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Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.

. v
o [fl, = ([IfIP)"",
[f],« = esssup|f]
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Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.

S
4 1/
o [fl, = ([IfP)"",
s |l = esssuplf]
) o [flee = Ifllpw + -+ |V*F]
O >3
L4 1
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Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.
s Sobolev spaces — both together.

1/
e o fl, = (f1F17)",
[f], = esssup|f]

° [flles = Ifllee + -+ [V*Fl
O [fllysr = [Fllp + - + V£l
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Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.

Differentiablility classes — smoothness.
s Sobolev spaces — both together.

Holder continuous spaces — fill gaps.

4 1/p
s o [l = (J117)"",
v |1l = esssuplf]
o [flles = Ifllpw + -+ +IVFlLo
xCLT2 O [[fllyee = [fllpe + -+ VL
o fle = o
VB ) -V F(y)|
0 " HfHLOC + +Sup ;X,y‘{s}
L* 1
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Measuring smoothness and integrability in R?

S
4
VV3’4
%
% C1.75
0
X
L4

X

W/3/28/5
y V‘/"1’4/3

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.
Sobolev spaces — both together.
Holder continuous spaces — fill gaps.
Interpolation to generalize.

o Il = (J1F1P)",

[f], = esssup|f]
o [fllcs = lIflpe + -+ [Vl
o [fllwse =l + -+ 1VF]L
° |ffc: =

[l + - - + sup L=V 0]

[x—yl[{s}

o [Flwess Fls; . Il
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Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.

s A d—3 Sobolev spaces — both together.
Holder continuous spaces — fill gaps.
Interpolation to generalize.
4 sp=d._ 1/p
Supercritical o |fl, = (f |f|P) ,
3 B [l = esssup|f|
S1,P1 -
, PP o Iflc = Ifluw + -+ V¥l e
(T s - O [Flysp = Ifllp + -+ IVl
4 Suberifial * e = [VEl )=Vl £(y)|
% i x)—
0 4 : A T HfHLOC++SupWS}y

i) - 7
p * p
o E o [Fluso- IFlsy Il

By means of Sobolev embeddirigs, we have
either continuity or extra integrability.
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o

ion)properties of bi-Lipschitz Sobolev functions

Composit

Theorem (P, preprint)

Lets>1+4d/p and1 < p < 0. Given bounded Lipschitz domains
Q; = R? and functions f; € W*P(Q;) with (1) = Qo and £
bi-Lipschitz, then

f-2 (e} fl S V‘/S’p(Ql)7

and if ﬂ(Ql) = 5, then

e WSP(Qy).
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Composition properties of bi-Lipschitz Sobolev functions

Theorem (P, preprint)

Lets>1+d/p and1 < p < 0. Given bounded Lipschitz domains
Q; = R? and functions f; € W*P(Q;) with (1) = Q2 and £
bi-Lipschitz, then

f-2 (e} fl € V‘/S’p(Ql)7

and Ifﬂ(Ql) = 5, then

e WSP(Qy).

The result also works for 1 < s < 1+ d/p replacing the function space
WsP by WsP ~ C% . Same is true for the Triebel-Lizorkin scale Fpa
whenever 5 ¢ Noor d =1 and p = g (see [Bourdaud, Moussai, Slckel] for
composition, [Astala, P., Saksman] for inversion, the other cases remain
open).
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Interpolation for Lipschitz Sobolev functions

Lemma (P, preprint)

Lets>1,letl1<p<o0,anddeN and let f e WsP(Q) n COL(Q)
where Q < RY is a bounded Lipschitz domain. Then, for every positive
index j < k

ijfHij%;( Q) $5,p,0..Q HfH WSP(Q) ||VfH[_OO(Q)

Runst, Sickel + Rychkov's extension
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Interpolation for Lipschitz Sobolev functions

Lemma (P, preprint)

Lets>1,letl1<p<o0,anddeN and let f e WsP(Q) n CO1(Q)
where Q < RY is a bounded Lipschitz domain. Then, for every positive
index j < k

L*]

HVJfH = @ S5,0,0.4,0 HfHWSP(Q)HVfHLOO(Q)

Runst, Sickel + Rychkov's extension

s

/2
fecot /
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Chain rule and Faa di Bruno's formula

