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1. Introduction

Let T be a simple closed plane curve of length L enclosing a region of area F'. The classical isoperimetric
inequality states that

L? —4xF >0,

with equality attained only for a circle.
In the case that I' bounds a convex set K, Hurwitz ([5]) established a kind of reverse isoperimetric
inequality, namely

L? —4nF < 7|F,|, (1)

* The authors were partially supported by grants 2014SGR289 (Generalitat de Catalunya) and MTM2015-66165-P (FEDER/
Mineco).
* Corresponding author.

E-mail addresses: jcufi@mat.uab.cat (J. Cuff), egallego@mat.uab.cat (E. Gallego), agusti@mat.uab.cat (A. Reventds).

http://dx.doi.org/10.1016/j.jmaa.2017.09.017
0022-247X/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2017.09.017
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:jcufi@mat.uab.cat
mailto:egallego@mat.uab.cat
mailto:agusti@mat.uab.cat
http://dx.doi.org/10.1016/j.jmaa.2017.09.017
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2017.09.017&domain=pdf

J. Cufi et al. / J. Math. Anal. Appl. 458 (2018) 436451 437

where F, is the algebraic area (F, < 0) enclosed by the evolute of I". We recall that the evolute of a curve is
the envelope of its normal lines or equivalently the locus of the centers of curvature of the curve. Moreover
equality holds in (1) if and only if I is a circle or a curve parallel to an astroid.

The goal of this note is to improve Hurwitz’s inequality (1) finding strictly positive lower bounds for the
Hurwitz deficit |F.| — A, where A = L? — 4xF is the isoperimetric deficit. These bounds involve either
the visual angle of I' or the pedal curve associated to K with respect to the Steiner point of K or the £2
distance between the support function of K and the support function of the Steiner disk of K.

Hurwitz’s inequality (1) can be improved without introducing new quantities for some special compact
sets. For instance, if K has constant width one gets

4
L? —4nF < §7T|Fe|,

as shown in Theorem 5.1.
For the general case we prove in Theorem 4.1 the inequality

) 2
m|Fe| - A > ZLQ +5 / (w—sinw — gsin‘3 w)dP,

P¢K

where w is the visual angle of " from P, that is the angle between the tangents from P to I', and dP the
area measure. For the case of constant width Theorem 5.3 asserts that

4 4 1
§7T|Fe|*AZ% / (w2sinw+sin2w4sin4wsin3w> dP.

P¢K
In both cases the quantities in the right hand side are strictly positive except when the left hand side
vanishes.
In terms of the area A of the pedal curve associated to the compact strictly convex set K, with respect
to its Steiner point, we prove in Theorem 4.3

4 2
w\Fe|—Az§0 ﬂ(AfF)ngLz—g/sini”de
P¢K

When K has constant width we obtain (Corollary 5.4)
40
w|Fe| — A > KW(A —F).

In both cases the lower bounds for the positive Hurwitz deficit are strictly positive.

For each established inequality we study when equality holds. This occurs for those compact convex sets
being bounded by a curve parallel to an hypocycloid of 3, 4 or 5 cusps or the Minkowski sum of this kind
of sets.

2. Preliminaries

2.1. Conver sets and support function

A set K C R? is conwver if it contains the complete segment joining every two points in the set. We shall
consider nonempty compact convex sets. The support function of K is defined as
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pi(u) :=sup{{x,u) : v € K} for we R

For a unit vector u € S* the number px(u) is the signed distance of the support line to K with outer
normal vector u from the origin. The distance is negative if and only if u points into the open half-plane
containing the origin (cf. [6]). We shall denote by p(p) the 2r-periodic function obtained by evaluating
pi(u) on u = (cos p,sin p). Note that K is the envelope of the one parametric family of lines given by

xcosp +ysing = p(p).

If the support function p(y) is differentiable we can parametrize the boundary 0K by

Y(p) = p(p)N(p) + ' (¢)N'(¢) (2)

where N(p) = (cosp,sing). When p is a C? function the radius of curvature p(¢) of 9K at the point ()
is given by p(p) + p”(¢). Then, convexity is equivalent to p(¢) + p”(¢) > 0. We say that a C? support
function p defines a strictly convez set if p(p) + p’(¢) > 0 for every value of .

