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Abstract

Given an analytic family of vector fields in R? having a saddle point, we study
the asymptotic development of the time function along the union of the two
separatrices. We obtain a result (depending uniformly on the parameters) which
we apply to investigate the bifurcation of critical periods of quadratic centres.

Mathematics Subject Classification: 34C07, 34C23, 34C25

1. Introduction and setting of the problem

The aim of this paper is to calculate the first terms in the development of the time function
of the passage around a saddle point of a family of meromorphic vector fields. A good scale
permitting a uniform development (with respect to the parameter) involves the compensator
function of Ecalle—Roussarie. The study was motivated by the necessity of such a result for
the investigation of the bifurcation diagram of the period function of quadratic centres. Let
{X,, n € A} be the family of quadratic vector fields having a centre at the origin (parametrized
by means of the coefficients), the problem is to decompose the parameter space as A = | J V;
in such a way that if ;; and p, belong to the same set V; then the period function of the centre
of X, and the one of X, are qualitatively the same. With this we mean that their critical
periods are equal in number, character (minimum or maximum) and distribution.
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Chicone [2] has conjectured that if a quadratic system has a centre with a period function
which is not monotonic then, by an affine transformation and a constant rescaling of time, it
can be brought to the Loud normal form:

X =—y+ Bxy,
y = x + Dx? + Fy?,

and that the period function of these centres has at most two critical periods. We remark that
if the first part of this conjecture is true then, in order to solve the problem posed above, it is
enough to study the bifurcation diagram of the Loud systems. In fact, there is much analytic
evidence that the conjecture is true (see [7,17,28] for instance).

We are studying precisely the bifurcation diagram of the period function of the Loud
systems. Numerically, in the parameter space there are regions with two, one and zero critical
periods. The first step in order to solve the problem is to find the boundaries of these regions.
Some of these boundaries correspond to the bifurcation of critical periods from the boundary of
the period annulus. The bifurcation from the inner boundary (i.e. the centre) was already solved
by Chicone and Jacobs [5]. Our goal is to investigate the bifurcation from the outer boundary,
which in the Poincaré disc is a polycycle. The polycycle consists of regular trajectories and
critical points with a hyperbolic sector, which after the desingularization process give rise to
saddles and saddle-nodes. It is necessary therefore to have the asymptotic development of
the time function associated to this type of critical points. In addition, since these critical
points are eventually located at infinity (i.e. the equator of the Poincaré disc), we must also
study those vector fields that are the product of a meromorphic function with an analytic
vector field. Many polycycles appearing in the Loud family present two points at infinity.
Moreover, by the symmetry in Loud systems, it is enough to study half of the period, which
involves only one passage through the corner (see section 5). The main result of this paper,
namely theorem A, deals precisely with this situation. Theorem A allows us to compute the
first nontrivial coefficient of this development in the case that the critical point is an orbitally
linearizable saddle located at infinity. By means of this coefficient it will be possible to
determine from which parameters the critical periods bifurcate. In order to determine the
exact number of critical periods that bifurcate it will be necessary to compute, at least, the next
two coefficients. We shall also need a similar study for resonant saddles and saddle-nodes.
Once we have these tools we will be able to determine the bifurcation curves. They will split up
the parameter space into several regions, and we will have an approximate idea of the number
of critical periods of the period function associated to the parameters of each region.

As has already been noted, the goal of this paper is to prove theorem A. We devote
a subsequent paper (see [15]) to treat specifically the problem concerning the bifurcation
diagram. Nevertheless, in this paper, we study the period function of a subfamily of quadratic
centres to illustrate the application of theorem A. Let us finally point out that the techniques
developed to approach this problem will allow us to investigate other situations. Our techniques
can be used to study the period function of degenerate centres or, more generally, continuums
of periodic orbits.

Questions related to the behaviour of the period function have been extensively studied by
a number of authors. Let us quote for instance the problems of isochronicity (see [6, 13, 14]),
monotonicity (see [3,4,23]) or bifurcation of critical periods (see [5, 20, 25]). Most of the
work on plane polynomial vector fields, including the present paper, is related to the questions
surrounding Hilbert’s 16th problem (see [1,10,11,19,27] and references therein) and its various
weakened versions (i.e. problems which ask for the number of occurrences of some property
in a system given by polynomials in terms of the degrees of the defining polynomials).
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The paper is organized as follows. In section 2 there are the definitions of the notions that
we shall use and the statement of theorem A. In section 3 we develop some tools that will be
used in the proof of theorem A, which is given in section 4. Finally, in section 5, we apply
this result to the problem that was our initial motivation, the bifurcation of critical periods in
the quadratic centres. The precise definitions concerning this particular problem are deferred
to this section.

2. Definitions and statement of the result

Let W be an open set of R” and let {X u» b € W} be an analytic family of vector fields
defined on some open set V of R2. Assume that each vector field X 1« has a hyperbolic saddle
D, as the unique critical point inside V. In this situation, it is well known that there exist
exactly two analytic transverse invariant curves S,, and 7,,, the stable and unstable manifolds,
passing through p, (depending also analytically on ). We consider an analytic family of
meromorphic vector fields X, proportional to X « With a pole of order n > 0 along 7,,.
We can take a coordinate system (u, v, u) on V.x W C R2*™ such that pu = (0,0, ),
S, = {(u,v,pu) : u = 0}and 7, = {(u,v,u) : v = 0}. In these coordinates, the
family {X,, u € W} can be written as

1
X, (u,v) = U—n(uP(u,v; w0, +vQ(u, v; n)d,), 1

where P and Q are analytic functions such that P(u, 0; u) # 0 and Q(0, v; u) # 0 for any
(0,v,u) € S, and (u, 0, u) € 7,,. Moreover, by hypothesis, we have that

0(0.0: ) _
P(0,0; w)

Throughout the paper, we shall deal with functions that depend on ‘spatial’ coordinates
and on parameters. To distinguish them we use the following convention. A function F defined
on V x W will be written as F(x, y; u), meaning that (x, y) € Vand u € W.

The family {X,,u € W} can be thought of as a single vector field X defined on
V x W c R>" whose trajectories are contained inside the submanifolds {¢ = const.}.

Leto : I xW — X,and 7 : I x W — X, be two analytic transverse sections to X
defined by

Ap) == —

o(s; ) = (o1(s; w), o2(s; w); ) and t(s; u) = (1053 1), Ta(s; 1); 1)

such that 0 (0; ) € S, and 7(0; ) € 7,,. Here, I denotes a small interval of R containing 0.