By the chain rule, in R we have
D(g o f) = Dg(f)Df
D?(g o f) = D?g(f)DfDf + Dg(f)D*f
D3(g o f) = D3g(f)DfDIDF + 30°g(f)DID*f + Dg(f)D3f
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Chain rule and Faa di Bruno's formula

By the chain rule, in R we have
D(g o f) = Dg(f)Df
D?(g o f) = D?g(f)DfDf + Dg(f)D*f
D3(g o f) = D3g(f)DfDfDf + 3D*g(f)DfD*f + Dg(f)D3f

DS/\'g © f) = Z s l,{aj}[/ g 1_[ Dot

1<iss
{aj}}:1CNZZ aj=s
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Chain rule and Faa di Bruno's formula

By the chain rule, in R we have
D(g o f) = Dg(f)Df
D?(g o f) = D?g(f)DfDf + Dg(f)D*f
D3(g o f) = D3g(f)DfDfDf + 3D*g(f)DfD*f + Dg(f)D3f

D(gof) = D Coifay D'g () [ [ DF.
1<iss =1
{as}_ N aj=s

For f : RY — RY, |k| = s we have

=

‘l

D¥(gof) = 3 oy D U pes gm(de

1<|il<s =
(a1, cNE\(G}:3 oy =5

1‘1
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|dea of the proof

O=Y X va(&)vaﬂ

1<i<s aeN':|a|=s

Lr
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|dea of the proof

O=Y X VéﬁITVﬂ

1<i<s aeN':|a|=

LP

<as IVE@, Tivesl,.
2 X

1<i<s aeN':|a|= Z—

T =

where > o =
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|dea of the proof

®O=> X Vfgfl]‘[vua

1<i<s aeN':|a|=s L

)IEDY ||vf@<ﬂ)\|mn“vwﬂ“m

1<i<s aeN':|a|=s =1

( p(s—1)

) and P o, 1 using

where 26 o = Let po =

H ifHLp?:} @ S ”f”v\/sp HVfHLOC(Qj
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|dea of the proof

O=2 X Vfgflﬂv%

1<i<s aeN': |a|=s i

DI !IV"fz<ﬂ>H,,OHHV%HW
=1

1<i<s aeN':|a|=s

( p(s—1)

! and Pe= 51" using

where 26 o = Let Po =

H ifHLpf:}(Q S ||f||Wsp HVHIL; q) We obtain

O=Xlvi s

—i

il Wep m,\lvawizml(%)nﬂ“ 3 p(%n Vle

B
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|dea of the proof

O=2 X Vfgflﬂv%

1<i<s aeN': |a|=s i

> !|V"6<ﬂ>\|,,oﬂuvwm|m

1<i<s aeN':|a|=s (=1

( p(s—1)

) and pe = T using

where 26 o= Let po =

| ifHLp?:} @ S ”f”WsP )HVfHLQC(Q) we obtain

O=Xlvi s

$ Cﬁ(HfZHWS,P(Qz)HvﬂH[_CO(Ql) + HszHLOO(QZ)Hle stP(Ql))7

P(s 1) Hfz” WSP Q2 vaéHLOO(QZ)Hle Wws, ”(Ql)HVﬂHLOO Ql
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Triebel-Lizorkin scale

From [P. (JLMS), Theorem 1.2, Corollary 1.4] and [Seeger'89, Corollary
2], given a uniform domain Q c RY, 0 <0 <1, ke Ng := N U {0},
1<p<oo, 1<q<oowitha>%—%,fors=k+awedefine

[ fHFgrq(Q) as

1
. Df(x) = DF(y)19 N\ O\’
| I /r
Flugeo + 2 (/Q (/Q oy dx,) |

|a|=k

with the usual modification for g = o0. Then, the norm defined above is
equivalent to the restriction norm for the classical Triebel Lizorkin scale.
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Triebel-Lizorkin scale

More generally, in [P, preprint] we drop the restriction o > > q
d 9 Then we

d_d and

consider the auxiliary index 1 < u < o0 so that o > oag
define || () as
VEF(x) = TRy ) gy

If1, + / / Uetuona n— dx
a\Jo tloti)a t
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Triebel-Lizorkin scale

More generally, in [P, preprint] we drop the restriction o > > q
u< o sothat o > 4 — 9. Then we

