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HOLOMORPHIC VECTOR FIELDS WITH A BARYCENTRIC
CONDITION
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Abstract: We study the p-tuples of holomorphic vector fields (X1, X2,...,Xp) satisfying the
barycentric property > exptXy = p - id, where exptX denotes the flow of X.
k

2020 Mathematics Subject Classification: 32A10, 32M35, 34M45.

Key words: flow, vector fields, barycentric property, differential equation.

1. Introduction

Let U be a connected open subset of R” (resp. C™). Let X1, Xo, ..., X, be p distinct
analytic (resp. holomorphic) vector fields on U. Denote by ¢} = exp(tX}) the local
one-parameter subgroup of Xy; it is the solution of the ordinary differential equation

dyj ()

L)~ Xy (o)

with initial data ¢f(z) = =.
For any point * € U, ¢F(x) is well defined for ¢ sufficiently small and we assume
that

P
(1.1) ZXk(apf(x)) =0 Vzel andtsmall
k=1

P
In particular, Y exp(tXy) = pid and by doing ¢ =0 in (1.1) we get

k=1
P
> X =0.
k=1

Let us give an interpretation of (1.1): at any point x there are p identical particles
transported by the vector fields X while preserving their barycenter at the initial
position z. The condition (1.1) is called the barycentric property. A set of p vector
fields X1, Xo,..., X, satisfying the barycentric property is called a p-chambar and
is denoted by Ch(X1,Xs,...,X,). In Section 2 we give a long list of detailed exam-
ples. The barycentric property produces interesting ordinary differential equations in
dimension > 1.

Remark 1.1. The barycentric property is invariant by affine transformations. Let
Ch(X1,X2,...,X,) be a p-chambar in some open subset & C C™ and let T' be an
affine transformation of C". Then the vector fields T X1, T, Xo, ..., T, X, satisfy the
barycentric condition.
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Neto is partially supported by CNPq and Université de Rennes 1.
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In fact, if a biholomorphism f: U — f(U) C C™ sends any set of vector fields on U
with the barycentric property into another set with the barycentric property, then f
is an affine transformation. However, in some particular cases of p-chambars there are
other types of biholomorphisms with this property (see for instance Theorem 2.13).

If X is a vector field on U, then Fx denotes the (possibly singular) foliation whose
leaves are the integral curves of X. Hence Fx is a foliation by (real or complex)
curves. From now on all the vector fields X}, are not identically zero.

In the case of a 2-chambar Ch(X7y, X5) condition (1.1) implies that Fx, = Fx,.
We also have (Theorem 3.2):

Theorem A. Let U be an open subset of R™ (resp. C™). Let X1, Xo be two analytic
(resp. holomorphic) vector fields onU. Assume that X1 and Xo satisfy the barycentric
property.
Then Fx, = Fx,, and it is a foliation by straight lines:
o the closure of the gemeric leaves is the intersection of lines with the open sub-
setU;
o on each line the flow pf = exp(tXy), k = 1,2, coincides with the flow of a
constant vector field.

The link between the 2-chambars and the foliations by straight lines suggests that
certain special dynamics appear in dimension strictly larger than 1.

In Section 2 we will construct explicit examples satisfying Theorem A. It is sufficient
to consider any (possibly singular) foliation by straight lines F and to take a vector
field X whose restriction to each leaf is “constant”.

In the algebraic case the foliations by straight lines are classified on IP’% and IP’%.
We will see that in this case the flows associated to a global algebraic 2-chambar are
some special birational flows (Section 3).

We will consider the case of colinear vector fields (a condition satisfied by the
2-chambars), i.e. the case where X; = a;X with a; constant for any 1 <14 < p; such
chambars are called rigid chambars. The barycentric property implies that Fx is a
foliation by straight lines in the real case (Theorem 4.6) but not in the complex case.
We will see the two following results (Theorem 4.8 and Corollary 4.11):

Theorem B. If Ch(a1X,a2X,...,a,X), ar € C*, is a rigid p-chambar on the con-
nected open set U C C™, then the flow exptX of X is a polynomial of degree at
most p— 1 as a function of the time t. In particular, the orbits of X are contained in
some rational curves.

Theorem C. Let Ch(a1X,a2X,...,apX) be a rigid p-chambar on an open set U C
C™. If X has a singular point, then the set Sing(X) of X has dimension > 1.

We will also see examples where the X;’s are polynomial vector fields, and more
generally rational vector fields. In particular, in the linear case we get (Theorem 6.1):

Theorem D. Let X1, X»,..., X, be some linear vector fields onUd C R™ (resp. C").
If they satisfy the barycentric property, then they are nilpotent. In particular, the
flows exp(tXy) are polynomials in t.

In the case of 3-chambars one gets (Theorem 6.10):

Theorem E. Let X1, X2, X3 be some linear vector fields on C™.
If they satisfy the barycentric property, then, up to conjugacy, they are contained
in the Heisenberg Lie algebra b, (we identify X; with its matriz).
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We then give the classification of the 3-chambars in dimension 1; all chambars
appearing in this classification are rigid (Theorem 5.1):

Theorem F. Let Ch(Xy, X5, X3) be a 3-chambar in one variable.
In the real case Ch(Xy, Xs, X3) is constant (i.e. the X;’s are distinct constant
vector fields).

In the complex case

o either Ch(X1, Xo, X3) is constant
o or Ch(Xy, X2, X3) = Ch(a(m)%,ja(m)a%,j%(m)a%), where j3 =1, and a(z) =
VAz 4+ p with A€ C*, p e C.

Note that the classification implies that the global 3-chambars in one variable have
no singularities where they are defined; this is not the case in higher dimensions (con-
sider the nilpotent linear cases). Whereas 2-chambars and 3-chambars on an open
subset of C are rigid the 4-chambars are not. The classification of p-chambars on C
for p > 4 is a difficult problem in particular because of irreducibility problems. Nev-
ertheless, we obtain interesting properties of such chambars.

In Section 7 we deal with chambars generated by homogeneous vector fields (homo-
geneous chambars). Among other results we will see the classification of homogeneous
chambars of degree 2 (Theorem 7.6):

Theorem G. Let Ch(Xy, Xo, X3) be a homogeneous 3-chambar of C? of degree 2.
Then, after a change of variables, X; can be written as aﬁf{%, and the a;’s satisfy:
a1 +as+as = 0. In particular, any homogeneous 3-chambar of C? of degree 2 is rigid.

Acknowledgements. We warmly thank the referees for their careful reading.

2. Remarks and examples

Let U be a connected open subset of R™ (resp. C"). Denote by O(U) the ring
of analytic (resp. holomorphic) functions and by x(U) the O(U)-module of vector
fields on U. We also denote by O(C"™, a), resp. by x(C",a), the germs of holomor-
phic functions, resp. of vector fields, at a € U. Let X1, Xo,..., X, Y1,Y5,...,Y,
be some analytic or holomorphic vector fields on /. If the p-tuple (X1, Xo,...,X,)
and the g-tuple (Y7, Ys,...,Y,) satisfy the barycentric property, then the (p+¢)-tuple
(X1,X2,...,Xp, 11, Ys,...,Y,) satisfy the barycentric property. This type of example
is called a reducible chambar. A chambar is irreducible if it is not reducible.

2.1. Elementary examples and their variants. The most elementary example is
the example of constant vector fields. Let v1,vs,...,v, be p distinct constant vector
fields on R™ (resp. C™) such that

vy +v2 4o, = 0.

The translation flows T}* (z) = x 4 tvy, satisfy the barycentric property

p

p p p
ZTtEk(i’?) ZZ($+tvk) sz—i-zwk =pr+tx0=px
k=1 k=1

k=1 k=1
and the vector fields vy, vs,...,v, define a p-chambar. Such a chambar is called a

constant p-chambar. The trajectories of the vy are straight lines. The constant cham-
bar (v1,v2,...,vp) is reducible if and only if there is a subfamily (vj,,vj,,...,v;,)

¢
such that > v; =0.
k=1
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Let us give a simple variant of this example. Fix some coordinates

(fE,y) = (x17x27 s gy Y1, Y2, - - 7yn7q);
take p vector fields
0 0 i 0

X, = fk Eipy— 4 ...
k fl (:C)ayl +f2 (x)ayQ + + nfq(w)ayn_qv

where the f#’s denote some analytic functions. Assume that
Xi+Xo+---+X,=0.

The X}’s satisfy the barycentric property since for any value of the parameter x the

X}’s are constant vector fields in the linear subspaces x = constant.

We can enrich this family of examples as follows. On the open subset I consider a
regular foliation F of codimension ¢ whose leaves are of the form ANU, where the A’s
are affine subspaces of codimension ¢q. Now take analytic vector fields Xj constant
on any leaf of F and such that X; + Xo+--- + X, =0. Then (X3, Xs,...,X,) is a
p-chambar.

These examples play an important role in the article.

Another kind of construction that will be used is the formula expressing the flow of
n

a vector field. Let X = > Ak(x)% be an analytic vector field on an open subset U
k=1
of R™ or C", considered as a derivation on O(U): if f € O(U), then

S

Let (t,x) — @i(z) be the flow of X. For z € U fixed set h(t) = f(pi(x)). The
Taylor series of h at t = 0 is of the form h(t) = h(0) + > %tk.
k=1
On the other hand, 2(0) = = and h*)(0) = X*(f). In particular, we get

Floe)) =2+ 3 XM (@)

k>1
If we specialize the above formula doing f(z) = z;, the j-th coordinate of z =
(3717 L2y 73}”)7 then (pt(w) = ((10%(37)7 L)OtQ(:L‘)a sy Lp?(l')), where
; 1
(2.1) pl(z) =2+ HXk(xj)tk.
E>1

Formula (2.1) will appear in some examples. Let us now give a consequence of (2.1):

Proposition 2.1. LetU C C" be an open subset. Let X1, Xo, ..., X, be some distinct
elements of x(U). Then X1, X, ..., X, define a p-chambar if and only if for any 1 <
Jsn

p
> Xi(x;) =0 VEx1,
k=1

where x; denotes the j-th coordinate of x = (x1,22,...,%y).
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2.2. Barycentric property and integrability. Let Ch(X;, Xo,...,X,) be a p-
chambar. Examples seen in Subsection 2.1 and 2-chambars may suggest that the
Pfaff system generated by Xi, Xs,..., X, is an integrable system, i.e. tangent to a
foliation. The following example of a 3-chambar in dimension 3 shows that this is not
the case. Let us consider

0 0 0 0 0 0 0 0
Xi=-2—+-—, Xo=— 41—+, Xzg=— 21— —2—.
! 61’1 + 85837 2 axl T (9932 + 3563’ 3 (9561 e 6:62 6x3

The flows of the X; are

exptX; = (3’51 —2t, 0, 3 + t),

£2
exptXy = <1’1 +t,x0 +txy + 5> T3 th),

t2
exth3 = <I’1 +t, To — lflt — 5,1‘3 — 2t>

The barycentric property is satisfied; the leaves of X are lines and the generic leaves
of Xo and X3 are parabolas. Let w = —x; dz1 + dog — 221 dos. Then w(X;) =0, so
w defines the Pfaffian system associated to the X;. A direct computation yields

wAdw = 2dxy Adzs Ades,
i.e. the 2-plane field associated to w is a contact structure and hence is not integrable.
2.3. Fundamental example in dimension 1 and generalization. Let us con-

sider the translation flow i, (z) = x +t on C. Let v be an integer > 2. Denote by zv
the principal branch of the v-th root. Then

1 1
pue(®) = (Ye(zv))” = (v +1)”
defines a flow, at least in a neighborhood of 1 since it is a conjugate of the translation

flow. This flow is polynomial in the time ¢ and corresponds to the vector field

u—18 X 6

Y _,r 9
ox zv Ox’

well defined at least in a neighborhood of 1.
Let o be a primitive (v + 1)-th root of unity. Then

1
Puot(x) = (2v + 0t)"

is the flow of the vector field
z 0
Z, =v0———.
7 Vo-q;% 8:5

14

Of course Y o -Z, =0 and

p=0

i(ﬁ +oPt) = i:i: <Z> 2 PRtk = i(i apk>tk (Z) 27 = (v + 1.

p=0 p=0 k=0 k=0 “p=0
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We can thus state

Proposition 2.2. Let Z, be the vector field defined in a neighborhood of 1 by
v—1 0O xz 0

Z, =5 2 =y 2L
v x Vgg% Oz

The (v+1)-tuple (Z,,0Z,,...,0"Z,) is an irreducible (v + 1)-chambar in a neigh-
borhood of 1.

One can conjugate a chambar by an affine map; hence

v—1 v—1 v—1 v—1
(O ot 40P L 00+ )P Lo O+ )7 )
produces a (v + 1)-chambar where it makes sense.

For v = 2 the previous construction gives the flow ¢s ;(z) = z+2t\/z+1* associated
to the vector field Zy = 2\/5% and the 3-chambar Ch(Z,jZ5,j%27,), j> = 1, but also
its affine conjugates.

An immediate generalization in any dimension is the following. Consider P(z) =
(P1(z), Px(x), ..., Py(x)) such that

o Pj € Clx1,z2,...,2,], deg Py =v > 2, and deg P; < v,

o P(0) =0,

o and DP(0) = p - id, where id is the identity of C™ and |p| > 1.

