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T hese slides were prepared for a course I gave
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Fourth annual Meeting of the European Re-
searchh Network “Analysis and Operstors”

Netherlands, Mayl-May7, 2004.

The pictures were drawn on the actual trans-
parencies so they are missing here.



Removable sets for bounded analytic func-
tions

A compact set K in the plane is said to be
removable when

fe H®X(Q\ K) = f is analytic on

Examples: a point is removable (Riemann). A
disc is not removable:



Painlevé (1888) : a set of zero length is re-
movable.
Length = one dimensional Hausdorff measure

Painleve’s problem (Ahlfors (1947)):describe
in geometric terms the removable sets.

To find more natural the definition of analytic
capacity:
Remark: K is removable if and only if

H®°(C\ K) = {constants}.

Analytic capacity: given a compact subset K
of the plane

v(K) = sup|f’'(c0)|
where the sup is on those f in H®(C \ K),
[ flloo < 1 (f(c0) =0).

The extremal is called the Ahlfors function.



Easy : ~(K) =0 iff K is removable.

Examples

v(D(a,r)) =r and f(z) =

r

< — a

For a continuum K, v(K) ~ diam(K) and the
Ahlfors function is the conformal mapping f of
Cx \ K into the unit disc with f(oco) = 0.

For K C R, ~(K)=length(K)/4. (Pommerenke)

_ Jz=1
For [—1,1]: Z_i
1+ z+1
1 dt
1—exp(§fK§)
1+ exp(3 /i 25)

If dmg(K) > 1, then ~(K) > 0.



Proof of Painlevé’s theorem:
length(K) =0=—=~(K) =0
Cover the set K by squares Q.

If fe HX(C\ K) and ||f]lco < 1, then

PN = |5 [0y

2m

1
< ;Z/a@j £(2)]ldz

< Z%K@j)-

J
H(K) < 2 inf U@y == HY(K)
J

where H1(K) is the Hausdorff content of K.



Proof of dimgy(K) >1 = ~(K) > 0.

Take a positive measure u supported on K sat-
isfying for some o« > 1

wD(z,r) <r% r >0, ze€C.

Set  f(z) = / —du(C) c ¢ K.

G < [ e dn
d1 a d o—2 _
< /O;dt /Ot dt = C(a)

In fact you get the inequality

(W(K))é < O(a)v(K),for every a > 1.



Only sets of Hausdorff dimension 1 and posi-
tive length are intersting

e Rectifiable curves

e Invisible sets (Besicovitch irregular): sets of
finite positive length which project into sets of
zero length in almost all directions.



Denjoy proved: 7 length(K) < ~(K), K CR.

Start with an interval K = [a,b].

/b 1 dtzlogb_z :Iog‘b_ZHzarg (b_z>

a t—z a— 2 a— 2

If K = Uj[aj, b]] then

1 1 1
Im—/ dt| = — ar
3 oo =3[

t— z

bj—z

)

NS

aj—z

(@)



1 — exp(2 Ik 7= Zdt)
1 —|—exp(2 fKtl dt)| —

The Denjoy conjecture: If I is a rectifiable
curve then v(K) = 0ifflength (K) =0, K CT.

It can be easily reduced to I' a Lipschitz graph

The Cauchy Integral on the curve I is

Cef(2) = / f(C)

d¢|, ze€C, >0
—z[>e( — 2
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If Jr|Cef(2)|?ldz| < C[Jr|f(2)|?|dz| then the
Denjoy conjecture is solved.

Calderdn (1977), Coifman-McIntosh-Meyer (1982).

Garabedian (~ 50): H® removability
= H?2 removability. (Hahn-Banach)

1) = Cou@) = [ 5

is analytic on Coo\ K, f/(c0) = —length (K) and
is in H2(C \ K):

z¢& K CT,

You get length (K) < C(IN)~vy(K).
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Another way (Uy, Davie-Oksendal).
C: L2(IMN) — L2(N) = C: LY(r) — LY ()

by standard Calderon-Zygmnund T heory

{zer:|cs@) >t} < Iifll

dualizes to (Hahn-Banach)

K| <C sup{|/Kb(z)|dz|) . sptb C K,
0<b<1, [|Ce(B)]lo <1, > 0]

Then  C(b)(2) = [ 2L |d¢|, 2 ¢ K CT,
s in H(C\ K) and C(b)/(00) = — [ b(2) |dz].

Thus lenght (K) < C(IMN~v(K).
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Uy’s Theorem (1979).

K compact set of zero area.
1f(z) = fw)]| < Clz—w|, zweC,
f analytic on C\ K.

