MAPPING CLASS GROUP OF A PLANE CURVE GERM

DAVID MARIN AND JEAN-FRANCOIS MATTEI

ABSTRACT. We prove that every topological conjugacy between two
germs of singular holomorphic curves in the complex plane is homotopic
to another conjugacy which extends homeomorphically to the excep-
tional divisors of their minimal desingularizations. As an application we
give an explicit presentation of a finite index subgroup of the mapping
class group of the germ of such a singularity.
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(o]
-If A is a subset of a topological space, we denote by A its interior and

by A its closure. If A is a manifold, its boundary is denoted by A.

- B, will denote the closed ball in C? of radius r > 0 centered at the origin,
S3 = OB, and D, = {z € C||z| < 1}. All the balls and disks considered in

the paper will be closed unless if the contrary is explicitly stated.

- For an analytic curve X, Sing(X) denote the set of its singular points
and Comp(X) is the collection of its irreducible components. Two irre-
ducible components are called adjacent if they are distinct with non-empty
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intersection. The number v(Y") of components adjacent to Y € Comp(X)
is called valence of Y. A (geometric) chain of X is a singular point of X
belonging to two different irreducible components of valence > 3 or! a max-
imal connected union of irreducible components of X of valence exactly 2
having two adjacent components of valence > 3. A (geometric) dead branch
is a maximal connected union of irreducible components of X having valence
< 2 which is not a (geometric) chain.

1. INTRODUCTION

Let (S,0) and (S’,0) be two holomorphic germs of singular curves at
0 = (0,0) € C2. A topological conjugacy between (S,0) and (S',0) is a germ
of homeomorphism h : (C2,0) — (C2,0) such that (h(S),0) = (5’,0). Not
every conjugacy h can be lifted to the resolution of singularities of S and
S’. Here we are interested in such conjugacies that satisfy in addition other
regularity conditions. The precise notion of an excellent conjugacy will be
stated in Definition 2.5 but roughly speaking a conjugacy h is excellent if

e h can be lifted to a homeomorphism H between some neighbour-
hoods of the exceptional divisors £ and &’ of the resolutions of the
singularities of S and S’ (see the beginning of Section 2.1),

e H is a topological conjugacy between £ and &',

e H is compatible with the Hopf’s fibrations (see Definition 2.1) of each
irreducible component of £ and &', outside some neighbourhoods of
the singular sets Sing(D) and Sing(D’) of the total transforms D and
D' of S and S,

e the restriction of H to a neighbourhood of Sing(D) is holomorphic.

The existence of excellent conjugacies is established by the classical results
of W. Burau, O. Zariski [25] and M. Lejeune [7]. The plumbing calculus
technique introduced by D. Mumford [13] and developed by W. Neumann
[14, 5, 15] helps to clarify this problem and allows to compute some topo-
logical invariants as the fundamental group of the complement of S inside a
Milnor ball [12]:

(1) Ts:=m(B\S,:), Be:={z|*+ |zl <e}, 0<exl.

The objective of this work is to describe the “homotopy classes” of topo-
logical conjugacies between two germs of curves and to prove that each class
contains an excellent conjugacy. This problem has naturally emerged in the
study of the topological classification of germs of singular foliations. It is a
merely topological result but it plays a key role in solving a dynamical con-
jecture of D. Cerveau and P. Sad, cf. [3, 9, 10]. The structure of the proof
and the techniques that we use are familiar in dimension three topology and
close for instance to the ones exposed and developed by P. Popescu-Pampu
in [17], in particular in Theorem 9.1. However, our result can not be deduced
from this or other statement of that paper. In fact, one of our goals was to
be the most self-contained as possible, and to give a complete and proper

In formulae (13) and (14) of Section 3.2 we will give an alternative combinatorial and
unified definition of chain of components by adding the valence > 3 adjacent components.
This is the reason for the adjective (geometric) here.
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proof of our main result using well known tools for researchers working in
the field of dynamical systems that are not necessarily familiar with all the
techniques developed by topologists.

More precisely we say that two of topological conjugacies germs f and g
between (S,0) and (5’,0) are fundamentally equivalent (denoted by f = g) if
the restrictions of f and g to B, \ S are homotopic? as maps taking values in
B/ \ S, for a suitable choice of 0 < ¢ < &’ < 1. Clearly < is an equivalence
relation on the set consisting of all topological conjugacies between S and
S’. Note that the conic structure over 9B, \ S of the complement B, \ S and
the homotopy exact sequence associated with its fibration structure over the
circle, show that B, \ S is a K(I'g, 1) Eilenberg-MacLane space. Then the
classical homotopy theory implies that f =< ¢ if and only if the morphisms
induced by f and g from 71 (B, \ S, -) to m (B \ S, -), are equal modulo
left or right compositions by inner automorphisms.

We define a marking of S’ by S as a fundamental equivalence class (for
=) of a conjugacy between S and S’. The main result of this work is:

Theorem A. Any marking admits an excellent representative.

It is worthwhile to note that unicity is not claimed. In fact, there is
no natural choice for an excellent representative of any marking. Our con-
struction is based on the results of Waldhausen [21, 22|, Jaco-Shalen [6] and
Johannson [8] about the decompositions of 3-manifolds. It can not be de-
duced from the Lejeune-Zariski Theorems: for evidence, in the case S = S’
the Zariski-Lejeune results are without object, while Theorem A provides
non-trivial results on the automorphisms-group of curves germs.

The set Gg consisting of markings of a curve germ S by itself, is equipped
(by the composition law) with a group structure. It is an analogous of the
mapping class group for Riemann surfaces. The classical homotopy theory
for K(m,1)-spaces proves that the group Gg is embedded in the outer auto-
morphims group of the fundamental group I'g, defined in (1). The image
of this embedding Outy(I's) C Out(I'g) is characterized by the preservation
of some algebraic data on I'g, of geometric nature: the peripheric structure
endowed by its meridians, cf. Definition 3.17, Theorem 3.16 and Corol-
lary 3.20.

The subgroup G2 of Gg consisting of those homeomorphism germs fixing
each irreducible component of S, is normal and has finite index; it is equal
to the kernel of the natural morphism from Gg in &g, the permutation
group of the irreducible components of S. The previous theorem allows us
to make explicit a system of generators of GY. Denote by E : B — C? the
resolution map of S and by D = E~1(S) the total divisor. Recall that the
valence of an irreducible component D of D is the cardinal of the finite set
S(D) := Sing(D) N D. We denote by R the set of irreducible components
of D of valence > 3 and by € the set of chains of D, see the section of

2In Definition 2.6 we present a different and more precise statement of the fundamental
equivalence relation =< which is equivalent to the one introduced here after Proposition 2.8.
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notations at the beginning of the paper. With these notations we can state
the following result.

Theorem B. There is an epimorphism

P apyePze gl

Der Cec

where A(D*) is the pure mapping class group® of D = S? pointed by S(D)
and 7.2 := 72.

Note that the quotient group Gg /gg consist of “large symmetries of S”.
Note also that the graph of the topological JSJ decomposition of the 3-
manifold obtained by removing to the sphere S? := 9B a tubular neighbor-
hood of the link SNS, has R as vertex set and € as set of edges. Thus, Qg is
a group of graph, in the sense of [19]. We will see with an explicit example,
that in general the above epimorphism is not an isomorphism.

The structure of this work can be described as follows:

- In Chapter 2 we introduce some concepts on the (minimal) desingularisa-
tion of a germ of singular curve, as well as Milnor’s tubes (of dimension
three and four); they allow us to clarify the statement of main theorem
and the key concept of marking.

- In Chapter 3 we establish the topological properties of Milnor’s tubes, that
will be used later. This chapter is divided into three sections. In the first
one, we give an overview of the fundamental group of the complement of a
singular curve. In the second one, we specify the Jaco-Johannson-Shalen
decomposition of Milnor’s 3-tube, which will play a key role in the proof
of the main theorem. Finally in the third section, we study the algebraic
properties of the action of a topological conjugacy between germs of curves,
on some outstanding subgroups of the fundamental group, associated to
the boundary components.

- In Chapter 4 we give the proof of Theorem A, structured into four sections:
the reduction to three dimensions, the construction of a homeomorphism
between Milnor’s 3-tubes compatible with JSJ decompositions introduced
in Section 3.2, the conjugation between the dual trees of the exceptional
divisors and finally the extension to Milnor’s 4-tubes.

- Finally, in Chapter 5 we study some algebraic properties of the group Gg
and we prove Theorem B, using Theorem A already established.

2. CONJUGACIES AND MARKED CURVES GERMS

2.1. Desingularization and local data. In all the text, .S denotes the
intersection of an analytical curve in C? with a closed ball B := B, of fixed
center 0 = (0,0) and radius 79 > 0. We assume that B is a Milnor’s ball
for S, ie. 0 € S and S\ {0} is regular and transversal to the spheres

3i.e. the homotopy classes of self homeomorphisms of D fixing pointwise Sing(D) N D.

This group is isomorphic to the quotient of the pure braid group of the sphere on v(D)
strands, by its center, which is isomorphic to Z/2Z. It is also isomorphic to the quotient
of the pure braid group of the plane on v(D) —1 strands, by its center, which is isomorphic
to Z, cf. [2].
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OB,, 0 <r <rog. Let E: B — B be the (minimal) desingularisation map
of S. We denote by D := E~1(S) the total divisor, by & := E~'(0) the
exceptional divisor and by S := D\ £ the strict transform of S. We also
denote by S(D) := D N Sing(D) the set of singular points of D belonging
to D€ Comp(D). Two components D, D' € Comp(D) are called adjacent if
D # D" and DN D' # (), in which case D N D’ = {s} C Sing(D). We also
consider a second analytic curve S’ 3 0 in a closed Milnor’s ball B’ := B, for
S E' B — B, D, &, S denote respectively the resolution map, the total
divisor, the exceptional divisor and the strict transform of S’. Throughout
the paper, we adopt the following notations:

A= (A\S) A" =(A\D), for ACB and ACB.

Similarly, for A’ ¢ B’ and A" C B, we denote A := (A" \ S’) and
A = (A'\ D).

For each singular point s € Sing(D), we fix a local holomorphic coordinate
system (x5, ys) : Qs 5D xIDq, defined on a closed neighborhood Q; of s in B
taking values on the closed polydisk Dy x D1, such that DNQs = {xsys = 0}
and Qs N Qy = 0 if s # s, where D, := {|z] < e} C C. For each irreducible
component D € Comp(D), we fix a locally trivial fibration by closed disks,
given by a differentiable submersion pp : Qp — D, defined on a closed
neighborhood Q2p of D in B. In Definition 2.1 we will precise the requirement
of the compatibility of the fibration pp with the polydisc structure on {4
for each s € S(D). We adopt the following notations, for D, D' € Comp(D)
we put

(2) Ds:=DnNQy, for seS(D):=Sing(D)ND
and
3) Kp=(D\ U D

s€S(D)

For each subsets X C B, K C D, not reduced to a single singular point, and
each s € Sing(D), we also denote

(4) X(K):=Xnpp (K) and X;:=XNQ;.

Definition 2.1. We say that the collection L := ((xs,ys),pD)s p 5 a lo-
cal datum for S on B, if it satisfies the following properties, f70r all D €
Comp(D) and s € Sing(D) :

(i) the restriction of pp to D is the identity map;

(ii) if D C &, then pp is holomorphic on pp' (Kp);

(iii) if D C S and m € DN 3B, then pp'(m) C 9B.

() if z := x5 or ys denotes the local coordinate which is Z 0 on D, then

zopp(m) = z(m) for |z(m)| <1/2, m € Qp N Q.

The fibration pp will be called the Hopf fibration of base D.

Note that pp is holomorphic on a neighbourhood of each singular point of
D and the local branches of D at these points are fibres of these fibrations.
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(x.s; ys)

FIGURE 1. The holomorphic coordinate system (zs,ys)
Qs — Dy x Dy and the Hopf fibration pp : Qp — D of a
local datum L, associated to an irreducible component D of
D and to a singularity s € S(D).