There exists a neighborhood U of 0 € C" such that V' = P(U) D U and Py has an
inverse ¢: V — U. To any a = (ay,as,...,a,) € C" we can associate a flow defined
in a neighborhood of (0,0) € C x C" by

pi(x) = P(6(x) + ta).
The vector field associated to this flow is
(2.2) X(x) = DP(¢(x)) - a.
Proposition 2.3. Let X be as in (2.2) and let o be a primitive (v + 1)-th root of
unity. Then the (v + 1)-tuple (X,0X,...,0"X) is an irreducible (v + 1)-chambar in
a neighborhood of 0 € C™.

Proof: Since P has degree v
er(x) = P(¢(x) + ta)

= P(¢(x)) + tDP($(x)) -a+ %D<ﬂ'>P<¢<x>> a

j=2
14
=z +tH i (x,a) + thHj(a:,a),
j=2
where H;(x,a) is homogeneous of degree j with respect to a € C™. Hence the flow
of o* X is

i) =z + o"tH (z,a) + Zojkthj(x,a)
j=2
and so

Z Ogrg(T) = Z(x + oftH) (x,a) + Zajkthj(x,a)) =+ 1z

k=0 k=0 j=2

becauseZUjkzoiflgjgl/. O
k=0
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Remark 2.4. The construction produces vector fields X whose flow exp tX is polyno-
mial in the variable time ¢.

Example 2.5. A global example of this kind (Proposition 2.3) can be given by a
polynomial diffeomorphism P: C® — C™. For instance,

P(z1,22,...,7) = (v1, 22 + q2(21), ¥3 + 3(71,%2), - - -, T + @ (T1, 72, -, Tn—1)),
where ¢; € Clz1,22,...,2,-1], 2 <j <n.
As a particular example, consider the polynomial diffeomorphism of C?
¢(z,y) = (z +y%y).
Conjugating the flow
(x+akt7y+bkt)’ ak,bk € (Cv
with ¢ we get the flow
Ok = (z + apt + 2byty + D32,y + byt);

one can check that it is the flow of the affine vector field

0 0
X = (ak + Qbky)% + bk%-

Note that this flow is polynomial in the time ¢.
As soon as by, # 0 the trajectories are the parabola

fr :akerbkyz — brx = constant.
For p > 3 if we choose a1, ag, ..., ap,b1,ba,. .., b, such that
(2.3) @1+a2+---+ap:b1—I—bg—i—---—i—bp:b?—i—bg—i—-n—i-bi:(),

then the X}’s satisfy the barycentric property and produce a p-chambar. For a generic
choice of the parameters a; and by the X;’s are not C-colinear. Note that for p = 3
if (2.3) holds, then the web W(X7, X2, X3) is a hexagonal web (see for instance [5])
since fi1 + fo + f3 =0.

2.4. Polynomial vector fields that satisfy the barycentric property.

Proposition 2.6. In dimension 1 the polynomial vector fields that satisfy the barycen-
tric property are the constant vector fields

o
" on
P
with ax, € C* and > ap = 0.
k=1
Proof: The proof is based on Proposition 2.1. Let X = P(aj)a%, where P € O(C) is

viewed as a derivation on O(C). According to (2.1) the flow ¢; of X is

1
oi(xr) =2+ Z HXk(m)tk.
E>1

If P € C[z] is a polynomial of degree d > 1, then X*(z) is also a polynomial for
d(k) )
any k > 1. Let us write X*(z) as X*(z) = Y a¥2?. If we set d(¢) := deg(X*(z)),
3=0
then
(1) since deg(X) = d, then a} # 0;

(2) d(f) = (d—1)f + 1 because d(£ + 1) = deg(X (z)) + d(¥) — 1 =d +d(¢) — 1;

(3) the equality aﬁ&lﬂ) = d(ﬁ)a}lafi(z) holds.
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By recurrence we get from (3) that a’ ) =AW (a L)¥, where
(4) A1) =1and A((+1) =d(L)A(L) for £>1.

On the one hand if d = 0, then X(x) # 0 and X%(x) = 0 for all £ > 2. On the
other hand it follows from (2), (3), and (4) that if d > 1, then d(¢) > 1 and A(¢) > 1
for all £ > 1.

Now assume that (X1,X2,...,X,) is a polynomial p-chambar on C. Let d =
1r£1ax deg(X;). Suppose by contradiction that d > 1. Without loss of generality we
<<

can assume that

{j|deg(X;)=d}=1{1,2,...,¢} C{1,2,...,p}.
d
Set X = Pi(x ) , where Py(z) = Y ag;a?, 1 < k < p, where
j=0

ajq #0if1<j<q and a;u=0ifg<j<p.

Claim 1. For any { > 1 we have

1

(a10)" + (aza)" + - + (aga)" = 0.

The statement follows from Claim 1 (indeed, if (a14)® + (a2a)® + -+ + (aga)’ =0
for any ¢ > 1, then a1q = a2q = -+ - = aqq = 0). Let us now justify it:

Proof of Claim 1: Set d(k,¢) = deg(X\(x)), 1 <k < p. Note that:
E <

o if d = 1, then d(k,£) = 1 for all 1 < k < ¢ and all ¢ > 1; furthermore, if
q<k§p,thenX£( ) =0 for all £ > 2,

o ifd>1land 1<k <gq,thend <d(k,{) = (d—1)k+1 and so d(k,?) < d(k,£+1)
for all ¢ > 1. Moreover, if ¢ < k < p, then either d(k,¢) < (d — 1)k + 1 or
Xi(x) =0 forall £ > 2.

Given 1 < k < p let a(k,£) be the coefficient of x?**) in the polynomial X} (x). It
follows from the above computations that

o if 1 <k < g, then a(k,f) = A(f)(arq)’, where A(£) # 0
o if ¢ < k < p, then a(k, ) = 0.
According to Proposition 2.1 we get that
X{(z)+ X§(x) + -+ X[(x) =0
implies
A0 ((a1a)" + (a20)" + -+ + (aga)* = 0) = 0;
as A(f) # 0 we finally obtain that (a14)® + (a24) + -+ + (aga)’ = 0. O

Remark 2.7. If p = 3, then Proposition 2.6 is a consequence of Theorem 5.1.

Remark 2.8. If X is a holomorphic vector field on the Riemann sphere C = C U {oo},
then in the affine chart C there exists a polynomial function a of degree < 2 such
that X = a(:c)a%. The only p-tuples of global vector fields that satisfy the barycentric
property in this chart are the constant vector fields.
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2.5. Examples produced by those of dimension 1. We need a definition:
Definition 2.9. A p-chambar of the form Ch(a; X, a2X,...,a,X), with a; constant,
is called rigid.

Propositions 2.2 and 2.3 give examples of rigid p-chambars.

Let us give a construction presented in dimension 2 for simplicity but that can be
generalized in any dimension n and for any p.

Consider the vector field X (z) = 2/z 2 that induces the flow ¢¢(z) = z+2t/z+t2,
a special case of Subsection 2.3. A first 3-chambar in dimension 2 is

Ch(X (2) + X (),J(X (2) + X ()),i*(X () + X ())),
which is rigid. Similarly, one can consider
Ch(X (z) + X (y),3X (x) +J*X (), X (2) +jX (v)),

which is non-rigid. These examples are well defined on any simply connected open
subset that does not intersect the axis x = 0 and y = 0.

Let us now give an example of a non-rigid irreducible 4-chambar still in dimension 2,
Ch(X (), jX () + X (y),J* X () + i X (y),i*X (v)),
that can be generalized to a 5-chambar as follows:
Ch(X (2),jX (2),3*X (2) + X (y),JX (),3*X (y))-

Example 2.10. Another way to obtain examples is by taking the real part of a
complex p-chambar on C". For instance, if we set z = x + iy, then % =1 (i — id%),

2 \dz
\/Q\/gz\/\/x2+y2+w+i\/\/x2+y2—x

A(z,y) B(z,y)

and

Re<¢zddz> _ % (A(x, y)% 4 B(x,y);;).

The three vector fields Re(\/Ed%), Re(j\/Ed%), Re(jQ\/E%) give a real 3-chambar but
if we consider x, y as complex variables, we get a 3-chambar on a suitable open set
of C2.

Let us point out that we can iterate this process: take a chambar on C", its real
part gives a chambar on R?" whose complexification is a chambar on C?”, and so on.

2.6. Examples associated to some polynomial flows in ¢.

2.6.1. Polynomial examples. Let P = pg + piz + --- + pyx” be a polynomial of
degree v. Consider the vector field

ox

where a € C*. Its flow is polynomial in ¢:

_ - (z 4 at)ttt gt
(pt(gj,y)_ <x+at,y+zpk< a(k-l—l) _a(k+1)>>,

k=0

X = a2 —&—P(a:)(%,

which can be rewritten

ei(x,y) = (z +at,y + Pu(z + at) — Py(x)),

~ v k+1
where Po(y) = > pr (571
k=0
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Let us consider p vector fields X, X»,..., X, of the form

0 0
X =ar— + Pr(z)=—.
k akax + k(iﬁ)ay
The barycentric property is equivalent to
P
(2'4) Z ap = 0
k=1
and
p ~ ~
(2.5) > Pray (@ + axt) = Pra,(z) = 0.
k=1
Note that (2.5) holds if and only if

d (= =
E ( Pk,ak (.%' + akt)) =0
k=1

if and only if

(2.6) > Pu(z+apt) =0,
k=1
As soon as we have fixed the constants ai,as,...,a, the equality (2.6) is a linear

system in the coefficients of the polynomials Py, a system that sometimes has non-
trivial solutions.
Consider for instance the case p = 3 and v = 2. Set

Py =ag+ a1+ ona®, Py=fo+ iz + fox®, Py =0+ 1a + 7’
Conditions (2.4) and (2.6) are equivalent to
a1 +as+az3 =0
ag+Bo+7 =0
ar+pfi+71 =0
arar + fraz + maz =0,

ay+ B+ v =0
(II) § asaq + Baas + y2a3 =0
042&% + ﬁgag + 72a§ =0.

(1)

In other words (2.4) and (2.6) give seven equations in the parameter space «, 3, v, a of
dimension 12. The set of solutions is not irreducible. Assume that the parameters a =
a satisfy a; # as # as. Then in a neighborhood of a = a the system (/1) is a
Vandermonde one so ag = 2 = 72 = 0 is a solution of (I7). Then (I) and (II) are
equivalent to

ar+azx+a3=0

@+ Po+7 =0

ar+pB1+7 =0

aiay + fraz + a3 =0

ag =Py =7 =0,
which defines a quadric of dimension 12 — 7 = 5. But there are solutions such that
two of the a;’s are equal. For instance if a1 = a2 = a3 = 0, then (I) and (II) are
equivalent to

m=a=a3=0p+Bo+v=ou+Bi+1n=a+F+72 =0,

which is a linear space of dimension 12 — 6 = 6.
Hence the set 3 of vector fields of this type satisfying the barycentric property is
not irreducible.
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2.6.2. Birational examples. Take (a1,aq,...,a,) a p-tuple of C" and set for 1 <
k<p
ar = (ak’h Ak 2, - 7ak’n).
Consider the translation flow
Ti* (x1, 29, .. Ty) = (21 + agat, T2 + agot, . .., Ty + agnt).
Denote by 9 the blow-up
¢5 (xh Z2,... wxn) -2 (.’131,371.132, ce 71'133'”)-
The lift F} of T/** by ¢ can be written
Fi(z) = ¢ o T oy~ (x)

T2 T
= (331 + ap1t, (1 + ag1t) (w + ak,2t> seeo, (@1 + agat) (a: + ak,ﬂ)) .
1

1

P
The condition Y FF(z) = px is satisfied if
k=1
o forany 1 <f<n

p
E Ak = 0
k=1

¢ and for any 2 < /¢ <n
p
Z ag1age = 0.
k=1

Remark 2.11. In the previous examples we assume that the ax’s are not all zero. Up
to a linear conjugation (such a conjugation preserves a barycentric property) we can
assume that a; = (1,0,0,...,0). The previous conditions can be rewritten

p
Zak,eZO, 1<4<n,
k=1
0/1}[:0, QSES'H,

which thus form a linear subspace of the space of coefficients a;;. These examples
of p-chambars are given by birational flows quadratic in the time ¢ (see [3] for other
examples).

2.7. Examples of chambars whose flows are non-algebraic/non-polynomial
in t. Let k£ be an integer; consider g vector fields of the form

X,i:aka

AT
% +bk7je k

672./7 ]-S]quv

where ay, by,j, and A, belong to C*. The flows of X,z are

. by s
(exth{c)(z,y) = (:1: + axt,y + kg eAkz(e)‘k“’“t - 1)>
Ak Qg

P ,

Set £ = " qx. The £ vector fields X3 form an ¢-chambar if and only if for any 1 <
k=1

k < p the following equalities hold:

p qr
Z qrap = O7 Zbk’j =0.
k=1 Jj=1
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Contrary to the previous example the flows exp t X ,JC are non-polynomial: their orbits
are the levels of the functions

x

)\kaky — b;w-e)"“ .

This construction starts with ¢ = 4 and produces global chambars on C2. It can be
generalized to higher dimensions.

2.8. Compatible diffeomorphisms. The concept of a p-chambar is an affine one,
that is, the barycentric property is invariant under the action of the group of affine
transformations; if C is a local p-chambar and ¢ a diffeomorphism, then, in general,
¢4C is not a chambar.

