A new characterization of Sobolev spaces on R”

Roc Alabern, Joan Mateu and Joan Verdera

Abstract

In this paper we present a new characterization of Sobolev spaces on R"”. Our
characterizing condition is obtained via a quadratic multiscale expression which ex-
ploits the particular symmetry properties of Euclidean space. An interesting feature
of our condition is that depends only on the metric of R" and the Lebesgue measure,
so that one can define Sobolev spaces of any order of smoothness on any metric
measure space.

1 Introduction

In this paper we present a new characterization of the Sobolev spaces W*” on R", where
the smoothness index « is any positive real number and 1 < p < co. Thus W*? consists
of those functions f € L? = L?(R") such that (~A)¥?f € L?. Here A is the Laplacian and
(=A)¥'2 f is defined on the Fourier transform side by |&£|? f (). If 0 < a < n this means that
f is a function in L” which is the Riesz potential of order a of some other function g in L?,
namely f = c¢,1/[x]""® = g. If « is integer, then W*” is the usual space of those functions
in L? such that all distributional derivatives up to order « are in L”.

To convey a feeling about the nature of our condition we first discuss the case @ = 1.
Consider the square function

S(f(x) = fo

Here f is a locally integrable function on R" and f3(,, » denotes the mean of f on the open
ball with center x and radius ¢. One should think of M as a quotient of increments
of f at the point x. Our characterization of W' reads as follows.

Sy = f(X)

t

2
dt
—, eR".

Theorem 1. If 1 < p < oo, then the following are equivalent.
(1) fe W'
(2) fel?andS(f) € L*.
If any of the above conditions holds then

IS Ol = IV Al -



The symbol A =~ B means, as usual, that for some constant C independent of the
relevant parameters attached to the quantities A and B we have C-' B< A < CB.

Notice that condition (2) in Theorem 1 above is of a metric measure space character,
because only involves integrals over balls. It can be used to define in any metric measure
space X a notion of Sobolev space W!*(X). It is not clear to the authors what are the
relations of this space with other known notions of Sobolev space in a metric measure
space, in particular with those of Hajlasz [H] or Shanmugalingam [S] (see also [HK]).

The proof of Theorem 1 follows a classical route (see [Str]). The relevant issue is the
necessary condition. First, via a Fourier transform estimate we show that

IS (Ol = clIVSll2,

for good functions f. In a second step, we set up a singular integral operator 7 with values
in L*(dt/t) such that

ITONe2ee, 2arsey = IS CHIL2 -
The kernel of 7" turns out to satisfy Hormander’s condition, so that we can appeal to a well
known result of Benedek, Calderén and Panzone [GR, Theorem 3.4, p. 492] on vector
valued Calder6n-Zygmund Theory to conclude the proof. The major technical difficulty
occurs in checking Hérmander’s condition.
The proof extends without pain to cover orders of smoothness @ with 0 < @ < 2. The
square function S (f) has to replaced by

S o)) = fo " |foen — £

ta(
The result is then that, for 0 < @ < 2, f € W*” is equivalent to f € L” and S,(f) € L”.

Notice that
So(f)*(x) = fo

where the barred integral on a set stands for the mean over that set. Strichartz ([Str]) used
long ago the above square function for 0 < @ < 1 to characterize W*”. However the
emphasis in [Str] was on a larger variant of S ,(f) in which the absolute value is inside the
integral in y in (1). In the interval 1 < @ < 2 putting the absolute value inside the integral
destroys the characterization, because then one gives up the symmetry properties of R".
For instance, S ,(f) vanishes if f is a first degree polynomial.

There are in the literature square functions very close to (1) which characterize W7,
for 0 < @ < 2. For example, first differences of f may be replaced by second differences
and the absolute value may be placed inside the integral ([Str] and [St, Chapter V]). The
drawback with second differences is that they do not make sense in the setting of metric
measure spaces. See also the paper by Dorronsoro [D].

We now proceed to explain the idea for the characterization of W>”. Take a smooth
function f and consider its Taylor expansion up to order 2 around x

fO) = F@+ V@) - =0+ Y PR - +R, @)
181=2

2
dt
—, e R".

2
f(y)_f(x)dy ?’ XERH, (1)
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where R is the remainder and S a multi-index of length 2. Our goal is to devise a square
function which plays the role of S(f) (see (1) for @ = 1) with respect to second order
derivatives. The first remark is that the mean on B(x, ) of the homogeneous polynomial
of degree 1 in (2) is zero. Now, the homogeneous Taylor polinomial of degree 2 can be
written as

Ipf(x) 1
D A0 - = Hy =) + s-Af@) ly - (3)
B! 2n
BI=2
for a harmonic homogeneous polynomial H of degree 2. Hence the mean on B(x, 7) of the
homogeneous Taylor polinomial of degree 2 is

1
f L Afly -+ dy.
B

(x, £) 2n

This suggests defining

S2(H)x)? = fo

We cannot replace (Af)p.. by Af(x) in the preceding definition, because the mean guar-
antees a little extra smoothness which one needs in a certain Fourier transform computa-
tion. Notice that, according to the remarks made before on the mean on the ball B(x, f)
of the homogeneous Taylor polynomials of degrees 1 and 2, in the expression above for
S2(f)(x) one may add the missing terms to get the full Taylor polynomial of degree 2, ex-
cept for the fact that Af(x) should be replaced by (Af)p.. Were f smooth enough, one
could even add the homogeneous Taylor polynomial of degree 3, because it is odd (taking
x as the origin) and thus its mean on B(x, t) vanishes. This explains why whatever we can
prove for @ = 2 will also extend to the range 2 < a < 4 by considering an appropriate
square function, which turns out to be

S () = fo

One should remark that in the range 2 < @ < 4 the mean (Af)p., can safely be replaced
by Af(x). Here is our second order theorem.

- - L A x,t —xf? ’
f (ro) - f) E e b )y X rew. @
B(x,1)

2
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7, xeR".

(fO) = f@) = £AF) Iy - xP)
. i
B(x,1)
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Theorem 2. If 1 < p < oo, then the following are equivalent.

(1) f € WP

(2) f € L? and there exists a function g € L? such that S,(f, g) € L?, where the square
function S,(f, g) is defined by

2
dt
7, xeR".

() = () = gbiwn Iy — xP)
f @
B(x,1)

t2

S2(f.)(x) = fo




If f € W?P then one can take g = Af/2n and if (2) holds then necessarily g = Af[2n,
a. e.
If any of the above conditions holds then

IS (f, My = [I1ALIlp -

Notice that condition (2) in Theorem 2 only involves the Euclidean distance on R” and
integrals with respect to Lebesgue measure. Thus one may define a notion of W>?(X) on
any metric measure space X. For more comments on that see section 5.

Again the special symmetry properties of R” play a key role. For instance, S, anni-
hilates second order polynomials. Theorem 2 has a natural counterpart for smoothness
indexes « satisfying 2 < @ < 4. The result states that a function f € W7 if and only if
f € L? and there exists a function g € L” such that S ,(f, g) € L?, where

JC (10~ 10~ sy =af) "
B(x,1)

—, xeR".
1 Y t

Su(f.9)(x) = fo

Notice that in the range 2 < a < 4 we do not need to replace g(x) by the mean gp(, 5.