We leave the reader to prove that, if we fix local coordinates (xs, ys), there
exists a fibration pp, such that £ is a local datum for S on B.

2.2. Milnor’s tubes and excellent homeomorphisms. Fix now a re-
duced holomorphic equation f of S, defined on an open neighbourhood of
B, with values in a closed disc D, := {|z|] < ¢} € C. For n > 0 small
enough, denote

T,=f*D,)NB and T,:=E (T, CB.

When n > 0 is small enough, the restriction of f to T}’ is a locally trivial C*°-
fibration with base D, \ {0}; we say then that T}, and 7, are Milnor’s 4-tubes
of S. Fix also a reduced equation of S’ defined on an open neighbourhood of
B’. We define in the same way, the notion of Milnor’s 4-tubes of S/, denoted
by TT’], C B, 7;7’, cB.

Remark 2.2. If T}, C B is a Milnor’s 4-tube and B, is a closed ball con-

tained in 7', then the inclusions B C 7,7 C B* induce isomorphisms at the
fundamental group level.

Once the local datum £ is fixed, we can precise the topology of the Mil-
nor’s 4-tubes. Classically for 79 > 0 small enough, we construct? a smooth
vector field X on 7, vanishing on D which is tangent to the fibres of pp at
each point of 7, (Kp), for each irreducible component D of D, and fulfilling

4By transversality, there exists a vector field Xp fulfilling these properties on an open
neighbourhood Wp of Kp. On s, s € Sing(D), the existence of such vector fields can be
deduced from the quasi-homogeneity of the function f o E' coming from the fact that it is
locally a monomial. All these vector fields can be glued together using a partition of unity
consisting of functions up : Wp — R which are identically 1 on 7, (Kp) and us : Qs — R
which are identically zero on Qs N (Up Ty, (Kp)), cf. [23].
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FIGURE 2. The usual Milnor picture and the resolution map

of the singular curve S = f~1(0) given by f(z,y) = y* — 23.

the equality X - (f o E) = f o E. This vector field blow down by F to a
Lipschitz vector field X on T;,, tangent to S and vanishing at the origin. Its
flow is defined for all negative times.

We consider the following 3-manifolds with boundary, that we call Mil-
nor’s 3-tubes:

(5)  M,:=f1oD,)NBCIT, and M, :=FE1(M,)CIT,.

Using the flows of X and X we easily construct a retraction by deformation
of T on M, -and then also a retraction by deformation of 7,5 on M.
The tangency properties of these flows allow us to be more specific.

Proposition 2.3. There exists a diffeomorphism © : May,x]0,n9]—T%
such that

O(My, x {n}) = My,  O(0OMy,x]0,1]) = T;7N OB, ©(m,no) =m,
for all m € M,y and 0 <n < ng. Furthermore, with notations (4),
©(My, (Kp)x]0,m0]) = T (Kp), D € Comp(D),

and the restriction of © to My, (Kp)x]0,n0] extends to a differentiable map
©p : My, (Kp) x [0,m0] = Tpo (Kp) fulfilling the relations

pp o Op(m,s)=pp(m), ©Op(m,0)=pp(m)e Kp.

This diffeomorphism blow down to a diffeomorphism

(6) 0 : My, x]0,no] Ty
which induce a retraction by deformation of (T, T, NOB) on (M, 0My, ).

T, being a retract by deformation of B*, cf. [12], My, is also a retract by
deformation of B*. Then for n > 0 small enough, the restriction of pp to
T,(Kp) is a fibration by disks.

Remark 2.4. When they occur, the inclusions B C 7,7 C B* are homotopy
equivalences and consequently induce® isomorphisms at the fundamental

5This is easy to see using the conic structure [12] of the pair (B, S).
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group level. Since M, fibres by f over the circle 9D, the associated exact
homotopy sequence shows that M, is a K(m,1) Eilenberg-MacLane space.
It is the same for T}7 and B* which retracts to M,, and for 7,7, B* and M,,
which are homeomorphic to them.

The local datum £ for S on B being always fixed, consider also a local
datum for S” on B’, denoted by

Ll = ((l‘;l,y;/) : Q;/ — ]D)]_ X ]D)]_, p/D/ : Q/[)/ — D/)S/ D
We use for £, the same notations (2), (3) and (4) introduced for L.

Definition 2.5. A homeomorphism ® : T, — Té, between two Milnor’s 4-
tubes for S and S’, such that ®(S) = S’, is called excellent for £ and L/,
if it lifts to an homeomorphism ¢ : T, — ’7:7’,, E'o¢ = ®oE, fulfilling the
following properties:

(a) ¢ is holomorphic on a neighbourhood of each singular point of D;

(b) for each irreducible component D of D, we have the equality

o(Ty(Kp)) = 7;7,/([((/;5(1:)))?

moreover the fibrations pp and p;ﬁ(D) are conjugated by ¢ on these

sets, i.e. ply(@(m)) = $(pp(m)), m € To(Kp).
2.3. Marking between germs of curves. Classically the conic structure
of B*, which will be specified in Section 4.1, induces a retraction by defor-
mation of B* on each pointed closed subball B} C B*. Thus, if the Milnor’s
4-tube T}, C B contains B, the inclusion B C T,y C B* induce isomor-
phisms at the fundamental group level. Hence each continuous map from
one of these sets into B’* defines a morphism from the fundamental group
of B* into the fundamental group of B*. More precisely, consider the set
¢(B*,B'*) consisting of all the continuous maps F : U — B, from any arc-
wise connected subset U of B*, such that the inclusion map iy : U < B*
induces an isomorphism i, : w1 (U, p)—>m1 (B*, p). Then we denote

E,:=F,o(iy) ' : m(B*,p) —» m (B*, F(p)).

Definition 2.6. We say that two elements F : U — B and G : V — B'*
of €(B*,B"*) are fundamentally equivalent (denoted by F < G), if for any

path o in B*, from a point p € U to a point q € V, there exists a path o in
B"™ from F(p) to G(q) such that

(7) Oé;OE* :Q*OO[*,
where ay : w1 (B*,p) — m1(B*,q) and o, : m (B™, F(p)) — m(B™,G(q)) are
the natural isomorphisms induced by o and o'.

It is easy to see that = defines an equivalence relation on €(B* B'*) and
that F' < G as soon as there exists a pair of paths (o, /) satisfying (7).

Definition 2.7. An equivalence class f by < will be called a marking of S’ by
S, if there exists an open neighbourhood U of the origin in B and an element
F :U* = B'™ of f, which extends to a homeomorphism F : U—5F(U) C B
preserving the orientations,® such that F(SNU) =S N F(U).

61f 5 = 5 is given by an equation with real coefficients, then F(x,y) = (Z,y) preserves
the ambient space orientation, but reverse the orientation of S.
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From now on all the homeomorphism conjugating two germs of
curves which we consider, are supposed to preserve the orientations
of the ambient space and those of the holomorphic curves.

Obviously two homeomorphisms conjugating S to S’ on neighbourhoods
of the origin, define the same marking of S’ by S as soon as their germs are
equal. We therefore speak about homeomorphism germs which represent a
marking. Since from Remark 2.4 we have that B} is a K (m, 1)-space, a clas-
sical theorem of algebraic topology” give us the following characterisation:

Proposition 2.8. Two germs of homeomorphisms conjugating the germs
of curves S and S’, represent the same marking if and only if they induce
homotopic maps from BE into B'*, with € > 0 small enough.

This leads us to ask the following question:

Question. It is true that two germs of homeomorphisms hg, h; : (C?,0) —
(C2,0) such that h;(S,0) = (5,0), i = 0,1, define the same marking if and
only if there exist a germ of homeomorphism H : (C3, 1) — (C3, I) along the
compact set I := 0 x 0 x [0,1], such that H(z,y,t) = (Hi(z,y),t), Ho = ho,
H; = h;y and such that the set germs along I, H(S x [0,1]) and S” x [0, 1],
are equal?

The main result of this work is the following theorem.

Theorem 2.9. Let L = ((z5,Ys), pD)s, D, resp. L' = (L, 9%), Ppr)s, D7, e
a local datum for S, resp. S', on B, resp. B' and let h : B.—~h(B.) C B/
be a homeomorphism such that h(S NB.) = S’ N h(B.). Then there exists
a homeomorphism ® : TUL>T7’7,, ®(S) = 5" which is excellent for the local
data L and L', such that the restrictions hg: and Qe 2 Ty — Tr’;f are
fundamentally equivalent.

In other terms, we obtain Theorem A stated in the introduction which can
be reformulated as follows :

Each marking of S" by S can be represented by an excellent homeo-
morphism between two Milnor’s 4-tubes.

3. TorPoOLOGY OF MILNOR’S TUBES

Before starting the proof of Theorem 2.9, we bring to light in this section
the topological properties of the Milnor’s tubes that we shall use later.

3.1. Fundamental group and homology. We shall give an explicit pre-
sentation of the fundamental group I' of T)y. For this, recall that the
dual tree® A of the desingularisation of S has one vertex for each element
D € Comp(D) and, for each singular point s € Sing(D), {s} = DN D', it

"Confer for example [24, Corollary 4.4, page 226].
8The dual graphs are usually weighted by either Euler numbers (self-intersections) or
multiplicities. Both are relevant in this paper, see Corollary 3.4
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has an edge joining the vertices corresponding to D and D’.

Fix a local datum £ for S and a topological embedding j of a geometrical
realisation |A| of A in 7,7, such that:

e for each D € Comp(D), j_1(7;7* (Kp)) is connected and it contains
an unique vertex sp, which is the one associated to D; furthermore,
pp © j restricts to a neighbourhood of sp as an embedding;

e for each s € Sing(D), j_l(ﬁ*(Ks)) is connected and it is con-
tained in a single edge, which is the one associated to s. Without
lost of generality we also assume that the point having coordinates
(zs,ys) = (€,€) belongs to j(A), 0 < e < n.

In the sequel we wil assume that the base point of the fundamental group
I" belongs to j(A). Since j(A) is contractible, we can identify the groups
71 (7,7, j(A)) and T, by an isomorphism that we shall not make explicit.

Definition 3.1. We call meridian associated to a component D € Comp(D),
the conjugacy class of the element cp € I' which corresponds to the loop
o5t (pp(j(sp))) N M,, oriented as the boundary of a holomorphic curve.

Remark 3.2. Let s € Sing(D) be the intersection of D and D’ € Comp(D).
Assume that D N Qs = {zs; = 0} and D' N Qs = {ys = 0}. Then ¢p,
resp. ¢pr, are the homotopy classes of the loops (s, ys) = (€2, €), resp.
(3757 ys) = (67 62i7rt6)'

Let us denote by (+,-) : Comp(D) x Comp(D) — Z the intersection pairing
on the components of the total divisor D. When D # D’ then (D,D’) =1
if DND' # () and (D,D’) = 0 otherwise. When E € Comp(&) the self-
intersection number (E, F') coincides with the integral over the fundamental
class of the Chern class of the normal bundle of E inside B. It also coincides
with the Euler number of the unit normal bundle of £. When C is an
irreducible component of the strict transform of S we simply put (C,C) = 0.

Proposition 3.3. The fundamental group ' is defined by the generators
system {CD}DECOmp(D)7 whose relations are given by the families

(8) [T %=1 lpen® =1
D’eComp(D)
indexed by E € Comp(E) and D € Comp(D).
Here we consider the product II cgj,/’E) with the order induced
D’eComp(D)

by the cyclic order of the wedges of pg o j(star(sg)), obtained by projection
of the sg-star, in the component E. The proof is done by induction, by ap-
plying the classical Seifert-Van Kampen’s theorem; see for example [13, 4, 9].

We will use a multiplicative notation for writing the elements of I' and an
additive notation for their classes in T'/[I', T'| = Hy(7,"; Z); but we will keep
the same names.

