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Abstract

In this paper we discuss a special class of Beltrami coefficients whose associated quasiconformal mapping is bilipschitz. A par-
ticular example are those of the form f(z) x (z), where £2 is a bounded domain with boundary of class C I+€ and f afunction in
Lip(e, §2) satisfying || f|loco < 1. An important point is that there is no restriction whatsoever on the Lip(e, £2) norm of f besides
the requirement on Beltrami coefficients that the supremum norm be less than 1. The crucial fact in the proof is the extra cancel-
lation enjoyed by even homogeneous Calder6n—Zygmund kernels, namely that they have zero integral on half the unit ball. This
property is expressed in a particularly suggestive way and is shown to have far reaching consequences.

An application to a Lipschitz regularity result for solutions of second order elliptic equations in divergence form in the plane is
presented.
© 2009 Elsevier Masson SAS. All rights reserved.

Résumé

Dans cet article nous étudions une classe particuliere de coefficients de Beltrami dont la transformation quasiconforme associée
est bilipschlitzienne. Un cas particulier correspond a des données de la forme f(z)x(z), ou £2 est un domaine borné de classe
clte gt f une fonction de Lip(e, £2) vérifiant || f|lco < 1. Un point essentiel est qu’il n’y a aucune restriction sur la norme
Lip(e, £2) de f en dehors de la condition portant sur les coefficients de Beltrami dont la norme infinie doit étre inférieure strictement
a 1. Dans la démonstration, le fait fondamental est I’annulation des noyaux de Calderén—Zygmund homogenes d’ordre pair;
plus précisément, ils sont d’intégrales nulles sur une demi-boule unité. Cette propriété est formulée d’un fagon particulierement
suggestive et s’avere avoir d’importantes conséquences.

On présente une application a un résultat de régularité lipschitzien des solutions des elliptiques du second ordre écrites sous
forme de divergence.
© 2009 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Consider the Beltrami equation:
P 0P
—@=n@—-—-@, z€C, ey
az 9z

where u is a Lebesgue measurable function on the complex plane C satisfying ||#|loc < 1. According to a remarkable
old theorem of Morrey [18] there exists an essentially unique function @ in the Sobolev space Wli)’cz (C) (functions
with first order derivatives locally in L?) which satisfies (1) almost everywhere and is a homeomorphism of the plane.
These functions are called quasiconformal. It turns out that @ may change drastically the Hausdorff dimension of
sets. Indeed, sets of arbitrarily small positive Hausdorff dimension may be mapped into sets of Hausdorff dimension
as close to 2 as desired (and the other way around by the inverse mapping). There has been during the last decades
much hard and penetrating work in understanding how @ distorts sets (see, for instance [2] and the references given
there or [14] for a recent result).

On the other hand, orientation preserving bilipschitz homeomorphisms of the plane are easily seen to satisfy a
Beltrami equation for a certain Beltrami coefficient . Since bilipschitz mappings preserve all metric properties of sets,
in particular Hausdorff dimension, they appear to be a distinguished subclass of particularly simple quasiconformal
mappings. In [21] one gives geometric conditions which are necessary and sufficient for @ being bilipschitz, but
which do not involve the Beltrami coefficient u. In fact, it is widely accepted that the problem of characterizing in an
efficient way those p which determine bilipschitz mappings is hopeless.

A classical result that goes back to Schauder [4] asserts that @ is of class C' ¢ provided p is a compactly supported
function in Lip(e, C). It is then not difficult to see that @ is indeed bilipschitz. The main result of this paper identifies
a class of non-smooth functions © which determine bilipschitz quasiconformal mappings @.

Theorem. Let {2;}, 1 < j < N, be a finite family of disjoint bounded domains of the plane with boundary of class
CHe 0<e <1, andlet p = Z;-V:l Wjxse;, where wj is of class Lip(e, §2;). Assume in addition that ||| < 1.
Then the associated quasiconformal mapping ® is bilipschitz.

Notice that the boundaries of the £2; may touch, even on a set of positive length and, of course, . may have jumps
on the boundary of some §2;. In particular, if we only have one domain and u is constant we obtain the following
corollary:

Corollary 1. If 2 is a bounded domain of the plane with boundary of class C'1¢, 0 < e < 1, and pu = A xg, where A
is a complex number such that |\| < 1, then the associated quasiconformal mapping @ is bilipschitz.

If 2 is a disc then Corollary 1 reduces to the fact that @ can be computed explicitly and that one can check by
direct inspection that is bilipschitz. If §2 is a square Q, then one can show that the mapping @ associated to Ay is
not Lipschitz for some A of modulus less than 1, so that the corollary and thus the Theorem are sharp as far as the
smoothness of the boundaries of the £2; is concerned.

Recall that a p-quasi-regular function on a domain D is a complex function f in WIL’CZ(D) satisfying (1), with
@ replaced by f, almost everywhere in D. By Stoilow’s Factorization Theorem, f = h o @ for some holomorphic
function 4 on @ (D). From the Theorem we then conclude that f is locally Lipschitz on D. This improves on Mori’s
Theorem, which asserts that, for general p, f is locally in Lipa for o = L:HZ Hz < 1. Thus, from the perspective of
PDE, the Theorem may also be viewed as a regularity result for the Beltrami equation.

The Beltrami equation is intimately related to second order elliptic equations in divergence form of the type:

div(AVu) =0, 2)

where A = A(z) is a 2 x 2 symmetric elliptic matrix with bounded measurable coefficients and determinant 1 (see [4,
Chapter 16]). Indeed, the real and imaginary parts of a solution to the Beltrami equation satisfy (2), where the entries
of the matrix A are given explicitly in terms of the Beltrami coefficient. Conversely, given a solution u# of (2), one
may find a solution of an appropriate Beltrami equation whose real part is u. Thus for regularity issues one can work
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indistinctly with the Beltrami equation or with Eq. (2). The proof of the Theorem gives, in particular, the following
regularity result for solutions of Eq. (2).

Corollary 2. Let 2;, 1 < j < N, be a finite family of disjoint bounded domains of the plane with boundary of
class C'7¢, 0 < ¢ < 1, and assume that each 2 j is contained in bounded domain D with boundary of class C Ite,

Let A= A(z2), z € D, a?2 x 2 symmetric elliptic matrix with determinant 1 and entries supported in U;V:l 2 and
belonging to Lip(e, £2;), 1 < j < N. Let u be a solution of Eq. (2) in D. Let Ds stand for the set of points in D at
distance greater than § from the boundary of D. Then Vu € Lip(¢’, $2; N Ds), for 0 <&’ <¢e, and 1 < j < N. In
particular, Vu € L*°(Ds) and u is a locally Lipschitz function in D.

The main point of the corollary above is that each solution of (2) is locally Lipschitz in D, while the classical
De Giorgi—Nash Theorem gives only that u satisfies locally a Lipschitz condition of order «, for some « satisfying
0 < o < 1. See Section 8 for an extension to more general domains, which may have cusps.

There is some overlapping here with previous results by Li and Vogelius [17] and Li and Nirenberg [16]. See at the
end of the introduction for more about that.

Another application of our Theorem concerns removability problems. There has recently been a renewed interest in
gaining a better understanding of the nature of removable sets for bounded quasi-regular functions (see [3,6] and [7]).
Since bilipschitz mappings preserve removable sets for bounded holomorphic functions [24], the Theorem immedi-
ately says that the removable sets for bounded p-quasi-regular functions, with u as in the Theorem, are exactly the
removable sets for bounded holomorphic functions.

If £2 is a domain, the Lip ¢ norm of a function f on £2 is:

I flle =S lle.2 = fllLe(s2) + 0e(f)s 3)
where
Ue(f)=SUP{%: Z,we S, z;éw}. 4)

The main difficulty in proving the Theorem lies in the fact that no smallness assumption is made on
sup;<j<n lI4jlle,2;- In the same vein, Corollary 1 is much more difficult to prove if |A] is close to 1. If one as-
sumes that ||/} lle,; is small enough (depending on £2;) for each j, then the Theorem becomes easier. Similarly,
Corollary 1 becomes easier under the assumption that |1| < g09(§2) < 1. See a sketch of the argument at the end of
Section 2.

The scheme for the proof of the Theorem is inspired by a clever idea of Iwaniec [11, pp. 42-43] in the context of L”
spaces, which has been further exploited in [5]. This idea brings into play the index theory of Fredholm operators on
Banach spaces and, thus, compact operators. Our underlying Banach space is Lip(e, §2), £2 a domain with boundary
of class C!*#, and on this space we estimate the Beurling transform and its powers. We also show that the commutator
between the Beurling transform and certain functions is compact on appropriate larger Lipschitz spaces.

The Beurling transform is the principal value convolution operator:

1 1
Bf(z) = —;PV/ fz— w)FdA(w).

The Fourier multiplier of B is ? or, in other words,

f@.

oy [

Bf(§) =

Thus B is an isometry on L(C).
Our Main Lemma shows that for each even smooth homogeneous Calderén—Zygmund operator 7 the mapping,

To(f)@) =Tf(@)xe ),

sends continuously Lip(e, §2) into itself, where £2 is a bounded domain with boundary of class C Ite, Throughout the
paper we understand that, for f € Lip(e, §2), Tf = T (f x). The above boundedness result fails if 7" is not even. As
a simple example, one may take as 7' the Hilbert transform and as £2 the interval (—1, 1).
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The even character of T is used in the proof of the Main Lemma in the form,
T(xp)xp =0, foreachdisc D,

which should be understood as a local version of the global cancellation property 7' (1) = 0 common to all smooth
homogeneous Calder6n—Zygmund operators. This was proved by Iwaniec for the Beurling transform in [12].

