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Abstract

In this paper we characterise the minimisers of a one-parameter family of nonlocal and
anisotropic energies I, defined on probability measures in R”, with n > 3. The energy I,
consists of a purely nonlocal term of convolution type, whose interaction kernel reduces to
the Coulomb potential for « = 0 and is anisotropic otherwise, and a quadratic confinement.
The two-dimensional case arises in the study of defects in metals and has been solved by the
authors by means of complex-analysis techniques. We prove that for « € (—1,n — 2], the
minimiser of /, is unique and is the (normalised) characteristic function of a spheroid. This
result is a paradigmatic example of the role of the anisotropy of the kernel on the shape of
minimisers. In particular, the phenomenon of loss of dimensionality, observed in dimension
n = 2, does not occur in higher dimension at the value « = n — 2 corresponding to the sign
change of the Fourier transform of the interaction potential.
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1 Introduction

There is a vast and multi-disciplinary literature on nonlocal energies, as they are at the
crossover of different mathematical fields, and of different applications. Nonlocal energies
arise as the macroscopic limit of long-range discrete interactions in the many-particle limit.
The expression of the interaction kernel and its properties depend on the particle system of
interest: it can model attraction, repulsion or a combination of both; it can be bounded or
singular; it can be radial or anisotropic.

The mathematical literature on nonlocal energies has been mainly focused on the case of
radial potentials, which model interactions depending on the mutual distance between the
particles only (see, e.g., [1,3,4,6-9,14,29]). In many applications, however, radial potentials
are not realistic, and interactions may depend not only on the inter-particle distance, but
also on the angle between their position vector and a given, preferred direction (see, e.g.,
[2,5,21,28]). This is for instance the case for many biological systems, e.g., crowds, flocks
of birds, schools of fish.

In materials science, some defects in metals, like dislocations of edge type, interact via an
anisotropic potential, and this is the particle system that motivates our work. The anisotropy
of the interactions is due to the motion of each dislocation being restricted to a given direction
(the Burgers’ vector, b, of the dislocation), which is reminiscent of the metal’s microscopic
lattice structure. Under the simplifying assumption that dislocations are all parallel to each
other, and have b = ey, they can be modelled as point defects in two dimensions, and their
interaction potential is

2
i

Rp O x= () e R?,

Wedge(x) = —log|x[+
see, e.g., [18]. The anisotropy of the interactions results into anisotropic low-energy dis-
location structures (LEDS), dislocation walls in particular. The minimality of vertical
one-dimensional structures (walls) was a long-standing conjecture in the engineering lit-
erature, and was recently proved in [25] for the nonlocal dislocation energy

e = [ Weasels =y dun + [ Pauw

defined on probability measures 1 € P(R?) representing the density of defects. For the
derivation of an interaction energy related to (1.1) (but in a bounded domain) from a semi-
discrete strain energy we refer to [24]. We also mention the recent work [22] where, starting
from the nonlinear version of the strain-energy model considered in [24], ‘low-angle grain
boundaries’ (like vertical walls) are shown to have the optimal energy scaling in accordance
with the celebrated Read-Shockley formula.

In this paper we study an n-dimensional generalisation of (1.1). More precisely, we con-
sider the family of nonlocal energies

= [[ W= yauwdu)+ [ 1P duc) (12)
HXRn Rn
defined on u € P(R"), where the interaction potential Wy, is given by
xlz —log x| ifn =2,
W, = W , Wi = 1 . 1.3
«(x) o(x)+a|x|n 0(x) — itn >3, (1.3)
X
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forx # 0, Wy (0) = +oo, withx = (x1,...,x,) € R",and @ > —1. Note that Wi = Weqge
for n = 2. The two-dimensional case was considered in [10,25] for every @ € R.

The main result of this paper is Theorem 3.1, where we show that, if » > 3 and @ €
(=1, n — 2], then the functional I, has a unique minimiser p, in P(R") and p is of the
form

1 .xlz 1 " 2
Mo = XQq» Qy = x:(-xlw--v-xn)eRn: a(a)2+b((x)2§Xi <1t

€2

forsome a(w), b(a) > 0.Inother words, the minimiser of /, is the (normalised) characteristic
function of a n-dimensional spheroid. Moreover, the spheroid is prolate for € (—1, 0) (that
is, a(a) > b(a)) and oblate for o € (0, n — 2] (that is, a(a) < b(«)).

Note that unlike in the case « = 0, where the radial symmetry of the kernel and of the
confinement strongly suggests that the ball is the natural candidate for the minimisation (see
[11,16,26]), the situation for o # O is less clear. Indeed, while heuristically one can expect
the anisotropy to cause an elongation (for « < 0) or a contraction (for « > 0) of the ball in
the x1-direction, it is surprising that the minimiser is still a characteristic function, and that
its support is a spheroid.

1.1 Our approach and discussion

In most of the cases treated in the mathematical literature on nonlocal systems, the interaction
kernel is assumed to be radial, and one of the goals is to show that the corresponding minimiser
isradially symmetric (or to show that the minimiser is unique, which trivially implies its radial
symmetry), see e.g. [1,4,6-9,14,29]. Radial symmetry is paramount in the identification of
the minimiser in the classical case of purely Coulomb interactions, corresponding in our
setting to @ = 0 (see [16,26] for n = 2, and [11] for n > 3). Explicitly characterising the
minimiser, or even understanding its shape and general properties, is therefore much more
challenging in the case of anisotropic interactions. To the best of our knowledge, this has
been previously done only in [10,25], in dimension n = 2.

Our result generalises to any dimension n > 3 the work [10] and is another paradigmatic
example of the role of the anisotropy of the kernel on the shape of minimisers. Our approach
here is however completely different from the approach in [10], which was based on complex-
analysis techniques, clearly no longer available in higher dimensions.

A key step in [10] was to compute exactly the (gradient of the) potential Wy, * j4 5, With
Wa,p being the (normalised) characteristic function of an ellipse of semi-axes a and b, and
to impose the Euler-Lagrange conditions associated to I,. Also for n > 3 we prove the
minimality of spheroids via the Euler-Lagrange conditions [see (3.1), (3.2)], in the range
a € (—1,n — 2] for which I, is both well-defined and strictly convex (hence, the Euler—
Lagrange conditions are necessary and sufficient for minimality). To do so, we need to
compute the potential Wy, * 4 p, With u, , being the (normalised) characteristic function of
a spheroid Q2 (a, b) of semi-axis a in the x|-direction and b in all the other directions. The
computation of Wy * g p for n > 3 is substantially different from the two-dimensional case
in [10]. For n = 2 it was crucial to rewrite the potential in complex variables and recognise
that VWy * 114 p is the Cauchy transform of the ellipse, which had been computed for instance
in [19] for rotating vortex patches in fluid dynamics. Then the gradient of the anisotropic part
of the potential in complex coordinates was computed by noting that it could be written as a
suitable complex derivative of the fundamental solution of the operator 32, where 8 = 9/9z.
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Such complex-analysis techniques are clearly not available in the higher-dimensional case,
which we tackle here by means of the following strategy. We write ®, := W, * 4,5, and
aV = &, — dy. First of all, the expression of the Coulomb potential ®( of a spheroid in
R" is well-known (see, e.g., [13,20]). The challenge is to express the anisotropic potential
W in terms of the known potential . We do it differently in € (a, b) and outside Q2(a, b).
In Q(a, b) we show that W can be obtained by differentiating ®o with respect to the aspect
ratio a2 /b? of the spheroid. In R\ Q (a, b), instead, W is obtained by differentiating ®¢ with
respect to a parameter spanning a family of spheroids confocal with €2 (a, b), using the fact
that the expression of ®g is invariant on confocal spheroids (see (3.33)).

With the expression of @, at hand, we then impose the Euler-Lagrange conditions (3.1)—
(3.2). We find that the first condition is satisfied, for « € (—1,n — 2], by at least a pair
(a(a), b(a)) of semi-axes, with a(x) > b(x) > 0 fora € (—1,0) and 0 < a(x) <
b(a) for « € (0,n — 2]. Hence there is at least one stationary, non-degenerate spheroid
Q(a(a), b(a)) for the energy I,. We then show that, for any spheroid Q2 (a(«), b(«)) for
which the stationarity condition (3.1) is satisfied, also the unilateral condition (3.2) is satisfied.
Since (3.1)—(3.2) are necessary and sufficient conditions for minimality, this implies that any
spheroid 2 (a(«), b(a)) satisfying (3.1) is in fact a minimiser for /,. The strict convexity of
the energy then gives uniqueness of the minimiser, and in particular implies that there is only
one spheroid satisfying (3.1). This approach can be carried out also in the two-dimensional
case (see [27]). We note that in two dimensions there are several methods that work, see for
instance [23] where a maximum-principle argument is used.

