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$EVWUDFW�� :H� VWXG\� WKH� IROORZLQJ� UHDOL]DWLRQ� SUREOHP�� JLYHQ� D� /LH� DOJHEUD
RI� GLPHQVLRQ� �� DQG� DQ� LQWHJHU� T��� �� �� T� �� ���� LV� WKHUH� D� FRPSDFW� PDQLIROG
HQGRZHG� ZLWK� D� /LH� IORZ�WUDQVYHUVHO\� PRGHOHG� RQ� ¢7� DQG� ZLWK� VWUXFWXUDO� /LH
DOJHEUD� RI�GLPHQVLRQ� T�"�:H�JLYH�KHUH� D�TXLWH� FRPSOHWH� DQVZHU� WR�WKLV� SUREOHP
EXW� VRPH�TXHVWLRQV� UHPDLQ� VWLOO�RSHQ� �FI�� ����

��� ,QWURGXFWLRQ

$PRQJ�WKH� FODVV�RI� IROLDWLRQV� ZLWK� D�WUDQVYHUVH� VWUXFWXUH�� /LH�IROLDWLRQV� VWDQG
RXW�� 7KHVH� DUH� IROLDWLRQV� WUDQVYHUVHO\� PRGHOHG� RQ� /LH�JURXSV�� 7KH\� KDYH� EHHQ
VWXGLHG� E\� VHYHUDO� DXWKRUV�� PDLQO\� E\�)HGLGD� �FI�� >�@��� $SDUW� IURP� LWV� LQWULQVLF
LQWHUHVW�� WKH� LPSRUWDQFH� RI� WKLV� VWXG\� LV� LQFUHDVHG� E\� WKH� IDFW� WKDW� WKH\� DULVH
QDWXUDOO\� LQ�0ROLQR
V� FODVVLILFDWLRQ�RI�5LHPDQQLDQ� IROLDWLRQV� >�@�
7R� HDFK�/LH� IROLDWLRQ� DUH� DVVRFLDWHG� WZR�/LH�DOJHEUDV�� WKH� /LH�DOJHEUD� 	� RI

WKH� /LH�JURXS� RQ� ZKLFK� LW� LV�PRGHOHG� DQG� WKH� VWUXFWXUDO� /LH� DOJHEUD� �"�� 7KH
ODWWHU� DOJHEUD�LV�WKH�/LH�DOJHEUD�RI�WKH�/LH�IROLDWLRQ� 	� UHVWULFWHG� WR�WKH�FORVXUH
RI� DQ\�RQH� RI� LWV� OHDYHV�� ,Q�SDUWLFXODU�� LW� LV�D�VXEDOJHEUD� RI� ��� :H�UHPDUN� WKDW
DOWKRXJK� �"� LV�FDQRQLFDOO\� DVVRFLDWHG� WR� 	a�� 	� LV�QRW�

7KXV�� RQH� QDWXUDO� DQG� LQWHUHVWLQJ� TXHVWLRQ� LV� WR� NQRZ� ZKLFK� SDLUV� RI� /LH
DOJHEUDV� �	�� �"��� ZLWK� �"� D� VXEDOJHEUD� RI� 	�� FDQ� DULVH� DV� WUDQVYHUVH� DOJHEUD
DQG� VWUXFWXUDO� /LH� DOJHEUD�� UHVSHFWLYHO\�� RI� D� /LH� IROLDWLRQ� \� RQ� D� FRPSDFW
PDQLIROG� 0�
:H�VKDOO� VWXG\� KHUH� D�SDUWLFXODU� EXW� LQWHUHVWLQJ� FDVH�� QDPHO\�� JLYHQ� D�/LH�DO�

JHEUD� RI�GLPHQVLRQ� ��DQG� DQ� LQWHJHU� T�� ���� T��� ��� LV�WKHUH� D�FRPSDFW� PDQLIROG
HQGRZHG� ZLWK� D� /LH� IORZ�WUDQVYHUVHO\� PRGHOHG� RQ� 6"� DQG� ZLWK� VWUXFWXUDO� /LH
DOJHEUD� RI�GLPHQVLRQ� T�"�)RU� VLPSOLFLW\
V� VDNH�ZH�VKDOO� VD\�WKDW� WKH�SDLU� �I��� T�
LV� �RU� LV�QRW�� UHDOL]DEOH�

%\�XVLQJ� WKH� FODVVLILFDWLRQ� RI� WKH� ��GLPHQVLRQDO� /LH�DOJHEUDV� DQG� WKH� IDFW� WKDW
WKH� VWUXFWXUDO� /LH� DOJHEUD� RI� D� /LH� IORZ� LV� DEHOLDQ� �FI�� >�@�� LW� EHFRPHV� DSSDU�
HQW� WKDW� FHUWDLQ� SDLUV� ��"�� T�� DUH� QRW� UHDOL]DEOH� �IRU� LQVWDQFH�� �VO����� ��� DQG
�VR����� ��� DUH� QRW� UHDOL]DEOH� EHFDXVH� VO���� DQG� VR���� KDYH� QR� DEHOLDQ� VXEDOJH�
EUDV� RI�GLPHQVLRQ� WZR��

5HFHLYHG�E\�WKH�HGLWRUV�$SULO����������DQG��LQ�UHYLVHG�IRUP��-XO\���������
�����0DWKHPDWLFV�6XEMHFW�&ODVVLILFDWLRQ�������5HYLVLRQ���3ULPDU\���&���

������ $PHULFDQ�0DWKHPDWLFDO�6RFLHW\
�������������������������� SHU�SDJH

���
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1HYHUWKHOHVV�� LQ� VRPH� FDVHV� WKH� REVWUXFWLRQ� IRU� FHUWDLQ� SDLUV� WR� EH� UHDOL]DEOH
LV� URRWHG� LQ� WKH� FRPSDFWQHVV� RI� 0� DQG� QRW� EDVHG� RQ� SXUHO\� DOJHEUDLF� UHDVRQV
�IRU� LQVWDQFH�� WKH� SDLU� �DIILQH����� LV�QRW� UHDOL]DEOH� �FI��7KHRUHP� ����
:H�FODVVLI\�WKH� ��GLPHQVLRQDO� /LH�DOJHEUDV� LQ���DOJHEUDV� 
	[������ �
	W� DQG� WZR

IDPLOLHV� A�� �SDUDPHWUL]HG� E\� N� H�5�� N�A� ��� DQG� A�� �SDUDPHWUL]HG� E\� K�H�5�
K������ �FI�������:H�REWDLQ

7KHRUHP� ��� ,I� WKH�VWUXFWXUDO� /LH� DOJHEUD� LV�]HUR�� L�H�� 6)� LV�D� FRPSDFW�IROLDWLRQ�
WKHQ� �	[��A��� A��� DQG� A�� DUH� UHDOL]DEOH�� �I�� DQG� �I�� DUH� QRW�UHDOL]DEOH�� 
���LV
UHDOL]DEOH�LI�DQG�RQO\�LI�
�N� ����� DQG� A��LV�UHDOL]DEOH�LI�DQG�RQO\�LI�K� ���
7KHRUHP� ��� ,I�WKH�VWUXFWXUDO� /LH� DOJHEUD� KDV� GLPHQVLRQ� ���WKHQ� �"[���"���A�� 	$�
DQG� A�� DUH� UHDOL]DEOH�� A� DQG� A� DUH� QRW� UHDOL]DEOH� DQG� �I�� ZLWK� K�  � �� LV
UHDOL]DEOH�

:H�GR� QRW� NQRZ� DQ\� UHDOL]DWLRQ� RI� AJ� ZLWK� K�A� �� DQG� ��GLPHQVLRQDO� VWUXF�
WXUDO� /LH�DOJHEUD�RI�GLPHQVLRQ� ��
)LQDOO\�� LW� LV�UHPDUNDEOH� WKDW� WKH� UHDOL]DWLRQ� RI� WKH� SDLU� �A� ����� GHSHQGV� RQ