Corollary 3.4. The homology group Hi(T,;Z) is a rank r := #Comp(S)
free-abelian group, generated by the classes cs; associated to the irreducible
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components Si,...,S, of S. Furthermore, denoting by {Ex,...,E,}, the
components of € and by cg and cs, the column-matriz obtained by transpos-
ing (¢gyy...,¢g,) and (¢s;,...,¢s,.), we have that

9) ce =—(£,E)7HE,S) - cs,

being (£,€), resp. (£,S), the matrices whose entries are the intersection
numbers (E;, Ej;), resp. (E;,Sk). Finally, the (i,k)-entry of the matriz
—(&,E)71 - (€,8), is equal to the multiplicity vy, (fr o E) of fiyo E along E;,
being fr a reduced equation of Sk.

Proof. From (8), we deduce the relations:

n

(10) 0= Y (E,D)p=)Y (Ei,Ejcs + > (Ei,Si)cs, .

DeComp(D) Jj=1 k=1

Then it is enough to write them in matrix form and to express ¢, depending
of ¢s,, using the well know fact that det(&, &) is equal to 1. Finally,

wtior = [ (B) = &
' 27 Jep, fr 2im —é:l((8,5)—1(5,8))2_[E(c54) Tk

(11) = (87 (£.9),,

1 dfs _
because 5;- fE(C.SZ) f—: = Oyp.. O

3.2. The JSJ-decomposition. The following is well known by the spe-
cialists in topology of 3-manifods. These are applications to singularities
of curves, of the classification’s results of 3-manifolds, due to Waldhausen
[21, 22], Jaco-Shalen [6] and Johannson [8]. This study was done by Michel-
Weber [11] and by Neumann [14, 15] via plumbing calculus. In this section
we specify these technics in order to highlight the properties that we will
need in the next section. For precise statements of the used theorems, we
refer to [20] from which we adopt the vocabulary. The reader may also
refers to the C.T.C. Wall’s monography [23] and to the Neumann-Swarup’s
article [16].

By using still the notations (3) and (4), we define for each singular point
s and each component D of D, the following sub-manifolds (with boundary)

of M, :
(12) Mg =M, NQ, and Mp :=M,(Kp).

We call them elementary blocks of M,. The Jaco-Shalen-Johannson decom-
position (JSJ for short) of M, in Seifert blocks and thick tori that we will
now define, will be obtained by aggregating such elementary blocks.

Denote by A the set of all irreducible components of D having valence > 3.
Now, we precise the notion of chain of components given at the end of the
notations section: it is a finite collection of irreducible components of &,

(13) C:= {D()a"'lechl}v chQ D07D1C+1€m7
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such that
(14) U(Dl):--~:U<DlC>:2 and DjﬂDj+17é®, 7=0,...)l¢.

Denote by € the set of all the chains of components of £. The number [¢ is
called the length of the chain C € €. Notice that chains of length zero, which
are explicit allowed, consist in two irreducible components of R meeting at
a single singular point. A dead branch of £ adjacent to D € R is a finite
sequence C := {Dy,..., Dy}, lc > 1, of components of £, such that

(15) Dy=D, U(Dj) =2, ?}(ch> =1, DpNDyiq# @,

with 1 < j <lgc—1and 0 <k <l¢c—1. The component D, is called the
end component of C and the intersection point of Dg with D1, the attaching
point of C. We denote by 91 the set of all dead branches of £. Notice that
a chain of components is not oriented unlike the case of a dead branch in
which we take Dy € R and v(D;,) = 1. Chains of components of length > 0
and dead branches are also called bambous in the literature.

Fix C:={Dy,...,Dg,+1} € € and denote by s; the intersection point of
Dj;_1 and Dj, for j =0,...,lc. If n > 0 is small enough, as we will assume,
then M, is an thick torus, i.e. My, is homeomorphic to the product of
the standard torus T := 9D; x 9Dy with a compact interval. Each Mp,,
j=1,...,l¢,is also a thick torus and by gluing them, we obtain a 3-manifold
with boundary M, endowed with a homeomorphism:

le le
e Me = Mp, U Mg;=5T x [-1,1].
j=1 §=0
This product structure extends to a neighbourhood of the boundary of Mc
over a 3-manifold with boundary Mg, endowed with a homeomorphism

(16) o, T MeST x [—1—€,144], ng(T x [=1,1]) = Mc, ocjme = 0c -

Consider the 2-torus T¢ := o, '(T x {0}). The adherence B of each con-
nected component of M, \ (UceeTc) contains a unique elementary block
Mp, D € R. We say that B is the JSJ block of M,, associated to D and we

will denote it by Bp. We will also denote by B?:) the connected component
of the adherence of M,, \ Ucce M inside Bp.

For each dead branch C:={Dy,...,D;,} € M of £ we still denote

le—1

le
17 M= JMp,u | M, where {s;}:=D;NDjs.
j=1 j=0

Then, if D € fR, B"D is the union of Mp and the manifolds M¢, where
C describes the set of dead branches whose attaching points belong to D.
Notice that if C € 9 then M, is homeomorphic to a solid torus D x S';
remark also that the complement Mg, inside Mc, of a Hopf fibre (not
contained in Dj,_1) of the divisor D;, having valence 1, has the homotopy
type of a torus S! x S*.
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Definition 3.5. For each C € € UM, we put HS = H{(Mc,Z), if C € €
and HS = H{(MG,Z), if C € M. For each D; € C, the class ¢j of a fibre
of pp; restricted to Mp, and oriented as the boundary of a holomorphic
curve of T, will be called meridian associated to D;. If C € M, we define
the exceptional meridian ¢;,41 of the dead branch C as the generator of the
kernel of the morphism H\(Mg,Z) — Hi(Mc,Z), oriented as the boundary
of a holomorphic curve in Ty.

Proposition 3.6. IfC € € UM then:

(i) ch is the free-abelian group of rank 2 generated by co, ..., ¢,4+1 having
the following relations:
(18) ¢j—1+ejic;+e1 =0, e =(Dj,D;) j=1,...,lc;
(it) for each j = 0,...,l¢c, the elements ¢j,¢j11 define a basis of HS; all

theses basis define the same orientation; the canonical Z-linear 2-form
det(-,-) over HY such that det(c;,c;+1) = 1 and det(cj,c;) = 0, corre-
sponds to the intersection form of each connected component of OMc
with the induced orientation;
(iit) we have that ¢g = ac, + bej,41, with a = *det(A) # 0, where A
lc
denotes the matriz of the restriction to the divisor |J D;, of the inter-
j=1
section form of £;
(iv) the elements ¢o ® 1, ¢,4+1 ® 1 define a Q-basis of H 2 Q.

Proof. Assertion (i) follows directly from relations (10) and the fact that H¢
is canonically identified with the integer homology of a torus. Assertion (ii)
follows easily from the relations (18), see also [4, 5], which can be written in
matrix form as follows

fep 10 0 - 07 ¢ ] T ]
1 e 1 0 0 o 0
0 .o : S .
: °. *. . . O : :
0 0 ]_ elc—l ]. 0 0
L O - ... 0 1 €. 1 L ¢ | L Clo+1
A

By applying Cramer’s formula, it is easy to see that the coefficient a in the
expression ¢y = ac;, + be,41 is a = +det A, where A is the matrix of the

le
restriction to the divisor |J D; C £ of the intersection form of &£, which is
j=1
negative definite. This gives us (iii), because det A # 0. Finally, Assertion
(iv) follows directly from (iii). O

Denote by Soqp(D) C S(D) the set of attaching points of the dead branches
over D and put

(19) S(D):=8(D)\ Sm(D), Kp:=D\ |J D, =Kpu |J D..
s€S(D) s€Sm (D)
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Corollary 3.7. For each irreducible component D of £ having valence > 3,
the restriction to Mp of the fibration pp of the local datum L, extends
to a Seifert fibration pp : Bi) — Kp, having exceptional fibres /71_)1(3),
s € Sm(D). Moreover, pp'(s) is the intersection of By, with a fibre of the
Hopf fibration corresponding to the end component of the dead brach whose
attaching point is s.

Proof. Consider a meridian m := [0D x {1}] and a parallel p := [{1} x S1]
inside Hy(D* xS, Z). Tt is well known that a curve of D* x S! having integer
homology class a p-+bm is the fibre of a Seifert fibration of D x S!, if and only
if a # 0. We conclude by applying Assertion (iii) in the previous proposition
because in this case m = ¢, 1. O

Remark 3.8. The product structure of the thick tori M¢, C € €, allows us
to extend pp into a Seifert fibration

(20) 73t Bp KB KB':=D\UgpDer B, =0p,

whose fibres are contained in the fibres of o, where D, denotes a conformal

[}
closed disk centred at s contained in D.

Thus, each torus T¢, C € €, which is the intersection of two JSJ blocks is
endowed with two circle fibrations obtained by restricting the Seifert fibra-
tions of each adjacent block. The homology classes of these two fibrations
are precisely ¢p and ¢;,+1. They can be considered as elements of Hy(T¢,Z)
because the inclusion T¢ C M induces an isomorphism in homology.

Remark 3.9. If C € € then it is easy to see that T¢ is incompressible
in Bp by using that v(D;) > 3 for j € {0,lc + 1}, cf. [9]. This gives
the monomorphism Hi(T¢,Z) < Hi(Bp,,Z). Thus, ¢p and ¢;,41 are also
independent in Hy(Bp,,Z) and therefore the Seifert fibrations of Bp, and
Bp,,,, are incompatible. Moreover, by using the relations (9), it is easy
to see that the image of Hy(T¢,Z) inside Hy(M,,Z) is different from the
images of the tori contained in the boundary of M,,.

Since the hypotheses of Theorem 1.2.3 of [20] are verified we obtain:

Corollary 3.10. The collection (T¢)cee is a characteristic family’ of es-
sential tori'® of the 3-manifold M,, and determines its JSJ decomposition,
which is entirely constituted by Seifert blocks.

Remark 3.11. The vertices of the tree of the JSJ decomposition of M,
(corresponding to the Seifert blocks Bp) are in one-to-one correspondence
with the irreducible components D € R, and their edges (joining two vertices
corresponding to two adjacent Seifert blocks) are in one-to-one correspon-
dence with the chains C € €.

9.e. a minimal family of tori such that the adherence of each connected component of

its complement is either a Seifert or atoroidal manifold, cf. [20, p. 144]

10§ ¢. incompressible in M,, and non-isotopic to any connected component of OM,,.
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3.3. Peripheral structures and geometric isomorphisms. For each
irreducible component S; of S we consider a tubular neighbourhood Wy

o
of S N (B, \ Bs) with 0 < s < r < 1, such that the restrictions of the
fibrations pgs, and pp, to Wy := E~1(W}) are topologically trivial, where
Dy, € Comp(D) denotes the irreducible component of £ adjacent to Si. The
fundamental group Py := m(W}) is isomorphic to Zmy @ Zpj, where my,
and pj are the oriented boundaries of a fibre of the restriction to W} of
ps, and pp, respectively. The commutativity of Py allows us do not make
explicit the choice of a base point in W)'. Notice that mj generates the
kernel of the morphism 71 (W}) — 7 (W) induced by the inclusion. Let
s = 8k N Dy, € Sing(D) be the attaching point of Sx. Up to permutation of
the coordinates (xs,ys) we will assume that z; = 0 is a reduced equation of
Si. We suitably choose €1, €3 > 0 such that W; retracts over the 2-torus
{lzs| = €1, |ys| = e2}. The loops m and p of W} defined by (x5, ys) om(t) =
(e1€%™ 9) and (zs,ys) o p(t) = (£1,£2€?'™) are representatives of my, and
Py respectively.

Definition 3.12. We will call my, and py the canonical meridian and par-
allel of Sy respectively.

Remark 3.13. It should be noticed that there are several choices for the
parallel in the literature. The most widely used is the Seifert one, denoted
here pg , which verifies lk(pg, Sx) = 0. This linking number coincides with
the intersection number of p; with a Seifert surface of S that we can take
as a Milnor fibre fi = ¢ # 0 of a reduced equation fi of Sip. We can write
locally fi(xs,ys) = xsyiku(xs, ys), where w(0,0) # 0 and v, = vp, (fro E) is
the multiplicity considered in (11). Consequently we have py = pi — vpmy.
The relationship with other choices can be deduced from this formula, see
for instance [11].