It can be seen that the length L of 0K is given by

2m
L= /pdga.
0

A straightforward computation shows that the area F' of K is given by

27
1
in/f@+WM@
0

Since p is 27-periodic, integrating by parts, we get

27

F:%/@”ﬁﬂﬂ% (3)

0

In general, a one parameter family of lines
xcost+ysint = f(t),

where f is a differentiable function, defines a curve in the plane. In this setting the curve is not necessarily
closed nor convex. When a curve v(t), a <t < b, is defined as the envelope of a family of lines of this type,
for a function f of class C?, we say that f(t) is the generalized support function of the curve. The area with
multiplicities swept by the radius vector of the curve is given by

b

/ S+ ), (4)

a

F =

N =

as a simple computation shows.

Let p(p) be the support function of a strictly convex set K. Then p,.(¢) = p(¢) + r defines for each real
r a parallel curve to K. If the origin is in the interior of K then p is a strictly positive function. If » > 0
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the function p, corresponds to the outer parallel set at distance r. When r < 0 the curve given by p, is not
necessarily convex (this is the case when |r| > min(p), p being the radius of curvature).
The Steiner formula (see for instance [6])

F.=m?+Lr+F

gives the area F;. of the r-parallel set to K. The discriminant of this polynomial is the isoperimetric deficit
L? — 4rF. It is always strictly positive except for a circle. Thus, for every convex set K there are interior
parallel sets with negative area. The minimum area value is F' — L? /47 and it is attained for the parallel
set at distance —L/2x. Then

L? —AnF = —AnF_1 )9, = 47|F_[ jor|. (5)
A special type of convex sets are those of constant width, that is those convex sets whose orthogonal

projections on any direction have the same length w. In terms of the support function p of K, constant
width means that p(¢) + p(¢ + 7) = w. Expanding p in Fourier series

p(p) = ao + Y an cos(ng) + by sin(ngp), (6)

n=1

it follows that

p(p) + (o +7) =2 (azn cos 2n¢ + bap sin 2np),

n=0

so constant width is equivalent to a,, = b, = 0 for all even n > 0.
2.2. Hypocycloids
Consider a curve defined by the generalized support function
p(0) = Asin(Bf), 6€R

with B a positive rational number and A > 0. If we define k = 2B/(B — 1) and A = r(k — 2), then p(f) can
be written in the more convenient form

p(0) = r(k — 2)sin (%e) k>

The envelope curve given by this generalized support function can be parametrized by

v(0) = r(k — 2)sin <I{f29> N(0) + rk cos (1:29) N'(6).

Putting 6 = (k — 2)t/2 the curve (t) = v(%5%t) has components

z(t) = r(k — 2)sin (£t) cos (552t) — rkcos (£¢) sin (£52¢)
y(t) = r(k —2)sin (5¢) sin (%452¢) + rk cos (£t) cos (552t)
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Fig. 1. Hypocycloids with k = 3,4 and 5/2.

Using known trigonometric identities we get

8
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I
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(k — 1) sin(t) — rsin((k — 1)t) }
(k — 1) cos(t) +recos((k — 1)) |

<

—~
~

~—
[
<

This is just the parametrization of an hypocycloid obtained by rolling a circle of radius r inside a circle
of radius R = kr.

Writing k& = m/n with m, n coprime numbers, in order to obtain a closed hypocycloid the parameter ¢
has to vary in the interval [0, 2n7] and the parameter 6 has to vary in the interval [0, (m — 2n)x]. Note that
for a generalized support function sin(B#) with B an integer greater than or equal to two, the hypocycloid
is traveled twice if B is odd and once if B is even.

When k is an integer the curve has k cusps (extremal points of the curvature). For k = m/n with m,
n coprime numbers the curve has m cusps. In the special case k = 3 the hypocycloid is called a deltoid or
Steiner curve; for k = 4 it is called an astroid. (See Fig. 1).