1.1.1 Dimensionality of minimisers forn = 2and n > 3

For the energy (1.1), it was shown in [25] that the unique minimiser is one dimensional, and
is given by the semi-circle law on the vertical axis,

1
Medge = ;80 ®4/2— X22 Hl (I (—ﬁ, \5),

where H! L (—+/2, v/2) denotes the restriction of the one-dimensional Hausdorff measure
to the interval (—+/2, +/2). The semi-circle law also arises as the unique minimiser of the
one-dimensional logarithmic energy with quadratic confinement (see [31]), and represents
in that case the optimal positions of the eigenvalues of a Hermitian random matrix with
Gaussian entries.

We recall that the minimiser of the Coulomb-gas energy Iy for n = 2 is the two-
dimensional measure (g = % X B, (0) the so-called circle-law, also well-known in the context
of random matrices. In fact, the minimiser of Iy is the normalised characteristic function of a
ball in any dimension. The change of dimension of the minimiser of the energy 1, forn = 2,
between « = 0 and « = 1 was investigated by the authors in [10]. In [10] it was shown
in particular that the minimiser of I, forn = 2 and o € (-1, 1), is the two-dimensional
measure

11
Na = ;ﬁ){g( M—a, /1)’
with
X2 )C2
QW1—a,VT+a)={x=(x1,x) e R*: 1—1+ 1+2 <1
— o
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Hence the minimiser of I, has full dimension for « € (—1, 1), and is one-dimensional for
both @ < —1 and o > 1, being respectively the semi-circle law on the horizontal or the
vertical axis.

A question left open in [10] was to understand why there is a change of dimension of
the minimiser py at « = =1, for n = 2. The relation between the dimensionality of the
minimiser of a nonlocal energy and the singularity of the interaction kernel is a fascinating
and subtle problem. The available results in the literature are usually of the form of a lower
bound for the dimension of the measure (see, e.g., [1]), which is helpful if the goal is to prove
that the dimension is full, but less so to prove that there is a loss of dimension.

For the energy I, in dimension n = 2, since the Fourier transform of W, changes sign
exactly at the values « = =1, it was natural to conjecture that the change of dimension could
be due to the change of sign of W,. Similarly, since the Laplacian of W, is

AWq(x) = —(1 — a)d}, log |x| — (1 + )33, log x|,

it was reasonable to expect that the singular behaviour exhibited by p, at « = 1 was a
consequence of the ‘degeneracy’ of AW, at those values.

The analysis done in this paper demonstrates that the situation is more delicate. While it
is still plausible to expect that a positive Fourier transform (or a non-degenerate Laplacian)
results into a fully-dimensional minimiser, the contrary is not true, at least for n > 3. Indeed
while for n > 3 the Fourier transform W,, of the interaction kernel changessignato =n —2
(see (2.5)), and similarly

n
o 2 1 o 2 !
AWu(x) = (1-— A '+ ? ’
o (X) ( n—2> X1<|x|n—2>+< +n—2>i22: xi(|x|n_2>

we prove that the minimiser of I, is the characteristic function of a non-degenerate spheroid
also for the limit value @« = n — 2.

1.1.2 The shape of minimisers fora > 0and a < 0

In the two-dimensional case n = 2, changing sign to « corresponds to swapping x; and
X2 (up to a constant in the energy), due to the zero-homogeneity of the energy. Hence it is
sufficient to characterise the minimisers of I, for « > 0, which is what we did in [10].

This is no longer true for n > 3, since in this case there is only one privileged coordinate.
Intuitively, configurations elongated on x; are penalised for ¢ > 0, and preferred for « < 0
(see, e.g., (2.1)), hence the minimisers for « > 0 and @ < 0 cannot be congruent up to a
rotation, which is the case in dimension two. More precisely, for n > 3 we may write

Wo(x) = (1 +a)Wo(x) — : > ot
i=2

|x["
Thus, changing sign to « corresponds not only to a change in the anisotropy, but also to a

rescaling of the Coulomb kernel. This also suggests that a different behaviour of the energy
should be expected at « = —1 in dimension n = 2 and n > 3, as discussed next.

1.1.3 The limit case @ = —1

In dimension n > 3, for « = —1 the anisotropy cancels completely the x|-component of the
Coulomb potential, since from (1.3)
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2 2 2
oGt ta oLy

be[n=2 x| x|

W_i(x) =

As a consequence, there is a discrepancy with the situation for o € (=1, n — 2]: While I, is
lower semicontinuous for any & € (—1, n — 2], the functional 7_; with the kernel W_; above
(and W_1(0) = +o00) is not lower semicontinuous (see Remark 2.2). In particular, /_; does
not describe the asymptotic behaviour of the functionals I, as o — —17 (see Remark 4.2).
We resolve this issue in Sect. 4, where we characterise the '-limit J, of I, as ¢ — —17T,
in Fourier space, on probability measures with compact support. This partial representation
allows us to show strict convexity of J, on a class of measures that is the relevant one for
minimisation, and hence to deduce uniqueness of the minimiser for J,. Moreover, we show
that the minimiser is, also in this limit case, the (normalised) characteristic function of an
n-dimensional (prolate) spheroid.

1.2 Open questions and future work

There are several questions that we will address in future work. We believe that ellipses, or
spheroids, arise as minimisers of more general anisotropic energies. A first step would be to
consider interaction kKernels of the form Wy + o Wapiso, With

2k
X1

|x|n—2+2k , kel

Waniso (x) =
It is plausible to expect that in the two-dimensional case n = 2 and in a suitable range of
o the minimisers are ellipses. It would be interesting to understand whether, as for k = 1,
they shrink to a segment for some special value o* within, or at the boundary of, the interval
of strict convexity of the corresponding energy (or of positivity of the Fourier transform
of Wo + aWhaniso)- This analysis would help to shed more light on what causes the loss of
dimension of the minimising measure.

1.3 Outline

The plan of the paper is as follows. In Sect. 2 we show that the energy I, admits a unique
global minimiser py, for « € (—1,n — 2]. Section 3 is devoted to the main result of the
paper, Theorem 3.1, in which p,, is identified as the (normalised) characteristic function of
a spheroid, for @ € (—1, n — 2]. Finally, in Sect. 4, we discuss the limit case & — —17.

2 Existence and uniqueness of the minimiser of I, fora € (-1,n — 2],
n>3

In this section we prove that for every « € (—1, n — 2] the nonlocal energy I, defined in
(1.2), for n > 3, has a unique minimiser , € P(R"), and that the minimiser has a compact
support.

Proposition 2.1 Letn > 3, and let « € (—1,n — 2). Then the energy 1, is well defined on
P(R"), is strictly convex on the class of measures with compact support and finite interaction
energy, and has a unique minimiser in P(R"). Moreover, the minimiser has compact support
and finite energy.
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Proof The case n = 2 has been proved in [25, Section 2] and [ 10, Proposition 2.1]. Forn > 3
the proof follows by a similar argument. The main novelty is Step 3.2, where we present a
new, more transparent way of proving condition (2.3) below.

Step 1: Well definiteness of 1. Since o« > —1, if we write Wy, for x # 0, as

lel" ((1 +a)xi + Zx?), 2.1)

i=2

Wa(x) =

we can immediately see that the energy is well-defined and non-negative on P(R").

Step 2: Existence of a compactly supported minimiser. First of all, it is easy to see that
I,(up) < +o00, where up = |Bl(0)\XBI(0) This implies that infpgn) I, < +00. Moreover,
we have that

1 1
We(x — y) + 5<|x|2 + 1y > 5<|x|2 +Iy. 2.2)

This lower bound provides tightness and hence compactness with respect to narrow con-
vergence for minimising sequences, that, together with the lower semicontinuity of I,
guarantees the existence of a minimiser. As in [25, Section 2.2] (see also [3]), one can
show that any minimiser of /, has compact support, again by (2.2).

Step 3: Strict convexity of 1y and uniqueness of the minimiser. We prove that
Wo x (v —v2)d(vi —v2) >0 (2.3)
R’l
forevery vy, va € P(R"),v; # v, withcompact support and finite interaction energy, namely
such that fR,, (Wy * vj)dv; < o0 fori = 1, 2. Condition (2.3) implies strict convexity of
I, on the set of probability measures with compact support and finite interaction energy and,
consequently, uniqueness of the minimiser.

To prove (2.3), we follow again the same strategy as in [25, Section 2.3]. The idea consists
in rewriting the interaction energy of v := v; — v; in Fourier space, as

We kvdv = / We (§)[D(8) | dE, (2.4)
]Rn

R

and proving that W, is a positive distribution.

