The period function of quadratic centers
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Abstract. In this paper we investigate the bifurcation diagram of the period function associated to a
family of quadratic centers, namely the dehomogenized Loud’s systems. The local bifurcation diagram
of the period function at the center is fully understood using the results of Chicone and Jacobs [4]. Most
of the present paper deals with the local bifurcation diagram at the polycycle that bounds the period
annulus of the center. The techniques that we use here are different from the ones in [4] because, while
the period function extends analytically at the center, it has no smooth extension to the polycycle. At
best one can hope that it has some asymptotic expansion. Another major difficulty is that in order to
prove that a parameter is not a bifurcation value it is necessary that the asymptotic development is
uniform with respect to the parameters. We study also the bifurcations in the interior of the period
annulus and we show that there exist three germs of curves in the parameter space that correspond
to this type of bifurcation. Moreover we determine some regions in the parameter space for which the
corresponding period function has at least one or two critical periods. Finally we propose a complete
conjectural bifurcation diagram of the period function of the dehomogenized Loud’s systems. Our results
can also be viewed as a contribution to the proof of Chicone’s conjecture [2].

1 Introduction and main results

In this work we study the bifurcation diagram of the period function associated to a family of quadratic
centers. Chicone [2] has conjectured that if a quadratic system has a center with a period function which is
not monotonic then, by an affine transformation and a constant rescaling of time, it can be brought to the
Loud normal form
(1) { & = —y + Buay,

y=x+ Dx? 4+ Fy?,
and that the period function of these centers has at most two critical periods. In fact, there is much analytic
evidence that the conjecture is true (see [5, 14, 18] for instance). On the other hand, it is proved in [7] that
if B = 0 then the period function of the center at the origin of system (1) is monotonous. So, from the
point of view of the study of the period function, the most interesting stratum of quadratic centers is the
family (1) with B # 0, which can be brought to B = 1 by means of a rescaling, i.e., to

2) T = —y+xy,
¥ =x+ Dx? 4+ Fy?.
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Figure 1: Numerical bifurcation diagram by Chicone and Jacobs.

This is precisely the family of quadratic centers that we study in this paper and, following the terminology
in [4], we call them dehomogenized Loud’s systems. Compactifying R? to the Poincaré disc, the boundary
of the period annulus of the center has two connected components, the center itself and a polycycle. We
call them respectively the inner and outer boundary of the period annulus. It follows (see Lemma 2.7) that
the bifurcation diagram of the period function consists of three parts:

(a) Bifurcations of the period function at the inner boundary (i.e., the center).
(b) Bifurcations of the period function at the outer boundary (i.e., the polycycle).

(c) Bifurcations of the period function in the interior of the period annulus.

For the precise definitions see section 2. The local bifurcation diagram of the period function at the inner
boundary is fully understood for the quadratic centers using the results of Chicone and Jacobs [4]. They
determined the parameter values from which the maximal number (two) of critical periods bifurcate from
the inner boundary and showed that at most one critical period bifurcates from the isochronous centers.
Around 1990, Chicone and Jacobs made public a numerical computation of the complete bifurcation diagram
(see Figure 1). It presents a strange ellipse-like figure corresponding to the bifurcation parameters of the
period function at the outer boundary. The major part of this paper is devoted to the precise determination
of this set.

Consider the dotted curve I'y and the one in bold I'p represented in Figure 2 (here the subscripts B
and U stand for bifurcation and unspecified respectively). The curve I'yy corresponds, except for the segment
(—1,—1/2)x{1/2}, to bifurcations of the phase portrait that affect the outer boundary of the period annulus
(see section 3.1). The curve I'p is the union of some explicit straight segments and a curve that joins the
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Figure 2: Bifurcation diagram of the period function at the outer boundary

points (—3/2,3/2) and (—1/2,1). To be more precise, let us advance that this curve is defined as the zero
level set of an explicit function that we introduce in section 3.2.1. To draw it in Figure 2 we have computed
it numerically. Analytically, among other properties that are gathered in Proposition 3.11, we have proved
that it is the graphic of an analytic function D = G(F'). From Proposition 3.11 it follows in particular
that I'p is a Jordan curve. We can consider therefore the bounded and unbounded components of R? \ I'p,
which we denote by Dp and Zp (for decreasing and increasing) respectively. With this notation we can now
state our main result:

Theorem A. Denoting p = (D, F), let {X,, p € R?} be the family of vector fields in (2) and consider the
period function of the center at the origin. Then the open set R? \ {T'p UTy} corresponds to local reqular
values of the period function at the outer boundary of the period annulus. In addition,

a) If no € I \ 'y then the period function of X,,, is monotonous increasing near the outer boundary.
M Ho g Y

(b) If no € Dp \ 'y then the period function of X, is monotonous decreasing near the outer boundary.

Finally, the parameters in I'g are local bifurcation values of the period function at the outer boundary of the
period annulus.

We have not determined the character of the parameters in I';;. We conjecture that they are not bifurca-
tion values at the outer boundary except for the the segment {0} x [0,1/2]. The numerical picture of Chicone
and Jacobs fits relatively well with the bifurcation curve I'g. There are however some striking differences.
In particular, unlike the numerical picture, most parts of the bifurcation curve are straight segments.

One encounters two major difficulties in the study of the bifurcation diagram of the period function at the
outer boundary of the period annulus. The first one is that, contrary to the situation in the inner boundary,
the period function does not extend smoothly on the outer boundary. At best one can hope that it has some
asymptotic development. The second one is that in order to prove that a parameter is not a bifurcation



value one needs an asymptotic development which is uniform with respect to the parameters. This is not
easily achieved because the shape of the polycycle in the outer boundary changes as the parameters vary.

The paper is organized in the following way. In section 2 we introduce the precise definitions that we
shall use. Section 3 is devoted to the proof of Theorem A. In all the cases that we study (see Figure 3), the
polycycle in the outer boundary of the period annulus has one or two singular points, which are saddles.
In these cases, the symmetry of the Loud’s systems allows to split up the period function and to consider
only the time function associated to the passage around one saddle. The most complicated situations are
those in which the period annulus is unbounded because then the saddle is at infinity and one has to
consider meromorphic vector fields. In order to obtain the asymptotic development mentioned above we
use a result proved in [11], which provides the first terms in the expansion of this type of time function (see
Proposition 3.9). Theorem 3.3 deals with this situation and so it is the most difficult result to prove. In
section 4 we study the bifurcations of the period function in the interior of the period annulus and we show
that there exist three germs of curves with this type of bifurcation values. Next, in section 5, we determine
some regions in the parameter space for which the corresponding period function has at least one or two
critical periods. Finally in section 6 we propose a complete conjectural bifurcation diagram of the period
function of the dehomogenized Loud’s systems. We also pose some precise open questions remaining to
prove its validity. In particular, for certain values of the parameters, the polycycle in the outer boundary of
the period annulus has singular points at infinity that are resonant saddles or saddle-nodes. In these cases,
tools analogous to Proposition 3.9 still have to be developed. The global study of the bifurcation values of
the period function in the interior of the period annulus seems out of reach for the moment.

Acknowledgments: The authors thank Carmen Chicone and Marc Jacobs for kindly contributing their
unpublished numerical bifurcation diagram (Figure 1) and for their interest in our work. Discussions with
Robert Roussarie helped us to clarify some ideas. We also thank André Zegeling who gave us some initial
information when we started working on the subject.

2 Basic definitions

We say that a critical point p of a planar differential system is a center if it has a punctured neighbourhood
that consists entirely of periodic orbits surrounding p. The largest punctured neighbourhood with this
property is called the period annulus of the center and it will be denoted by P. Compactifying R? to the
Poincaré disc, the boundary of P has two connected components, the center itself and a polycycle. We call
them respectively the inner and outer boundary of P.

Definition 2.1 Let A be an open subset of R™ and consider a continuous family of analytic planar vector
fields {X,,, 4 € A}. Suppose that, for each u € A, X,, has a center at p, € R?. We say that the family
of corresponding period annuli varies continuously if there exists a continuous family of analytic functions
{&, : u € A} such that, for each p € A, €,: [0,1] — RP? verifies:

(a) &.(0) =p, and £, (1) belongs to the outer boundary of P,,,
(b) &u(s) € Py for all s € (0,1),
(c) &,(s) is transverse to X, (£,(s)) for all s € (0,1).

O

Note that £, is the parametrization of a transverse section for X, in P,. In general, for each fixed p € A,
it is always possible to take such a transverse section. Definition 2.1 requires the existence of one that varies
continuously with the parameter. As we will see in section 3.1, the period annuli of the family that we study
vary continuously. Next remark shows however that this does not always occur.



Remark 2.2 The period annuli of the center at the origin of the 1-parameter family of potential systems

r= -y,
Y =2x+axd + 25,

do not vary continuously. Indeed, it is easy to show that, for a < 2, the period annulus P, is the whole
plane, while for a > 2 there exists a positive constant 7 (not depending on a) such that P, is inside a disk
of radius 7. 0

Let {X,, p € A} be a continuous family of analytic vector fields with a center p,. Assume that the
corresponding period annuli vary continuously and consider the family of transverse sections parametrized
by {{., p € A}. For each (s; ) € (0,1) XA, we denote the period of the periodic orbit of X, passing through
the point ,(s) by P.(s). We say then that P, is a parametrization of the period function of X,. Note
that P, is an analytic function on (0, 1). In order to study the qualitative properties of the period function
we consider Z,(s) = P/ (s), which is a function defined on (0,1) for all 4 € A. The following definition deals

with a slightly more general situation, but it will be clear in a moment the convenience for this.

Definition 2.3 Let {I,, 1 € A} be a continuous family of intervals in R and consider a continuous family
of functions {Z,,: I,, — R, u € A}. We say that py € A is a regular value of the family {Z,,, i € A} if there
exist a neighbourhood U of yo and an isotopy {h,: I,, — I,,,, p € U}, with h,, = id, such that

(3) sgn (Z,As)) = sgn (ZMO (hu(s)))
for all s € I, and p € U. A parameter po which is not regular is called a bifurcation value. g

Note that the domain of definition of Z,, depends on p. To be more precise, by a continuous family of
functions we mean with respect to the induced topology on U,eal, x{p} as a subset of R x A.

Definition 2.4 Let {X,, © € A} be a continuous family of analytic vector fields with a center p, and
assume that the corresponding period annuli vary continuously.

(a) We say that puo € A is a reqular (respectively, bifurcation) value of the period function if for some
parametrization of the period function P, we have that pg is a regular (respectively, bifurcation) value
of the family {P): (0,1) — R, u € A}.

b) We say that pug € A is a local reqular value of the period function in the interior if there exists some
1
parametrization of the period function P, such that for any ¢ € (0, 1) there exists a continuously varying
neighbourhood 1,,(c) of ¢ in (0, 1) such that y is a regular value of the family {P},: I,,(c) — R, p € A}.
A parameter which is not a local regular value in the interior is called a local bifurcation value in the
interior.

(¢c) We say that ug € A is a local regular value of the period function at the inner (respectively, outer)
boundary if for some parametrization of the period function P, there exists a continuously varying
neighbourhood I,,(c) of ¢ = 0 (respectively, ¢ = 1) such that po is a regular value of the family
{P,: 1,(c)N(0,1) — R, pp € A}. A parameter which is not a local regular value at the inner (respec-
tively, outer) boundary is called a local bifurcation value at the inner (respectively, outer) boundary.