2.8. Steiner point and pedal curve

Given a compact convex set K with support function p(p) the Steiner point of K is defined by the
vector-valued integral

This functional on the space of convex sets is additive with respect to the Minkowski sum. The Steiner point
is rigid motion equivariant; this means that s(¢K) = gs(K) for every rigid motion g. We remark that s(K)
can be considered, in the C? case, as the centroid with respect to the curvature measure in the boundary
OK; also we have that s(K) lies in the interior of K (see [3]). In terms of the Fourier coefficients of p(¢p)
given in (6) the Steiner point is

S(K) = ((Zl,bl).

The relation between the support function p(¢) of a convex set K and the support function ¢(¢) of the
same convex set but with respect to a new reference with origin at the point (a,b), and axes parallel to the
previous z and y-axes, is given by

q(v) = p(p) — acosp — bsinp.
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Hence, taking the Steiner point as a new origin, we have

q(p) = ao + Z Gy, COS TP + by, Sin N

n>2

We recall that the Steiner disk of K is the disk whose center is the Steiner point and whose diameter is
the mean width of K.

The associated pedal curve to K is the curve that in polar coordinates with respect to the origin is
given by r = p(p). Notice that this curve depends on the center point from which the support function is
considered. In fact it is the geometrical locus of the orthogonal projection of the center on the tangents to
the curve. The area enclosed by the pedal curve is

3. Hurwitz’s inequality

For a C! function ¢(¢) of period 2, let us introduce the Wirtinger deficit W, of q by

27
W, = /(q’2 —q%) de.
0

Note that by (4), W, = —2F where F is the area with multiplicities enclosed by the curve defined by the
generalized support function q.
Recall that Wirtinger’s inequality (see [4]) states that if

27
/ a(p)do = 0,
0

then
W, > 0.

In particular we always have W, > 0.

Now we give a relationship between the Wirtinger deficit and Hurwitz’s deficit.
Proposition 3.1. Let K be a compact strictly convex set of area F bounded by a curve I' = K of class C?

and length L. Let p be the support function of K and let F, be the area with multiplicities enclosed by the
evolute of I'. Then

T Fe| - A= g(Wq/ —4Wy)
where q(p) = p(p) — L/2m and A = L? — 4 F.

Proof. First of all we claim that the generalized support function for the evolute of ' is p/(¢ — 7/2). In fact,
if the curve T is parametrized by () as in (2), its evolute can be parametrized by
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() = () — (p(p) + " (@) N(p) = P'(¢)N'(¢) — P"(#)N(¥)
T 0
=p'(p)N (s@ + 5) +p ()N’ (so + 5) :
and this proves the claim. So W, = —2F, and since W, > 0 we get F, <O0.
Now by (5) we have that A = 47|F_p, /5| and by (4) we know that W, = —2F_; 5. Therefore
T
FF] A= 7(F ~ AP jorl) = 2(Wy —4W,).  ©

Remark. Let F' be the area enclosed by the curve with generalized support function the 27-periodic func-
tion ¢, and let F, be the area enclosed by the evolute of this curve, both areas counted with multiplicities.
The equalities Wy = —2F, and W, = —2F give

1
S(Wy =W,) = F - F..

Thus, for closed curves with positive curvature, we have

27
1
F—Fezg/(q+q”)2dsﬁ:
0

DN | =

L
O/ pds (7)

where p = ¢ + ¢” is the radius of curvature and L the length of the curve. We have used the relation
ds = pdp. Equality (7) for the case of simple closed curves that bound a strictly convex domain was proved
in [5] and [2].

Next Lemma compares the Wirtinger deficit of a given function with that of its derivative. The proof
follows the standard pattern of the proof of Wirtinger inequality using Fourier series.
Lemma 3.2. Let ¢ = q() a 2r-periodic C? function. Then

2 2

2
m
0

Moreover the first inequality is an equality if and only if
q(p) = ap + a1 cos ¢ + by sin p + ag cos 2p + be sin 2¢p,
for some constants ag, a1, by, as,bs € R.

Proof. Let

[e.¢]
a(p) = ao + Z ap, cosnY + by, sin ne,

n=1
be the Fourier series expansion of ¢(¢). Using the Parseval identity we get

2

27
oo oo 2
Wy =m» n’(n®—1)(a +b2) > 4r Y _(n® —1)(a2 + b)) = AW, + - /ngp
n=1 n=1 0

Equality holds if and only if a,, = b, =0,ifn>3. O
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Remark that the first inequality in Lemma 3.2 improves Wirtinger’s inequality for the derivative of
2m-periodic functions.