Step 3.1: Computation of Wa. Note that W,, is a tempered distribution, namely W, € &,
where S denotes the Schwartz space; hence also Wa € §'. We recall that Wa is defined by
the formula

(Wa, @) := (Wy,p)  forevery g €8

where, for & € R”,
PE) = / p(x)e 2TET dx.
Rn
To compute VT’O, it is convenient to rewrite W, as
o 1 a 1

namely as the sum of the n-dimensional Coulomb potential (up to a multiplicative constant)
and the ratio between a homogeneous harmonic polynomial of degree two and a power of
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|3£|. By [30, eq. (32), p. 73] and by [15, Exercise 1, p. 154] we have that the Fourier transform
Wy of W, is given by

_ ay (n—2)xi? o 32 (n_ngz—z;; 5
Wag) = (145) S — [ e~ Ty L 0
772 m—2—-&+0n—-2+a)> 0,8
_ L p(€)d 25
D 67 p(&)dé 2.5)

for every ¢ € S. Thus, (2.5) implies that Wa is a positive function in LllOC (R™) for every
a € (—1,n — 2], hence in particular a positive tempered distribution.

Step 3.2: Proof of (2.4). We start by proving that (2.4) holds when v is a non-negative finite
Borel measure with compact support, where we understand that the two sides of the formula
are either both finite and coincide, or both equal to +oo.

We proceed by regularisation. Let ¢ € C2°(B;(0)) be non-negative, radial, and with
Jgn @(x) dx = 1. For & > 0 we define

Qe (x) = iﬂ(p (f) and v 1=V ok . (2.6)
£ €
We claim that
/Rn(Wa * Ve) (X)ve (x) dx = /n Wa ()17 (£)1* dé. (2.7)

To show this, let us set f = W, * v, and g = Vg, and note that g € C°(R") and
f e C®(R"). Moreover, s1nce Vs € S and W € L1 (R") behaves as 1/|¢|? at infinity by
(2.5), we have that f Wa Uy € LY(R"). Let /S COO(R”) be such that ¢ = 1 on B;(0)
and let R > 0 be such that the support of g is contained in Bg(0). If T > 0 is such that
TR < 1, then, by Parseval formula,

[ reseras = [ e oo ds
=/ (W*f)@)@d&/ Bex DEOTO e, 2.8)

where w,(x) =1 ”I/J(x/r) Using thatl/f e S c LIY(RY), fR” w(é) dé =¥ (0) =1, and
that f e L'(R"), it is easy to see that wr * f converges to f in L'(R"), as T — 0. In fact,

15 = Fll < fR V)l /R |7& —tn) = F(&)| dgdn

and one can conclude by the continuity of translations in the L'-norm and by the Dominated
Convergence Theorem. Since g € L (R"), we deduce that

nrrb/ @f*ﬂ(s)%dhf ROYHGLS
T— Rn Rn

which, together with (2.8), proves (2.7).
We now let ¢ — 0 in (2.7). For the right-hand side we observe that for every £ € R”

P (6) = 9(e§) — 9(0) = 1,

ase — 0,andthat ||@; |z < |l@ll;1 = 1foreverye > 0. Therefore, either by the Dominated
Convergence Theorem or the Fatou Lemma, we have

/Rn We (6)17: (6)|? dg = /R AGIG ARG /R We (6)D(€) > dg, (2.9)
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as ¢ — 0, even if the right-hand side is infinite.
To deal with the left-hand side of (2.7) we note that, since o« > —1, there exists a positive
constant C = C(«) such that

1
ol Wo(x) < We(x) < C Wy(x) for every x € R". (2.10)
Hence,

(W % ¢e)(z) < C(Wo # ¢e)(z)  forevery z € R".

Since W is superharmonic and ¢ is radial with integral 1, the mean value property on spheres
yields

(Wo * @) (z) < Wo(z)  forevery z € R".
Thus, combining the three previous inequalities,
(Wy % 9:)(z) < C Wo(z) < C? Wy (2) for every z € R". (2.11)
Note that for every z € R”
(Wo % @e)(2) = Wa(2), (2.12)

as ¢ — 0, since W, is continuous as a function with values into [0, +00]. Owing to the con-
vergence (2.12) and the domination (2.11), we can either apply the Dominated Convergence
Theorem or the Fatou Lemma to deduce that

/ / W)= ) vl do(y) — f / L Wale =)o@ v, 13

as ¢ — 0, even if the right-hand side is infinite.
We now go back to the left-hand side of (2.7) and observe that

/ (We * ve) (x)ve(x) dx = /f N (W * @z x @) (x — y) dv(x) dv(y).
n n X n
Note that (¢e * @:)(x) = ¢ (¢ * ¢)(x/¢) and that ¢ * ¢ inherits the properties of ¢: it
is radial, belongs to CS°(R"), and fR" (¢ * ¢)(x)dx = 1. Therefore, (2.13) holds with ¢,
replaced by ¢, * ¢.. This concludes the proof of (2.4) for a non-negative measure v.

We now prove (2.4) for a signed and neutral measure v := v; — vy, where vy, v € P(R"?)

have compact support and finite interaction energy. First of all, by using (2.4) for v; + v, we
have that

/R (o (01 +12) (1) d (01 + v)(x) = fR ) We (6)D1(8) +Da(8)|* d&

<2 [ WO + M) de <+
By expanding both sides of the identity above and using (2.4) for v and v, we get
Rn(Wa *v1)(x) dvz(x) = /Rn Wa (£) Re(D1(6)12(8) ) dé,
which, by using again (2.4) for vy and v, gives
/Rn(Wa * (v — ) (x)d(vi — ) (x) = /Rn Wa (E)[D1(5) — D2(6) [ dE.

Since the right-hand side is strictly positive for v; # vy, Eq. (2.3) is proved. O
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Remark 2.2 In the case n > 3, unlike in the two-dimensional case, the energy is not well-
defined for « < —1. Indeed, writing W,, as in (2.1), we can see that the two terms in the
right-hand side of (2.1) are both unbounded for |x| close to zero, and have opposite sign.
Even for « = —1 the situation is subtle. The functional /_; with kernel W_; defined as in
(1.3) is not lower semicontinuous with respect to narrow convergence: Indeed, the probability
measures = kH! L ((O, %) X {0}"‘1) converge narrowly to the Dirac delta at 0, but

0= lim 7_1(uk) < I-1(80) = 4o00. (2.14)
k—~+00

So, in particular, 7_ iﬂ)t the I"-limit of I, for « — —17. Moreover, (2.14) implies @t
the relaxed functional /_; of /_; is equal to O at §p, which is therefore a minimiser of 7_;.
Note that the kernel W_; is also not lower semicontinuous, since W_;(0) = +oc¢ and

liminf W_1(x) = 0.
x—0
If we define a new Kkernel VTLl to be as W_; for x # (,)5 and W,I(O) := 0, then W/,l is
lower semicontinuous, and the corresponding functional /_; has a unique minimiser, which

is simply the Dirac delta at 0.
The case @ = —1 will be discussed in detail in Sect. 4.

3 Minimality of spheroids

It is a standard computation in potential theory to show that any minimiser p of I, must
satisfy the following Euler-Lagrange conditions: There exists C € R such that

2
Wy * u)(x) + % = C foru-a.e. x € suppu, 3.1
|x[* n
(Wy * ) (x) + - > (C forq.e.x e R", 3.2)

where quasi everywhere (q.e.) means up to sets of zero capacity (see [26, Chapter I, The-
orem 1.3] or [25, Section 3.1]). The Euler-Lagrange conditions (3.1) and (3.2) are in fact
equivalent to minimality for @ € (—1, n —2] due to Proposition 2.1. We refer to [25, Section
3.1] for details.

Let a,b > 0, and let Q(a, b) C R" denote the ellipsoid with semi-axis a in the xi
direction and the other semi-axes of the same length b, namely

2 n
X 1
Q(a,b) = x = (x1,...,x,) €R": a‘2+b2§:x§<1}.
i=2

This special ellipsoid is called oblate spheroid if a < b and prolate spheroid if a > b.
The main result is the following.

Theorem 3.1 Let n > 3 and a € (—1,n — 2]. There exist a(a), b(a) > 0 such that the
measure

1
Mo = o X Qo = Q(a(a), b(a)),
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is the unique minimiser of the functional I, in P(R") and satisfies the Euler-Lagrange
conditions

2
X
(Wy * 1) (x) + % = Cy foreveryx € Qq, 3.3)
|x|? n
Wy * tg)(x) + - > Cqy foreveryx € R", 3.4

with Co = Iy (L) — % fR" |x|% d o (x). Moreover; the spheroid Q2 is prolate fora € (—1, 0)
and oblate for o € (0, n — 2].

Remark 3.2 For « = 0, n > 3, it is well-known that the unique minimiser of the Coulomb
energy Ip is the normalised characteristic function of the ball centred at O with radius (n—2) 1/n
(see, e.g., [11, Corollary 1.3]). In other words, a(0) = b(0) = (n — 2)1/7 1n the proof below
we will focus only on the case o # 0.