4 _d 3nd

consider the auxiliary index 1 <
define || () as

Tl

P
q

(fsm na I VEF(x) = ka(y)\“dy>u a
X

i+ | [ [ [ : dt
P al\Jo t(‘”z)q t

Then use

V(g o F)(x) = V¥(g o ) (y)]

< ) IVig(f(x) - IZHIV“’

1<i<k a j=1
i

> IVi(f )\ZZIVW — Vf(y |1‘[|vaf Wl [T v f0ol,

1<i<k j=t+1

a—f=1
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Regularity of the Riemann mapping in the Sobolev
scale
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Implications of the geometry of a domain




Riemann mapping
O@0000

Implications of the geometry of a domain

No tangents imply that ¢ ¢ C1(DD).
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Implications of the geometry of a domain

5,

¢ Cn 3
- {3

b {%ﬁ
ETUJT“

No tangents imply that ¢ ¢ C1(D). Kellog and Warchawski showed in
early XX century: if Q is a simply connected C"*% domain with

0<a<l, n=1, then pe C"¥(D).
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Implications of the geometry of a domain

I

"

el Ry
0 <, 3
- 3 <
§ K

b {%ﬁ
ETUJT“

No tangents imply that ¢ ¢ C1(D). Kellog and Warchawski showed in
early XX century: if Q is a simply connected C"*% domain with

0<a<l, n=1, then pe C"t¥(D).

Theorem (Astala, P, Saksman)

Let s >0 and1 < p < o with sp > 2, and suppose S is a bounded
simply connected domain with Riemann map ¢ : D — €.
1-1 .. .
Then Q is a B;I, ?-domain if and only if p € WSTLP(D) and
o le Wstlr(Q).
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Implications of the geometry of a domain

[
f

O éwgﬁ
£, {3

¢’ ?
by é‘fwj

é“"‘rf‘“
s

No tangents imply that ¢ ¢ C1(D). Kellog and Warchawski showed in
early XX century: if Q is a simply connected C"*% domain with

0O<a<l, n=1,then pe C" (D).

Theorem (Astala, P, Saksman)

Let s >0 and1 < p < oo with sp > 2, and suppose S0 is a bounded
simply connected domain with Riemann map ¢ : D — €.

1—1
Then Q is a B;j, ? -domain if and only if o € WST1P(D) and ¢ is
bi-Lipschitz.
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The Herglotz formula

Let ®(z) := log ©'(z), well defined since D is simply connected. In
particular, v := (arg ¢')jr = Im @, the argument of ¢’ on the boundary,
is a well defined continuous function.
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The Herglotz formula

Let ®(z) := log ¢’(z), well defined since D is simply connected. In
particular, v := (arg¢’);r = Im ®p, the argument of ¢’ on the boundary,
is a well defined continuous function.
Recall that the Poisson kernel in the disk is
2
e (S .
z— P~ -z

P(z,¢)
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The Herglotz formula

Let ®(z) := log ¢’(z), well defined since D is simply connected. In
particular, v := (arg¢’);r = Im @1, the argument of ¢’ on the boundary,
is a well defined continuous function.

Recall that the Poisson kernel in the disk is

I (N o
P(z,¢) = 7= (P —ReC_Z.
Therefore,
i (+z
o(2) = C+ 5 [ 250
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The Herglotz formula

Let ®(z) := log ¢’(z), well defined since D is simply connected. In
particular, v := (arg¢’);r = Im ®p, the argument of ¢’ on the boundary,
is a well defined continuous function.

Recall that the Poisson kernel in the disk is

1P L (2
P(z,¢) = 7= (P —ReC_Z.
Therefore,
_ I S
o(2) = Reo(0) + - [ X290 Jac
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The Herglotz formula

Let ®(z) := log ¢’(z), well defined since D is simply connected. In
particular, v := (arg¢’);r = Im ®|p, the argument of ¢’ on the boundary,
is a well defined continuous function.
Recall that the Poisson kernel in the disk is

1— 2
IR

PeO=rz =R

Therefore,

®(2) = log |7 0)| + 5 | TEZ(0)1ac
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The Herglotz formula

Let ®(z) := log ¢’(z), well defined since D is simply connected. In
particular, v := (arg¢’);r = Im ®p, the argument of ¢’ on the boundary,
is a well defined continuous function.