In Section 2 we present a detailed sketch of the proof and we introduce the lemmas required. In Section 3 the Main
Lemma is proved in R". Section 4 deals with commutators. We compare in Section 5 the operator By, with xo B",
2 a bounded domain with boundary of class C'*¢, and we show that the difference is compact on Lip(¢’, £2), for
0 < &’ < &. In Section 6 one completes the proof of the Theorem for the case of one domain. Section 7 contains the
reduction to the one domain case. In Section 8 we present an extension of the Theorem to what seems to be its more
natural setting, namely domains with cusps whose boundary is of class C!*¢ off the set of cusps. Applications to the
regularity theory of solutions of Eq. (2) is this setting are also mentioned.

After a first version of the paper was completed, Daniel Faraco brought to our attention the work of Li and Vo-
gelius [17] (and [16]), which deals with Lipschitz regularity for Eq. (2) in R” for matrices with entries satisfying a
Lipschitz condition of order & on finitely many disjoint domains with boundary of class C'*¢, but with possible jumps
across the boundaries. The closures of the domains were disjoint and a main point was to obtain gradient estimates
independent of the mutual distances between the closed domains. This is not an issue for our methods, which even
allow touching domains. Moreover, as stated before in Corollary 2, for each solution of (2) we obtain a regularity of
class C H'S/, for each ¢’ < ¢, in each domain. This is almost the expected best possible result, namely C 14+ in each
domain. In [17] there is a more substantial loss, due to the techniques employed. On the other hand, the setting in [17]
and [16] is more general, in the sense that one works in R", there is no restriction on the determinant of the matrix
and also non-homogeneous terms are considered.

We also learnt from Antonio Cérdoba that the regularity theory of the Euler equation in 2D, in particular the
regularity theory of vortex patches, makes broad use of even Calderén—Zygmund operators, the Beurling transform in
particular. We then became aware of the article [8], in which one also proves the Main Lemma. However, the proof
there is different, and certainly not as much in the Calderén—Zygmund tradition as ours.

2. Sketch of the proof

First of all, there is a standard factorization method in quasiconformal mapping theory that reduces the Theorem
to the case of only one domain §2 (N = 1). The argument is presented in detail in Section 7. Then, from now on we
will assume that . vanishes off some domain 2 with boundary of class C'*¢ and that € Lip(e, £2).

As is well known, @ is given explicitly by the formula [1],

@ (z) =z+ C(h)(2),

where
1 1
cmm=—/ﬁg—w%dAw»
b4 w

is the Cauchy transform of /. Recall the important relation between the Cauchy and the Beurling transforms: 9C = B,
0= a% The function & = 9@ is determined by the equation:

(I —puB)(h) =p.
As soon as we can invert the operator I — B on Lip(g’, §2), for some ¢’ satisfying 0 < ¢’ < ¢, then
h=(-pB)~"(u),

and thus £ is in Lip(¢’, £2) and, in particular, is bounded on £2. By the Beltrami equation (1), & vanishes on C \ 2
and therefore & is in L°°(C). On the other hand, 0® = 1 + B(h). By the Main Lemma, B(h) is in L% (C) (see (11)
below), and so @ is a Lipschitz function on the plane.

Showing that @ is bilipschitz still requires an argument. Indeed, we have shown up to now that @ is of class
C l+"3/(.(2) and thus its Jacobian is non-zero at each point of £2 [15, Theorem 7.1, p. 233]. On the other hand, @ is
conformal on C \ £ and thus the Jacobian is also non-zero there. However we cannot infer immediately that the
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Jacobian is bounded below away from zero either on 2 or on C \ £2. This is proved in Section 6 and hence ¢ is
bilipschitz.
It remains to prove that I — u B is invertible on Lip(¢’, £2) for each ¢’ with 0 < ¢’ < ¢. For f in Lip(e, £2) set:

Bo(f)(z) =B(f)(@)xa(2),
where, as we said in the introduction, B(f) stands for B(f x). Following [5, p. 48] we define,
Pn=1+uBo+ (uB2)>+ -+ (uBa)™,
so that we have,
(I —uBo)Py1=Py (I —uBg)=1—(uBe)"=1-u"By +R, )

where R = 1" BY, — (uBg)" can be easily seen to be a finite sum of operators that contain as a factor the commutator
Ko=uBgo — Bou. Lemma 3 in Section 4 asserts that K¢ is compact on Lip(¢’, §2) for each &’ less than ¢, so that R
is also compact on Lip(¢’, §£2). One would like to have now that the operator norm of x”" B, on Lip(¢’, §2) is small if
n is large. Would this be so, then I — uBg would be a Fredholm operator on Lip(¢’, §2). But it looks like a difficult
task to obtain estimates for the operator norm of By, better than the obvious exponential upper bound || Be||". We
overcome this difficulty by finding an expression of the form:

BL(f)=B"(fxe + Kn(f), (6)

where K, is compact on Lip(¢’, §£2). This is done in Theorem 1 in Section 5. Incidentally, in turns out that K, =0
when £2 is a disc, so that in this case Bg, (f) is exactly B"(f)x¢ for each n.
Then (5) can be rewritten as

(I —uBe)Py—1=Py1(I —puBo)=1—p"B" +8, (7

where S is compact on Lip(¢’, £2).
The kernel of B"” may be computed explicitly, for instance via a Fourier transform argument [23, p. 73], and one
obtains:
(—1)"1’1 Zn—l

@ ===

Thus the Calderén—Zygmund constant of b,,, namely,

|bn @12 o + | VEa D12 .

is less than Cn?2, where C is a positive constant. Hence, by the Main Lemma,
"B ()]

which tells us that the operator norm of p” B" as an operator on Lip(¢’, §2) is small for large n. Therefore I — uBg
is a Fredholm operator on Lip(¢’, £2).

Clearly I —tuBg, 0 <t <1 is acontinuous path from the identity to / — uBg,. By the index theory of Fredholm
operators on Banach spaces (e.g. [22]), the index is a continuous function of the operator. Hence I — i By, has index O.
On the other hand, I — uBg is injective, because if f = uBga(f), then || fll2 < [[llooll B2 (f)ll2 < lltllocIB(f)ll2 =
ltllooll £ 112, which is possible only if f = 0. Thus I — uBg; is invertible on Lip(¢’, £2).

As we mentioned before, the proof of the Theorem simplifies if || it]|¢, 2 1S assumed to be less than a small number
80 = §0(£2). In this case one can invert / — B by a Neumann series and get h = fo:o(uB)”(,u). By the Main
Lemma By, is bounded on Lip(e, §2). Denote by || Bg|| its operator norm and assume that |||l < (2 IBolD~.
Then

3
oo SCrllnllglimlle, el flle,e.

oo

1 -1

Ihlle.e <D llnlg 1Bell” <2lulee < 1Bl ™
n=0

But is also part of the Main Lemma that

B o ) < CDIhe -
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Hence, if we also assume that 2 |||, o C(§2) < 1, we have || B(h) |1~ ) < 1. Thus
0@l o) < 1Bel™" and 9D L) < 1+ || Bh) ||L°°((C) <2,
and so @ is a Lipschitz function. That @ is bilipschitz follows from,

0@ (2)| =14+ B(h)(2)| =1 - HB(h)HLm((C) >0, zeC\0a%.
3. The Main Lemma

In this section we move to R”. We say that a bounded domain 2 C R” has a boundary of class C!*¢ if 32 isa C!
hyper-surface whose unit normal vector satisfies a Lipschitz condition of order ¢ as a function on the surface. To state
an alternative condition, for x = (x1, ..., x,) € R" we use the notation x = (x', x,,), where x’ = (x1, ..., x,—1). Then
2 has a boundary of class C!*¢ if for each point @ € d £2 one may find a ball B(a, ) and a function x,, = ¢(x"), of
class C'*¢, such that, after a rotation if necessary, £2 N B(a, r) is the part of B(a, r) lying below the graph of ¢. Thus
we get:

.QﬂB(a,r):{xeB(a,r): Xn <g0(x1,...,x,,_1)}. ©))

A smooth (of class C') homogeneous Calderén—Zygmund operator is a principal value convolution operator of
type

T(He =PV [ fx= Ky, ©)
where
w(x)
Kx)= , x#0,
x|

(x) being a homogeneous function of degree 0, continuously differentiable on R” \ {0} and with zero integral on the
unit sphere. The maximal singular integral associated to T is:

T* f(x) =sup|T° f(x)|, xeR",
§>0

where
T°f(x) = / fla =K dy.
[y—x|>é
The Calderén—Zygmund constant of the kernel of T is defined as
ITllez = |K @I + VK L™

The operator T is said to be even if the kernel is even, namely, if w(—x) = w(x), for all x # 0.
We are now ready to state our main lemma. The definition of the norm in Lip(e, £2) is as in (3). As we explained
in the previous section, we need the precise form of the constant in the inequality below.