We split the proof of Theorem 3.1 into Sect. 3.1, where we prove the stationarity condition
(3.3), and Sect. 3.2, where we prove (3.4). The heart of the proof consists in the exact
evaluation of the convolution

1

Sy =Wy ¢ ———
T TP

XQ(a,b)
both in Q(a, b) (in Sect. 3.1) and in R*\Q(a, b) (in Sect. 3.2), for a,b > 0. Note that
®, € C'(R™), as can be seen by e.g. adapting the proof of [17, Lemma 4.1]).

We write

o . . 1 (x1 — y1)?
(X)) = Po(x) + W (x), with ¥(x) := dy. (3.5)

Q(a, D) Jawp |x—yI"

3.1 The condition (3.3) on spheroids

Let @ € (—1,n — 2]. We claim that there exist a(a), b(a) > 0 (with a(a) < b(a) for
o € (0,n—2]and a(o) > b(a) for a € (—1, 0)) such that

|x|? 1
Wy * 1) (x) + > = Cy foreveryx € Q, o 1= o] Xy 3.6)
o

where we recall that Q, = Q(a(x), b(x)).

In the two-dimensional case studied in [10], we computed the semi-axes of 2, in terms
of o, and deduced the explicit values a = +/1 —« and b = 4/1 + «. For n > 3 we do not
have explicit expressions for the semi-axes in terms of «.

3.1.1 The potential inside a spheroid

In this section, for « € (—1,n — 2] and a, b > 0, we evaluate @, (x) with x € Q(a, b). We
start by recalling the case « = 0 of the Coulomb potential, namely

1 1
Dp(x) = dy ::][ ——dy.
1Q(a, b)| Ja@p Ix — yI"2 Qab) X — yI"2
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109 Page 12 0of 28 J.A. Carrillo et al.

From here onwards we use a barred integral to denote the mean over the domain of integration.
For x € Q(a, b) we have that

nn—2) [* x]2 r2 ds
Dp(x) = 1 - = -3 o
0 at+s b Es ) JaZ b2 +5)T
nn—2 o0 do e do
== ( n ) x]Z/ n—1 + rz/ n+l
4b 0 (t+0)2(1+ao)T 0 Vito(l+o)T
+ C@a® b?), 3.7

where 12 = Z?:z xiz, C (az, bz) is a constant that depends smoothly on a? and b2, and in
the last step we set o := s/b* and denoted with ¢ the aspect ratio ¢t := a®/b>, t > 0 (see,
e.g., [13]). In particular, ®¢ in Q2 (a, b) is a second-degree polynomial with no linear terms.

‘We now obtain the anisotropic term ¥ of ®, on Q2 (a, b) [see (3.5)] by differentiating ®g
with respect to the aspect ratio ¢, in the spirit of [10, Section 4]. First of all note that, by the
definition of ®( and by a change of variables,

d
¢o(b\/2u1, bu/) = n_zf 2 n—2"7 (38)
b B (t(uy —v)? + |u —v'?) T
where u’ := (uy, ..., uy),andu = (uy, u’) € B;(0). By differentiating (3.8) with respect to
the aspect ratio ¢ we obtain
3 1 n-2 (ur —vp)?
(@0 b/1u1, bL/)) - ][ dv, (3.9)
3t< D22 S (tur —o)? 4w — v R)?
and since
1 t(uy — vp)?
W (b/Tuy. bu') = }172/: (u; —vy) = dv.,
"I B (g — o)) + u' = v'[2)
it follows by (3.9) that
, 2 9 )
Wby, bu') = ———(¢0(bﬁu1,bu )). (3.10)
n—2o0t
On the other hand, by the explicit expression (3.7) we have that forevery u = (uy, u’) € B;(0)
-t [ d
Bob/iur, bu'y = —ud ML) S
bogqpn—2 3/2 2l
0 (t+0)/2(1+0)7
—2) [* d
M2 i +Cb?, b,

a2 Jo Sixo(l 4oyt

and hence

%(CDo(b\/;ul,bu/))

,n(n—2) o0 do 3t [ do
=Tl 4pn—2 3/2 nl E 5/2 ul
0 (t+0)2(1+0)> 0 (t+0)2(1+o0):
ann—2) [ do

— — + C(tb*, b?), (3.11)
8" Jo (1 +0)32(1+0)' T

+ [u]
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where C (tb?%, b?) is another constant. So, by (3.10) and (3.11) we obtain the expression of
W for x € Q(a, b), namely

W (x)

_ 2
T

/Oo do 3t [ do
0 (4021407 2N (4021 40)"T

T d 2t -
— ”/ = Wb,
4b 0 (t+0')3/2(1+O')T n—2

In conclusion, for x € Q(a, b),

Dy (x)
=2 ((2a —(n—2) /m do — 3at/oo do P )
4" 0 (1+0)32(1+0)T 0 (t+0)y(+o)7

) N o0 do o do
t+ri——| —(n—-2) R4 — | tC
4b 0 Jt+o(l+o) 2 0 (t+0)32040)72
(3.12)

where C denotes a constant and ¢ > 0.

3.1.2 The condition (3.3) on spheroids

We now use the expression (3.12) of the potential on spheroids to verify that there is a spheroid
for which the first Euler—Lagrange condition (3.3) is satisfied.

We start by establishing some relations among the integrals appearing in the expressions
of the coefficients of x]2 and r2. Note that, by defining

o do
H() = / _ (3.13)
0 (t+0)2(1+0)>

for t > 0, we have that

o do 2,
— = —ZH®), (3.14)
0 (t+0)2(1+0)T 3
/oo do 201 1 H) (3.15)
0 Jito(l+o)'T n-lyr n—1 "7 '
o0 do 2 1 2
—— 5 + H (1), (3.16)
0 (t+0)32(+0)7T n—11 n—1

Note also that

) 2
—nH(0) +2(1 = DH'(0) + 5 =0. (3.17)
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To prove it, we rewrite (3.16) as

2 1 [ t — 2 1
——H'(t) = f/ 0 do- I
n—1 0 (t+0)32(14+0)7 n—1¢

t
1 2 1 1 1 [ l14+0—-1 2 1
= - — - —H@) |- - do — -
t(n—lﬁ n—1 ()) t_/(‘) (t+a)3/2(1+0)"2il 7 n—113/2
1 1 1 l( 2 1 2

=————H@)— -H({) + - —— H(1)),
n—1t ® t ()+t n—107 T a ()>

hence obtaining the relation (3.17).
Integrating (3.17) we deduce that

1 L1 —s)2
H(@) = d fort #£ 1.
© |1—t|§/z SP1—5n" *

By integration by parts we obtain

H(t) 2 n-2 /1|1—s|’52d fort # 1 (3.18)
— - s or , .
Jid—n =),

and by differentiation

H (@) =

Dt —1 —2) 11—t L — 5372
D=1 _nn=2) /' P4 fort£1. (3.19)
t

B32(1—1)? 2 1—g3t? Vs

Condition (3.3) on spheroids is equivalent to the following two equations, obtained by
equating the coefficients of xlzz

- % - 4% (Qa — (n —2)H(t) + 2t H'(1)) (3.20)

and of r2:

1 n 1 /
Ry <—2(n -2 +0{)$ +((n—2)H(t) —2atH (r)) . (32D

For what follows it is more convenient to reduce to two alternative equivalent conditions:
the first one is obtained by adding (3.20) to (n — 1)-times (3.21):

pr="T2T  H (3.22)
- , ,

and the second condition is obtained by subtracting (3.20) from (3.21):

o ((n —DH@) +ntH'(t) + %) +(n—-2) (—%H(t) + %) =0. (3.23)

We claim that, for every « € (—1, n — 2] there exists a spheroid satisfying (3.22) and (3.23),
and hence satisfying the stationarity condition (3.3). More precisely, we will show that there
exists a pair (a(«), b(«)) (or equivalently (¢(«), b(«))) satistying (3.22) and (3.23).
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3.1.3 The equation (3.23)

We denote with F(f, «), for € R and r > 0 (we recall that 1 = a2/b?), the left-hand side
of (3.23). Then (3.23) is of the form F (¢, o) = 0. We write

F(t,a) = —=(A@a + B(1)), (t,a) € (0,+00) x R,

1
\7(
where

A(t) = —DVIH@®) +nt??H' 1) +1,  B@) = —@\/EH(I) +(n—2).
(3.24)

We claim that forevery o € (—1, n—2]thereexistst = ¢(«) > Osuchthat F(¢(x), o) = 0.
We start by analysing the behaviour of A and B for ¢ close to zero. By (3.18) we have that