We denote the Dulac and time mappings between the transverse sections X, and X; by R
and T, respectively. More precisely (see figure 1), if ¢(t, (1o, vo); ) is the solution of X,
passing through (ug, vo) at# = 0, for each s > 0 we define R(s; i) and 7 (s; i) by means of
the relation

O(T (s; 1), 0(s); ) = T(R(s; ). )

It is well known that R(s; n) and 7 (s; @) are analytic on (s, u) for s > 0 small enough. But
both functions can fail to be analytic on s = 0. For the Dulac map this problem has been
extensively treated (see [8, 12] for instance). In relation to the time function, Saavedra proves
in [21,22] that, for a given vector field, 7 (s) has an asymptotic expansion in s = 0 similar
to the series of Dulac but with negative powers. Unfortunately, the case of families is not
treated there. Our purpose is to give an uniform asymptotic expansion and to compute the first
nontrivial term. To this end, we shall require that the family of vector fields {X,, u € W}
satisfies the following.
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Figure 1. Definition of 7 and R.

Definition 2.1. We will say that {X,,, u € W} verifies the family linearization property (FLP
in short) if there exist an open set U C R? containing the origin and an analytic local
diffeomorphism ® : U x W — V x W of the form ®(x, y; u) = (x + h.o.t.,y + h.o.t., u)
such that

1
Xp=@u | 77— (x0 — )»(M)y3~)> ,
8 <f(x, ¥i ) !
where f is an analytic function on U x W.

Remark 2.2. Since, by assumption, the invariant manifolds of the saddle point are located on
the axes, from definition 2.1 it follows easily that

@1 (x, y; ) = xy1(x, y; u) and Pa(x, yi 1) = yya(x, y; p)
with v; (0, 0; ) = 1. In addition, taking into account that X, has a pole of ordern onv = 0, it
turns out that f(x, y; u) = y"g(x, y; u) where g is an analytic function with g(0, 0; u) # 0.

Remark 2.3. It is easy to show that the family of meromorphic vector fields {X,, u € W}
defined in (1) verifies FLP if it has a Darboux first integral
Hy(x,y) = filx, y; w0 fix, y; w0,

where f; and B; are analytic functions on V x W and W, respectively. Note that the Loud
family has a Darboux first integral if FB(F — B)(2F — B) # 0 (see [24] for instance), so the
FLP is verified in these cases.

In order to control the rest in the asymptotic expansions we need the following definition,
which is an adaptation of the one used by Mourtada [16] and Roussarie [19].

Definition 2.4. Let W be an open subset of R". We denote by T(W) the set of germs of
analytic functions h(s; i) defined on (0, &) x W for some ¢ > 0 such that

oh(s;
limh(s; uw) =0 and limsM =
s—0 s—0 as

uniformly (on ) on every compact subset of W.

Definition 2.5. The function defined for s > 0 and o € R by means of

0

Socfl_ ]
w(s; o) = o —1 ifa #1,
logs ifa=1,

is called the Roussarie—Ecalle compensator.
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Remark 2.6. In [18], it is proved that sw (s; &) € Z((0, +00)).

In order to simplify the expressions that appear in the statement of the main result, we
introduce the functions

“ (PO, y) 1>dy>
L(u; p) := 1=,
(45 ) := exp </@<o>(g<o,y>+x y

“ ,0 d
M(u; ) = exp (/o (—ggﬁ O; +A) %)

and the covering of the parameter space W given by the open subsets

1 1 1 2
W1:={MGW:A>—},szz{MeW:A<—},W3:={ueW:—<x<—}.
n n n+1 n

Theorem A. Let {X,,, u € W} be the family of vector fields defined in (1) and assume that it
verifies FLP. Let R and T be respectively the Dulac map and the time function associated to
the transverse sections %, and %, as introduced in (2). Denote

01(0)*52(0) . /O ol
= ———LO)"M(7;(0 d A = dv.
)10 0)* M (:1(0)) an o(w) 0 00, v
Then R(s; ) = p(u)s* + s* fo(s; w) with fo € TZ(W). In addition, the time function T (s; i)
verifies the following:
(a) If p € Wy then T(s; u) = Ao(p) + Ay (u)s +sfi1(s; w), where fi € Z(Wy) and
’ n—1 02(0) n—1/x
~0,(0)2(0) + 0/ (0)02(0) /> / 0.0, U)L(U)ZU d_U
0(0, 02(0)) 0 0(0,v) v
(b) If u € W then T (s; 1) = Ag(u) + As()s™ + s* f5(s; u), where f» € TZ(W,) and
v gy | O /W ( M@w)" M) > du }
Ax() = 010" 32(0)" L (0) {n 000t a0 Po) i

(c)If p € Wi then T(s; ) = Ao(u) + As(u)sw(s; An) + Ag(u)s + sfz(s; u), where
f3 € Z(W3) and the functions As(u) and A4() are analytic on W5. Furthermore, if
A(o) = 1/n then

o)

Ar(p) =

o wr o 0,(0,0)
Bs(u0) = =10} 002 " LO) 0=

The coefficients p and A; in theorem A depend on w. For instance, to be precise we should

write Ag as
A ( ) /0 vnfl d
o(p) = —————dv.
o2 (0; ) Q(O: v; M)

In the statement of theorem A, the parameter dependence on o, 7, A, P, Q, L and M is omitted
to avoid lengthy formulae. Theorem A will be applied in our investigation of the bifurcations
of the critical points of the function s —— T (s; i). More precisely, if F(s; w) := Ts(s; w),
our goal is to study the solutions of the equation F(s; ) = O near s = 0 as the parameter u
varies. Therefore, in order to investigate if there are critical points bifurcating from p*, it is
necessary to have the asymptotic expansion of 7' (s; i) near s = 0 in a neighbourhood U™ of
w*, and that the remainder term of this expansion is uniform on U*. This is the reason why we
define Z(W;) and we need that the open sets W; cover W. Note in addition that the expression
of Aj is only necessary for those g € W3 such that L(ug) = 1/n, otherwise the problem can
be studied by applying (a) or (b).
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3. Machinery

This section is devoted to develop the tools that will be used in the proof of theorem A. The
idea is to decompose the time function in three parts by introducing two auxiliary transverse
sections X5 and X, (see figure 3) inside the linearizing domain U (recall definition 2.1). In
this way we must consider two situations: first, the passage around the corner of a vector field
which is already orbitally linearized (i.e. proportional to xd, — Ayd,), and second the passage
between two sections transverse to the same invariant manifold of the saddle point. This is done
in theorem 3.3 and lemma 3.2, respectively. The combination of these two results provides an
expression of the time function that depends also on the linearizing diffeomorphism ®. Thus
the main difficulty in the proof of theorem A, which is done in section 4, will be to manipulate
this expression in order that ® does not appear.
Let us consider a family of vector fields of the form

1
X, = F(f(x’ Yi )0y + yg(x, yi n)dy), &

where n > 0 and u € W. The functions f(x, y; i) and g(x, y; n) are assumed to be analytic
on a neighbourhood of {y = 0} and depending also analytically on the parameter ©. We also
consider (see figure 2) two analytic transverse sections £ (-; ) : I — X, and¢(; ) : 1 — TI1,
to the integral curve {y = 0}. Our goal is to give the first nontrivial term of the time mapping
between X, and IT,. Thus, denoting by ¢(¢, (xo, yo); 1) the solution of (3) with initial
condition (xg, yo), define R(s; i) and T (s; i) by means of ¢ (T (s), £(s)) = ¢(R(s)).