Recall that the Poisson kernel in the disk is

1P Gtz
P(z,¢) = 7= (P —ReC_Z.
Therefore,
_ p i [C+z
®(2) = log |7 0)| + 5 | TEZ(0)1ac

Note that the Poisson extension maps B,S,;,I/F (T) — We=P(D).
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|dea of the proof

Assume that Q is a B;j:,l_%—domain. We prove that
v € By VP (T). (1)

Namely, let us assume (1) holds.
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|dea of the proof

_1
Assume that Q is a B;j:,l ?-domain. We prove that
v € By VP(T). (1)

Namely, let us assume (1) holds. The Hilbert transform is bounded, so
Re (log¢')r = H(%) € B;,"/"(T) and so (log ¢')x € B5,,"P(T), and by
post-composition with smooth functions [Peetre] proves that

(¢ € By P(T).
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|dea of the proof

_1
Assume that Q is a B;j:,l ?-domain. We prove that
v € By VP(T). (1)

Namely, let us assume (1) holds. The Hilbert transform is bounded, so
Re (log')r = H(7) € B3 ,/*(T) and so (log ¢')x € B5,"P(T), and by
post-composition with smooth functions [Peetre] proves that

(W)€ B;;,l/p('ﬂ‘). In turn, this implies ¢ € B;,':,l_l/p('ﬂ‘).
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|dea of the proof

_1
Assume that Q is a B;j:,l ?-domain. We prove that
v € By VP(T). (1)

Namely, let us assume (1) holds. The Hilbert transform is bounded, so
Re (log')r = H(7) € B3 ,/*(T) and so (log ¢')x € B5,"P(T), and by
post-composition with smooth functions [Peetre] proves that

(W) € B;;,l/p('ﬂ‘). In turn, this implies ¢ € Bf,:,l_l/p(']l‘). Finally, we
use the boundedness of the Herglotz extension in

BiEYP(T) — Ws+LP(D), to conclude that € WS+LP(D), as desired.
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Linking the boundary parameterization and the Riemman

mapping




Riemann mapping
000080

Linking the boundary parameterization and the Riemman

mapping

Assume w : T — 0 is bi-Lipschitz and By ,. We say Qis a
By ,-domain.
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Linking the boundary parameterization and the Riemman
mapping

Assume w : T — 0 is bi-Lipschitz and By ,. We say Qis a
By ,-domain. Let ¢ be a Riemann mapping. Note that

i(t+ ity
ety _ fim PN —ple)
pe’) e eittic _ git ‘
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Linking the boundary parameterization and the Riemman
mapping

Assume w : T — 0 is bi-Lipschitz and By ,. We say Qis a
By ,-domain. Let ¢ be a Riemann mapping. Note that
iy _ o o)) — o(el)
SOI(e t) = ||m 7e’.t+’.ET.

e—0

Thus,
arg W/(eit) = E“_f)’nOArg (Lp(ei(t'*‘a)) _ (p(eit)) ~ Arg ot _ Arg(eiE B 1)-
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Linking the boundary parameterization and the Riemman
mapping

Assume w : T — 0 is bi-Lipschitz and By ,. We say Qis a
By ,-domain. Let ¢ be a Riemann mapping. Note that

i(t+e)y _ it
ity _ e P(eNTTE) — p(e)
¢'(e") = lim oittic _ it

Thus,
arg ' (e') = Iim0 Arg (o(e(t+9)) — p(e't)) — Arg e’ — Arg(e® — 1).
E—

That is (see [Pommerenke, Theorem 3.2]),

-1

y(e) = —t— /5 + [Argw']o[wto <p> (e'),
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Induction

By [Peetre], we have
_1
Argw' € B, ,* (T)
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Induction

By [Peetre], we have
_1
Argw' € B, 7 (T)

1
We assume the truth of the claim « € B;p P foras e (s—1,s) with

s'’p > 2, we will deduce the statement for s.
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Riemann mapping
[e]e]e]e]o] J

Induction

By [Peetre], we have
_1
Argw' € B, 7 (T)

/1

We assume the truth of the claim « € B;;E fora s’ e (s—1,s) with
s'p > 2, we will deduce the statement for s.