Before stating our main result, which covers all orders of smoothness and all p with
1 < p < oo, we need to discuss a couple of preliminary issues. The first is the ana-
logue of (3) for homogeneous polynomials of any even degree. Let P be a homogeneous
polynomial of degree 2j. Then P can be written as

1 .
P(x) = H(x) + MNP — |x|%/,
L;
where L; = A/(|x|*) and H satisfies A/H = 0. This follows readily from [St, 3.1.2, p. 69].
Considering the spherical harmonics expansion of P(x) we see that f|x|=1 Hx)do = 0,

o being the surface measure on the unit sphere, and thus that flxls: H(x)dx =0,t> 0. The
precise value of L;, which can be computed easily, will not be needed.

Our main result involves a square function associated with a positive smoothness index
a. Let N be the unique integer such that 2N < a < 2N + 2. Given locally integrable
functions f, g1,..., gy We set

2
© Ry (y, dt
JC N x)dy| di g
B(x, 1) !

Sa(f’gl’gb-- -’gN)(-x)2 = ﬁ

p
where
Ry(y.x) = f() = f(x) = g1(®) [y = x =+ = g1 () |y = 5PV = (gw)seanly — 22
ifa = 2N, and
Ry, %) = f() = f(0) = gi(0) |y = x? =+ = gnea () [y = 2P0 — gy Iy — o

if2N <a < 2N +2.



Theorem 3. Given a > 0 let N be the unique integer such that 2N < a < 2N + 2. If
1 < p < oo, then the following are equivalent.

(1) f e WP

(2) f € L? and there exist functions g;€ L?, 1< j< N, such that S .(f, g1, 82, ..., gn) EL".

If f € W*P then one can take g; = A f/L; and if (2) holds then necessarily g; =
NFfIL; a. e.

If any of the above conditions holds then

IS o(f> 815 - - s @)l = I(=A) 211, -

Remark. In the statement above one should understand that for N = 0 (or, equivalently,
for 0 < a < 2) no function g; appears. The square function involved in this case is S ,(f)
as defined in (1).

Again condition (2) in Theorem 3 only involves the Euclidean distance on R" and
integrals with respect to Lebesgue measure. Thus one may define a notion of W*?(X) for
any positive @ and any 1 < p < oo on any metric measure space X. For previous notions
of higher order Sobolev spaces on metric measure spaces see [LLW]. See section 5 for
more on that.

The proof of Theorem 3 proceeds along the lines sketched before for @ = 1. First we
use a Fourier transform computation to obtain the relation

IS o(f, Af/Ly, ..., AV £/ = cI(=A)*"* £, .

Then we introduce a singular integral operator with values in L*(dt/t***') and we check
that its kernel satisfies Hormander’s condition.

The paper is organized as follows. In sections 2, 3 and 4 we prove respectively The-
orems 1, 2 and 3. In this way readers interested only in first order Sobolev spaces may
concentrate in section 2. Those readers interested in the main idea about jumping to orders
of smoothness 2 and higher may read section 3. Section 4 is reserved to those interested
in the full result. In any case the technical details for the proof of Theorem 1 are somehow
different of those for orders of smoothness 2 and higher. The reason is that Hormander’s
condition involves essentially taking one derivative of the kernel and is precisely the ker-
nel associated to the first order of smoothness that has minimal differentiability.

Our notation and terminology are standard. For instance, we shall adopt the usual
convention of denoting by C a constant independent of the relevant variables under con-
sideration and not necessarily the same at each occurrence.

If f has derivatives of order M for some non-negative integer M, then V¥ f = (6 f)5-u
is the vector with components the partial derivatives of order M of f and |[V¥ f] its Eu-
clidean norm.

The Zygmund class on R” consists of those continuous functions f such that, for some
constant C,

lf(x+h)+ f(x—h)=2f(x)| <Clhl, x,heR".

The basic example of a function in the Zygmund class which is not Lipschitz is f(x) =
|x|log |x|, x € R™.



The Schwartz class consists of those infinitely differentiable functions on R" whose
partial derivatives of any order decrease faster than any polynomial at co.

After the first draft of the paper was made public Professor Wheeden brought to our
attention his articles [W1] and [W2]. In [W1] a general result is proven which, in partic-
ular, contains Theorem 3 for @ not an even integer. In [W2] Sobolev spaces with respect
to special homogeneous spaces are considered forO <a < 1.

2 Proof of Theorem 1

The difficult part is the necessity of condition (2) and we start with this.
As a first step we show that

1S 1Pl = ¢Vl ®)

for a dimensional constant ¢. Set

x(x) = X B(0,1)(X)

1
|B(0, D]

and )
X
Xi(x) = t—n)((;),

so that, by Plancherel,

* d
[ sinwrar= [ [ e - fer ax
R~ 0 R” t

0 ~ d
:cfhfm@—WV@Fﬁg.
0 R?

Since y is radial, ¥(£) = F(|€]) for a certain function F defined on [0, co). Exchange
the integration in d¢ and df in the last integral above and make the change of variables
7 = t|é|. Then

fplvmwdx—cﬁéf'war4| 9T\ repiep de
—cflﬂﬂ—ﬂ IV£I13

and (5) is reduced to showing that

0 d
LIHﬂ—W;§<w. ©)



Set B=B(0,1)and ¢; = (1,0,...,0) € R". Then

F(t) = x(te)) = JCexp (—ix ) dx

B

1
:f(l—ixlt——x%t2+~--)dx
B 2
:l—lfx%dxt2+---,
2 Js

F)-1=0@{), as t—0

which yields

and shows the convergence of (6) at 0.

Since F(|¢]) = y(&) is the Fourier transform of an integrable function, F(7) is a
bounded function and so the integral (6) is clearly convergent at co.

We are left with the case of a general p between 1 and co. If f € W'P, then f =
g#1/|x|""! for some g € L? (with 1/|x"~! replaced by log |x| forn = 1). Set I(x) = 1/|x]"~".
Then

SBeeny = F(x) = (f * x)(x) = f(x) = (g * K)(x),

where

Ki(x) = (I * x)(x) = I(x) = Jf 1(y)dy = I(x). (7)

B(x,1)
If welet T(g)(x) = (g * K;)(x), x € R", then one can rewrite S ;(f)(x) as

1
« dt\?
S1()x) = (f (g * K t—3) = 1T (O r2ary) -
0
Then (5) translates into
f TR g x = €IV IR = Clgl,

and we conclude that T is an operator mapping isometrically (modulo a constant) L*(R")
into L>(R", L*(dt/t)). If the kernel K,(x) of T satisfies Hormander’s condition

f 1K (x =) = Kl dx < €,y € R
|x|=2]y|

then a well known result of Benedek, Calderén and Panzone on vector valued singular
integrals (see [GR, Theorem 3.4, p. 492]) yields the L” estimate

f TGN g, dx < Cp Il

which can be rewritten as
IS (O, < C VLI, -

7



The reverse inequality follows from polarization from (5) by a well known duality argu-
ment ([GR, p. 507]) and so the proof of the necessary condition is complete. We are going
to prove the following stronger version of Hormander’s condition

|yl n
1K (x = y) = Kl 23y < C W’ yeER", (8)

for almost all x satisfying |x| > 2[y|.
To prove (8) we deal separately with three intervals in the variable 7.