Definition 3.1. In the sequel Zo(W) will denote the set of germs of analytic functions h(s; |L)
defined on (—¢, €) x W for some ¢ > 0 such that h(0; u) = 0. Note then that To(W) C Z(W).

Now, with this definition, we prove the following result.

Lemma 3.2. Assume that f(x,0) #£ 0 for all x € [£1(0), £1(0)]. Then the functions R(s; |t)
and T (s; u) defined above are analytic on s = 0 for all w € W. In addition,

(a) R(s; u) = Ar(u)s +shy(s; ) with hy € Zy(W) and
52'(0) (/(1(0) g(x,0) )
A = dx ).
0 =00 oo 7@0 &
(b) T(s; u) = Ap(u)s™ + s hy(s; ) with hy € Zo(W) and

= n u .
e 2 £(0) P g0 f(u,0) f(x,0)

Moreover, if n = 0 then T (s; i) = Ax() + As()s + sha(s; w) with hy € Zo(W) and

OAW  EO) L, [9O f(x,0) < / g, 0) )
A = — — 0 —_ du ) dx.
W=y ey 2P w02 o Fao @) E

(-1 €(5)) ¢(R(s))

2/ {y =0} n(

Figure 2. Transverse sections in lemma 3.2.
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Proof. Let us denote the solution of X w = (0x +y(g(x, y)/ f(x,y))d,) with initial condition
(x0, yo) by @(¢, (x0, y0); it). Note that this provides us a parametrization of the integral curves
of X,,. In particular, the integral curve passing through & (s) is given by y = @, (x —&(s), £(s)).
Consequently we have

5 (R(s)) = @2(81(R(5)) — §1(5), &(5)). “)
By an application of the Implicit Function Theorem, R(s; 1) is analytic. On the other hand,
since &,(0) = 0 and ¢, (x, (xg, 0)) = 0, it turns out that

@r(x = £1(5), £(9) = a(x)s +5°r (s, x), )
where a(x) and r (s, x) are analytic functions. Hence, taking (4) into account, we can assert that
/ a(£:(0))
Ay(pn) = R(0) = —; . ©)
‘ £3(0)

Therefore, in order to prove (a), we must compute a(¢;(0)). To this end notice first that

d do do
a(x)= d-@z(x —£1(5),8@6)| = éf(O)ﬂ(x —£(0), £(0)) +§§(0)ﬂ(x —£1(0), £(0)).
s dxo dyo

s=0
Here, we used that {y = 0} is an integral curve of X - Recall that the derivatives of ¢(z, £(0))
with respect to the initial conditions satisfy the initial value problem

d | axg 9y - dxg Yo . dxg  0yo
— _ | =(DX)s _ _ with _ _ = 1d,.
ai|og: ag | T PP a5 o, g, 36 ’
3)60 8y0 3)60 3)10 3)60 3y0 =0
In this case, since ¢(¢, £(0)) = (¢ + £1(0), 0), it turns out that
0 0

(DX)gu.c0) = 0 gt +£1(0),0)
f+£(0),0)

and so one can solve the above linear differential equation. Indeed, the solutions are given by

Y% LY Y%, RY% +60) ,0
a9 _ W o o 20 0 = exp (/ CRY) du).
dxo 9yo dxo dyo q0 S0

Consequently, we can assert that

e togu,0)
a(x) = &,(0) exp </;1(0) 7@.0) du) ,

and this, on account of (6), proves (a). Next, in order to prove (b) notice first that 7 (s; ) is
analytic because

QRGN yn
T(s;pn)= /
£1(5) F G gyt 0).66)

Thus, from (5) and applying the dominated convergence theorem, it follows that

T(s) /Cl(O) ax)"
= dx
s" g0 S, 0)

and this shows the first part of the assertion. Finally, in case that n = 0, the coefficient A3 (u)
can be computed from (7) using the previous calculations. Indeed, using that & (0) = 0 and
that ¢, (x, (xo, 0)) = (0, we obtain

)

dx. @)

Az(p) = lim

dx.

| ! / Q)
M) = T'(O; ) = SLORO 5O /E fy(x, 0)a(x)

T f(@(0),0)  fE0),0 Jio f(x,0)?
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This concludes the proof of the result since the assertions concerning the remainder terms
follow easily on account of the analyticity of R(s; i) and T (s; ). U

Consider now a family of vector fields of the form
1
X, = —————(x0, —Ayd,), where v := (A, u) and n > 0.
Y'G(x, y; )
We assume that G (x, y; i) is a nonvanishing analytic function for each u € W and that the

family depends analytically on the parameter. Our goal is to study the time function between
the transverse sections {y = 1} and {x = 1}. More concretely, we consider

dx
V(s;v) :=/ V'G(x, y; u)—,
Cis.n X

where Ci ) = {(x,y) 1y = (s/x)*, s < x < 1}. Following the approach of Saavedra in [21]
we prove the theorem.

Theorem 3.3. With the above definitions, for each w € W let Gi(x,y;u) be the
analytic function satisfying G(x,y) = G@O,y) + xG(x,y) and denote by(v) =
[ G0, u)(du/u).
(a) If » € (1/(n+1),2/n) then V(s;v) = by(v) + a;j(v)sw(s; An) + ax(v)s + sf (s; v) with

feZ(/n+1),2/n) x W) and

L' Gi(u,0) — G1(0,0 G(0,0
al(v):(kn—l)(/ 1(u )A 10,09, _ 6 ))—GX(O,O),
0 urn An
' Gi(u,0) — G(0,0) ' G (0,u*) — G,(0,0) G(0,0)
a(v) = du + du — .
0 ukn 0 uZ—An n

(b) If » € (1/n, +00) then V (s; v) = by(v) + bi(v)s + sf(s; v), with f € Z((1/n,+00) x

W) and
'G,(0,u”)
bi(v) =[ ————du.
0

u2—kn

(c) If & € (0,1/n) then V(s; v) = by(v) + bo(V)s™ + s* f(s;v), with f € Z((0,1/n) x
W) and

by(v) = —

G(0,0) +/1 Gu,0) — G(0,0) du
0

n u)‘”“

Proof. For the sake of simplicity in the exposition, when it is possible we shall omit the
parameter dependence in the formulae.