Main Lemma. Let 2 be a bounded domain with boundary of class C I+e 0 < ¢ <1, and let T be an even smooth
homogeneous Calderon—Zygmund operator. Then T maps Lip(e, §2) into Lip(e, §2), and T also maps Lip(¢, §2) into
Lip(e, £2°). In fact, one has the inequalities:

ITflle.2 < ClITlIczIl flle.2

and

ITflle.2c < ClITlIczll f lle.2

where C is a constant depending only on n, € and §2.
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Fig. 1.

Proof. We choose a positive ry = ro(§2) small enough so that a series of properties that will be needed along the proof
are satisfied. The first one is that for each a € 92, which we can assume to be a = 0, we have (8). After a rotation we
may assume that the tangent hyperplane to 952 at 0 is x,, = 0. We take rg so small that

oG <1 ] <o, (10)
for some positive constant C depending only on §2. We claim that
T*f(x)<ClTlczl flle, xeR". Y

The proof of (11) is a technical variation of the proof of Lemma 5 in [19]. We have:

T (f)(x) = / FOVK(x —y)dy + / =I5+ L
S<|y—x|<ro ro<ly—x|

Clearly,

| < / | FO]|K (=] dy <rg"IL21IT llczll f lloo-

ro<|y—x|

To deal with the term Is we write,

Ih= / xe(FO) = F@)K (& — yydy + F(x) / XK — y)dy
S<|y—x|<ro S<|y—x|<rg

=15 + f(x)IVs,

and we remark that IIls can easily be estimated as follows:
L | < (I flle f ly — x|°|K (x — y)|dy < C”f”SHT”CZf ly — x| 7" dy
£ 2

< C(e)(diam 2)°|| flle 1T llcz-

Taking care of IV is not so easy. Assume first that x = 0 is in 9£2. Without loss of generality we may also assume
that the tangent hyperplane to 952 at 0 is {x, = 0} (see Fig. 1).
Let H_ be the half space {x;, < 0}. Take spherical coordinates y = r& with O < r and || = 1. Then

7 dr
IV, =f< f w(E)dG($)>7, (12)
) A(r)
where

A(r)={&: |&]=1and r§ € 2},

Please cite this article in press as: J. Mateu et al., Extra cancellation of even Calderén—Zygmund operators and quasiconformal mappings, J.
Math. Pures Appl. (2009), doi:10.1016/j.matpur.2009.01.010




MATPUR:2324

8 J. Mateu et al. / J. Math. Pures Appl. eee (eeee) eee—see

and o is the surface measure on the unit sphere U. Since K is even,

0=fw(s>do<5) _2 / (&) do (£).

U UNH_
Thus
[o@doer= [ e@dpe- [ e@de,
A(r) A(M\(UNH-) (UNH-)\A(r)

and so

’ / w(E)dG(S)‘ <CITlez(o (A(r)\ (UNH-) +0((UNH-)\ A(r))).

A(r)
By (10), we obtain:

a(A(r) \ (U N H_)) + o((U NH-)\ A(r)) < Cré,
which yields, by (12),
[IVs| < ClITllcz-

Take now x € R" \ 9£2. Denote by &g the distance from x to 952 and let xp be a point in 92 where such distance
is attained. Set:

A:{yeQ: 80<|y—x|<ro}
and
Aoz{ye.{?: 50<|y—x0|<ro}.

We compare IV; to the expression we get replacing x by xo and § by &g in the definition of IVs. For § < §p we have,
by the standard cancellation property of the kernel,

xe(WMKx —y)dy= / xe () K(x —y)dy,
S<|y—x|<ro So<|y—x|<ro
and then
xeWKx —y)dy — / xe () K (xo — y)dy‘
S<ly—x|<rg So<|y—xo|<rg
=L/K@—ywy—fK@mﬂww
A Ag
< /IK@—y%—Kuw<WMy+‘/‘mﬂwK@—yﬂww+‘/ xe(VK(xo—y)dy
ANAg A\Ag Apg\A

=h+ L+ I

If ye AN Ay, then

|x — xol
|K(x—y) = Ko — p)| < CITlez—— 2.
ly — x|+
Hence
dy
J1 < C|Tllczlx — xol <ClT|lcz.
ly — x| !

[y—x|>8o
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r+<&

Fig. 2.

To estimate J> observe that
A\ Ap= (A N B(xg, 8())) U (A N (Rn \ B(xo, r()))).

Assume for the moment that §g < ro/2. Now, it is obvious that if |y — xo| > rg, then |y — x| > r¢/2, and so

dy [
L <|Tllez ot —dy | <ClTllcz.
(N o

ly—xol<do

A similar argument does the job for J3.
If 80 = ro/2, then the estimate of T‘S(f )(x) is straightforward. Indeed, by the cancellation of the kernel we may
assume that § > §p and so

n

2
—dy < —12[1 flloolI T ll cz-
ly — x| Ty

(@] <1 oI T ez / X ()

|[y—x|>6
This completes the proof of (11). O
Our next task is to estimate the semi-norm o, (7 (f)) on £2. For this we need a lemma, which should be viewed

as a manifestation of the extra cancellation enjoyed by even kernels. Notice that no smoothness assumptions on the
kernel are required. The lemma is known for the Beurling transform [12, p. 389].

Lemma 3. Let K (x) = %‘?, where w is an even homogeneous function of degree 0, integrable on the unit sphere and

with vanishing integral there. Let T be the associated Calderon—Zygmund operator defined by (9). Then
T(xg)xp =0, foreachball B.

Proof. Assume, without loss of generality that B is the unit ball. Fix a point x in B. Then

TG @) = lim / K(x—y)dy= / K(x—y)dy= f K(x — y)dy.
BNBC(x,¢) BNBC(x,1—|x|) BeNB(x,1+|x])

Expressing the latest integral above in polar coordinates y = x + r& centered at x, we get:

1+]|x|
d 1
T(XB)(X)Z/ / Trw(é)dd@)z / 10g<r(—:|g)|)w(§)d0(5)~
lEl=1r(x.6) lEi=1 ’

The lower value r(x, &) is determined as shown in Fig. 2.
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Since w has zero integral on the unit sphere,

1
T(xp)(x) = / 10g<r(x §)>w(é‘§)da(§).

1€1=1

Set U™ be the half of the unit sphere above the hyperplane {x,, = 0}. Since w is even,

1
T(xp)(x)= / 10g(m>w(f)d0($)-

U+

Now, the points 0, x, x + & and x — & lie in a plane that intersects the unit sphere in a circumference. It is clear from
Fig. 2 that the product r (x, £)r(x, —£) is the power of x with respect to that circumference and thus it does not depend
on £ (in fact it is exactly 1 — |x|?). Since the integral of w on each semi-sphere is zero the proof is complete. [

We are now ready to estimate the semi-norm o (7 (f)). We deal first with the case f = 1. The general case follows
from this by the 7'(1)-Theorem for Lipschitz spaces on spaces of homogeneous type [26] (see also [10] and [9] for
the non-doubling case). The conditions on the kernel required in [26] (and in [10,9]) are implied by the fact that
T*(x0) € L*°(£2), which we proved before. However, in our particular setting the reduction to f = 1 is elementary
and will be discussed afterwards for the sake of completeness.

We want to prove that

IT(x2)(x) = T(x@)M| < Clx —yI°, x,ye Q. 13)

Fix x and y in £2. Changing notation if necessary, we can assume that dist(x, d§2) < dist(y, 0£2). We may also
assume, without loss of generality, that dist(x, §2) < ro/4. Otherwise we have:

T (x2) () = T(x2) 0| < Clx =3I VT (x2)| 1o (3
where 29 = {z € £2: dist(x, §2) > ro/4} and C depends only on §2. Notice that T (x) € C1(£2), because

T(x2)=T0 - xc\2) =-T(xc\2),

and the kernel of T is continuously differentiable off the origin. Indeed, for some constant depending only on n, rg
and §2, we have:

VT (xev@) | () < CIIT licz-

We may also assume, without loss of generality, that |x — y| < ro/4, because, otherwise,

8
1T (x2)(x) = T(x2)(y)| < o 1T (x2)|| o 1x = ¥I.

Having settled these preliminaries we proceed to the core of the proof of (13). We may assume that the point of
052 nearest to x is the origin. Let B be the ball with center (0, ..., 0, —rg) and radius rp, so that d B is tangent to 952
at 0. Let S stand for the set (£2 \ B) U (B \ £2). The central idea in the proof of the Main Lemma is to use the extra
cancellation of even Calderén—Zygmund operators via Lemma 1 to write:

IT(x2)(x) = T(x2)W| = |T (xs)(x) = T (xs) ()|

The obvious advantage is that S is a region which is “tangential” to d§2 at 0, and hence small. By (10) we may take
ro so small that for some constant C depending only on £2,

|z, < ClZI'Te, ze SN B0, r), (14)
where 7 stands for the inward unit normal vector to 352 at 0 and (,) denotes the scalar product in R”. Thus, if ¢ is
small enough,

((z,i)| < —=lzl, z€SNBO,rp).

: |
V2
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Fig. 3.