Proposition 3.14. The subset Wi is incompressible in Ty, i.e. the mor-
phism iy : Pr — I induced by the inclusion Wi C T, which is given
explicitly by ix(mg) = cg,, i (Pr) = ¢p,, is injective.

Proof. This can be proved!! by using iteratively Van Kampen’s theorem, as
we have already done in the construction of an adapted neighbourhood of
D by boundary assembly in [9]. We shall present here other proof based on
the incompressibility inside T} of the Milnor fibre!? F' of a reduced equation
f of S. Let us denote by icw,iwr, icr, iFr the morphisms induced at the
fundamental groups by the inclusions F' N Wy C Wi, Wy C T, FNW; C
F,F C T, respectively. Note that 7 (F) is the kernel of the morphism
fx : T' = Z sending ¢p into the multiplicity vp(f o E) of f o E along de D.
Let us denote by vy := vp, (foFE) the vanishing order of E* f along Dj,. Since
foE = xsyZk, we have the isomorphism 71 (FNW}*) 22 Zby,, where by, denotes
the oriented connected component of the boundary of F' contained in W}
and icw (br) = pr — vpmy. On the other hand, if € = apy, + fmy, € 7 (W)

Hwhen S is not irreducible, i.e. 7 > 1, we can argue directly in homology because in
this case m (W) = Hy (Wi Z) 2 Z° — Z" = Hy(T;;; Z). This last inclusion follows from
(11) because f¢ o E vanish on Dy, for £ =1,...,r.

12T his follows trivially from the exact long sequence associated to the Milnor fibration.
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belongs to the kernel of iy, then fi(iywr(apr+Bmg)) = avi+ L = 0; hence
t = icw(aby). Since iywroicw = iproicr, icr and ipr are injective, a = 0
and iy is also injective. U

In the sequel we will identify P, with its image inside the fundamental
group I', taking the base point in W} lying also on j(A). If we need to
consider more than one subgroup Pi at the same time, it will be necessary
to consider the family of all the conjugate subgroups of Py inside I'. The
following result make precise this situation.

Proposition 3.15. The normalizer of Py in I' equals Py, i.e. if ( € ' and
CPLCY C Py then ¢ € Py. In particular, the decomposition Py, = Z my,®Z py,
is intrinsic’® in T.

Proof. The proof of the previous proposition shows that w1 (F) N Py =
m(F N W}) = Zby. Consider the element ¢’ := (m;* with ¢ := f.(¢) =

o f, B (%) Since fi(my) = 1, it follows that fu(¢') = 0 and then

¢ e m1(F). Thus, Clbkclil € 7T1(F) N (’PkC”l = m(F) N Pr = Zby.
Hence ('bx¢’~! = b7 for some n € Z. By passing this last equality to
the homology we obtain that n = 1 and consequently [¢’,b;] = 1. This
equality can be thought as a relation inside the free group m(F'). Since
the subgroup ({’, by) of m1(F) is also free by Schreier’s classical result, we
deduce that it is monogeneous, i.e. (¢’ bg) = () for some 0 € m(F) =

g r
(u1,v1, ..., Ug, Vg, b1, ..., bp] ] [wi, vi] [ bj = 1), where b; C OF. We can
i=1 j=1

assume that by = b;. It suffices to prove that b; can not be a non triv-
ial power in 71 (F') because in that case (' € () = (by) C Pg. If r > 1
then b; belong to a free system of generators ui,v1,...,uq,0g,b1,...,br_1
of m1(F'); it can not be then a non trivial power of another element. If

g

r =1, then b;' = [][ui,vi] is a cyclicly reduced word in the free group
i=1

T (F) = (u1,v1,...,uq,vg|); it is easy to see in that case that it can not be

a non trivial power. O

Theorem 3.16. Let U be an open neighbourhood of 0 in B and let h be
a homeomorphism'* from U onto a neighbourhood U’ of 0 in B, such that
MSNU) =8 NU". Assume that the inclusion U* C B* induces an iso-
morphism w1 (U*) = I'. Then, for each irreducible component Sy of S the
isomorphism hy : T — T induced by h transforms Py, onto the subgroup P,
associated to the irreducible component S;, = h(SNU) of S'NU’ and sends
meridian into meridian, i.e. h.(my) = m).

Proof. Consider tubular neighbourhoods Wy, of S N (B, \ B,) and W} C W,

[e]
of S, N (B, \ B'y) contained in U and U’ respectively such that W, C
h(Wy) C Wi, Pr, = m(W}) and m (W}*) = m(W/[*) = Pj, via the inclusion
Wi c Wy*. Thus, we have that h.(Py) C P}, and we deduce that the
13i e. the decomposition P = Zmp @ Zpp of each conjugated subgroup P := (Pr¢ !
given by mp := (mp¢ " and pp := Cpr¢ ™" does not depend on (.

14preserving the orientations, as usual.
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composition P, — hy(Py) — Pj, is an isomorphism. Therefore hy(Py) = P,
and the restriction of h, to Py = Z? is onto over P, = Z?. Since every
epimorphism of Z? onto itself is also one-to-one, we deduce that h, : P, — P,
is an isomorphism. In the same way, we have that h, : m (Wy) — w1 (W)
is also an isomorphism. Thus, h, conjugate the kernels of the morphisms
induced by the inclusions W} C W}, and W} C W}, which are generated by
my, and m), respectively. We obtain that h.(my) = mgcil; but the exponent
must be 4+1 because h preserves the orientations. O

In the statement of the previous theorem, once k is given, we have ar-
bitrarily chosen the base points of I' and I in W), and W)’ respectively.
We would like to have a more intrinsic notion of the morphism h, indepen-
dent on that choices. To this end, we go back to the notion of fundamental
equivalence introduced in Section 2.6. Notice that the ambiguity of the ac-
tion of hy : ' — I is controlled by the left and/or right composition of h.
by inner automorphisms. This leads to the well-known notion of exterior
isomorphism, as an equivalence class of an isomorphism I' — I modulo
composition by inner automorphisms. Now, using Proposition 3.15, we can
define the following notion.

Definition 3.17. We will say that an exterior isomorphism ¢ : T' — T”
preserves the peripheral structures if it sends all the subgroups conjugated
to Py, onto subgroups conjugated to Py,. Furthermore, the isomorphism ¢ is
called geometric if moreover it sends all the conjugates of the meridians my,
into conjugates of the meridians my,.

Remark 3.18. Theorem 3.16 asserts that if h: (U, S) — (U’,5’) is a germ
of homeomorphism then h, : I' — I is a geometric isomorphism. The
first half of the proof of Theorem 3.16 implies that if h : U* — U™ is
a homeomorphism, then h, : I' — I' preserves the peripheral structure;
however, it could be not geometric as the following example shows: U =
U =C? 8=5 ={axy =0} and h : C* x C* — C* x C* defined by
hz,y) = (zy,y).

We recall here a very important result of F. Waldhausen [22, Corollary 6.5]:

Theorem 3.19. Let M and M’ be 3-manifolds which are irreducible and
boundary-irreducible. Suppose M is sufficiently large. Let ¢ : m (M) —
m1(M') be an isomorphism which respects the peripheral structure, i.e. for
each connected component F of OM, there exists a connected component F’
of OM', such that p(m1(F)) is conjugated to w1 (F'). Then there exists a
homeomorphism ¢ : M — M' inducing ¢ in homotopy, i.e. p = ¢x.

Corollary 3.20. If ¢ : ' — I" is an isomorphism which respects the periph-
eral structure then there exists a homeomorphism h : T; — Té*, such that
he = ¢ : m(T;) = m(T}). If in addition ¢ is geometric, then h extends
to a homeomorphism from T, onto T,’], such that h(S) = S’. Thus, every
geometric isomorphism is induced by a (unique) marking.
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Proof. We can apply Waldhausen’s theorem to the isomorphism ¢ : I" =
(M) — mi(M;) = I', because M, and M, are irreducible after Re-
mark 2.4 with non-empty incompressible boundary (so that they are suf-
ficiently large) thanks to Proposition 3.14. Hence, there exists a homeo-
morphism ¢ : M;, — M,y, which extends trivially to h : T} — T;,, via the
product structures T,y = M, x]0,n] and T,* = M, x]0, 7] given by (6). On
the other hand, if ¢ conjugate the meridians of the boundary tori of M,
and M, then ¢ extends to a homeomorphism from 7, N 9B onto T} N IB'.
By using the conical structure of S and §’, it is easy to extend ¢ to a
homeomorphism of pairs h : (T}, S) — (T}, 5"). O

4. PROOF OF THE MAIN THEOREM

Given a homeomorphism h : B.—h(B.) C B’ such that h(S N B.) =
SN h(B.), in the first section of this chapter we construct a map h; from
M,, into MT’7,, for 0 < n < ¥ < 1, which is fundamentally equivalent to
h. Thanks to the results of Waldhausen, we shall modify this map by a
homotopy, in order to obtain a homeomorphism ho between Milnor 3-tubes
of S and S’.

In the next section, we will use the classical result of Jaco-Shalen-Johan-
nson to give an isotopy between he and a new homeomorphism hg which
preserves some precise realizations of the JSJ decomposition of the Milnor
3-tubes. Nevertheless, it is worthwhile to recall that Waldhausen’s theory
is enough for the 3-manifolds appearing in singularity theory.

Next, in the section 4.3, we shall construct an explicit isomorphism be-
tween the dual trees of the minimal desingularizations of S and S’

This allows us to extend h3 to the Milnor 4-tubes in the next section. This
extension to four dimensions will be done in four steps: In the first one, we
only deal with the blocks 7, (D) associated to the components D of valence
> 3. Secondly, we treat the case of chains C of components of valence 2, by
using the product structure of the blocks 7;(C). Next, we consider the case
of dead branches and that of the strict transforms of the original curves.
Finally, in the last step, we will modify the constructed homeomorphism by
suitable isotopies in order to assure that it is fundamentally equivalent to
the initial homeomorphism h.

4.1. Reduction to dimension three. Without lost of generality we can
assume that the radii of the Milnor balls B and B’ for S and S’ are both
equal to 1. We fix ¢ > 0 and 0 < &’ < & < 1 small enough such that

B., C h(B.) C BL.

Endow the pair (B,S) with a conic structure, i.e. a diffeomorphism ¢ :
OB x [0,1] — B outside the origin, satisfying (0B x {r}) = 9B,, for all
r €]0,1], p((SNJIB) x [0,1]) = S and ¢(m,0) = 0, p(m,1) = m, for all
m € 0B. We also have a conic structure ¢’ : 9B’ x [0,1] — B’ for the
pair (B, S’). Denote by g, : B — B. the retraction by deformation which
corresponds to the usual radial retraction replacing the standard radii by the
ones given by the conic structure. In other words, g, conjugated by ¢ writes
as (m,t) — (m,e), for e <t <1 and (m,t) — (m,t) for 0 <t < e. Denote
also by of, : (B \ {0}) — OB’ the retraction by deformation corresponding,
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via ¢', to the map (m, s) — (m,1). Finally, we denote by ¢’ : B’ — B’, the
continuous map corresponding, via ¢’, to the map (m, t) — (m,¢(t)), where
¢(t) is affine for ¢” < ¢ < ¢’ and satisfies ¢(t) = ¢, for t < &” and ¢(t) = 1,
for t > ¢’. Clearly we have that

0,'(85)=5, d(§)=5, o7N()=5"
Notice that g, and ¢’ are the identity in a neighbourhood of the origin and
that ¢’ coincides with of, outside of B.,. We define

hy:=0"ohog, : B—B.

FiGURE 3. The continuous map hj defined from A and the
retractions g, and o’.

This map is continuous, not necessarily surjective neither injective, and
satisfies hy(OB) = OB/, hi(S) = S" and h;'(S’) = S. Hence, it defines
a map from B* into B’*. On the other hand, h; coincides with A in a
neighbourhood of the origin, and consequently the restrictions of h and hy
to B} are fundamentally equivalent, i.e. h < hy.