We begin by showing (a) and during its proof we shall use the following convention.
We shall say that a function ¥ (s; v) satisfies the good remainder property if ¥ (s; v)/s €
Z((1/(n+1),2/n) x W). Clearly, this is equivalent to requiring that

i Y(s;v)
1m =

s—0 Ky

0 and lin(l) Yi(s;v)=0

uniformly on every compact subset of (1/(n +1),2/n) x W.
Let us assume first that (A, u) € (1/n,2/n) x W. Thus, since G(x,y) = G(O0, y) +
xGi(x,y), we have that

" dx " dx
V(S)=/ y G(x,y)—=/ Y'G(0, y)— + Vi(s),
C X Cs X

s
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where

n dx
Vils) := / Xy Gl(x,y);.

s

Using the formula y = (s/x)*, the change of variables u = s/x yields
L N b N
V(s) =/ uGO0,u)— + Vi(s) = / u" GO, ut)— +hi(s) + Vi(s),
s u 0 u
where
§ d
hy(s) = —/ WG (0, ut) —.
0 u
Let g; be the analytic function such that G(0, y) = G(0,0) + yg;(y). Then
G(@©0,0 § d
h](s) — _¥s)»n _/ u)\(n+l)g1(u)\)_u
0 u

An

and we claim that the second function in this expression satisfies the good remainder property.
To show this consider a compact subset K of (1/(n + 1),2/n) x W. Itis clear that there is no
loss of generality in assuming that K = [k, k2] X S, where § is a compact subset of W. Then,
there exists a positive constant M such that |g,(u*; u)| < M forallv € K and u € [0, 1].
Consequently, if s € (0, 1) then

A1) —1 (n+1)—1
lfs M)L(n+1)g1(uk)d_u < % /5 M)L(n+1) d_I/t _ MS n < MsK1 n .
s Jo u s Jo u An+1) ki(n+1)

Clearly, this uniform upper bound tends to O as s — O since k; > 1/(n + 1). On the other hand,

d s du
- (/ u)»(n+1)g1(u)n)_>
ds \ Jo u

and again this uniform upper bound tends to 0 as s — 0.
Consider next the function V; and let G, denote the analytic function such that G (x, y) =
G1(0,y) + xGy(x, y). Then

" dx 2 n dx
Vils) = xy"G1(0, y)? + V5 (s), where V,(s) := xy'Gy(x, y)?.

s CA

— |Sl(n+l)7lgl (s)u)| < MSKl(n+l)7l

Again after the change u = s/x it turns out that
1
d
M) =5 [ 0G0, S+ ha(s) + Ve,
0 u
where
§ d
ha(s) = —s / W1G(0, ) =
0 u
Denote now by g5 the analytic function such that G (0, y) = G1(0,0) + yg>(y). Then
G1(0,0 § d
/’lz(s) — LS}LH _ S/ M}\(l’l+])—]g2(u)\,) _u
1—An 0 u
and one can prove exactly as before that the second function in this expression satisfies the good
remainder property. We point out that this second function is well defined forallA > 1/(n + 1).
This is important because to prove the good remainder property we must consider compact
subsets of (1/(n + 1), 2/n) x W. Note that &, on the whole is only well defined when A > 1/n.

The last step will be to study V5, and to do so we denote by G3 the analytic function which
satisfies that G, (x, y) = G,(x,0) + yG3(x, y). Then

d d
Vals) = / x2y"Ga(x, 0) — + V3(s), where V3(s) := / 2y Ga(x, y) .
C X Cs X

s
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Hence, using that y = (s/x)*, we can write
an : 2—an dx
Va(s) =s XTMGa(x, 0)— + hs(s) + V3(s),
0 X
where
An * 2—An dx
hs(s) == —s by Gy(x,0)—.
0 X

We remark that here we use the assumption A < 2/n. Exactly as before one can check that /3
satisfies the good remainder property. We claim that this is also the case of V3. To see this,
notice first that

1
S\ dx
Va(s: v) = SA(11+1)/ X2 G (x, ()_C) ;,u) =

s

and consider a compact subset K of (1/(n +1),2/n) x W. Since

{(x,(i)k):s<x§1,0<s<l}C[O,l]z’ ®)
x

there exists a positive constant M; such thatif s € (0, 1) and v = (A, u) € K then

V3(s; v)

1
< M,s“"”)*lf X7 D dy = —Miso(s: A(n+ 1) = 1).
S

R

Clearly, see remark 2.6, the last function tends to 0 as s — O uniformly on K since
A(n+1)— 1> 0forall ve K. On the other hand, a computation shows that
Va(s; v 1 A
Vitssw) = 20 6, 1)+)\s’\("+2)_1/ X170 (Gy), (s, (<) )dx.
K X

N
It is clear that the claim will follow once we prove that the last term in the above expression
tends to 0 as s — O uniformly on K. To see this notice that from (8) it follows that there exists
M; > O such thatif s € (0,1) and v = (A, u) € K then

1 N 1
s
s“’”z)’l/ xlf’\("ﬂ)(Gs)y (s, (—) )dx < Mzs’\('”z)*l/ x! A0+ qx
N ‘x N

= —Mysw(s; \(n+2) —1).
This upper bound, again on account of remark 2.6, tends to 0 as s — 0 uniformly on K because
An+2)—1>0forallv e K.
In brief, collecting all the functions which do not satisfy the good remainder property, we
have proved that if v = (A, ) € (1/n,2/n) x W then

! d ! d
V(s;v):/ u”G(O,u*)—”Jr(f u”’lGl(O,u’\)—u>s
0 u 0 u

1 G(0,0 G1(0,0
+(/ u' "Gy (u, 0) du — 0.9, &« )>s*"+f1<s;v>,
0 An 1 —Ain

where fi(s;v)/s € Z((1/(n +1),2/n) x W). Now it is easy to check that V (s; v) — fi(s; v)
can be rewritten by means of the monomials {1, sw(s; An), s} and the coefficients given in the
statement. This is left to the reader, it is a straightforward calculation using that

_ Gl(x7 }’) - Gl(oa y)

Ga(x,y) = e and G1(0,y) =G.(0,y)

and that s* = (An — 1)sw(s; An) + s. It is important to point out that the coefficients of
the monomials {1, s, s*} above are only well defined in case that A € (1/n,2/n), and that
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in contrast the coefficients of the new monomials {1, sw(s; An), s} are well defined for all
re(l/(n+1),2/n).