Interval 1: f < %' From the definition of K; in (7) we obtain

VKi(x) = (VI * x)(x) = VI(x) .

Notice that, in the distributions sense, the gradient of / is a constant times the vector
valued Riesz transform, namely

X
VI = —(l’l - 1)pVW .

If |x| > 2[y|, then the segment [x — y, x] does not intersect the ball B(0, |x|/2) and thus

IKi(x = y) = Ki(x0) <yl sup [VKi(2)]. 9)

z€[x=y,yl

Ift <|x|/3 and z € [x — y,y], then B(z,¢) c R"\ B(0, |x|/6), and hence
VK,(z) = JC (VIw) = VI(z)dw. (10)
B(z,1)

Taylor’s formula up to order 2 for VI(w) around z yields

w — z]?
|x|n+2

VIi(w) = VI(Z) + VI(2)(w — 2) + O(

)5

where V2I(z)(w — z) is the result of applying the matrix V2I(z) to the vector w — z. The
mean value of V2I(z)(w — z) on B(z, 1) is zero, by antisymmetry, and thus, by (10),

2
IVK:(29)l < C

|x|n+2

and so, by (9),
2

IKi(x =) = K0l < Chles

Integrating in ¢ we finally get

1

1
1x1/3 dr\? Iyl MR 1
, _
(L |K,(x - ))) - Kz(x)| t_3) <C |x|n+2 (f(; tdl) =C |)C|"Jrl '




Interval 2: |x|/3 < t < 2|x|. The function [ * y, is continuously differentiable on
R"\ S, S, = {x : |x| = ¢}, because its distributional gradient is given by I * Vy, and each
component of Vy, is a Radon measure supported on S,. The gradient of I = y, is given at
each point x € R" \ S, by the principal value integral

(V1% x)@) = ~(n = )p.v. f = dy,
B(x,1) |)’|
which exists for all such x. The difficulty in the interval under consideration is that it may
happen that |x| = 7 and then the gradient of /  y; has a singularity at such an x. We need

the following estimate.

y
p.v.f —dy| <
B(x, 1) ly[+!

Lemma 1.
x|+ ¢

, eR".
x| — 1|

Proof. Assume without loss of generality that x = (x;,0,...,0). The coordinates y;, j #
1, change sign under reflection around the y; axes. Hence

p.v.f yjﬂdy:O, I<j<n.
Bty DI

Now, if |x| < t,

pVI ) dy‘=‘wf s a’y'
Ber IMH! Blx \BO, 1)) V1"

gy t
SCf — =C log +|x|.
I3

—|x| t t— |)C|
Y1
p.v.f - dy‘ =
B(x, 1) |)’| 1

If |x| > 1,

Y1
dy'
jt;(x, p Iyl

M gt +1
<C f — =C log il .
-t |x[ — 7

O
Assume without loss of generality that y = (yy,0,...,0). The distributional gradient
of I x y,is

Yy
—(n— l)p.v.—lylnﬂ * X1,

which is in L2. Then I * y, € W"? and consequently is absolutely continuous on almost all
lines parallel to the first axes. Therefore

1
K(x-9) =K =~ [ VEG=m)-yar
0

9



for almost all x and

1
- t
K (x—y) - Ko < € 2 (1 +log m) -

X" Jo [lx — 7yl — 1|
Hence
21 dt : Iyl 2l |x —Ty| + ¢ ? dt :
([ ie--sop ) <c DL ([ o im0 o
Ixl/3 t [\ Sy \Jo llx — 7yl — 1| t
_ o~
|x|n+l ’

where the last identity is a definition of D. Applying Schwarz to the inner integral in D
and then changing the order of integration we get

1 2|x] 2
— t dt
Dzsf U (m(,gm) _]dT_
0 1xl/3 llx — 7y[ — 1| t

For each T make the change of variables

t
s =
lx — 1yl

| 2
Dzsf(1+log +S) @
2/9 [1—s] N

Interval 3: 2|x| < ¢. For each z in the segment [x — y,y] we have B(0,1/4) C B(z,1).
Then, by (10),

1 w Z
VKi(z) =—(n—-1) (p.v. f —dw — )
' 1B(z, O Jpie.ry W ||+

:—m—n( ! Y _dw Z)

IB(z, O Jbez, o050, 74) W™ |z]"+1

to conclude that

and so

1
IVK(9) < C ot 2€ [x =y, 1.

Hence, owing to (9),
Iyl
||

1 1
* dt\? Iyl f ®dt\? Iyl
K(x-y-KMXP=| <C —| =C ,
(Lxl K (x =) (%) t3) |x|"( » 3 T

10

[Ki(x —y) = Ki(x)| < C

and thus




which completes the proof of the strengthened form of Hérmander’s condition (8).

We turn now to prove that condition (2) in Theorem 1 is sufficient for f € W', Let
f € L? satisty S (f) € L?. Take an infinitely differentiable function ¢ > 0 with compact
support in B(0, 1), f ¢ = 1 and set ¢(x) = = ¢( ), € > 0. Consider the regularized
functions f. = f * ¢.. Then f, is infinitely differentlable and [[Vfll, < If1lplIV@ell1, so that
fe € WP Thus, as we have shown before,

VIl = IS (foll, -

We want now to estimate ||S(fc)||, independently of €. Since

(JIBa,n — Je(x) = (f * x1 — [) * de) (X)),

Minkowsky’s integral inequality gives

S1(fIx) = ”(fe)B(x,t) - fe(x)lle(dt/t3) < (S1(f) * (X)),

and so [[Vfell, < C IS 1(f)ll»» € > 0. For an appropriate sequence €; — 0 the sequences 9y f,
tend in the weak * topology of L” to some function g, € L”, 1 < k < n. On the other
hand, f, — fin L” as € — 0 and thus 0, f. — 0if, 1 < k < n in the weak topology of
distributions. Therefore 8, f = g for all k and so f € W',

3 Proof of Theorem 2

The difficult direction is (1) implies (2) and this is the first we tackle. We start by showing
that if f € W22 then

1S 2(PIl2 = cllAfIl2 (11)

where the square function S,(f) is defined in (4). To apply Plancherel in the x variable it
is convenient to write the innermost integrand in (4) as

A
£ (o-ro-(f HDay-st]a
B(x,1) B(x,1) n
= f (f(x Fh) - fx) - ( f Afx+ b dk) |h|2) dh
B(0,1) B(0,1) 2n

Applying Plancherel we get, for some dimensional constant c,

00 2 2
NS (IR = fo fR n Jim(e"p(ifh)‘“(ﬁ(o) (fk)dk)'"5')dh|f<f>|2df—

Make appropriate dilations in the integrals with respect to the Variables h and k to bring
the integrals on B(0, 1). Then use that the Fourier transform of BODABO.D is a radial

|B(O 1)

11



function, and thus of the form F'(|€]) for a certain function F defined on [0, o). The result
is

2
® 1 dr »
s = [ [ e -1 Perragy £ wean Siierde.
nJo 2n B(0,1) t
The change of variables 7 = 7 |£| yields
clIS2(NIE = TIASI
where [ is the integral
o 1 ? dr
I= f F(r)-1 +72F(7)—f Al dh| — . (12)
0 2n B(0,1) T

The only task left is to prove that the above integral is finite. Now, as 7 — 0,

F(r)= JE exp (ihy7)dh
B(0,1)

1
=JC (1+ih17——h%72+---)dh
2
B(0,1)

1
=1- —(JC h?dh)rz +0(t).
2 B(0,1)

1
F(t)- 1+ 7*F(r)— f \h|* dh
2 B(0,1)

n
1 1
- (__ JE 1 dh + ]C P dh) 7+ 0(r) = 0(r*),
2 B(0,1) 2n B(0,1)

becausg clearly J%(o,n |h?>dh = n J%(O,l)h% dh. Therefore the integral (12) is convergent
atTt = 0.