We distinguish two cases according to whether the position of x and y relative to 92 is non-tangential or tangential.
To make this precise we introduce the cone I" with vertex 0 and amplitude 7 /2, namely,

F:{ze(C: (z,ﬁ)}%m}. (15)

Clearly, if r¢ is chosen small enough, then the part of the cone near 0 is contained in §2 and in B. More precisely,
I'\{0yN B(0,r9) C 2N BN B0, rp).

See Fig. 3.
Case 1: x and y are in non-tangential position, that is, x and y belong to I". We have:

T ()@ — T(xs) ()| < / K(x—2)dz — f K(y—2)dz

SNB¢(x,rg) SNB(y,rp)
—i—‘ / Kx—2z)dz— / K(y—2)dz

SNB(x,rg) SNB(y,ro)
=I1+1IL

Split I into three terms as follows:

I< / K(x —27)dz +‘ / K(y—2)dz

SNBC(x,ro)NB(y,ro) SNB(y,ro)NB(x,ro)

+' / (K(x—2)—K(y—2)dz
SNB¢(x,rg)NBC(y,ro)
= + L +1.

The terms I; and I, are estimated in the same way. For instance, for I;, we get:

C C C _ C
| < dz < —|B (x,r0) N B(y, ro)| < —|x — ylrg ™ = —|x — yl,
|x —z|" Ty To ro
B¢ (x,ro)NB(y,ro)

where in the latest inequality we used that |[x — y| < rp.
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The term I3 is controlled by a gradient estimate, namely,

- c
/ c N Sy
| ro

I3
X —z |n+l
B¢(x,rp)

N

The more difficult term II is not greater than

‘ / K(x—z)dz‘—i—‘ / K(y—z)dz’—i—‘ / K(x —2)dz
SNB(x,2[x—yl) SNB(y,2|x—y|) SNB(x,rp)NB(x,2|x—y])
— f K(y—2)dz

SNB(y,ro)NBC(y,2|x=yl)
=1II; + 11, 4+ III.

Estimating the three terms above requires a simple lemma.

Lemma 4. If rq is small enough, then one has:
lw—2z|>Clz|, wel NB,ry), z€ SN B(O,ry),
Jor C=Q(1+vV2)7"
Proof. According to the definition of the cone I" and by (10),
|z = wl+w| < |z — wl+ V2w, i) < (1 +v2)|z — w| + V2| (2. 7)|
(1+v2)|z — w| + V2C|z]"** < (1 +V2)|z — w| + V2Cri 2]
If rg satisfies v/2Cr§ < 1/2, then |z] < 2(1 4+ +/2)|z — w|, which proves the lemma. O

lz] <
<

To estimate the term II; we apply Lemma 2 to w = x to obtain,

c d
I < / dz < C / z
|x —z|" |z|"

SNB(x,2|x—y) SNB(x,2|x—y])

Changing to polar coordinates we get:

2]yl
I, <C f o(fgesiree S})dr—r.
0
By (10)
o(feesirees))<crf (16)
and hence
I < Clx —yl°.

One estimates Il likewise, so we turn our attention to III. The method is similar to what we have done before with
other terms: in the intersection of the domains of integration of the two integrals in III we apply a gradient estimate
and in the complement, which we split in four terms, we resort to the smallness of the resulting domain of integration.
Performing the plan just sketched we get:

I < (K(x—2)— K(y—2))dz
SNB(x.r0)NB (x.21x—yDNB(y.ro) "B (y.2x =)

+ K(x—z)dz‘+' K(x —2z)dz

SNB(x,ro)NBC (x,2|x—yDNB(y.ro) SNB(x,ro)NBC(x,2|x—yDNB(y.2|x—y|)
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—i—‘ / K(y—2)dz +‘ / K(y—2)dz
SNB(y,ro)NBC(y,2lx—yDNB(x,ro) SNB(y,ro)NBC(y,2[x—yDNB(x,2|x—yl)

=111 + I, + I3 + 14 + 5.

By a gradient estimate III; is not greater than

ry
|x — ¥l -
ot 43 <Gyl [ e dr = Clx -yl

SNB(x,ro)NBC(x,2]x—y|) 2|x—yl

where (16) has been used in the first inequality.
The terms III, and IIl4 are estimated in the same way. For instance, for IIl; we have:

1 C B C
I <C dz < = |B(x,r0) N B (y,ro)| < —lx = yl.
|x —z|* ro )
B(x,ro)NB“(y,ro)
The terms I1I3 and III5 are also estimated in the same way. For instance, for III3 we have:
C

lx —z|"

5 <
SNBC(x,2|x—y)NB(x,3|x—y])
Since x € I', for z € SN B(x, 3|x — y|), we get by Lemma 2
|2l <6(1+V2)lx — yI < 181x =y,
and so, making use of (16),

dz R
;< C <Clx —yl°.
z|"

SNB(0,18|x—y|)

Case 2: x and y are in tangential position, thatis, y € £2'\ I". We intend to perform a reduction to the non-tangential
case. With this in mind take the point p in 952 nearest to y and let N be the inner unit normal vector to 9§2 at the
point p. Consider the ray y +¢tN, t > 0. See Fig. 4.

The condition on ¢ for y + tN eris

.1 -
(y+tN,n) =2 —=ly +1N|. a7
V2
We clearly have:
(O + 1N, > 1 (N, i) = |y,
and

ly + N < |yl +1.
A sufficient condition for (17) is then
1+ =)yl
t 2 ﬁ\/il
(N, i) — J5
If rg is small enough, then (1\7 1) > %%, and thus we obtain a simpler sufficient condition for (17) namely,
t>3(1+V2)lyl = 1.
Setyo=y+ t01\7 , so that yg € I". The reduction will be completed if we show that
ly = yol < Clx =yl (18)

because x and yp on one hand, and y and yg on the other, are in non-tangential position.
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n

Fig. 4.

Clearly |y — yo| =t =C|y|. Since y e 2\ I, |(y, n)| < %2|y|, and hence
1

Iyl +1y]
V2

< |, )|+ 1y <

which yields (1 — %)|y| < |y’|. Therefore

- - 1
lx — yl=|lx|i — (. — y'| = Y| > <1——>Iy|=C|y—yo|,

V2
which is (18).
This completes the proof that T'(x) € Lip(e, §2).
We now proceed to prove that for an arbitrary f € Lip(e, §2) one has that T (f) € Lip(e, £2). Recall that we already
know that T'(f) € L°°(§2) (see (11)). To estimate the semi-norm o, (T (f)) we start with the obvious decomposition
of T(f), namely,

T(f)x) = /(f(y) — f)) K& =y)dy + fF(OT (x2) ),
2

so that only the first term, which we denote by S(f)(x), is still a problem. Let A stand for £2 N B(x1,2|x; — x2|) and
set B= 52\ A. Then

S(Hx1) = S(f)(x2) = /[(f(y) — FOD)K Gt = y) = (f) = f(x2))K (x2 = y)] dy

A
+ / [(fO) = FaD)K i =) = (f () = f(x2)) K (x2 — y)] dy
B
=I+1L
Set A’ = §2 N B(xy, 3|x; — x2|). Clearly A C A’. The term I is easy to estimate as indicated below,
3lxp—xz|
)< C( Lf () — fx)l dy + If(y) — f(x2)l dy) <ClIflle f e g,
| ly —xi” J ly —xaf” J

=C| fllelx1 — x2[*.
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For the term II we have:

M= / (FO0) = ) (K (i = ») — K2 — ) dy + (f(e2) — FGx1)) / K(x1 - y)dy
B B
=M+ 1IV.

On one hand, by a gradient estimate we get:

I} < [1f Ml ler — x2] ;d =1/ llelx1 — x2| r*dr
< elX1 2 |y—x1|”+1_8 y= elX1 2
B 2)x1—x2|
=C|l fllelx1 — x2/*,
and on the other hand, we clearly have by (11),
VI < N fllelxt — %2/ T (x@) (x1) < Cl fllelx1 — x|
Finally, one can check without pain that the arguments above may be adapted to yield the boundedness of T as a
map from Lip(e, §2) into Lip(e, £2°).

4. Estimates for commutators

In this section we consider the commutator between the smooth homogeneous even Calderén—Zygmund operator
T (see (9)) and the multiplication operator by a function a € Lip(e, £2),0 <« < 1,

[T,a](f)(X)=/(a(X)—a(y))K(x—y)f(y)dy, x €82, 19)
2

where K (x) is the kernel of 7 and f € Lip(B, £2), 0 < 8 < 1. As in the previous section, §2 is a bounded domain in
R” with smooth boundary of class Clte 0<e<1.

Lemma 5. For 0 <o < 1 and 0 < B < € we have the estimate:

T, al(H)||, < Cou@l flg. [ €Lip(B, £2), (20)

where C is a constant depending only on n, §2, ¢, o and B.

Recall that for 0 <o < 1,

lglle = lIglloc + 0a(8),

where || g i the supremum norm of g on £2, and

lg(x) — g

Ua(g)zsup{ |x_y|a ~x,y€~Q, x#y}

A consequence of the preceding lemma is that if 8 < ¢ and 8 < « then the commutator [T, a] is compact as an
operator from Lip(8, §2) into itself. This follows from the fact that each ball of Lip(e, §2) is relatively compact in
Lip(B, §2) [13, Corollary 3.3, p. 154]. The lemma is applied to the Beurling transform and the function a = . Then
a =¢ and B = &', where ¢’ is any number with 0 < ¢’ < &.