If 2/p < s <1+1/p. Since p,w are bi-Lipschitz, also w0 ¢ is a
bi-Lipschitz homeomorphism of T. Thus

v(e®) = —t — T + [Argw'] o [w™L o p](e®) € By ,* (T).
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. D)
Tnduction

By [Peetre], we have

_1
Argw' € B, 7 (T)
11
We assume the truth of the claim « € B;p P foras e (s—1,s) with
s'p > 2, we will deduce the statement for s.
If 2/p < s <1+1/p. Since p,w are bi-Lipschitz, also w=to ¢ is a
bi-Lipschitz homeomorphism of T. Thus
) , _1
v(et) = —t — T + [Argw'] o [wL 0 o] (e') € B ,* (T).
Assume that s > 1 and s’ < s < s’ + 1 with s'p > 2. By induction, we
SH P Since both

w and ¢ are admissibie Bp;l P_parametrizations of GQ we deduce that

can assume that p € By 5~ l/p(’]I‘) Moreover, w € B,

wlope B;:;’l_l/p('ﬂ‘)7 and w™! o is bi-Lipschitz.
Since s < s’ + 1, then

Argw’ ow loge B;;,l/P(T).
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QC mappings of C
[ ele}
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QC mappings of C
@00

Quasiconformal mappings

Conformal mappings
Preserves angles
“Circles to circles”
Cauchy-Riemann:

S (O«f +i0,f) =0
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Quasiconformal mappings

Conformal mappings
Preserves angles
“Circles to circles”
Cauchy-Riemann:

S (o«f +id,f) =0
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QC mappings of C
@00

Quasiconformal mappings

Conformal mappings
Preserves angles
“Circles to circles”
Cauchy-Riemann:

S (o«f +id,f) =0
of =0

Quasiconformal
mappings

Angle distortion
bounded.

“Circles to ellipses”.
|0f| < K|of|

W, 2-homeo
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QC mappings of C
(o] lo}

The Beurling transform

The Beurling transform of a function f € LP(C) is:

Bf(z) = 1 Iim/ _fw) =dm(w).

—T e—0


iPad de: Martí

iPad de: Martí


QC mappings of C
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The Beurling transform

The Beurling transform of a function f € LP(C) is:

It is essential to quasiconformal mappings because

B(og) =g Vg e WP,
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QC mappings of C
(o] lo}

The Beurling transform

The Beurling transform of a function f € LP(C) is:

It is essential to quasiconformal mappings because

B(og) = g Vg e WP,

Let f:C—>C, p: af € LP(C) with k := |ul,, < 1 with
Then, of = puof walled to Beltrami equation) implies

= (Id — uB)(of)
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QC mappings of C
(o] lo}

The Beurling transform

The Beurling transform of a function f € LP(C) is:

It is essential to quasiconformal mappings because
B(og) =g Vg e WP,
Let f: C —C, p:= & € LZ(C) with 5 := |, <1 with
Then, of = puof (called to Beltrami equation) implies
i = (Id — uB)(3f)

Recall that B : LP(C) — LP(C) is bounded for 1 < p < o0.
Also B : W*=P(C) — W*P(C) is bounded for 1 < p < o and s > 0.



QC mappings of C
(o] lo}

The Beurling transform

The Beurling transform of a function f € LP(C) is:
1 . f(w)
Bf(z) = — I|m/ ———=dm(w).
( ) lw—z|>¢ (Z - W)z (

It is essential to quasiconformal mappings because

B(og) =g Vg e WP,

Let f: C —C, p:= & € LZ(C) with 5 := |, <1 with .
Then, of = puof (called to Beltrami equation) implies

— (Id - uB)(?f)

Recall that B : LP(C) — IP(C) is bounded for 1 < p < o0.

Also B : W*P(C) — W*=P(C) is bounded for 1 < p < o and s > 0.
To study regularity on C, study invertibility of /d — uBB in different
function spaces.
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QC mappings of C
ooe

Results without boundaries

€ L2(C) with

c

Q)‘Q)l
==

Let f:C—>C, p:=
ko= il < 1.

2
+
=
X
+
[un
T =
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QC mappings of C
ooe

Results without boundaries

s Let f: C — C, p:= 2 € L2(C) with
ko= pf, <1
5 o Of € LP for o= < 2 [A92, AISO1].
0

hel
%

n\H
T I


iPad de: Martí

iPad de: Martí

iPad de: Martí


QC mappings of C
ooe

Results without boundaries

Dl

Let f: C — C, pu:= % € L%(C) with
ko= pl, < 1.

o 0f € LP for o= < 2 [A92, AISO1].