To deal with the case T — oo we recall that F can be expressed in terms of Bessel
functions. Concretely, one has ([G, Appendix B.5, p. 429])

Jup2(7)
/2

Hence

IB(O, D] F(1) =

The asymptotic behavior of J,,/2(7) gives the inequality

1
<C

ntl  —
T2

|F(Dl < C

2

N

which shows that the integral (12) is convergent at co.

12



We turn our attention to the case 1 < p < oo. Let I,(x) stand for the kernel defined on
the Fourier transform side by |
b© =
In other words, I, is minus the standard fundamental solution of the Laplacian. Thus
L(x) =c, 1/|x" 2 ifn >3, L(x) = —% log|x| if n = 2 and L (x) = —% |x| if n = 1. Given
any f € W2 there exists g € L” such that f = I, * g (indeed, g = —Af). We claim that

there exists a singular integral operator T (g) taking values in L*(dt/#°) such that

S2()x) = IT(Q)X2a1/55) - (13)
Set 1
x(x) = m){ze(o,l)(x)
and

1 x
Xi(x) = t_n)((;)

Then, letting M = Jga(o ) |zI? dz,

1 M
f (f(y) = () = (A f)pn by - XIZ) dy=((L*x,—L——x)*g(x)
B(x,1) n 2n

= (K * g)(x),

where M
Ki(x) = (b s x) () = h(x) = = £ xi(x).

Setting 7'(g)(x) = (K, * g)(x) we get (13) from the definition of S,(f) in (4). Then (11)
translates into

fR TGOy, dx = MG = Clglh

and we conclude that T is an operator mapping isometrically L2(R") into L2(R", L*(dt/#)),
modulo the constant C . If the kernel K,(x) of T satisfies Hormander’s condition

f IK(x = y) = Ki(Oll 25y dx < C,  y eR”,
[x=2y|

then a well known result of Benedek, Calderén and Panzone on vector valued singular
integrals (see [GR, Theorem 3.4, p. 492]) yields the L? estimate

f TG g, dx < Cp sl

which can be rewritten as
IS2(Ol, < Cp 1AL, -

13



The reverse inequality follows from polarization from (11) by a well known duality argu-
ment ([GR, p. 507]) and so the proof of the necessary condition is complete.
We are going to prove the following stronger version of Hormander’s condition

vl'/2
IK:(x = ¥) = Ki(O|| 20175 < C W’ x| > 2]yl .

For this we deal separately with the kernels H,(x) = (I, * x,)(x) — I,(x) and #* y,(x). For
12 x(x) we first remark that the quantity |y,(x—y)—x,(x)| is non-zero only if |x—y| < ¢ < |x|
or |x| <t < |x—y]|, in which cases takes the value 1/c, t", ¢, = |B(0, 1)|. On the other hand,
if |x| > 2|y| then each z in the segment joining x and x — y satisfies |z] > |x|/2. Assume that
|x — y| < |x| (the case |x| < |x — y| is similar). Then

o dr\2 W g :
(f (& (i(x = y) = xi(x)))? —St) =c (f Z_frl)
0 t eyl

1
2
P L e L
|X _ y|2n |x|2n |x|n+1/2

We check now that H, satisfies the stronger form of Hormander’s condition. If # <
|x]/2, then the origin does not belong to the ball B(x — y, f) nor to the ball B(x, t). Since
I, is harmonic off the origin, the mean of 7, on these balls is the value of /, at the center.
Therefore H,(x — y) — H,(x) = 0 in this case.

If t > |x|/2, then

|12

Iyl
|x|n—1 :

\Hi(x —y) - H®)| <yl sup |[VH(2)|<C

Z€[x—y,x]

The last inequality follows from

VH,(z) = JC VLw)dw - VI (z),
Bz,

IVL(2)| < C1/lz]"' < C1/]x|""" and

1 1
| VL (w)dw| < JC

B(z,1) B(z.1) =t = gt .

~ dr\’ bl f“’ dr\’ bl
H(x-y)-HxP—=| <C —| =cC :

We turn now to prove that condition (2) in Theorem 2 is sufficient for f € WP,
Let f and g in L? satisfy S,(f,g) € L?. Take an infinitely differentiable function ¢ > 0
with compact support in B(0, 1), f ¢ = 1 and set ¢.(x) = E%(ﬁ(f), € > 0. Consider the

Therefore
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regularized functions f; = f * ¢. and g. = g * ¢.. Then f is infinitely differentiable and
IIAﬂllp < ||f||{, ||A</)e||13 SO tha‘t f. € W*P. Recalling that M = ng(o,l) 21> dz, we get, by
Minkowsky’s integral inequality,

S2(fer 8)(X) = I(fe # )(X) = ful) = (8 * X)(X) M* Pll2anys)
= 1((f #x0) = f = (& %) M £ % ) (D)l 2qanyoy
< (SZ(f7 g) * ¢e) ()C) .

Now we want to compare (1/2n)Af,. and g.. Define

D.(x) = (fm M?
0

D(x) < §2(f)(x) + Sa(fe, 8)(x)
< S2(f)(x) + (S2(f, &)%) * @) (),

and thus D.(x) is an L? function. In particular D.(x) < oo, for almost all x € R". Hence

((L/2m)Afe(x) = ge(0)] = Tm[(1/2m)(Afe * x)(x) = (8e * x)(0)| = 0,

1
2—(Afe * X)(X) = (ge * x)(x)
n

1/2
2 ar\"
)

Then

for almost all x € R”, and so (1/2n)Af, — gin L” as € — 0. Since f, —» fin L’ ase€ — 0,
then Af. — Af in the weak topology of distributions. Therefore (1/2n)Af = g and the
proof is complete.

4 Proof of Theorem 3

The difficult direction in Theorem 3 is to show that condition (2) is necessary for f € W7,
The proof follows the pattern already described in the preceding sections. One introduces
an operator T taking values in L*(dt/t***") and shows via a Fourier transform estimate that
T sends L>(R") into L2(R", L*(dt/t***")) isometrically (modulo a multiplicative constant).
The second step consists in showing that its kernel satisfies Hormander’s condition, after
which one appeals to a well known result of Benedek, Calderén and Panzone on vector
valued singular integrals to finish the proof.

4.1 The fundamental solution of (—A)®/?

Let I, be the fundamental solution of (—A)%/?, that s, I, is a function such that I;(f) = &
and is normalized prescribing some behavior at oco. It is crucial for our proof to have an
explicit expression for /,. The result is as follows (see [ACL] or [MOPV, p. 3699)).

If @ is not integer then

Io(x) = o IX"™",  x€R", (14)
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for some constant ¢, , depending only on « and n.

The same formula works if @ is an even integer and the dimension is odd or if @ is an
odd integer and the dimension is even.