Proof of Lemma 5. We first estimate ||[T, a](f) |- For each x € £2,
d
7.0 < Cou@I e [ 1 =317 dy < Co@fllos [ 17 dr = Cou(@l e,
2 0

where d is the diameter of 2.
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We turn now to the more difficult task of estimating o ([T, a](f)). Fix x1 and x; in £2. Then

[T, al(f)(x1) — [T, al(f)(x2)| < |a(x)) —a(x)|

/ K —y)f () dy

2

+ ‘ /(a(XZ) —a(M) (K1 —y) = Ko — y))f(y)dy'
2

=I+1I,
and clearly, by the Main Lemma,
1< Clxi = x2l%0u (@) | T(f) |, < Clxi — x2|%0u (@) fllp-
To estimate II we introduce the sets:
A={ye: |y—xi|>2x; —xl}
and
B={ye: |y—x1<2x —xl}

Notice that |y —x2| > |x] —x2|, y € A and |y — x2| < 3|x; — x2|, ¥ € B. Let Il 4 (respectively I13) denote the absolute
value of the integral in II with domain of integration restricted to A (respectively to B).
By a gradient estimate:

lx1 — x2| _
14 < f lae2) —a )= [f 0] dy < Clay —2loa@|f lloo | 12 =1 bt gy
A A
o0
< Clxy — x2loa (@)l flloo / r2 dr < Co(@) ) flloolxt — x2|*.
[x1—x2]

For the term Il we have:

g <

/(a(Xz) —a(y)Kx1 =y f(y dy‘ + ‘ /(a(Xz) —a())K(x2— ) f(y) dy‘ =TI+1V,
B B
and IV can be estimated directly as follows,

3lxr—x2|
|x2 _y|(x —1+o o
IV < og (@) flloo deSUa(a)llfHoo r dr = Coy(@)| flloolx1 — x2|%.
B 0

The term III needs an additional manoeuvre, which consists is bringing back a(x1):

I < ‘/(a(xl)—a(y))K(xl —y)f(y)dy‘+|a(xz)—a(x1)|‘/K(x1 —Nfdy| =1V +V,
B B

and IV’ can be treated as IV. Now

/ K(xi— ) f () dy = / K(xi— ) f()dy — / K(x1— ) /() dy
B 2 QNB(x)2lx1—xal)
and thus, by (11),

‘/K(m —y)f(y)dy‘ L2T*(f)(x1) < Clifllg-
B

Therefore

V < Cog(a)ll fliglxr — x2|*. o
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5. Relationship between Bg, and B"

Recall that if B is the Beurling transform then B (f) := B(f)x. The main goal of this section is to prove the
following result.

Theorem 1. Let 2 C C be a bounded domain with boundary of class C'7¢, 0 < & < 1. Then, for each positive
integer n, we have:

BL()(2) =B" (@D xe@ + K.(f)(2),

where K, is a compact operator from Lip(¢’, §2) into itself, 0 < ¢’ < ¢.

Proof. For n > 2, we obtain, proceeding by induction,
BL(f)=B(By ' (N)xe =B(B" ' (Nxe + Kn-1()) xe
B(B"'(f) = B" ' (Nxec + Kn-1(N)xa = B"(Nxa = B(B" ' (Nxe)xe + B(Ku-1() xe
It is then enough to prove that, for n > 1, the operator,

B(B"(f)xac)xe,

is compact from Lip(¢’, £2) into itself.
Let d A stand for area measure in the plane and take a function f € L°°(§2). Then, for z € 2,

1 n
B(B" (o) @ =—— / %mm

1 1 D"n n—1
:__./(z—w)z( ) /(w K;,erlf(C)dA(é‘)dA(w)

— / K@ O f (@) dAQ),
2
where
n(w—2¢)"!
w)z (u) _ {)"Jrl

1
K(z,8) =Kn(z,8) 1=/ = dA(w)
e

(— l)n+l

and ¢, =
Notice that if .Q is a disc, say the unit disc, then K(z,¢) =0, z, ¢ € £2. To see this readily, apply Green—Stokes’
Theorem to the complement of the unit disc to obtain:

@=0"
K& o)= /(z—w)2(w e

Expand (w — ¢)" by Newton’s formula and then use w = E’ |w| = 1. Thus K (z, ¢) is a finite sum of integrals over
the unit cercle of rational functions with all poles in the open unit disc. Hence each of these integrals is zero.
We claim that if £2 is not a disc, then the operator,

P(f)(z)=/K(z,§)f(§)dA(§), s
2

which may be non-zero, is a smoothing operator. By this we mean that
1P(H], <Clifllos, O<a<e, (2D

where C depends only on «, € and £2.
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Of course (21) completes the proof of Theorem 1, because then P maps the unit ball of Lip(e’, §£2) into a ball of
Lip(a, £2), for o < ¢, which is relatively compact in Lip(¢’, £2) provided ¢’ < «.

Our next goal is to show that (21) is a consequence of the properties of the kernel K (z, ¢) described in the following
lemma.

Lemma 6. The kernel K (z, ¢) satisfies the following:

. 1

() |K(Z,§)|<Cm, z,§ €823

3 21 — 22|

(ii) |K(ZI,;)—K(zz,c)|<C—|§_Zl|2, 21,22€82, 18 —211 2221 — 2|

Before discussing the proof of Lemma 6 we show how it yields (21).
We first prove that P(f) is bounded on £2. Denoting by d the diameter of £2, we obtain, by Lemma 6(i),

d
dA
PG| < [1KE O FO1ACQ < Cl s [ 205 <Cl s [ dr =l
2 2
Next we claim that
d
P(FE) — P(A)E)| < Cla —zz|8(1 +log m)ufnoo, e, 22)

Clearly (21) follows from (22). To prove (22) take z1,z2 € §2. Define A = {¢ € £2: |z1 — ¢| < 2|z1 — 22|} and
B = 2\ A. Therefore

|P(f)(z1) = P(f)(z2)| < /IK(m,§)||f(§)|dA(§)+/|K(12,§)||f(§)|dA(§)

A A
+/|K(m,c)—K(zz,c)Hf(c)\dA(;)
B
=1+ 11+ 1I.

Applying Lemma 6(i), the terms I and II can be estimated by:
3lz1—22]
Cifle [ 17 dr < Clzy = 22l Il
0

Applying Lemma 6(ii), the term III can be estimated by:

d
dA(2) dr
HI<C||f||oo|Z1—Zz|6< —gg)<C||f||oo|Zl—Z2|6 / —
¢ —z1l r
B 2|z1—22|
=C| flloolz1 — z2/° log m——,
2|z1 — 22|

which completes the proof of Theorem 1. O

Proof of Lemma 6. For each ¢ € §2 consider the Cauchy integral of the function (w — ¢)" on 952, that is,

1 (t—=0)"
H (w) = 2mi r—w
082

dt, weC\afQ.
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For w € 952 let H; (w) be the non-tangential limit of H; from §2, that is, the limit of H; (w) as w’ € 2 tends to w
non-tangentially. Similarly, denote by H; (w) the non-tangential limit of H; from C \ §2. These limits exist a.e. on
352 with respect to arc-length and one has the Plemelj formula (e.g., [25, p. 143]):

(w—1¢)"=He(w) — Hf (w), wae.onds.
Indeed, it can be shown that H; is of class C 42 jn 2 and in C \ £2, so that the above limits exist everywhere on 052

and without the non-tangential approach restriction. We do not need, however, such fact.
Applying the Green—Stokes Theorem to the form,

(w—2)" + HE (w)

(z—w)*(w — o) H!

K(z,<:>=—f( Hew)
082

w)Z(w ;)n+l

and the domain £2¢, we get:

which by the Residue Theorem is

| d He(w)
_Zm{% (w— ¢y

A straightforward computation of the residues yields:

1 d" Hy(w)
n! dw" (w — z)?

i

w=z

/

. @) H¢ (2)
¢ ¢
K(Z’5>=—2”Z{W—("+1)W
pe(n—t+1) d 1
+Z( Dt act c(f)@_zm}- 23)

In the expression above for the kernel K (z, ¢) one may divine the presence of non-obvious cancellation properties
(consider the case n = 1). The strategy to unravel them is to bring into the scene the function:

h(z) = 27i Ho(2) = / (tt__zz)n dr,

and express K (z, ¢) in terms of /& and its derivatives. Taylor’s expansions of /& and its derivatives will then help in
understanding cancellations. The derivatives of & are given by:

at ok ;! (t—z)"k
92 la-kh(z) (=D z _k)!/(t_z)pre (24)
IR
On the other hand, by the binomial formula,
. =" (= [ (=D 3
2mH;(z)—f — dt—Z(K)(z—c)/? —Z @@= 0"
952 =0 FYe) =0
Differentiating the preceding identity with respect to z,
i =3 T ey (25)
! Cz_g o oz e
Therefore
2 n (_1)2 aZ-H (-1 )Z Z ‘
—C =K@ =) @0 @ - o) - (n+1)Z e()(—;)
=0
1—¢)dth
+Z(n+ ) (C)(Z o). 26)

act
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In each of the terms of the last sum it will be convenient to write a Taylor expansion of up to order n — £ around

the point z. Doing so we obtain:

n ¢ Ly
(z—;)””K(z,;)—ZE, 5 s L hE=Dt -+ o+ 1)25, 0z N
n+1 e A N L L ke —k
—Z Zk!(j_k)!azm @€ =T E =)+ RGO

= : =0 k=0
ES(z,§)+R(z,§)-

A cumbersome but easy computation shows now that
S(z,2)=0, z,{ef.