2 m—2J1 1 (1—s5)272
VIHO =1~ Goyn ), s

ds for0 <t <1, (3.25)
and since
1 -2
1—¢)2
/ % ds < 400, (3.26)

we immediately deduce that lim,_, g+ /7 H (t) = 2. Moreover, by (3.19),

(n+ Dt — n(n —2)13/2

3/2 7y
t7“H'(t) = (1—t)2 P

1 — 2.2
/( ' " ds for0 <t <1, (327)

thus, by (3.26) we deduce that lim,_, o+ t>/>H’(t) = —1. This implies that

lim A() = lim ((n — DIH®) +nt3PH 1) + 1) —2n—1)—n+1l=n—1,

t—0t

and
. . n
lim B(t) = (n —2) lim (—f«ﬁH(t) + 1) ——(—1)(n—-2).
t—0t t—0t 2

Hence, if « #n —2,lim,_, o+ F(t,2) = —oo. If « = n — 2, by (3.24) we have

2
ViF(t,n—2) = (n 22) (WTH(1) = 2) +n(n — 2)@?H' (1) + 1).

Using (3.25) and (3.27), we obtain

_(”‘D«ﬁ 2
(n —2)? oy [P —s)372
_m((n—Z)(l—t)—i-n t)/, Tds

for 0 <t < 1. By (3.26) we deduce that

Z )3 L] — )42
lim F(r.n—2)=—""2 / =97 s <o,
=0+ 2 S
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By a direct computation from (3.13) and (3.14) we have that H(1) = % and H'(1) =

— (n372)’ therefore F (1, @) = 322 J_rg «. Finally, one can check directly that
lim A() =1 and lim B(t) =n—2. (3.28)
t—+00 —+00

Now fix @ € (0, n — 2]: then, since lim,_, ¢+ F(f,&) < Oand F(1,a) > 0, and F(-, a)
is continuous on (0, 00), it follows that there exists at least one 7(@) € (0, 1) such that
F(t(@), @) = 0. Similarly, fixing & € (—1, 0), since F(1,@) < 0 and lim,—, 1o, F(t,@) =
07, it follows that there exists at least one 7(@) > 1 such that F(¢t(&), @) = 0.

In conclusion, for every o € (—1,n — 2] there exists at least one #(«) > 0 such that
F(t(a), @) = 0; in other words, for every @ € (—1, n — 2] there exists a solution #(«) > 0
of (3.23).

3.1.4 The equation (3.22)
Now we solve (3.22) for the 7 («) found above by solving (3.23) for spheroids and we compute

the corresponding b. Then the spheroid will be the one with semi-axes b(«) and a(«), with
t(a) = a(a)?/b(e)?. From (3.22) and by (3.15)

0<iH({) =2— (n—l)f/ do <2 fort >0,
«/t—l—cr(l—i—cr)
we have that, for ¢ € (0,n — 2]
o L _ L _a
b —ﬁ(n 2+« aﬁH(t))>ﬁ(n 2—a) >0, (3.29)
and for o € (—1,0)
o Lo _ L
b _ﬁ(n 2+« aﬁH(t))>ﬁ(n 2+a)>0. (3.30)

3.2 The condition (3.4) outside spheroids

In this section we show that for ¢ € (—1, n—2] and for any spheroid 2 (a(«), b(«)) for which
the stationarity condition (3.3) is satisfied, also the unilateral condition (3.4) is satisfied. This
implies that any spheroid 2 (a(«), b(«r)) for which the stationarity condition (3.3) is satisfied
is in fact a minimiser for the functional I, and by Proposition 2.1 it is the unique minimiser
(which in particular implies that there is only one spheroid satisfying (3.3)).

We do it in several steps. We start by evaluating the Coulomb potential, which corresponds
to a = 0, namely

1
Do (x) :][ ——dy,
Qab) X — yI"2

for x € R"\Q(a, b) anda, b > 0. For x € R"\Q(a, b) anda, b > 0,

_nn—2) [* x? r? ds
dp(x) = ——= 1— - —, (3.31)
a2+s b2+S /a2+S(b2+S)nT

where r? = Y, )ci2 and A(x) is the largest root of the equation

xlz r?

PN
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(see, e.g., [13]). By straightforward computations one can see that

1 2
7(\/x12+(r+c)2+ x%+(r—c)2) —b* ifa<b,
A,(x): 41"

2
Z<\/(x1+c)2+r2+\/(x1—c)2+r2) —a* ifa>b,

where

5 b?> —a? ifa <b,
cT =
a*> —b? ifa > b.

3.2.1 The anisotropic potential outside a spheroid

In this section we prove that the anisotropic term W of ®,, both for oblate and prolate
spheroids, is related to the Coulomb potential ®¢ by the relation

a2

W(x) = 22 Do (x) + =@ =0

for x = (x1,x’) € R"\Q(a, b).We obtain (3.32) by an ingenious differentiation of ®.

While in Sect. 3.1 W on Q2 (a, b) was obtained by differentiating ®( with respect to the aspect

ratio a® /b? of the spheroid, the geometric quantity that is relevant in this case is the parameter

spanning a family of spheroids confocal with €2 (a, b), and surrounding it from the outside.

We prove (3.32) in the case of oblate spheroids, but the case of prolate spheroids is

completely analogous. For oblate spheroids we set > = ¢ and b*> = ¢ + ¢, where c is fixed,
and set

N2
o) (x) :=][Q LT :=j[9 WLV 9 = iV O,

2
1 =yl [x — y|”

From (3.31) one can easily rewrite the Coulomb potential on a spheroid as

Voo (x) - (bx1,a’x’),  (3.32)

)

nn—2) [ x2 r2 do
B =D [Ty do
4 £(x) Vo —cto 2

where £(x) = A(x) + b% and o := 5 + b%, and £(x) depends only on ¢2. Hence CD(’) depends
on its semi-axes a and b only via ¢, and not on a and b separately, namely

N
-9 A . :
0= 3; % af][B.(O)(t(«/; Ul>+(t+c )Z<x/t+c v,) > dv-

i#l

By expanding the derivative above and rewriting

G s

i#1
_ 1 X1 ’ 2 Xj '2 c? X1 2
_t+cz(l(«/i_vl>+(t+6)§< r+c2_v’>) 1+ (J_v]>’
we obtain
0= L5 0 + W)+ vq><>( xl) (3.33)
S ire PO G VO T Vel ryer)
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The expression (3.33) gives the (unknown) expression of the anisotropic term W' in terms of
the (known) Coulomb potential ®{, and its spatial gradient. Substituting 7 and ¢ in terms of
a and b in (3.33) and rearranging the terms we then have (3.32).

With the expression of the Coulomb potential ®¢ [see (3.31)] and a closed formula for
the anisotropic potential W [in (3.32)] in the outer region R\ 2 (a, b) at hand, we now prove
(3.4). More precisely, we prove that for every o € (—1,n — 2],

2
Dy (x) + % > C, forevery x € R"\Q(a(a), b(a)), (3.34)

where Q2 (a(w), b(x)) is a stationary point, satisfying (3.3). To prove (3.34) we first rewrite
the potentials ®( and W (and hence ®,,) outside a spheroid in a more convenient way, in terms
of a set of coordinates—oblate or prolate spheroidal—alternative to the Euclidean ones, and
more suitable for the geometry of the problem.

We deal with the oblate and prolate case separately.

3.2.2 The condition (3.34) outside an oblate spheroid

To prove (3.34) for an oblate spheroid, we rewrite the potentials ®q in (3.31) and W in (3.32)
outside a spheroid in terms of the oblate spheroidal coordinates. By the symmetry of ®, and
of the confinement, it is sufficient to reduce to computations in the xjxz-plane. In terms of
oblate spheroidal coordinates we have

{xl:czp ZZOspe[_lvl]a

x2 =cy/(1+22)(1 = p?)

where we recall that ¢> = b> — a®. Note that the outer region R”\2(a, b) corresponds to
7> 4.

For z > % and p € [—1, 1], the expression of the Coulomb potential (3.31) in oblate
spheroidal coordinates reads as

Do(z, p) = nin _2)/02 foo Clo =) do n(n _2)/ 0~ do
) 4 3/2(0 + 02)”+1 ) f(O' + 62)"+]

where we used that r2 = x22, A(x) = 272 — 42 and the change of variables o = a? +s.
We recall that the gradient of the oblate spheroidal coordinates with respect to Cartesian
coordinates is given by the following formulas:

2

1

Vo) = o (R0 =97 —pV (121 = p2),
1

Vi) = oy (P 420 2V (L4 2 = p?).