Then df € L°°(C) and supported on K. Thus
f is analytic on C (Weyl's lemma). Conversely,
if K has positive area can we find f lipschitz
on C, analytic on C\ K, not of the form a+bz7

The obvious try f(z) = %fK df_(g) does not
work because 9 f = xx but

01y =PV~ [ 2 = B0,

7T
which is not necessarily bounded.
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The Beurling transform satisfies
C
{z€C: [By()| > tf| <~ lgllx
and Uy showed that this dualizes to
K| <C sup{‘/KgdA‘ . sptg C K,

glloo <1, ||Bglloo < 1}

Take g attaining the supremun above, set

Then |0 flloo = llglloo < 1
and [0 flloo = [[Bfllec < 1.

Thus f is lipschitz on C, and analytic on C\ K
and not of the form a + bz.
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Open problem
extremely interesting
because it must be difficult.

Garnett-Jones.

Given a compact K in a Lipschitz graph con-
struct a non-constant bounded analytic func-
tion on C\ K.

Recent paper by Jones-Mueller.
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Menger curvature.

Given three distinct points in the plane con-

sider
B
= 22:21 0 Z2£Z3
k23£21 Z3E22 0 )
(|22—21|2+ |»’«’3—1Z1|2 (z3—z2)1(z3——zl) (Z3i22)\
¢re = )

\ /

Set 1=(1,1,1) € C3. Then
|C1]]? = <C1 C1) = (C*C1,1)

= 1

i 17 Zﬂz 7 (Z0(2) = 20(1)) (Fa(3) ~ Za(1))
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Melnikov
1

2 (25(2) = %0(1)) (25(3) ~ %0(1))
_ ( 4A(21, 22, 23) )2 _ 1

|20 — 21| |23 — 21| |23 — 22|

RQ

1
c(z1,20,23) = - Menger curvature
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Proof:. Take 21 =0, z0 =1, 23 =2

1 1
o —)Gs=51) | (o1 — ) Ga—22)
1 1 1 1

+ T

(z1 — 23) (20 — 23) - z z—1 2(z-1)

_ z|z— 12 —|2|2(z—1) 4+ z(z — 1)
B |2[2]z — 1]2

4(Im z)2

Twice the real part is 21




u positive Radon measure satisfying

wD(z,r)<Cr, ze€C,r>0.

et = [ IO

d 2€C,e>0.
Cose € — 2 pn(C),z g

[ 1CCen - Pdn = [ Ce(xp) (T Rdn(2)

=[] : > (%ﬁu(é)du(w)du(z)

[ 1CCen ) Rd

= [ [ [ ¢ wdn(Qdp(w)du(z) + 0(uD)
Te

T. ={(z,{,w) €D [z —(| > e,z —w| > ¢
¢ —w| > ¢}
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What happens on the graph of y = A(x)?

Al —A(z) _ A(z)—A(x)\ 2

C(’V(w),v(y),’y(z))2§16< v = )

<—Y

[ [ [0, 4 1(2))dadyaz < €1
73

Lol

(a(y) a(x) _a(z)—a(z) 2

S ) dxdydz
— Y

=C|Ia||2
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Given [

Al —A(z) _ A(z)—A(z)

2
///( T S ) dedydz <
I3 =Y

1A~ P[220y < CIANZ 1T

Remark: A Lipschitz (A’ € L>*°(R)) can be re-
placed by A’ ¢ BMO (R).
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Total Menger curvature

Pointwise Menger curvature

@) = [ [ A ¢wdnQdu(w), 2 C

Total Menger curvature

[ [ [ @G cw) duz)au@dutw) = [ @(=)du(z)

We have proved that
///02(27C,w)|dz\|d§||dw| < C length(J)
J3

J = arc of Lipschitz graph.
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The operator norm of the Cauchy Integral with
respect to u is

101122, £y =
10 loe +sup— | / [ C, ¢ w)dn(2)du(Qdp(w)

and Mu(2) _sup“D(”) z e C.
r>0
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First Calderon commmutator
© A(y) — A(zx)
(y — )2

Crf@@) = PV. [ f(y)dy

Calderon proved (1965) Cy: L2(R) — L2(R)

> (A(y) — Az))"

Cof(a) = PV. [ S50 S )y

Set K(y,z) = A(é)__;)‘gx) and symmetrize:

K(y,z)K(z,z) + K(z,y)K(z,y) + K(z,2)K(y,2) =
(A(y)—A(w) _ A(Z)—A(w)) 2

(y—z) (z—x)

=Y
and so the Cauchy integral is controlled by the
first commutator.
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Quotation from Montaigne taken from Y. Meyer’s
book on Wavelets.