Let us turn now to the case (A, u) € (1/(n + 1), 1/n) x W. The first step in the process
is common in all the cases. Hence, we obtain

1 Iy 5 du
V(s>=/ IGO0, 1)+ Vi),
0

where h; and V| are the functions defined before. Recall in particular that &;(s) +
(G(0, 0)/An)s™* verifies the good remainder property. In this case, in order to study Vi
we consider the analytic function G, such that G (x, y) = Gi1(x,0) + sz(x, y). Thus it
follows that

n dx 7 (7 n+l A~ dx
Vils) = xy"Gi(x,0)— + Vao(s), where Va(s) := [ xy"" Gao(x,y)—.
Cy X X

s CA

1/x

Since x = s/y'/*, one can verify that the change u = s*/y gives

s 1/h— 1 e - ~
Vis)=— | u/"7"Giu ", 0)— + hy(s) + Va(s),
A 0 u
where

= i 1/h—n 1 o du
hy(s):= - u Gi(u ,0)7.
0

Then, taking into account that G (x, 0) = G(0, 0) + xG,(x, 0), we obtain
. G1(0,0 hn st d
fir(s) = Ms _ S_/ W21 Gy, 0)_u
an—1 A Jo u

and one can show exactly in the same way as before that the second function in the above
expression satisfies the good remainder property. We study next the function V,. To this end
we consider the analytic function G5 which verifies G»(x, y) = G»(0, y) +xG3(x, y) and this
enables us to write

~ ntl A dx - y 2 n+l A dx
Vao(s) = xy"" G»(0, y)? + V3(s), where V3(s) ;== x°y"" Ga(x, y);.
C_S s

Once again, the substitution y = (s/x)* and the change u = s/x shows that
> ! A+ —1 A wdu - =
Vo) =5 [ w60, T ) + Vi),
0 u
where
7 S -1 N
hs(s) == —s u GL(0, u*)y—.
0 u

Now one can prove that /3 and V5 verify the good remainder property. This fact follows exactly
in the same way as in the preceding case and for the sake of brevity it is not included here.
Therefore, collecting the terms not verifying the good remainder property, we can assert that
if (A, n) € (1/(n+1),1/n) x W then

! d 1! du G(0,0
Vis:v) = / WG (0, u*)—”+(—f WG 03— 600 ))s”'
0 u A Jo u An

1 . du G(0,0
+ (f e Ve T et M) s+ fo(s;v),
0 u an—1
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where f>(s;v)/s € Z((1/(n+1),2/n) x W). At this point one can translate the monomials
{1, s, s}of V(s;v)— fo(s; v)into {1, sw(s; An), s} and then elementary manipulations show
that the new coefficients are precisely the ones appearing in the statement.

We study finally the case A = 1/n. In this case, we claim that for all © € W we have

T N N0 e )

)
where the function f3 satisfies that
. fa(sy ) el .
1111(1) — =0 and hII(l) f53(s; u) = 0 uniformly on compacts of W. (10)
§—> S 5—> -

The proof of (a) will follow once we show this claim. Indeed, the function

. 1 2
fi(s; v) if A e (—,—),

n n

fls;v) =1 f3(s; 1) ifk:%,

. 1 1
fa(s;v) if A e <— )

n+1' n

will verify the good remainder property and we will have proved that

V(s;v) =bo(v) +a;(v)sw(s; An) + ar(v)s + f(s; v) forallv e (ni T %) x W.

The fact that f(s;v)/s € Z((1/(n+1),2/n) x W) is very simple to show and it is left to
the reader. It follows using that f; and f;, verify the good remainder property and that f;
satisfies (10).

So let us prove the claim. Since the first step of the process is the same for any A, in case
that A = 1/n we have that

1
V(s):/ GO, u'™ydu + hy(s) + Vi (s),
0
where
S d
hi(s) = —G(0, O)S—/ u"g (u'™ydu and Vl(s)zf xy”Gl(x,y)—x.
0 C, X

One can easily check that the function s — h;(s) + G(0, 0)s verifies (10). In order to
study Vi, we consider the functions r;, r, and R satisfying G;(x, y) = G1(0,0) + xr;(x) +
yra(y) + xyR(x, y). Then, since xy" = s, it turns out that

! ! 1/n 1/n du
Vi(s) = — G1(0,0)slogs +s ri(x)dx +s u'"ro(u’"—
N N u

1
+S1+l/n/ x"Unp (x, (i)l/n) d_x
s X X

For the sake of brevity let us denote the second, third and fourth terms above by ¢, (s), ¢3(s)
and ¢4(s), respectively. Easy computations show the functions

! du
ul/nrz(ul/n)_
u

1
s —> ¢r(s) —s/ ri(x)dx and s —> ¢5(s) —s/
0 0
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verify (10). Let us prove that ¢, also satisfies it. So fix a compact set K of W. Then there
exists a positive constant M; such that |R(x, y; u)| < M, for all (x, y) € [O, 11? and ueKk.
Therefore,

; : 1
da(s M)) < Mlsl/n/ e dx = — Myse (s; _) 00 ass 0.
S K n
On the other hand,
. 2/n 1 1n
disiw) = P s 1y 42 / xR, (x, (3) )dx
N n s / x

and taking M, > 0 so that |R,(x, y; u)| < M, for all (x, y) € [0, 117 and i € K then

1 s\ 1/n 1 2
sz/”/ x~2"R, (x, (—) >dx <M, sz/”/ x7"dx = —Masw (s; —) -0
K ’ X s n

as s — 0. Consequently, we can assert that

1
v<s; <%u>> = f G0, u'/"ydu — G1(0,0)s logs
0
1 1 du
+ <f rl(u)du+/ u"ry ™y — — G(0, 0)>s+f3(s;u),
0 0 u

where f3 satisfies (10). This, taking into account that s logs = sw(s; 1) and that

G1(x,0) — G1(0,0) G0, y) = G4(0,0)
and rp(y) =

ri(x) =
X
shows the validity of (9) and completes the proof of the claim.
The proofs of (b) and (c) are simpler than that of (a) and follow using the same method.
Let us show for instance (c). So assume that v € (0, 1/n) x W and let us use the following
convention. In the proof of (c) we shall say that a function v (s; v) satisfies the good remainder
property if ¥ (s; v)/s*" € Z((0, 1/n) x W). This is equivalent to require that
. / .
im YO o ad im LS g

s—>0  shn 50 ghn—l

uniformly on every compact subset of (0, 1/n) x W. Once again we can write
! d
n 2 GU
V(s) =/ u” G0, u)— +hi(s) + Vi(s),
0 u

where

n dx G(0,0) ,, S oo du
vl(s>=/ xy"Gi(x, y)— and hi(s) = ————s* —/ u Vet —.
C, X An 0 u

We claim that the second function in 4 satisfies the good remainder property. To prove this,
let us fix a compact subset K = [k, k2] x S of (0, 1/n) x W. Then again there exits a positive
constant M such that |g; (x; )| < M forall x € [0, 1] and i € K, and consequently,