We fix now Milnor 4-tubes 7,, C B for S and TT’7, C B’ for S’, such that
hi(Ty) C T;,. We denote by r : T;7 — M, the retraction by deformation
over the Milnor 3-tube (5), given by the product structure described in
Proposition 2.3 and we denote by 7’ : Té?‘ — M1’7/ = f/71(0Dyy) N B’ the
similar retraction corresponding to S’. We put

;Ll ::r’ohloLMn :Mn—>MT/7/,
where ¢y, : My — T denotes the inclusion map.
Remark 4.1. Clearly we have h < hy < 7L1.

By multiplying the equation f’ by %, we shall assume that n = n’. From
now on we will identify T;, to 7, T,’] to 7:7’ and we continue to denote by
hi the map E'~' o hy o E defined on M, = E~1(M,) taking values on
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M;, == E'"'(M],). This map satisfy the hypotheses of Theorem 6.1 of
Waldhausen [22], because izl(aMn) C OM;,. The thesis of that theorem
is a dichotomy: either M, is the total space of a line bundle over a closed
Riemann surface, or hy is homotopic to a covering map. Since the first

situation do not occur in our case and the morphism induced by hi on the
fundamental groups is surjective, there exists a homotopy F': M, x [0,1] —

M, satistying F'(OM,, x [0,1]) C OM],, F(-,0) = hy and such that F(-,1)
is a homeomorphism. We put

hy = F(-,1) : My—M;,.
Remark 4.2. The relation hy < 7L1 is verified.

Recall that one of our goals is to construct a homeomorphism 7, — 7;,’
fundamentally equivalent to the original homotopy equivalence.

4.2. Construction of a JSJ-compatible homeomorphism. Consider
the analogous JSJ decomposition of M%, to that we have already described
for M,,. We keep the notations (12) for the elementary blocks of M%/; we
denote by 2R’ the collection of irreducible components of D’ having > 3 and
by € the collection of the chains of components of D’ joining two elements
of '; for each C' € €', we consider the thick tori M, and MV’C,, as well
as its product structures oy, : /f\/lv’c/%’]l’ X [-1 — €,+1 + €] constructed as
in (16); the 2-torus T}, = o, (T x {0}) is properly embedded in M;, and
the adherences of the connected components of ./\/l;], \ Ucree T( constitute
the JSJ blocks of M%,; each of them is denoted by BY,,, because it contains
a unique elementary block M’,, with v(D’) > 3; we consider an extended
Seifert fibration 5% : B, — K/, defined as in (20), which prolongs the
Hopf fibration pf, : M',, — KJ,,; finally the collection (T;/)creer is, by the
same reasons, a characteristic family of essential tori properly embedded in
/Vl%,.

Clearly (T¢)cee and (hy ' (Tf:))crcer are two characteristic families of es-
sential tori of M,,. After the unicity theorem of characteristic families, cf.
[20, (1.2.6)], there exists a bijection

K9 Q:;N:,

and a homeomorphism 1 from M,, onto itself, isotopic to the identity, such
that ha(¢(Te)) = T;Q(c) for each C € €. Putting hy := hg 0 ¢ we have that

ho =< hy < h and EQ(TC) = ’]wa(c) , foreach Cec.

Remark 4.3. Clearly ho transforms every JSJ block of M,, into a JSJ block
M;z” defining thus a (unique) bijection x3 : R—=9R’ such that ho(Bp) =

!/
Blig(D)'
Lemma 4.4. There exists a homeomorphism ho isotopic to 712, conjugat-
ing the family of thick tori and preserving their product structures. More
precisely, ha(Mc) = M, ) and o, ) © ha = oc.
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Proof. Consider C € € and a JSJ block Bp of M, such that T¢ C 0Bp.
The torus Ty, C' := k2(C), is a connected component of 8B;3(D). We can
assume that 0B > o7 (T x {1}) and GB’Z?)(D) > o/, (T x {1}). The
homeomorphism 7 from T x [0,1 + €] onto T X [s, 1 + €], defined by

I1+e—s
np0) = (ps et ) e

lifts to a homeomorphism from o, (T x [0,1 + €]) onto o (T x [s,1 + €]),
which extends as the identity to a homeomorphism

Ry : Bp——Bp(s):=Bp\ o, (T x [0, s]), Rypy =idg .

A similar homeomorphism R from B, (p) onto

By py(8) == Bl py \ 0g' (T x [0, s[)

can be constructed. For all s € [0,1], we denote by Fy : M, — M, the
map defined by

Fy(m) = hao(m), if m¢ Bp,
Fy(m):=R,ohyoR;*(m), if me Bp(s),
Fy(m) == 0p, "t o (Hy x idjy q) 0 oc(m), if m € oz (T x[0,s]),

where Hs(p) := J’C,(EQ (071 (p,0))). Clearly Fj is an isotopy between Fy = ho
and Fi(Mc¢ N Bp) = Mg N B;S(D). We conclude the proof by making a
successive composition of such isotopies, one for each JSJ bloc of M,,. [

Lemma 4.5. There exists a homeomorphism hs isotopic to 7L2, satisfying the
same properties as ho in Lemma 4.4 and conjugating the Seifert fibrations
of the complements of the thick tori, i.e. there are homeomorphisms <p :
KD—>K 5(D)’ D € R, such that p' (D) ohg‘B% =<Gpopp.

Proof. Clearly B3, is endowed with two Seifert fibrations [18]: pp over Kp
and ﬁ’m(D) o h2|BE over K;S(D). Since B%, is not a solid torus neither a
thick torus, the unicity for Seifert fibrations of [20, Theorem 1.2.5] (see also

21, Satz 10.1]), gives us an isotopy ¢p s : B}, — B}, s € [0,1], such
that 1 p o is the identity and ¢ p 1 conjugates the fohatlons defined by these

two fibrations. More precisely, if ¢p : Kp— K 5(D) is the homeomorphism

induced by 1 p 1 over the leaf spaces, we have that p/ Pres(D) O;LQ op1 = SpopD.
Thanks to the assertion (a) of Lemma 4.6 below, these isotopies can be glued
into a global isotopy 95 : My — My, satisfying ¢ = id,), ¢8|B% =Yp.s,

D € R and ¢, = idr,, C € €. We conclude by defining h3 = hs o Y. O

Although the following result about extension of isotopies is classical, we
include here the precise statement that we need with a short proof.

Lemma 4.6. Let B be a manifold with boundary and let B C B be a
submanifold with boundary having the same dimension, such that there exists
a homeomorphism o from B\ B* onto OB x [0,1], satisfying c(0B) = 0B x
{1} and 6(0B°) = OB x {0}. Then
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(a) if Fy - B> — B°, s € [0,1], is an isotopy such that Fy = idp,, then
there is an isotopy F.: B — B such that FS’ , = Fy and Fé|aB =idyp,
s € [0,1];

(b) if Gs : 0B — 0B, s € [0,1], is an isotopy such that Gy = idyp, then
there exists an isotopy G : B — B such that G', idpg, and G, 0B =
Gs, s €10,1].

|B

B> —

Proof. (a) Let us denote Fy := oo F, o J‘ale. For m € B\ B, we define
F!(m) := 07Y o Fl o o(m), with F/(p,t) := Fs_y(p,t), if 0 < t < s and

S

o
ﬁs’(p, t) := (p,t), if s <t < 1. The proof of (b) is analogous. O

For each D € R, the homeomorphism ¢p given by Lemma 4.5, induces a
bijection wp between the singular points of D lying on D and those of D’
lying on D’ := k3(D). With the notations (19), it verifies

@wp(Sm(D)) = Sqn(D’)  and consequently wp(S(D)) = 5(D'),
because the attaching points of the dead branches correspond to the excep-
tional fibres of the Seifert fibrations and the elements of S(D), resp. S(D’),
correspond to the connected components of 0K D, Tesp. OK’,. Tt is easy to
see that, up to modifying hg by an isotopy, sp sends the disk Dy, s € Son(D),
onto the disk D;ﬂ o (s)" Hence h3 sends the elementary block M p onto the
elementary block M’,,, and it conjugates the corresponding Hopf fibrations.

4.3. Conjugation of the dual trees of the divisors. We summarise the
results that we are obtained so far. We have constructed a homeomorphism
hz : My — M%, such that h3 =< h, as well as bijections

(21) K3 : R — R, Hg:Q—)Q:/, m:i)ﬁ—ﬂ)ﬁ',

satisfying for all C € € and C € M the following properties:

(a) the image by k3 of the extremal components of C, are the extremal
components of k2(C);
(b) if Dy € R is the attaching component of C, then x3(Dy) is the attaching
component of x1(C);
. / - /
(c) the homeomorphism h3 sends Mg onto Mm(c), M onto Mm@ and

T¢ onto T;Q(C); for each D € fR, it also transforms Bp into B,’%(D),

B% into B:ibg,(D) and Mp into M;S(D), conjugating, in addition, the

corresponding Seifert fibrations.

The following proposition extends the one to one correspondences (21) to
all the components of the divisors. It makes precise the classical results
of Zariski-Lejeune, giving, by means of the property (c), the relationship
between the homeomorphism h conjugating S to S’ and the one to one
correspondence between the dual trees of D and D’. It should be also men-
tioned that using plumbing calculus, Neumann [14] proves unicity of the
graph under negativity conditions on the intersection form.

Proposition 4.7. There exists a one to one correspondence k : Comp(D) —
Comp(D’) between the sets of irreducible components of D and D', such that:
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(1) it is compatible with the intersection numbers, i.e. (k(D),k(D")) =
(D,D"), for each D, D" € Comp(D);

(2) for all C € €, resp. C € M, we have the equivalence: (D €(C) &
(k(D) € K2(C)), resp. (D € C) < (k(D) € k1(C)); in particular, C
and k2(C) have the same length, as well as C and k1(C);

(3) the restriction of k to R C Comp(D) coincides with k3.

In particular, the properties (a), (b) and (¢) above are verified by k.

Before proving Proposition 4.7 we need an auxiliary result. Fix C € CUIMN.
o IfC={Dy,...,Di,11} € €, we consider the chain
C' ={Dy,.. .,DEC,H} = ko(C) € &,
which we will numerate so that D, = k3(Dp) and Dic/+1 = k3(Dio41)-
o If C = {Dy,...,D;,} € M, we consider C' = {Dj, ... ,DZC/} =
k2(C) € o'
We denote by ¢; € Hi(Me¢,Z) the meridian associated to D; and by ¢, €
H{ (Mg, Z) that one associated to Dj, cf. Definition 3.5. The equality
h3(Mc) = Mp, induces an isomorphism
hsy : Hl(Mc,Z) — Hl(M/C/,Z) .
In the case that C and C’ are dead branches, we denote by ¢,41 and cEc/ i
the corresponding exceptional meridians. Since hs conjugates the Seifert
fibrations of Bp, and Bbé, it conjugates also the exceptional fibres. Hence
h3 transforms Mg into M5, and it induces an isomorphism

hg* : Hl(Mg,Z) — Hl(./\/l/Co/,Z) .

Lemma 4.8. For each j =0,...,l + 1, we have the equalities lc =l =: 1
and hz.(cj) = ¢ € HS .

First, we will prove the following technical result'®:

Sub-Lemma 4.9. Fiz a = (ay, ) and b= (B1,32) € Z2, ged(ag, az) = 1,
ged(B1, B2) = 1 such that det(a,b) > 0. Then there is a unique n € N and a
unique ordered collection ¢ := (co, ..., cni1) of elements of Z2N(Qa+Qb) C
Q? such that

det(Cj,Cj_H) =1,5=0,...,n,
(22) det(cp—1,cp+1) > 1, k=1,...,n,
co=a, chy1 =0.

In particular, if det(a,b) = 1, the unique collection c satisfying (22) is given
byn=0, co =a and c; = b.

Proof of the sub-lemma. The existence of n and c; follows easily by a stan-
dard argument concerning continuous fractions. To prove the unicity, we
will use the following straightforward assertion:
(0) For each u := (vi,1v9),v := (v1,v2) € Z* and \,pu € Q=g, such that
det(u,v) >0, v1+vo > 1, v1+v2 > 1 and (1,1) = Au+ pv, we have
that det(u,v) > 1.