Problem 2.12. Let Ch, be a constant chambar; what are the diffeomorphisms ¢ such
that ¢, Ch. is a p-chambar? What is the structure of such a set of diffeomorphisms?

Let us give an answer to this problem in the special case p = 3, n = 2. Let
Ch(X1, X2, X3) be a constant 3-chambar in C2. We say that Ch(Xy, X», X3) is generic
if the X;’s are linearly independent. We immediately notice that a generic constant
3-chambar is linearly conjugate to the “standard” 3-chambar

o 0 0 0
Cho=Ch|—,—,—(=—+=—) |-
0 (8:6’81/’ (8m+8y>>
Let ¢ be a local diffeomorphism; we say that ¢ is compatible with Chg if ¢, Chy is a
3-chambar. We have the following statement (recall that j, j* are the roots of 2 4+t+1):

Theorem 2.13. A local diffeomorphism of C? is compatible with Chy if and only
if it can be written L + F', where L denotes an affine inversible transformation and
F = (f,g) with

fr9€{ly+in)? (y+5i*x)* zyly — 2))c.

Remark 2.14. A local compatible diffeomorphism is in fact a global application, but
not in general a global diffeomorphism.

Let us first state and prove the following result we use in the proof of Theorem 2.13:

Lemma 2.15. If h is a holomorphic function satisfying the PDE’s

0*h  0%h  0%h 0%h 0%h
st et as =0, st =0,
0x2  Oxdy  Oy? 0x20y  Ox0y?
then h is a polynomial of degree 3 of the form

h(z,y) = ao + a1z + asy + as(@ + jy)? + au(z +j%y)? + aszy(y — )
with ag, aq,...,a5 € C.

Proof: To simplify the notations let us consider the differential operators

0? 0? 0? o3 o3

s Ox2 * Oxdy * oy?’ 0220y + Oxdy?

The inclusion (1, z,y, (y+jz)?, (y+j°z)?, zy(y — x))c C ker(S)Nker(T) is straight-
forward.
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Note that
0 03 0% 0 o 0? 03
ox ox3 + 0x? Oy + Ox 9y? 023 +
so ker(S) Nker(T) C ker(aa—;s).
Similarly, £ - S = 25 + T and thus ker(S) Nker(T) C ker(Z5).
As a result, ker(S) Nker(T) C ker 3—33 N ker ‘9—33 . In particular, if A belongs
ox Jy
to ker(S) Nker(T"), then % = giyéf =0.
Let h = 3" hyex*y* be the Taylor series of h at (0,0). If % = %Z = 0, then
ke

hige # 0 if and only if k,¢ < 2. However, if k = ¢ = 2, then we have S(z%y?) =
292 + 222 4+ 4xy # 0 and so
ker(S) Nker(T) = (1, z,y, (y + jx)*, (y + i*2)*, 2y (y — 2))c O

Proof of Theorem 2.13: If ¢ is a local diffeomorphism of C2? compatible with Chg,
then the barycentric condition asserts that

(27) ¢(x—|—t,y)—|—¢)(1:,y—|—t)+¢(:c—t,y—t) :3¢(1:,y)

We can assume that ¢ is defined in a neighborhood of (0, 0). Let us write ¢ as L+(f, g),
where L is affine and f,g € O(C?,0) satisfy (f,¢)(0,0) = D(f,9)(0,0) = (0,0). By
differentiating (2.7) twice with respect to ¢, we get that both components f and g
satisfy the PDE
o o o
oxr?2  Ozdy  Oy?
The solutions of such PDE are of the type

h=o(y+jz)+o-(y+ i),

with j, j% the roots of t2 + ¢ + 1 and ¢, ¢_ holomorphic in one variable defined on
suitable domains.
A third derivation with respect to ¢ shows that f and g also satisfy the PDE

0h 0%h 0> (Oh  Oh
0= + = ),
0x20y  Oxdy? Oxdy\dx Oy

Lemma 2.15 allows us to conclude (note that, with the notations of Lemma 2.15,
an element of ker S Nker T satisfies relation (2.7)). O

More generally, one can state:

Theorem 2.16. Let f: U — f(U) C C™ be a biholomorphism from the open set U C
C™ to f(U), n > 2. Assume that the vector fields

0 0 0 0 0 0
f*(%:l’f*axz"”’f*ascn’f*< **** )

satisfy the barycentric property. Then all the components f; of f are polynomial.
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Lemma 2.17. Let h € O(U) be a holomorphic function with the property that

n
8) Zh(xl,x27 @ T X, T2, T)FR(2 — e — L 2, — E)

= (n+ Dh(x1,z,...,2,)
for all x € U and t € C with |t| small enough. Then h satisfies the system of PDE’s

Ts(h) =0,
TB(h) = 07

where Ty, is the differential operator

ok ok ok B) B) o \"
Tk:++"'++(—1)k(++"'+) .

ozk ok ok Or1  Oxa Oz
Proof: Let e = (1,0,0,...,0),e2 = (0,1,0,0,...,0),...,e, = (0,0,...,0,1) and
v=— ) e;. The idea is to prove by induction on k > 1 that for any ¢ € (C,0)
j=1

0 0 o \"
, AV 9 —0-
(2.9) § axj (x +tej) + (1) (8331 +ax2 +- +8xn> h(z + tv) = 0;

indeed, if t = 0 in (2.9), then we get (2.8).

3

Let ¢(t,z) = Y h(x + te;) + h(z + tv). According to (2.8) the function ¢(t,x)
j=1
depends only on z. In particular, differentiating k times with respect to t we get

Fot,z) < O i o o \"
PG Oz, g, M@t te) + (=1 (8:101 o Tt 8xn) Mz +tv) =0
Furthermore, domg t =0 we get Ty (h) = 0. O

Proof of Theorem 2.16: Now suppose that f: L{ — fU) CcC"is a blholomorphlsm
such that the vector fields f*a%l, f*%7 Y A YT . (—— -0 For ) satisfy
the barycentric property. Setting f = (f1, fa, ..., fn) We see that it is equivalent to

> fela+te) + folw+tv) = (n+1)fe(x) VI<L<n.

j=1

Therefore each component f; of f satisfies (2.8) so that f; belongs to () ker(T}) for
k>2

any 1 < ¢ <n (Lemma 2.17). The idea is to prove that (] ker(Ty) C Clxy1,z2, ..., 2y

k>2
if h € N ker(T%), then h is a polynomial.
k>2

Let P be the Noetherian ring of linear differential operators on O(U) with constant

coeflicients
o 0 0
P_{P<8x1’3x2”3xn) PE(C[217ZQ,...,Z7L]}

and let Z = (T} | k > 2) be the ideal of P generated by all the operators T}, k > 2.
Note that if S belongs to Z, then [ ker(7}) is contained in ker(S).
k>2
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Claim 2. There exists p € N such that % belongs to I for all1 < j <n.

Claim 2 implies that if h belongs to [ ker(T%), then h is a polynomial of degree
k>2
at most n(p — 1).

Proof of Claim 2: Let ®: P — O,, be the unique ring homomorphism satisfying
0 .
Note that ®(Ty) = 2¥ + 25 + - + 28 + (= 1)%(21 + 20 + -+ + 2,)F. Let us set

Pu(z) =2F42b+ 2 ()i o+ 4 2)b, I=(P|k>2), @) =1
Claim 3. One has
Z(@)={zeC" | P(z) =0 Vk>2}=1{0}.

From Z(Z) = {0} = Z(m,,) one gets (using the definition of \/E) that VZ = my,.
According to Hilbert’s theorem (Nullstellensatz) one obtains that Z > m? for some p.
As a result, zf belongs to Z for all 1 < j < n and so 8‘9—; belongs to Z for all 1 < j <

n. O
Proof of Claim 3: Define S := —(z1+ 22+ -+2,) so that Py = 2f + 25+ -+ 2k + Sk,

Therefore if z belongs to Z(Z), then

z1t+ze+- - +2,+5=0
44 +22457=0
(%) :
2tz o+ +5S"=0
B R R EC LA 1)

Doing S = 2,11 system (xx) is equivalent to Q,1v! = 0, where Q,,+1 is the matrix

Z1 z9 cee Rp4l
2 2 2
23 5 ... Zp
Qn+1('z) = : .
z?ﬂ z;”l . zﬁii
and v = (1,1,...,1). Finally it can be checked by induction on n > 0 that if
Qn+1(2)ut = 0 for some u = (uy, uz, ..., Ups1), where u; > 0 forall 1 < j <n+1,
then z = 0. O

3. Description of the 2-chambars

3.1. Examples coming from foliations by straight lines. In order to make the
previous statements precise we recall the classification of foliations by straight lines
on P2 that can be found in [2] (according to Jorge Pereira this classification was
already known to Kummer). We do not know if such a classification exists on P3.
Let F be a holomorphic foliation on P¢. Chow’s theorem asserts that F is algebraic;
such a foliation F has singularities. We say that F is a foliation by straight lines if the
generic leaf is contained in a line (in fact a line without a few points). Let us mention
the difference from the real case: foliations by straight lines of P3 without singularities
exist. The typical example is produced by Hopf fibration: the real projectivization of
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complex vector lines of C2 ~ R* gives such a foliation H. Setting z = 1 + ize and
w = x3 + iz, these foliations have the first integral

z W w1wy — xoxg + i(z124 + 2223)
w o |w|? x3 + 3
—ToT4g

M r1IT3
In particular, s

Let us recall the classification of foliations by straight lines of P3.:

and HE4FEL2%3 are reg) first integrals of H.
T3ty

Theorem 3.1 ([2]). Every holomorphic foliation by straight lines in P2 is, up to
linear equivalence, of one of the following types:

(1) a radial foliation at a point;

(2) a radial foliation “in the pages of an open book”, i.e. a family of radial foliations
of dimension 2 each contained in a plane of the family of planes containing a
fixed line;

(3) a foliation associated to the twisted cubic t — (t,t,t3); here the (closure of the)
leaves of the foliation are the chords and the lines tangent to the twisted cubic.

Foliations of the first type correspond to foliations by parallel lines in a well-chosen
affine chart (singular point at infinity).

To construct a foliation of the second type we consider an open book, i.e. a pencil of
hyperplanes, for instance i—; = constant; in any page i—; = c we fix a point (21, ¢z, z3)
and ask that any leaf of F be a line contained in a page % = c and pass through the
prescribed point (cxg, 2, x3) (see [2] for further details).

Type (1) Type (2) Type (2) Type (3)

Note that Theorem 3.1 gives the description of algebraic foliations by straight lines
in the affine space C3.

Let us now explain how we can construct a 2-chambar from a foliation F by lines
defined on an open subset U of C™. For a good choice of the affine coordinates z; the
foliation F is defined by a vector field

0 0 0 0
toayg— tozg—+ ot ap—

X =—
o0x1 0xo 8%3 0xy,

on U. Of course, in general, the «;’s are meromorphic and we consider U* = U \

n
(U (poles of ;). Then if m belongs to U*, the trajectory of X passing through m is a
=2
line D,, and exp(tX)p,, is a translation flow on D,,,. The pair (X, —X) thus defines
a 2-chambar.

One can next consider f- X, where f is any meromorphic first integral of X, instead
of X. Since f is constant on the trajectories of X, f-X still defines a translation flow
on any trajectory of X, and (f - X, —f - X) is also a 2-chambar.
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3.2. Some properties. The barycentric property for a 2-chambar Ch(X7, X3) im-
plies that X; + X5 = 0 and can be rewritten as
ou(z) +o_i(z) =22 Vael,

where ¢; denotes the flow of X = Xj.
Differentiating the previous equality with respect to time ¢, we get

Gr(x) — o (@) = X(pe(2)) — X (p—e(2)) = 0;

differentiating a second time with respect to ¢, we obtain

DX (pi(x))Gi(x) + DX (o—s(2))¢ () = 0,
where DX : U — R" (or DX : U — C™) denotes the differential of X.
n

fTXxX=> ai(x)%, the above relation is equivalent to
i=1 ‘

DX (X) = ZX(ai)% =0.
i=1 v

In particular, the coefficients «aj are first integrals of X, 2 < k < n. As a result,
the ay’s are constant along the trajectories of X; these trajectories are thus (contained
in) lines.

Note that in dimension 1 we can write X = O‘a% and the above relation is equivalent
to ag—; = 0; hence «a is constant. On any of its trajectories the flow of X thus coincides
with the flow of a constant vector field. As a result, one can state:

Theorem 3.2. Let U be an open subset of R™ (resp. C™). Let X1, X5 be two analytic
(resp. holomorphic) vector fields onU. Assume that X1 and Xo satisfy the barycentric
property.

Then the leaves of Fx, = Fx, are contained in lines; on each of these lines the
flows exp(tXy) p are translation flows.

In particular, in dimension 1 any 2-chambar (X, —X) is produced by a constant
vector field. Note also that any local 2-chambar in one variable can be globalized.

Corollary 3.3. Let X be a rational vector field on C™. Assume that (X, —X) defines
a 2-chambar. Then exp(tX) = id +tX° defines a flow of birational maps of C™.

Note that in exp(tX) = id +tX° the letter X° denotes the map whose components
are the components of the vector field X, a system of coordinates having been chosen.

Remark 3.4. In the real case there is another proof of Theorem 3.2 which is geometric.