(d) We say that the period function of X, is monotonous increasing (respectively, decreasing) at the inner
boundary if for some parametrization of the period function P, there exists € > 0 such that P/LO(s) >0
(vespectively, P, (s) < 0) for all s € (0,¢). The monotonicity in the outer boundary is defined exactly
the same way using (1 — ¢, 1) instead of (0, ¢).
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Remark 2.5 In the above definitions one can replace “some parametrization” by “any parametrization”.
Indeed, assume for instance that po € A is a regular value using P, and consider another parametrization,

m
mapping from the transverse section given by &, to the one given by &,. Now, taking P,(s) = P, (7.(s))

say ISM. Then, following the notation of Definition 2.3, take h, 1= 7, °~hu o 771 where 7, is the Poincaré

and T/i(s) > 0 into account, it is easy to verify that pg is a regular value using P,. O

Remark 2.6 There are two situations in which it is very easy to decide whether a parameter u is a local
regular value or not:

(a) If any neighbourhood of p contains two parameters p14 and p— such that X, and X, have different
monotonicity at the inner (respectively, outer) boundary, then ug is a local bifurcation value at the
inner (respectively, outer) boundary.

(b) If for some parametrization of the period function P, there exists a neighbourhood U of py and € > 0
such that P (s) # 0 for all u € U and s € (0,¢) (respectively, s € (1 —¢,1)), then po is a local regular
value in the inner (respectively, outer) boundary.

0

Lemma 2.7. Let {X,,, p € A} be a continuous family of analytic vector fields with a center p,, and assume
that the corresponding period annuli vary continuously. Then the bifurcation diagram of the period function
is the union of the local bifurcation diagrams at the inner and outer boundary and in the interior.

Proof. It is obvious that a regular value is a local regular at the inner and outer boundary and in the interior.
Let us prove the converse. Let g € A be a local regular value at the inner boundary, the outer boundary and
the interior. Note that by Remark 2.5 we can assume that we use the same parametrization, say P,, of the
period function. By the local regularity at the inner and outer boundary, there is a neighbourhood U of pg
and continuously varying neighbourhoods I,(0) and I, (1), of the inner and outer boundary respectively,
on which an isotopy h, as in the Definition 2.3 exists for Z, = PL. By analyticity, P;/m (s) has at most a
finite number of zeros, say c1,..., ¢, in an open neighbourhood J of (0,1) \ (Z,(0) U I,(1)). Using the
local regularity of g in the interior, for each i = 1,2,...,k, there exists a continuously varying closed
interval I,,(c¢;) containing ¢; and an isotopy h, such that the equality (3) holds for all s € I,,(¢;) and p € U.
Reducing U and each I,,(c;) if necessary, we can assume in addition that I,(c1),...,I.(cx) are pairwise
disjoint and that
k
Pi(s) #0 forse J\ ( _Ul I.(c;)) and p € U.
i=
On the other hand, reducing also I,,(0) and I,,(1) if necessary, we can assume that I,,(c1),...,I,(ck) do not
intersect 1,,(0) and I,,(1) neither. It remains therefore to define the isotopy in a finite disjoint union of open

intervals. In each of these intervals we define it as an affine map whose values at the endpoints are already
defined. [ |

The above result shows that if P, varies continuously, then in order to obtain the bifurcation diagram
it is enough to study the three possible types of local bifurcations given in (b) and (¢) of Definition 2.4.
However, dealing with a family of centers such that the period annuli do not vary continuously, it may occur
that some bifurcation does not correspond to any of these three types. In fact this is the case of the period
function of the centers in Remark 2.2 (see [12] for details).

As we already mention, the local bifurcation diagram at the inner boundary is fully understood for the
quadratic centers (see section 4) thanks to the results of Chicone and Jacobs [4]. Let us point out that their



definition of bifurcation value at the inner boundary is not equivalent to ours. Their definition allows to
describe better the bifurcation, but its usefulness is strongly based on the fact that the period function of
a nondegenerate center can be extended analytically to the inner boundary. In general this is not possible
in the outer boundary, which is the case that we study. We want, on the other hand, a unified definition
for both boundaries because otherwise a result as Lemma 2.7 is very difficult to obtain. This is the reason
why we use here a different definition. We point out however that, for the quadratic centers, the bifurcation
values at the inner boundary are the same with both definitions (see Remark 4.2).

3 Bifurcation at the outer boundary

This section is devoted to the proof of Theorem A and it is divided into four subsections. In the first one
we study the phase portrait of the dehomogenized Loud’s systems and we focus on the shape of the period
annulus of the center at the origin. In brief, we show that, apart from a parameter subset which consists
of some straight lines, there are four different types of period annuli. We turn then to the study of the
period function in each situation. We consider the two cases in which the period annulus is unbounded
in section 3.2, and the two cases in which it is bounded in section 3.3. Finally in section 3.4 we prove
Theorem A.

3.1 Study of the phase portrait

In the sequel, setting p = (D, F'), we shall denote by {X,,, ;r € R?} the family of vector fields corresponding
to the dehomogenized Loud’s systems, i.e.,

X,=y(l—x)0; + (x + Dz? + Fyz)ay.

For each value of p, the vector field X, has a center at the origin, whose period function is our object of
study. In order to do this, we need to determine the period annulus P, of X, as well as its outer boundary,
which is a polycycle in some compactification of R2. Usually, one takes the Poincaré disk but, for the sake of
simplicity in the computations, we will use instead the real projective plane RP?. We consider RP? covered

by the charts (z,y), (u,v) = ( L ) and (¢,w) = (1_7’”, i) The expressions of X, in (u,v) and ({,w)

l-2z’1—x

coordinates are given respectively by

X, (u,v) :% (—uv@u + (—u+u®+D(u—1)>+ (F - 1)1}2)&,)
Xu(Gw) :5 (((1 — F)¢+ D¢ + (D + 1)¢w? — (2D + 1)w(?) 0,
tw(—F = (w=0(D+1)w— DC))&w).

It is easy to check (see [17] for instance) that if F' ¢ {0,1, 3} then the vector field X,, has a Darboux type
first integral given by

(4) Hy(z,y) = (1—2)72" (534° = qu(@)),
where g, (z) = a(p)z? + b(u)z + c(p) with

D  D-F+1 F-D-1

(5) a(p):= A=) b(p):= (I—F)(1—2F) and () 1= 2F(1— F)(1—2F)

The line at infinity Lo, (with respect to the (z,y)-coordinates), the conic C,, := {3 y* — g,(z) = 0} and
the line L;:= {& = 1} are invariant curves of X,,. The determinant associated to the conic C = C,,, which



coincides with the discriminant of ¢, (x), is given by

(D+ F)(D+1-F)

A= T area - r

Thus, we can see that C degenerates into two lines when (D + F)(D+1—F) = 0. Indeed, it is easy to check
that the conic C splits into two real lines when F' = —D and D ¢ [—1,0]. On the other hand, if F =D +1
(respectively, F' = —D € (0, 1)), then the conic C becomes two complex conjugated lines having the center
(z,y) = (0,0) (respectively, (z,y) = (—1/D,0)) as the unique real common point. In the other cases the
affine type of C can be determined by the sign of A and a in the following way:

If a < 0 and A < 0 then the conic C has no real points.
- If a < 0 and A > 0 then the conic C is an ellipse.

- If @ > 0 then the conic C is a hyperbola and we have two subcases depending on the sign of A. If
A > 0 then C cuts the z-axis in two points which will be denoted in the sequel by p; and ps with
p1 < p2. If A < 0 then the hyperbola C has no common point with {y = 0}.

- If a = 0 then the conic C is a parabola (this only occurs when D = 0).

It is well-known that every quadratic system has seven singularities (in the projective complex domain and
counting multiplicities). Taking the pairwise intersections of the invariant curves Li, Lo, and C we obtain
five singular points. Moreover, apart from the center at the origin (z,y) = (0,0), we have the singular point
[—1,0, D], which in general does not lye on none of the invariant curves Ly, Ly, or C. Now we proceed to
study in some detail each singular point of X :

The two points L1 NC = {[1, £/ M ,1]} are real when (D + 1)F < 0. The linear part of X, at

these points has eigenvalues A\y = £2F/ — DH) and Ao = £4/ 7(D+1

- The two points Lo, NC = {[1, +,/25,0]} are real when (1 —F)D > 0. Working in (u, v)-coordinates,
the linear part of uX, at these points has eigenvalues \; = 2D,/ % and Ay = F/ %.

At the point Ly N Ly, = [0, 1,0] the linear part of wX,, has eigenvalues \y = —F and Ay =1 — F.

At the point [—1,0, D], with D # 0, the linear part of X, has eigenvalues \; = £4/1 + %.

Figure 3 shows the bifurcation diagram of the phase portrait of the dehomogenized Loud’s systems. It is
important to note that in each phase portrait we place the center (0,0) on the left of the centered invariant
line L; = {z = 1}. In addition the conic C appears in boldface type when it is relevant. We will describe
next in brief all the bifurcations occurring in this diagram:

- Along D = —1 there is a collapse of the three singularities L; N C and [—1,0, D]. We point out that
if ' > 1 then this bifurcation does not affect the period annulus.

- The bifurcation at D = 0 occurs when the three singularities Lo, N C and [—1,0, D] collapse. This
bifurcation always affects the period annulus.

- The bifurcations at F' = 0 and F' = 1 can also be easily described. Indeed, the three singular points
LiN Ly and L1 NC collapse giving raise to a saddle-node at infinity, whose strong separatrix is on L,
when F'= 0 and on L; when F' = 1. Note that these bifurcations only affect the period annulus when
D e [-1,0].



- Along F' 4+ D = 0 the conic C degenerates, but this does not affect the outer boundary of the period
annulus if F' € (0,1).

- Along F' = D + 1 the conic C also degenerates, but this never affects the period annulus.

- Finally the bifurcation at F' = 1/2 is more subtle because there is no confluence of singularities. The
position of the conic depends on F > 1/2 or F' < 1/2 and it “explodes” to the limit set L1 U Ly, as F'
tends to 1/2. Note in addition that the singular point L; N Ly is a saddle for 0 < F < 1. In fact
it can be shown that this saddle is orbitally linearizable for F' # 1/2. In contrast, if F' = 1/2 then
the singular point Ly N Lo, (which belongs to the outer boundary of P, when D € [—1,0]) becomes
a resonant saddle with hyperbolicity ratio equal to one. Notice however that this bifurcation never
affects the structure of the outer boundary of the period annulus.

Remark 3.1 The discussion above shows that the bifurcations (in the structure) of the outer boundary of
the period annulus of the center at the origin occur only on the dotted curve in Figure 3. Let us point out
that we shall not study the period function corresponding to these parameters. O

Lemma 3.2. The family of period annuli of the center at the origin of the dehomogenized Loud’s systems
{X,., p € R} waries continuously.

Proof. Let (b(u),O) be the intersection point of the outer boundary of P,, with the positive z-axis (see
Figure 3). This provides us a natural parametrization for P,. Indeed, notice that b(x) depends continuously
on x and that X, is transverse to the segment {(z,0) : 0 < z < b(u)} for all y € R?. It suffices therefore to
consider &, : [0,1] — R? defined by means of &,,(s):= (b(u)s,0). [ |

As we already mentioned, in order to study the behaviour of the period function near the outer boundary
of the period annulus we must treat separately the four different types of polycycle that bound it. We gather
them in two sections according to wether the period annulus (considered as a subset of R?) is bounded or
not. In section 3.2 we deal with the unbounded case, which is divided in two subcases: subsection 3.2.1
corresponds to period annuli with the outer boundary contained in C U L, and subsection 3.2.2 to period
annuli with the outer boundary contained in L; U Ly,. As a matter of fact this last case was already treated
in [11] and here, for the sake of completeness, we only recall the result that we obtained. Finally, section 3.3
deals with the cases in which the period annulus is bounded. From Figure 3 it follows that there are two
possibilities for the polycycle in the outer boundary, namely, a saddle loop or a bicycle.

3.2 Unbounded period annulus
3.2.1 Thecase F>1, F+D >0 and D < 0.

In this subsection we study the period function of the center at the origin of X, in case that the parameter u
belongs to
U={(D,F)eR*:F>1, F+D>0and D <0}.