15We thank to Mark Spivakovski for his help and his suggestions concerning the proof
of this lemma.
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Indeed, clearly 0 < A, < 1; hence (1,1) belongs to the interior of the
parallelogram having vertices 0, u, u + v, v; but this is impossible when
and v span Z? over Z. To prove the unicity we will make a double recurrence
with the following induction hypothesis Hx n:

“if ¢ = (cj)?i& and ¢’ = (c;c);;’;gl are two finite sequences of el-

ements of Z* N (Qa + Qb) satisfying (22), and if 0 < n < N and
0<n' <N thenn=n"andc=c".”
First, we shall see that Ho v = Ho, N+1; by symmetry we will also have
Hn,0 = Hn+1,0; since Hg o is obvious, it will suffice then to prove the
implication Hy-1,N -1 = HnN, N

Ho, Nt = Ho, N7+1 ¢ Up to an automorphism of 72 we can assume that
¢o = a = (1,0) and ¢; = b = (0,1). The property (¢) provides
the existence of an index k € {1,...,N'}, such that G/IE = (1,1),
1 <49 < N. We conclude by applying the induction hypothesis to
the two sequences ((1,0),(1,1)) and (cp, ... ,cfkv:), as well as to the
two sequences ((1,1),(0,1)) and ¢’ := (c’];, s Cyig)-

Hn—1,n—1 = Hpy,n ¢ Always up to an automorphism of 72, we can
assume that a = (1,0) and b = (B4, f2), with f; < (2. Thanks
to the assertion (o) we obtain two indices j € {1,...,N} and k €
{1,..., N’} such that ¢ = o”; = (1,1). The inductive hypothesis

applies to the two sequences (¢;) ~and (ck),_, 7> as well as to

J=0,....
the two sequences (Cj)j:'j,...,N and (Ck)sz,...,N” showing that N = N’
and ¢ = ¢.

This achieves the proof of the sub-lemma. O

Proof of Lemma 4.8. After Lemma 4.5, hs sends every connected compo-
nent of dM¢ over a connected component of OM;,, by conjugating the
corresponding Seifert fibrations. Hence the isomorphism hs, induced in ho-
mology satisfy the following equalities:

(23) hg*(CO) = C6 and hg*(tH_l) = CE/_H s
where we have put [ := l¢ and I’ = ler. Thanks to assertion (ii) of Proposi-
tion 3.6 we obtain that
(24) det(a, b) = det’(hs«(a), h3« (b)),
for all a,b € H{. From relations (18) we deduce that
det(tj_l,Cj+1):—(Dj,Dj) 22, jzl,...,l,
because the resolution map E of S is minimal.
Set ¢ = hg*l(c;). The two finite sequences ¢ := (¢;) =0, 141 and ¢’ :=
(¢f)j=0,...r+1 of elements of Hy(M¢/,Z) ~ 72, have the same first and last

terms (23); they satisfy the relations (22) of Sub-Lemma 4.9. The conclusion
follows from the unicity of these families. O

Proof of Proposition 4.7. Since the lengths of the chains and the dead bran-
ches corresponding by k9 and by k1 are the same, there exists a unique
bijection & : Comp(D) — Comp(D’) extending k3 and satisfying the asser-
tions (2) and (3), as well as the equivalence (DND’ # 0 < x(D)Nk(D') # 0).
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Since the self-intersections of all the compact irreducible components being
< —1 (even < =2 if v(D) < 2), to prove (1) it suffices to show the relations

(25) (D,D) = (k(D),k(D)), forall D e Comp(E).

When Dj is contained in a chain or a dead branch of &, the relations (18) fol-
low directly from the equalities (D;, D;) = —det(cj_1,¢j41). Since hg, pre-
serves the determinant forms (24), the relations hs.(c;) = ¢; of Lemma 4.8
give us (D, D;) = (k(Dj), k(Dj)), for each j =1,...,lc + 1.

It remains to prove (25) when D has valence > 3. Notice that then Mp
is a retract by deformation of

My = Mp UMD M, DDy = {s;},

where Dy,...,D,p) are the irreducible components of D adjacent to D.
The singular point s; is the attaching point of a chain or a dead branch
Cj, or even of a strict transform. Consider the meridian ¢; € Hy(M;,Z) ~
Hy(Ms; N Mp,Z) associated to Dj, where M; is the thick torus Mc,,
or /Vlgj in the two first cases, or M, U Mp, in the last one. Denote by
¢j € Hi(Mp,Z) the image of ¢; by the monomorphism induced in homology
by the natural inclusion Mp N M,, C Mp. We can rewrite the index
formula along D given by (10) in the following way, cf. [4, 5]:

v(D)

(D,D)e+ Y ¢ =0 in Hy(Mp,Z),

j=1
where ¢ is the homology class of a fibre pBl (p), p € Kp, that we call the
meridian associated to D. Therefore {k(D;)};—1, . (p) is the collection of
the irreducible components of D adjacent to k(D). Thanks to Lemma 4.8,
their corresponding meridians are hs.(c¢;) € Hy (M;(D) N M;Q,Z), where
{sj} == k(D) N k(Dj). In the same way hz.(c) is the meridian associated
to k(D), because hs conjugates the Seifert fibrations of Bp and B;(D). The
index formula along k3(D) gives us the equality (25). O

4.4. Extension to dimension four. We continue to use the notations (3)
and (4) and we define now the collection of elementary blocks of the Milnor
4-tube T, by means of

(26) Ts:=T,NQs and 7Tp:=T,(Kp), sé&Sing(D), D e Comp(D).

A J-tube associated to a chain C € €, resp. to a dead branch Cem is, with
the notations (13) and (14), resp. (15) and (17):

le le le lg—1
(27) %::UTDJ.UUTSJ., resp. %::UTD].UUT;J..
j=1 §=0 j=1 §=0

We define in a similar way the elementary blocks of 777’,, that we denote
by T, s € Sing(D’) and T}, D' € Comp(D’), as well as the 4-tubes 77,
C'e @ and T, C' € M.

Now, for x € R, we shall construct homeomorphisms G, : 7, — ’Tn’( N
satisfying the properties (a), (b) of Definition 2.5 and coinciding with h3 on
TNM, = M,. After that we will construct G when * is a chain, then when
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it is a dead branch or a strict transform, satisfying always the properties (a),
(b) of Definition 2.5. It will be able to be glued with the homeomorphisms
Gp, D € R, already constructed, but it will not necessarily coincide with hs
over M,. Finally, by using suitable Dehn twists, we will modify the global
homeomorphism

(28) G:Ty— Ty, G, =Gx, x€RUCUM,

in order to that its restriction to M, becomes isotopic to h3. At that moment
we will have a homeomorphism & satisfying the properties of Theorem 2.9.

4.4.1. Construction of Gp, for D € . The restrictions of the Hopf fibra-
tions to the elementary blocks 7p and ’7;’( Dy D € Comp(D), are globally
trivial disk fibrations.

There exist differentiable vector fields Z and Z’ on these blocks which are
tangent to the Hopf fibres and whose restriction to each of them correspond
to the real radial vector field u% + va%, in the trivialising coordinates (u +
iv,pp) : Tp — D1 x Kp. We define a homeomorphism extending h3| M, and
conjugating the Hopf fibrations, by means of

TD — T ) ) GD|MD h37 p;(D) o GD = pD|TD )

GD(¢t( ))=¢tZ( 3(m)), if meMp, <0,
Gp(m) :=sp(m)(hs(m)), if me Kp,

where ¢7 and ¢7  denote the flows of Z and Z’ respectively.

4.4.2. Construction of G¢ when C is a chain. Let C € € be a chain of D and
let C’ := k2(C)) be the associated chain of D',

C={Dj}j=0,.141 €€, C ={Di}j0. . 141, D:=r(Dj),
the components Dg, D;yq having valence > 3. We will assume that [ > 1;
the case of a chain of length [ = 0, i.e. without components of valence 2 and
having a unique singular point {s} = Dy N D; can be treated in a similar
way by putting M¢ = M, and Mp, = M, {s'} := Dy N D;.

First, we shall construct homeomorphisms gs; which are holomorphic over
some neighbourhoods W, of the singularities {s;} := D;_1 N D;. Then we
shall construct homeomorphisms gp; defined over the elementary blocks 7p,
conjugating the Hopf fibrations. Finally, we will glue these homeomorphisms
in order to obtain a global homeomorphism

GCZ7-C—>7Z/

satisfying the properties (a) and (b) in Definition 2.5 of excellent homeo-
morphisms.

Step 1. The map f o F, composition of the reduced equation of S fixed
in Section 2.2 and the resolution of singularities map, is a global equation
for D. Corollary 3.4 gives us universal formulae (see also [5, Theorem 18.2])
expressing the multiplicities vp(f o E') along each irreducible component D
of D, from the intersection matrix of D. The intersection matrices (D', D”)
and (k(D’),k(D")), D', D" € Comp(D), coincide thanks to Assertion (1) of
Proposition 4.7. Using always the notations of Section 2.2, we have then

VD;_(f/OE/):VDj<fOE>::mj7 ]:0’7l+1
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Let s; be the intersection point of D; and Dji1 and let s} be that of D
and D} 41- There exist local holomorphic coordinates at these points

(29) (uj,v5) : Wy, =Dy x Dy, (uf, 0}) : WS’; Dy x Dy,

o [}
with Wy, C €, and Wéf; C Q;‘Q’ such that v; = 0, resp. v} = 0, is a local

equation of Dj, resp. de D;, making monomial the functions f o F and
floFE ie.
Myl my / / ALY B S AL
o =u, ; o =u'. I
f E|W5j u; ', and f E\ngl w; T
J

We obtain thus a local biholomorphism gs,, between W, N7, = W5, N7,

and Ws’,j N ’7;,’,7 = Ws’,j N7, by putting
(30) gs; = (u;,v;-)fl o (uj,vj) : Wy, 0Ty — WS/; N 7;7// .

By taking n > 0 small enough, the 3-manifold W, N M,, as well as the
connected components T; and T, 1 of My, \ Ws,, with T; N Mp, # 0,
are thick tori. Their inclusions in M¢ induce isomorphisms in homology.
Assume that W[, N M;, satisfy the same properties. Up to decreasing ' >0
if necessary, we Jcan assume that the restriction of gs; to Wy, N My, taking
values in Ws’; N M;,, induces an isomorphism

(31) gs; «  Hi(Me,Z) — Hi (Mg, Z) .

Lemma 4.10. Let ¢; and cg be the meridians associated to the components
Dj and Dj respectively, cf. Definition 3.5. Then gs; «(ck) = ¢}, k= j,j+1,
for each 7 =0,...,1.

Proof. Assume that k = j, the case k = j + 1 is completely analogous. Up
to permuting the coordinates of the local datum if necessary, we can also
assume that ys; = 0 is an equation for Dj;. If n > 0 is small enough, the fibres
of z5; and u; are transversal to the Milnor fibres (i.e. that of fo E). Since
the simple curves ws_jl (p) " M,, and u;l(p) N M,, turn once around D; and
do not turn around Dj4 they are homologous in My, = Mc. We left the
reader to complete the details. Now, it suffices to note that, by construction,
gs; transforms fibres of u; (resp. v;) into fibres u} (vesp. v7). O

Step 2. Consider now homeomorphisms
(32) ng:TD].—>Té;_, j=1,...,1

fulfilling the following properties:
(b) gp,; conjugate the Hopf fibrations, i.e. there is a homeomorphism ¢p, :
Kp, — Kb} such that ¢p; o pp,(m) = p’D; ogp,(m), m € Tp,,
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(¢c) the morphism gp, « : Hi(Me,Z) — Hi(Mg,,Z) induced'® by the re-
striction of gp, to Mp,, taking values in M’D;, verifies gp; «(cx) = ¢,
for k=454 1.
Notice that the equality (c) for k = j follows from (b) and that the case
k = j — 1 is equivalent to the case k = j + 1, by applying the index for-
mulae (18) and Assertion (1) of Proposition 4.7. Hence, the construction
of the homeomorphisms gp; is straightforward once one has trivialised the
Hopf fibrations, using that the Euler numbers of D; and D;- coincide after
Proposition 4.7.