For reader’s convenience we provide a simple proof of Hurwitz’s inequality based on Proposition 3.1.

Theorem 3.3 (Hurwitz). Let K be a compact strictly convez set of area F bounded by a curve I' = 0K of
class C% and length L and let F,. be the area with multiplicities enclosed by the evolute of I'. Then

L? — 47F < 71|F,)|. (8)
Equality holds if and only if T is a circle or it is a curve parallel to an astroid at distance L/2.
Proof. The inequality follows from Proposition 3.1 and Lemma 3.2.

Since q(¢) = p(p) — L/27 it is

27
/ﬁwM¢:a
0

and so equality in (8) is equivalent to equality in the first inequality of Lemma 3.2. This implies
p(p) = ag + a1 cos @ + by sin ¢ + ag cos 2 + ba sin 2¢p.
Taking the Steiner point (a1,b;) as a new origin of coordinates the new support function of K becomes
P(p) = ag + az cos 2 + by sin 2¢p.
If as = by = 0 we get a circle. Otherwise we put u = ¢ — ¢ + 7/4, where

b
tan 2¢g = =
a

and in terms of u the support function of K is
p(u) = ag + asin 2u

with a = \/a3 + b2 > 0. Notice that, since p + p” > 0, one has a < ag/3 = L/6.
From section 2.2 it follows that T is parallel to an astroid at distance ag = L/27. O

4. Lower bounds for Hurwitz’s deficit in terms of the visual angle

We proceed now to find a lower bound for the Hurwitz deficit 7| F.| — A so improving Theorem 3.3. If

p(e) =ao + Z ap, COSNY + by, sin ny
n>1

is the Fourier series of the support function of a compact convex set K, it is known that the quantities

c2 = a2 + b2, for n > 2, are invariants under the group of plane motions. This invariance will be clear

through formula (9) due to Hurwitz.
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Consider w the visual angle of I' from P, that is the angle between the tangents from P to I'; and let dP
be the area measure. Writing

1 ~1
I, = / <2sin(w) + ZJ_F 7 sin(n — 1w — Z+ 7 sin(n + 1)W> dp,
P¢K

it is proved in [5]* that
I, = L* + (-1)"7?(n* — 1)c? (9)

L being the length of the boundary of K.

For instance, if n = 2 one gets

4
3 / sin® wdP = L? + 37%c3. (10)

P¢K
Moreover, this visual angle also verifies the Crofton formula (see [5])

L2
- TF = / (w—sinw)dP. (11)
P¢K

We can prove now the following result.
Theorem 4.1. Let K be a compact strictly convex set of area F bounded by a curve I' = 0K of class C? and

length L. Let F, be the area with multiplicities enclosed by the evolute of T' and let A be the isoperimetric
deficit. Then

2
7T|Fe\*AZZL2+5 / (wfsinwfgsingw)dP. (12)

P¢K

The right hand side of this inequality is a strictly positive quantity except when w|F,| — A = 0 in which case
it also vanishes.

Proof. As we have seen in the proof of Proposition 3.1 we have

27 27 o
7T|Fe|_A:g(Wq/—4Wq):g 4/q2d¢_5/q/2d¢+/q112d¢ ,
0 0 0

where q(p) = p(p) — L/27, and p(y) is the support function of K with respect to the Steiner point.
In terms of the Fourier coefficients of p

2
T|F - A= 7;;(714 — 50 + 4)c2. (13)

1 There is a misprint with the sign in Hurwitz’s paper. Moreover the ¢, coefficients appearing in (9) are different from those in
Hurwitz’s paper because the latter correspond to the Fourier series of the curvature radius function.
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Observe now that, for n > 3, we have n* — 5n? +4 > 5(n2 — 1), with equality only for n = 3. Therefore

5m? 2 o b 2 2 2
mlF| - A > =~ > (n*—1)c} = = > (n?—1)c} - 3c3
n>3 n>2
1572 1 1
= ZLQ —b5rF — 5; 2 = 151;2 —5rF — 30 / sin® w dP. (14)

P¢K

Using Crofton’s formula (11), the last expression can be written as

) 2
ZL2—|—5 /(w—sinw—gsin?’w)dP
P¢K

2

2 in (14) vanishes if and only

and the inequality in the theorem is proved. Moreover, the sum 27L23(712 —1)e
if ¢, =0 for n>3aswell as |F.| —A. O

We study now when equality holds in Theorem 4.1.