We shall prove the existence of a curve I'y such that setting I's = U N {F = 2} then the following holds:
Theorem 3.3. Let {X,, n € R?} be the family of vector fields in (2) and consider the period function of
the center at the origin. Then the open set U \ {I'y UT2} corresponds to local reqular values of the period

function at the outer boundary of the period annulus. Moreover, for these parameters, the period function
is monotonous near the outer boundary and the corresponding character is shown in Figure 4.

To be more precise, let us advance that I'; is the zero level set of an explicit function which is given
in (28), see page 22. In order to draw I'; in Figure 4 we have computed it numerically. Analytically, among
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Figure 3: Phase portraits of the dehomogenized Loud’s systems.

other properties that are gathered in Proposition 3.11, we have proved that I'; is the graphic of an analytic
function D = G(F).

In order to prove Theorem 3.3 we shall study the asymptotic development of the period function near
the outer boundary of P,,. For the parameter values under consideration (see Figure 3), recall that the outer
boundary of the period annulus of the center is made up of the line at infinity and a branch of the conic
C. = {3 y* — qu(z) = 0}, where g,(z) = az? 4 bz + ¢ with the coefficients a, b, ¢ defined in (5). For p € U,
the conic has two different intersection points with y = 0, namely

—b—Vb% — dac _ —b+Vb? —4ac

= d :
p1 % and ps %

which one can verify that 0 < p; < ps and p; < 1. Notice in particular that (p1,0) belongs to the outer
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Figure 4: Monotonicity of the period function at the outer boundary of P,,.

boundary of the period annulus. Since one can check that X,, is transverse to {(z,0) : 0 < = < p1}, we
have a global parametrization of the set of periodic orbits in P,. Thus, for (s, ) € (0,p1) x U, we denote
by P(s; i) the period of the periodic orbit of X,, passing through the point (p; — s,0).

Notice that one can easily normalize P(s; ) to obtain a parametrization of the period function defined
for s € (0,1) and so that the inner and outer boundary correspond to s ~ 0 and s & 1 respectively. However
for convenience in the computations we prefer to use the previous one instead, for which we stress that the
outer boundary corresponds to s = 0.

Theorem 3.3 follows almost directly from Theorem 3.6, which gives the first nontrivial term of the
asymptotic development of Pg(s;u) at s = 0. In its statement we use the following definitions:

Definition 3.4 Let W be an open subset of R™. We denote by Z(W) the set of germs of analytic functions
h(s; ) defined on (0,¢) x W for some ¢ > 0 such that

lim h(s;pu) =0 and lim s Ohts: 1)

s—0 s—0 S

=0

uniformly (on u) on every compact subset of W.

Let us also denote by Zo(W) the set of germs of analytic functions h(s; p) defined on (—¢,e) x W for
some ¢ > 0 such that h(0; 1) = 0. Note therefore that Zo(W) C Z(W). O

Definition 3.5 The function defined for s > 0 and a € R by means of

|

ifa#1
. _ a—1 1 )
w(s; ) { log s if =1,

is called the Roussarie-Fcalle compensator. O

Let us define in addition 1

M) = m

and introduce the covering of the parameter space U given by the open subsets

(6) Uy={pelU:F<3/2}, Uy={pueU:F>3/2} andUs:={pneU:5/4< F <2},
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which one can verify that correspond respectively to A(u) > 1, AM(u) <1 and 1/2 < A(p) < 2.

Now, with the definitions and notation introduced above, we prove the following:

Theorem 3.6. Denote

Ao(p) =

2v/2 2a+b—Vb2 —4ac
————— arctanh .
va+b+c 2\/a(a+b+c)

Then the following holds:

(a) If p € Uy then P(s;u) = Ao(p) + A1(p)s + sfi(s;p), where f1 € Z(Uy) and

o —1/\/% _ L _ 1—p2 _ 1+% _ du
M) = G =) {2 /0 (u (1—101 t 1)+1> 1) (1—u)3/2}'

(b) If u € Uy then P(s;u) = Ao(p) + Aa(p)s* + s fa(s; 1), where fo € Z(Us) and

1
AQ(M) _ 2_7T A (p2 _pl))\ F (2(1_F))
- _ 2241 _ :
Va (1—pp) F<25:721))

>

(¢) If uw € Us then P(s;p) = Do) +As(p)sw(s; A)+Aq(p)s+sfs(s; p), where fs € Z(Us) and the functions
As(p) and Ag(p) are analytic on Us. Furthermore, if A(po) =1 then

Asz(po) = —%~

Notice that, in the Poincaré disc, the outer boundary of the P, is a polycycle with two hyperbolic saddles
located at infinity (see Figure 3 in page 10). In addition, taking advantage of the symmetry of the Loud’s
family with respect to the z-axes, in order to prove Theorem 3.6 it is enough to study half of the period.
Consequently we must only study the time function associated to the passage through one of these saddles.
To this end we shall use a result which appears in [11]. In that paper, given an analytic family of vector
fields in R? having a saddle point, we studied the asymptotic development of the time function along the
union of two separatrices. Next, for the sake of completeness, we state this result (see Proposition 3.9) and
we explain the related definitions.

Let W be an open set of R™ and let {)?M, @ € W} be an analytic family of vector fields defined on
some open set V of R%2. Assume that each vector field X . has a hyperbolic saddle p, as the unique critical
point inside V. In this situation it is well known that there exist exactly two analytic transverse invariant
curves S, and 7, the stable and unstable manifolds, passing through p, (depending also analytically on
). We consider an analytic family of meromorphic vector fields X,, proportional to X » With a pole of order
n > 0 along 7,. We can take a coordinate system (u,v,u) on V x W C R*™™ such that p, = (0,0, u),
Sy ={(u,v,p) : w=0} and 7, = {(u,v, p) : v = 0}. In these coordinates the family {X,, u € W} can be
written as

(7) X, (u,v) = vin(uP(u,v;u)au + vQ(u, v; 1)),

where P and @ are analytic functions such that P(u,0; ) > 0 and Q(0,v; 1) < 0 for any (0,v, 1) € S, and
(4,0, n) € 7,,. Moreover, by hypothesis, we have that



Figure 5: Definition of T and R in Proposition 3.9.

The family {X,,, p € W} can be thought of as a single vector field X defined on V x W C R**™ whose
trajectories are contained inside the submanifolds { = const}. Let o0 : IxW — X, and 7: I x W — X,
be two analytic transverse sections to X defined by

o(s;p) = (01(s; ), 02(8; ); 1) and 7(s; ) = (71(85 1), 7285 )3 1)
such that o(0; u) € Sy, and 7(0; ) € 7,,. Here I denotes a small interval of R containing 0.

We denote the Dulac and time mappings between the transverse sections ¥, and ¥, by R and T
respectively. More precisely (see Figure 5), if @(t, (up, vo); ,u) is the solution of X, passing through (uo,vo)
at t =0, for each s > 0 we define R(s; i) and T'(s; ) by means of the relation

(8) o(T(s;11),0(s); 1) = 7(R(s; ).

Definition 3.7 We will say that {X,,, u € W} verifies the family linearization property (FLP in short) if
there exist an open set U C R? containing the origin and an analytic local diffeomorphism ® : U x W —
V x W of the form ®(z,y; 1) = (z + h.o.t.,y + h.o.t., u) such that

1
X, =0, ( ——— (20, — \M(n)yo ),
g <f(w,y;u) ( (1)99,)
where f is an analytic function on U x W. ]

Remark 3.8 It is easy to show that the family of meromorphic vector fields {X,,, u € W} defined in (7)
verifies FLP if it has a Darboux first integral

Hu(xay) = fl(xv%ﬂ)ﬁl(#) U fk)(x7ymu)ﬁk(u)7
where f; and 3; are analytic functions on V' x W and W respectively.

Recall that H,,(z,y) = (1—2) 2 (5 y*—qu(2)) is a Darboux first integral for X, if F(F—1)(2F —1) # 0,
so the FLP is verified in these cases. ]

In order to simplify the expressions that appear in the statement of the next result we introduce the

functions
“(P0,y) 1) dy
L(u;p):=ex / ( +-) =2,
(i k) p( o \QO,y)  A) y

won-co [ (325)%)
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and the covering of the parameter space W given by the open subsets

1 1 1 2
W12:{MEW:)\>—},WQZZ{MEWZ)\<—} andW3::{,u€W —— <A< = }
n n n+1 n
Proposition 3.9. Let {X,, u € W} be the family of vector fields defined in (7) and assume that it verifies

FLP. Let R and T be respectively the Dulac map and the time function associated to the transverse sections
Y, and X, as introduced in (8). Denote

a1 (0)*o2(0) 0 gnt
/

HOmp HOM(m(0) and AO(M):/ A

plu) = D) 2(0) Q(0,v)

Then R(s;p) = p(u)s* + s fo(s;p) with fo € T(W). In addition, the time function T(s;u) verifies the
following:

(a) If pw € Wy then T'(s; ) = Ao(p) + Ar(p)s + sf1(s; ), where fr € Z(Wy) and

Ai(p) = —

73(0)o2(0)" " oo (0V1/A 720 Q,,(0,v) L(v)v" /> dv
(0)02(0) / g4

QU,m() 7

(b) If u € Wy then T(s; ) = Ao(p) + Aa(p)s ™ + s M fo(s; ), where fo € Z(Ws) and
_ ! n n an ) 71 (0)—An ) M(u)n _ M(O)n du
As(p) = 01(0)™"02(0)"L(0) {—nQ(0,0) "‘/0 <P(u, 0) P(0,0)) I+l } :

(¢) If w € W3 then T(s;u) = Ao(p) + Asz(p)sw(s; An) + Ag(p)s + sfs(s; ), where f3 € T(W3) and the
functions As(p) and Ag(p) are analytic on Ws. Furthermore, if AM(po) = 1/n then

Qu(0,0)
P(0,0)2"

As(po) = —no1(0)a2(0)"L(0)

Proposition 3.9 constitutes the main ingredient in the proof of Theorem 3.6. However, in order to apply
it we must first perform a change of coordinates that sends each separatrix of the saddle at infinity to a
straight line. This will raise some technical complications because the coordinate transformation that we
use is singular and it creates a line of critical points. To bypass this problem we will have to split up the
time function and to introduce an additional parameter associated to the new transverse sections. This
makes the proof more complicated than one could expect. In particular we shall need the following result
to study the remainder terms. Its proof can be found in [11] and, for the sake of brevity, in the statement
we denote Z(W) and Zo(W) by Z and Zy respectively (see Definition 3.4).

Lemma 3.10. Assume that a(p), k() and r(p) are positive analytic functions.

(a) If g(s; ) and f(s;p) belong to Ty and T respectively then gof € T.

(b) If f(s; ) belongs to T (resp. To) and p:= s"(a + f) then s¥o @ — a¥s*" belongs to s*"T (resp. s*"Iy).

) 1f 9(
) If £(
(¢) If f(s;u) and g(s;u) belong to T and @:= s"(a + f) then (s¥g)o ¢ belongs to s*"T.
(d) If g(s;p) belongs to Iy then gw(s;r) € I.

) 1f 9(

(e) If g(s;p) belongs to Iy then (sw(s;r))o(s(a+ g)) = a”sw(s;r) + aw(a;r)s + ¥ with U € sZ.
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L((fc),y)

{3v* - au(x) =0}

Figure 6: Auxiliary transverse sections.

Proof of Theorem 3.6 Note first that, since the transformation (z,y,t) — (x,—y, —t) preserves the
Loud normal form, it is enough to study half of the period. More concretely, denoting the solution of X,
passing through (zg,y0) at t = 0 by ¢(t, (z0,y0); 1), for each s € (0, p1) we define T(s; 1) as the minimum
positive number so that ¢a (T (s; ), (p1 — s,0); 1) = 0.