Since

) 00 2 2
0;Po(z, p) = —Mcz f %dm
2 222 63/2(g + c2)"2

nn —2) o0 3232 -0
0,%0(z, p) = —?czp/ LT o,
272 0.3/2(0- + CZ)T

@ Springer



The equilibrium measure for an anisotropic nonlocal energy Page 19028 109

we deduce that

V&o(x) = —

cn(n —2) (/‘Oo zpdo /Oo \/(1+zz)(l—p2)dcr)

n—1" ntl
2 222 53/2(6 + ¢2)"2

22 Jo(o+c)
and
s 2 2
5 Vo (x) - (b7x1, a"x2)
C
o ([ 2m22p? * 221 +2°)(1 - p?
=M / ;pn_lda_,_/ a”(d +z7)( n+;o)do .
4 @2 ¢32(0 + )T @2 Jo(o+eH) T

Hence the anisotropic potential is

% _na(o — 222) 4+ 2c2s2 2
wn =4 [ OSSR D g
C

4 2,2 032(0 +¢2)"F
n /°° —na*(c — 2% +24% (0 + b d
- 0.
4 )22 /oo + 62)%

Finally, the confinement term |x |2 /2, in terms of the spheroidal coordinates, is
2
c
= (=pr+ D).
> (I—p"+27)

Note that ®p, W and the confinement are all quadratic functions in the variable p. More
precisely, for z > % and p € [—1, 1],

2
X
Dy (x) + % = Ay(2) + By (2)0% (3.35)
where
n % ((n—=2)c? — naa®)(o — c2z%) 4+ 2aa(o + ¢2) c?
Aq(2) := 7‘[ ( ) ntl do+ —(1+ 22)7
4 Jo22 2 Jo(o +c2)' T 2
Bu(2) : n /00 ((n— 2)c? — naaz)(a — 222 4+ 20?72 (0 + 2) J c?
=Y ) e o32(0 + c2)"E 772

We now prove (3.34) for any oblate spheroid €2 (a(«), b(«)) for which the stationarity con-
dition (3.3) is satisfied. To avoid burdening the reader with heavy notation, we will write a
and b instead of a(«) and b(«).

By (3.35), proving (3.34) is now equivalent to show that

a

Ag(2) + By(z) = Cy and  Ay(z) = Cy forz > = (3.36)
namely to check the inequality for p = 0 and p = 1. Moreover, note that the functions A,
and B, are well-defined and smooth at every z > 0. Since, as observed before, the potential
®, + | - |?/2 belongs to C' (R?) and satisfies (3.3), Eq. (3.35) implies that
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() =a@) e m(@)=e wa af2)=n (D) 50 =0

(3.37)

We show that (3.36) is satisfied by proving that
1 I / ! 1 / ! a
(E(Aa(z) + Ba(z))> >0 and (EAa(z)) >0 forz= . (3.38)
Clearly (3.38), together with the second condition in (3.37), implies
AL@+B,@) 20 and AL@) 20 forzz ~,

which, in turn, gives (3.36) owing to the first condition in (3.37). While (3.38) may look more
complicated, it actually gives rise to simpler computations. Indeed we have

1, ! n 5 a’ a
(C4,@) =——"— (-2 +a%5) 20 foreveryz = %,
Z Cn_2Z2(1 +Z2)T c c
since n > 3 and o > 0. Moreover,
1 / n a?
—(Al(z) + B! =— (-0 +0)P+n-2—-a—a—=mn—1)).
(0 100)) = (30 -2 )

Hence to prove the claim (3.38) it is sufficient to show that

2
=D+ +n—-2—a—asmn—-1)=0 forz=>
Cc

[N

This condition is satisfied since

a? a? a?
(n—2)(l+ot)—2+n—2—oz—a—2(n—1):(n—2—a)<1+—2>>0.
c c c

3.2.3 The condition (3.34) outside a prolate spheroid

To prove (3.34) for a prolate spheroid, we rewrite the potentials ®¢ in (3.31) and WV in (3.32)
outside a spheroid in terms of the prolate spheroidal coordinates. By the symmetry of &,
and of the confinement, it is sufficient to reduce to computations in the xjx,-plane. In terms
of prolate spheroidal coordinates we have

X1 =czp
z>21, pe[-1,1],
{x2 =/ (22— (1 - p?) P
2

where we recall that now ¢ = a® — b%. The outer region R*\Q (a, b) corresponds also in

this case to z > <.

c
For z > % and p € [—1, 1], the expression of the Coulomb potential (3.31) in prolate
spheroidal coordinates reads as

Do(z, p) =

nn —2) 2/00 2?2 — o) nn—2) [* o — 272
C

[of
+1 +1 ’
4 222 63/2(g — 62)"2 4 22 Jo(o — 62)"7

where we used that r2 = x%, rx) =c?z2 —a?anda change of variables. We recall that the

gradient of the prolate spheroidal coordinates with respect to Cartesian coordinates is given
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by the following formulas:

1
Vo) = o (20 = 9% oV (@ = D1 = p2),
_ ! 2 _ (1= o2
Vi) = o (PE = D,V @ = DA = p2).

Since

nn-—2) , /00 c2p?—o
9. Do (z, p) = ——— — L _do,
. Po(z, p) ) ¢ 22 632(0 — 62)n+1 o

nn—2) , o 22 —o
0pPo(z, p) = —5—c P/ ——— 7 do,
’ 2 22 6320 — 2)"F"

we deduce that

Vo (x) = —

2 n— Vl+1

2,2 03/2(0 _ 02) 2 \/>(U _ CZ)

en(n —2) (foo zpdo ,/ @2 -1 - da)

and

1 2. 2
2 VPo) - (b°x1, a7 x2)

nn—=2) ( [*® 2b%72p? ® 242(z2 = 1)1 — p?)
— —do + ol do | .
4 22 6320 — 2)" T 22 Jo(o — )3

Hence the anisotropic potential is

do

Wi n o, /Oo —na%(c — 273 + 2¢*72 (0 — )
x) = —
4p 0222 03/2(0 C2)n+]
n /‘oo na*(o — c2z%) —2a%(oc — ¢?)
do
C

+ n n+l
2 c2Jo(oc —c?)2

4
Finally, the confinement term |x|?/2, in terms of the spheroidal coordinates, is

2

IXI2 c?

=5 1+ p* +29).

Note that, as before, ¢, ¥ and the confinement are all quadratic functions in the variable p.
More precisely, for z > % and p € [—1, 1],

2
Qg (x) + % = Aa(2) + By (2)0%, (3.39)
where
© ((n —2)c 4 nea?) (o — ¢*z%) — 2aa®(o — ¢* 2
Ag(2) i= 2/ (=2 ) ”)H g D do+ S 21,
4 2o (o —c)'T 2
© (= (n—2)c? —naa®)(o — c?z%) + 2ac*7% (0 — ¢ 2
By (2) zzﬁf (-(n—2) )( il =
4 o3/2(c —c?) T 2
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We now prove (3.34) for any prolate spheroid Q2 (a(«), b(«)) for which the stationarity
condition (3.3) is satisfied. Again, to avoid burdening the notation, we will write a and b
instead of a(«) and b(«). Note that, by (3.39), proving (3.34) is equivalent to show that

a
Ag(2) + By(z) 2 Cy and Ay(z) = Cy forz > e

namely to check the inequality for p = 0 and p = 1. Arguing as in the case of an oblate
spheroid, it is in fact sufficient to prove that

1 ! ’ ! 1 / ! a
(*(Aa(@ +B01(Z))) >0 and (an(z)) >0 forz>—. (3.40)
z z c
We have
1, ! n 2 a® a
(an(Z)> = —H((n —2)z +otf) >0 foreveryz > —,
Z Cn—ZZZ(ZZ _ 1)"T c2 c
since n > 3 and o > —1. Moreover,
1, ) ;- " ) 2
(E(Aa(Z) + Ba(Z))) = m((ﬂ -2)(1+a)z"—(n—2)ta —a - 1)).

Hence to prove the claim (3.40) it is sufficient to show that

2
(n—2)(1+a)zz—(n—2)+ot—aa—2(n—1)20 for z >
c

ol

This condition is satisfied because « > —1 and

a® a® a®
(n—2)(1+ot)—2—n+2+oe—ot—2(n—1):(n—2—a)<—2—1>20.
c c c

This concludes the proof of Theorem 3.1.

