,s},ie{l,...,t}.

We define a subalgebra of the algebra Ax = C*>(X;A*T*X) of differential forms
by

B = ANw", 0" e -
Further consider the space
V = spanc{dzX NdZl | K, L C {1,...,t},3J C{1,...,s} s.t. oykp|u =1}

(15) = spanc{exp(W k(@) A5* | J C{1,...,s}, K,L C{1,...,t}
s.t. UJKL|U = 1},

where here we put o iy, := HjeJ 0 [ nex Osir [ e, Ostttre, and

. ‘. /1
Ui i=— Zloglm w! — Z Z (2bh,k — \/—lch,k) log Im wh

jed keK h=1
S 1 h
— Z Z ibh’e +vV—1lecpe | loglmw
LeL h=1
= —Zloglmwj — } Z ibhkloglmwh — }Zibhgloglmwh
< 2 ’ 2 ’
jed keK h=1 LeL h=1

is as in [22], and the simplification follows by o x|y = 1. The space V carries a
grading by

V" = spanc{exp(Wyxr(z)yxg ANyL € V | ||+ |K|=r} C V.
We denote by V' B the bigraded vector space with basis all wedges of elements in V'
and B, i.e.,
(16) VB:=V ABCAx.
The grading of V" induces a grading on VB via V"B := V" A B.

Lemma 8. The subspace VB C Ax is a bigraded, bidifferential subalgebra stable un-
der conjugation. The grading of V induces a direct sum decomposition VB = @, V"B
into sub-double complexes which are also stable under conjugation.

Proof: The statements that the space VB is a bigraded subalgebra of Ax and that
VB = @ V"B as vector spaces are clear from the definitions. From the equations
for the differentials, see (2), it follows that VB and V"B are sub-double complexes.
It only remains to show the statement about real structures, which follows from the
relation oy, = 0K - O

Lemma 9. The inclusion t: VB — Ax is an Eq-isomorphism.

Proof: The statement will follow from the following steps.
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Step 1: VB is a direct summand in Ax. We show the existence of a map of double
complexes r: Ax — VB s.t. ror = 1d. Namely, consider the left-invariant Hermitian
metric

s t
h:= Zwi CW; —|—Z%‘ Y-
=1 =1

We obtain an induced L2-metric on Ax. The basis for V B, given by all elements of the
type exp(V sk (2))wr@ryk¥r with orkr|y = 1, is orthonormal with respect to this
metric (this follows from the same calculations as in the proof of [22, Lemma 2.3]).
Now define r to be the orthogonal projection to V' B. Because h is Hermitian, r respects
the bigrading and since VB is closed under d and d*, one checks that r is a chain
map.

Step 2: The inclusion is an Ej-isomorphism. Since ¢ is compatible with the real
structure, we only have to check that the inclusion induces an isomorphism in Dol-
beault cohomology. By Step 1, H5(VB) C Hy(X). On the other hand, the com-

plex (By™,0) defined in [22] is a subcomplex of (V B, d) and it is shown in [22] that
Hz(Bp) = H5(X), hence we obtain surjectivity. O

We now describe the E7-isomorphism type of Ax completely. This is equivalent to
describing the multiplicities of all non-projective indecomposable bicomplexes (i.e.,
all “zigzags”) in Ax. We use the notation in [29] (in particular, an odd length zigzag
of shape S%'* has endpoints (p,d — p) and (d — ¢, q), length 2|p + ¢ — d| + 1, and is
concentrated in degrees d, d — sgn(p + ¢ — d)):

Theorem 10. Let X be an Oeljeklaus—Toma manifold. For any even length zigzag Z,
one has

mult[z] (Ax) =0.
For odd length zigzags of shape SH?, one has

multsg,q (Ax) = Z multsgq (VTB)

and

PA=D(UTBY  ifp=rp q=
multge.a (V" B) = hg™ P(V'B) if p na="
! 0 otherwise.