Proposition 4.2. Equality in (12) holds if and only if for the compact strictly convex set K one of the
following assertions holds:

a) K is a disk or it is bounded by a curve parallel to an astroid.
b) K is bounded by a curve parallel to a Steiner curve.
¢) K is parallel to the Minkowski sum of compact sets of the above types.

Proof. It follows from the proof of Theorem 4.1 that equality in (12) holds if and only if the support function
of the domain with respect to the Steiner point is of the form

(@) = ap + a2 cos 2¢ + by sin 2 + as cos 3¢ + bs sin 3.

If we put p1 (@) = ag + as cos 2 + by sin 2 and pa(p) = ag cos 3 + bz sin 3, we have p(p) = p1(p) + p2(p).
Let D; and Dy be the non-necessarily convex domains with generalized support functions p1(¢) and p2(p)
respectively. We know, by the proof of Theorem 3.3, that D; is the interior of a curve parallel to an astroid
or a disc. For pa(¢) we make the change of variable given by u = ¢ — ¢o/3, where tan ¢y = bs/as and we
get pa(u) = acos(3u), with a = a3/ cos(pg). From section 2.2 it follows that Dy is the interior of a Steiner
curve.

Take now constants 1 and ry so that p1(¢) 4+ r1 and pa(p) + ro define compact convex domains D; and
D,, parallel respectively to Dy and Ds. Then the set defined by p(@) + r1 + 7o is a compact convex set K
parallel to K. Since D1, Dy and K are convex we have that K is the Minkowski sum of Dy and Dy (cf.
[6, p. 48]) and the conclusion follows. O

Relationship with the pedal curve. 1If F is the area of K and A is the area enclosed by the pedal curve
associated to K with respect to its Steiner point we obviously have A > F, with equality if and only if K
is a disk, and

27

1
A—Fzﬁ/p’Qdcp.

0
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Theorem 4.3. Let K be a compact strictly convex set of area F bounded by a curve I = 0K of class C% and
length L. Let F, be the area with multiplicities enclosed by the evolute of I'. Let A be the area enclosed by
the pedal curve associated to K with respect to its Steiner point. Then

4 2
ﬁ\Fe|—AZ§O W(A—F)+§L2—§ / sin® w dP
PE¢K

The right hand side of this inequality is a strictly positive quantity except when 7|F,| — A = 0 in which case
it also vanishes. Equality holds for the same compact sets as in Proposition J.2.

Proof. From (13) and (10) it follows

mlFe| - A= (n* = 1)(n* —4)c2 > ==Y n’c]

20 20
= 371'2 anci —4ck | = 97 (/p'ngp - 471'0%)

n>2

2 4 2 .
57r</p'2d<p47rc§);) W(A*F)JrgLQ*g / sin® w dP
P¢K

Moreover the right hand side vanishes if and only if ¢, = 0 for n > 3 as well as 7|F.| — A.
Equality holds if and only if ¢,, = 0, n > 4 and the result follows as in Proposition 4.2. 0O

Relationship with the L2 metric. Consider now the quantity do(K) equal to the distance in £2(S*), where
ST is the unit circle, between the support function of K and the support function of the Steiner disk of K.
We have that

52(K)2 =7 Z CEL?

n>2

where ¢2 = a2 + b2 being a,,, b, the Fourier coefficients of the support function of K with respect to its
Steiner point ([3]). Clearly the quantity do(K) vanishes only when K is a disk.