Thus we only need to obtain the coefficients of the asymptotic development of T'(s; u) at s = 0, which
involves only one passage through a saddle at infinity. Clearly the coefficients of P(s; i) at s = 0 will follow
then using that P(s;p) = 27 (s; ).

Notice now (see Figure 6) that T'(s;u) is the time function associated to the transverse sections ¥, and
¥, which are given respectively by a'(s) = (p1 — 5,0) and a?(s) = (—1/s,0). In order to study T'(s; u)
we introduce two auxiliary transverse sections, say X7 and 37, on the straight line y = n(p2 — ), where
n € (0,e). To this end, let (z,,n(p2 — z,,)) be the intersection point between this straight line and the
hyperbola {1 y* — ¢, (z) = 0}. We parametrize X7 and -] by

Ty 2(¢) —
ay(s) = (zy — 5,0 (p2 — zy +5)) and a;(s) = (~1/s,n (p2 +1/5))
respectively. Let us denote the time function between ¥; and X7 by T4 (s; i, ), the one between X7 and X
by Ta(s; p1,m), and the one between X7 and g by T5(s; 1, 7). Then

T(s;p) =T1(s;p,m) + To(Ra(s; p,m); p,m) + T3 (Ra(s; o m); o m),

where R (s; u,7) is the Poincaré mapping between X7 and X7 and Ra(s; u,n) is the one between ¥ and 7.

It is well known that 77, T5 and R; can be extended analytically to s = 0, and it is also clear that they
are analytical for (u,n) € Ux (—¢,¢). Hence

9) Ty (s511,m) = Dg(psm) + AL (p,m)s + sf1(s;1,m) with f1 € To(Ux (—¢,¢)),
(10) Ts(s; p1,m) = AY (1, m)s + s f3(s; ) with fs € Zo(Ux (—¢,¢)),
(11) Ru(s; ) = pr(p,m)s + sg1(s; p,1m) with g1 € Zo(U x (—¢,¢)).

Notice moreover that T3 (s; u,n) — 0, T3(s; u,n) — 0 and Ry (s; u,n) — s as n — 0. Therefore

(12) lim Ag (1) = lim A () = lim A3 (u,9) =0 and lim pq(p,7) = 1.
n—0 n—0 n—0 n—0
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{z +w=1-kn?}

Figure 7: Passage through the saddle at infinity in (z, w)-coordinates.

The asymptotic developments of T5 and Ry, which correspond to the passage through a saddle at infinity,
are more delicate. To obtain them we shall apply Proposition 3.9, and to this end we must first perform a
coordinate transformation that sends the separatrices of the saddle to straight lines. We thus consider the
singular change of variables given by

_ (2qu(x) —y® p2—p
(sou) = o)=Lt 2o,

Setting k1:= pa — p1 and ko:= 1/v/2a for the sake of shortness, some computations show that it brings (2)
to the system given by the vector field

1
X, = p <2P(z,w;u) 0, +wQ(z,w; p) 8w>,
where

P(z,w;p) = k%\/l —z—w (kl(F— D+ (p2 — 1)w)

and

Qawip) = VT (k1 + 2~ D).

One can verify (see Figure 7) that ¥, := ¢(X7]) and ¥, := ¢(X7) are in the straight line z + w = 1 — k3n?.
We parameterize them with the transferred parameterizations of X7 and 7. More concretely, we consider

. L ( s(1—k3n?)? ki(1— k3n?)

and




Note therefore that Th(s;u,n) is precisely the time function between ¥, and X, and that, on the
other hand, the vector field X, is meromorphic on the region under consideration. (We point out that
Proposition 3.9 can not be applied to compute T'(s; 1) directly because ¢(X1) and ¢(X2) are in the straight
line z + w = 1 and the vector field X, is not meromorphic there.) Moreover, since H,, (gb*l(z,w)) is a
Darboux first integral of X,,, from Remark 3.8 it follows that {X,, p € U} is a family of vector fields
verifying FLP. Consequently we can apply Proposition 3.9 to compute the asymptotic development of To
at s = 0. As a matter of fact, to be precise, since the transverse sections depend also on 7, we shall apply
it to the family {X(, ), (u,n) € U x (0,¢)}. Thus, following the notation of Proposition 3.9, since

Q0,0;p) 1
P0,0;p)  2(F—1)

Ap) = —

does not depend on 7, it turns out that W; = U; x (0, ¢) where
Up={peU:F<3/2}, Uy={peU:F>3/2} andUs={pecU:5/4<F <2}.

In addition we can assert that

(13) To(s; p1,m) = A%, m) + At (p,m)s + 3 (s; ) if p € Uy,
(14) To(s; ,m) = AG (1) + A3 (p,m)s™ + ™3 (s3 p1,m) if p € Us,
(15) To(s;p1,m) = AF (1, 1) + A3 (1, m)sw(s; A) + A3 (1, m)s + sf3 (s ) if p € Us,

where fi €T (U x (0,e ) Some computations show that

0 dw 0 ks dw
16 A2(p, :/’ ____:/ .
(16) o = | QO Sz Gr Dol VI—w

Let us compute next the coefficient A?(u,n). From Proposition 3.9 we know that it is given by

2 ___ 03(0) o (0o (V1A 720 Q.(0,w)L(w) dw
Al(ﬂvn)_ Q(0,0’Q(O)) + 1(0) 2(0) /0 Q(O,w)2 wl/)\'

One can verify that

o Q—pwtk ) Q:(0,w) ko
Lw) = (1 —p1 — k2n2(1 — p2)) and S0, we ~ 2= w)32 (1= py)w + ky)

Consequently, using also that

o5(0) (1 —k3n?)?
Q(0,02(0))  kin(1—p1 — k3n?(1 — p2))

it turns out that

(1 — k3n°)*"
k1 ’

and o/ (0)o2(0)/* =

—(1—k3n?)?
kin(1 —p1 — k3n2(1 — p2))

ka(1 = K3n®)>" R G(w)
ST 372 dw,
2k1 (1 —p1 — k3n2(1 —p2))~ Jo (1 -w)

(17) AR (1) =

where G(w):=w™/*((1 - p2)w + kl)QF_l. Let us turn now to the computation of AZ(u,n), which is given
by
0)—> nO M(z) M)\ dz
A2(1,m) = 0 (0 o5 (0)L(0)* | T / - :
2(:“’7"7) 01( ) 0.2( ) ( ) Q(0,0) + 0 P(Z,O) P(0,0) LA+
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In this case, since one can show that M(z) =1,

1 key (1 — k2n?) A 71(0)~* —ky
ot (0) o OL()/\—< ! 2 > and = ,
107200 = o T, R — ) Q0,00 ~ la(i— B

we conclude that

koki (1 — k3n?)2AF -1 L=k’ o dz
(18)  A(u,n) = 1=k F 1ik2“+)\/ ~1) or ¢
(1—p1—k%772(1—p2)) ( 5n?) 0 V1-—=z z
Concerning the coefficient A3(u,n), we know that if A(p) = 1 then

Q:(0,0)
P(0,0)% "

A3 (p0,m) = —01(0)o2(0)L(0)

In our situation, using that A(ug) = 1 corresponds to F' = 3/2, some computations show that
—kiko(1 — Kk3n?)3
T
2(1—p1 — k3n>(1 — p2))

(19) A3 (ko) =

In order to study Ra(s;u,n) we will also use (z,w)-coordinates. Notice (see Figure 7) that, taking the
transferred parametrizations, it is precisely the Dulac map between ¢(X1) and ¢(X37). We point out that
¢(X1) is in the straight line z +w = 1. However, in this case, this is not a problem for our purpose. Indeed,
in order to study the Poincaré mapping we can apply Proposition 3.9 with the polynomial vector field

=~ w
Xy=——X
. Vi—z—w "

which provides the same foliation as X, and it is obviously analytic. So we can assert that
(20) Ro(s; 11, m) = p2(p,m)s™ + 8™ g2(s3 1 m),

where go € Z(U x (—¢,¢)) and po(p,n) is an analytic function on U x (—¢,¢). For values of y such that
A(p) = 1 we need more information about the remainder term in Ry. In fact, if 4 € Us then

(21) $*ga(s; 1,m) = sGa(s; p,m) with g2 € Z(Us x (—e¢,€)).

This fact does not follow from Proposition 3.9 but it is easy to show and so, for the sake of brevity, we do
not prove it here. As we shall see later on, we do not need the concrete expression of pa (1, 7). We shall only
use that it is convergent as n — 0 and this follows from its analyticity at n = 0.

We can now study the composition T (Ra(s; i1, n); i1, n). Thus, on account of (10) and (20), by applying
Lemma 3.10 we can assert that

(22) T3(Ra(s)) = A% p s* + s*hy with hy € Z(Ux (0,¢)).

In case that p € Us we must be sharper. Since f3 € Z (U>< (—6,8)), we have that f3 = sf;, where J/”;, is an
analytic function on s = 0. Hence, from (10) and (21), it follows that

Ts(Ra(s)) = Al(pas™ + 5G2) + (p25™ + 5G2) f3(p2s™ + 5G2)
= Aj(pas* + sG2) + 5(,028’\_1/2 + 81/2?2)2?3(028A + 352)-

Since A(pt) > 1/2 for u € Us, note that py s*~/2 belongs to Z(Usx (0,¢)). Consequently the expression above
shows that T3(Ra(s)) = Af pos* + shy with hy € Z(Usx (0,¢)). Hence, using that s* = (A —1)sw(s; A) + s,
we obtain

(23) T3(Ra(s)) = Af pa (A — 1)sw(s; A) + AT pas + shy with hy € Z(Usx (0,¢)).

18



We have now all the necessary ingredients to study T'(s; ). Let us consider first the case p € Uy. In this
case, from (11) and (13), by applying Lemma 3.10 we obtain

T5(Ri(s)) = Af + AF p15s+ shy with hy € Z(Ur x (0,¢)).
Therefore, taking (9) and (22) also into account, we get
T(s;p) = Ag+ A5 + (A + AT p1)s + s(ha + f1 + s 1AL p2 + 1)),
Then, using that A(ux) > 1 for pu € Uy, we conclude that
T(s; ) = Ao () + AF (1 m) + (A1 (1) + AT (1, m)p1(psm)) s + sha(s; p,m)
with hg € Z(Uy x (0,€)). At this point we stress that the coefficients

Ao(p):= Af(,n) + A (1,m) and Ay(p):= Af(p,n) + AT (1, m)p1 (11, )

depend only on i because T'(s; p) does not depend on 7. This proves in particular that hg € Z(U;). In order
to compute explicitly these coefficients we take advantage of (12). For the first one we get

Ao(p) = Tim (Ag(,m) + Ad(pm) = Timg Af(p, ).
Thus, by applying the Dominate Convergence Theorem to the expression of AZ(u,n) given in (16) we obtain

! ke dw V2 2a+b— Vb2 —4ac
Ao(p) = ( arctanh .
0

1—P2)w+k1\/1*w:\/a+b+c 2v/a(a+b+c)

The last equality above follows from direct integration and using the relation of po, k1 and ko with the
coefficients of g, (z) = az? + bz + c¢. On the other hand, taking (12) into account again,

A(p) = T (A1(m) + A3 mpa () = lm AT (e, n).

The computation of this limit is more delicate because A% (u,n), which is given in (17), contains two terms
that considered separately diverge as n — 0. To show that these divergences cancellate each other we
proceed as follows.