Let T be a generic leaf of Fx, = Fx,. Assume that T is not (contained in) a line.
If z € T is a generic point, then there exists a hyperplane ¥ tangent to I' at x such
that

¢ the germ I', z is contained in one of the half spaces delimited by X,
o DyznX ={x}.

If we set p; = exptXy, then pi(z) — z + p_¢(x) — z £ 0: a contradiction.
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Let X=> «; % be a germ of vector fields at the origin of C™. Denote by Sing(X )=
i=1 !
{a1 = ag =+ = a,, = 0} the singular set of X.
The following statement is a special case of Theorem 4.10; its proof is algebraic in
contrast with the geometric proof of Theorem 4.10.

Theorem 3.5. Let Ch(X, —X) be a 2-chambar at 0 € C". Assume that X is singular
at 0, that is, {0} C Sing(X).
Then dim Sing(X) > 1.

Proof: The condition X (o) =0, 1 < k < n, is equivalent to

8ak
= 1<k<n.
YoG = 1sksn

Bak 60&;V Bak : :
P, Gk m) are relations of the ideal (aq, o, . . .,

Hence the partial derivatives (
Q).

Assume by contradiction that dim Sing(X) = 0. Then according to [6] the relations
are generated by the trivial relations

(0,0,...,0, a; ,0,...,0, —a; ,0,0,...,0).
—_— ———
ith coordinate jth coordinate

This gives a contradiction with the following fact: the algebraic multiplicity at 0 of
day

one of the et 1s less than the algebraic multiplicity at 0 of «ay. O

Remark 3.6. Let u € O*(C",0) be a unit. Then the vector field u - Y z; 52
—~ :

which has linear trajectories cannot belong to a 2-chambar; but the rational vector
field - Z X d can.

4. Rigid chambars
4.1. Flows which are polynomial in the time t.

Definition 4.1. Let X be a holomorphic vector field on the open set &4 C C". We
say that X is a t-polynomial vector field if ¢ — exptX is polynomial. The t-degree
of X is the usual degree in the variable ¢ and is denoted by ¢ - d(X) € NU {oco}.

We have seen a lot of examples of t-polynomial vector fields: constant vector fields,
nilpotent vector fields, the vector field 2\/5%, o

If Y = C”, then the trajectories of a t-polynomial vector field are points or rational
curves.

Proposition 4.2. Let X be a t-polynomial vector field of t-degree v on the open
setUd C C". Write exptX as Id+tF| +t2Fy +---+t'F,,, with Fy, € OU). Then the
components Fy,1,F, 0,...,F,n of F, are first integrals of X.

In particular in the 1-dimensional case, F, is a non-zero constant.

Proof: Tt is a direct consequence of the identity exptX o exp sX = exp(s + t)X: the
coefficient of ¥ in that identity is exactly

F, (expsX)=F,.
This implies the statement. O
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Note the F), ; may be constant; this is the case for the flow of X = 2\/56%. A
contrario if a t-polynomial vector field X of degree v is singular at a point, say 0
(i.e. X(0) = 0), then obviously some of the F, ) = w are not constant. In
particular in dimension 2, a t-polynomial vector field X singular at the origin 0 € C?,
X (0) = 0, has a non-constant holomorphic first integral f. The generic leaves of X are
the levels of f; note that since the flow is polynomial one has the following important
property: X|;-1(9) = 0.

The t-polynomial vector fields produce examples of p-chambars as we have seen
previously. Typically if o is a primitive v-th root of unity and ¢ - d(X) = v, then
X,0X,...,0""1X defines a (rigid) v-chambar.

If t-d(X) = 1, then exptX = Id+tF; and the foliation associated to X is a
foliation by straight lines. Conversely to a foliation by straight lines we can associate
a (meromorphic) ¢t-polynomial vector field X such that ¢ - d(X) = 1.

In dimension 2, consider a foliation given by the vector field X = f % + a%' Then
X is a t-polynomial vector field of degree 1 if and only if the foliation Fx is a foliation
by straight lines; this means that f satisfies the non-linear PDE

of | of
0=X(f)= I + oy’
note that this PDE is the famous inviscid Burgers’ equation, a well-known PDE in
fluid mechanics. Similarly, ¢-polynomial vector fields of degree 2 on an open set of C?
correspond to foliations in parabolas, etc. In that case generalizations of Burgers’
equation appear, as the reader can see.

The following result gives the classification of the ¢-polynomial vector field on the

complex line.

Theorem 4.3. Let X (z) = a(z)2 be a germ at 0 € C of a holomorphic vector field.
Assume that the flow of X is polynomial in t of t-degree £. Then a = f' o ¢, where

o f is a polynomial of degree £ with f(0) =0 and f'(0) = a(0) # 0;

o ¢: (C,0) = (C,0) is a local inverse of f: fop(x)=uwx.

In other words X 1is conjugate to the comstant vector field a% via a polynomial
(local) diffeornorphism.

Proof: Suppose that a(0) # 0. In this case the vector field X is conjugate to a constant
vector field, say Y = a%' Let f be an element of Diff(C,0) such that f,Y = X. The
flow ; of X can be written as

pi(x) = F(f7H(z) + 1),
where f~! € Diff(C,0) is the local inverse of f. We thus have a(z) = f o f~!(z). As
we have seen in (2.1),
1
or(z) =z + Z HXk(ac)tk;
k>1

since t - d(X) = d we must have X*(z) = 0 for all k > d + 1. Note that the func-
tions fi(z) = X*(x), k > 1, satisfy the recurrence rule:

(1) fl = a,

(2) fk+1 = af,'g VEk Z 1.
Let us define another sequence of germs at 0 € C as g = fr o f, K > 1. This new
sequence satisfies the recurrence rule:

(1) gi=fiof=aof=Ff,
(2) gryr = fry1of =aof-frof=fiof-f=(fuof) =g, Vk>1
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Therefore from (1’) and (2’) we get for all &k > 1
_ o
9k = Ik
Now, as fe+1 = 0 we have g1 = 0 and so f is a polynomial of degree at most ¢. But
since the flow y; has degree ¢, f must be of degree exactly /.

Suppose by contradiction that a(0) = 0. In this case we can write a(z) = 2°h(z),
where £ > 1 and h(0) # 0. But using the recurrence rule (2) it is possible to prove
that fi(z) = 2*~%+1h(0), where hy(0) # O for all k > 1. As a consequence, the flow
cannot be polynomial in ¢. O

Remark 4.4. Fixing x = 0 in the third line of the proof we immediately get that f is
polynomial; we followed a longer process because it is essential in the study of the
case a(0) = 0.

Theorem 4.3 implies that a germ of a holomorphic ¢-polynomial vector field in
one variable has no singularities. This is not the case in n > 2 variables (consider
for instance xga%l). Nevertheless, Theorem 4.3 has a natural generalization in n >
2 variables, but with an additional assumption of “non-singularities”:

Theorem 4.5. Let X = Z ai(;v)% be a germ at 0 of a non-singular t-polynomial
i=1 ¢
vector field, a1(0) # 0, for fizing ideas.
There exists f € Diff (C",0) a germ of a diffeomorphism which is polynomial in the
variable x1 such that X = f*a%l, ie. gi(x) = f(f~1(x) + ter), where ¢ is the flow
of X and f~1 is the local inverse of f at 0.

Proof: Let f be a local conjugacy between X and 6%1 satisfying f(0, 2, 23,...,2y) =
(0,2, x3,...,xy) (it is well known that such a conjugacy exists). In particular, ¢¢(z) =
f(f~Y(x) +tey) and

@t(0,$27$3, R Z‘n) = f(tva; T3, .- ,.13”)7
in particular, f is thus polynomial in the variable z;. O

4.2. Rigid chambars on R™ and foliations by straight lines. The following
statement generalizes to the real case the property satisfied by the 2-chambars:

Theorem 4.6. If Ch(a1X,a2X,...,a,X) is a rigid p-chambar on an open subset
of R™, then the foliation Fx associated to X is a foliation by straight lines.

Proof: As in the proof of Theorem 3.2, we get by successive derivations the equalities
p
Z ap — 0
k=1
p
(Zﬁ)px X =0.

k=1
Since ay # 0 for any 1 < k < p one has DX - X = 0. As a result, all the non-singular
trajectories of X are straight lines. O

Theorem 4.6 cannot be generalized to the complex case. Let us give a counterex-
ample of Theorem 4.6 in the complex case in dimension 2. Consider on C? the linear
vector field

0 0

X=0—+42y—.
x@eryay
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The closure of its trajectories is the parabola y = cz? with ¢ € PL (if ¢ € {0, 00}, then
the trajectory is a line). Let us consider the vector field

1 o 2y 0
y=-"x=2429
x 8x+x3y’

which is holomorphic outside z = 0. Its 1-parameter group is the group of birational

maps (exptY)(z,y) = (m +, (w Z t)2y> :

Hence if a; belongs to C*, then one has

2
T+ agt
(exptapY)(z,y) = <x+akt,( . i ) y) .

Take some non-zero constants ap, as, ..., ap,, p > 3, such that
P p
Z ay = Z ai = 0.
k=1 k=1

Then the vector fields Y; = arY, 1 < k < p, form a p-chambar on the open set U =
C?\ {z = 0}. But the trajectories of Y, which are almost the trajectories of X, are
not straight lines.

Remark 4.7. Let X be a germ at 0 € C" of a holomorphic vector field. Suppose
that there exist some constants ai,as,...,a, such that the X = a, X generate a p-
chambar. If X is not singular at 0, X (0) # 0, then Ch(a1X, a2X,...,a,X) is locally
conjugate to the constant p-chambar Ch(alc%7 ag%, . 7%8%)' Indeed, if ¢ is a local
diffeomorphism that conjugates X to 8% and if a belongs to C, then ¢ conjugates a X
to aa%. Take care to note that it does not mean that the image of a constant p-chambar
via a diffeomorphism is a p-chambar (see Theorem 2.13).

4.3. Rigid and semi-rigid chambars on C™.
4.3.1. Rigid chambars on C™ and t-polynomial vector fields.

Theorem 4.8. Let Ch(X,a1X,a:X,...,ap_1X) be a germ at 0 € C" of a rigid
p-chambar.

Then the flow p; of X is a polynomial of degree at most p— 1, as a function of the
time t.

Ift-d(X) =d, then ai,aq,...,a, satisfy

aj +as+---+ah=0 V1<e<d

In particular, if d =p —1, then af = a = --- = ab.
Moreover, if the p-chambar (a1X, a2 X, ..., apX) is irreducible, then Z—’; 8 a prim-
itive p-th root of unity for some 1 < k < p.

n
Proof: Write X as > Xk%; the barycentric condition is the following;:
k=1 ’

t2
pTj = pr;j +t(a1+a2+-~-+ap)Xj+5(a%+a§+---+a§)X(Xj)
tk
+~~+E(a’f+a’§+~~~+a’;)X’€*1(Xj)+~~

for j=1,2,...,n.
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The fact that the coefficients a; are different from zero implies that a Newton
formula

a{+ag++a]€

is non-zero for an ¢ < p. As a consequence, X" (X;) = 0 for all m > ¢ — 1 and
1 < j <n. This implies that the flow of X, and the flows of the a; X, are polynomial
in t.

The other facts can be checked by the reader. O

4.3.2. A property of the singular set. Let X be a holomorphic vector field de-
fined on an open subset U of C™. Denote by Fx the singular 1-dimensional foliation
defined by X onU. A separatriz v of X through zy € Sing(X) is a germ of an analytic
curve at xg such that

o X Z0onv\{zo},
o xg belongs to 7,

o v\ {zo} is a leaf of the germ of Fx at xo.
This means that 2y belongs to v and if = belongs to v \ {zo}, then X(z) # 0 and
T,v=C- X(x).

Let X be a holomorphic vector field defined on a closed ball B=B(0, r) with X (0) =
0. We suppose that X is a ¢-polynomial vector field, that is, ¢ — ¢¢(z) is polynomial
int, x € B, ¢, = exptX. Note that for any x € B, ¢t — p;(z) can be extended along
the whole line C. As a consequence, if x € B, the leaf £, of Fx in B is

o either the point = (case z € Sing(X))
o or the connected component of £/, N B containing x, where £}, is the rational
curve image of t — ¢y(x).

Lemma 4.9. Suppose that x does not belong to Sing(X); then 0 does not belong to
the closure Ly of Ly in B.

Proof: Assume by contradiction that 0 belongs to £,. Then there is a sequence (t,, ), of
complex numbers such that lim ¢ (2) = 0. Since 0 € Sing(X) one has lim |t,| =
n—-+oo n——+oo
+00, and as t — ¢;(z) is polynomial (non-constant) lirf lor, ()| = +o00: a contra-
n—-+0oo
diction. 0

Theorem 4.10. Let X € x(C™,0) be a germ of a t-polynomial vector field at the
origin of C™.

Assume that Sing(X) # (. Then dim Sing(X) > 1.

Moreover, X has no separatrices through a singularity.

