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Introduction
Introduction

Definition

We say that a p-local finite group (S, F, £) is exotic if there is no
finite group G and an inclusion S C G such that S is a Sylow
p-subgroup in G and (S, F, L) = (5, Fs(G),Ls(G)).
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Solomon's example

Solomon's examples

In the classification of finite simple groups Ron Solomon [8]
considered the problem of classifying all finite simple groups whose
Sylow 2-subgroups are isomorphic to those of the Conway group

Cos.
In the process he had to consider groups G where all involutions
are conjugated and that for any involution x € G there are 5

subgroups K <1 H <1 C¢(x) such that Cg(x)/H has odd order and?{jﬁ‘
H/K %@

Solomofishowed that such a group G cannot exist: the 2-fusion
was consistent, but when checking the p-fusion of G, for p the odd
prime of the characteristic of g, there are incompatibilities.
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Solomon's example

Solomon, Benson, Levi-Oliver's example

Later on, David Benson constructed in [1] some spaces X which
have the properties of the classifying space of the non-existing
Solomon’s group.
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Finally, Ran Levi and Bob Oliver proved in [5] that there were

2-local finite groups BSol(q) with the structure studied by
Solomon and with the homotopy type of Benson's spaces.

B DL, (q)

Albert Ruiz (UAB) On exotic examples of p-local finite groups



BLO examples

Broto-Levi-Oliver's examples

In [3] Carles Broto, Ran Levi and Bob Oliver constructed the first
exotic examples. The idea was to consider the structure of a nice
p-group S, as a Sylow p-subgroup of a nice G and add some
morphisms ¢; to some subgroups of S in a way that

(S, (Fs(G).{¢i}i)) keeps being saturated.
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BLO examples

Broto-Levi-Oliver's examples
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BLO examples
Exotics?

How can one prove that a given (S, F, L) is exotic? |

In general, there is no answer, but if S and F are nice, then, jf
there exists G such that realizes (S, F, L), then there exists G, a
finite almost-simple group such that G realizes (S, F, £).

“nice” means

S contains no proper strongly closed subgroups and
S does not factor as a product of two or more subgroups which are
permuted transitively by Autz(S).

r
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RV and DRV examples

Strategy

Consider a small p-group S and classify all the saturated fusion
systems over S. ‘

Problem

We have to specify Homz(P, Q) for all P, @ < S.
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Tool [Puig,BLO] B

Theorem (Alperin’s thm for sfs)

Let (S.F) a saturated fusion system. Then for each morphism
@ € Isox(P, P') in F, there exist sequences of subgroups of S:

P=Py,....P.=P and Q.....Q

and elements ¢; € Aut(Q;) such that Qia,) < Qy

@ Q is fully F-normalized, F-radical, and F-centric for each i;
Q Pf—l: P,' < Q,‘ and (IO,'(P,'_]_) = P,' for each .;,' and
© p=ypio--- 0.
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RV and DRV examples

Implications of Alperin's thm

To describe a saturated fusion system (S, F) we just have to give
Autr(P) for some P <S. ‘

Iwk«x P edwed MFMM

If S is an abelian group, (S..F, L) is controlled by|Autz(S).
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RV and DRV examples

R-Viruel examples [7]

By the previous argument we need S a non-abelian p-group, so the
smaller ones are p}r+2 and pt T2 Fesrdhumd pup
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In pl+2 the possible proper F-centric are the elementary rank two
p-subgroups, and there are exactly p+ 1: V; = (ab', c) for

i=1,...,p—1and V, = (b, c). L\’%on/P
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RV and DRV examples

R-Viruel examples (I1)

By the saturation hypothesis p t # Out;( l+2) Akis)e -r”///—\lfb:(S))
Outr(p™2) < Out(pi™?) = GLz(p)i v

Aplf Vi is F-radical <= SLy(p) < Outr(Vi). S Glacp)
This implies — Id € Outz(V;). Then, we can see that
N_ = p}fz so there is a ¢; € Out x(S).

W_/ ——
oxteminh o owy /AH}—(S) = S
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ms Property

For any p > 17 and any subgroup H < GLy(p) containing more.
than 2 ¢; then pl#H. < o will vt haw sohenidted {-s-

dor 2 0'—'—1’?44)1/&1,00
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RV and DRV examples

R-Viruel examples (Il1)

So we cannot have more than 2 proper F-radical subgroups except
for pe 3,5,7,11,13. How MN] VN ome Fereducal 7

sfs. §F-rad > 2 and p € {3,5}
| Outz(3177°) §F*<-rad Autr(V) Group |

2)':4(2)'r —
J4 I—

- Ds 242  GL(3

Table: p=3 =37

)
)

—o| Outr(57%) §F*rad Autr(V) Group |
\ 45, 6 GL,(5) Thﬁ—

Table: p=5
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RV and DRV examples

R-Viruel examples (1V)

s.fs. fF%-rad >2and p=7

| Outr(77%) §F*1ad Autr(V) Group |
» 533 3 SL(7) He
% S3x6 3 SLy(7) : 2 He : 2
S3 %6 S SLa(p) : 2 Fib,
6% : 2 6 SLy(7):2 Fiog
62 : 2 6+2  SLy(7):2,GLy(7) ExoT\c
Dg x 3 242 SLy(7) : 2 O'N
Dig x 3 4 SLx(7): 2 O'N :2
A Dig x 3 4+4 SLy(7):2  exoTIC
© 5Dy, x 3 8 SLa(7) 12 Exomic
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RV and DRV examples

R-Viruel examples (V)

s.fs. fF-rad > 2 and p =3
‘ Outr(1317) 4Ferad Autz(V) Group ‘
| 3xas, 6 SLy(13).4 M |
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RV and DRV examples

Diaz-R-Viruel examples (1) [4]

This is the same game as in R-Viruel examples, but considering all
p-rank two p-groups S for odd p.
In the classification of those S, we saw that the more interesting

where pl+2 and the ones which fit in the following split extension:
(s) -
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RV and DRV examples

Diaz-R-Viruel examples (1)
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Grassmannians
Subsystems of saturated fusion systems

Broto-Castellana-Grodal-Levi-Oliver [2] studied the saturated
fusion subsystems (and extensions) of p-local finite groups in two
special cases:

@ s.f. subsystems of p-power index and

1
. . s oo™ -
e s.f. subsystems of index prime to p. J

To classify all the subsystems of index prime to p in (S, F, L) we
need to control [Of (F), the smallest subcategory of F containing

all p-power automorphims in F.

p—

Of’(}") is generated by p-power automorphims of F-centric,
F-radical subgroups.
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Grassmannians
Normal fusion subsystems of the grassmannians [6]

Consider GLn(q), invertible n x n matrices over Fq. kg
Alperin-Fong's work gives us the radical subgroups.

Consider g a prime power, p a prime such that pt g, e, the order
of g modulo p, i.e. p|(g° — 1) and / such that p'|[(g® — 1) and

< P11 (g - 1).
Consider (S, F, L) the p-Ifg corresponding to GL,(q)/ n > ep.
For each divisor r of e, there is a s.f.subsystem (S, F/, L), and if
r > 2, it is exotic.
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p-local compact groups

From p-local to p-compact

Consider the split extension of Diaz-R-Viruel examples:

<
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Z/3% x 2/3k —= S —=7/3

2<sD

and the exotic p-local finite group which has, as proper JF-radical

subgroups Z/3k x Z/3k and (Z(Sk),s)=: \/
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From p-local to p-compact

p-local compact groups
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From p-local to p-compact
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Thank you for your attention!
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