Remark 3.3 Foreverya € (—1,n—2],lett(a) > 0 be the solution of the equation F (¢, &) =
0 found in Sect. 3.1.3. Note that this solution is unique. Indeed, by (3.29) and (3.30), for a
given o € (—1,n — 2], any solution #(«) > 0 of F (¢, «) = 0 identifies a spheroid satisfying
the stationarity condition (3.3). Moreover, in Sect. 3.2 we show that any stationary spheroid
satisfies also condition (3.4), so it is a minimiser of /,, and hence is unique by strict convexity.
Moreover, the function t : « € (—1,n — 2] — t(«) € (0, +00) is continuous and strictly
decreasing. To prove it, let ¢g € (—1,n — 2] and let ¢ — «p. Let (o) denote a subsequence
converging monotonically to og, as k — +00; note that the subsequence (/) is also
monotone. Since Iy, is lower semicontinuous for every k, we have that I,, I'-converges
to Iy, as k — 400, with respect to narrow convergence (see, e.g., [12, Propositions 5.4
and 5.7]). By the Urysohn property of I"-convergence (see for instance [12, Proposition 8.3])
the whole sequence (I,) I'-converges to Iy, as « — ay, since the space of probability
measures endowed with the narrow convergence is metrisable. Moreover, the equilibrium
measures jiq satisfy

/ |x|2dl/«a(x) < Io(e) < Io(p—2) < In—2(pn—2) foreverya € (—1,n — 2],

where we used the minimality of 11 . In other words, the equilibrium measures are tight. By the
Fundamental Theorem of I'-convergence (see, e.g., [12, Corollary 7.17]) and the uniqueness
of the minimiser of I, we deduce that u, converges narrowly to (g, as ¢ — ag. The
characterisation of 1, given in Theorem 3.1 allows us to conclude that (o) — (), as
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o — o, that is, the function o +— #() is continuous. It is also injective by the following
argument: If a1, a0 € (—1,n — 2], @1 # «py, are such that #(«y) = t(az) = t9 > 0, then
F(tp, 1) = 0 = F(ty, ®2), which implies A(f9) = 0, with A defined in (3.24). Since
F(tp, 1) = 0, we deduce that B(fp) = 0, but this would imply that F (7, o) = 0 for every
a € (—1,n — 2], that is, the function o + (&) is constant. This is not possible, since
t() > 1 fora < 0and t(o) < 1 for o > 0. This last property, together with continuity and
injectivity, implies that o +— #(«) is strictly decreasing.

4 Thelimit case,asa — —1

In this section we discuss the behaviour of the nonlocal energies 1, as o« — —1.

Theorem 4.1 As o — —17, the functionals I, T'-converge, with respect to narrow conver-
gence, to a functional J, : P(R") — [0, +00], whose unique minimiser is a measure (L, that
is the normalised characteristic function of a prolate spheroid Q2. Moreover, the following
representation holds:

s = [ W@E©F e+ [ 1P dut) @

for every u € P(R") with compact support, where W* € Llla (R") is the function given by

722 (n—DEE+(n—3) Y, &2
2r(%) &

W) =
fora.e. & e R".

Remark 4.2 The functional J, does not coincide with the functional /_; defined in
Remark 2.2, since J, is lower semicontinuous, whereas /_; is not. Moreover J, does not
coincide with the functionals 7_; or I | either, since the Dirac delta at 0 is a minimiser for
both 7_; and T_;.

Proof of Theorem 4.1 The proof is subdivided into several steps.

Step 1: Convergence of the equilibrium measures. We prove that, as « — —17, the equilib-
rium measures jL, converge to a measure (i, that is the normalised characteristic function
of a prolate spheroid 2. First of all, we claim that

lim f(a) =t € R 4.2)

a——11

for some t, > 1. Since o — t(«) is strictly decreasing by Remark 3.3 and #(«) > 1 for
a < 0, the limit as @ — —17 exists and is strictly greater than 1. Assume by contradiction
that 7,, = +o00. By (3.28) we can pass to the limit in the equation

0=Vt F(t(a),a) =A(t(x))a + B(t(x)) 4.3)

and deduce that n — 3 = 0, which gives a contradiction for n > 3. If n = 3, Eq. (4.3),
together with the assumption that 7, = +o00, implies that

— A(t(x)) + B(t(a)) <0 4.4)
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for o + 1 > 0 small enough (note that A(¢(«)) > O for « + 1 > 0 small enough by (3.28)).
By (3.18) and (3.19), for t > 1 and n = 3 we obtain

5t+4 Vi tol
(t—1)2 + 2(t — 1)5/2 (2t +7)/1 Js(s—1) ds

Since the right-hand side is positive as t — +00, this contradicts (4.4). Claim (4.2) is thus
proved for every n > 3. Passing to the limit in (3.30) we also obtain that

—A(@) + B@) =—

lim _b(a) = by = (1) (n — 3+ /i H(t)" > 0.

a——1*F
This implies that the equilibrium measures o converge narrowly, as « — —17, to the
normalised characteristic function of the prolate spheroid Q. = Q (y/bx, D).

Step 2: T'-convergence. Let (o) be a sequence such that oy — —17, as k — +o0. Note
that we can extract a decreasing subsequence (ak;) —17 along which also the sequence
of functionals (/4 ) is decreasing, and hence I'-convergent as j — o0 to the functional

J

Jop) :=J(u),  J(u):= inf Iu(p)
ae(0,—1)

for every u € P(R"), where J denotes the lower semicontinuous envelope of J with respect
to narrow convergence. By the Urysohn property of I'-convergence (see for instance [12,
Proposition 8.3]) the whole sequence (/) I'-converges to J, as « — —17. By the Funda-
mental Theorem of I"-convergence we deduce that p, is a minimiser of J, and

aEEHH lo (o) = Jo (). (4.5)

Step 3: Representation formula for J,. Using formula (2.4), which holds for every v € P(R")
with compact support and every ¢ € (—1,n — 2], we can now prove the representation
formula (4.1).

We first observe that by (2.5)

We &) — W, &) fora.e. & € R", (4.6)
as o — —17, and there exists a constant C, independent of «, such that
0< Wo < CWo 4.7)

for every & € (—1,n — 2]. Let now v € P(R") be a measure with compact support. Let
(ax) C (=1, n — 2] be any sequence converging to —1, and let (vx) be a sequence in P (R")
converging narrowly to v and such that

liminf I, (vk) < +o0.
k—00

Up to subsequences, we can assume that sup; Iy, (V) < +00. By (2.2) there exists a compact
set K C R”", containing the support of v, such that v (K) > 0 and

1
W (x — y) + 5“”2 + 1) > I+ 1 for(x,y) ¢ K x K

for every k. If we define

o ka_K
W= (4.8)
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for every k, then u; € P(R"™) has compact support and
2 1
Ly 00 = (GO Ty + [[[ (W= 30 58 4 16P)) dweo) )
(K xK)©
2 2
> (v (K)) Loy (i) + (1 = (v (K)) ") ey, () + 1.
This inequality implies that

1 — (w(K))
(e (K))’

for every k. Since (uy) converges narrowly to v, as k — 00, we have that (x) pointwise
converges to v and by the Fatou Lemma

Iolk (//Lk) =< Iak (Vk) - =< Iak (Vk) (49)

lim inf / W ()0 ) dE = / W, (&) 0@ de.
k— 00 R2 Rn

By (4.9), (2.4), and the continuity of the confinement term with respect to narrow convergence
(on measures with compact support), we obtain

lim inf I, (v¢) > liminf Iy, (1x) > / WD) d& + / x[? dv(x).
k— 00 k—00 R» Rn
Since by definition of I"-convergence
J«(v) = min { likm inf Iy, (vi) © (vi))—v narrowly, (o) — —l*}, (4.10)
—00
we deduce that
J«(v) z/R W*(S)I?(S)I2d§+/R x> dv(x) @.11)
for every v € P(R") with compact support.
On the other hand, to prove the opposite inequality in (4.11), let us first consider v €
PR") N CP(R"). By (4.7) we have that

0 < We, )D(E))? < CWo(&)[D(E)I%,

which gives a domination in LY (R™), since 7 € S and Wg € Llloc(R”) behaves as 1/[& 12 at
infinity. Therefore, by (4.6) and the Dominated Convergence Theorem

lim / W (©)DE) di = f W (&) P d
k—)OO Rn Rn
for every v € P(R") N C°(R"). By (4.10) and (2.4) this implies that
Jo(v) < /R W [DE)1> d& + /R lx|? dv(x)

for every v € P(R") N C°(R"). Let now v € P(R") be a measure with compact support
and let v, be defined as in (2.6). Using the inequality above and the lower semicontinuity of
J« with respect to narrow convergence, we obtain that

Jo(v) < lim inf J, (ve) < lim inf / W (®)5:(6) > d& + / Ix*dv(x). (4.12)
E—> E—> Rn Rn
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Arguing exactly as in (2.9), we have that

lim / W (®)17:(6)1> d& = / TAGINGIS (4.13)
e—0 Rn R

even if the right-hand side is infinite. Combining (4.11)—(4.13), we finally obtain (4.1).

Step 4: Uniqueness of the minimiser of J.. We now use the representation (4.1) to show that
the minimiser of J, is in fact unique.