Ce a quoi l'un s’était failli, I'autre y est arrivé
et ce qui était inconnu a un siecle, le siecle
suivant |I'a eclairci, et les sciences et les arts
ne se jettent pas en moule mais se forment et
figurent en les maniant et polissant a plusieurs
fois ...
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Other kernels
Y(K) = sup |f'(o0)| =

sup{|(T, 1)| :sptT C K, E*THOO < 1}
Tzléf f:l*T
7 <

Y4 (K) = sup{||ull: sptp C K, |12 plloc < 1}

C(K) = sup{lul|: sptu C K, |y * plloo < 1
Take 0 < a<n and Kq(x) = W%,az c R"™,
Yo (K) = sup{[{T, 1)|: sptT C K,

x
H|m|1+a

T, <1y
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Laura Prat (2003)
Ko(y —xz)Ka(z — ) + Ko(z — y)Ka(z —y)+
Ko(x — 2)Kao(y — 2) = Po(x,y, 2)

> _ ow 21+Oé

< Po(z,y,z) < , 0 < a<l.
L(z,y, 2a = Tel@v:2) < 7 e

Py(xz,y,z) changes sign if a > 1.

Ya(K) =~ C%(n_a)%(K), O<a<l.

Csp(K) = inf{||f||g ; s x f > 1 on K}

Then ANY(K) <o = 7.(K)=0,0<a<1.

Yo 1S S€Miadditive amb bilipschitz invariant.
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Case a=n-1

Volberg: ~,,_1 is semiadditive (2003).

The kernel is % = v(#)

Yn—1 IS the capacity associated to lipschitz har-
monic functions.

Lipschitz

Very likely ~v4 is semiadditive for all a.

27



The Garnett set

oo
Ex={J @} E::leEN

Take circles instead of squares (sorry!)

p=upN = |dzpg,]

1C1 p20uy, p20y = VN
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co(z) =/ éch(z, ¢ w)dp(C)dp(w)
E
pointwise curvature.

Then cﬁ ~ N and so

///02(2’»Caw)du(Z)du(C)du(w):N.
E3

Take squares (discs) @Q; in the j-th generation

QoDQ1D...DQN > =

d@=2 [ AGwOdu(w)du¢)

jw—2z|=[¢ =2

N—1
— 9 2 (z,w, ¢)du(w)du(¢)
nz—:O // g "

e wEQn\Qn+1
jw—z|=|¢—2|

+2/ [(zw,Q)du(Q)du(w)
Q%
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Choose two squares in the n+1 generation not
containing z and contained in Q.

N-1
A=Y [ AGwOduw)du)

n=0
Q7]7:‘|‘1Qg+1

N-1 1

>0

2
=)

Thus Cauchy is unbounded on L2(E,dAl) in
spite of

p(@QTH@5TH ~ N

1
N (END(zr)~r, z€E, 0<r<l1.

Vitushkins’s conjecture: If 0 < AL(E) < oo,
then v(E) = 0 <= E is invisible.
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Proof of v(F) = 0 = FE invisible.

By Besicovitch theory

1
E invisible<—= A (ENT) =0

for every rectifiable I'.

If £/ is not invisible, then the Denjoy conjecture
says that v(E) > 0.
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The T (b)-Theorem

The operator T will be the Cauchy Integral.
The underlying measure p satisfies

uD(z,r) <Cr, r>0, =ze€C
and the doubling condition (if we are lucky)
w(D(z,2r)) < CuD(z,7), >0, z€C

Assume that b € L°(u), ||bllcc < 1 such that
|Ce(D)||loo < 1, € > 0.
Assume also that b is para-accretive, that is,

bdu| > 6 > 0,

|D|1 | bay]

for each disc D centered at a point of the sup-
port of wu.
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Then C: L?2(p) — L2(w).
b=1 T(1)-Theorem David-Journé
T(b)-Theorem: David-Journé-Semmes.

Non-doubling context: Tolsa, Nazarov, Treil
and Volberg.

Local T (b)-Theorem (Christ)
Assume that for each disc D there is

bp € L>(u), sptbp CD, |[bpllec <1,

Hccg(bD)HOOSla €>O7

and

1
|/ bp|>6>0.
,LLD‘/D D‘ =07
Then C: L?(u) — L?(w) and
1,10
1l L2y, 200 < C(5)

33



Let's show ~(Ey) < C—.

N?20 .
(Indeed, we know ~(Epn) ~ \/—N)’ but this is
much more difficult)

Take f e H(C \ EN>7

Ifllo <1, f(o0) =0, [f'(c0) =~(En).
Express

_ 1 f(<)
f(z)_Q—ml/aEN dec, ZgéEN-

Set b(z) = — QO

2711
Then  [|blloc < 1, [|C(B)]|oc <1 and

‘/@EN bds‘ = ~v(Ey) .
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Take now Q;?HEN, 0<n<N:

it is a dilated (4) translation of Ey_,. There-
fore:

There is b;? € L°°(ds), spt b;? C Q? N Ey,
152000e <1 [|C(M)]oo < 1
and

[ bds =1(Ex_0) 7 > CAENI@).

By the local T'(b)-Theorem:

1
v(EN)10

VN > ||C|12¢45).22(d5) < C

which is v(Ex) < C—1+.
N 20
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