(1 — k2n?)?
AQ , — ( 2
) = = pr — 2P (1= o)
ko (1 — k2n2)2F 1—k 1=k G (w) — G(1
+ 2(1 = kyn’) = {26(1)— 21 +/ ng)dw
21 (1 p1 — K32(1 — p2) ko (1mw)
_ (1 - k3n*)? p oy (=B = k) (1 - pr)P
kin(1—p1 — k3021 — p2)) (1=p1 = k3n2(1 = p2))”"
ka1 — K30%)*" =R G w) - G(1)
oF 3/2 dw.
2%y (1= pr — k3n2(1 — p2))*" Jo (1-w)

Now, to compute the limit we apply L’Hopital’s rule to the first term and the Dominate Convergence
Theorem to the second one. It can be shown in this way that

ko ko ! G(w) — G(1)
|, e

A = lim AZ? =
1(/-]/) nino 1(/’6’77) kl(pl_l) + Zkl(l_pl)gp

_ k2 ' 1 (1=po 2t dw
‘2k1<p11>{2‘/0 <w (ispew-n+1) ‘1><1—w>3/2}’




and this concludes the proof of the assertion in (a).

Let us turn now to the case u € Us. In this case, from (11) and (14), by applying Lemma 3.10 we obtain
that
T5(R1(s)) = A + A3 p} 8™ + s hy with hy € Z(Uax (0,¢)).

The combination of (9) and (22) with the above expression shows that
T(s; 1) = Ag + AF + (AT po + A p1) s + 57 hs,

where hs:= hy + hg+s'7*(A] + f1) is a function that belongs to Z(Usx (0,¢)). This assertion follows from
using that (i) < 1 for p € U,. Note in addition that, since T'(s; ) and s**) do not depend on 7, the
coefficients

Ao(p) = Ag(p,m) + Ad(p,m) and Ag(p):= A% (1, n) pa(p.n) + A3(1,m) pr ()™

depend only on u. On the other hand, since pa(p,n) is analytic at = 0, from (12) it turns out that
Do) = lim, (230 m) p2 (1) + A3 () p1 (1, )*)) = Jim A ().

Thus, by applying the Dominate Convergence Theorem to the expression of AZ(u,n) given in (18), one can
easily show that

_% 1 1 B i_ . k‘gk’{\ )\\/%F(_/\)
A2(M)—(17p1)2>\F {)\/0 (m 1) 2At1 1}_ (1—p1)2AF INCEPY

The last equality above follows from direct integration. This proves (b).

Let us study finally the case p € Us. In this case, from (11) and (15), by applying Lemma 3.10 we obtain
Ty (Ri(s)) = AF + (AZ 1) sw(s; A) + (AF prw(pr; A) + Al pr) s + she
with hg € Z(Us x (0,¢)). Therefore, taking (9) and (23) also into account, we get
T(s; 1) = Ag + Af + (A3 p) + A pa(A — 1)) sw(s; A)
+ (A7 + A prw(pi; A) + Al pr + AT p2) s + shy,

where hy:= f1 + El + hg is a function that belongs to I(U3 x (0, 5)) On the other hand, since T'(s; 1) and
w(s; )\(,u)) depend only on u, the coefficients

Ao () :=Ag (1) + AF (1, m),
Az (1) :=A3 (1) pr () + A3 (1,m) p2(1e,m) (M) — 1)

and

Ag(p) =A% (1, n) + A3 (1, m) p1 (e, n)w (1 (1, m); A1)
+ AZ () prlpsm) + AT (1, m) p2(p,m)

do not depend on 7. This implies in particular that hz(s;u,n) does not depend on 7, and so we can assert
that h; € Z(Us). Finally, if we consider some p9 € Us such that A(ug) = 1, then Az(uo) = A%(o,n) p1(po,n)
and consequently, from (12),

Az(po) = hm A3(po,m) p1(po,m) = hm A3 (po,m).
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Thus, on account of (19), it follows that

kiko
2(pp —1)3°

This proves (c¢) and concludes the proof of the result. ]

Asz(po) =

It is clear that the sign of Ps(s; ) for small positive s determines the monotonicity of the period function
near the outer boundary of the period annulus. So we need to study the coefficients of the second monomial
in the asymptotic development given in Theorem 3.6. To this end we introduce the sets

Ty :={p el :A(p) =0},
(24) Ty:={p € Us : Ag(p) = 0},
Ts:={p € Us: Ag(p) =0 with A(u) = 1}.

One can easily verify that 'y = {u € Uy : F' = 2} and that I's is empty. Figure 4 shows the set I'; computed
numerically. We are now in position to prove the main result of this subsection:

Proof of Theorem 3.3 Fix some p* € U\{I'; UT'2} and note that, taking (6) and (24) into account, there
are three different situations to consider:

(a) p* € Ui\ T,
(b) €U\ Ty,
(¢) p* € Us such that A\(u*) = 1.

The fact that p* is a local regular value in the cases (a) and (b) follows exactly the same way as in the proof
of Theorem 5.1 in [11]. So let us consider only the case (¢), which corresponds to the values of p € U such
that F = 3/2. Note first of all that, from (¢) in Theorem 3.6, we can assert that if 4 € Us then

Py(s; 1) = As(p) (Aw(s; A) + 1) 4+ Ag(p) + sfh(s; ) + fa(s; ),

where f3 € Z(Us). Here we used that, on account of Definition 3.5, sws = (A — 1)w + 1. On the other hand,
since () — 1 as p — p*, it is clear that w(s; \) — —oo as (s, u) — (0, u*). Consequently, using also
that f3 € Z(Us), from the above equality we obtain that

Py(s; 1)

Nolsa 1 Ael) as () — (0p7).

Therefore, since one can easily verify that Ag(p*) < 0, we can assert that there exists a neighbourhood U*
of p* and € > 0 such that Ps(s; ) > 0 for all s € (0,¢) and p € U*. According to (b) in Remark 2.6, this
proves that p* is a local regular value. It also shows that the period function is monotonous decreasing on
the outer boundary of P,. Indeed, P(s;u) is by definition the period of the periodic orbit of X, passing
through the point (p; — s,0), which approaches to the outer boundary as s decreases.

The assertions concerning the monotonicity in the cases (a) and (b) follow exactly the same way taking
into account the sign of A;(p*) and Ay(u*) respectively. [ |

The rest of the subsection is devoted to show some properties of I';. We prove the following;:

Proposition 3.11. The set Iy is the graphic of an analytic function D = G(F) defined for F € (1,3/2)
that has the following properties:
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(a) —F < G(F) < —1/2 for all F € (1,3/2),
(b) G(F) — —3/2 as F /" 3/2,

(¢) G(F) — ~1/2 as F\, 1,

(d) G(5/4) = —1.

This result follows almost directly from Lemma 3.13 bellow. However, in order to prove Lemma 3.13 we
shall need a previous result concerning a general property of the coefficients in Proposition 3.9.

Lemma 3.12. Under the hypothesis of Proposition 3.9, let {ur} be a sequence of parameters in Wi
(respectively Wa) such that p, — [ with A(@) = 1/n and As(f) # 0.

(a) If As(f) > 0 then Aq(ug) (respectively Ag(u)) tends to —oco as p, — Q.

(b) If As(fr) < O then Aq(ug) (respectively Aq(u)) tends to 400 as p, — Q.

Proof. We shall prove (a) and (b) for a sequence {u} in Wy (the other case follows exactly the same way).
Notice first that, on account of u; € Wy, we have A(ur) > 1/n and

(25) T(s; pur) = Do(pr) + Ax(pe)s + sfi(s; pe) with fi € Z(Wh).
On the other hand, note that py € W3 for k large enough because uy — i € W3. Therefore
(26)  T(ss ) = Do) + Aalin)sw (s A()n) + Aalup)s + 5 Fs(s5 ) with fs € T(Wa).
By definition
and consequently, from (26),

As ()

(s ) = AoGe) + (Sal) = 558 Vs s ),

where
Ag(,LL) S)\(,u,) n—1
Alp)n =1
is a function that belongs to Z(W7). Consequently the combination of this expression for T'(s; ux) and the
one in (25) shows that

g(s; )= fa(s;p) +

As(pr)
Apr)n — 1
Note also that, since Ag and Ay are analytic on W3, Ag(ur) — As(f) and Ag(ur) — Ag(l) as pp, — .

In addition, due to p € Wi, it turns out that A(ug)n — 1\, 0 as ur, — f. Hence, from (27), we conclude
that

(27) Ay (pr) = Ag(pr) —

lim Aq(px) = —oo if Ag(r) >0 and lim Aq(pg) = oo if Ag(f) <0
p—R pi—R

as claimed. m

In what follows we shall use the notation k3 = ps — p; and ko = 1/4/2a introduced in the proof of

Theorem 3.6. Let us also define ¥(u) by means of the relation A4 (u) = W U(w), that is,

(28) (p):=2- /0 (uz(l_F) (u—1)r+ 1)2F71 - 1) A= w2 dZ)g/z where k(p) = —1 :ij

Concerning this function we prove the following:

22



Lemma 3.13. If (D, F) € Uy then the following holds:

(a
b

U,(D, F) <0,
(
(

(d

)
)

¢) U(—1,5/4) =0,
) U(D,F) — 4 as (D, F) — (—q,q) with 1 < ¢ < 3/2,
)

(e) ¥(D,F) — —o0 as (D, F) — (q,3/2) with —3/2 < q <0,

¥(D,1+ (D +1/2)?)
(D +1/2)?

(f) —4(4—m7) as D / —1/2.

Proof. Some computations show that

(2D +1)/F(F — 1)+ /(F+ D)(F— D — 1)

) " @D )FE-1) - F+D)(F-D-1)
and
ds _ ~(2F —1)? \/ F(F—1)
dD (2D + 1)/F(F —1) - JF+ D)(F —D—1))* | (F+D)(F - D —1)

Thus, from the last expression above it follows that

dr !

vt = 27 1) 55 [

(u—1Dr+1 2D gy
u (

1_w)/?

is negative for p € U;. This proves (a). Let us turn next to the assertion in (b). Notice first that

Loy —u20-F) (g — 1)+ 1) ! Lo —u(h(uyjp) +1
(30) v - [ R Iy (L UL AL
where
(u—1k+1 2t
- (1)

On the other hand one can verify that k < —1 for D > —1/2. Taking this into account it is easy to show
that
(u—Dr+1_ 2-—
>

e for w € (0,1).
u u

Therefore, since F' > 1, we have that

2—u)2F1 2—u
>
m

) > (

u
and this, on account of (30), proves (b). The assertion in (¢) is straightforward because k(—1, F) = 0 and
direct integration yields

L1721

0

23



To show (d) notice first that x(—q, q) = 1. Thus, if (D, F) — (—¢,q) with 1 < ¢ < 3/2, then

du
vV1i—u
Here we apply the Dominate Convergence Theorem and to do so it is necessary that 1 < ¢ < 3/2. In order

to prove (e) we shall apply Lemma 3.12 to the results obtained in Theorem 3.6. To this end notice first
that the parameter fi:= (¢q,3/2) satisfies A(ft) = 1. Hence (¢) in Theorem 3.6 shows that

k1ko
2(py — 1)%’

which is negative because 0 < p; < 1 and k; > 0. Thus, if we consider any sequence {ux} in U; with
ir — [ then, by applying Lemma 3.12, it follows that

=4.

1
(D, F) —>2+/
0

As(m) =

(31) Ay (pr) — +oo as pg — Q.

Recall at this point that, by definition,

ko
32 A = —U(u).
(32) 1(1) Soor = 1) (1)
One can verify moreover that if (D, F') — (q,3/2) with —3/2 < ¢ < 0, then
ko 18 2 1/2
— 5 < 0.
2k1(p1 — 1) 6g+3— /9 —12¢ — 12¢2 \12¢> +12¢ -9

Hence, on account of (31) and (32), we conclude that U(D,F) — —oo as (D,F) — (¢,3/2). This
proves (e). Finally, to show (f) we shall take advantage of the expression of ¥(u) given in (30). Let us
define

g(u; D):= h(u; (D, 1+ (D + 1/2)2)).