The remaining cases, that is, @ and » are even integers or @ and n are odd integers are
special in some cases. If @ < n formula (14) still holds, but if « is of the form »n + 2N, for
some non-negative integer N, then

I,(x) = Con X" (A + Blog|x|), xeR",

where ¢, ,, A and B are constants depending on « and n, and B # 0. Thus in this cases
(and only in this cases) a logarithmic factor is present. For instance, if @« = n, then
I,(x) = Blog|x|. If n = 1 and @ = 2, then I,(x) = —(1/2)|x| and there is no logarithmic
factor.

4.2 Thecasep =2

Given a positive real number « let N be the unique integer satisfying 2N < @ < 2N + 2.
Define the square function associated with a by

00 2
S o(f)2(x) = f f A0 X) dy‘ d o ew, (15)
0 B,y ¢ t
where py(y, x) is
1 1 1
fO) = f@) = -Af) Iy - A= = — AV )y = PV = —(AY Ppinly — 2P
n LN_1 LN
if @ = 2N, and
1 1 ]
fo) = fx) - Z—Af(x) = = = —— AV ) |y = PNV = — AN f(2) |y — N
n Ly Ly

if2N <a <2N +2.

Recall that L; = A/(Jx|*) and that the role which the L; play in Taylor expansions was
discussed just before the statement of Theorem 3 in the introduction.

In this subsection we prove that

IS o(H)ll2 = ¢ IC=AY"2 (P2 - (16)

We first consider the case @ = 2N and then we indicate how to proceed in the (simpler)
case 2N < @ < 2N + 2. Our plan is to integrate in x in (15), interchange the integration
in x and 7 and then apply Plancherel in x. Before we remark that by making the change of
variables y = x + th we transform integrals on B(x, ?) in integrals on B(0, 1) and we get

N-1

A . .
f on(y, x)dy = f(x +th)dh — Z A 1% f \h|* dh
B(x,1) B(0, 1) L; B(0,1)

0

- f AN f(x + thydh *V JC \h*N dh .
B0, 1) B(0, 1)

16



Now apply Plancherel in x, as explained before, and make the change of variables 7 = 1 |£],
where £ is the variable in the frequency side. We obtain

IS o (I3 = cTII(=A)" 113, (17)

where 5

N-1
M M dr
2 J N_2N "IN

F(T)—jEZO(—l)JTJ—l—(—l)T _lNF(T) m

J

- [
0

Here F is a function deﬁned on [0, ) such that F(|£]) gives the Fourier transform of

the radial function i B(O BomXBO. at the point £, and we have introduced the notation M; =

J%(o . |h|>/ dh. We have to show that the integral I is finite.
Using the series expansion of the exponential we see that, as 7 — 0,

F(r) = f exp (ihy1)dh
B(.1)

1
= 1 + o+ (_1)N T2N— f h2N dl’l + 0(T2N+2) )
CN)! Jpoa !

We need to compare f o) N dh with f o |h|*¥ dh. The linear functionals P — A%/(P)

and P — J% 01 )P defined on the space H,; of homogeneous polynomials of degree 2,
have the same kernel. This follows from the discussion before the statement of Theorem 3
in the introduction. Therefore, for some constant c,

AY(P) = ¢ f P, PeH,,.
B(0,1)
Taking P(x) = |x[* we get L; = ¢ J%(o N |x|*/ dx, and taking P(x) = x1 we get
CHl=c B(O])xfj dx. Hence

1 ; 1 - M;
—'JC xfjdxz— Ix¥ dx = —L,
2n! B(0,1) L; B(0,1) L;

and thus, owing to the definition of I and the fact that F(t) = 1 + O(7?), as T — 0,

I:f 0(T2(2N+2)) e ast— 0.
0

Then I is convergent at 0 because @ < 2N + 2 (indeed, now @ = 2N, but this part of the
argument works for the full range 2N < a <2N +2.)

We turn to the case 7 — oo. Notice that the only difficulty is the last term in the
integrand of I, because

f7'4j T o 0<j<N-1,
1

T2<r+ 1

17



provided 2N < a. To deal with the term

0 dr
fl N PP 5y (18)

we only need to recall that F' can be expressed in terms of Bessel functions. Concretely,
one has ([G, Appendix B.5, p. 429])

Jnp2(7)

IB(O, )| F(7) = T

The asymptotic behaviour of J,»(7) gives the inequality, as T — oo,
1 <C 1 ’
-

n+l —

7

|F(n)| < C

which shows that the integral (18) is finite provided 2N — 1 < «, which is the case because
a = 2N . Observe that the argument works for 2N < a < 2N + 2 provided py(y, x) 1s
defined replacing AN f(x) by (A" f)p(.»)-

In the case 2N < a < 2N + 2 we argue similarly. After applying Plancherel we obtain
(17) where now 1 is

2

N
0 .M dr
_ _ _1\i2i ]
I—fo F() j§20< V|

The proof that / is finite as T — 0 is exactly as before. As 7 — oo the situation now is
simpler because the worst term in / is the last one, namely,

< 4y dt
T sl
. 20+

which is finite because 2N < «.

4.3 A vector valued operator and its kernel

Given f € WP there exists a function g € L such that f = I, xg. Indeed, g = (=A)*2(f).
Then

J[ o, x)dy = (K; * g)(x),
B(x,1)

where the kernel K,(x) is

1

—~ 1 . |
Ki(x) = JE [la(y) “ 2T N1 (x)ly — 5[ - L_(ANIQ)B(x,t) ly - XIZN] dy  (19)
B(x, 1) P N
if @ = 2N, and
M|
Ki(x) = f (Ia(w -2 T NIy - xlzf) dy (20)
B(x, 1) =0 ~J



if2N <a <2N +2.
Hence the square function associated with the smoothness index « is

« d
So(f)P(x) = fo Ko+ P s xER.

Define an operator T acting on functions f € L*(R") by
Tg(x) = (K, * g)(x), xeR".

The identity (16) in subsection 4.2 says that T takes values in L>(R", L*(dt/t***!)) and,
more precisely, that

f 1T OO e, 4% = 1S w(AIE = € I

Therefore 7 is an operator mapping isometrically (modulo a multiplicative constant)
L*(R™) into L*(R", L*(dt/1***")) and we have an explicit expression for its kernel. If we
can prove that K,(x) satisfies Hormander’s condition

f IK:(x —y) — Kz(x)||L2(dt/z2w+l) dx<C, yeR",
[x]>2]yl

then the proof is finished by appealing to a well known result of Benedek, Calder6n and
Panzone ([GR, Theorem 3.4, p. 492]; see also [GR, p. 507]). In fact, we will show the
following stronger version of Hormander’s condition

Iyl
1K (x = y) = Ki(Ollr2(1/p2001) < C P x| > 2yl (21)

for some y > 0 depending on « and n.
The proof of (21) is lengthy. In the next subsection we will consider the case of small
“increments” in ¢, namely ¢ < |x|/3.