Proof: Assume that X is defined on the ball B = B(0,r) and that 0 is an isolated
singularity of X. Let (z,), be a sequence of points of B such that lirJIrl r, = 0. The
n——+0o0
leaf £, is closed in B and cuts the sphere S(0,7) = B\ B(0,r). Let y, be a point
in £, NS(0,r) and yo a limit point of y,,, up to extraction yo = liIE Yn. According
n—+0o0
to Lemma 4.9 the point 0 does not belong to £,, and L,, can be seen as the leaf of
the restriction of Fx|p\p(o,~) for r’ sufficiently small. The fact that yo = lirf Yn
n—r+00

implies that £,, is contained in B\ B(0,r’) for n sufficiently large: a contradiction
with lim =z, =0. O

n—-+oo
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Corollary 4.11. Let Ch(a1 X, a2X,...,a,X) be a rigid p-chambar on an open set U
of C™. Then

o either Sing(X) = 0, that is, X is reqular

o or dim Sing(X) > 1.

Example 4.12. Let X be a linear nilpotent vector field on C™. Then the flow exp tX
is a polynomial of degree d = rk X. Moreover, dim Sing(X) = n — d. For instance if
X"=1 £ 0, then dim Sing(X) = 1.

Problem 4.13. Does there ezist a vector field with an isolated singularity belonging
to a p-chambar?

Remark 4.14. Recall that the Camacho-Sad theorem ([1]) says that a holomorphic
foliation G by curves at the origin 0 of C? has an invariant curve passing through 0. As
a consequence, if X is a t-polynomial vector field at the origin 0 of C2, with X (0) = 0,
then the invariant curves of the foliation associated to X are contained in the singular
set Sing(X).

The previous considerations suggest in dimension > 3 the following question:
Question 4.1. Let X be a germ at 0 € C" of a holomorphic vector field. Assume

that the closure of the integral curves is analytic. Does X preserve an invariant curve
passing through 0?7

4.3.3. Semi-rigid chambars on C™.

Definition 4.15. A p-chambar Ch(X, X»,...,X},) on an open subset of C" is semi-
rigid if the X}’s are colinear, that is, if X3 A X, =0 for any 2 < k < p.

In dimension 1 all chambars are semi-rigid.
Example 4.16. The 3-chambar Ch(a%7 y%7 —(y+ 1)8%) on C? is semi-rigid but not
rigid.
Example 4.17. The 4-chambar Ch(%7 —%, y%, —y%) on C? is semi-rigid but not
rigid. Note that it is a non-irreducible chambar.
Proposition 4.18. Let Ch(Xy, Xo, X3) be a semi-rigid 3-chambar on an open subset
of C™. Then one of the following holds:*

o Fx, = Fx, = Fx, and Fx, is a foliation by straight lines;

o Ch(Xy, X2, X3) 4s a rigid chambar.

Proof: Let U be an open subset of C™ where the X;’s are defined. Set X; = X; then
Xy = fX, where f denotes a meromorphic function defined on U. The barycentric
condition implies that X3 = —(1 + f)X. The equality
3

> DXy X, =0

k=1
obtained by derivation from the barycentric property can be rewritten as

20+ f+ DX - X + (1+2/)X(f)- X =0,
which implies that
1+f+fHXADX-X=0.

If 1+ f+ f2 =0, then f is constant and Ch(X7y, X, X3) is rigid. Otherwise, we have
X ADX - X =0 and so Fx is a foliation by lines. O

INote that the two properties are not mutually exclusive.
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Question 4.2. Does there exist a generalization of Proposition 4.18 for p-chambars,
p=>37
The answer is positive in the real case:

Proposition 4.19. Let Ch(X1, Xs,...,X,) be a semi-rigid p-chambar on an open
subset CR™, n > 2. Then Fx, = Fx, =+ = Fx, is a foliation by straight lines.

Proof: Since the chambar is semi-rigid we can write X; = f; - X, where X is a vector
field on ¢/ and f;: U — R, 1 < j < p. Note that

DX;-X;=D(f;- X)-(f;X)=f;- X(f;)- X + f} - DX - X.

In particular, we get

0=> DX) X = (ka~X(fk)> X+ (Zf,f) DX - X.
k=1 k=1 k=1

Taking the wedge product with X in the above relation, we get

(zp:f,f)XADX-Xzo.

k=1
Since the fi’s are not identically zero, we get X A DX - X = 0. Therefore, Fx is a
foliation by straight lines. O

5. Description of 3-chambars and 4-chambars in one variable

5.1. Description of 3-chambars in one variable.

Theorem 5.1. Let B be a holomorphic 3-chambar on some connected open subset
of C. Then

o either B is a constant 3-chambar
o or B = Ch(a(z)(%,ja(a:)%,jza(x)%), where a(x) = Az + p with A € C*,
neC.
In particular, B is a rigid chambar.

Remark 5.2. In a certain sense Theorem 5.1 shows that the set of 3-chambars on a
connected set of C has two “irreducible components”.

Proof: Set B = Ch(X;, X2, X3). We can write Xj = ak(x)a%, where ap € O, 1 <
k < 3. The barycentric property implies that 23: XF(z) =0 for any k > 1.
Assume that the g;’s are non-constant an(liz‘éhat Xf(m) # 0 for any 1 < i < 3.

Furthermore, X+ (z) = a;(XF(x))’ thus

ay +ay+ay=0

aja) + agabh + asal =0

(XE@)Y + (X (@) + (X)) =0

ar (X7 () + ax(XE (@) + as(X5 ()" = 0.

As a consequence, for any k > 2, there exists a meromorphic function f; such that
(XE(x)) = fral for any 1 < i < 3, where fo # 0. This yields

X z) = a;(XF(2)) = fraid, = fuXP(x) V1<i<3,Vk>2

(5.1)

and
X2 (@) + FX2 (@) = (X (@) = frma, V1<i<3,VE>2,
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In particular,
(X2 (@) + X2 (2) = fsal,  fu(XP(2)) + fiXP(@) = forra; Vh >3

and so X?(z) satisfies an equation of the form Fy(X2(x)) + GpX2(z) = 0, where
Fr = fofisr — fafe and Gi = f5 fre1 — faf, Yk > 3.

(1) Let us assume first that Fj # 0 for some k > 3. In this case, for any 1 < i < 3
there exist constants ¢; such that X?(z) = ¢ZH, where H = exp(— [ Gj/F, dz). As
a result, the equality a;a] = ¢ZH holds for any 1 < i < 3, and a? = ¢?K + d, for some
complex numbers d;. At a generic point z¢ the function K is holomorphic and (by
implicit function theorem) conjugate to € + x, ¢ = K(x¢). The barycentric property

3 3 d: 1/2
Zaizz:ci(K—FC;) =0
i=1

i=1 @
implies
3 di\ ! /2
Z cilr+et+ —5 =0,
i=1 50
which is a global identity between multivaluate elementary functions. By looking at
the roots of x + ¢ + % we see that

d_d_dy

5= 2 5 T M
& 4

As a result, a; = ¢;(K + p)'/2, which implies a;a} = ¢?K’. According to the second
equation of (5.1) we have
(3 +c2+ K =0.
o If 2 + 2 + % # 0, then K is constant.
o If ¢2 4+ ¢3 + ¢3 = 0, then up to multiplication by a constant either (c1,ca,c3) =
(17j7j2) or (617027c3) = (1aj27j)'
Let us recall that if X = b(z)%, then by formula (2.1):
t2 t3
(exp tX)(2) = 2+ th(x) + S bt (2) + ()b (2)? + (@) (@)

3!
4

(5.2)

From (5.2) we get (Y ¢}) - (K"K? 4+ K'?K) = 0 and
k=1

K"K?+ K?K =0
since ¢§ + ¢3 + ¢3 = 3. Therefore
0=K'K?+K’K =K(K"K+K"? = K(KK'
and KK' = % for some X in C. As a result, K2 = Az + u for some p € C.

(2) If Fj, =0 for all kK > 3, but Gy # 0 for some ¢, then a;a; =0, 1 <4 < 3, so that
the a;’s are constant.

(3) If F, = Gy, = 0 for all k > 3, we get fofut1 = fufs and f5fry1 = fifo for
any k > 3, which implies the following possibilities:



312

D. CERVEAU, J. DESERTI, A. LINS NETO

o If f3 = 0, then a;a} = k;, where the k;’s are constant. Hence, we get a;(z) =

3
(kiz + m;)Y/2. From the first equation of (5.1) we get Z(klx +m;)/? = 0.
=1

Therefore, 7t = 72 = 74 =m and a; = k; V22 4 m)l/2

If f3 # 0, then fgfk = f}fx for any k > 3, and thus there exists a constant ¢
such that fi = cx fo.
In particular,

(X[ (2)) = exfaa; = cr(XP(2))

so XFH(2) = e XP(x) for any k > 3 and 1 < i < 3. But (X} (2)) = c3(X?(x))’
implies foX?(z) = X2 (z) = c3X2(x) + d3, where d3 denotes a complex number.
From (fy —c3) X2 (x) = d3, we get d3 = 0 and fy = c3; as a result, for any k > 2
there exists o € C such that

(XF(2)) = fral = cresal = apal, V1 <i<3.
Consequently, for any k& > 2 there exist o and S in C such that
X)) = apai(z) + B V1<i<3

and

oi(z) =z + F(t)a;(z) + G(b),
where ! is the flow of X; and

F(t) :t—i—z%tk, G(t) = Z%tk
k>2 k>2

Recall that if X is a vector field and if ¢, is its flow, then the derivation of a
holomorphic function f by X satisfies

0
X(f)=+= s
(f)=g5fow -
In particular in one variable, by taking f(z) = ¢i(x) (holomorphic function
with parameter t) we get

F'(t)ai(x) + G'(t) = (Jv)a8 (z + F(t)ai(z) + G(1))
ai(x) + F(t)a;(z)a;(x).

Looking at the coeflicients of ¢ in both sides of the equality we get 2asa(x) =
a(x)d'(z), that is, 2aq0a(x) = a(z)a’(xz) and so 2as = a/(x). Therefore, a;(z) =
205 (x — x;), and

Oi(x) = x5 + 22 (x — 2;).
However, this is not possible for a chambar, unless as = 0, and the a;’s are
constant. O

Corollary 5.3. Let B = Ch(X1, X2, X3) be a local 3-chambar on R. Then B is
a constant 3-chambar Ch (61%762%, 03{%) with ¢; non-zero real numbers such that
[ 0.



HOLOMORPHIC VECTOR FIELDS WITH A BARYCENTRIC CONDITION 313

5.2. p-chambars with weights.

Definition 5.4. Let us consider p analytic vector fields X, X,...,X,, defined on
some open subset U of R™ (resp. C"), with flows ¢t + ¥, 1 < ¢ < p. Consider also
non-zero real (resp. complex) numbers ay, as, ..., o, and a = ) .

¢

We say that X1, Xa,..., X, define a holomorphic p-chambar with weights a1, oz,
S0 if
(5.3) a1 i (x) + az i () + -+ ap pf(2) = ax,
for all (t,z) where the above formula makes sense.
Remark 5.5. This definition is equivalent to

oy X (20) + g X5 (20) —|—---—|—o<pXI’f(1:g) =0 Vk>1,V1</{<n.

We note that the condition is not equivalent to considering the flows of the vector
fields ap Xy, 1 < 4 < n.

The classification of 3-chambars (Theorem 5.1) can be extended to this type of
chambars with an adaptation in the second case:
Theorem 5.6. Assume that X1, X5, and X3 define a holomorphic 3-chambar B with
weights a1, as, and ag on some connected open subset of C. Then

o either B is a constant 3-chambar
o orB= Ch(ﬁla(m)%,ﬁga(m)%,ﬁga(x)a%), where a(x) = /Ax + p with A € C*,
uweC, and

a1 B1 + asfls + asfs = a1 8] + a2B; + azfB; = 0.

In particular, B is a rigid chambar.

5.3. Almost p-chambars.

Definition 5.7. Let X be a vector field. We say that X is almost a p-chambar if
there exist non-zero vector fields Xo, X3,..., X, such that (X, Xo, X3,...,X,) is a
p-chambar.

We say that X is almost a chambar if there exists an integer p such that X is
almost a p-chambar.

Remark 5.8. If X is almost a p-chambar, then X is almost a (p 4+ g)-chambar for
any q > 2.

Example 5.9. The constant vector fields are almost p-chambars for any p > 2.

Example 5.10. Let X be a nilpotent linear vector field, and let p be its index of
nilpotency. Then X is almost a p-chambar.

We suspect that most vector fields are not almost chambars. Let us give an explicit
example in (real or complex) dimension 1:

Proposition 5.11. If A is a non-zero constant, then the vector field )\xa% 18

© not almost a 2-chambar in a neighborhood of 0;
o not almost a 3-chambar in a neighborhood of 0.

Remark 5.12. The first assertion of the statement is clear.

The second one is a direct consequence of the classification of the 3-chambars
(Theorem 5.1). Note that the argument does not use the property of nilpotency of
linear chambars; indeed, if (X7, Xs,...,X,) is a p-chambar containing X = )\xa%,
then it is possible that one of the X (0) is non-zero. We conjecture that any semi-

n

simple linear vector field > /\izia%ﬁ A; # 0, is not almost a p-chambar.
i=1
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5.4. Some remarks on 4-chambars in one variable. The 2-chambars and 3-cham-
bars on an open subset of C are rigid. This property is not satisfied by all the 4-cham-
bars. Consider the vector fields X = 2\/5% and Y = 2y/x + 5%, e # 0, on a suitable
domain of C. As we know, the flows of X and Y are

exptX =+ 2tz + 1%, exptY =z + 2tz + ¢ + 12

and it is easy to see that the 4-chambar Ch(X, —X,iY, —iY) is irreducible and non-
rigid. Such a 4-chambar is said to be special.