The idea will be to use the Taylor’s development of g(u; D) at D = —1/2. We point out however that
the term /F —1 in &, see (29), makes that x(D,1 + (D + 1/2)?) is not smooth enough at D = —1/2.
Nevertheless, this will not be a problem for our purpose because we only need to study its behaviour as
D /' —1/2, and it is clear that this function coincides on (—1/2 — ¢, —1/2] with an analytic function at
D = —1/2. In the sequel, when we study g(u; D), we will use this analytic function instead of the original
Iﬁ:(D, 1+(D+ 1/2)2). Keeping this in mind, to avoid cumbersome notation we shall maintain the name of
the functions. Now, since one can check that

2—u 1 d? 9 .
g(U,D)— u +§W9(”7§D)(D+1/2) with gDG(D7_1/2)a
from (30) we obtain that
U(D,1+ (D +1/2)?) 1 [t a2 du
(33) CESTD _5/0 ugpr 9 6) T

Lengthy computations, which are not included here for the sake of brevity, allow to verify that, for all
De(-1/2—-¢,-1/2],
U d?
T wpzan?

Therefore, by applying the Dominate Convergence Theorem, from (33) it turns out that

(u;D)‘ < f(u) with f € L'((0,1)).

GESYEE — —3 — —————asD /7 —1/2.

$(D.14 (D +1/2)? L2 du
(D, 1+ (D+1/2)?) 1/ u = 9(u=1/2) (1= u)pr
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Finally, since one can check that

2

%g(u;—l/?) = % <(2 —u) ln(27u> +4(u — 1))

u

and

_2/01 ((2—u)ln(2;u) —|—4(u—1)) ﬂjlﬁ _ 44— ),

the result follows. n

Proof of Proposition 3.11 Recall that, by definition,

2k1(p1 — 1)
% does not vanish on Uy, it suffices to study {u € Uy : ¥(u) = 0}.
Notice first that, by applying the Implicit Function Theorem, (a) and (c¢) in Lemma 3.13 show that this
set is the graphic of an analytic function D = G(F') with G(5/4) = —1. The fact that G is defined for all
F € (1,3/2) and that —F < G(F) < —1/2 follow from (b) and (d) in Lemma 3.13. On the other hand, by
applying (e) in Lemma 3.13 we can assert that G(F) — —3/2 as F' /" 3/2. So it only remains to prove (c).
To this end note that (f) in Lemma 3.13 implies that

Av(p) U (p)-

Then, since one can verify that

U(D,1+(D+1/2)?) >0 forall D € (—1/2 —¢,-1/2).

In addition, from (d) in Lemma 3.13, we have that U(—1/2, F) < 0 for all F' € (1,1 + ¢). Consequently, by
Bolzano’s Theorem, in any neighbourhood V' of (D, F') = (—1/2,1) there exists some u € U; NV such that
U(p) = 0. This shows (¢) and concludes the proof of the result. [ |

3.2.2 Thecase 0< FF<1land —-1<D <0.

The aim of this subsection is only to recall the results that we obtain in [11] concerning the period function
of the center at the origin of X, in case (see Figure 8) that u belongs to

W:={(D,F)eR*: -1<D<0and0<F <1}.

Setting
Fy:={peW:D=-1 Fe(31)} and Ty:={peW: F=1},
from Theorem 5.1 and Proposition 5.2 in [11] it follows the next result:
Theorem 3.14. Let {X,,, u € R?} be the family of vector fields in (2) and consider the period function of
the center at the origin. Then the open set W\ {I's UT'4} corresponds to local regular values of the period

function at the outer boundary of the period annulus. Moreover, for these parameters, the period function
is monotonous near the outer boundary and the corresponding character is shown in Figure 8.

3.3 Bounded period annulus

In this section we study the period function of the center at the origin for the parameter values p such
that P, is bounded. Notice that among these parameters there are two main situations to consider (see
Figure 3). The first one are those parameters such that the outer boundary of P, is a saddle loop, which
corresponds to

M:={peR*:D<-land F+ D <0}U{ueR*:D>0and F+ D > 0}.
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decreasing

Figure 8: Monotonicity of the period function at the outer boundary of P,,.

The second one are those parameters such that it is a bicycle, which corresponds to
N:={peR*:-1<D<0and F<0}U{p€R’*:D>0and F+ D <0}.
Now, with this definitions (see Figure 9), our goal is to prove the following result:

Theorem 3.15. Let {X,, un € R?} be the family of vector fields in (2) and consider the period function
of the center at the origin. Then the open set M U N corresponds to local regular values of the period
function at the outer boundary of the period annulus. Moreover, for these parameters, the period function
is monotonous increasing near the outer boundary.

Proof. Let us begin by recalling some facts about the normal form of a family of vector fields with a

hyperbolic saddle. So let us consider a C*°-family of vector fields {X, : 4 € W} with a hyperbolic saddle p,,.

Let the eigenvalues of X, at p,, be A\i(p) and Xa(p), with Ay < 0 < Ay, and let r(p) := —if% be its ratio

of hyperbolicity. Fix some po and assume first that r(ug) is rational, i.e., r(ug) = % with (p,q) = 1. Then,

for each k € N, there exists a C*-diffeomorphism @ such that, in some neighbourhood of p, and for g~ o,

1
34 X, =0, —— (20, — w; )0 ),
(34) , (f(u;u) ( yg(u; 1)9y)
where u = 2Py? and
flus ) = 5oy + Bulpu+ .+ By u™,
g(us p) = r(p) +on(pu+ ...+ o, u™.

If (o) ¢ Q then the above results holds with «;(u) = 0 and 8;(p) = 0 for all 4.

Let us first take a parameter p* such that the period annulus is bounded by a saddle loop (i.e., u € M).
Notice that, according to Remark 3.1, there is a neigbourhood U™ of u* such that the saddle loop persists
and it is the outer boundary of P, for all u € U*. Moreover in section 3.1 we showed that the saddle is
located at (—+,0) and has eigenvalues

M) =\/1+ 5 and Xo(p) = —/1+ 5,

26



Figure 9: Parameters corresponding to bounded period annulus.

and so r(u) = 1. Since in particular r(u*) = 1, there exists a local diffeomorphism @ such that it holds (34)
with p = ¢ = 1. We introduce two transversal sections X, and X, given by s — ®(s,1) and s — ®(1,s)
respectively. Let us also define P(s;u) as the period of the periodic orbit of X, passing through ®(s, 1).
We split it as
P(s;p) = Ti(s; ) + Ta(s; ),

where T7 is the time function for — X, from ¥, to 3; and 75 is the time function for X, from X, to 3, (i.e.,
the passage through the saddle). To be more precise, T4 (s; p) is the minimum positive time necessary so
that the solution of —X,, passing through ®(s,1) € ¥, reaches X,. Note that T7(s; 1) is a smooth function

on s = 0. The time function associated to the passage through a saddle with r(p*) = 1 has already been
studied. Indeed, Lemma 2 in [1] shows that

(35) Ta(s;p) = =

1
log s — B1(p)sw(s; (1)) + 1(s; p),
o ()50 (53 7() + (531
where ¢ is a C! function at (s, n) = (0, 4*) and 1-flat at s = 0 for all x. In our situation w(s;r(u)) = logs
because in fact r(u) = 1. From the above expression we obtain that

8% Ty(s;p) — =1/A1(p") as (s, p) — (0, p7).

This shows, since T} is smooth at s = 0, that sPs(s; u) — —1/A1(p*) as (s, ) — (0, u*). Therefore, due
to A1(p*) > 0, we can assert that there exists € > 0 such that Ps(s;u) < 0 for all s € (0,¢) and p ~ p*.
Consequently, by (b) in Remark 2.6, u* is a local regular value of the period function at the outer boundary.
We can conclude in addition, noting that ®(s,1) approaches to the saddle loop as s decreases, that the
period function is increasing near the outer boundary.

Let us consider next a parameter p* such that the outer boundary of P, is a bicycle (i.e., p € N). As
before, according to Remark 3.1, the bicycle persists and it is the outer boundary of P, for u ~ p*. We shall
take advantage of the symmetry of the Loud’s systems with respect to {y = 0} to study only the passage
through one of the saddles. For instance, let us consider the saddle in {y > 0}. Recall (see section 3.1) that
this saddle is located at

D= <1, \/—<D;1>> with Ay (p) = /= ZE and Ag(p) = 2Fy/— 2D
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and so its ratio of hyperbolicity is r(1) = —2F. We take now a local diffeomorphism @ that conjugates X,
for p ~ p* with its normal form, which depends on r(u*) € Q or r(u*) ¢ Q. As before, we shall take two
transversal sections ¥, and X given by s — ®(s, 1) and s — ®(1, s) respectively. Denote by P(s;u) the
period of the periodic orbit of X, passing through ®(s,1). We decompose it as

P(s; ) = 2T (s; ) 4 2T(s; 1)) + 275 (R(s; 1); ),

where T} is the time function for —X,, from X, to {y = 0}, R and T5 are respectively the Dulac map and
the time function for X, from X, to X, and, finally, T3 is the time function for X, from ¥, to {y = 0}. It
is clear that T} and T3 are smooth functions on s = 0. On the other hand, it is well known (see [13, 15] for
instance) that

R(s; ) = 8" (p(u) + 1 (s5 1)) where ¢y € Z(U*)

for some neighbourhood U* of p*. Concerning To, if r(u*) ¢ Q then the normal form (34) is linear and

one can easily verify that To(s;u) = 7%(;0 log s. The expression is not so easy when r(u*) = g. The case
p = ¢ =1 1is treated in [1] and, as we already mentioned, one obtains the expression given in (35). In the

general case, following the same approach it can be shown that
Ty(si 1) = — ok log's — 1 81 () s (7 L (1)) + (s 1),

where 15 is C* at (s, u) = (0, 4*) and 1-flat at s = 0 for all . Some computations show that

50 = sy 2= 100 (£ (o7 ) +1) + s
Therefore we can assert that in both cases, r(u*) rational or irrational, it holds

d «
so- Ta(sin) — =1/M(w”) as (s, n) — (0, 17).
Finally this implies that sPs(s;u) — —2/A1(p*) as (s,p) — (0, u*) because T; and T3 are smooth at
s=0and ¢, € I(U*). Exactly as in the saddle loop case, this proves that u* is a local regular value at the
outer boundary and that the period function is monotonous increasing there. ]

Remark 3.16 From the proof of Theorem 3.15 it follows that if y € M UN then the period function of X,
tends to +oo as we approach to the outer boundary of P,,. O

3.4 Proof of the main result

Proof of Theorem A The fact that the parameters in R?\ {I'5 UT'y;} are local regular values follows from
the application of Theorems 3.3, 3.14 and 3.15 in the corresponding regions that cover. These theorems also
show the assertions in (a) and (b) concerning the monotonicity near the outer boundary. Consider now a
parameter po € I'p and note that any neighbourhood of p intersects Dp \ I'y and Zp \ I'yy. Consequently,
any neighbourhood of pg contains two parameters u* and g~ such that the respective period functions have
different monotonicity in the outer boundary. (Here we use, recall Remark 2.5, that the character increasing
or decreasing does not depend on the particular parametrization of the period function used.) This clearly
implies that pg is a local bifurcation value at the outer boundary and so the result is proved. [ |

4 Bifurcation in the interior

In this section we determine some local bifurcation values of the period function in the interior of the
period annulus of the dehomogenized Loud’s systems (2). To be more precise, we prove that there are three
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parameter values, namely

35 —11+ 105 15— /105 —11 — /105 154 /105
s L2 = s a,nd L3 = 5 9

36) L= (-2,
(36) ! ( 272 20 20 20 20

such that at each L; there exists a germ of analytic curve corresponding to this type of bifurcation. We
describe moreover the relative position of this curve with respect to other bifurcation curves. The result is
based on the work of Chicone and Jacobs in [4].