Step 8. It remains to construct a homeomorphism from each connected
component T of Tg; \ Ws ;> J =0,...,1, onto a connected component < of
’7;’; \Ws’;, which could be glued with gs; and gp,, j'=jor j+1. To do
this we fix a homeomorphism A from T onto [0,1] x S! x D; and a disk
fibration pg : ¥ — D N'E, coinciding with p D, on a connected component
of A=1({0,1} xS! xID;) and with a coordinate of (29) on the other connected
component. We proceed in the same way for ¥'. Notice that the restrictions
of gs; and gp, to 0% conjugate the constructed fibrations. To conclude it
suffices to apply the following lemma by using also Lemma 4.10.

Lemma 4.11. Consider ¢o, d1 two homeomorphisms of S* x Dy onto itself,
commuting to the first projection, i.e. g?)k(ﬁ,z) = (0,0r0(2)), satisfying
bkp(0) = 0, for k = 0,1, and whose restrictions to St x Dy induce the
identity in homology. Then there exists a homeomorphism ® from [0,1] x
S! x Dy onto itself, commuting to the two first projections, i.e. i)(t,H, z) =
(t,0,P:0(2)) such that

(1) q)kﬁ = ¢k,9 fOT’ k=0,1,

(2) ®rg(z) =z for all t € [1,3].

Proof. The existence of ® = (¢, ¢1) fulfilling conditions (1) and (2) follows
from that of ®(¢y,id) satisfying only condition (1) by considering
® (o, 1d)(3t, 6, 2) if telo,?
(0 0 _ : 1
B(o1,id)(3(1 ~1).0,2) if te[5.1].

Now we proceed to construct ® fulfilling condition (1) in the case ¢1 = id.
The homotopy class of the map

St —  Aut(Sh)
0 — doglon,

defines an element in the fundamental group 71 (Aut(S')) which can be iden-
tified to Z via the isomorphism
1 dz
[(@Mte[o,ﬂ] — % -
U Jtmpe(1) 2
16yia the identifications H, (Mbp;,Z) ~ Hi(Mc,Z) and Hi(MY,,,Z) ~ Hi( M/, Z)

given by the natural inclusions.
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Since the restriction of ¢y to S' x dD; induces the identity in homology we

have that
d
Lo
t=¢y  2ime (1) z

and consequently there exists a homotopy
[0,1] x S' —  Aut(Sh)
(t,0) — &7y

such that qﬁgﬂ = ¢o9|op, and qﬁ?ﬂ = idpp,. Now it suffices to define ®;g(2)
as follows:

- ®:9(0) =0,

|z|d0,6 (—) if |z|>1—2t, 2#0,
- ift € [0, 3] then @, 4(2) = H
(1—2t)¢o, (ﬁ) if 0<lz]<1-—2t,

-ifte ]%, 1] and z # 0 then ®yg(z) = |z|¢§t71’9 (é),

based on a combination of Lemma 4.6 and Alexander’s trick. Checking the
continuity at the points on z = 0 others than (¢,z) = (0,0) is straightfor-
ward. The continuity at the points (¢,2) = (0,0) follows easily from the
assumption ¢ ¢(0) = 0. The continuity at the points on t = % follows from
the fact ¢ol|op, = qﬁgﬁ. O

4.4.3. Construction of G¢ when C is a dead branch or a strict transform. We
consider first the case of a dead branch of D, denoted by C = {D,},=o, .1
v(Dp) > 3, and we denote by C' := k1(C) = {D}}j=0,.1, Dj == k(Dj)
the corresponding dead branch of D'. We can do, in this context, all
the precedent construction unless for the extremal component, i.e. for
{s;} :=DjNDjt1,j=0,...,l—1, with the same notations that in (30), we
construct a homeomorphism gs; and, for each component of valence two, a
homeomorphism gp, as in (32). In Hy(M'z,,Z), we have yet the equalities

gSj*(ck):CZ;? k:j7]+17 jZO,...7l—1,

for the same reasons as in Lemma 4.10 and thanks to Lemma 4.8. Hence
the homeomorphisms gs; and gp, can be glued as in the step 3 above. It
only remains to extend g5, , along D;. To do this we will assume as be-
fore that 1,7’ > 0 are small enough so that the connected components of
Tor_, \ Ws,_, and ’7'8’2 ) \ WS’; | are the thick tori. It suffices then to construct

a homeomorphism ¢ from the connected component ¥ of (75, \Ws,_,)UTp,
containing D;, onto the connected component T’ of (7 _| \Ws’l_l)U’Té{ con-
taining D;, which coincides with g5, , over the solid torus T N W, ,. Fix
again fibrations pz : € — TN Dy and pf, : ¥ — T N D}, coinciding with
the Hopf fibrations on 7p,, resp. 'Tl')l, and with a coordinate of (29) on
TNWs,_,, resp. TNW, . Clearly, T and T are homeomorphic to D x Dy,
and the fibrations pg and pf correspond to the first projection. To achieve
the construction of G¢, it suffices to use the following lemma whose proof is
similar to that of Lemma 4.11.
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Lemma 4.12. Let ¢ be a homeomorphism from 0Dy x D1 onto itself, com-
muting to the first projection, i.e. ¢(0,p) = (0,6(0,p)), and such that re-
stricted to 0Dy x 0Dy, induces the identity map in homology. Then ¢ extends
to a homeomorphism ® from Dy x Dy onto itself, commuting also to the first

projection.
Proof. As for Lemma 4.11, there exists a continuous map
t€[0,1] — @, € CO(S!, Aut(Sh)),

such that ®¢(0)(¥) = ¢ and ®1(0)(9) = ¢(0,9). We put (2, 2") =
(2, 9(z',2")), with

=] ?Iz’l(ﬁ)(\?q)lv oo '] < 12" <1,

(2, 2") = \z”\@wq,”zyﬂ ENEm), i |72 <2 <2,
z

2% (g o) if | < P21

O

Consider now the case that Dy and D] := k(D) are the strict transforms
of irreducible components of S and S’ respectively. The adjacent compo-
nents Dy € Comp(D), resp. D} := k(Dy) € Comp(D’), have valence > 3.
Denote {s} := DyN Dy and {s'} := D{N D}, C:={Dy,D:}, C" :={Dy, D}}
and put M¢ := M;UMp,, Te = T3 UTp,, Mg = M., U./\/l’D,1 and

o =T, UT] - With the same notations we construct as in (31) a biholo-

morphism g5 : WsN'T,, — W, 07;]’/. For the same reasons as in Lemma 4.10,
it verifies the equalities g«(cx) = ¢}, k = 0,1, where ¢, resp. ¢}, are the
homology classes in Hy(Mc¢,Z), resp. Hi(Mp,,Z), of an arbitrary fibre of
the Hopf fibration pp, restricted to My N Mp,, resp. plDL restricted to

M, N M", . Notice that the restriction of hg to M¢ N OB (which is a con-
k

nected component of the boundary of M), taking values in Mg, N OB,
verifies also the equality'”

ha«(ck) =¢), in Hy(Mp,Z), , k=0,1.

Indeed, by construction h3 and h are fundamentally equivalent, so that their
actions on the fundamental group I' differ by an inner automorphism. By
passing to the homology we have then h, = hs,. Theorem 3.16 claims that
the image by h. of the meridian mp, of the peripheral subgroup P C I
associated to C is just the meridian mp, € P’ c T'. Since the isomorphisms
P = H{(Mc,Z) and P' = H{(Myp,,Z) identify mp, to ¢; and m’D,1 to ¢}
we obtain the equality hgs(c1) = ¢}. On the other hand, from Remark 3.9
follows that the natural inclusion Hy(Mc,Z) — Hi(Bp,) sends ¢y into
the homology class of ¢p, € m1(Bp,) C I represented'® by a fibre of the
Seifert fibration of Dy. We have an analogous description for M. Since h3
conjugates the Seifert fibrations of Bp, and B'D(,), it follows that hs.(co) = .

Twith the identifications fiven by the natural inclusions, i.e. Hi(Mc N OB,Z) ~
H; (./\/lc7 Z) and Hl(./\/llc/ n 88/, Z) ~ H; (Mé/, Z)
Here we use that the fixed desingularisations of S and S’ are minimal and therefore
v(Do) = v(Dg) > 3.
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Let Hp, : Tp, — '7'5,1 be a homeomorphism whose restriction to M¢ N B

coincides with hs and commutes to the Hopf fibrations, i.e. Hp,(Kp,) =
Kb,l and Hp, o pp, = p’D,1 o Hp,. As in the previous step 3, we construct

a homeomorphism G¢ : T¢ — T}, extending gs, which coincides with Hp,
when restricted to M¢ N Mp, and with Hp, when restricted to M¢ N IB.

4.4.4. Modification by Dehn twists. We will now modify the homeomorphism

G obtained in (28), by composing it at the right with a homeomorphism

VU : T, — T, which is the identity over each block Tp, D € R, in such a way

that G o W satisfies Theorem 2.9. Denoting by C =: {Dj}é'zo a chain of €, a

dead branch or a pair of components associated to a strict transform, and

putting W¢ := V|7, it suffices to prove the following assertion:

(%) There ezists a homeomorphism Ve : Te — To, Ye(TeND) = TeND,

whose support is contained in the interior of (s, \ {so}), {so} =
Do N Dy, such that Yeipzq, and G lohs: Mc — Mc are homotopic
relatively to the boundary of Mec, i.e. there is a homotopy Fy :
Me — Me, t € [0,1], such that Fy = G~ o hg, F| = Ui and
Fy(m) =m, for all t € [0,1] and m € OMe.

Recall that to every continuous map K from a manifold with boundary bord

X into itself, which is the identity when restricted to a subset A C X, we

can associate a variation morphism relative to A, cf. [1], by means of

varg : Hi(X, A;Z) — Hi(X,Z), [0] — [K()—4].

This morphism is an invariant of the relative to A homotopy class of K.
Notice that if K, : H1(X,Z) — H;(X,Z) denotes the morphism induced by
K and i, : H1(X,Z) — Hi(X, A;Z) that of the inclusion (X,0) C (X, A),
we have the equality K, = idp, (x,z) + vark o .. We will use the following
result.

Proposition 4.13. Two homeomorphisms xo and x1 : M¢ — M whose
restrictions to OMc are the identity, are homotopic relatively to OMe, if
and only if their variation morphisms are equal:

vary, = vary, : Hy(M¢,0Mc; Z) — Hi(Mc,Z) .

Notice that if C is a dead branch then (Mg, M) is homeomorphic to
(St x Dy, St xSt and Hy (M, dMc;Z) = 0. To obtain (xx), we then define
Ve = idy,. If C is not a dead branch then Assertion (%) follows directly
from the following realisation lemma.