4.4 Hormander’s condition: ¢ < |x|/3

We distinguish two cases: 2N < @ < 2N + 2 and @ = 2N. Assume first that 2N < a <
2N +2. Set

1
x(x) = m/\(g(o,l)(x)

and
(9= =x()
Xi\X) = tn)( e
To compute the gradient of K, we remark that
N
M, . .
Ki(x) = (g # () = > = 2T N0,

=0 Lj
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where M; = |lz|*/ dz. Thus

B(0,1)

N
1 . .
VK, (x) = f (wa(w = D 7 ML)y~ | dy.
B(x, 1)

j=0

Let P,,(F, x) stand for the Taylor polynomial of degree m of the function F around the
point x. Therefore

VK (x) = f (VI,) = Pa o (VI ))) dy
B(x, 1)

because the terms which have been added have zero integral on the ball B(x,1), either
because they are Taylor homogeneous polynomials of VI, of odd degree or because they
are the “zero integral part” of a Taylor homogeneous polynomial of VI, of even degree
(see the discussion before the statement of Theorem 3 in the introduction). Given x and y
such that |x| > 2ly|, apply the formula above to estimate VK,(z) for z in the segment
from x — y to y. The standard estimate for the Taylor remainder gives

IVK.(2)| < 2V sup [V Lw)l.

weB(z, 1)

Notice that if z € [x — y,y], w € B(z,t) and ¢t < |x|/3, then |w| > |x|/6. Now, one has to
observe that
|V2N+3Ia(w)| < C |w|a—n—2N—3 ,

owing to the fact that logarithmic factors do not appear because the exponent @ —n—2N —
3 < —n — 1 is negative. By the mean value Theorem we then get

IKi(x—y) = K0l < [yl sup |VK,(2)] < Clyl 2V e 2V
z€[x=y.y]

/3 dr \'?
l,2(2N+2) =C |x|2N+2—af ,
0 l—2(x+1

Ix1/3 dr \'"? Iyl
(fo |Ki(x — )’) - Kt(x)lz t2a+1) <C |x|n+1 ’

which is the stronger form of Hormander’s condition (21) with y =1 in the domain 7 < |x|/3.
Let us consider now the case & = 2N. Since AV L, is the Dirac delta at 0, AN Ly (x) = 0.
Hence K,(x) = Kt(l) (x) — Kt@)(x), where Kt(l) is given by (20) with a replaced by 2N and

Since

we obtain

1 M
K(x) = f 7 (AL by = 5™ dy = = 28 (A L)
B(x,1) LN N

The kernel K,(l) is estimated exactly as in the first case by just setting @ = 2N. The kernel
K" requires a different argument.
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Since ANy is the Dirac delta at the origin, Kfz) is a constant multiple of *V y,. We

show now that this kernel satisfies the strong form of Hérmander’s condition. The quantity
y:(x—y)—x:(x)| is non-zero only if [x—y| < ¢ < |x] or |x| < < |x—y|, in which cases takes
the value 1/c¢, ", ¢, = |B(0, 1)|. On the other hand, if |x| > 2|y| then each z in the segment
joining x and x — y satisfies |z| > |x|/2. Assume that |x — y| < |x| (the case |x] < |x — y| is

similar). Then
3 W g \?
) =< ([ )
eyl £ "

1
1 1\? 12
:C( )<C|y|

Ix — y| - Ix2n] = a2

0 d
(ﬂ(ﬂNuxx—w—xxm»ZWél

which is (21) withy = 1/2.

4.5 Hormander’s condition: ¢ > |x|/3

We distinguish three cases: a <n+1l,a=n+1land o >n+ 1.

If @ < n+ 1, then all terms in the expressions (19) and (20) defining K, satisfy
Hormander’s condition in the domain ¢ > |x|/3. If @ = 2N the last term in (19) is of
the form

1 M
—JC L_(ANIa)B(x,I) ly — 2™ dy = —L—N N (AN L)y = C 2N xi(x),
B Ln N

which has been dealt with in the previous subsection. Let us consider the terms of the
form * A/I(x), j > 0. One has the gradient estimate

I VAL(x)| < C ¥ |x|o27t (22)

because no logarithmic factors appear, the reason being that the exponenta —n—2j—1 <
a — (n + 1) is negative. Since

00 1/2
. dt .
22 2j—
(f t(]) 2a+1 = Cl,
/3 t

we get Hormander’s condition with y = 1 in the domain ¢ > |x|/3.
It remains to take care of the first term B I,(y)dy in (19). We have the following
obvious estimate for its gradient ’

f WM@SCf b dy.
B(x,t) B(x,1)

Notice that there are no logarithmic factors precisely because @ < n + 1. The integrand
in the last integral is locally integrable if and only if @ > 1. Assume for the moment that

l<a<n+1.Then
f V1,() dy
B(x,1)

21
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Since

00 1/2
dt
(f tzm_n_l) 2a+1 =C |x|—"—1 ’
/3 r

we get Hormander’s condition with v = 1 in the domain ¢ > |x|/3. The case @ = 1 has
been treated in section 1, so we can assume that 0 < @ < 1. We need the following well
known and easily proved inequality

Lemma. Let E be a measurable subset of R" and 0 < 8 < n. Then

d
f = < CIEP,
o

where |E| is the Lebesgue measure of E.

Denoting by D the symmetric difference between B(x, t) and B(x —y, t), we obtain, by
the Lemma,

dy
p Iyl

< C t—n (tn—l |y|)a/n =C ta—n—a/n |y|a/n )

00 1/2
oy Al e
(f l_2(a n—a/n) — — Clxl n a/n’
Inl/3 t

we get Hormander’s condition with y = a/n in the domain ¢ > |x|/3.

We tackle now the case @ = n + 1. Since @ and n are integers with different parity no
logarithmic factor will appear in /,. Thus 1,(x) = C|x|. The proof above shows that the
terms 1/ A/I,(x) appearing in the expression (19) of the kernel K; still satisfy Hérmander’s
condition for j > 1. The remaining term is

| I,(y)dy - JC I,ydy|<Ct™
B(x-y, 1) B(x,1)

Since

f (1) = 1(x)) dy
B(x,1)

and its gradient is estimated by remarking that the function |x | satisfies a Lipschitz condi-
tion. We obtain

<C.

f (VI,() = VI,(x) dy
B(x,1)

o 12
dt

f e Tl
/3 10F

which completes the argument.
We turn our attention to the case @ > n + 1. If @ = 2N the part of K; which has to be
estimated is

But clearly

-1

| R .
Hi( )=JC L) = ) 7 Ay - |21)d :
X B(m( O ZL‘ x) |y — X7 | dy

=0
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Since A%V, is the Dirac delta at the origin and x # 0 we have A?"1,(x) = 0 and so H,(x)
coincides with the expression (20) for K;(x) in the case 2N < @ < 2N + 2. We are then
going to deal with this kernel in the full range 2N < @ < 2N + 2. Let M be the unique
positive integer M such that —1 < @ —n —2M < 1. We split K; into two terms according
to M, thatis, K, = Kt(l) - K,(Z), where

M-1
1 . .
K () = f [uy)— > T M) |y—x|2f) dy
B(x,1) j

=0

and

N
1 . .
KP(x) = f E — AL |y - x| dy.
' B(x, 1) L;

=M

The estimate of each of the terms in K,(z) is performed as we did for the case @ < n + 1
(if @ = 2N, then j < N — 1). The gradient estimate is exactly (22). Now no logarithmic
factors appear because the exponent satisfiesa —n—-2j—-1 <a—-n-2M -1 < 0. The
rest is as before.