Setting p = (D, F') as usual, let us denote by P(s;u) the period of the periodic orbit of system (2)
passing through the point (s,0). Note that P(s;u) is a well defined analytic function for (s, ) € (0,¢)x R?
because the center is nondegenerate. Moreover, since the eigenvalues of the linear part of X,, at the origin
are +i, it can be extended analytically to s = 0 by setting P(0; u) := 27. We can thus consider the Taylor
expansion of P(s;u) at s =0,

(37) P(s;p) = 21 + Pa(p)s” + Py(p)s® + Pa(u)s” + Ps(p)s® + Po(p)s® + ...

The coefficients Py (p), which are real polynomials in the parameters of the system, are called the period
constants of the center. For instance (see [4]),

Py(D, F) :112(101)2 +10DF — D + 4F2? — 5F + 1),

o ™
1152
+2768DF + 228DF? 4 318DF — 2D + 784F* — 616F° — 632 — 154F + 49) .

Py(D,F) (1540D* + 4040D*F + 1180D° + 4692D*F* + 1992D°F + 453D>

Chicone and Jacobs prove in [4] that the ideals generated by the period constants verify that
(38) (Py) = (P, P3) C (P2, Py) = (P2, Py, Ps) C (Py, Py, Ps) = (P, i €N).
They also show that the ideal (Ps, Py, Ps) determines the points

Sy =(-1/2,1/2), Sy =(0,1), S3 = (0,1/4), Sy =(-1/2,2),

which correspond to the four nonlinear quadratic isochronous centers. The ideal (Ps, Py) determines, apart
from the four isochronous centers, the three weak centers L; given in (36). Note in particular that these
seven parameter values are over the conic I'c:= {u € R?: Pa(u) = 0} (see Figure 10).

In [4] the authors use a notion of bifurcation which differs from the one introduced in section 2. Indeed,
they say that k critical periods bifurcate from the center corresponding to the parameter p if for every € > 0
and every neighbourhood U of pg there is a point p; € U such that the equation P’(s; ;1) = 0 has k solutions
in the interval (0,¢). With this definition and the notation introduced above we can now summarize their
result concerning the dehomogenized Loud’s systems:

Theorem 4.1 (Chicone-Jacobs). The mazimal number of critical periods bifurcating from the center at
the origin of the dehomogenized Loud’s family is two. In addition,

(a) If p ¢ Tc then no critical period bifurcates from the center.

(d) If w € Te \ {L1, Lo, L3} then at most one critical period bifurcates from the center and there are
perturbations with exactly one critical period.

(¢) If uw € {L1, Lo, L3} then at most two critical periods bifurcate from the center and there are perturbations
with exactly one and exactly two critical periods.
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Figure 10: The ellipse I'c= {u € R?: Py(u) = 0}.

Remark 4.2 Tt is clear, on account of (37), that if 4 ¢ I'c then the monotonicity of P(s;u) for s > 0
small enough is given by the sign of Py(u). Note that I'c is a Jordan curve. We denote the bounded and
unbounded component of R? \ I'c by D¢ and Z¢ respectively. One can check then that P,(u) is positive
for u € I and negative for u € De. Thus, if u belongs to Z¢ (respectively, D¢) then the period function
of X,, is monotonous increasing (respectively, decreasing) at the inner boundary (i.e., the center). Therefore,
according to (a) in Remark 2.6, the parameters in ' are local bifurcation values of the period function at
the inner boundary. On the other hand, since the expansion in (37) is uniform with respect to y, from () in
Remark 2.6 we can assert that any parameter p ¢ T'¢ is a local regular value of the period function at the
inner boundary. In short, the regular and bifurcation values at the center are the same with the definition
in [4] and Definition 2.4. O

One can easily verify that T'c= {u € R?: Py(u) = 0} and { € R?: Py(u) = 0} are analytic curves that
intersect transversally at each L;. We shall prove next the following result.

Theorem 4.3. For each i = 1,2, 3 there exist a neighbourhood U; of L; and an analytic curve §; which is
tangent to U'c at L; such that the arc §; N{p € U;: Py(u) < 0} corresponds to local bifurcation values of the
period function in the interior. Moreover this arc is inside {u € R?: Py(u) > 0}.

Proof. To study the period function near the center it is more convenient to parametrize the periodic orbits
by means of the first integral H,(x,y) — H,(0,0). (Recall that H,, is given in section 3.1.) This will eliminate
the rather artificial property that only the even coefficients in (37) are significant, which is due to the fact
that each periodic orbit intersects twice the z-axis. So for each h > 0 denote by ﬁ(h; ) the period of the
periodic orbit of X, inside the energy level {H,(x,y) — H,(0,0) = h}. Thus, since one can verify that

2 3 84

h:H“(s,O)—H(O,O):%—k(1+D+2F)%+(1+D+F)(1+2F)Z+...,

30



from (37) it follows that P(h; ) = 27 + Qo(u)h + Ql(,u)%2 + Qg(ﬂ)%a + ... with

Qo(p) = 2P(p),
(39) Q1(p) =8Py () —4(1+ D + F)(1 + 2F)Py(p),

Q2(p) = 24P5(pr)  mod(Py(p), Py(p))-

It is clear moreover that the critical periods coincide with the positive zeros of the function

(40) Z(h; p):= Py(hi ) = Qolp) + Q1 () + Qa(u)h® + ...

Since Py(L;) = Py(L;) = 0, from (39) and using also the expression for Pg given in [4], it follows that
Q2(L;) = 24Ps(L;) > 0 for each i = 1,2,3. One can also verify, taking (39) into account again, that the
gradients VQo(L;) and VQ1(L;) are linearly independent for each ¢ = 1,2,3. From now on let us only
consider L; for the sake of simplicity in the exposition.

By applying the Weierstrass Preparation Theorem, there exist a neighbourhood U of L, two analytic
functions ag and a; with a;: U — R and a positive analytic function K: (—¢,e) x U — R such that

(41) Z(h; p) = K (h; ) (h* + a1 () + ao(n)).
Accordingly, if K(h;p) = ko(p) + k1(p)h + o(h) then ko(L1) > 0 and, from (40),
(42) ao(m)ko(p) = Qo(p) and ao(p)k1(p) + ax(p)ko(p) = Q1(p).

So it turns out that ag(L1) = a1(L1) = 0. Therefore
VQO(LI) = ko(Ll)vao(Ll) and VQl(Ll) =Kk (Ll)Vao(Ll) + k;O(Ll)Val (Ll),

and we can thus assert that the gradients Vag(L1) and Vai(L1) are linearly independent. Consequently
Y(p) == (ao(p),a1(p)) is a local diffecomorphism between U and some neighbourhood V' of (0,0). We
define d; as the preimage by v of the analytic curve {(ag,a;) € V: a? — 4ap = 0}. Note in particular that
L1 =v71(0,0) belongs to d;. On the other hand, since e NU = {u € U: Qo(1) = 0} is the preimage by v
of {(ag,a1) € V:ag = 0}, we conclude that d; is tangent to I'c at L.

Now we shall prove, recall Definition 2.4, that any parameter in §; N {u € U: Py(u) < 0} is a local
bifurcation value of the period function in the interior. To this end fix some p* € 63 NU with Py(p*) < 0
and define h*:= —%’m. Observe that if y € §; then

8Py(1) = Q1) +2(1 + D + F)(1+2F)Qo(n)
= a1 (Wko() + ao() (k1 () +2(1 + D + F)(1 +2F ko (n))

= a1 {ko0) + 3 00 00 + 201+ D + F)(1+ 2 )bl .

Here we use (39) in the first equality, (42) in the second one and that p € §; in the third one. Therefore,
since ko(L1) > 0 and ay(Ly) = 0, the above equality shows that Py(p) and ai(p) have the same sign
for p ~ Ly. Thus, shrinking the neighbourhood U of L; if necessary, we have that h* > 0. Consider now
any neighbourhood U* of p*. Due to pu* € §y, there exist ji € U* such that a3(ji) — 4ag(f1) > 0. Hence (41)
implies that Z(—a;(f2)/2; i) < 0. Note also that Z(h; u*) > 0 for h # h*. Therefore, since —2E — p* as
i — p*, it turns out that the relation (3) can not be verified in any neighbourhood of p*. So p* is a local
bifurcation value in the interior because Definition 2.4 is not fulfilled for ¢ = h*. Finally, from (39) and (42)
and taking p* € 47 into account,

2Py (%) = ao(p* ko (p*) = ay (1) ko (1*) /4

and this implies that Py(p*) > 0. The proof is completed. [ ]
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Remark 4.4 In fact the preceding proof provides a stronger result than Theorem 4.3. Namely, that for
each i = 1,2, 3 there exists a neighbourhood U; of L; and a local analytic equivalence 1;: U; — V; between
the local bifurcation diagrams of the families Py, (h; ) with u € U; and C(h;a):= h? + a1h + ag with a € V;
for h € (0,¢). O

On the other hand it is also possible to obtain the asymptotic expansion of the curves ¢;. To do so it
is enough to find the expansion of the functions ag(p) and a;(p) in terms of the coefficients Qp(p) and
substitute them into the equation a? — 4ag = 0. In this way one can obtain for instance the second order
expansion of the curve ¢; at the point Ly = (—3/2,5/2),

2 2 3
WD+ -2+ -FF-HE+H+LF-) +o(|(0+1LF-[") =0

5 Existence of critical periods

In this section we determine two subsets of the parameter space such that the corresponding period function
has at least one critical period and at least two critical periods respectively. We shall use the notation Dp
and Zp, introduced in section 1, for the bounded and unbounded components of R?\I" 5, and the notation D¢
and Z¢, introduced in Remark 4.2, for the bounded and unbounded components of R? \ T'c. Let us note
that D and Z stand for decreasing and increasing respectively.

Theorem 5.1. Consider a parameter g inside Zoc NDp or Do NZIp. If po ¢ Ty then the period function
of Xy, has at least one critical period.

Proof. Let us prove for instance the assertion concerning Zc N Dp (the other one follows exactly the same
way). So consider some pg € Zc N Dp \ I'y and let P,,: (0,1) — R be a parametrization of the period
function of X,,. Then, on account of Remark 4.2, we have that P/’m is positive near s = 0 because g € Z¢.
On the other hand, using that ug € Dp, by applying Theorem A it follows that P”m is negative near s = 1.
Therefore, by Bolzano’s Theorem, we can assert that there exists so € (0, 1) such that P, (so) = 0. [ |

Consider now the subsets U, W, M and N introduced in section 3 and let {P,:(0,1) — R, p € R?}
be any parametrization of the period function. It follows then that L(u):= lim,_. P,(s) is a well defined
function on U UW U M U N \ T'y, where T'y is the segment represented in Figure 8. Indeed, Theorem 3.6

shows that
2v/2 2a+b—+b%2—4ac\ .
———— arctanh it ped,
va+b+ec 2y/a(a+b+c)
Proposition 5.2 in [11] that L(u) = TroTD if p € W\Ty and Remark 3.16 that L(u) = o0 if u € MUN.

Some easy computations, that are not included here for the sake of brevity, show that the set

L(p) =

{peUUWN\Ty: L(u) — 2r = 0}

together with the points (—3/4,1) and (—1/2,1/2) and the segment {0} x [1/4,1] form a Jordan curve,
say I'o (see Figure 11). We can thus consider the bounded and unbounded components of R? \ Ty, which
we denote by J_ and J, respectively. The subscripts are chosen in this way because one can verify that
L(u) — 27 is negative for p € J_ and positive for p € J;. With this notation we obtain the following result:

Theorem 5.2. Consider a parameter pg inside Zc NZgNJ- or Do NDpNJy. If o ¢ Ty then the period
function of X,,, has at least two critical periods.