N�� ,Q� IDFW�ZH�KDYH

7KHRUHP� ��� ,I� WKH� VWUXFWXUDO� /LH� DOJHEUD� KDV� GLPHQVLRQ� ��� WKHQ� 6"[�� �"���DQG
	]�ZLWK� K�  � �� DUH� UHDOL]DEOH�� 	��� 	��� ��$��A��� DQG� ����ZLWK� N� H� 4� DUH� QRW
UHDOL]DEOH�

:H�JLYH�D�UHDOL]DWLRQ� RI� �� ZLWK� N� �� 4�� $�FKDUDFWHUL]DWLRQ� RI� WKRVH� N� IRU
ZKLFK� 	��LV� UHDOL]DEOH� DQG� WKH� �IJ� FDVH�� DUH� VWLOO� RSHQ�

:H� ZLVK� WR� WKDQN� 3URIHVVRUV� *�� +HFWRU� DQG� 0�� 1LFRODX� IRU� WKHLU� KHOSIXO
FRPPHQWV� GXULQJ� WKH� GHYHORSPHQW� RI� WKLV� ZRUN�

���3UHOLPLQDU\� GHILQLWLRQV� DQG� UHVXOWV

/HW� �)� EH� D� VPRRWK� IROLDWLRQ� RI� FRGLPHQVLRQ� ©� RQ� D� VPRRWK� PDQLIROG� 0
JLYHQ�E\�DQ� LQWHJUDEOH�VXEEXQGOH� /�F� 70�� :H�GHQRWH�E\� -]I�0�� 6)�� WKH�/LH
DOJHEUD�RI�IROLDWHG�YHFWRU�ILHOGV��L�H��;�H��"^0�� 	�� LI�DQG�RQO\�LI� >;�� <@�H�)/
IRU�DOO� <�H�)/�� 7KXV��WKH�VHW�RI�VHFWLRQV�RI� /�� )/�� LV�DQ�LGHDO�RI� 6I�0�� �U��
7KH� HOHPHQWV� RI� �I�0�� 6U��)/�0�� �U�� DUH� FDOOHG� EDVLF� YHFWRU� ILHOGV�

,I� WKHUH� LV� D� IDPLO\� ^;[�� ����� ;Q`� RI� IROLDWHG� YHFWRU� ILHOGV� RI� 0� VXFK� WKDW
WKH� FRUUHVSRQGLQJ� IDPLO\� ^;[�� ���� ��;Q`� RI� EDVLF� YHFWRU� ILHOGV� KDV� UDQN� Q� HY�
HU\ZKHUH�� WKH� IROLDWLRQ� LV� FDOOHG� WUDQVYHUVHO\� SDUDOOHOL]DEOH� DQG� ^;[�� ���� ��;Q@
D�WUDQVYHUVH� SDUDOOHOLVP�� ,I� WKH�YHFWRU� VXEVSDFH� 	� RI� �"�0�� \�� JHQHUDWHG� E\
^;[�� ���� ��;Q@� LV�D�/LH� VXEDOJHEUD�� WKH� IROLDWLRQ� LV�FDOOHG� D�/LH� IROLDWLRQ�
:H�VKDOO� XVH�WKH� IROORZLQJ� VWUXFWXUH� WKHRUHPV� �FI�� >�@�DQG� >�@��

7KHRUHP�$�� /HW� 6)� EH�D� WUDQVYHUVDOO\�SDUDOOHOL]DEOH� IROLDWLRQ� RQ�D�FRPSDFW�PDQ�
LIROG�0� RI�FRGLPHQVLRQ�Q�� 7KHQ�

�D�� 7KHUH� LV�D�/LH� DOJHEUD� �I� RI�GLPHQVLRQ� T��� Q��
�E�� 7KHUH� LV�D� ORFDOO\�WULYLDO�ILEUDWLRQ� Q�� 0� ²!�:� ZLWK�FRPSDFW�ILEUH� )� DQG

GLP�:� � Q��� T� �P�
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�F�� 7KHUH�LV�D� GHQVH�/LH� ����IROLDWLRQ�RQ� )� VXFK�WKDW�
�L�� 7KH�ILEUHV�RI� Q� DUH� WKH�FORVXUHV�RI�WKH�OHDYHV�RI� �"�
�LL�� � 7KH�IROLDWLRQ� LQGXFHG� E\� 	a� RQ� HDFK�ILEUH� RI� Q� LV� LVRPRUSKLF� WR

WKH��"�IROLDWLRQ�RQ�)�

�"� LV� FDOOHG� WKH� VWUXFWXUDO� /LH� DOJHEUD� RI� �0�� ¢)��� Q� WKH� EDVLF� ILEUDWLRQ�
DQG� :� WKH� EDVLF� PDQLIROG�� 7KH� IROLDWLRQ� JLYHQ�E\� WKH� ILEUHV�RI� Q� LV�GHQRWHG
E\� a��� 1RWH�WKDW� FRGLPA� ��T� �FRGLPA�

7KHRUHP� %�� /HW� A� EH�D� 
�
�IROLDWLRQ�RQ�D� FRPSDFW� PDQLIROG� 0� DQG� OHW� *� EH
WKH�FRQQHFWHG�VLPSO\�FRQQHFWHG�/LH�JURXS�ZLWK�/LH� DOJHEUD� 	�� /HW� S�� 0�²Ź�0
EH�WKH�XQLYHUVDO� FRYHULQJ�RI�0�� 7KHQ� WKHUH� LV�D� ORFDOO\�WULYLDO�ILEUDWLRQ� '�� 0�²!
*� HTXLYDULDQW�E\� $XW�S�� �L�H��LI� '�[�� ²�'�\�� WKHQ� '�J[�� �� '�J\�� IRU� DOO
[�� \� H� 0� DQG� J� H� $XW�S��� VXFK� WKDW� WKH�IROLDWLRQ� 	�  � S
	a�LV�JLYHQ�E\�WKH
ILEUHV�RI�'�

7KH�QDWXUDO� PRUSKLVP� K�� Q[�0�� ��� 'LII�&���LV�VXFK�WKDW� )�  � LP�K�� F� *�
ZKHUH�WKH�LQFOXVLRQ� *�F� 'LII��M�� LV�E\�OHIW�WUDQVODWLRQV�

:H�VKDOO�DOVR�XVH�VRPH�FRKRPRORJLFDO� SURSHUWLHV� RI�WKH� IROLDWLRQ�� 5HFDOO�WKDW
WKH�EDVLF� IRUPV� FRPSOH[� LV�JLYHQ�E\�WKH� IRUPV� D� H� LO
�0�� VXFK� WKDW� ¢�"[D� � �
DQG� L[R���� �� IRU�DOO� ;� H� )/�� 7KH�FRKRPRORJ\�RI�WKLV�FRPSOH[�� +
�0�� 	��
LV�WKH�EDVLF�FRKRPRORJ\�RI�WKH� IROLDWHG�PDQLIROG� �0�� 	��� ,I� +Q�0� ��U�� ¢�
ZH�VD\�WKDW� 	� LV�KRPRORJLFDOO\� RULHQWDEOH� RU� XQLPRGXODU�� :H�KDYH� �FI�� >�@��

7KHRUHP� &�� /HW� 	� EH�DQ� XQLPRGXODU� /LH� 	�IROLDWLRQ� RQ� D� FRPSDFW� PDQLIROG
0�� 7KHQ� WKH�/LH� DOJHEUD� 	� LV�XQLPRGXODU�

)LQDOO\�� ZH�UHFDOO�WKDW� WKH� ��GLPHQVLRQDO� /LH�DOJHEUDV�FDQ�EH�FODVVLILHG�LQ�HLJKW
IDPLOLHV�

	[��$EHOLDQ��
>HO�H�@�  � >H��H�@�  � >H��H�@�  � ��

	��� �+HLVHQEHUJ��

>H[�H�@�  � >HO�H�@�  � ��� � � � >H��H�@�  � H[�

������V������

>H[�H�@�  � H��� � � � >H��H�@�  � H[�� � � � >H��H[@�  � H��
������VO�����

>H[�H�@�  � H��� � � � >H��� �"�@� � �H��� � � � >H��� H[@� � �"��

�"���$IILQH��
>H[�H�@�  � H[�� � � � >H[�� H�@� � >H��� H�@� � ��

>�"���H�@�  � ��� � � � >H[�� H�@� � H[�� � � � >H��� H�@� � H[�H��
6"�

>H[��H�@�  � ��� � � � >�"���H�@� � H��� >H���H�@�  � NH��� NA4�
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>H[�H�@�  � ��� � � � >H[�H�@�  � H��� � � � >H��� H�@� �H[� ��KH��� K� � ���

1RWLFH� WKDW� A£�� 6"����"���DQG� A� DUH� XQLPRGXODU�� �"��DQG� �I�� DUH� QRW� XQL�
PRGXODU�� 	��LV�XQLPRGXODU� RQO\� LI� N�  � ²���� DQG� AJ� RQO\� LI� �]� � ��

5HPDUN�� :H�FDQ�WKLQN� WKDW� A� LV�SDUDPHWUL]HG� E\� N� H� >���� ��8���� �@�� ,Q� IDFW
WZR�RI� WKHVH� DOJHEUDV� DUH� LVRPRUSKLF� LI� DQG� RQO\� LI� N� ��N
�  � ��

��� /LH� IORZV� RI� FRGLPHQVLRQ� �

/HW� \� EH�D�/LH�IORZ�RI�FRGLPHQVLRQ� ��RQ�D�FRPSDFW� PDQLIROG� $��� 6LQFH�WKH
FORVXUHV� RI� WKH� OHDYHV� RI� \� DUH� WKH� ILEUHV� RI� D� EXQGOH� �FI�� 7KHRUHP� $��� WKHUH
DUH� IRXU� SRVVLEOH� FDVHV�

&DVH����� FRGLP\�  � ��
,Q� WKLV� FDVH� \� LV� FRPSDFW� DQG� WKH� EDVLF� EXQGOH� LV� 0� ��� 0�\�� 7KXV

WKH� EDVLF� FRKRPRORJ\� FRLQFLGHV� ZLWK� WKH� GH�5KDP� FRKRPRORJ\� RI� WKH� FRPSDFW
PDQLIROG� $I�\�� DQG� KHQFH� +��0�A�� �� ��� %\�7KHRUHP� &�� LI� VXFK� D� IORZ
H[LVWV� LW� LV� WUDQVYHUVHO\� PRGHOHG� RQ� D� XQLPRGXODU� /LH� DOJHEUD�� 6R� �I�� DQG� 	�
D[H�QRW� UHDOL]DEOHV�� A�� LV�UHDOL]DEOH� �D�SULRUL�� RQO\� LI� N�  � �,�� DQG� �A� RQO\� LI
$� ���

:H�QRZ�JLYH�H[DPSOHV� IRU� HDFK� RQH� RI� WKH� UHPDLQGHU� DOJHEUDV�
�� A� �� -XVW� FRQVLGHU� WKH� WULYLDO� EXQGOH� 7� � [� 7� � ��� 7� �
�� A���� &RQVLGHU� WKH� WULYLDO� EXQGOH� 7� [�0� ²Ź�0� ZKHUH� 0� LV� WKH� KRPRJH�

QHRXV� VSDFH� 1�)� RI� WKH� +HLVHQEHUJ� JURXS

1 � ^^� ����������F� ?� �D�E�FH5

E\� WKH� GLVFUHW� XQLIRUP� VXEJURXS� )� RI� 1� JLYHQ� E\� WKH� PDWULFHV� RI� 1� ZLWK
LQWHJHU� FRHIILFLHQWV�

�� A���� -XVW� FRQVLGHU� WKH� WULYLDO� EXQGOH� 7� � [�����²Ź�6� �
�� A���� &RQVLGHU� WKH� WULYLDO� EXQGOH� 7>� [� 7;:���� 7;:�ZKHUH� 7[�:� LV� WKH

XQLW� VSKHUH� EXQGOH� RI� WKH� WZR� KROH� WRUXV� :�� 7[�:� LV� WKH� KRPRJHQHRXV� VSDFH
36/���� 5��Q[�:�� DQG� WKHUHIRUH� ZH�KDYH� WKH� GHVLUHG� H[DPSOH�

�� �I�� �ZLWK� N�  � ���� �� /HW� $�H� 6/���� =�� EH� D�PDWUL[� ZLWK� HLJHQYDOXHV� N�
��£N� �EHLQJ� $�!� �� DQG� $�A� ����� :H�FDQ� JLYH�D� VROYDEOH� /LH� JURXS� VWUXFWXUH� RQ
5�� �5�[�5�� E\

�W�� X��Ŷ��V�� Y�� �� �W���V�� $����Y��� X��
7KH� /LH� DOJHEUD� RI� WKLV� JURXS� LV� A� ZLWK� N�  � ��� �FI�� >�@��� 0RUHRYHU�� WKH
SRLQWV� RI� 5� ZLWK� LQWHJHU� FRRUGLQDWHV� FRQVWLWXWH� D� XQLIRUP� GLVFUHW� VXEJURXS� )
RI� 5� �� 7KH� TXRWLHQW� LV� XVXDOO\� GHQRWHG� E\� 7$��� 7KHQ�� RQH� H[DPSOH� RI� D� /LH
IORZ�WUDQVYHUVHO\� PRGHOHG� RQ� A� ��ZLWK� N�  � ²���� LV�JLYHQ� E\� WKH� WULYLDO� EXQGOH
7O� [� 7?� ��� 7?� �
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�� A�� �ZLWK� K� � ��� �3��0ROLQR��� /HW�XV�FRQVLGHU� WKH� IORZ�JLYHQ�E\�WKH� ILEUHV
RI�WKH� WULYLDO� EXQGOH� L
[7AU��� /HW� ���� �O�� ���� ��� GHQRWH� WKH� FDQRQLFDO
FRRUGLQDWHV� LQ� 7O[7��� 7KH�SDUDOOHOLVP� JLYHQ�E\� G�GG��� G�GG��� G�G��� PDNHV
WKH� ILEUHV�RI� WKH� EXQGOH� DQ� DEHOLDQ� /LH� IROLDWLRQ�� %XW�ZH�KDYH� EDVLF� IXQFWLRQV
HQRXJK� WR�PRGLI\� WKLV� SDUDOOHOLVP�� ,Q� IDFW�� ZH�FDQ� WDNH

H[� FRVGO� �G�G2�� ��VLQ�O� �G�GH?

p!�� � �VLQ�
� �G�GG�� ��&26����G�G2��

H�� � �G�GGO�

WR� REWDLQ� D� QHZ�SDUDOOHOLVP� ZLWK� >H[��H�@� � ��� >H[��H�@� � H��� >H���H�@��� �H[�
L�H�� WKH� IORZ�LV�DOVR� WUDQVYHUVHO\� PRGHOHG� RQ� A� �ZLWK� K� �� ���

&DVH����� FRGLP\�  ���
,Q�WKLV�FDVH�ZH�JLYH�H[DPSOHV�IRU� A� �� �"���6"����"����6"���DQG� �IJ��ZLWK� K��� ���

:H�DOVR�SURYH� WKDW� ¢I��DQG� 	��DUH� QRW� UHDOL]DEOH�
�� ��� ��[���2QH� H[DPSOH� LV�JLYHQ�E\� WKH� IORZ� ������ RQ� �� [� 7� ZKHUH� ;� LV�D

GHQVH� OLQHDU� IORZ�RQ� 7� �
�� A����/HW� 0� EH�WKH�KRPRJHQHRXV�VSDFH�RI�WKH�+HLVHQEHUJ�JURXS�FRQVLGHUHG

EHIRUH�� 7KH� IORZ�RQ� 0� [� 7O� ZKRVH� LQWHJUDO� FXUYHV�DUH�JLYHQ�E\

�� �?� � �D�� �E���W?� !
�3W�3� ������ �����F����,��W���G

ZKHUH
��?� ���D���E?� �����?