First of all, we prove that any minimiser of J, must have compact support. Indeed, assume
by contradiction that v, is a minimiser of J, not compactly supported. Let (ox) C (—1,n—2]
be a sequence converging to —1 and let (vx) C P(R") be a recovery sequence for v,, that is,
such that (vx) converges to v, narrowly and

lim Iy, (V) = Je ().
k—00

In particular, supy, Iy, (V) < +00. We argue in a similar way as in (4.9). By (2.2) there exists
a compact set K C R” such that 0 < v, (K) < 1, ve(K) > 0 and

1
Wey (x — ) + 5<|x|2 F Iy = Iy ) +1 for(x,y) ¢ K x K

for every k. If we define py as in (4.8), then

2
1 — (ve(K)
Iak(ﬂk) =< [ak(Vk) - (72)
(v (K))
for every k. Since by narrow convergence vx(K) — v« (K), as k — 0o, we obtain
2
. 1— (v(K))
liminf Iy, (ui) < Jo(vs) — — 5 < J(Vy). (4.14)
k— o0 (V(K))

On the other hand, by the minimality of 1o, and by (4.5)
liminf Iy, (ug) > liminf Iy, (e ) = Jo (). (4.15)
k—00 k— 00

Since both 1, and v, are minimisers of J,, (4.14) and (4.15) give a contradiction. On measures
with compact support the representation (4.1) holds and the right-hand side of (4.1) is strictly
convex as a function of p. We, thus, conclude that 1, is the only minimiser of J,. O

Acknowledgements JAC was partially supported by EPSRC Grant Number EP/P031587/1 and the Advanced
Grant Nonlocal-CPD (Nonlocal PDEs for Complex Particle Dynamics: Phase Transitions, Patterns and Syn-
chronization) of the European Research Council Executive Agency (ERC) under the European Union’s Horizon
2020 research and innovation programme (Grant Agreement No. 883363). JM and JV are supported by MDM-
2014-044 (MICINN, Spain), 2017-SGR-395 (Generalitat de Catalunya), and MTM2016-75390 (Mineco).
MGM acknowledges support by the Universita di Pavia through the 2017 Blue Sky Research Project “Plasticity
at different scales: micro to macro” and by GNAMPA-INdAM. LR is partly supported by GNAMPA-INdAM
through Projects 2018 and 2019. LS acknowledges support by the EPSRC Grant EP/N035631/1.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

The equilibrium measure for an anisotropic nonlocal energy Page 27 0f 28 109

References

18.
19.

20.
21.

22.

23.

24.

25.

26.
27.

28.

29.

Balagué, D., Carrillo, J.A., Laurent, T., Raoul, G.: Dimensionality of local minimizers of the interaction
energy. Arch. Ration. Mech. Anal. 209, 1055-1088 (2013)

Burger, M., Diiring, B., Kreusser, L.M., Markowich, P.A., Schonlieb, C.B.: Pattern formation of a nonlocal,
anisotropic interaction model. Math. Models Methods Appl. Sci. 28, 409-451 (2018)

Caiiizo, J.A., Carrillo, J.A., Patacchini, E.S.: Existence of compactly supported global minimisers for the
interaction energy. Arch. Ration. Mech. Anal. 217, 1197-1217 (2015)

Carrillo, J.A., Castorina, D., Volzone, B.: Ground states for diffusion dominated free energies with loga-
rithmic interaction. STAM J. Math. Anal. 47, 1-25 (2015)

Carrillo, J.A., Choi, Y.-P., Hauray, M., Salem, S.: Mean-field limit for collective behavior models with
sharp sensitivity regions. JEMS 21, 121-161 (2019)

Carrillo, J.A., Delgadino, M.G., Mellet, A.: Regularity of local minimizers of the interaction energy via
obstacle problems. Commun. Math. Phys. 343, 747-781 (2016)

Carrillo, J.A., Delgadino, M.G., Patacchini, E.S.: Existence of ground states for aggregation—diffusion
equations. Anal. Appl. (Singap.) 17, 393-423 (2019)

Carrillo, J.A., Hittmeir, S., Volzone, B., Yao, Y.: Nonlinear aggregation—diffusion equations: radial sym-
metry and long time asymptotics. Invent. Math. 218, 889-977 (2019)

Carrillo, J.A., Huang, Y.: Explicit equilibrium solutions for the aggregation equation with power-law
potentials. Kin. Rel. Mod. 10, 171-192 (2017)

Carrillo, J.A., Mateu, J., Mora, M.G., Rondi, L., Scardia, L., Verdera, J.: The ellipse law: Kirchhoff meets
dislocations. Commun. Math. Phys. 373, 507-524 (2020)

. Chafai, D., Gozlan, N., Zitt, P.-A.: First-order global asymptotics for confined particles with singular pair

repulsion. Ann. Appl. Probab. 24, 2371-2413 (2014)

Dal Maso, G.: An Introduction to I"-Convergence. Birkhduser, Boston (1993)

Di Fratta, G.: The Newtonian potential and the demagnetizing factors of the general ellipsoid. Proc. R.
Soc. A 472, 20160197 (2016)

Fetecau, R.C., Huang, Y., Kolokolnikov, T.: Swarm dynamics and equilibria for a nonlocal aggregation
model. Nonlinearity 24, 2681-2716 (2011)

. Folland, G.B.: Introduction to Partial Differential Equations, 2nd edn. Princeton University Press, Prince-

ton (1995)

Frostman, O.: Potentiel d’équilibre et capacité des ensembles avec quelques applications a la théorie des
fonctions. Meddel. Lunds Univ. Mat. Sem. 3, 1-118 (1935)

Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order, 1998th edn. Springer,
Berlin (2001). (Reprint of the 1998 edition)

Hirth, J.P., Lothe, J.: Theory of Dislocations. Wiley, New York (1982)

Hmidi, T., Mateu, J., Verdera, J.: On rotating doubly connected vortices. J. Differ. Equ. 258, 1395-1429
(2015)

Kellogg, O.D.: Foundations of Potential Theory. Springer, Berlin (1967)

Kunz, H., Hemelrijk, C.K.: Simulations of the social organization of large schools of fish whose perception
is obstructed. Appl. Anim. Behav. Sci. 138, 142-151 (2012)

Lauteri, G., Luckhaus, S.: An energy estimate for dislocation configurations and the emergence of
Cosserat-type structures in metal plasticity. Preprint arXiv:1608.06155 (2016)

Mateu, J., Mora, M.G., Rondi, L., Scardia, L., Verdera, J.: A maximum-principle approach to the min-
imisation of a nonlocal dislocation energy. Math. Eng. 2(2), 253-263 (2020)

Mora, M.G., Peletier, M., Scardia, L.: Convergence of interaction-driven evolutions of dislocations with
Wasserstein dissipation and slip-plane confinement. STAM J. Math. Anal. 49, 4149-4205 (2017)

Mora, M.G., Rondi, L., Scardia, L.: The equilibrium measure for a nonlocal dislocation energy. Commun.
Pure Appl. Math. 72, 136-158 (2019)

Saff, E.B., Totik, V.: Logarithmic Potentials with External Fields. Springer, Berlin (1997)

Scagliotti, A.: Nonlocal Interaction Problems in Dislocation Theory. Tesi di Laurea Magistrale in Matem-
atica, Universita di Pavia (2018)

Seidl, R., Kaiser, W.: Visual field size, binocular domain and the ommatidial array of the compound eyes
in worker honey bees. J. Comp. Physiol. A. 143, 17-26 (1981)

Simione, R., Slepcev, D., Topaloglu, I.: Existence of ground states of nonlocal-interaction energies. J.
Stat. Phys. 159, 972-986 (2015)

@ Springer


http://arxiv.org/abs/1608.06155

109 Page 28 of 28 J.A. Carrillo et al.

30. Stein, E.M.: Singular Integrals and Differentiability Properties of Functions. Princeton University Press,

Princeton (1970)
31. Wigner, E.: Characteristic vectors of bordered matrices with infinite dimensions. Ann. Math. 62, 548-564

(1955)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	The equilibrium measure for an anisotropic nonlocal energy
	Abstract
	1 Introduction
	1.1 Our approach and discussion
	1.1.1 Dimensionality of minimisers for n=2 and n3
	1.1.2 The shape of minimisers for α>0 and α<0
	1.1.3 The limit case α=-1

	1.2 Open questions and future work
	1.3 Outline

	2 Existence and uniqueness of the minimiser of Iα for αin(-1,n-2], n3
	3 Minimality of spheroids
	3.1 The condition (3.3) on spheroids
	3.1.1 The potential inside a spheroid
	3.1.2 The condition (3.3) on spheroids
	3.1.3 The equation (3.23)
	3.1.4 The equation (3.22)

	3.2 The condition (3.4) outside spheroids
	3.2.1 The anisotropic potential outside a spheroid
	3.2.2 The condition (3.34) outside an oblate spheroid
	3.2.3 The condition (3.34) outside a prolate spheroid


	4 The limit case, as αto-1
	Acknowledgements
	References