Proof. Let us prove for instance the assertion concerning Zoc NZp N J— (the other one follows exactly the
same way). Fix po ¢ I'y and consider a parametrization P, : (0,1) — R of the period function of X .
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Figure 11: Numerical drawing of the regions in Theorem 5.1 (left) and Theorem 5.2 (right).

Then, using that the eigenvalues of the linear part of X, are £i, it follows that lims_.o P, (s) = 2.
We have in addition, recall Remark 4.2, that P, is increasing near s = 0 because pg € Z¢. Then, since
limg— 1 Py, (s) < 27 due to pg € J-, there exists 5 € (0,1) such that P,,(5) = 27 and P}, (5) < 0. Thus,
since PLO is positive near s = 0 and, on account of py € Zp, also near s = 1 by Theorem A, we conclude
that there exist s; € (0,5) and s3 € [3, 1) such that P) (s;) = 0. [ |

Unfortunately it is very difficult to provide an explicit and simple analytical description of the regions
in Theorems 5.1 and 5.2. We prefer instead to make a numerical drawing of them using the exact analytic
expressions that define the curves I'g, I'¢, and I'g. The picture on the left in Figure 11 shows several regions,
which can be clearly observed, with at least one critical period. The picture on the right shows two regions,
one of them very tiny, with at least two critical periods. Both regions corresponds to the set Zc NZp N J_,
the other one seems to be empty. It is to be referred here the result of Chicone and Dumortier in [3]. They
proved that there exists some D*~ —1.47 such if p € (D* —1.4) x {2} then the period function of X, has
at least one critical point. Observe in Figure 11 that this is the horizontal segment in the boundary of the
biggest component of Zc NZp N J_. Their results follows from the fact that this segment is inside Zo N J_.

6 Conjectures and open problems

In this section we give the complete conjectural diagram of the period function of the dehomogenized Loud’s
family. We explain how do we come to this conjecture and comment on various steps that should be done
in order to prove it. Some of them seem feasible, while others seem out of reach for the moment.
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6.1 Geometrical picture

Consider the parametrization of the set of periodic orbits in the period annulus that provides the first
integral H,, given in (4). Let us assume that we normalize it in order that h = 0 corresponds to the center
(i.e., the inner boundary) and A = 1 to the polycycle (i.e., the outer boundary). Then the parametrization
of the period function P(h;u) that we obtain is defined on (0, 1) for all u € R2. Recall (see section 4) that
it can be extended analytically to h = 0 by setting P(0; ) := 27 and that

P'(hi ) = Qolp) + Qu(w)h + Qa(w)h> + ... for h ~0.

Let M C [0,1] x R? be the set of points (h, i) verifying P’(h; u) = 0 for h € [0,1) and extended to h = 1 by
continuity using an asymptotic development at the polycycle. We conjecture that M is a smooth surface
for h # 1 and that it is fibred by simple closed curves M}, given by {u € R?: P/(h;u) = 0} for each fixed
h € [0,1). This last condition is equivalent to require that apgg;” ) and aP;(g;u ) do not vanish simultaneously.
Thus M, is the ellipse I'¢ in Figure 10 and M; should correspond to the local bifurcation values at the outer
boundary, that we conjecture to be the curve I'g in Theorem A together with the segment {0} x [0,1/2]. In
fact the strange ellipse-like figure that appears in the numerical bifurcation diagram of Chicone and Jacobs
(see Figure 1) would correspond approximately to some curve M), with h & 1. The curves that correspond to
local bifurcation values of the period function in the interior are obtained by the projection of M on the p-
plane. More precisely, these curves would be given as envelopes of the family {Mp, h € [0,1]}. We obtained
our conjectural bifurcation diagram by trying to interpolate a continuous family of curves My}, starting at I'¢
for h = 0 and ending for h = 1 at our conjectural bifurcation diagram at the polycycle. Figure 12 shows
two intermediate curves My, and My, with 0 < h < h’ < 1. Note that every curve M} must pass through
S1, S92, S3 and Sy, the parameters corresponding to the four isochronous centers of the family. On the other
hand, according to [4], Qo(r), Q1(1) and Q2(p) generate the ideal of the coefficients of P’(h;u) at h = 0.
This gives that for u ~ S; and h ~ 0 the family of curves M}, is approximately of the form of the pencil
Qo(p) + Q1(p)h = 0. Since the curves Qo() = 0 and Q1 () = 0 are transverse at Se, S3 and Sy, it follows
that, in a neighbourhood of these three parameters and at least for kA small, the curves M}, look like a pencil
of straight lines passing through S;. At the other isochronous center Sy, since Qo() = 0 and Q1(pn) = 0
have quadratic contact, the curves M}, look like a pencil of parabolas tangent to I'c. Consider finally the
curves J; passing through the three weak centers L; that we obtain in Theorem 4.3. From Remark 4.4 it
follows that, in a neighbourhood of each L;, the curves M}, are tangent to ¢; for h ~ 0 and that these curves
correspond to parameters in which two critical periods collapse disappearing in the interior. In other words,
near each L; and for h =~ 0 the curves d; are double bifurcation curves in the interior. We conjecture that
this behaviour holds for the entire curve d; and that they separate the regions with two critical periods from
the region in which the period function is globally monotonous increasing. Since these bifurcation curves J;
begin at the weak centers L; € ', which correspond to double bifurcations at the inner boundary, we
presume that they end at three special points in the curve I'g U ({O} x [0,1/ 2]), which would play the role
of double bifurcation parameters at the outer boundary.

Let us precise all this in the following conjecture about the complete bifurcation diagram (see Figure 13)
of the period function of the dehomogenized Loud’s systems:

Conjecture. The bifurcation diagram of the period function of the dehomogenized Loud’s family consists
in the union of the following curves:

(a) The ellipse Tc= {p € R?: Py(u) = 0}, which corresponds to the local bifurcation values at the inner
boundary.

(b) The Jordan curve T'p given in Theorem A together with the segment {0} x[0,1/2], which corresponds
to the local bifurcation values at the outer boundary.

(¢) Three simple curves d1, 62 and 3 that connect Ly with (—2,2), Ly with (0,0) and Ls with (—3/2,3/2)
respectively, which correspond to the local bifurcation values in the interior.
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Figure 12: The intermediate curves Mj,.

We think of course that the period function of the dehomogenized Loud’s systems has at most two
critical periods. Figure 13 shows the regions where we conjecture that there are 0, 1 and 2 critical periods.
We also sketch there the changes in the monotonicity of the period function. Let us note finally that in
the segment {0} x [0,1/2] occur two different types of bifurcation at the outer boundary. Indeed, crossing

from left to right the segment {0}x [0, 1/4] corresponds to the “disappearance” of two critical periods, while
crossing {0} x [1/4,1/2] corresponds to a “rebound” of a critical period.

6.2 Bifurcation at the outer boundary

Our main result determines two sets I'g and I'yy such that the parameters in I'g are local bifurcation values
of the period function at the outer boundary and the ones in R?\ (I'z UTy) are local regular values. The
character of the parameters in 'y remains unspecified in our work. The first natural problem that raises
is to determine the character of the parameters in I';;. As we already mention, we conjecture that they are
all regular values except for the segment {0} x [0,1/2], whose conjectural bifurcation is described below.

The set 'y is stratified as a union of open segments and a few points at the intersection of them.
Probably one has to treat first the open segments and next the points (higher codimension strata). Our
main tool, Proposition 3.9, does not apply along some curves of Iy because the singular points at infinity
of the polycycle are saddle-nodes or resonant non-linearizable saddles. It seems reasonable to think that an
analogue of Proposition 3.9 can be developed in all these cases and that one could determine the behaviour
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B two critical periods bifurcation at the outer boundary  m isochronous center

one critical period  —_ — — bifurcation at the inner boundary  ® weak center of order two

———— bifurcation at the interior

Figure 13: Conjectural bifurcation diagram of the period function.

of the period function at the polycycle in a neighbourhood of these curves. Next, a specific study should be
done for each of the codimension two points.

Our study of the bifurcation diagram of the period function does not deal with higher order bifurcation
parameters. The so called weak centers of order one and two that appear in the study of the period function
near the center (see [4]) have a counterpart near the polycycle. The determination of these parameters
and their study requires the knowledge of at least one more coefficient in the asymptotic expansion of the
period function near the polycycle. There is no theoretical obstacle in doing so, but the technicalities seem
prohibitive. Once these parameters are determined, using the derivation-division process as in the study of
Chebyshev systems (see [10] for instance), one should be able to prove the equivalence of the local bifurcation
at the outer boundary with some polynomial model.

Let us say a few words about the study at D = 0. In this case the polycycle in the boundary of the period
annulus has a degenerate singularity at infinity. Blowing-up this singularity and applying a sill unpublished
generalization of Proposition 3.9, we hope to obtain the beginning of the asymptotic expansion of the period
function P(h; p) at the outer boundary. It seems feasible to prove in this way that the segment {0} x (0,1/2)
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\4

Figure 14: Bifurcation diagram of the conjectured polynomial model near D = 0.

consists of local bifurcation values at the outer boundary. On the other hand, we have a polynomial family
of functions that we think is a good model for the family P’(h; D, F') near S35 = (0,1/4). To be more precise,
we conjecture that the families

Z(h; D, F) = P'(l; D, F), hel0,1), (D, F) € R?,
Z(h;D,F) = (F+D—FD)h*>+ (DF —2F — D —D*)h+ F, he[0,1), (D, F) € R?,

have locally equivalent bifurcation diagrams near the points (0;0,1 /4) and (0;0,0) respectively. By this
equivalence the curve I'c would correspond to {F=0},{D= 0} to {D = 0} and the curve d2 to the curve
defined by F2 4+ D* — 2FD + 2D + 2F +1 = 0. (Note that D?>(F? + D? — 2FD + 2D + 2F + 1) is the
discriminant of Z(h; D, F) with respect to h.) Furthermore the intermediate curves M), = {Z(h; D, F) = 0}

would correspond to the hyperbolic branches J\/Zh = {Z(h, IA), ﬁ) = 0}. In Figure 14 we show the bifurcation
diagram of this polynomial model.

6.3 Bifurcation in the interior

The study of the local bifurcation values of the period function in the interior is equivalent to the study of
the behaviour of the zeros of P’(h; u) for h € (0,1). Here we assume again that h is, up to a normalization,
the energy of the first integral H, given in (4). In order to study these zeros one hopes to apply methods
which proved successful for the abelian integrals. However, in this case the situation is more complicated
for two reasons. The first one is that the first integral is not rational but only of Darboux-type. The
methods used for abelian integrals have not yet been successfully adapted to this situation despite several
efforts [8, 20]. The second reason is that in the usual setting of the abelian integrals, the parameters enter
linearly in the study as linear coefficients of the form that one integrates. In our situation the dependence
on the parameters is highly nonlinear.

Due to the form of the first integral it can be verified that the complex fibers {H,(z,y) = h} given
by a fixed (h, ) are generically of infinite genus. This suggests complicated study unless, for some reason
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(the symmetry of the system for instance), one can project to some smaller space. The study of asymptotic
cycles probably plays some role too.

Let us finally refer a method developed in [6]. The authors obtain a general formula for the derivative of
the period function that can be applied to determine the critical periods that persists after the perturbation
of an isochronous center. This formula can be viewed as an analogous of the first Melnikov function used to
study limit cycles. As an example of application they study the isochronous center Sy = (0, 1). Proposition 5
in [6] shows that for each closed interval I inside (0, 1) there exists a neighbourhood U of Sy such that if
o € U then P(h;up) has at most one critical period in I and that this critical period exists only in the
case 1_0—?) > 3. (Observe in Figure 11 that this region is precisely the “linear approximation” at Sy of the
region in Theorem 5.1.) This implies, since one can also verify that the critical period is simple, that in a
punctured neighbourhood of Sy there are no local bifurcation values of the period function in the interior.
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