A
L /s u)‘(""'l)gl(uk)d—u < ﬂ /f u)‘(""'l)d—u .y N <M sk
0 u 0

shn shn u An+1) ki(m+ 1)’
This uniform upper bound clearly tends to 0 as s — 0 since x; > 0. Moreover,
1 d

s d
(/ u)‘(nﬂ)gl(ux);u)‘ = |s)‘g1(s)‘)i < Ms“' -0 ass —> 0
0

S)‘.n—l ds
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and hence the claim is true. So it only remains to study V; and in this case we use G, which
is defined by means of G(x, y) = G(x,0) + yG,(x, y). We thus obtain
An

s : 1/a—n 1/2 du - o
Vi(s) = -] Gi(u'",0)— +ha(s) + Va(s),
0 u

where

- - d " An st d
Vz(S)Z/ XY™ Gy (x, y) = and hz(S)=—S—/ WG, 0)—
C. X )\. 0 u

s

One can show that 1, and V; verify the good remainder property. The proof of this fact is not
included here for the sake of brevity. Therefore,

! d 1! du G(0,0
Vis: ) =/ WG, )L+ (—/ Gy @i, g3 09 )>s“’ + 57 F (53 V)
0 u A Jo u AR
with f € Z((0, 1/n) x W), and this completes the proof of (c). O

Concerning the proof of theorem 3.3, it is to be mentioned that to obtain the expression
of the first nontrivial coefficient of V (s; i) we follow the approach of Saavedra in [21]. The
author studies in that paper the asymptotic development of the time function associated to
a vector field. Theorem 3.3 deals with a family of vector fields, and therefore we must use
a ‘good’ unfolding of the scale appearing in the development of Saavedra. That is, a scale
such that the order of the terms is preserved in a small neighbourhood of (s, 1) = (0, wp) in
0, &) x W (see [9)).

We conclude this section with the following result, which will be used in the proof of
theorem A to study the remainder terms. For the sake of brevity, inits statement we denote Z(W)
and Zy(W) by Z and 7, respectively.

Lemma 3.4. Assume that a(i), k() and r () are positive analytic functions.

(a) If g(s; w) and f(s; u) belong to Iy and T respectively then g o f € L.

(b) If f(s; n) belongs to I (respectively Iy) and ¢ := s"(a + f) then sk 0@ —akst belongs
to s T (respectively ST,

(c) If f(s; ) and g(s; ) belong to T and ¢ := s"(a + f) then (s*g) o ¢ belongs to s*"T.

(d) If g(s; w) belongs to Iy then gw(s;r) € L.

(e) If g(s; w) belongs to Iy then (sw(s;r)) o (s(a+g)) = a"sw(s;r)+aw(a;r)s + ¥ with
v es7.

Proof. To show (a) note first that if g € Z, then g = sh where h is an analytic function on
s =0.Thusgo f = (sh)o f = f (ho f), and soitis clear that g o f tends to zeroas s — 0
uniformly on . On the other hand,

s@of) =s(fhof)) =sf((hof)+f(hof)—0 as—0
uniformly on w since f € 7 and 4 is analytic on s = 0. This proves (a). To show (b) notice that
skop —dfsk = s ((a+ ¥ —db) = 5" ((a+ )k —a¥) o f).

Hence, since (a + s)f — a* € Ty, it is clear that if f € Z, then by applying (a) we can assert
that s 0 ¢ — a*s*" e s*"T. It is obvious moreover that this function belongs to s*"Z; in case
that f € Zo. Let us turn next to the assertion in (c). Since (s¥g) o ¢ = s (a + f)*(g o ),
we must prove that (a + f Y(g o @) € Z. The fact that this function tends to zero as s — 0

uniformly on w is clear. On the other hand a computation shows that

s(a+ Hgoe) =k(a+ ) 'sf'(gop)+s@+ ) op)g.
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The first term in the addition above tends uniformly to zero as s — 0 because so do sf’
and g o ¢. Let us show that the same occurs with the second one. Indeed, one can check that

ke’ ’r_ ke’ < ﬂ) _ ko 7 ( Sf, )

sta+ ) (g oy =(a+ [ opyls =@+ )@ ope|r+
@ a+f

and this function tends to zero as s — 0 uniformly on u because f, g € Zandgp — Oass — O.
We conclude therefore that (a+ f )k(gogo) € 7T asdesired. Inorder to prove (d), we shall use that,
on account of remark 2.6, sw(s; r) € 7 and that, since g € Zy, g = sh, where A is an analytic
function on s = 0. Taking these two facts into account it follows easily that if s — 0 then
gw(s;r) = hsw(s;r) — 0and s(gw(s; r)) = sh'sw(s;r) + hs(sw(s; r)) — 0 uniformly
on p. Finally, to prove (e), letus define W := (sw(s; r))o(s(a+g))—(a"sw(s; r)+aw(a;r)s).
Hence we must show that W € sZ. One can easily verify that the relation

oW r) =y o) +o@r)

holds for any ¥ (s; ) and ¢ (s; n). By using this equality with ¥ = a + g and ¢ = s it
follows that

(sw(s;r))o(sta+g)) =(a+gsw(sla+g)r)=(a+g) sw(s;r)+@+g)swa+g;r).
The substitution of this expression in W and elementary manipulations show that
U= (~(a+s) —a)og)sw(s;r)+ ((sw(a+s;r))og)s+as((w(a+s;r) —wla;r))og).

Since the functions (a +s)" —a’", sw(a +s;r) and w(a +s; r) — w(a; r) belong to Zy, and so
does g by assumption, from the above equality we can assert that ¥ € sw(s; r)Zy + sZyp. This,
on account of (d), shows that ¥ € sZ and concludes the proof of the result. O

4. Proof of the main result

Proof of the theorem A. For the sake of simplicity in the formulae we shall omit the parameter
dependence when there is no risk of ambiguity.

Let 6 and ¢ be small enough so that the points (0,6) and (e,0) belong to the
linearizing domain U (see definition 2.1). Thus, taking advantage of the linearizing local
diffeomorphism & (see figure 3), we define two auxiliary transverse sections Xs and X, to
X parametrized by s —> P(s,8) and s —> (e, s), respectively. Next we consider the
Dulac and time mappings between X, and ;. To this end we use the parametrization of the

Figure 3. Auxiliary sections in the proof of theorem A.



870 P Mardesié et al

corresponding transverse sections. More precisely, if ¢ (¢, (xo, ¥9); i) denotes the solution of
X, passing through (x¢, yo) att = 0, we define R, (s; ) and T; (s; u) by means of the relation
@(Ti(s5 1), 0 (s)) = P(R(s; w), 9).

We consider also the mappings between X5 and 2., say Ry(s; 1) and 7>(s; i), and the ones
between X, and X;, say R3(s; i) and T5(s; n). Exactly as before, these mappings are defined
by means of
(Ta(s; ), @(s,8)) = @ (e, Ra(s; ) and e(T3(s5 1), (g, 8)) = T(R3(s; w)).
Note that the hypothesis FLP implies that R, (s) = 8(s/€)*. Now, according to these definitions,
we can split up R(s) and T (s) as
R(s; ) = R3(R2(R(s))) and T(s; ) = Ti(s) + Ta(Ri(5)) + T3(R2 (R (5))).
It is to be pointed out that 7; (s) and R; (s) depend on § and ¢, but that 7' (s) and R(s) as a whole
do not. This will be the key point in order to compute their first nontrivial coefficients.