For example, if X is a pluriclosed Oeljeklaus—Toma manifold with s = ¢t = 2,
the only non-trivial relations are 1|03 = o3]04]> = 1 and one may picture the
non-zero zigzags in Ax as follows (we are only depicting those zigzags with non-zero
multiplicity, but not writing the multiplicity):

,__
[

|
- N
1

Ax ~ V'B® V?Ba VB ~ il >
H

L
LI

-
|

We will study the cohomologies of pluriclosed Oeljeklaus—Toma manifolds in more
detail in Subsection 3.2.

We note that the Dolbeault cohomology of X is known explicitly [26, 22] and from
this we have [22, Theorem 3.3 and Corollary 3.5]:
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Lemma 11. Let X be an Oeljeklaus—Toma manifold of type (s,t). Consider the num-
ber pp.m of non-trivial relations among the o; with fized contributions from real and
complex parts as defined in (14). Then,

hZZ,Q(VTB) — quJrqz:q( q81 )pp,qz zfp =T,
9 0 otherwise.

Proof of Theorem 10: The statement about even length zigzags is equivalent to the
degeneration of the Frélicher spectral sequence of X on the first page, which is known
by [26]. By Lemmas 8 and 9, we have

mult[z] (Ax) = Z mult[z] (VTB)

for any zigzag Z. The multiplicities of odd length zigzags can be computed from
the refined Betti numbers, i.e., multgr.a)(V"B) = b5(V'B) = g} grf; Hi(V"B)
(see [29, 30]), where F' denotes the Hodge filtration induced by the Frolicher filtra-
tion FPAx := @sz AS® and F its conjugate. By Lemma 11, there is just one vertical
strip of non-zero entries in H**(V"B). Therefore, the Hodge filtration on Hi, (V" B)
has exactly one breakpoint (if bq(V"B) # 0), namely,

{0} = F"* ' Hiy (V" B) € F"Hyp(V' B) = Hip(V'B).

As V"B is stable under conjugation, the same holds for the conjugate Hodge fil-
tration. Hence we get that for each d there is at most one non-zero refined Betti
number b59(V"B), ie.,

hg’d_p(V’“B) ifp=r,g=r,

bPU(V"B) = multge.« (V' B) =
a ) = mu Sa ( ) {O otherwise,

completing the proof. O

From Theorem 10, we may compute the dimensions of any cohomological invari-
ant, by simply computing how this invariant evaluates odd length zigzags. We carry
this out for Bott—Chern cohomology, but the reader will have no difficulty in do-
ing the analogous procedure for Aeppli cohomology (which also follows by duality),
the Varouchas groups, any higher-page analogues or the groups appearing in the
Schweitzer complex.

Corollary 12. Let X(K,U) be an Oeljeklaus—Toma manifold of type (s,t). The Bott-
Chern numbers of X are given by:

WEE(X) =) WL (V' B)

and
hEPEITTifr>por >,
Wpo(VIB) = ¢ hIPHa=r=l it < pr < g,
0 otherwise.

Proof: We have Ax ~; @, V"B and hence the first equality follows. For the second,
by Theorem 10, we have

hpe(V'B) =Y hZ (V' B)WGL([S)"]).
d
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Now, use the formulas
hie(155) = {
in the case p+ ¢ > d and
hie (197) = {

for p + ¢ < d. These are obtained from [29] and easily seen directly as Bott—Chern
cohomology counts top-right corners of zigzags, e.g.:

1 ifa+b=d,a<p,b<q,

0 otherwise,

1 ifa+b=d+1, a>p,b>q,
0 otherwise,

(a1) —— (Oa1) 0 (9ay)
Hpc T =
(az) 0 0
and
(Da) (Da) 0
Hpe T - . 0
(@) —— (9a) 0 (8a)

Remark 13. One can in principle also argue via explicit representatives, i.e., explicitly
compute the Bott—Chern cohomology of V*B. However, such representatives are not
necessarily of a simple form; in particular, they are generally not elementary wedges,
but rather sums of such. For example, if s = ¢ = 2, the natural map

HEe(X) — HZ*(X)

is an isomorphism, but the preimage of [y;7w3] cannot be represented by the same
form as it is not 0-closed. Rather, one has to modify it by

V-1
I(niwe) = T(Wéﬂli — Y11Wa3)
to obtain something in the kernel of @ and 0.