The most direct way to ascertain this is to check that the coefficient of S(z, ) in the monomial (¢ — z)"°(¢ — z)P0
vanishes for all non-negative exponents mq and pg. For this we distinguish four cases.

Case 1: Assume that mo > 2. Only in the third sum may appear terms of this type and they must cancel out by
themselves. This can be shown using the identities:

()= Er)er o

Case 2: Take mp =1 and 0 < pg < n — 1. Two terms appear in the third sum and one in the first, and they cancel.

Case 3: Take mo = 1 and po = n. There is only one term of this type, which corresponds to letting [ = n in the first
sum. To show that this term vanishes we resort to (24) for / = 1 and k = n and then we apply Cauchy’s Theorem.

Case 4: Take mg =0 and 0 < po < n. One term in the second sum cancels with a term in the third sum.

We turn now to the analysis of the kernel K (z, ¢). Since S(z, ¢) vanishes identically we get:

. 1—¢
~¢-"PK@ =) ("U—,)Rn,,(z, ) (=0, 27)

=0

where R,_;(z, ¢) is the remainder of the Taylor expansion of o* h

up to order n — ¢ around the point z.

A key fact in the present proof is that the remainder R,—;(z, {) isO(Jz—¢ "~ —I+¢) because the nth order derivatives
of h(z) are in Lip(e, §2). To show this we resort to (24) to get:

k n—k k
T = 1>"k'f((’ 9.

9z 9k 97— k Z)H—k
If k = 0, then the above expression is

(—1)"n!/ (t‘i—t)z(—l)”n!zm.
952 ¢

If 1 <k < n, then we obtain, by Green—Stokes and for some constant ¢, x,

(z:)kfl

n—k .
(D" "nlk2i vy

dA(t) = cas B (x2)(2),

which is in Lip(e, £2) owing to the Main Lemma. Here B* is the kth iteration of the Beurling transform.

Part (i) of the lemma is a straightforward consequence of (27) and the size estimate on the remainder R;,—;(z, )
we have just proved.

We are left with part (ii). Take points z, z> and ¢ in £2 with [ — z1| = 2|z1 — z2|. From (27) we obtain:

(—1)"+12”:<n+1—e)< Ro-1(z1,8)  Ru—i(22,%) )
(z1

271 ps Vil _ é—)n+2—l (Zz _ ;)""‘2_1

K(Zlv C)—K(ZZ’f)Z

Please cite this article in press as: J. Mateu et al., Extra cancellation of even Calderén—Zygmund operators and quasiconformal mappings, J.
Math. Pures Appl. (2009), doi:10.1016/j.matpur.2009.01.010




MATPUR:2324

J. Mateu et al. / J. Math. Pures Appl. eee (eeee) eee—see 21

Add and subtract R,_;(z1, ¢) in the numerator of the second fraction above to get:

K(Zlac)_K(Z27€)=I+IL

where
G N ) 1 1
= 2m1 = 2! R”_’(ZI’O((ZI ol (o _;)n+21)’
and
o ED S A 1= 0 Rui(21,0) = Rui(22,0)
o = (za — gyt

Controlling I is easy via an obvious gradient estimate, which yields:

lzi —z2| | lz1— 22| lz1 — 22/°
= < )
|z1 — ¢3! lz1 — ¢3¢ 21 — ¢

To estimate the term II we need a sublemma.

1< Clzy — ¢t

Sublemma. We have the identity:

Ru1(z1,0) = Ry1(z2.0) = > cju(B"™ (x) @) — B (x2)(22)) (¢ — 22/ (T = 2)*
Jj+k=n—I

+ 0(jz1 — 22|"F|g — 2",

Since B™(xg) is in Lip(e, £2) for each non-negative number m, the Sublemma immediately provides the right
control on the term II, namely,

71 —22/°
1+s|§. n—l—l)<C| 1 2|

II< ,
T -z

_ — 2]
= = Z2|n+2—l

(Iz1 = 22°1¢ — 221" + |21 — 22
and this completes the proof of Lemma 6. O

Proof of the Sublemma. The most convenient way of proving the Sublemma is to place ourselves in a real variables
context. Given a smooth function f on RY let,

3(1
hawm= Y 0o

|| <m

be its Taylor polynomial of degree m around the point a. Then, clearly,

Rn—1(21,8) = Ru—1(22,8) =T, <3[—h )()—T <8Z—h )()
n—1(21, ¢ n—1(22, &) = In— T ¢ n=i\ 5e0 ¥ ¢,

and so the Sublemma is an easy consequence of the fact that each nth order derivative of % is a constant times B (x ),
for an appropriate exponent m, and the following elementary calculus lemma. O

Lemma 7. If f is a m times continuously differentiable function on R?, then

Tu(f.a1)(x) — Tu(f.a)(x) = Y 9% f(a1) — 0° f(a2)

lat|=m

1
- Z a(aaf(aﬁ - Tm—‘(x|(aaf, al)((lz)) (x —_ az)a.

|| <m
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Proof. Let P(x) stand for the polynomial T, (f, a;)(x) — T,,,(f, a2)(x), so that
0% P(az)
P)= ) ———@—a)".
o] <m
A straightforward computation yields
3% P(az) = Tn—1a| (3% f. a1) (a2) — 3% f(a2),

which completes the proof of Lemma 7. 0O
6. ¢ is bilipschitz

In the preceding sections we have proved that ¢ is a Lipschitz function on C. Moreover,
dp=h=(I—nuB) '(n) eLipe’,2), 0<¢ <s,
and so, by the Main Lemma,
3¢ =1+ B(h) e Lip(¢, 2) NLip(¢’, (2)°), 0<¢& <e.

Since ¢ is holomorphic on (£2)¢, ¢'(z) = 3¢ (z) extends continuously to £2¢, but nothing excludes that this extension
might vanish somewhere on 32. The functions d¢ and d¢ also extend continuously from £2 to £2, but again it could
well happen that both vanish at some point of d£2. We will show now that this is not possible. Indeed, we claim that
for some positive number gy we have:

0¢(2)| > 20, z€RN(R). (28)

This implies that the Jacobian of ¢ is bounded from below by (1 — ||,u||§o) o at z almost all points of C. Thus the
inverse mapping ¢! has gradient in L>°(C) and hence ¢ is bilipschitz.

Proof of (28). For a € 352 denote by ¢'(a) the limit of ¢'(z) as z € (£2)¢ tends to a. We claim that (28) follows if we
can show that

¢'(@)#0, acdsf2. 29)

Indeed, this clearly implies infze@)c |d¢(z)| > 0. Now denote by d¢ (a) and 3¢ (a), a € 352, the limits of d¢(z) and

3¢ (z) as z € £2 tends to a. Take a parametrization z(¢) of 382 of class C!, such that z/(¢) # 0 for all £. Computing
%¢(Z (¢)) in two different ways,

(o2 () = L _ 0+ 22 VD
¢'(2(0))2' (1) = dt¢(Z(t)) = (z))z' @) + T (z)z' @)
and so
o)) O
¢ (z(1)) = (1 + /L(Z(t))z/([)) > (z(0)).

Thus, by (29), %(a) #0, a € 952, which yields inf,c |%(z)| > 0.

We turn now to the proof of (29). Assume that 0 = a € 92. Performing a rotation before applying ¢ we may
assume that A = ©(0) is a non-negative real number (1 (0) is the limit of wu(z) as z € §2 tends to 0). Performing a
rotation after applying ¢ we may also assume that the tangent plane to 92 at the origin is the real axis. Denote by H™
and H~ the upper and lower half planes, respectively. Consider the continuous piecewise linear mapping:

z=L(w) =W —Aw)xyg-(w) + (I = Dwxy+(w).
Then, by [15, (5.6), p. 83], the Beltrami coefficient v(w) of the mapping ¢ o L is:

_A@oL)w)  —ixp-(w)+ p(L(w))

v(w) = = .
dpoLl)w) 1—ixy-(wn(L(w))

(30)

Since v vanishes on H+ N L~1((£2)°),
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[v(w)l
dA(w) = et e — coe=I14+ 114101,
lw|?
lwl<ro HTNL=1(2)NB(0,rp) H~-NL~1(£2)NB(0,rg) H~-NL~1(£2)NB(0,ry)

where rq is the small number introduced in the proof of the Main Lemma (see Fig. 1). By (30),

/' | (L(w))]

1 < dA(w).
lwl|?