Conjecture 5.13. Up to affine conjugacy a 4-chambar on an open subset of C is of
one of the following types:

© constant Ch(a;[%,aQ%,ag%,M%), a € C*;
o rigid of t-degree 2: Ch(a1 X, a2X, a3X, asX) with X = 2\/5% and ay, constants
satisfying a1 + as + az + ag = a3 + a3 + a% +a? =0;
o rigid of t-degree 3: Ch(X,0X,0%X,03X) with X of t-degree 3 and o a root of
unity of order 4;
o special Ch(X, —X,Y,-Y) with X and Y of t-degree 2.
Remark 5.14. The classification of p-chambars on C for p > 4 is a difficult problem in

particular because of irreducibility problems. Indeed, if p = 6, for instance, one can
consider the vector field Z5 = 518 % to which one can associate the 6-chambar

Ch(Z5702570225703Z57 U4Z5a 0525)7

which is irreducible. But one can also consider the non-irreducible 6-chambar obtained
as follows:

Ch(X1,jX1,j°X1, X2,jX2,i?X2),
where X, = /A rx + uk% and A, pg are complex numbers such that A\j po—Aopuq # 0.

Problem 5.15. Classify irreducible p-chambars in dimension 1, for p > 4.

Theorem 5.16. Let Ch(X1, X2, X3,X4) be a holomorphic 4-chambar on some open
setU C C. Set Xy = yp(2) 2 with yx € OWU) for 1 <k < 4.

Then there exists a polynomial P: C> — C* independent of the yy ’s such that the
vector y = (y1, Y2, Y3, Ya) satisfies a differential equation of the form

(5.4) Aly) 4" =Py, y'.y"),
where A(y) = [ (yj — vi)-

i<j
Furthermore, the polynomial P is homogeneous of degree 7.

Proof: Let us recall some basic facts. The operator Xj on O(U) acts as Xp(f) = yr-f.
In particular,

"

Xe(@)=ye, Xp(@)=yryp X (@) =0k Yi)H0Rvis  Xi (@) =a(Yn, Yoo v Y0k
where p(y, z) = y2? and q(y, z,w) = yz> + 4y?zw. More generally we have

-2 1 (-1
(55) Xi(@) = Pelyes oo )+l

where P, denotes a homogeneous polynomial of degree /.
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Using (5.5) we get by an induction argument

o Xt(x L+n—2 _ t4n—1
(56) ﬁ()zpf,n(ykvy;m“wyl(g-‘rL ))+y£ 1'ylg;+n )7
where Py ,, is homogeneous of degree ¢ and P9 = P;. Note that P, is independent

of the open set U and of the function y: U — C*.

4
Since the X},’s satisfy the barycentric condition, we have Y Xf(z) =0,1<k <3,
k=1
and so
2 0n Xt (x)
— kL —0 V1<£<4,Vn>0.
= ox™

From the above relations and (5.5) we get the following system of equations:

yll// + yé// + yéll + yZ/ — 0

/11 " i

1yl +yays’ +ysys +yayy = Qa2(y, Y, y")

2,111 /11 /" "

vivl +ysuy +usys 4+ vivl = Qs(y, v, y")

11 /11 /"

v +ysyy + usys 4+ vivl = Quly, v, y")

with .
Qa(y, v y") = =3>_ vy
=1
4
Qs(y,y'y") = = > _((4)* + dyiviyi)
=1
4
Qu(y, v y") = = > _(wiW)® + 4iyiyl).
1=1

Writing the above system in the matrix form we get W(y) - *(v""") = *Q(y,v',y"),
where *v denotes the transpose of v and

1 1 1 1
Y1 Y2 Yz Y4
vi vi vi i
i oui i
Solving (5.6) we get that the vector function y satisfies the ODE
(5.7) A'(y") = adj(W)(y) - "Qy, ', y"),
where adj(WW) is the adjoint of the matrix W, A = det(W) = [[(y; — v:), and Q =

i<j
(0,Q2,@3,Qa). Set P(y,y',y") = adj(W)(y)-'Q(y,y',y"). By looking carefully at the
right-hand side of the above relation, we see that P is homogeneous of degree 7. [

W:

Remarks 5.17. Let us fix three (constant) vectors ap, ag, and az in C* and assume
that the components of oy are two by two different. Then there exists a unique
germ y = (y1,¥2,y3,y4) € O(C*0) satisfying (5.4) with initial conditions y(0) = ap,
y'(0) = a1, and 3" (0) = as.

Since the differential equation (5.4) is meromorphic on C* the solution = — y(x)
can be extended until it reaches the codimension 1 submanifold J (y; = y;) of C*.

i<j

For instance, the constant vectors y = (a1, ag, as, aq) are solutions of the ODE (5.7).

In fact, if y is a constant vector, then ' = ¢y” = 0 and Q(y,y’,y"”) = 0.
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Next we will study the solutions with initial condition of the form y;(0) = y;(0),
i # j. The idea is to lift the ODE to a first-order ODE on C!2.

Consider the ODE (5.4) of order 3 on & C C*. Introducing new variables z = 3/
and w = 2’ = y”, this ODE can be lifted to a system of meromorphic ODE’s of order 1
onV=UxC*xC*as

y' =z
(5.8) Z=w
w' = AL P(ywzaw)

Multiplying (5.8) by A we obtain a tangent holomorphic vector field on V

x(y, z, w) Asza —&-AZw]a —|—ZP y7zw

Theorem 5.18. The following submanifolds of C'? are x-invariant:
o Nij = Z({y; — i) Jor any 1 <i < j < 4;

o ¥ ::Z(<Zijzzj,zwj>)f
o Bo = Z((X yjz5, 2 (25 +yjw;)));

o Mg = Z(<Z(ygzj2 +yiwy))).

The notation Z(J) stands for the zeroes of the ideal J .

All these submanifolds are complete intersections and the codimensions coincide
with the number of generators of the ideal. Furthermore, the submanifolds ¥;, 1 <
i < 3, coincide with the initial conditions corresponding to the barycentric conditions

o Xy
oxm

k=1

=0 Vi<n+/£<4,Vn>0.

Let us now give a lemma that will be useful for the proof of Theorem 5.18.
Lemma 5.19. The components Py, P>, P3, Py of x satisfy the following relations:
o Z P, =0,
o iszl =AQ2(y, z,w) = 73AZziwi,
o Zy P, = AQs(y, z,w) = —A Z(z + 4dy;ziw;),
o ny’H = AQu(y, z,w) = —A Z:(yizz + 4y2 zw;).
i i

Proof: Recall that on the one hand

"Ply.y',y") = adj(W) () Qy,y",y")
SO
“P(y, z,w) = adj(W)(y) Q(y, 2, w).
On the other hand the relations in the statement of the lemma are equivalent to
W(y) Py, z,w) = A'Q(y, z,w). Finally, if id is the identity matrix, we know from
linear algebra that W (y) adj(W)(y) = A -id. As a consequence,

W(y) Py, z,w) = W(y) adj(W)(y)' Q(y, 2, w) = A'Q(y, z, w). O
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Proof of Theorem 5.18: Let J be an ideal of Cly, z,w]. Recall that the submani-
fold Z(7), defined by J, is x-invariant if, and only if, x(J) C J. So, for instance,

Xk —ye) = (2 — 20) [ [ (w5 — i)
1<j
and x(yx — ye) belongs to (yr — y¢); in particular, X, is x-invariant.
Consider the ideal J1 = (> y;, > 2j, > w;). We have
J J J

X<zl:yz> = zi:x(yi) = A;zi €,
(X) PR CEIINEE

i

X(Z wz) = Zx(wi) = ZPi =0 € Jp by the first assertion of Lemma 5.19.
With a similar computation, using the other assertions of Lemma 5.19 it is possible
to prove that 1, ¥o, and X3 are y-invariant. O

Corollary 5.20. Let Ch(X;, Xo, X3, X4) be a 4-chambar on an open set U C C, with
Xj =Ygy €OU), 1<j <4

Suppose that yx(xo) = ye(xo) and that P(yg, 20, wo) # 0 for some initial condition
and k # L. Then yi(x) = ye(x) for all x € U. Moreover, if k = 1 and £ = 2, for
instance, then either the chambar is constant and 2a1 + a3 + as = 0 or y;(z) =
ajVvVAr 4+ p with X #0, a1 = ag = —%, and as and a4 the roots of 322 4+ 2z +3 = 0.

Proof: According to Theorem 5.16 if y; 8%1, yga%z, . ,y4a%4 are holomorphic vector
fields that define a 4-chambar on an open set & C C, then the vector function = €
U= yx) = (y1(x),y2(x), ..., ya(x)) satisfies an ODE of the form
Ay" = Py,y,y"),
where A = ] (y; — vi)-
i<j

Assume that y1(xg) = y2(zg). Since P(y(xo), z(xo), w(zo)) # 0, we see that the
point (y(xo), z(zo), w(xo)) is not a singularity of the vector field x, and there is only
one solution through this point. Using that the set {y; = y»} is x-invariant, we get
y1(z) = ya2(z) for any x € Y.

The condition on the flows is now

201 () + ¢} () + ¢f (z) = 4z,

which is a particular case of (5.3). O

A natural question is the following;:

Question 5.1. What could happen in the case P(y(zo),z(x0), w(zo)) = 0 and
yr(zo) = ye(z0)? Are there solutions with these conditions and yi(z) Z ye(x), but
(y(z), z(x),w(z)) € X=X NX2 N3 for all x € U?

Let us denote by Ch(4, 1) the set of 4-tuples (X1, X2, X3, X4) of germs at 0 € C of
holomorphic vector fields whose flows satisfy the barycentric conditions.

Corollary 5.21. The set Ch(4,1) is isomorphic to an algebraic submanifold of C*2
whose irreducible components have dimension at most 6.
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Proof: According to Theorems 5.16 and 5.18 any 4-chambar on C gives origin to a tra-
jectory (y,z,w): (C,0) — C'? tangent to the y-invariant submanifold ¥ = 31NN
of C2. The initial condition (y(0), z(0),w(0)) characterizes the trajectory (y, z,w) and
defines an embedding of Ch(4,1) on X. O

6. Linear chambars

Theorem 6.1. Let X1, Xo,..., X, be some linear vector fields on R™ (resp. C™).
If they satisfy the barycentric property, then they are milpotent.

Proof: The flow ¢f of X}, can be written

¢y (x) = (exptAy)(x),
where the Aj’s belong to End(R™) or End(C™). We identify the Ag’s with some
matrices. The barycentric property is equivalent to

p o0

+
D) BLATEH
2!
k=1£=0
P
which implies > A% = 0 for any £ > 1. Let Ay ; be the eigenvalues of Ag, 1 < j < n.
k=1
We get for all £ > 1
p p n
0=m(Yoa) = X3 oM
k=1 k=1 j=1

As a result, all the Ay ; are equal to zero. O

Remark 6.2. The ¢ are polynomial in z and t.

Remark 6.3. If p = 2, then the indices of nilpotency are 2 (i.e. A2 = 0) and we recover

the fact that the trajectories are straight lines. Note also that if X is a nilpotent vector

field of index 2, then the pair (X, —X) is a 2-chambar.

)
)

be a primitive p-th root of unity. Then the vector fields X, 0 X, 02X, ..., 0P~ 1 X satisfy

the barycentric property.

Example 6.4. Let X be a nilpotent linear vector field of order p. Let 0 = exp(

Remark 6.5. Let Ch(X1, Xa, ..., X,) be alinear p-chambar. Denote by k the maximal
order of nilpotency of the X;’s. Take £ < k an integer. Then Ch(X?{, X%, ... ,Xf;) is
a g-chambar for some ¢ < p. The inequality comes from the fact that two X ﬁ’s can
be equal or X ﬁ can be zero. The fact that ¢ < p measures some degeneration and if
q = p for any ¢ < k, it gives some condition of transversality.

Remark 6.6. Let Ch(X7,Xo,...,X,) be a singular p-chambar such that X4 (0) = 0.
Denote by A; the linear part of X; for 1 <1i < p.

Assume that the A;’s generate a linear p-chambar Ch(A1, A, ..., 4,).

Consider the homothety hy: z — sz, s € C*, and

X;Zhs*XkZAk—f—S()

We construct in this way a family Ch® = Ch(X7, X3,...,X,)) of p-chambars, all
conjugate for s # 0, and that joins the initial chambar Ch' = Ch(X1, X,, ... ,Xp) to
the linear chambar Ch® = Ch(Ay, Ao, .. ., Ap).
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6.1. Linear p-chambars in dimension 2.

Lemma 6.7. Let B be a (2 x 2)-matriz with complex coefficients. If Tr(B) = 0, then
B is the sum of two nilpotent matrices.