DQG���¢H5?4

LV�WUDQVYHUVH� WR� 0�� DQG� WKH� FORVXUH� RI�HDFK� OHDI� LV� 7� ��+HQFH� LW� LV�RQH� H[DPSOH
RI�D� A�/LH� IORZ�ZLWK� FRGLP\�  ���

�� A���� $V� 6�� � 68����� DQ� H[DPSOH� FDQ� EH� FRQVWUXFWHG� E\� VXVSHQGLQJ� WKH
UHSUHVHQWDWLRQ� K�� Q[�6O�� ²!�'LII��
��� JLYHQ� E\� K�?��  � \� 0�� ZKHUH� D� H
5?4�

�� A�� �$��(O.DFLPL��� /HW� \A� EH� WKH� WUDQVYHUVH� DIILQH�/LH� IORZ�RQ� 7O$��FI�
>�@��� 8VLQJ� WKH� IDFW� WKDW� WKH� DIILQH�JURXS� *�$� FDQ�EH�FRQVLGHUHG�� OLIWLQJ� WKH�PDS

D���E?� ������?B�D� ��E
�����?�� ��
�\�� ?�� ����

RI� *�$� LQ� 6/����5��� DV�D�/LH�VXEJURXS�RI� 6/����5��� DQG� XVLQJ�DOVR�WKDW� WKH
XQIROGLQJ� GLDJUDP� RI� \A� �FI��7KHRUHP� %��� =!���7$��� *�$�� S���Q[�7$��²!�*�$�
WKH� GHVLUHG� IROLDWLRQ� FDQ�EH� FRQVWUXFWHG� DV�IROORZV�

/HW� 0�  � 7$�[�5� EH� WKH� XQLYHUVDO� FRYHULQJ� RI� 0� ²�7$�[�6� DQG� GHILQH
'�0A� 6/����5�� DQG� S�� Q[�0���!�6/����5�� E\� '�[�� ���  � '4[�Ŷ��S�W��DQG
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S�\�� Q��  � S4�\��Ŷ��S�Q��� ZKHUH� �S��5���� 6/���� 5�� LV�D� OLIW� RI� WKH� XQLSDUDPHWULF
VXEJURXS� WS���5�²!�6/����5�� JLYHQ�E\

B� �� FRV�W�����VLQ�t�?
?� �� VLQ�W�� �FRV����

,W� WXUQV� RXW�� XVLQJ� WKH� IDFW� WKDW� FS�Q��LV� LQ� WKH� FHQWHU� RI� 6/���� 5��� WKDW� S� LV
DQ� KRPRPRUSKLVP� DQG� '� LV� HTXLYDULDQW� �L�H��� '��\�� Q�� Ŷ��[�� W���  � S�\�� Q�� �
'�[�� W���� 7KXV� WKH� ILEUHV�RI� '� LQGXFH� WKH� GHVLUHG� /LH�IROLDWLRQ� RQ� 0� �FI�� >�@
IRU�GHWDLOV��

�� 	���� /HW� ;� EH� WKH� JHQHUDWRU� RI� WKH� WUDQVYHUVHO\� DIILQH�/LH� IORZ�RQ� 7��
$V�ZH�KDYH� WKDW� A�� �Vp� ��5�� ZKHUH� V�� LV�WKH� DIILQH�/LH� DOJHEUD� RI� GLPHQVLRQ
��� WKH� YHFWRU� ILHOG� �;�� ��� RQ� 7$�[� 6� LV� WUDQVYHUVHO\� PRGHOHG� RQ� A� DQG
FRGLP\�  � ��

�� A�� DQG� A�� DUH� QRW� UHDOL]DEOH�� /HW� \� EH� D� 	��RU� D� A�� /LH� IORZ�RQ� D
FRPSDFW� PDQLIROG� 0�� )L[� D�JHQHUDWRU� ;� RI� \� DQG� D� WUDQVYHUVH� SDUDOOHOLVP
���� <������ VXFK�WKDW� >���� �A�  B��� >�A����@B �-��� >)�����@�  � ��� ����
IRU� ��� DQG� ><[�� <�@� � ��� >���� ��@�  � ���� ><��� <�@� � A��� IRU� 6"���/HW� J
EH�D�5LHPDQQLDQ� PHWULF� RQ� 0�� 7KHQ� ZH�KDYH� WKH� RUWKRJRQDO� GHFRPSRVLWLRQ
70�  � I:� �� I:� DQG�ZH�VKDOO�GHQRWH�E\� =U� DQG� =�� WKH� WDQJHQW�DQG� WKH
RUWKRJRQDO� SDUWV� RI� D�YHFWRU� ILHOG� =� RQ� 0�
7KH�VHW� 7� � ^S�H�0������S��  � �`� LV�RSHQ�� ,Q�IDFW�� LI� S� H� 7�� <[�LV�WDQJHQW� WR

\� LQ� S� ��WKHUHIRUH� <����<�� D[H�LQGHSHQGHQW� LQ� S� ��+HQFH� WKH\�DUH� LQGHSHQGHQW
LQ� DQ� RSHQ� QHLJKERUKRRG� 8� RI� S� DQG� ZH�FDQ�ZULWH� <[� � N<����S<�� ZKHUH
N�� S� D[H�EDVLF� IXQFWLRQV� RQ� 8�� &RPSXWLQJ� QRZ� ><����<�@� DQG� ><����<�@�� ZH
GHGXFH� WKH� IROORZLQJ� V\VWHP� RI� GLIIHUHQWLDO� HTXDWLRQV�

<��N����SN���S� ���

<��S�� �� S��  � ��

<�Q�N��N��  � ��

<��S��SN� ��S� ���

IRU� �I��� DQG
<��N����NS�  ���

<��S�� ���
<��N�����O�N�N�  ���

<�Q�S���� S�  � ��

IRU� A��� ZLWK� WKH� LQLWLDO� FRQGLWLRQV� N�S�� �S�S��  ���
7KLV� LPSOLHV� WKDW� S�  � �� RQ� WKH� LQWHJUDO� FXUYHV� RI� <�� DQG� <��� 'XH� WR

WUDQVYHUVH� WUDQVLWLYLW\�� S� �� �� RQ� W��� ,W� IROORZV�� LQ� D� VLPLODU� ZD\�� WKDW� N�²��
RQ� >��� 7KXV� <� ��� RQ� &��DQG� 7� LV�RSHQ�

$V�LW� LV�DOVR� FORVHG� DQG� 0� LV�VXSSRVHG� WR� EH�FRQQHFWHG�� 7� � �� RU� 7� �0�
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%XW� LI� 7� �� 0�� ZH�DUULYH� LQ�ERWK� FDVHV� ��"��DQG� 	Q��WR� D�FRQWUDGLFWLRQ�� ,Q
IDFW�� LI�ZH�GHQRWH� E\� ���� ���� �� ����� WKH� GXDO�EDVLV�RI� ;�� ���� <���<��ZH�KDYH
GH��  � ���� $�H�� LQ� 6"��DQG� ¢���  � NG�� $���� �MIF�A� ��� LQ� 6"��� $V� ���=��  
���=�� �¢���=� ����� �¢���=�� ��� ��� IRU�HDFK�YHFWRU�ILHOG�=� WDQJHQWBWR�:�� WKH
��IRUPV� ��� DQG� ��� DUH�SURMHFWDEOH� RQ�WKH�EDVLF�PDQLIROG� :��� $I�\�
6R�ZH�ZRXOG� KDYH� DQ� H[DFW� YROXPH� HOHPHQW� RQ� WKH� FRPSDFW� PDQLIROG� :�

ZKLFK�LV�D�FRQWUDGLFWLRQ�
7KHUHIRUH� 7��� ��
1H[W� ZH� FRQVLGHU� WKH� VHW� 4�  � 8DH5gD� ZKHUH� 4D�  � ^S� H� 0�<��S�� ²

D<[��S�`�
4� LV�RSHQ�� ,I� S� H� 4�� WKHUH� LV� D� H�5� VXFK�WKDW� <��S���� D<��S�� DQG� KHQFH

<�� DQG� <�� D[H�LQGHSHQGHQW� LQ� S�� 6R� <�� �� N<�� �� S<�� LV� DQ� RSHQ� QHLJK�
ERUKRRG� 8� RI� S� ZLWK� N�S��  � D� DQG� S�S��  � ��� &RPSXWLQJ� QRZ� >���� <�@�
><���<�@� DQG� FRQVLGHULQJ� WKHLU� WDQJHQW� DQG� QRUPDO� SDUWV� RQH�REWDLQV� WKH� HTXD�
WLRQV�

<[�N����S� ���
<[�S�� ���

<��N��� ��
<��S��S�  � ��

$V�EHIRUH�� WKLV�\LHOGV� S� � ��� L�H�� ���� �N<�� RQ� 8�� 7KXV� HYHU\�SRLQW� [� H� 8� LV
LQ� 4[�[��F� 4� DQG� 4� LV�RSHQ�

4� LV� FORVHG�� ,I� S� L� 4�� IRU� HDFK� D� H� 5�� <���S�� A� D<��S��� ,Q� SDUWLFXODU�
�����!�� � ��� $V�ZH�KDYH�SURYHG� WKDW� <��A� ��� WKH�YHFWRU� ILHOGV� <[�����DUH�OLQHDUO\
LQGHSHQGHQW� RQ� S�� +HQFH� WKH\� DUH� LQGHSHQGHQW� LQ� DQ� RSHQ� QHLJKERUKRRG� 8
RI� S�� L�H�� 8�F�0?4� DQG� �� LV�FORVHG�
$V�0� LV�FRQQHFWHG��4� ��� RU� 4� �$��
,I� 4�  � ��� ��� DQG� <�� DUH� OLQHDUO\� LQGHSHQGHQW� LQ� HDFK� SRLQW�� 6R�WKHUH

DUH� GLIIHUHQWLDEOH� IXQFWLRQV� N� DQG� S� JOREDOO\�GHILQHG� RQ� $I�� VXFK� WKDW� ���� 
N<���� S<���� &RPSXWLQJ� QRZ� ><[��<�@�� ZH�REWDLQ� <[�N�� � ��� EXW� DV� $I� LV
FRPSDFW� WKLV� LV� LPSRVVLEOH�
,I� 4� �0�� IRU�HDFK�S� H�0� WKHUH�LV� D�S�� H�5� VXFK�WKDW� <��S�� �D�S�<��S��

7KLV� JLYHV� ULVH� WR� D� GLIIHUHQWLDEOH� EDVLF� IXQFWLRQ� D� RQ� $I� ZLWK� <�� � D�� <���
(TXLYDOHQWO\�� <��� D� �<[� LV� HYHU\ZKHUH� WDQJHQW� WR� \�� 6LQFH� >���� ����� D�<[@
PXVW� EH� LQ� \� ZH�REWDLQ� <��D�� � ��� IRU� �I��� ZKLFK� LV� DJDLQ� D� FRQWUDGLFWLRQ�
DQG� <��D�� � ����� 	�©� IRU� A��� ,I� $��A� ��� WKH� RQO\�SRVVLELOLW\� LV� D�  � �� DQG� VR
��� LV�HYHU\ZKHUH�WDQJHQW� WR� \�� $V�EHIRUH�� WKLV� \LHOGV�D�FRQWUDGLFWLRQ� EHFDXVH
G�O�  � ���� $����� ZLWK� ��� DQG� ��� SURMHFWDEOHV�RQ� :�  � 0�:�� ,I� N�  � �
LW� IROORZV� WKDW� D� LV� FRQVWDQW� RYHU� WKH� LQWHJUDO� FXUYHV� RI� <[��<���<��� L�H�� D
LV�FRQVWDQW�� :LWK� �\���Z��� FR���Z�� WKH� GXDO�EDVLV� RI� ;�� ����� D����� �W�� ����ZH

�� �� �?� �� �REWDLQ� GFR�  � �FR� $FR� ZLWK� FR� ��FR� SURMHFWDEOHV�RQ� :�� DJDLQ�D�FRQWUDGLFWLRQ�
7KLV� SURYHV� WKDW� A�� DQG� A�� DUH� QRW� UHDOL]DEOH�
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�� A�� �ZLWK� K� � �����7KH� VDPH� FRQVWUXFWLRQ� DV�EHIRUH�� ,I� ���� ���� ���� ��� DUH
WKH� FDQRQLFDO� FRRUGLQDWHV� RQ� 7��[� 7����WKH� YHFWRU� ILHOG� ;�  � G�GG�� ��DG�GGO�
D� H�5?4� LVMUDQVYHUVHO\� DEHOLDQ�IRU�WKH�SDUDOOHOLVP� G�GG��� G�GG��� G�GG�� DQG
KDV� FRGLP\�  ���� :H�PRGLI\�WKLV�SDUDOOHOLVP�E\�WDNLQJ

H[� FRV��� �Ð�Ð����VLQ���g�|���

H�� � �� VLQ��� ��G�GG�� ��FRV������G�GG��

H�� � �G�Ð���

7KXV� ;� LV�DOVR� WUDQVYHUVHO\� PRGHOHG� RQ� A� �ZLWK� K� � ���

&DVH����� FRGLP\�  � ��
,Q� WKLV� FDVH� WKH� VWUXFWXUDO� /LH� DOJHEUD� KDV� GLPHQVLRQ� ��� $V� WKLV� DOJHEUD� LV

DEHOLDQ� �FI��>�@���	��DQG� �A��DUH�QRW� UHDOL]DEOH�EHFDXVH� WKH\�GR�QRW�KDYH�DEHOLDQ
VXEDOJHEUDV� RI� GLPHQVLRQ� ��� ([DPSOHV� IRU� WKH� DOJHEUDV� �	[�
���
	���DQG� AJ
�K�  � ��� DUH� JLYHQ�� )RU� WKH� DOJHEUD� A�� ZH� SURYH� WKDW� WKH� RQO\� UHDOL]DEOH� FDVHV
DUH� ZKHQ� N� ���4�� DQ� H[DPSOH� ZLOO� EH� JLYHQ�� :H� DOVR� SURYH� WKDW� -I�� LV� QRW
UHDOL]DEOH�

�� 
�[���&RQVLGHU� WKH� IORZ� ������ RQ� 7� [�7O� ZKHUH� ;� LV�D�GHQVH� OLQHDU� IORZ
RQ� U��

�� A�� LV� QRW� UHDOL]DEOH�� $V� 
��� LV� XQLPRGXODU� DQG� FRGLP\�  � ��� \� LV
XQLPRGXODU� �FI�� >�@�� DQG� LW� IROORZV�� IURP� WKH� UHVXOWV� E\� 0ROLQR� �FI�� >�@��� WKDW
WKH� FHQWUDO� WUDQVYHUVH� VKHDI� Ir� DGPLWV� D�JOREDO� WULYLDOL]DWLRQ�� L�H�� WKHUH� DUH� LQ�
GHSHQGHQW� IROLDWHG� YHFWRU� ILHOGV� Y���Z� WDQJHQWV� WR� WKH� \� FORVXUH�ZKLFK� FRP�
PXWH�� DV� WUDQVYHUVH� ILHOGV��ZLWK� HYHU\� JOREDO� IROLDWHG� YHFWRU� ILHOG�� ,Q� SDUWLFXODU�
>Y���H£@� � >Z���H�?� ���� :ULWLQJ

Y�  � NH[���SH���� YH��� �������Z�  � DH[��� �H�� �� \H�

ZH�REWDLQ� Y�  � NH[� DQG� Z�  � DH[�� ZKLFK� LV�D� FRQWUDGLFWLRQ�
�� 	���� /HW� ;� EH� WKH� JHQHUDWRU� RI� WKH� WUDQVYHUVHO\� DIILQH�/LH� IORZ�RQ� 7$��

7KH�YHFWRU�ILHOG� �;�� DG�GG�� RQ� 7��[�6O�� ZLWK� D� H�5?4� DQG� �� WKH�FRRUGLQDWH
IXQFWLRQ� RQ� 6O� ��LV� WUDQVYHUVHO\� PRGHOHG� RQ� �I�� �Vp� ��5� DQG� FRGLP\�  � ���

�� AJ� �K� � ����� 7KH� VDPH� FRQVWUXFWLRQ� DV�EHIRUH�� ,I� ���� ���� ���� ��� DUH� WKH
FDQRQLFDO� FRRUGLQDWHV� RQ� 7��[� 7��� WKH� YHFWRU� ILHOG� ;�  � G�G��� �� DG�GG�� �
�G�GG�� ZLWK� D��� UDWLRQDOO\� LQGHSHQGHQW�� DGPLWV

H[� � FRV���� G�G��� ��VLQ��� �G�G�O�

H�� � �VLQ��� �G�G��� ��FRV����g�g���

H�� � �G�G���

DV�D� WUDQVYHUVH� SDUDOOHOLVP�� %XW� H��� H��� H�� LV�D�EDVLV� RI� A�� ZLWK� K� � ��
�� 1H[W� ZH� VWXG\� WKH� UHPDLQGHU� DOJHEUDV� A��� �I��� DQG� �IJ� �K� ¢� ���� $V

WKH� FHQWHU� RI� WKHVH� DOJHEUDV� DUH� WULYLDO�� WKH� FRUUHVSRQGLQJ� FRQQHFWHG� VLPSO\�

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



/,(�)/2:6�2)�&2',0(16,21�� ���

FRQQHFWHG� JURXSV� *��*��� &�J�FDQ� EH� REWDLQHG� DV� H

DGD�� D� H� 6L� ZLWK� L�  
������� :H�ILQG�WKDW� WKHVH�JURXSV�FDQ�EH�WKRXJKW�RI�DV� 5�  �5� [�5� ZLWK�WKH
SURGXFW� �S�� W���S� �� W
��  � �S���Ha$W��S� �� W���W
�� DQG� $� GHSHQGLQJ� RQ� WKH� DOJHEUD�

������?� �$L�������H��� ����WHD � �� �� � ��� � � � H �W

)RU� 6��
�����,����
� 9��������H

$ OL���"�����������A�Ë9� ����	��
�
� 9������H
)RU� 	�

�������?� a$W�B� U�I?� ��IFR	�����W��������VLQ�
����� ���-� 
�������H������&:�A� ���VLQL�������FRV��ª��

ZKHUH� &�L��  � ?HA�� DQG� D�  � ?��� �� K��� ��  � WDQ��S� � K�D�� �VLQ��S� � K���� FRV�FS� 
D����
7KH� EDVLV� ZH� KDYH� XVHG� WR� GHILQH� WKH� DOJHEUDV� DUH� JLYHQ� LQ� WKLV� FDVH�E\� WKH

IROORZLQJ�OHIW�LQYDULDQW� ILHOGV�
)RU� 6"��

)RU� 	��

)RU� 	��

�W� G� �WGB� ������WGB� GB
�[aH� � �G[
� � � �¼�a� � � WH� � �G[�H� � �G\
� � ��HLa� GW


�W� G� B����NW� GB� B�GB
H�aH� � GLH
� � � HLaH� � � G\
� � � HLaGW

�� ��W� ����������������� G� G�H� �����?FRV�W� �� �S��²K�VLQL²�D� ?� G[� G\

H�� � �H� �����O�VPË7²�� FRV�W��S�� ²
�������D� ?� G[� G\

D� G
H
aa�GaI

6XSSRVH� QRZ� WKDW� ZH�KDYH� D� FRGLP\�  � �� UHDOL]DWLRQ� RQ� D� FRPSDFW� PDQ�
LIROG� $I� RI� RQH� RI� WKHVH� DOJHEUDV�� :H�VKDOO� GHQRWH� WKH� DOJHEUD� E\� 
6� DQG� WKH

ŶD� L
FRUUHVSRQGLQJ� JURXS� E\� *�� � 7KH� EDVLF� ILEUDWLRQ� LV����7������ 0� ��� 7� � � DQG�� DV

�� �� �� �Q[�7� ��  � =� �� Q[�7� ��  � =�� DQG� Q��7� ��  � ��� WKH� FRUUHVSRQGLQJ� KRPRWRS\
H[DFW� VHTXHQFH� LV� ���!�=� ��� Q[�0�� �
=�ª��
6LQFH�WKLV� H[DFW� VHTXHQFH�KDV�D�VHFWLRQ�� �W��$I�� LV�WKH� VHPLGLUHFW� SURGXFW� RI
�� �=� ZLWK� =�L�H�� Q[�0�� LV�WKH�SURGXFW� =� [=� ZLWK� WKH� RSHUDWLRQ� �[�� W���\�� [��  

�[��� W���\�� W���V�� ZKHUH� ����\� UHSUHVHQWV� WKH� QDWXUDO� DFWLRQ� RI� =� RQ� =� �� 7R�EH
SUHFLVH�� LI� LS���7��²Ź�7�� LV�WKH� GLIIHRPRUSKLVP� ZKLFK� JLYHV�WKH� EXQGOH�� WKHQ� WKH
DFWLRQ� LV� W�Ŷ�\�  � WS>�Ŷ�\� ZKHUH� WSW�� Q[�7� ��²!�Q[�7� �� LV� WKH� PRUSKLVP� LQGXFHG
E\� WS���:H�VKDOO�GHQRWH� WKH�JURXS�E\� =� �[���=�
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6LQFH� \� LV�D�/LH� IROLDWLRQ�� ZH�KDYH� WKH� XQIROGLQJ� GLDJUDP�

0� ²w��� *

0
DQG� WKH� KRORQRP\� UHSUHVHQWDWLRQ� � K�� Q[�0�� ²!�K�Q[�0���  � )� F� *� ZLWK
'�\�[��  �K�\����'[�� [� H�0�� \HQ[�0��
$V� $I�\� LV�GLIIHRPRUSKLF� WR� *�)� �FI��� IRU� LQVWDQFH�� >�@��ZH�KDYH� WKDW� )� LV

D�WZR�GLPHQVLRQDO� FORVHG�VXEJURXS� RI� *�
7KH� /LH� DOJHEUD� �"� RI� )H� �WKH� LGHQWLW\� FRPSRQHQW� RI� )�� LV� QDPHG� WKH

VWUXFWXUDO� /LH�DOJHEUD�RI� \� DQG�� LQ� WKH� FDVH�RI� IORZV��LW� LV�DEHOLDQ� �FI�� >�@��
%XW� LW� LV� HDV\� WR� VHH� WKDW� WKH� RQO\� WZR�GLPHQVLRQDO� DEHOLDQ� VXEDOJHEUD� RI� 6

LV� �H[�� H���� WKXV� �I�  � �H[��H���� /RRNLQJ� DW� WKH� H[SUHVVLRQV� IRU� H[� DQG� H�� LQ
	��� ww��� DQG� 6���ZH� VHH�WKDW� ¢)�  � �G�G[�� G�G\�� DQG� KHQFH� )� a� 5��[�=H�
H!��
1RWLFH� WKDW� 7A� �5��[�^�`� LV�DEHOLDQ�

/HPPD�� /HW� $� EH�DQ� DEHOLDQ� VXEJURXS� RI� )�� 7KHQ� $� LV�FRQWDLQHG� LQ� 5��[�^�`
RU�WKHUH� LV�DQ� HOHPHQW� D�  � �D[�� D��� D��� ZLWK� D�A�� VXFK�WKDW� $� � ^D����Q�H� =`�

3URRI�� ,I� $� LV�QRW�LQ� 5��[�^�`���WKHQ� $�Q��5��[�^�`�� ���H�5��
2WKHUZLVH��WKHUH� LV� �S�� ��� H� $�� S� A� ��� DQG� �T�� W�� H� $�� �� A� ��� $V� $� LV