Now we shall use lemma 3.2 to study the asymptotic expansions of R (s; n) and T (s; ().

In order to achieve the assumptions of this lemma it is necessary to perform the change of
coordinates given by (x, y) —> (y, x). We thus apply it to

1
—5 (f(x, yi ok + yg(x, y; n)dy),
y

with

_ Oy, x) and g(x. y) = P(y,X).

xn—] xn

fx,y)
The parametrizations of the transverse sections that we consider are

£(s) = (02(5), 01(s)) and $(s) = (Pa(s, 8), Pi(s, 8)) = (5v(s, 8), s¥i (s, 8)).
Here we took remark 2.2 into account. Hence by applying lemma 3.2 we can assert that
Ti(s; ) = Ao(w) + A1(n)s + shi(s; ) and Ri(s, w) = B(w)s + sha(s; p)

(11)
with h; € Zo(W) and where

/ 892(0,8)
B = 1O exp(/ P(o,y)d_y>’

T Y1(0,8) 0 00,y y
§Y2(0,6) xn—l
A = dx,
o) /@@ 00,0
8"912(0, 8"~ (1), (0, ) 4(0) (0!
A = B e~ e
() 00, 592(0. 5)) W) = =50, 0
8v2(0,0) n—1 v
— 0](0) 20w, (/ Mﬂ)dv
2(0) 00, v) w0 Q0,y) ¥y

Let us turn now to study 73(s; i) and R3(s; u). To this end we apply lemma 3.2 to

1
y—n(f(x, ¥; )0y + yg(x,y; u)dy) with f(x,y) =xP(x,y) and g(x,y) = Q(x, y).

In this case the parametrizations of the transverse sections that we consider are ¢(s) = 7(s)
and £(s) = D (e, 5) = (e (e, 5), sy (e, s)). We thus obtain

T3(s; ) = C(u)s" +5"h3(s; ) and Rs(s, p) = D(w)s + sha(s; ) (12)
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with h; € Zo(W) and

. © * Q(u,0) du dx
C(un) = (e, 0) exp(n P — ,
v (£,0) evie,0) P, 0) u / xP(x,0)

DG = L2EO (/”“” Q(u,O)d_u>
Wm0 P Uew P@O W)

Hence, it remains to study 7(s; ) because recall that Ry(s; ) = 8(s/e)*. This will
be done by means of theorem 3.3. Since in this result the transverse sections are assumed
to be on {y = 1} and {x = 1}, we must compose the linearizing diffeomorphism & with
(x,y) —> (ex,dy). We thus consider é(x, y) := ®(ex, §y), and then from remark 2.2 it
follows that

~ 1

X, =, | ——
e <y"G<x, )

Let us recall that the existence of g is a consequence of definition 2.1. As we will see, this

function can be given explicitly by means of ® and X, but this is not necessary right now.

Consequently we have that 7>(s; u) = V(s/¢e), where V (s; ) is the function considered in
theorem 3.3 taking G (x, y) as above. Applying theorem 3.3 we obtain

V(s) = bo(n) + by (1)s +sri(s; (n) if e Wi, 13)

V(s) = bo(i) + ba()s™" + 5™ ra(s; 1) if e W, (14)

(x0, — Ayay)> with G(x, y) := 8"g(ex, 8y).

V(s) = bo(n) + a1 (u)sw(s; An) +ax(p)s +sra(s; u) ifueWws, (15)

with ; € Z(W;) and where
1
d
bo(u) = 8" / g0, M) —,
0 u
1
d
bi(w) =8"8/ W, (0, 8ty
0 u

__ ¢ o ' (8(eu,0)—g(0,0)\ du
ha() = 5+ 8/0 ( - )W,

1
ai(n) = —8"eg:(0,0) A = -

It is worthwhile making the following observation concerning the functions r; above. To be
precise, for instance in case that © € Wy, by applying theorem 3.3 we obtain a remainder term
of the form sr;(s; (A, n)) with 7; € Z((1/n, +00) x Wj). It is clear however, on account of
the definition of Wy, that r{(s; ) := r1(s; (A (), w)) € Z(Wy).

At this point, we have all the necessary ingredients in order to prove the result. The rest
of the proof is carried out in two steps. The first one will be to prove the assertions concerning
the remainder terms in the asymptotic expansion of R(s; w) and T (s; u). The second one will
be to compute the explicit expression of each coefficient in these expansions.

We begin with R(s; u). Recall that R(s) = R3(Ry(R;(s))) where R;(s) and R3(s) are
given respectively in (11) and (12) and where R,(s) = 8(s/¢)*. So, by applying lemma 3.4,
we can assert that Ry(R(s)) = s*(e™*8B* + g;) with g; € Zo(W). Then, from lemma 3.4
again, it follows that

R(s) = R3(s* (¢ *8 B +g1)) = ps™+s* fo(s; u), withp := ¢ *8B*D and fy € Z(W). (16)
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Let us turn next to the study of 7' (s; u). To this end notice first that
T(s; u) = Ti(s) + T2(Ri(s)) + T3(R2(R1(5)))
= Ti(s) + Ta(Bs + sha) + Ts(s* (¢ "8 B* + g1)), (17)
where Ti(s; n) and Ts(s; ) are given respectively in (11) and (12). In particular, from
lemma 3.4 it follows that
T3(s* (e *8B* + g1)) = (Ce 8" B*)s™ + s g, (s: 1), with g, € Z(W). (18)
Hence, taking also into account the expression of 7 (s; u), we conclude from (17) that
T(s; ) = Ag+ As +shy + To(Bs + shy) + (Ce 8" B*)s* + 5 g, (19)
where hy, hy, € Zo(W) and g, € Z(W). At this point, since we shall later need the concrete
expression of g, letus explain in detail how lemma 3.4 shows that g, € Z(W). Thus, from (12)
and setting B := ¢ ~*§ B* for sake of brevity, we have that
Ty(s* (B + 1)) = C(s"(B +£1)" + (s"(B + 1))"h3(s*(B + g1)).
Due to g, € Zo(W), from (b) in lemma 3.4 we obtain that C (s* (B +g1))" = (CB")s"" +s"'§,
with g € Zy(W). Therefore, the remainder term in (18) is given by
g =8+ (B +g1)"hs(s*(B +g1)), where g1, h3, §» € To(W). (20)
Since h3 € Zo(W) and s*(B+g;) € Z(W), (a) in lemma 3.4 shows that /13 (s* (B+g1)) € Z(W).
Consequently, on account of Zo(W) + Z(W) C Z(W), this proves that g, € Z(W) as claimed.
On the other hand recall that 7, (s; u) = V(s/¢), where V (s) is given by (13), (13) or (14)
depending on which set W; is . Let us assume first that & € W;. Then, from (13) and applying
lemma 3.4 again, it follows that
T,(Bs + shy) = by + (e_lblB)s +sg3(s; ), with g3 € Z(Wy).
Thus, collecting the terms in (19) that we obtain after the substitution of this expression,
one gets