HANL=1(2)NB(0,rp)

Since L(w) = (1 — A)w on H™T, making the change of variables z = L(w) gives:

7

0
dA
I < / @ /r_l"'gdr < 00,

F
H+TN2NB(0,ry) 0

where in the next to the last inequality we used (16).
For II we begin by remarking that
dA
] = A / ﬂ

lw|?
H-NL=1(2°)NB(0,rg)

and making the change of variables z = w — Aw, we get:

] < A / ! 1_'_}LdA()
X |Z|2 1—x Z),
HN$2¢NB(0,r0)
which can be shown to be finite as before (in particular, using again (16)). To take care of IIl we make the same change
of variables and we obtain:

—A L dA 1 L — (0
0| < / +u(Lw) |dAw) _ / W(L@) = p O
I—ap(L(w)) | |w|? =2 lw|?
H~-NL~1(2)NB(0,rg) H-NL~1(2)NB(0,rp)
1+A — u(0 dA
< + . / | (z) ZM( )|dA(z)<c / 2(z)
(I=2) |z |z|—*
H=N2NB(0,r9) B(0,r¢)
Therefore

f VWA w) < .

lwl?

lw|<ro
and so, by [15, p. 232], H = ¢ o L is conformal at the origin, in the sense that the limit,
H(z)— H(
H'(0) = lim &~ HO)
z—0 Z

exists and H'(0) # 0. The part of the imaginary positive axis close to the origin is included in (£2)€ (see Fig. 1), and
thus L=!(iy) = {2 if y > 0 is small. Hence

iy) — ¢ (0 H(L'(iy))—H©) H'(0
SO Tim iy fim PO L HLT@) —HO) _ HO)
0<y—0 0<y—0 ly 0<y—0 1y a1-x)
This completes the proof of (29). O
7. Reduction to the one domain case
Suppose, as in the statement of the Theorem, that £21, ..., £25 are bounded disjoint domains with boundary of class

C'*¢, for some ¢ with 0 < & < 1, and that u = Zj-vzl Wjxs;, where pj is of class Lip(¢, £2), and || it]lcc < 1. Let @#
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be the quasiconformal mapping associated with p. Assume that N > 1 and set vi = 1 x, and v = Z;V:z WjXs;-
By [1, (10), p. 91,

P =t o 1,
where
0DV (2)
)\.(U)) = U2(Z) _,
0DV (2)

and, for each w € C the point z is defined by w = ®"!(z). In particular, A is supported on Uj‘vzz @V1(£2;). Recall
from the previous section that @"! is bilipschitz, of class C 1‘“‘7,, 0<¢' <e, on £2; and (£21)¢, and conformal on .Qf
In particular, @"! is holomorphic on (£21)¢, and
AoV
dz
Thus the bounded domains @"1(£2;), 1 < j < N, have boundaries of class C1+8/, 0 < ¢’ < &. On the other hand, the
function A satisfies a Lipschitz condition of order ¢’, for 0 < &’ < ¢, in each domain @1 (2 i), 2 < j < N.Proceeding
by induction we conclude now that @# is bilipschitz and of class C”s/, 0 < ¢’ <&, in each domain £2 i 1< j<N.

@) #0, zeQf.

One can prove now Corollary 2. Let D be a bounded planar domain and let f be a function in WIL’CZ(D) satisfying
the Beltrami equation:

d 0
8—{(z) = M(z)'—f(z), zeD,
Z 0z

where o is as in the statement of the theorem. By Stoilow’s Factorization Theorem, f = h o @, where @ is the
quasiconformal mapping associated with p and % is a holomorphic function on @ (D). Let Ds stand for the set of
points in D whose distance to the boundary of D is larger than 6. Thus & has bounded derivatives of all orders on
@ (Ds) and consequently f is as smooth as @ on Ds. Hence f is Lipschitz on Ds and of class C'*' 0<¢ <e¢, in
each open set Ds N 2, 1 < j < N.If D contains the closure of each £2;, then f is of class CH‘S/, 0<é <eg, on
each £2;.

Recalling the relation between the Beltrami equation and second order elliptic equations in divergence form, as
explained in the introduction, Corollary 2 follows immediately from the above argument.

8. Cuspidal domains

As we remarked in the introduction, the conclusion of the Theorem fails for domains with corners; for instance,
for a square. However, the class of domains with boundary of class C!*¢ is not optimal for the Theorem. There is a
heuristic argument that points out at a more general class of domains, which, at least in a first approximation, may be
viewed as optimal.

First of all we recall that a central point in the proof of the Theorem was the fact, which is part of the Main Lemma,
that each power of the Beurling transform sends the characteristic function of the domain into a bounded function.
Let us concentrate on the Beurling transform B and find a simple condition on a bounded domain £2 with rectifiable
boundary so that B(xg) is bounded. Our first remark is that B(x) can be written as the Cauchy transform of a
boundary measure. For this we use, on one hand, the basic property of B,

¢ = B(dg),

which holds for all compactly supported smooth functions ¢ and extends to a variety of situations by regularization.
On the other hand, we use the elementary identity,

1
Ixe =—dze,
Xe =5-d7e
which holds at least for bounded domains with rectifiable boundary. Combining the above two identities we get:

_ _ 1
0B(x2)=B(0xe)=0xe = Zdzag,
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Fig. 5.

which yields
1 -
B(xe) = ZC(dZag)-

Now, dZpo = T2(2) dzpe, 1(2) being the unit tangent vector to d§2 at z. Assume now that the arc-length measure
on the boundary of 2 satisfies the Ahlfors condition length(9£2 N D(z, 7)) < Cr, for each z € 982 and r > 0, where
D(z, r) stands for the open disc with center z and radius r. Then a simple estimate shows that the Cauchy integral of
a function f on 942, that s,

1 f(w)

2t z—w
R

is bounded provided f satisfies a Lipschitz condition of some positive order on d£2. Therefore, to get boundedness
of B(xs2) one has to require that the square of the tangent unit vector satisfies a Lipschitz condition of some positive
order on 052. This is weaker than requiring the Lipschitz condition on the tangent unit vector itself, because it allows
jumps of 180 degrees on the argument of the tangent unit vector. In other words, cusps are allowed.

We want now to define formally cuspidal domains of class C'*¢. Given a planar domain §2 we say that 32 is
C1*¢_smooth at a boundary point zq if there is a positive ry such that £2 N D(zg, ro) is, after possibly a rotation, the
part of D(zo, ro) lying below the graph of a function of class C'*%.

We say that £2 has an interior cusp of class C'7¢ at zo = xo +1yo € 32 provided there is a positive rq and functions
y=a(x), y=b(x), of class C'*¢ on the interval (xo — ro, xo + o), such that a(x) = a’(xo) = b(xo) = b’ (xg) =0,
and, after possibly a rotation, a point z = x + 1y is in £2 N D(zp, ro) if and only if z € D(zp, rp) and b(x) <y < a(x).

We say that £2 has an exterior cusp of class C1*¢ at zo € 32 provided £2€ has an interior cusp of class C'*¢ at z.

A planar domain £ is a cuspidal domain of class C'*¢ if 352 is C'*¢-smooth at all boundary points, except
possibly at finitely many boundary points where $2 has a cusp of class C!*# (either interior or exterior).

The simplest examples of non-smooth cuspidal domains are the drop like domain D and the peach like domain P
shown in Fig. 5. The reader may easily imagine more complicated cuspidal domains with lots of cusps of both types
(see Fig. 7).

With appropriate formulations the Theorem and Corollaries 1 and 2 hold true for cuspidal domains of class C!*%.
The right statements involve the notion of geodesic distance in the domain 2, which we discuss now. Given two
points z and w in §2 their geodesic distance is defined by:

d(z,w)=dg(z,w) = il;fl(y),

dw, zeC\aR,

where the infimum is taken over all rectifiable curves y in §2 joining z and w. Here /() stands for the length of y.
Notice that if £2 has only interior cusps, then the geodesic and the Euclidean distances are comparable and that this
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is not the case in the proximity of an exterior cusp. The Lipschitz norm || - ||¢, 2,4, of order € and the corresponding
Lipschitz spaces Lip(e, §2, dg>) with respect to the distance d are defined is the usual way, with the Euclidean distance
replaced by d in (3) and (4).

The Theorem for cuspidal domains reads as follows:

Theorem’. Ler {§2;}, 1 < j < N, be afinite family of disjoint bounded cuspidal domains of class C'*¢, 0<e<1,and

let © = Z?jzl Wj Xs2;» where wj is of class Lip(e, 2, dg;). Assume in addition that ||| cc < 1. Then the associated
quasiconformal mapping @ is bilipschitz.

Corollary 1 remains true without any change.

Corollary 1. If 2 is a bounded cuspidal domain of class C'7¢, 0 <& < 1, and . = A xo, where A is a complex
number such that |A| < 1, then the associated quasiconformal mapping @ is bilipschitz.

Corollary 2'. Let 2, 1 < j < N, be a finite family of disjoint bounded cuspidal domains of class cC'* 0<e <1,
and assume that all domains §2; are contained in a bounded domain D with boundary of class C I+ Let A= A(z),
z € D, a2 x 2 symmetric elliptic matrix with determinant 1 and entries supported in UjV: 1 §2; and belonging to
Lip(e, £2j,dg;), 1 < j < N. Let u be a solution of Eq. (2) in D. Let Ds stand for the set of points in D at distance
greater than § from the boundary of D. Then Vu € Lip(¢’, 2; N\ Dy, dg;), for0 < ¢ <eand1 < j < N.Inparticular,
Vu € L*°(Ds) and u is a locally Lipschitz function in D.

We proceed now to sketch the proof of Theorem’. The modifications needed are minor and fortunately one can
reduce without much pain the cuspidal case to the smooth case.