To estimate Kt(l) we distinguish three cases: -1 <a—n-2M <0, 0 <a—n-2M <1
and @ —n — 2M = 0. In the first case we write the gradient of Kt(l) as

M-1
VK (x) = JE [Vla(y) - Li N (VI)(x) Iy - XIZj] dy
B(x,1) i

j=0

= f (VI(,(y) - P2M—2(V1a, x)(y)) dy >
B(x, 1)

where Py, is the Taylor polynomial of degree 2M — 2 of VI, around the point x. As
before, the added terms have zero integral on B(x, ) either because they are homogeneous
Taylor polynomials of odd degree or the “zero integral part” of homogeneous Taylor poly-
nomials of even degree. Now fix y in B(x, ) but not in the half line issuing from x and
passing through the origin. Define a function g on the interval [0, 1] by

g) =V, (x+17(y—x) — Poyo(VI,, x)(x+1(y—x)), 0<7t<1.

Then g € C*[0, 1] because the segment with endpoints x and y omits the origin. Since
2”(0)=0,0 < j <2M — 2, where g” stands for the derivative of g of order j, we have

2M-2

DO
VL) - Paa(Vn 00) = g(1) = Y £
P
1 1 = 7)2M-2
- ((2MT3_2)! g@ar,

by the integral form of Taylor’s remainder. The obvious estimate for the derivative of g of
order 2M — 1 1is

le_l

2M-1) 2M~1 _ _2M-1
g0 < IV VI G 7=l =2 < €
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Since we are in the first case, « is not integer and thus no logarithmic factor exists. More-
over 0 < n — (o — 2M) < 1, which implies that and that 1/|z|*~@=2" is locally integrable
in any dimension. Therefore

1
dy
|VK(1)()C)| <C f (ZZM—I—n f ) dT,
' 0 By X + T(y — x)~@=2M)
:CtzM—l—ﬂfl (f dZ )E
0 \JBasr) l2ln=@2M) | o

1
dr
< Ct2M—l—nf (tT)a—ZM el
0 T
! dr

_ a—n—1 — a-n-1
=1 f; = C1T

00 1/2
dt
(f fz(a_”_l) 2a+1 =C |x|—”—1 ?
/3 t

we get Hormander’s condition with y = 1 in the domain ¢ > |x|/3.
Let us consider the second case: 0 < a—n—2M < 1. This time we express the gradient
of K,(” by means of a Taylor polynomial of degree 2M — 1:

Since

M-1 1

VK (x) = f [Vla(y) — Y — N(VI)(x) |y—x|2f) dy
B(x,1) =0 L;

_ f (VI,0) = Payys(Vias )0) ) dy.
B(x,1)

Using again the integral form of the Taylor remainder of the function g, with P,y_, re-
placed by P,j,_1, we obtain

1
dy
| P ()] o B Ix + T(y _ x)ln—(a—ZM—l) T

1
= C M f f —dz g
n—(a-2M-1) n
0 B(x,t7) 4 T

1
dr
< Ct2M—nf (tT)(Y—ZM—l
0 n

1
_ ta—rz—l dT _ Cta—n—l
- 0 n—(a=2M-1) - >

from which we get the desired estimate as before.
We turn now to the last case left, @ = n + 2M, with M a positive integer. In this case

I,(x) = C|x*™ (A +Blog|x]), x€R', B#0,
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where A, B and C are constants depending on n and M. We also have
AM L, (x) = C|x* (A, + By log|x]), xeR"
and
VAM I (x) = Cx (A, + By log|x]), xeR".
In particular VA¥~'], is in the Zygmund class on R”. We have

M-2

(1) _ _ i j _ 2'_L M-1 _2M-2
VK, " (x) = J[B<x,,>[VI“(y) Z L.A’(Vla)(X) ly—x” LM,IA (VI)(x) |y —x] )dy

j=0

= JC (Vza(w — Poya(VIo X)) — —— AM=U(VIL) () Iy - "'W) o
B(x,1)

M-1
Introduce the function g as above, with P,,,_, replaced by P,y,_3, so that

2M-3

DO
V1) = Pas(VE 03 = g(1) = 3, S0
=
1 2M-2)
- EPNPRIGRCIVA R S ()
- fo QM -2)(1-71) TR dr.

Now

@ PV x + 70 = )
a—2i =, L ( B )(y_x)ﬂ

1Bl=2M-2

= Z ((‘%VI(,(X + T(y - X)) — aBVI(y( )) )ﬁ

1Bl=2M-2 B!
#VI,
+ D) ( (x))( —xf.
Bl=2M-2

The last term in the preceding equation is the homogeneous Taylor polynomial of de-
gree 2M — 2 of the vector VI, around the point x. It is then equal to a homogeneous poly-
nomial of the same degree with zero integral on B(x, 1) plus =— AM~1(V1,)(x) [y — x>
(by the discussion before the statement of Theorem 3 in the 1ntroduct10n) Hence

f [Z (M) O =xf = = AT VI @) by = 2 2) dy =0,
(0 \ |gl=2M-2 B!

and therefore, remarking that fol QM -2)(1 —1)y*M3dr =1,

VK (x)

JC b, t)f @M-2)(1-0*" 3[ 2 (aBWa(X+T(y—x))—GBVIa(x))(y;!x)ﬁ ]drdy.

1BI=2M-2
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Thus

1
ve@isc [
0 B=2m-2

Making the change of variables 7 = 7(y — x) the integral in y above becomes

(v —x)f

B!

(6°VIL(x + 7(y = x)) = VI, ()

B(x,1)

dy| dt.

W
J = ]C (0PI, (x + h) = VI, (x)) — dh,
B(0,t71) ﬁ‘
which is invariant under the change of variables 42’ = —h, because || is even. Hence
W
2] =11 (6BVIa(x +h)+ PV (x—h) - ZWVIQ(X)) —dh.
B(0,17) B

Now we claim that #°V1, is in the Zygmund class for |8] = 2M — 2. This follows from the
fact that the Zygmund class in invariant under homogeneous smooth Calderon -Zygmund
operators, AY~! is an elliptic operator and A¥~'V/, is in the Zygmund class. Hence

< Cr ¥ f h"P'ah < C M T
B0, t71)

Thus
VK (x)) < 2171

00 1/2
dt
(f P ) =T
t2a/+l
x1/3

we get Hormander’s condition with y = 1 in the domain ¢t > |x|/3.

Since

4.6 The sufficient condition

In this section we prove that condition (2) in Theorem 3 is sufficient for f € W*”. Let
f.81,...,8n € L? satisty S.(f,&1,...,8nv) € LP. Take an infinitely differentiable func-
tion ¢ > 0 with compact support in B(0, 1), f ¢ = 1 and set ¢.(x) = ﬁqﬁ(f), € > 0. Con-
sider the regularized functions f. = f* ., gj . = gj* ¢, 1 < j < N. We want to show first
that the infinitely differentiable function f, is in W*?. We have (—A)*/%f. = f % (—=A)*?¢,.
We need a lemma.

Lemma 2.

(i) If ¢ is a function in the Schwartz class and a any positive number, then (—A)¥?p
belongs to all L1 spaces, 1 < g < oo.