Q)‘
>

RS}
B3
3|~
T I=
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Results without boundaries

s Let f: C — C, p:= 2 € L2(C) with
ko= pf, <1
5 o 0f € LP for o= < 2 [A92, AISO1].
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QC mappings of C
ooe

Results without boundaries

Dl

Let f: C — C, pu:= % € L%(C) with
ko= pl, < 1.

o 0f € LP for o= < 2 [A92, AISO1].

Q)‘
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QC mappings of C
ooe

Results without boundaries

s W Let f: C — C, p:= 2 € L2(C) with
o ko= fuf, <1

e Jf € LP for - < 2 [A92, AISO1].

2
e e VMO(C) = 0Of € LP for
" 1< p<oo. [l
° 1 = Cn+6
0

T

x

x
Tl
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Results without boundaries

s W Let f: C — C, p:= 2 € L2(C) with
o ko= fuf, <1

e Jf € LP for - < 2 [A92, AISO1].

2
3 e e VMO(C) = of € LP for
o e Cte — Of e C™= [AIM].
0

T

x

x
Tl
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Results without boundaries

Let f: C — C, p:= 2 € L2(C) with

f
ko= Il <1
5 e Jf € LP for - < 2 [A92, AISO1].
of °
K -
o e Ce = 0f € C"" [AIM].
0

T
x
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QC mapping:

ooe

Results without boundaries

s Let f: C — C, p:= 2 € L2(C) with
ko= fuf, <1
e Jf € LP for - < 2 [A92, AISO1].

o e C™e —s 3f e C" [AIM].

° eA,

T
x
2=
T =
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Results without boundaries

s WeP Let f: C — C, p:= & € LZ(C) with
K :=_H;LHOO < 1.
5 e Jf € LP for - < 2 [A92, AISO1].
; e e VMO(C) = of € LP for
m_of 1<p<ow. [I.
o e Cte — Of e C™= [AIM].
o neA = 0f € A5 for sp>2
[CMO].
0
1 1 1
Pr A P
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Results without boundaries

s Let f: C — C, p:= 2 € L2(C) with
f ko= fuf, <1
5 e Jf € LP for - < 2 [A92, AISO1].

e ue C"e — Of e C"* [AIM].

o neA = 0f € A5 for sp>2
[CMO]
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QC mappings of C

ooe

Results without boundaries

s Let f: C — C, p:= 2 € L2(C) with
ko= fuf, <1
e Jf € LP for - < 2 [A92, AISO1].

e ue C"e — Of e C"* [AIM].

o neA = 0f € A5 for sp>2
[cMO].
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QC mappings of C

ooe

Results without boundaries

s Let f: C — C, p:= 2 € L2(C) with
ko= fuf, <1
e Jf € LP for - < 2 [A92, AISO1].

e ue C"e — Of e C"* [AIM].

o neA = 0f € A5 for sp>2
[cMO].
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QC mappings of C

ooe

Results without boundaries

s Let f: C — C, p:= 2 € LX(C) with
ko= pl, <1
e Jf € LP for - < 2 [A92, AISO1].

e ue C"e — Of e C"* [AIM].

o neA = 0f € A5 for sp>2
[cMO].

2|

° pe Wr

T

x

X
Tl
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QC mappings of C

ooe

Results without boundaries

s Let f: C — C, p:= 2 € LX(C) with
ko= pl, <1
e Jf € LP for - < 2 [A92, AISO1].

e ue C"e — Of e C"* [AIM].

o neA = 0f € A5 for sp>2
[cMO].

o e Wr — Efe W9 for

p <2, —>—+ L [CFMOZ].
See [Clop, Faraco, Ruiz], [P., CPAA'18], [Balson, Clop, Orobltg], [Baisén,
Cruz] for results in the whole critical and subcritical range.

T

x

X
Tl
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QC mappings of C

ooe

Results without boundaries

s Let f: C — C, pu:= &£ € L®(C) with
ko= pf, <1
o 0f € LP for o= < 2 [A92, AISO1].

e ue C"e — Of e C"* [AIM].
o pe A = 0f € A5 for sp>2
[cMO].

o e WP — of e WH for
p<2 ¢>2+ - [CFMOZ].

See [Clop, Faraco, Ruiz], [P., CPAA'18], [Baisén, Clop, Orobitg], [Baisén,
Cruz] for results in the whole critical and subcritical range.