3.2. Cohomological properties of pluriclosed Oeljeklaus—Toma manifolds.
In this section, we restrict to Oeljeklaus—Toma manifolds admitting pluriclosed met-
rics, as characterized in Corollary 3, and we study their cohomological properties. In
particular, we prove that the Dolbeault cohomology is invariant (see Remark 16) and
we explicitly compute the Betti and Hodge numbers (see Theorem 15): note that the
cohomologies are not zero most of the times.

Recall that p,, ppm were introduced in (13), respectively (14). It is clear that
po = 1 and p; = 0 always; one can prove that p; = 0 always [1, Proposition 2.4].
When X (K, U) admits pluriclosed metrics, then it is proven that p3 = s and pg 1 = s,
therefore by = (§) + s and h%’l = s [25, Proposition 3.2.1]. Moreover, for n = 4,
namely, s =t = 2, the converse holds true: X admits a pluriclosed metric if and only
if bg = 2 if and only if h%’l = 2 [25, Proposition 3.2.2]. In this section, we generalize
the above results.

Meanwhile, we notice the following:

Proposition 14. Oeljeklaus—Toma manifolds admitting pluriclosed metrics are of
simple type.
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Proof: Assume there exists a finite extension Q C K’ C K such that U C K'; we
take K’ = Q(U). The embeddings of K’ are simply the restrictions of the embed-
dings of K, namely 01|k, ...,092s|ks. Since U is admissible and U C K’, 04| #
0jlks, for any 1 < i < j < s. However, as the pluriclosed condition is satisfied,
0iluostiludstilu = 1 and therefore 0|k 0s4i| k' Ts+i|k» = 1, which further implies
that g4k’ # 0stj|Kr, for any 1 < i < j < s. Moreover, osyi|x’ # 0|k, for
any 1 < 4,5 < s, otherwise this would imply non-trivial multiplicative relations be-

tween o1|k,...,0s|k’, which is impossible. Hence, the degree [K’ : Q] > 2s. As
[K:Q]=[K:K'] [K':Q]and [K : Q] = 3s, we infer that X = K’ and conclude
that X (K, U) is of simple type. O

We now compute the de Rham and Dolbeault cohomologies of pluriclosed Oel-
jeklaus—Toma manifolds in the following;:

Theorem 15. Let X (K,U) be an Ocljeklaus—Toma manifold admitting a pluriclosed
metric. Then the Betti and Hodge numbers are:

= s S g _ (qu)~(§) if p even,
" Z <€ B Sk) <k) M= {0 otherwise.

k<s

Proof: Step 1: By Corollary 3, we have s = t and |04y (u)|?0;(u) = 1, for any 1 <
1 <s, forany u e U.
By [18, Theorem 3.1]:

e (s Qs () ()

where p,, is defined in (13). We now prove that pgi, = (%) and p,, = 0, if m # 3k.
Indeed, let I = {i1,...,im} be such that o;(u) = 1, Vu € U. Then

(18) or(u)-or(u) =1, YueUl.

If 1 # UjEJ{j, s+ 7,25+ j}, where J C {1,...,s}, then, since for any i, > s+ 1,
o, (u) - 0y (u) = m thanks to the pluriclosed condition, we get that (18) would
further imply a multiplicative relation between o1y, ..., 05|y, which is impossible by
the admissibility of U.

Therefore, if o7|y = 1, then I = ;¢ ;{j,s +j,2s + j} and consequently pn,, = 0,
if m # 3k and

s
psk=8{J | |J| =k, JC{L,...,s}} = (k)
Applying (17), we get the formula for the Betti numbers.
Step 2: By [26, Relation (4.11)] we have the following formula for the Hodge numbers:

(19) = % (5) oo

L+m=q

where pp ., is defined in (14).