Theorem 4.4. Let K be a compact strictly convez set of area F bounded by a curve I' = 0K of class C? and
length L. Let F, be the area with multiplicities of the evolute of I'. Then

2, L2 4 .3
7| Fe| = A > 20 | mo2(K) +?—§ sin® wdP
P¢K

The right hand side of this inequality is a strictly positive quantity except when w|F,| — A = 0 in which case
it also vanishes. Equality holds for the same compact sets as in Proposition 4.2.

Proof. According to (13) and (10) we have

2
T|Fe| - A= % Z(nz —1)(n? — 4)c2 > 207> Z 2
n>3 n>3
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— 2 2
= 207 7TE c;, — TC

n>2
2 4 .3 L?
= 20mdo(K)* — 20 9 sin® wdP — 3

P¢K

as required. Equality holds if and only if ¢, =0, n > 4. O
5. Convex sets of constant width

Although Hurwitz’s inequality (8) can not be improved for general convex domains, it is possible to
obtain a stronger inequality for convex sets of constant width, that is those convex sets whose orthogonal
projections in any direction have the same length. In this case we have the following result.

Theorem 5.1. Let K be a compact strictly conver set of constant width and area F bounded by a curve
I' = 0K of class C?> and length L. Let F, be the area with multiplicities of the evolute of T'. Then

4
L? —4nF < §W\Fe|. (15)
Equality holds if and only if T is a circle or a curve parallel to a Steiner curve at distance L/27.

Proof. Let ¢(¢) = p(v) — L/2m where p(y) is the support function of K. As it has been said in the proof
of Proposition 3.1 we have

A
Wq’ :2|Fe|7 Wq:2|F7L/27r|:%v
and so
Am|Fe| — 9A = 2n(Wy — 9W,).

Since K is of constant width, the Fourier series of its support function has only odd terms, see subsec-
tion 2.1. Following the proof of Lemma 3.2 for this special case one gets

27 2
9
We = 9Wq + o /‘J(W) dp = 9W,,
0

and hence the inequality (15) follows.

Equality in (15) holds if and only if a,, = b, = 0, for n > 5. This implies
p(p) = aog + a1 cos ¢ + by sin p + ag cos 3¢ + b sin 3.
Taking the Steiner point (a1,b;) as a new origin of coordinates the new support function of K becomes
P(p) = ag + az cos 3 + bz sin 3.

We make, as in the proof of Proposition 4.2, the change of variable u = ¢ — ¢(/3, where tan ¢y = bs/as.
Then

p(u) = ag + acos(3u),
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Fig. 2. Convex curves parallel to an astroid and to a Steiner curve at distance L/2.

with a = a3/cos pg. Notice that a < ao/8 = L/16m because p represents the support function of a strictly
convex set K.
From section 2.2 it follows that I" is a circle or a curve parallel to a Steiner curve. (See Fig. 2). O

Corollary 5.2. Under the same hypothesis as in Theorem 5.1 one has

(A_F)S Fel

3

8

where A is the area enclosed by the associated pedal curve to K with respect to its Steiner point.
Equality holds if and only if T is a circle or a curve parallel to a Steiner curve at distance L/2.

Proof. By Proposition 3.2 of [1] one has

This inequality combined with (15) gives the result. The characterization of equality follows from Corol-
lary 4.4 of [1] and Theorem 5.1. O

We can improve inequality (15) in terms of the visual angle.

Theorem 5.3. Let K be a compact strictly convexr set of constant width and area F bounded by a curve
I' = OK of class C* and length L. Let F, be the area with multiplicities of the evolute of I'. Then

4 64 1
§7T|Fe|—A2§ / (w—Qsinw—l—sian—Zsinélw—sin?’w) dP.

P¢K

The right hand side of this inequality is a strictly positive quantity except when %71'|Fe| — A = 0 in which
case it also vanishes.

Equality holds if and only if K is a disk or it is bounded by a curve parallel to a Steiner curve or it is
bounded by a curve parallel to an hypocycloid of five cusps or it is parallel to the Minkowski sum of compact
sets of the previous types.