T =

Pr A
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QC mappings on domains



QC mappings on domains
[ JeJele]

What about quasiconformal mappings on domains?

Since ¢ is conformal, dp = 0. Thus, = 0 and € W*P for every s, p.
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QC mappings on domains
[ JeJele]

What about quasiconformal mappings on domains?

by gy, gy g
£y o

b

Since ¢ is conformal, dp = 0. Thus, = 0 and p € W=P for every s, p.
However, ¢’ does not extend to dD. Thus, ¢ ¢ C1(D) and, as a
consequence, dy is not in any supercritical Sobolev space.


iPad de: Martí

iPad de: Martí


QC mappings on domains
[ JeJele]

What about quasiconformal mappings on domains?

Since ¢ is conformal, dp = 0. Thus, = 0 and € W*P for every s, p.
However, ¢’ does not extend to dD. Thus, ¢ ¢ C1(D) and, as a
consequence, dy is not in any supercritical Sobolev space.

The moral is that in order to study the regularity of u-quasiconformal
mappings between domains we must take into account both the
regularity of the boundary and the regularity of u.
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QC mappings on domains
[e] lele]

Result

Theorem (Astala, P., Saksman)

Let sp > 2 with 1 < p < o, let Q1,5 be simply connected bounded

domains and let g : Q1 — €, be a p-quasiconformal map. If both $; are

1
B;;l ?-domains and e W*P(S,), then g € Ws+1P(Q,) and g is

bi-Lipschitz.
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QC mappings on domains
[e] lele]

Result

Theorem (Astala, P., Saksman)

Let sp > 2 with 1 < p < o, let Q1,5 be simply connected bounded

domains and let g : Q1 — €, be a p-quasiconformal map. If both §; are

1
B;;l ?-domains and e W*P(£,), then g € Ws+1P(Q,) and g is

bi-Lipschitz.

o If Q; = D, then the statement is if and only if.
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[e] lele]

Result

Theorem (Astala, P., Saksman)

Let sp > 2 with 1 < p < o, let Q1,5 be simply connected bounded

domains and let g : Q1 — €, be a p-quasiconformal map. If both §; are

1
B;;l ?-domains and e W*P(), then g € Ws+1P(Q,) and g is

bi-Lipschitz.

o If Q; = D, then the statement is if and only if.

@ Simply connected can be replaced by finitely connected.
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QC mappings on domains
[e] lele]

Result

Theorem (Astala, P., Saksman)

Let sp > 2 with 1 < p < o, let Q1,5 be simply connected bounded

domains and let g : Q1 — €, be a p-quasiconformal map. If both §; are

1
B;;l ?-domains and e W*P(), then g € Ws+1P(Q,) and g is

bi-Lipschitz.

o If Q; = D, then the statement is if and only if.
@ Simply connected can be replaced by finitely connected.

o For s ¢ N, we can substitute p € F5 ,(Q1) and g € F311(Q1) in the
conclusion of the theorem.
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QC mappings on domains
[e]e] o]

|dea of the proof

Let g: Q — Q to be u-QC, with u e W*P(Q) and 02 regular enough.
Can we say that dg € W*P(Q)7?
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QC mappings on domains
[e]e] o]

|dea of the proof

g

Extend p to C. By Stoilow factorization, g = ho f where f : C — C'is
the p-principal mapping and h: Q — Q is conformal.
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QC mappings on domains
[e]e] o]

|dea of the proof

Og

5

fJ }h ;
: P

We can find Riemann mappings (conformal) if the domains are simply
connected.



|dea of the proof (2)




QC mappings on domains
[e]e]e] )

|dea of the proof (2)

Og

f e WstLP(Q) and it is bi-Lipschitz as a QC mapping of C.
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QC mappings on domains
[e]e]e] )

Idea of the proof (2)

f e WstLP(Q) and it is bi-Lipschitz as a QC mapping of C.
1 € WStLP(D) and it is bi-Lipschitz by the Riemann mapping regularity.
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QC mappings on domains
[e]e]e] )

|dea of the proof (2)

Og

f e WstLP(Q) and it is bi-Lipschitz as a QC mapping of C.
1 € WStLP(D) and it is bi-Lipschitz by the Riemann mapping regularity.