Proof: If B =0, then the result holds.
Let us now assume that B # 0. Let us write B as (2 %, ). We are looking for two
nilpotent matrices

/ /
=) - )
z - 2 -
such that B = A + A’. We thus have to solve the system

x4+ =a

y+y =>

242 =c

22 +yz=0

1‘12 + y’z’ -0
(the last two conditions guaranteeing nilpotency). After elimination of 2/, y’, and 2’
we get

224+ yz=0
{<a—x>2+<b—y><c—z> ~0,
that is,
22 +yz=0
{2ax+bz+cya2 —bc=0,
which is the non-trivial intersection of a quadric and a plane. These two sets intersect

along a plane conic. O

Second proof: Since Tr(B) = 0, then B is conjugate to (9 §) for some z, y in C (note
that if B is nilpotent, then zy = 0). We conclude using the fact that

0 z\ _ (0 =z " 0 0 0
y 0/ \0 0 y 0)°

——— N —

nilpotent nilpotent

Corollary 6.8. Let A3, A4, ..., A, be (p—2) nilpotent (2 x 2)-matrices.
There exist two nilpotent (2 x 2)-matrices Ay, Aa such that the flows ¢F = exptAy,
1 < k <p, satisfy the barycentric property.

Proof: Let A; and Ay be two nilpotent matrices such that
Ay +Ag+ Az +---+ A, =0.

As exptA, = Id+tAy in dimension 2, the p-tuple (A1, Ao, ..., A,) satisfies the re-
quired condition. O

Remark 6.9. If Ay, As, As are nilpotent (2 x 2)-matrices that satisfy the barycen-
tric property, then the A;’s are C-colinear, i.e. Ch(Aj, Ag, A3) is rigid. Indeed, the
nilpotent (2 x 2)-matrices form a quadratic cone.
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6.2. Linear 3-chambars. The following example illustrates that we can find solu-
tions to the barycentric property in some Lie algebras of vector fields. In the particular
case n = 3 one can find p-chambars in the Heisenberg Lie algebra b3 formed by ma-
trices

0 a v

M(a,B,7) =10 0 B

0 0 O
One has M?(a, 3,7) = M (0,0, af3). The barycentric property for the vector fields Xj,
corresponding to the matrices M (ay, Bk, Vi), k = 1,...,p, is equivalent to the equal-

ities
p p P p
Zak = Zﬁk = Z% = Zakﬁk =0.
k=1 k=1 k=1 k=1

In the coefficient space (C3)P the barycentric property is the intersection of three
hyperplanes and one quadric which thus has dimension 3p — 4.

Theorem 6.10. Let Ch(Xy, X2, X3) be a linear 3-chambar on C3. Then, up to con-
Jugacy, the X;’s (identified with their matrices) are contained in the Heisenberg Lie
algebra h3 C gl(3,C).

Proof: Let us identify X; with its matrix.
We will distinguish two cases according to the rank of the X;’s.

¢ If one of the X;’s has rank 2, for instance X, then up to conjugacy one can

assume that X; = <§ é g). We are now looking for X5 and X3 such that X,

and X3 are nilpotent (in particular their traces are zero) and X; + Xo + X3 =
X? 4+ X3 + X2 = 0. A straightforward computation implies that X5 and X3
belong to bs.

o It suffices now to deal with the case where the three nilpotent matrices X7, Xs,
and X3 have rank 1. Up to conjugacy one can suppose that X; = <§ § é). As
X has rank 1 the three columns of X» are colinear, i.e. Xo = (AE, uE,vE),
where E = (2‘) £0. Then X3 = — X1 — Xo = <7AE, —uB,—vE — (é)) Let

(&
us distinguish three cases:
e First assume that A = g = 0. Changing the notations if needed, let us take

v =1. Then
0 0 1 0 0 a 0 0 a+1
Xi=10 0 0], Xo={({0 0 b], Xz3=—]0 0 b
0 0 O 0 0 ¢ 0 0 c

Since X; and X, are nilpotent, ¢ has to be 0; but ¢ = 0 leads to X2 =
X2 =0, and the X; belong to bs.

e Now suppose A # 0, i.e. A =1. Then

a pa va a pa va+1
Xo=1|b w vb|, Xg=—1[|b ub vb
c pc vc c pc ve

00 0
since Xz is nilpotent, a has to be 0. As a consequence, Xy = 0, which is

impossible (the matrices are implicitly assumed to be non-zero).

As X3 hasrank 1, the coefficients b and ¢ are zero. Therefore Xy = (g 00 ) ;
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e Finally assume that A =0 and p # 0, that is, A=0and ¢ =1 and

0 a va 0 a va+1
XQ =10 b wb s X3 =—(0 b vb
0 ¢ ve 0 ¢ ve

The fact that rk X3 =1 leads to b=c =0 and

0 a va 0 a va+1
Xo=(0 0 0], Xz3=—1]0 0 0
0 0 O 0 0 0
belong to bs. O

In fact the statement holds in any dimension but we keep the previous result and
its proof because this last one is much easier. Let us start with some definitions,
notations and intermediate results of non-commutative algebra.

A monomial of k-variables on End(C") is a map f: End(C")* — End(C") of the

form
FOX1, Xoy oo X)) = XD X2 X
where r > 1, i; € {1,2,...,k}, and k; > 0 for any 1 < j < r. By convention X? = 1.
We say that the monomial is reduced if
o kj>1forany 1 <j<r;
0 1j Fijyq forany 1 <j<r—1.
The degree of f is degf = > k;. A polynomial of k wvariables on End(C") is a

i=1
linear combination of monomials of k variables on End(C"):

P(Xy, Xa, ..., Xi) = > _a;Fj(X1,Xa,..., X})
j=1

with a1,a9,...,as in C. The degree of P is deg P = max{deg(F;) | a; # 0}. If
deg F; > 1 for any 1 < j < 's, then we say that P is without constant term.

If Ch(X;, X2, X3) is a 3-linear chambar on C", we denote by G = (X1, X2, X3) C
End(C") ~ gl(n,C) the subalgebra generated by X, X3, and X3. As previously, we
identify the linear vector fields X; with elements of End(C").

We can now state the result:

Theorem 6.11. Let Ch(X1, X5, X3) be a linear 3-chambar on C™. Let G = (X1, X3, X3)
be the algebra of linear transformations generated by X1, Xs, and Xs.
IfY1,Y5,...,Y, belong to G, then Y1Ys---Y, =0.
In particular, up to conjugacy, the X;’s (identified with their matrices) are con-
tained in the Heisenberg Lie algebra by, C gl(n,C).

Proof: Let us start the proof with the following statement:

Lemma 6.12. Let Ch(X1, X2, X3) be a linear 3-chambar on C™.
Let f be a monomial of two variables on End(C™).
There exists n(f) € Z such that

F(X1, Xo) + f(X2, X1) = n(f) - X587
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Proof: For instance, from
XFP4+Xb=-XF VEi>1
we get
Xyt = (XF+X5)(X{+X3) = XTI+ X5+ XPX 4+ XE X =— X5 + X P XTI+ XE x]
and so XFXJ + X5Xx7 = 2x51.
A reduced monomial g of two variables on End(C") can be written as
9(X,Y) = Xty xke .. yir
V\;here k1 >0, 5. >0, ko, ks, ..., k. > 1, and ji,J2,...,7r—1 > 1. Note that degg =

> (ki + ji). Let us introduce the following definitions:
i=1

o the X-length of g is ¢x(g) = #{i | k; > 0};
o the Y-length of g is ¢y (g) = #{i | ; > 0};
o the length of g is £(g) = £x(g) + v (9).

The proof is by induction on £( f). Let us state the induction assumption: given m €
N the assertion of the lemma is true for any reduced monomial g with £(g) < m.
The induction assumption is true if m < 2:

o for £(f) =1 it is a consequence of the equality X¥ + X¥ = — X%;
o for £(f) = 2 it is a consequence of the equality XFXJ + Xy X7 = 2x5+7,
Assume that the assertion of the lemma is true for m > 2 and let us prove that it is
true for m+1. Let f be a monomial with length m+1 > 3. Without loss of generality
we can assume that f(X,Y) = X*Y7X"™g(X,Y); note that £(g) = £(f) —3 =m — 2.
Using that XFXJ + X5 X7 = 2X5%7 we have
f(X17X2) + f(X27X1)
= XFXJXT"g(X0, Xa) + X5 X! X3"g(Xa, X1)
=(2X5 = XEX])XT" (X1, Xa) + (X5 = XFXT) X2 g(Xs, X1)
=2X3 7 (X{"g( X1, Xo) +X5"9(X2, X1)) = X3 X{ T g(X1, Xo) = X7 X3 7" g( Xz, X1)
=2X3 (g1(X1, X2) + g1 (X2, X1)) — (92(X1, X2) + g2(X2, X1)),
where ¢1(X,Y) = X™g(X,Y) and g2(X,Y) = Y*Y7t™g(X Y). Note that
Lg1)=1+4(g)=m—1 and {(g2) =L(g)+2=m.
Therefore the induction assumption implies that for ¢ € {1,2}
9i(X1, Xa) + g:(Xa, X1) = £(g:) X5
Hence
(X1, Xa) + f(Xa, X1) = £(f) X557,
where ((f) = 26(g1) — £(g2)- 0

Lemma 6.13. Let Ch(X1, X2, X3) be a linear 3-chambar on C™.
Let P(X,Y) be a polynomial of two variables on End(C™). Assume that P is without
constant term.

Then P(X1, X5) is nilpotent, that is, P(X1, X2)™ = 0.
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Proof: Assume first that P is a reduced monomial. Set d=deg P. Denote by A1, Ao, ...,
An (resp. by p1, fto, . . ., iin) the eigenvalues of P(X1, Xs) (resp. P(X2, X1)). It follows
from Lemma 6.12 that

SN D p = tr(P(Xy, X2) + P(X2, X1)) = tr(n(P)X§) = 0.

Given any m € N, since P(X,Y)™ is a monomial we have

SN YT = (P(X0, Xo)™ + P(X2, X)) =0 Ym € N.
J J

This implies that A\ = Ao = --- =\, = 0 and so P(X;, X3) is nilpotent. In particular,
we get tr(P(X;,X32)) =0.

Suppose now that P is a polynomial of two variables on End(C™) without con-
stant term. Since P is a linear combination of non-constant monomials we get
tr(P(X7,X2)) = 0. Similarly, given m € N then P(X,Y)™ is also a polynomial
without constant term and so tr(P(X1, X2)™) = 0. Therefore P(X7, X5) is nilpotent
and as P(X1, X2) belongs to End(C™) we get P(X;, X3)"™ = 0. O

Let g be any Lie algebra. Recall some classical well-known facts. If x belongs to g,
y — [z,y] is an endomorphism of g, which we denote by ad x. We say that x is ad-
nilpotent if ad x is a nilpotent endomorphism. If g is nilpotent, then all elements of g
are ad-nilpotent. The converse is also true; it is the Engel theorem ([4]). If now g is a
matrix algebra all of whose elements are nilpotent (for the multiplication), then the
algebra is, up to conjugacy, contained in the Heisenberg Lie algebra b,,. This ends the
proof of the theorem. O

6.3. Some remarks on linear 4-chambars. As previously, we will identify the
vector field X; with its matrix.

Definition 6.14. A p-chambar Ch(X;, X»,...,X,) has rank r if r is the maximal
rank of the X;.

Let us start with the following property:

Proposition 6.15. Let Ch(X;, X2, X3, X4) be a linear 4-chambar that has rank 2.
Then it is irreducible.

Proof: Suppose, by contradiction, that Ch(X7, X3, X3, X4) is reducible. Then it con-
sists of two pairs of 2-chambars: the trajectories are thus lines and the X;’s (identified
with their matrices) have rank 1. O

6.3.1. A first family of examples. Consider the four matrices

0 0 « 0 v O

Xl = 0 O ﬁ 5 X2 == 0 0 0 9
0 0 O 0 6§ O
0 a —% 0 d %

X3=10 —% , X4=10 -b —% )
0 ¢ —b 0 e b

where «, (3, v, J, a, b, ¢, d, e are complex numbers satisfying the conditions
b db b2 b2
y+a+d=0, afa—+—:0, ————==0, d+c+e=0.

e c €2
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These matrices define a generically irreducible 4-chambar whose elements are not
contained in a nilpotent algebra. Indeed,

< on the one hand the nilpotent algebras of matrices are triangularizable; in par-
ticular, the eigenvalues of a commutator are zero;

0 ad —pBvy
o on the other hand the eigenvalues of the commutator [X7, X3] = (0 Bé % 5>
00 —

are non-zero as soon as 9 # 0.

Note that the X;’s have a common kernel for generic values of the parameters.

6.3.2. A second family of examples. Let us consider

000 0 a O
X;=[10 0], Xo=|0 0 0],
01 0 b —c—2 0
0 —a 0 0 0 0
X;=[0 0 o], xy=[-1 0 0
b ¢ 0 -2 1 0

Then (X1, X2, X3, X4) is a linear 4-chambar of rank 2 in C?® and the X;’s (identified
with their matrices) are not contained in a nilpotent algebra of matrices.

More generally for 1 < j < 4 set

_(4; 0
Xj_<Bj 0>’

where A; is a (2 x 2)-matrix and B; is a (1 x 2)-matrix such that

A2 =0

4

> BjA;=0.
7j=1

Then (X1, X2, X3, X4) is a linear 4-chambar of rank 2 in C? and the X;’s (identified
with their matrices) are not contained in a nilpotent algebra of matrices.