DEHOLDQ�ZH�KDYH� WKDW� �S�� ���T�� ���  � �T�� W��S�� ���� 7KHQ� T���Ha$W���S�  � T���S
DQG� WKLV� LPSOLHV� WKDW� W�  � ��� H[FHSW� IRU� 6V� ZLWK� K�  � ��� EXW� WKLV� FDVH� LV� QRW
FRQVLGHUHG� KHUH�� 7KHUHIRUH� $�Q��5��[�^�`�� � ��H�5��

,Q� SDUWLFXODU�� $� KDV� DW� PRVW� RQH� HOHPHQW� LQ� HDFK� OHYHO� 5��[� ^PH`�� P� H=�
BL� �

,Q� IDFW�� D[���D��� �(LQ�5� [� ^�`�� � �� DQG� D[� � D��
/HW� D�  � �D[�� D��� QH�� EH� WKH� HOHPHQW� RI� $� LQ� WKH� ORZHU� OHYHO�� )RU� HDFK

E� � �E[�� E���PH�� H� $���ZH�SXW� P� � QG� �� U���WKHQ� EDa� LV� DQ� HOHPHQW� RI� $� LQ
WKH� UH� OHYHO� DQG� KHQFH� U� � ��� L�H�� E� � D� � � DQG� WKLV� SURYHV� WKH� OHPPD�

�� w3URSRVLWLRQ� ��� /HW� WKH� QRWDWLRQ� EH�DV� DERYH�� 7KHQ� �5� [� ^�`��Q�)� � K�=� ��
3URRI�� $SSO\LQJ� WKH� OHPPD� ZH�KDYH� IRXU� SRVVLELOLWLHV�
�L�� K�=��� DQG� K�=�� D[H�ERWK�FRQWDLQHG� LQ� 5��[�^�`���7KHQ� )�� JHQHUDWHG�E\

K�=��� DQG� K�=��� LV�FRQWDLQHG� LQ� 5��[�^�`���ZKLFK�FRQWUDGLFWV� 5��I�  �6[�
�LL�� K�=��� LV� FRQWDLQHG� LQ� 5��[� ^�`� DQG� K�=��  � ^D��� Q� H� =`� ZLWK� D� �

5��[� ^�`�� $V� K�=��� LV� D� QRUPDO� VXEJURXS� RI� )�� IRU� HDFK� E� H� K�=� �� ZH�KDYH
DEDa[�  � E
� ZKLFK� LV�LQ� K�=���� +HQFH�� WKH� HOHPHQWV� RI� �5��[�^�`��Q�)� FDQ�EH
ZULWWHQ� DV

D�  � E[DU�E�DU�E�DUL� Ŷ�Ŷ�Ŷ�ENGN

ZLWK� �U���  � �� DQG� EL� H� K�=���� ��7KDW� LV��� D�  � E�Ŷ�DAU£�  � E� H� K�=���� L�H�
�5��[�^�`��Q�U�  �K�]���
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�LLL�� K�=�� LV�FRQWDLQHG� LQ� 5��[� ^�`� DQG� K�=��� � ^D��� Q� H� =`� ZLWK� D� �
5��[� ^�`�� ,Q� WKLV� FDVH�� )� LV� DEHOLDQ� EHFDXVH� LI� ZH� OHW� $�O��  � E� ZH� KDYH
EDEa�  � D� �� 7KLV� LPSOLHV� N�  � �� DQG� DE�  � ED�� $V�LQ� �LL��� WKLV� LPSOLHV� WKDW
U� Q�5��[�^�`� �K�=�� ZKLFK�LV�QRW� GHQVH�LQ� 5��[�^�`��
�LY�� K�=��  � ^DQ�QH=`� DQG� K�=��� � ^E��QH=`� ZLWK� D�E� L� 5�[^�`�� $V

EHIRUH�� DEDaO�  E� DQG�WKHUHIRUH� )� LV�DEHOLDQ�� 6R�WKH�HOHPHQWV�RI� 5� [^�`�QU
FDQ�EH�ZULWWHQ� DV� D�� ��Ea�� � �D�� Ea���� DQG� WKLV� LV�QRW� GHQVH� LQ� 5� [�^�`��

�� �5HPDUN�� 7KUHH� HOHPHQWV� X�� Y��Z�H� 5� FDQ�JHQHUDWH� D�GHQVH� VXEJURXS� RI� 5� �
,Q�IDFW�� LW�VXIILFHV�WR�WDNH� X� �N?���SYI�ZLWK� N�� S�� DQG� N�S� H�5?4�� 6R��D�SULRUL�
LW� LV�SRVVLEOH� WR�KDYH� K�=��� �5��[�^�`��

3URSRVLWLRQ� ��� 6�� LV�QRW� UHDOL]DEOH�

3URRI�� ,I� VXFK� D� UHDOL]DWLRQ� H[LVWV�� WKH� VXEJURXS� K�=� �� LV� QRUPDO� LQ� )�� � /HW
K�=��� � ��S[������ �S������ �S������ DQG� K�=��  � ��S�� W��� ZLWK� W� !� ��� WKHQ� WKH
QRUPDOLW\� FRQGLWLRQ� FDQ�EH�ZULWWHQ� DV� Ha� 
�Ŷ�S£� � -�M [�N^���3M�� ZKHUH� N?� H� =�
7KH�PDWUL[� $��� �N?�� FRUUHVSRQGV�� LQ�IDFW�� WR� WSW���=� ²!�=� VR�LW�LV�LQYHUWLEOH�

DQG�� DV�ZH�DUH�DVVXPLQJ� RULHQWDELOLW\�� ZH�KDYH� GHW$ � ,�� /HW� Y[� � �D[��E[�F[�
DQG� Y�� � �D��� E��� F���� ZKHUH� S[� � �D[�� D���� S�� � �E[�� E���� DQG� S�� � �F��� F���
)URP� WKH� DERYH�HTXDWLRQV� ZH�KDYH

$Y[� � D��D[��DORJD�Y��� � � �$Y�� � D�Y��

ZKHUH� D�  � HaO�
&RPSOHWLQJ� Y[�� Y�� WR� D�EDVLV� ^Y[�� Y��� Y�`���WKH� PDWUL[� $� FDQ� EH�ZULWWHQ

L� D� �� D?
,�D�ORJ�D� D� �� ,
9����������������D
��

DQG� VDWLVILHV
�� ��������D��� A S�� ���D� ���  � T�
D�� D

ZLWK� S�� T� H=�� ���� �D��� ��� DQG� D� H� 5?4�� %XW� WKLV� LV�LPSRVVLEOH�EHFDXVH�WKH
HTXDWLRQV� LPSO\� WKDW� SD� � �� �TD� �� ��  � �� DQG� KHQFH� D�  � �T��� ?MT�� �� �S��S� �

,Q� SDUWLFXODU�� \� T���� �S� H� 5?4�� 6XEVWLWXWLQJ� D� LQ� WKH� ILUVW�HTXDWLRQ� DERYH� ZH
FRQFOXGH�� DIWHU� D� VKRUW� FRPSXWDWLRQ�� WKDW� S�  � T� � ��� ZKLFK� LV�LQ� FRQWUDGLFWLRQ
ZLWK� D�H�5?4�� 6R�	��LV�QRW� UHDOL]DEOH�

3URSRVLWLRQ� ��� 7KH�/LH� DOJHEUDV� RI�WKH� 6��IDPLO\� ZLWK� N� H�4� DUH� QRW� UHDOL]DEOH�

3URRI�� 3URFHHGLQJ� DV�LQ�3URSRVLWLRQ� ���ZH�REWDLQ� WKDW� Ha
� DQG� Ha� 
� D[H�HLJHQ�
YDOXHV�RI� $�

7KH� FKDUDFWHULVWLF� SRO\QRPLDO� RI� $��� [���� S[����T[� �� ��� KDV� WKUHH� URRWV�� ��
FI�� DQG� da^N�O��ZLWK� ¢�  � Ha
�� $V� W� !� �� ZH�KDYH� ���� ���� ���� 7KLV� LPSOLHV�
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IURP� VWDQGDUG� DUJXPHQWV� LQ�*DORLV� WKHRU\� �VHH�OHPPD� EHORZ��� WKDW� N� �� 4���L�H�
WKH� /LH�DOJHEUDV� RI� 6�� ZLWK� N� H�4� DUH� QRW� UHDOL]DEOH�

7KH� DXWKRUV� DUH�JUDWHIXO� WR�3��$UD�IRU�KLV�UHPDUNV� DERXW� WKH� IROORZLQJ� OHPPD�

/HPPD�� /HW� I�[��  �[� �S[� ��T[� �� �� EH�D�SRO\QRPLDO� ZLWK�S�� T�H=�� ,I�WKHUH
DUH� N� H� 5?^�`� DQG� ¢��H� ���� ��� VXFK� WKDW� WKH� URRWV�RI� I�[�� FDQ� EH�ZULWWHQ� DV
����FI�� U��F�����WKHQ�NH5?4�
3URRI�� )LUVW� ZH�REVHUYH� WKDW� DQ\� UDWLRQDO� URRW� RI� WKLV� SRO\QRPLDO� PXVW� EH� ��RU
���� DQG� VR� LW� LV� LUUHGXFLEOH� RYHU� 4�� +HQFH� WKH� *DORLV� JURXS� RI� I�[�� RYHU
4� LV� =�� RU� WKH� V\PPHWULF� JURXS� 6��� ,Q� ERWK� FDVHV�WKHUH� LV�DQ� DXWRPRUSKLVP
D� RI� WKH� VSOLWWLQJ� ILHOG� ��� RI� RUGHU� ���ZKLFK� LV� WKH� LGHQWLW\� RYHU� 4�� 7KLV
DXWRPRUSKLVP� SHUPXWHV� WKH� URRWV�� L�H�� D�F£�� � F�� �� D�d� �� ¢£� O�� D�W£� 
��  
t�� RU� R^d�� �U
�
�� �W�Ë
�� �t� �� II©�
����  �FI��

,I� N�  � S�T�� XVLQJ� WKDW� D�[[OT��  � �F�[���T�� ZH� REWDLQ� ¢7
�
� �� D�FI��  
D�¢£S��O�� � D��WI�[OT��  � �D�F£�S�O��O�  � WI� LQ� WKH� ILUVW� FDVH� DQG� F£� � R^d[��  
o� 

� LQ� WKH� VHFRQG�� 7KLV� LPSOLHV� WKDW� N� ��N��� �� � ��� ZKLFK� LV�LPSRVVLEOH�
7KXV� N� �� 4� DQG� WKH� OHPPD� LV�SURYHG�

([DPSOH�� 1RZ� ZH� JLYH�DQ� H[DPSOH� RI� D� /LH� IORZ�RQ� D� FRPSDFW� PDQLIROG� $I
WUDQVYHUVHO\�PRGHOHG� RYHU�D�/LH�DOJHEUD� 6� RI�WKH�IDPLO\� 6��ZLWK�VWUXFWXUDO� /LH
DOJHEUD� RI� GLPHQVLRQ� ��
/HW

EH� DQ� HOHPHQW� RI� 6/�����5��
7KH� HLJHQYDOXHV� DUH� � �� �� �FRV����U� �� �Q����� ZKHUH� M�  � ������� :H

KDYH� ���� �FRV���U���� �� ���� ���� �FRV����U���� �� ���� �FRV���W����� ,I� ZH� OHW
�� �N��� WKHUH�LV�D� N����� VXFK�WKDW� W?�  �N��� ,Q�WKLV�FDVH� N[� da� a� ��+HUH� N� LV
WKH� TXRWLHQW� RI� ORJDULWKPV� RI� DOJHEUDLF� QXPEHUV�� 1RWLFH� WKDW� WKLV� LV�D� QHFHVVDU\
FRQGLWLRQ� IRU� WKH� FRUUHVSRQGLQJ� DOJHEUD� WR� EH� UHDOL]DEOH�

7KXV� ZH� KDYH� WKH� HLJHQYHFWRUV� X£�  � �$�� �� ��� N�IN�� �� ����� ��� ���
$� FRPSXWDWLRQ� VKRZV� WKDW� WKH� FRPSRQHQWV� RI� WKHVH� YHFWRUV� KDYH� LUUDWLRQDO

TXRWLHQW�� L�H�� WKH\� LQGXFH� GHQVH� OLQHDU� IORZV�LQ� 7� �
1RZ� ZH� FRQVLGHU� WKH� FRPSDFW� PDQLIROG� 7$� � 7� [�5�� a� ��ZKHUH� �[�� W�� a

�$�[�� W����� $V�WKH�GLUHFWLRQ� JLYHQ�E\� Z�� LV�LQYDULDQW� E\� $���LW�LQGXFHV� D�JOREDO
IORZ�LQ� 7$��� 7KLV� IORZ�LV�WUDQVYHUVHO\� PRGHOHG� RYHU� WKH� /LH�DOJHEUD� RI� 6�� ZLWK
N�  � ORJ$��ORJ$���� ��� 7R� YHULI\� WKLV� ZH�REVHUYH� WKDW� DQ� LQYDULDQW� WUDQVYHUVH
SDUDOOHOLVP� LQ� 7� � [�5� LV�JLYHQ� E\

B� X� B� -LW� ������G
�"L�oP��� � � � H��G� ��X��� � � � H�BBBB�

DQG� LW� VDWLVILHV� >H[��H�@� � ��� >H[��H�@� � H[�� >H���H�@� � NH���
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5HPDUN�� :H�GR�QRW�NQRZ�DQ\�UHDOL]DWLRQ� RI� �I��ZLWK� K�A� �� DQG� FRGLP\�  � ��

&DVH����� FRGLP\�  ���
7KLV� LV�D� WULYLDO� FDVH�EHFDXVH� WKH� WUDQVYHUVH� DOJHEUD� FRLQFLGHV� ZLWK� WKH� VWUXF�

WXUDO� DOJHEUD�DQG� VR�LW� LV�DEHOLDQ�� 2QO\� 	[�LV�UHDOL]DEOH� �D�OLQHDU� GHQVH� IORZ�RQ
7���

5HIHUHQFHV

���<��&DUULqUH�� -RXUQpHV�VXU�OHV�VWUXFWXUHV� WUDQVYHUVHV��7RXORXVH�������$VWpULVTXH� �����������
��� $��(O.DFLPL� DQG�0��1LFRODX��(VSDFHV�KRPRJqQHV�PR\HQQDEOHV�HW�IHXLOOHWDJHV� GH�/LH��3XEO�
,50$�����/LOOH�������

���(��)HGLGD��6XU�OHV�IHXLOOHWDJHV�GH�/LH��&��5��$FDG��6HL��3DULV����������������������
��� &�� *RGELOORQ�� )HXLOOHWDJHV�� ,QVWLWXW� GH� OD� 5HFKHUFKH� 0DWKpPDWLTXH� $YDQFpH�� 8QLYHUVLWp

/RXLV�3DVWHXU�� 6WUDVERXUJ�
��� 0��/ODEUpV�DQG�$��5HYHQWyV�� 8QLPRGXODU�/LH�IROLDWLRQV�� $QQ��)DF��6HL��7RXORXVH�0DWK�� ,9
�����������

��� 3�� 0ROLQR�� *pRPpWULH� JOREDOH� GHV�IHXLOOHWDJHV� ULHPDQQLHQV�� 3URF�� .RQ�� 1HGHUO�� $NDG�� 6HU�
$O� ����������������

'HSDUWDPHQW� GH� 0DWHPjWLTXHV�� 8QLYHUVLWlW� $XWyQRPD� GH� %DUFHORQD�� ������%HOOD�
WHUUD�� 6SDLQ
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