Lemma 4.14. Assume that C is a chain or it is associated to a strict trans-

form. Then for each morphism L : Hy(M¢,0Mc;Z) — Hy(Mec,Z), there

exists a homeomorphism ¥ : Te — Te with support contained in Qs \ {so},
satisfying Ve (Te N'D) = Te N D and such that L is the variation morphism
of the restriction of ¥ to Mc, i.e. L = VaIy, .-

Proof of Lemma 4.14. Clearly Hi(M¢,0Mc,7Z) = Zd is generated by the
homotopy class of an arbitrary path § joining the two connected components
of OMc. Thanks to the formula!® var,,o,, = vary, + vary,, it suffices to

Indeed, vary, v, = [x1x20 — 8] = [x1x26 — X26] + [x26 — 8] = vary, 0+ var,,0 because
[Xg(ﬂ = [(ﬂ =0in H1(Mc,8Mc;Z).
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construct W for L = Ly, : [§] — ¢, k = 0,1, where ¢y and ¢; are the meridians
associated to Dy and D;. Indeed, they are a Z-basis of Hi(Me¢,Z), by
Proposition 3.6. For k = 0 or 1, we fix as in (29) local coordinates (u,v) at
the point sg such that the map foF is monomial and v = 0 is a reduced local
equation of Dj. The homeomorphism (Dehn twist) ¥ : T¢c — T¢ defined by

e2im(3lul-1) v, lf% < |U’ < %’
v, otherwise,

uoV¥ =u, vo\I/:{

fulfills the desired properties. O

Proof of the Proposition 4.13. The proof consists to suitably apply Eilen-
berg’s classification theorem, cf. [24, Theorem V.6.7], which we recall here:

Theorem 4.15. Let Y be a (n— 1)-connected topological space whose group
m=mp(Y) is abelian, let (X, A) be a relative CW-complex and let fo: X —
Y be a continuous map. Assume that

(1) Y is g-simple for n +1 < g < dim(X, A),

(2) HI(X,A;my(Y)) =0 for n+1 < ¢ < dim(X, A),

(3) HY X, A;mg(Y)) =0 forn+1 < ¢ <dim(X, A) — 1.

Then the correspondence f — (fo, f)*1"(Y) induces a bijection between the

set of relative to A homotopy classes of extensions of fo a and the cohomology
group H"(X, A; ).

In this statement ¢"(Y) € H"(Y;7n) = Hom(H,(Y),n) is identified to
the inverse of the Hurewicz isomorphism m,(Y) = H,(Y). If Y is a CW-
complex, then ¢"(Y") sends each n-cell of Y into the unique element of 7 =
7o (Y") obtained by collapsing the (n — 1)-skeleton of Y to the base point.
On the other hand, we denote by T = S! x S' and I = [0, 1] and we consider
the map Fig ) 1 X x OIU A x I — Y defined by F(y, 1(7,t) = fi(v) if
r € X and t € Ol and by Fiy r(a,t) = fo(a) = fi(a) ifa € Aand t € L.
Then we have (fo, f1)* = (i*x) 10 d* o F{y. 1), Where

O HY(X x OTUA xI;7) — H" (X xI,X x OTU A x I; )

is the connecting morphism and i*x : H*(X, A;7) — H" (X x [, X x
Ol U A x I;7) is the isomorphism induced by the product by the generator
i€ HY(I, ), using that (X x I, X x OTU A x I) = (X, A) x (I, 9I).

If C is a chain, resp. a dead branch, we apply the theorem with X =Y :=
M¢ which is homeomorphic to T x I, resp. to X =Y =2 D x S!. Hence, it is
a Eilenberg-MacLane space K (m,1), with 7 = 71 (T x I) = Hy(T x I) = 72
(resp. m = Z). The hypotheses of the previous theorem are trivially satisfied.
We also put A := OMc =2 T x I, resp. A =0D x S' and fy = id.

If C is a dead branch then

HY(X,A;7m) = HY(D x St,0D x St,Z) = HY((D, 0D) x (S',0)) =0,
by the relative Kiinneth formula and by the fact that H'(D,0D) = 0 for
i = 0,1. In this case, we obtain that all the extensions of the identity map
on A are homotopic relatively to A.

In the case that C is a chain (of € or a pair of components associated
to a strict transform) we obtain that the set of relative to A homotopy
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classes of extensions of the identity are in one to one correspondence with
HY(T x I, T x 9I; Z*) = 7Z? Tt suffices to show that if f : T xI — T x [ is an
extension of the identity on T x 91 such that vary = 0, then (id, f)*}(TxI) =
(id,id)*2!(T x T). In fact, to avoid working with the connecting morphism,
it suffices to see that

Fiapt (T xT) = Fig 00 (T x 1) € HY(T x Ix dTUT x 9l x I, Z?).
Since Tx I x 9IUT x 9l x [ =T x 9(I x I), we see that
Hi(TxIxdIUT x 9l x I) = H(T) & H (91 x I)) = Z3,

hence H (T xIx OTUT x OI x I; Z?) = Hom(H; (T x I x OTUT x 9l x 1), Z?) =
73 ®172.

Recall that ¢, ¢; is a basis of Hy(T xT) = Hy(T) such that ¢y C D* x {¢%}
and ¢; C {2z} xS!. Let ¢ be a generator of Hy(0(Ix 1)) & Z. Tt is easy to see
that +1(T x I) € H(T x I; 7 (T x I)) & Hom(H; (T x I), H;(T x I)) can be
identified with the identity map and consequently F(’Ed’f)zl (T x T) = Fiig, )
where

Flia, s« Hi(T x O(1 x 1)) = Zeo © Zey © Ze — Zeo © Zey = Hi (T x 1)

is represented by a matrix of the form

1 0 k
01 m )’

where (m, k) € Z? verify that var;(d) = kco + meq and 0 is the generator of
H(T x I, T x 0I;Z) = Z joining the two connected components of T x OI.
The proof of the proposition is now complete. O

5. MAPPING CLASS GROUP OF A GERM OF CURVE

Given a germ of plane curve S we denote by

e Gg the set of markings of S by itself, which is a group with the
composition;

e I'g the fundamental group of the pointed Milnor tube T}, \ S;

e Out(I'g) := Aut(I's)/Inn(I's) the group of exterior automorphisms
of I'g;

e Outy(I's) the subgroup of Out(I'y) consisting of geometric exterior
automorphisms, see Definition 3.17.

Theorem 5.1. The map * : Gg — Out(I's) sending each marking [h] to its
action hy into the fundamental group I'g, is an isomorphism onto Outy(I'g).

Proof. The map * is well defined precisely because when considering the
outer automorphism group we are eliminating the ambiguity in the choice
of h in its fundamental class [h]. The map is trivially a monomorphism of
groups thanks to Proposition 2.8 because T),\ S is a K (I'g, 1) space. Finally,
that the image of * is Outy(I'g) follows from Corollary 3.20. O

Corollary 5.2. Every element of Outy(I's) can be realised by a excellent
homeomorphism of (T, S) onto itself.
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Let Ag be the weighted dual tree of the minimal resolution of singularities
of S and let &g be the permutation group of the set of irreducible compo-
nents of S. There exist two well defined natural morphisms o : Gg — &g
and 7 : Aut(Ag) — Gg. The existence of an excellent homeomorphism in
each homotopy class of Gg and the fact that & is one to one, proved in the
next lemma, allows us to consider a well defined morphism

a:Gg — Aut(Ag)
such that o0 = 7 o .

Lemma 5.3. With the precedent notations we have that

(i) & is one to one, and consequently ker o = ker «;
(ii) « is onto and therefore Imo = Imoa.

Proof. The first assertion can easily proved by induction on the number r
of irreducible components of S. The case r = 1 is proved by induction on
the number g of Puiseux pairs of S. When g = 1 a completely explicit de-
scription of the situation shows that & is one to one in this case. The second
assertion can also be proved by induction on the number of irreducible com-
ponents of S. When S is irreducible then Aut(Ag) = {id} by assertion (i).
If S; and S; are two irreducible components of S exchanged by g € Aut(Ag)
then the weighted subtrees corresponding to the resolutions of S; and S; are
isomorphic. In this case, it is easy to see that there is a homeomorphism
from (7,, D) onto itself which induces g and which is the identity outside of
a neighbourhood of the part of the divisor D not intersecting the subtrees
corresponding to S; and S;. (]

Always with the notations (3), (4), (26), (27), for each chain C € € we
put K¢ :=TeND, T,(0Kc) = Ty(0(Ke N Dy)) U Ty(O(Ke N Dygg1))-

Definition 5.4. For each element B € B := RUC we consider the group Gp
of homotopy classes relatively to Kp U T,(0KR) of homeomorphisms from
Tr onto itself, preserving Kp and which are the identity on T,(0Kp).

Every element of G induces an excellent marking whose support is con-
tained in 7,(Kp). Hence we have a well defined morphism

B: D Gs—Gs.

Be®B
Proposition 5.5. Fix D € R and C € C.
(i) The group Gp is isomorphic to the group A(D®) of relative to S(D)
homotopy classes of homeomorphisms of D fixing pointwise S(D).

(ii) Each element of Ge is a Dehn twist along C, cf. Section 4.4.4. In
particular, Go = 7Z2.

Proof. To prove Assertion (i) we trivialise 7,(Kp) = Kp x D and we express
an excellent representative of an arbitrary element f of Gp under the form
(f,9), where f : Kp — Kp is a homeomorphism which is the identity on
OKp and g : Kp — Homeo(D,0) ~ S!. Since glor, is constant equal
to idp it follows that (f,g) is isotopic to (f,idp). Thus, f = [(f,g)] is
completely determined by [f] € A(D®). Conversely, each element [f] €
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A(D*®) determines a unique element [(f,idp)] € Gp. On the other hand,
Assertion (ii) follows directly from Proposition 4.13. O

The pure mapping class group A(D®) can be identified to the quotient of
the Artin pure braid group on v(D) strands over the 2-sphere by its centre
(which is isomorphic to Z/27Z), see for instance [2]. It can also be compared
with the pure braid group on v(D) — 1 strands over the disk. We call the
elements of Gp Artin twist over D.

After Proposition 5.5, Theorem B claims that the image of 3 is the kernel
gg of o, in other words, the Artin twists and the Dehn twists generate the
finite index subgroup gg of the mapping class group Gg.

Proof of Theorem B. By Theorem A every element of gg can be represented
by an excellent homeomorphism f : 7, — 7, fixing each irreducible com-
ponent of D and which is the identity?® over the boundary of each block
T,(Kp) et T,(C). By Seifert-Van Kampen Theorem, the fundamental group
I'g is the amalgamated product of the fundamental groups I's(D) = m1(Bp),
D € R, of the Seifert blocks in the JSJ decomposition of M;, over the funda-
mental groups of the essential tori I's(C) = m1(T¢), C € €. Let D € R be a
terminal vertex of the JSJ tree of M, cf. Remark 3.11, and let C € € be its
adjacent chain. By composing f by suitable elements of Gp and G¢ we can
assume that f, : I's — I'g is the identity over I'g(D) D I'g(C). We conclude
by reasoning by induction on the number of Seifert blocks on which f, is
not the identity. This proves that the subgroups Gp and G¢ generate gg.
On the other hand, their direct product structure follows from the fact that
they have disjoint supports. O

The following example shows that the epimorphism of Theorem B is not
one to one in general. Thus, it could exist other relations between the
generators of Gp and Ge apart from those just we make explicit.

Example 5.6. The curve S defined by the equation

fla,y) = (° —2°)* — az®y — By’ = 0
is irreducible for generic (a, 3), it has two Puiseux pairs, the exceptional

divisor of its minimal desingularisation consists of five lines, F;, i = 1,...,5,
numbered in order of appearance, and having intersection matrix

-3 0 1 0 0
0o -2 1 0 0
11 -3 0 1
o o0 0 -2 1
o o 1 1 -1

In this case, there are two irreducible components E3 and E5 having valence
three with two (resp. one) adjacent dead branches Ej, Fy (resp. FEj).
There is only one chain, C, having length 0, which correspond to the point
E53N E5. The fundamental group I's of a pointed Milnor tube of f admits
as generators the homotopy classes a1, b1, ¢y, ba, co,d of loops contained in

20This is possible thanks to the fact that f is holomorphic in a neighbourhood of each
singularity of D.
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Hopf fibres of the components Fi, Fs, F3, By, E5 and S respectively. The
relations of these generators are generated by

3 2 3 2
a; = C1 = b17 a1b102 = Cq, Cy = bQ, Cled = C2

and
(33) [c1,a1] = [e1,b1] = [e1, 2] = [e2,b2] = [c2,d] = 1.

By taking suitably the base point, the action on I'g of a Dehn twist along C
of type (p, q) has the form

a1 — a1, by—bi, c1— e, bQHCIfbgcl_p, Co > Ca, dr—>czlodcl_p.

After relations (33), it coincides with the inner automorphism associated to
the element ¢f'cd € I's. Thus, in this case, 8(G¢) C ker(x) which is trivial.
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