. \ +1-1 . ~
By the trace relation, f oy is a B;p P parameterization of 0S2.
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QC mappings on domains
[e]e]e] )

|dea of the proof (2)

f e WstLP(Q) and it is bi-Lipschitz as a QC mapping of C.
1 € WStLP(D) and it is bi-Lipschitz by the Riemann mapping regularity.

. . +1-1 _ 5
By the trace relation, f oy is a B;p ? parameterization of 0S2.

By the Riemann mapping, ho ¢, and ¢, are in W5+1P(DD).
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QC mappings on domains
[e]e]e] )

|dea of the proof (2)

f e WstLP(Q) and it is bi-Lipschitz as a QC mapping of C.
1 € WStLP(D) and it is bi-Lipschitz by the Riemann mapping regularity.

. . +1-1 _ 5
By the trace relation, f oy is a B;p ? parameterization of 0S2.

By the Riemann mapping, ho ¢, and ¢, are in Ws+1P(DD).
Then, g = (hopy) o (py 1) o f € WSHLP(Q).


iPad de: Martí

iPad de: Martí


The principal mapping
@00

The principal mapping



The principal mapping
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The principal mapping

S
2 2
0 0
1 1
p p

To study regularity of f principal solution to 0f = pudf on Q, study
invertibility of xq - —uB(xq-) in W*P(Q).
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The principal mapping

1

P p
To study regularity of f principal solution to 0f = pudf on Q, study
invertibility of xq - —uB(xq-) in W*P(Q).

Theorem (P., J. Anal. Math.; Astala, P., Saksman)

Let Q = C be a bounded B55'*/P-domain, s € N and p > 2 or _
0<s<1landsp>2. Letue W*P(Q) with |u|, <1 andsuppyu < Q.
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The principal mapping

1

P p
To study regularity of f principal solution to 0f = pudf on Q, study
invertibility of xq - —uB(xq-) in W*P(Q).

Theorem (P., J. Anal. Math.; Astala, P., Saksman)

Let Q = C be a bounded B55"*/P-domain, s € N and p > 2 or _
0<s<1landsp>2. Letue W*P(Q) with |u|, <1 andsuppy < Q.
Then xq - —pB(xa-) is invertible in WP(Q).




The principal mapping

o] lo}

The principal mapping

g
2 Qe Byt P
0

1 1
p p

To study regularity of f principal solution to f = udf on Q, study
invertibility of xq - —uB(xq-) in W*P(Q).

Theorem (P., J. Anal. Math.; Astala, P., Saksman)

Let Q2 = C be a bounded B;f,}l_l/p—domain, seNandp>2or _
0<s<1landsp>2. Letue W*P(Q) with |u|, <1 andsuppyu < Q.
Then the principal solution f € W*+1-P(Q) and it is bi-Lipschitz [MOV/].
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Conclusions
g By p *P(Q)
2 opeBstl v
O »
1 1
P p

o Ifsp>2 g:Q— QuQC, then pe W5P(Q) = ge Ws1P(Q)
(includes Riemann mapping!).
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Conclusions
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oI
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o Ifsp>2 g:Q— QuQC, then pe W5P(Q) = ge Ws1P(Q)
(includes Riemann mapping!).
olfseNandp>2or0<s<1landsp>2,
then € W*P(Q) — f e Wt1P(Q). Also TL scale F5 , except
for se N with g # 2.
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2 2 1%

0 0
1 1
P P

o Ifsp>2 g:Q— QuQC, then pe WsP(Q) = ge Ws1P(Q)
(includes Riemann mapping!).

olfseNandp>2or0<s<1landsp>2,
then € W*P(Q) — f e WtLP(Q). Also TL scale F5 , except
for se N with g # 2.

@ Can the principal mapping result be extended to the whole
supercritical region?



The principal mapping
[ele] J

Conclusions

oI
T =

o Ifsp>2 g:Q— QuQC, then pe WsP(Q) = ge Ws1P(Q)
(includes Riemann mapping!).

olfseNandp>2or0<s<1landsp>2,
then € W*P(Q) — f e WtLP(Q). Also TL scale F5 , except
for se N with g # 2.

@ Can the principal mapping result be extended to the whole
supercritical region?

o (Sub)critical situation: is there any condition on 02 which can lead
to analogous results?



The end
The end

Moltes gracies!!
Muchas gracias!!
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