Proof. If p is the support function of K we have (see the proof of Theorem 5.1)

4 2 22
GTIFel = & = T (Wy —oW,) = % (n% —1)(n? — 9)c

™
9 n
n>>5
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with ¢(p) = p(¢) — L/27 and ¢ = a2 + b2, being a,,, b, the Fourier coefficients of the support function
of K. Recall that since K has constant width we have ¢, = 0, for n even, n # 0.
Since (n? — 1)(n? — 9) > 16(n? — 1) for n > 5 it follows that

4 3272 3272
§7T|Fe| —A> Tﬂ Z(n2 — 1) = Tﬂ z:(n2 —1)c? —8c2
n>5 n>2
But
27
2 2 /2 2 d 9 2 2F L2
> (n —1)Cn—/(p —p%)dp + 2maf = —2F + .
n>2 0
So we get
4 32 L?
§7T|Fe\ A>T <—27TF +5 - 8w2c§> : (16)

Now using Crofton’s formula (11), the formula (9) for n = 3 and the fact that L? = I, it follows that the
second member of (16) can be written as

16 64 32 64 1
—§L2+§ (w—sinw)dP + 31323 / (w—2sinw+sin2w—§Sin4w—sin3w)dP.
P¢K P¢K

The right hand side of (16) vanishes if and only if ¢, = 0 for n > 5, as well as gr|F.| — A.

Moreover equality in (16) holds if and only if ¢,, = 0, n > 7. If we put p1(¢) = ag+as cos 3p+bs3 sin 3 and
p2(p) = a5 cos by + b sin 5p, we have p(p) = p1(¢) + p2(¢). Let Dy and Dy be the non-necessarily convex
domains with generalized support functions p;(p) and pa(¢) respectively. As seen before D; is parallel to a

p2(p) = 1/ a2 + b3 sin(5(po/5 + ¢))

where tan g = bs/as. Then Dy corresponds to the curve with support function

q(u) = /a2 + b2 sin(5u),

which by section 2.2 is the interior of an hypocycloid of five cusps. Now we proceed as in the proof of
Proposition 4.2. 0O

Steiner curve. For Dy we can write

Also the inequalities in Theorems 4.3 and 4.4 can be improved for the case of constant width (see Fig. 3),
as shown by the following corollaries.

Corollary 5.4. Under the hypothesis of Theorem 4.3 and assuming moreover that K has constant width
one has

m|Fe| — A > @TF(A - F).
9

FEquality holds if and only if K is a disk or it is bounded by a curve parallel to a Steiner curve.
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4 "-_Parallel

Fig. 3. Different curves related to convex sets with central symmetry on the left and constant width on the right.
Proof. Just note that in the constant width case, (10) gives
4 .
- sinwdP = L?
3
P¢K

and apply Theorem 4.3. O
Corollary 5.5. Under the hypothesis of Theorem ./ and assuming that K has constant width one has
7|Fo| — A > 207 69(K)?.
Moreover
|F.| > 36 6o(K)>.

Equality holds in both inequalities if and only if K is a disk or it is bounded by a curve parallel to a Steiner

curve.

Proof. When K has constant width by (10) one has L? = % Ip ¢K sin® wdP and the first inequality follows
from Theorem 4.4.
Then we have

T|Fe| > 20m65(K)? + A =207 52(K)? + 272 > " (n® — 1), > 207 62(K)? + 167 Y _ ¢} = 36m0(K)?,
n>3 n>3

which gives the second inequality.
Equalities hold if and only if ¢,, =0 for n > 5. O

Remark. If p is the support function of K the Wigner caustic of I' = 9K is the curve given by the support
function ¢(p) = 3(p(¢) —p(¢+n)). In [7] the area A, of the Wigner caustic of I', counted with multiplicities,
is considered. If this area is counted with multiplicities it is proved that

L? — 47F > 47| A,

with equality if and only if K is of constant width.
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In the case of constant width the Wigner caustic and the interior parallel curve at distance L /27 coincide.
So using Theorem 5.1 and (5) one obtains, in the case of constant width, the estimate

1
|Aw| < §|Fe|

with equality if and only if " is a circle or a curve parallel to a Steiner curve at distance L/2.

A straightforward calculation involving the Fourier series of p(p) and ¢(¢) shows that
A—F > |A,l

with equality in the case of constant width. So Theorem 4.3 and Corollary 5.4 give lower bounds for the
Hurwitz deficit 7|F.| — A in terms of |A,|.
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