(ii) If f € LP,1 < p < oo, then (=A)*'%f is a tempered distribution.
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Proof. Set y = (—A)*?¢. If @ = 2m with m a positive integer, then = (—A)"¢ is in the
Schwartz class and so the conclusion in (i) follows. If @ = 2m + 1, then

U= (N(A)"p = —i ) Ri(3;(-A)"¢),
=1
where R; are the Riesz transforms, that is, the Calderon-Zygmund operators whose
Fourier multiplier is &;/|£]. It is clear from the formula above that ¢ is infinitely differ-
entiable on R" and so the integrability issue is only at co. Since d;(—=A)"¢), has zero
integral, one has, as x — oo, [y(x)| < C |x|™""!, and so the conclusion follows.
Assume now that m — 1 < @ < m, for some positive integer m. Thus

1
gy

If m is even, of the form m = 2M for some positive integer M, then

U(&) = [E°&) = 1E"p(©)

w = AMQO * Ly,

where I,,_,(x) = C |x|"~*™". Hence ¥ is infinitely differentiable on R". Since A¥ ¢ has zero
integral, [y(x)| < C |x"* ™!, as x — co. But@ —m + 1 > 0 and thus ¢ is in all L? spaces.
If m 1s odd, of the form m = 2M + 1 for some non-negative integer M, then

Y= —i Y RiOAG) 5 Ly
j=1

Again ¢ is infinitely differentiable on R" and, since R;(9;A¢) has zero integral (just
look at the Fourier transform and remark that it vanishes at the origin), we get [iy(x)| <
C |x|™*="=! as x — oo, which completes the proof of ().

To prove (ii) take a function ¢ in the Schwartz class. Let g be the exponent conjugate
to p. Define the action of (—A)*'?f on the Schwartz function ¢ as {f, (~A)*?p) . By part
(i) and Holder’s inequality one has

KDL, = KF, (=)o) < LA =8¢l ,

which completes the proof of (ii). O

Let us continue the proof of the sufficiency of condition (2). By the lemma (—A)/?¢,
isin L' and so

=AY flp = I = (22l < AL I=2)" el -

Hence f, € WP,
Next, we claim that

Salfe:81e- 2 8. )X) < (Salfs 81- .-, 8N) ¥ ¢)(x), xR (23)
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One has
So(f, 815+, 8n)(x) = IR(x, Dll2(a1/12041) »

where
N-1 .
Ro(, 1) = (f # X)) = f(x) = > M g;(x) 7 = My (g # x) () 2
j=1

if @« = 2N and
N

Ro(x,1) = (f % X)) = f(x) = D M, g;(x)
j=1

if 2N < @ < 2N + 2. As before we have set M; =

inequality now readily yields (23).
Set

A |z|*/ dz . Minkowsky’s integral

A fo(x) ; AN f,
{. — gj.e(0) £ — My (( Lf — &N * X | (X) IZN”LZ(dt/tZ‘”‘)
j N

N-1
De(x) =1 ) M;(
j=1

if a = 2N and
A fo(x)
L;

5
— 8.(X) 7N 2(ar/2001)

N
De(x) =1 ) M;(
j=1

if2N <a <2N +2.
By (23)

De(x) < S o(f)(X) + So(fe: 8165 - - - 8N, )(X)
< §alfX) + (Salf, 81515 8N) ¥ P)(X)

and so D, € L”. In particular, D.(x) is finite for almost all x € R". Thus

N-1 ;
o A fe(x) ; AN f. —a
lim inf ;Mf(—L,. = 8.0 7~ My (( N ra | Y =0,
for almost all x e R",if @ = 2N, and
lim inf ZN]M (Ajff(x) ) 2 =0
e 4L BieX T

for almost all x € R", if 2N < @ < 2N + 2. It is easy to conclude that the only way this
may happen is whenever

A "
{(x) —gx), 1<j<N,
j
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for almost all x € R". Hence

Nfe
L:

J

—g;, I<j<N,

in L” as € — 0. Since f, —» fin L” ase — 0,
ANf. - Nf, 1<j<N,

in the weak topology of tempered distributions. Hence

We claim now that the functions f; are uniformly bounded in W7 . Indeed, by the
proof of necessity of condition (2) and by (23),

=AY flly 2 NS o (fes Afe/ Ly oo, AN £/ LN,
< NS o(fs ALy, ..., AN FILWI, < 0.

Hence there exist a function 4 € L” and a sequence €; — 0 as j — oo such that
2 .
(=AY fo > h as j—o oo

in the weak * topology of L”. On the other hand, by Lemma 2, (~A)*/?f is a tempered
distribution and so
(=N f. = (-A)f as €—0

in the weak topology of tempered distributions. Therefore (~A)*?f = h € L? and the
proof is complete.

5 Final remarks

Let (X, d, u) be a metric measure space, that is, X is a metric space with distance d and u
is a Borel measure on X. We assume that the support of u is X. Then, given @ > 0 and
1 < p < oo, we can define the Sobolev space W*?(X) as follows. Let N be the unique
integer such that 2N < @ < 2N + 2. Given locally integrable functions f, g1, ..., gy define
a square function by

2
dt
7, XER”,

t(l

D
R
Sa/(f7gl9g2’ . -’gN)(x)z = L‘ f( ) N(y’ X) dlu(y)
B(x,t

where D is the diameter of X and Ry(y, x) is

Ry(y, %) = () = f(x) — g1(x) d(y, x)* + - -+ — gn-1(x) d(¥, )™ = (gn) (s, nd s X)*N
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if @ = 2N and

Ry, %) = f() = f(x) = @1(0) d(y, ) + - - = g1 () d(y, 0"V = gn(20) d(y, 0"

if 2N < @ < 2N + 2. Here the barred integral stands for the mean with respect to ¢ on the
indicated set, B(x, ) is the open ball with center x and radius ¢ and gp, is the mean of
the function g on B(x, 7).

We say that a function f belongs to the Sobolev space W*?(X) provided f € LP(u)
and there exist functions gy, g2, ..., gy € L”(u) such that S ,(f, g1,82,...,8&n) € L7 ().

We have seen in the previous sections that this definition yields the usual Sobolev
spaces if X = R" is endowed with the Euclidean distance and u is Lebesgue measure. One
can prove with some effort that the same is true if R” is replaced by a half-space. Very
likely this should also work for smoothly bounded domains, but we have not gone that
far.

There are many interesting questions one may ask about these new Sobolev spaces.
For instance, how do they compare, for @ = 1, with the known first order Sobolev spaces,
notably those introduced by Hajlasz in [H] or the Newtonian spaces of [S]? For higher
orders of smoothness one would like to compare them with those introduced by Liu, Lu
and Wheeden in [LLW]. One may also wonder about their intrinsic properties, namely,
about versions of the Sobolev imbedding theorem, the Poincaré inequality and so on.

For the Sobolev imbedding theorem the following remark might be useful. In R”
the L? space can be characterized by means of the following “zero smoothness” square

function:
2 dt

—, xeR".
t

So(f)z(x) = f |fB(x,t) - fB(x,Zt)|
0
The result is then that a locally integrable function f is in L? if and only if So(f) € L”. The
proof follows the pattern described several times in this paper. One first deals with the
case p = 2 via a Fourier transform computation. Then one introduces a L*(dt/t)-valued
operator 7 such that

T (N2wr, 22¢ayey = € IS o(Hll2

and one shows that its kernel satisfies Hormander’s condition.
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