We start by discussing the proof in the one domain case (N = 1). The difficulty is that the Main Lemma does not
hold for cuspidal domains with exterior cusps and the usual Euclidean Lipschitz spaces. We present an example to
make the difficulty clear.

Example. Let §2 be the union of the open discs of radius 1 centered at 1 and —1. Thus §2 has an exterior cusp at the
origin. We claim that B(x) does not satisfy a Lipschitz condition on §2 of any order ¢ such that 1/2 < & < 1. The
point is that we can explicitly calculate B(xg). If D(a,r) stands for the open disc centered at a of radius r, then a
simple argument (see, for example, [20, p. 965]) shows that

2
r
B(xp(a,r)(z) = T G—ar Xpe@,rn (@), zeC.
Thus
B =——, zeD(-1,1
(x2)@) T A (=1L1)
and
-1
B )=——=., z€D(,1).
0@ = 5 (1. 1)
Set z1 = —x + 1y and zp = x + 1y, where x and y are positive real numbers such that z; and z; are in §£2. Then

|z1 — z2] = 2x. On the other hand, a simple computation yields |B(x)(z1) — B(x2)(z2)| >~ y as x and y tend
to 0. Choosing y >~ ./x we conclude that B(xg) does not satisfy a Lipschitz condition on £2 of any order & with
1/2<e<1.

The Main Lemma for cuspidal domains reads as follows.

Main Lemma. Let 2 be a bounded cuspidal domain of class C'7¢, 0 < & < 1, and let T be an even smooth homo-
geneous Calderon—Zygmund operator. Then T maps Lip(e, 2, dg) into itself, and T also maps Lip(¢, $2,dg) into
Lip(e, £2¢, dg.). In fact, one has the inequalities:

ITflle.2.d0e < ClITlIczIl flle.2.de -
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Fig. 6.

and
IS, g

where C is a constant depending only on € and S2.

dze S ClIT Nzl flle 2,00

Proof. We first prove that 7*(f) € L°°(C) for each f € Lip(e, £2, d). Take a point z € C. Clearly we may assume
that z € D(zo, %ro), where 7z is a cuspidal point and ry is as in the definition of cusp. Otherwise z is far from all
cusps and thus we may apply the arguments of the smooth case. Since there are only finitely many cusps we may also
assume that there is a positive number ro which works in the definition of cusp simultaneously for all cusps. Clearly

T*(f)(2) S T*(f x2nDz0.r0)) (@) + T (f X200 (z0,r0)) (2,

and the second term is bounded by C log % Il flloo, Where d stands for the diameter of §2. We are therefore left with
the first term.

Assume for the moment that £2 has an interior cusp at zo. We connect the cercle of center z( and radius % ro with
the concentric cercle of radius rq to produce domains D; and D, with boundary of class C'*¢, as shown in Fig. 6.

Notice that three other “residual” domains R;, 1 < j < 3, have been formed. The domains R; are not smooth
but they are far from D(zo, %ro). Since we are assuming that £2 has an interior cusp at zo, the restriction of f
to £2 N D(zp, ro) satisfies an Euclidean Lipschitz condition of order ¢. By the well-known extension theorem for
Lipschitz functions [23, Chapter VI] we may extend the restriction of f to £2 N D(zg, ro) to a function g € Lip(e, C)
such that

lglle,c < Cll flle,2nD(zo,r0)- (31)
Hence
3
fX.QﬂD(Zo,ro) = 8XD(zp,r0) — 8XDy — 8XDp — ZgXRj
j=1

and so

3

T*(f X2nDGor0) < T*(@XDGo.r) + T8 X)) + T*(8xDy) + > T*(8xk,)-
j=1

The last three terms are controlled by C||g|l, Where C is a constant depending on rp, because the domains of the
functions to which 7* is applied are far from D(z, %ro). By (31) this gives the correct bound C|| f]l¢.&2.

To estimate the first three terms we remark that Dy, Dy and D(zg, ro) are domains with boundary of class Cclte,
Thus the proof of the Main Lemma for smooth domains of Section 3 yields, by (31),

17N <Cliflleg2- (32)
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Assume now that §2 has an exterior cusp at zg. Then

3
fxenpo.rg) = fxp, + fxp, + Z I XR;
j=1
and so
3
T*(f xe2nDGore) < T*(fxp) + T*(fx0y) + > T*(f x&))-
j=1

The proof of the estimate (32) proceeds as before.

Let us turn to prove the Lipschitz condition on 7 (f). Since T (f) is bounded, to estimate |7 (f)(z) — T (f)(w)|
we may restrict our attention to the case in which z and w are very close to each other. We may also assume that z and
w are close to a cusp, say, z, w € D(zo, %ro). From this point on the proof is very similar to what we did before, with
T* replaced by T'. The first step is to restrict our attention to f x2np(zy,), Which may be achieved by the identity:

T(f)=T(fxenpio.re) + T (f x2nDe(z0,r0))-

Assume first that £2 has an interior cusp at zo and consider again the extension g of f xonp(z,r) satisfying (31).

We clearly have
3
T(f x2nDGor) = T @ XDeor0) — T(8XD) — T(8xDy) — Y T(8XR,)-
j=1

By the smooth version of the Main Lemma 7' (g p,) and T (g xp,) satisfy an Euclidean Lipschitz condition of order
¢ on the complement of Dy and D; respectively. Clearly, again by the smooth Main Lemma, T (g X p(z,,r,)) satisfies
an Euclidean Lipschitz condition of order & on D(z, ro). Finally T (g xg;), I < j < 3, satisfy an Euclidean Lipschitz
condition of order € on D(zo, %ro), because the domains R; are far from D(zo, %ro). If both z and w belong to £2 we
then get an estimate of the form,

IT()@) —T(HW|LCllflleglz—wl,

which completes the proof, because in the case at hand the Euclidean distance between z and w is comparable to their
geodesic distance. If z and w are in 2°¢, then we may assume that z € D1 and w € D,. Otherwise z and w belong
both to either D or Dy and thus we obtain the above Euclidean Lipschitz estimate of order ¢. Choose then a point
& € 9Dy N dD; such that max{|z — &|, |lw — §|} = dg.(z, w) (see Fig. 6). Since T'(gxp,) and T (gxp,) satisfy an
Euclidean Lipschitz condition of order ¢ on D and D; respectively, and since 7 ( f) is continuous on the complement
of 2, because f is supported on £2, we get:

IT(f)2) — T(Hw)| < Cmaxflz — &, |w — )} ~dg. (z, w)*.
If £2 has an exterior cusp at zg, we argue similarly, using the identity,

3

T(fxenpeom) =T (Fxp) + T(fxp) + Y T(fXr;)-
j=l1

The details are left to the reader. O

We continue now the proof of Theorem’ in the one domain case. If the domain has only interior cusps the argument
we described to prove the Theorem goes through without any change. The reason is that, since the geodesic distance
in £2 is comparable to the Euclidean distance Sections 4 and 5 hold true, because of the cuspidal version of the Main
Lemma. For Section 6 one has to remark that V& is now only in Lip(e’, Q°, dge), 0 < ¢ < g, but that this still
implies that V& extends continuously from £2¢ to 2. The conformality of @ on £2¢ is proved as in Section 6, after
remarking that cusps do not create any problem because they are perfectly suited for an appeal to [15, p. 232].

Assume now that our domain has exterior cusps. In Fig. 7 it is shown how to subdivide 2 in finitely many subdo-
mains £2;, 1 < j < M, which are cuspidal domains of class C e \pith only interior cusps. Since u € Lip(e, $2, dg),
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Fig. 7.

wj = pxs; isinLip(e, §2;). We can then apply the factorization method of Section 7 to get that V@ € Lip(¢/, £2,dg)
and V@ € Lip(¢’, 2°,dg.), 0 <&’ <.

The reduction to the one domain case needs only one comment. Using the notation of Section 7, we use the fact
that @1 is conformal on §2{ to ascertain that the image of each £2; under @"! is again a cuspidal domain of class
C't 0<e <6 We repeat for emphasis that the conformality of @"! is proved at a cusp appealing, as in Section 6,
to [15, p. 232].

9. Final comments

Very likely the restriction on the determinant of the matrix A in Corollaries 2 and 2’ is superfluous. This would
follow if Lipschitz regularity results should hold for the general elliptic system,

0D (2) = w(2)dP (2) + v(2)dP(2),

where | (2)| + [v(z)| <k <1, a.e.on C.

It seems also rather clear that the right conclusion in Corollary 2 (and analogously in Corollary 2') should be that
the solution u is of class Lip(e, £2;), 1 < j < N, in all dimensions (and without any restriction on the determinant
of A). Evidence for this conjecture is provided by the fact that it is true in the plane whenever the Lipschitz norm of
the coefficients of the matrix A are small enough. See the argument for the Beltrami equation at the end of Section 2.
We acknowledge some useful correspondence with L. Escauriaza and D. Faraco on that issue.

Apparently it is not known what is the best exponent p such that V@ e Lf;c((C) for 4 = Axp, where A is a
complex number such that |A| < 1 and Q is a square. This looks extremely surprising to the authors, who would very

LP(©).

(0]

much appreciate knowing the precise regularity properties of @# in the scale of the local Sobolev spaces W,
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