By the previous characterization of non-trivial multiplicative relations between the
embeddings, we obtain that o7,y =1 (where I and J are as in (19)) if and only if
p=2jand IUJ = U, lk,s+k, 254k}, where K C {1,...,s}. This further means
that:

gH{IC{l,...,s+t},JC{s+t+1,....,s+2t} | |I|=p, |J| =J, oruslv =1} = (i)
2

and we obtain the formulas for the Hodge numbers for pluriclosed X (K, U). O
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Remark 16. Notice that pluriclosed Oeljeklaus—Toma manifolds X (K, U) have invari-
ant de Rham and Dolbeault cohomology, in the sense that H*(X (K,U)) ~ H*(g) and
H3*(X(K,U)) ~ Hy*(g), where g is the Lie algebra of the Lie group (H* x C', ).
Indeed, this is an immediate consequence of the fact that

din dw,

HY*(X(K,U)) = <

ydwy A dzq /\dzl,...,dws/\dzs/\dzs>

Imw;’” 7 Imw, c

and all the listed forms are left-invariant with respect to the solvmanifold structure
described in Subsection 1.2.

Generalizing [25, Proposition 3.2.2], we have the following cohomological charac-
terization of the pluriclosed condition:

Theorem 17. Let X(K,U) be an Oecljeklaus—Toma manifold of type (s,t). The fol-
lowing statements are equivalent:

(i) X(K,U) admits a pluriclosed metric;

(ii) s =t, h%’l =s, h%’Q = (5), hg‘Q =0, and the natural map

N\ HyH(X) x HyY(X) — Hy*(X)
18 surjective.

Proof: The implication (i) = (ii) is clear by Theorem 15 and the fact that Hg’l(X) is
generated by {[dw; Adz; AdZ;]}; and Hg’Q(X) by {[dw; Adw; Adz; Ndzj NdZ; AdZj] }ig
see Remark 16.

We now prove (ii) = (i). By (19) and h%’l = s, we have that there are precisely
s non-trivial multiplicative relations between the embeddings:

Tin (u) * Oy (U) *Oiyg (U) = 1a Vu € Uv

Oig1 (u) " Oigy (U) *Oigg (U) =1, Vu € U7

where 77 < 49 < 43, for any 1 <[ < s. This further implies that Hg’l(X) is generated
by {[dzill AN dZil2 AN déilS]}lngS. Now take

N\ HyH(X) x HyY(X) — Hy*(X)

given by [a] A [B] — [a A B]. If for some k # | we had {ix1, ig2, k3 } N {011, 42,53} # 0,
then [dz;,, Adzi,, Adzi,) Aldzi, Adzi, Adz,,] = 0 and therefore dime Im A < (3).
However, \ is surjective, hence {ig1, 2,3} N {i11, 42, 213} = O for different k& and [
and
U ik inasina} = {1,..., s+ 2t}
1<k<s

Moreover, each of the s multiplicative relations contains exactly one real embedding
(ie., ig1 < s, for all 1 < k < s). Indeed, if this were not true, then a certain
multiplicative relation oy,, - 04, - 0i,s|u = 1 would have s < g1 < ig2. Since in
this case the conjugate relation &;,, - 7y,, - 74,5]Ju = 1 would produce a non-zero
element in Hé’Q(X), which is impossible, we get our conclusion. Now, since i1 < s,
for every 1 < k < s, we get that necessarily o;,, and o;,, are conjugate to each
other, otherwise ;,, - 7;,, - 7i,5Ju = 1 would be a different relation, still involving
the term o;,,, which is again impossible. Therefore the s multiplicative relations are
exactly the numerical condition described in [25, Theorem 3.2], see Corollary 3, which
is equivalent to the existence of a pluriclosed metric. O
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