6.3.3. A third family of examples. Consider

0 0 0 0 a O
Xi1=1a 0 0|, Xo=10 0 0],
c 0 0 —c v 0
0 0 O 0 —a 0
Xs=|—-a 0 =b|, X4y=10 0 0},
c 0 0 —-c =6 0
where a, b, ¢, a, 8 denote some complex numbers. Note that
0 a O 0 ta 0
X1+X2: a 0 b y X1+tX2: a 0 b
0 8 0 (I1-t)e t8 0O

so that

o X7 + X5 has rank 2 generically on a, b, a, and S,
o X3 +tX, has rank 3 generically on .
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—aa 0 —ba
The eigenvalues of the commutator [X, Xs] = 7b2 aa+bB 0/3 are Non-zero as
—a ac —b,

soon as abc # 0. As a consequence, Ch(X1, X, X3, X4) is a generically irreducible
4-chambar and the matrices associated to the X;’s are not contained in a nilpotent
algebra of matrices.

Note that for generic values of parameters the X;’s do not all have the same ker-
nel. As a consequence, examples of Subsections 6.3.1 and 6.3.3 are not conjugate.

Finally one can state:

Proposition 6.16. There exist linear, irreducible 4-chambars on C3 with the two
following properties:

o their flows are generically quadratic in t;
o the associated matrices are not contained in a nilpotent algebra of matrices.

7. Homogeneous chambars

7.1. First properties. Let B = Ch(X1, Xs,...,X,) be a p-chambar at 0 € C". We
say that B is homogeneous of degree v if any X; is homogeneous of degree v.

Remark 7.1. Let Ch(X, —X) be a homogeneous 2-chambar on C?. Then up to linear
conjugacy X = x”a% (the proof is an exercise).

Given two holomorphic vector fields X and Y on C”, we define the set of colinearity
between X and Y as

Col(X,Y) := {m € C" | X(m) A Y (m) = 0}.

Remarks 7.2. We would like to point out the following facts:

o Col(X,Y) is an analytic set;

o if Col(X,Y) # 0, then dimc(Col(X,Y)) > 1;

o if X and Y are homogeneous vector fields, then dim¢(Col(X,Y)) > 1;

o if X is homogeneous and Y = R is the radial vector field of C", then Col(X, R)
is a union of straight lines through the origin 0 € C". If X A R # 0, then the
vector fields X and R generate a singular foliation F of dimension 2 of C".
There is a holomorphic foliation F on P! such that F = 7*(F). Tt is possible
to prove that

Col(X, R) = =~ (Sing(F)) = Sing(F).
The various previous examples suggest the following conjecture:

Conjecture 7.3. Let Ch(X1,Xo,...,X,) be a homogeneous p-chambar of degree v >
1 on C", where p > 2. Then, for any k > 1, Col(X, R) = Sing(X).2 In particular,
dim Sing(Xy) > 1.

In the same spirit we have the following problem:

Problem 7.4. Let Ch(X1, X>,...,X,) be a (non-homogeneous) p-chambar such that
X%(0) =0. Do the inequalities dim Sing(Xy) > 1 hold?

2Recall that Sing(X}) is the singular set of Xj:
Sing(Xy) = {m € C" | Xx(m) = 0}.
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Remark 7.5. The problem is solved in the following cases:

¢ v =1 (Theorem 6.1);
o p =2 (Theorem 3.5);
o rigid chambars (Corollary 4.11).

We proved the conjecture in the special case of a homogeneous 3-chambar on C?
of degree 2. In fact we will prove the following;:

Theorem 7.6. Let Ch(X1, Xa, X3) be a homogeneous 3-chambar on C? of degree 2.
Then, after a change of variables, X; can be written as aij%, where a1 +as+az = 0.
In particular, any homogeneous 3-chambar on C? of degree 2 is rigid.

Let X be a homogeneous vector field of degree d on C2. Then X has d+1 invariant
straight lines through 0 € C2, counted with multiplicity. These lines are the solutions
of f(z,y) =0, where f is the homogeneous polynomial of degree d 4+ 1 defined by

0 0
(7.1) RAXffmw%xA%,
that is, f(z,y) = det (Xg(i,,:) Xl(/y)). We will assume that f #Z 0 (if f = 0, then X is
colinear to the radial vector field R).
Since f = 0is X-invariant, then X (f) = h-f, where h is a homogeneous polynomial
of degree d — 1. Moreover, h = 0 if and only if f is a first integral of X. In this case,
the foliations defined by X and by f must coincide: the relation X(f) = 0 gives

X(x)% = —X(y)g—i. Since the degrees of X (z), X(y), %, and % are equal, we
obtain that
of & of 0o
X=od 2 9 9)
“ (81: dy Oy 856)

Using that R(f) = (d+1)f and (7.1) we get a = d%_l in the above relation.
In general, we have

(7.2) (d+1)X — hR = H(f),

af 8 _ 9f d
where H(f) = a—ia—y — 8—{1%.

Another relation that we will use is

w9 x@=x (a0 x0p) = (i xi)

Lemma 7.7. Let Ch(Xy, X2, X3) be a homogeneous 3-chambar of degree d on C2.
For 1 < j <3 define f;j by RAX; = fj(x,y)% A 3%. Suppose that the f; are not
identically 0. Then

o either f1, fa, and f3 have two common linear factors
o or f; is a first integral of X;, 1 < j < 3.

Proof: First of all, using relations (7.1), (7.3), and both

Do Xi@) =3 Xiw) =0, DO Xj() =D Xj(y) =0
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we obtain ij =0 and ZX (f;) = 0. If we set X;(f;) =h;-f;, 1 <j <3, then
Zh fi= 0 On the other hand, since ZX =0 and ij =0, we get from (7.2)
that

0="> ((d+1)X; — h;R — H(f;)) ZhR
J
and so > h; =0.
J
Let us assume that h; # 0 for some 1 < j < 3. In this case, from Zhj = 0 there

j
are 1 # j such that h; # h;. Suppose for instance that hy # ha. Then the equalities

fit+tfat+f3=0
hifi+hafz+hsfs =0
imply
(7.4) (h1 — h3) f1 = (hs — ha) fo.
In particular, both members of relation (7.4) are not identically zero. Since hy — hs

and hs — ho have degree d — 1, and f; and fo degree d + 1, f; and fo must have two
common factors. As f3 = —f; — fo these factors are also factors of fs. O

Remark 7.8. Lemma 7.7 implies that for a homogeneous 3-chambar on C? Problem 7.4
has a positive answer, possibly except when the f;’s are first integrals.

Lemma 7.9. Let Ch(Xy, Xo, X3) be a homogeneous 3-chambar of degree 2 on C2,
and let f; be as in Lemma 7.7.
Then the f;’s are not identically zero.

Proof: Suppose that f; = 0; up to a linear change of coordinates we can assume
that X; = zR = x2% + xya%. Let £ = 0 be an Xs-invariant line; then ¢ = 0 is
Xj-invariant, and also Xs-invariant since X; + Xo + X3 = 0. These facts imply that
the restriction of Xy, X5, X3 to £ = 0 define a 3-chambar on the line £ = 0. The
classification of 3-chambars on C (Theorem 5.1) implies that the X; are 0 on £ = 0. In
particular, £ = 0 = (x = 0) and X; = «R, Xy = xLy, X3 = xL3, with L; a linear
vector field, and R + Lo + L3 = 0. The same argument as before implies that the
invariant lines of Lo, L3 are necessarily = = 0, i.e.:

0 0 0

—, Lz3=azx— + (bsx + c3y) —.
dy 3 3T (b3 3Y) dy
The first components of the flows of X7, X5, X3 are respectively -, 7
the sum of these three homographies cannot be 3x: a contradiction.

0
Ly = agx% + (bax + coy)

T T .
—tagx’ 1—tagx’

Problem 7.10. Is Lemma 7.9 true in any degree?

Assume that Ch(X71, X2, X3) is homogeneous of degree 2, and that the f}s have
two common factors. Let ¢1 and /5 be the two linear common factors of the fJ’»s. We
have the following two possibilities:

(1) £y # £a: we can thus assume that zy is a factor of the fs;

(2) £1 = £a: we can thus suppose that y* is a factor of the fJs.
Another fact is that a polynomial p-chambar in dimension 1 is constant (Proposi-
tion 2.6). Therefore, if a straight line ¢ = 0 is invariant for all vector fields of the
chambar, then Xj\z = 0, and ¢ is a factor of Xj;. In dimension 2 this implies that
X; =4{-Lj, where L; is a linear vector field, 1 < j < 3.
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In particular, (1) and (2) imply the following possibilities:

(1) if ¢4 = z and {3 = y, then we must have X; = xyVj, where V; is a constant
vector field;

(2°) if &4 =4y =y, then X; = yL;, where RAL; = ymja% A a%, m; = a;x+by. In
particular, we must have

0 0
Lj = (ajz + ﬁjy)% +7jy87y’

where a; = v; — o and b; = —f;.

Let us check that (1’) cannot happen. In fact, let X = xyV, where V = aa% + ba%.
By a direct computation we find

X X2 X3

7(:8) =a, (z) = a%y + abzx, (z) = a®y® + axy + Bz?
Ty Ty Ty

X X2 X3

7(y) =D, (z) = aby + b’x, 7(y) = b32? + yay + 5y>.
ry ry ry

This implies, with obvious notations, that for any 1 < k < 3
a¥ + a5 +ab =0 and Y +05+05=0
soVi=Vo=V3=0.
In situation (2’) the vector fields X; = yL; are of the form X = y((az + by)a% +
cya%), and a direct computation shows that X (y) = cy?, X2(y) = 2c¢%y?, and X3(y) =
6c3y*. This implies Zcf =0forl1 <k <3,sothatc; =co =c3=0,and X; = yéja%,

J
where ¢; = ajx + b;y is linear. In particular, we get

Xj(x) =yly, Xj(x)= QQ%&‘ =ay’ly, Xj(x) = a5yl
as a consequence, a¥ + a5 + af = 0 for any 1 < k < 3. This yields a; = az = a3 =0,
and X; = bijB% for any 1 < j < 3. Note that the f;’s are first integrals of X;.
It remains to consider the case where hy = hy = hz = 0 and f; is a first integral
of X, 1 < j < 3. Let us come back to the definition of f; := 2X;(y) — yX;(x), so
that X;(f;) = 0. Note first that X is a constant multiple of the Hamiltonian of f

af; 0 O0f; 0
H(f) =02 S
Oy Oxr Oz Oy
it can be checked that this follows from X;(f;) = 0. From the definition of f; and
Euler’s identity we get X; = —%H(fj) Let £ be a straight line invariant for X3

and passing through 0. Suppose by contradiction that it is not invariant by X,. We
assert that either Xy, = 0 or the trajectories of X5 and X3 are parallel straight lines.
Assume that X7, # 0; we will see that f is a perfect cube, i.e. fo = h3, where h
is linear, so that the trajectories of Xy are the levels of h. Without loss of generality
we can suppose that £ = (y = 0). We can write fo(z,y) = az® + yq(x,y), where ¢ is
homogeneous of degree 2 and a # 0 because y = 0 is not Xs-invariant. If ¢ # 0, then
the level fo = ¢ cuts £ at three points z; := (x;,0), 1 < j < 3, where the z;’s are
the roots of 23 = £. If fy is not a perfect cube, then the level fo = c is irreducible,
and so it is connected. Denote by @{ the flow of X;, 1 < j < 3. Let us point out the
following facts:
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(a) of(x,0) + p?(x,0) + p}(x,0) = 3(x,0) for all z € C, for all t where the flows
are defined (barycentric property);
(b) Xy,_, = ax? 6‘9 s0 ¢f (,0) = =% and since we are assuming X;|,_, # 0, o is
non-zero;
(c)as (fa=¢c)N(y=0) ={(z;,0) | 1 <j < 3} and fo = c is connected, there
exists 7 # 0 such that ¢2(z1,0) = (22,0).
It is possible to prove that <p3_,_(.131, 0) = (21,0), and more generally ¢%, (z;,0) =
(24,0) for all k € Z, i = 1,2,3. Since f3 is a first integral of X3, the leaf of the
foliation generated by X5 through (z1,0) must cut ¢ at no more than three points.
However, (a) and (b) imply that

3 L1
0)= (20, - —% ¢
S03k‘r(xl7 ) ( T 1_ 3]{37’1}17 )7

contradicting that the number is finite. As a result,
(i) either fy and f3 are perfect cubes
(ii) or Xy, , =0.
Let us deal with these two possibilities.

(i) Assume that fo = £3 and f3 = £3, where {5 and /3 are linear. In this case, the
trajectories of Xo, and also of X3, are parallel lines. We have the alternatives
(i1) either dla Adls =0
(i2) or CMQ A d€3 75 0.

In case (i1), we have ¢35 = als, a # 0, and /5 is a line invariant for the
chambar. After a linear change of variables we can suppose that X; = aija%,
and the statement is proved. Note that in this case Xju =0for1 <j5<3.

In case (i2), after a linear change of variables we can suppose that fo = —x
and f3 = —y3, which implies X2 —a? 6 , and X3 = —y . However, in this

3

case we would have X; = y + :E2 8 . This is not a 3- chambar because
X3(z)=X3(z)=0 and X7(x)#0.

(ii) Suppose that X, , = 0. From the above we have the following consequences:
the Hamiltonian H(f;) = X is identically zero on the lines f; = 0. In particu-
lar, all the irreducible components of f; have multiplicity. Since the f;’s have
degree 3, the f;’s are perfect cubes and we conclude as previously.

This ends the proof of Theorem 7.6.
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