T(s) = (Ag +b0)+(A1 +b18_]B)S +Sf1(S; “w, with f1 e Z(Wy).
—_— —
Ao A

Here, to collect the remainder terms, we used that s*"’lgz € Z(W)) and this is so because,

on account of u € Wi, we have that A\n — 1 > 0. Assume next that © € W,. In this case,
from (13) and applying lemma 3.4 once again, it turns out that

T>(Bs + shy) = by + (€ " by B*)s™ + s gu(s: 1), with g4 € Z(W,).
Therefore, from (19) it follows that
T(s) = (Ag + bg) + (bre ™" B + Ce 78" B*) s* 4+ 5™ f5(s; ), with f> € Z(W;).
N —
A[) AZ

In this case to gather the remainder terms we used that s'=*'4; € Z(W,). Let us consider
finally the case u© € W3. Now, from (15) and on account of lemma 3.4, we can assert that

T>(Bs + sha) = by + (a16 ' Bw (¢ 7' B; An) + ae ' B)s
+ (a1 M BM)sw(s; An) + sgs(s; [0), with g5 € Z(W3).
Thus, using that s*" = (An — 1)sw(s; An) +s, the substitution of this expression in (19) yields
T(s) = (Ao +bo)+(are™™B" + (n — 1)Ce™*"8" B™) sw(s; An)
N

Ao As
+ (A1 +a1e "Bo(e T 'B;An) + are !B + Ce M 8" BM) s + sf3(s; 1),

Ay

with f3 € Z(W3).
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It is to be noted that the gathering of the remainder term above has been a little more delicate
than the preceding cases because it does not follow directly from lemma 3.4. Notice that this
remainder term is given by sh + s g, + sgs with by € Zo(W), g, € Z(W) and g5 € Z(W3).
The fact that sh; + sgs5 € sZ(W3) is obvious, and so it remains to check that s*" g, € sT(W3).
This follows from the particular expression of g,, which is given in (20). Indeed, since
hs3, & € Zop(W), we can assert that 3 = sfzg and g, = sg,, where fl3 and g, are analytic on
s = 0. Then, from (20),
sMgy = s(s* g + s VB + g1)™ (M (B + 1))

and this, since A(n + 1) — 1 > 0 due to u € W3, shows that s*" g, € sZ(W3), as desired.

This concludes the part of the proof concerning the remainder terms. Let us turn now
to the computation of the coefficients p and A;. Notice however that at this point we can
already assert that these coefficients depend analytically on . The key point to compute them
explicitly is that in fact they do not depend on § nor . Therefore, in order to obtain simpler
expressions we will take limits when both parameters tend to zero. To this end we first rewrite
the functions A;(u), B(u), C(n) and D(w) in terms of L(u) and M (#) (which were given
before the statement of the result) because then it is easier to take limits when § and ¢ tend to
zero. Thus, some computations show that

/ 1/2

00O (500, 8)).

Y10, 8)¥2(0, 8)'/*

A (o) = 6,1_1/)\0—1/(0)0—2(0)1”(102))((07 8) L(5y»(0,8)) 0}(0)0,(0)" !
! V10, 8)¥2(0, 8)!/2=m+1 0(0, 8912(0, 6)) 0(0, 02(0))
22090, (0, v) L(w)v"* dv
_ / 0 0 1/)»/ —_,
01(0)02(0) o 00, v)? 5
wn V18, 0P (e, 0)" f"(o) M@u)" du
M(e)" e (e.0) P, 0) ul+n’
o V2 (e, 0)1 (e, 0)* M(71(0))
50 O* M)
We begin with the coefficient p(u) of the Dulac map R(s; i), which is given in (16). We
obtain

B(p) = 8'*

Cn) = ¢

D(p) =

M (71 (0))

T .Y A1 AT D) = ¢/ (0)* -
pGn) =  Jim e DsB" = lim(55") fim(e™D) = a{(0)' o2 OLO’ s

(£,8)—(0,0)
Next, we proceed with the coefficient Ag(u). In this case, it turns out that

892(0.8)  yn—1 1 du 0 1
Ay =Ag+by= / dx +8”/ ug(0, 8'ut)— — / dx,
02(0) 0@, x) 0 u 02(0) 0, x)

asd — 0.

Let us turn now to the computation of A;. First of all notice that when we deal with this
coefficient we are assuming that u € Wy, which corresponds to An — 1 > 0. Taking this into
account,

Ay = lim(A; +b1e”'B) = lim(A;)
§—0 §—0

03032 (0)"!
Q(0, 02(0))

— 0](0)o2(0)'/*

0.(0, V)L ()" /* du
02(0) 0(0, v)? v’
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As before, when computing A, we must take into account that u € W, (i.e. An — 1 < 0). Thus,

Ay = lim  (eMbyBM + Ce™*8" B*) = lim (8" B*) lim (¢ "8 "by + Ce ™).
(£,6)—(0,0) 80— £—0
K1 K2

Here, we are using that in fact x; does not depend on ¢ and that x, does not depend on §. One
can easily check that

lim ey = o (0)"" 2 (0)" L(0)™". 21

The computation of lim,_, ¢ «3 is a little more delicate. This is so because the two terms in x5,
namely '8 "b, and Cs~*", are divergent as € — 0. To prove that in fact these divergences
compensate when we consider the two terms together it is necessary to expand C (). This is
the reason why we introduce the function

l ( M(u)" 1 > £ 0
v o |1 \P@0) " PO0) ifu#0,
W=7y (M(u)” ) ,
— | — ifu = 0.
du \ P(u,0) /],
Then one can check that
Ya(e, 0) e Y1(8, 00y (e, 00" 71(0)™*
Clpn) = . —¢
nP(0,0)M(e)" M(e)" niP(0,0)
+8MW1(8, 0)*" Y, (e, 0)" /T‘(O) N (u) du,
M(e)" ey (e,0) UM

and consequently,
_ g b Yo (e, 0) JURET /‘1 g(eu,0) — g(0,0)\ du
nQ(0,0) AnP (0, 0)M (e)? 0 cu

(e, 0V (e, 0" 1(0) L e 02 (e, 0)" /T‘(O) N (u)
M(e)r nAP(0,0) M(e)" e

k2 u An

du.

W) UM

Note at this point that the two first terms in «, can be collected as e "k (), where

1//2 (87 0)
h(e):= .
nQ0,0) inP(,0)M(e)"
Then, since one can verify that 7(0) = 0, there exists an analytic function h such that

h(e) = sfz(e). This shows, on account of 1 — An > 0, that lim,_,o e *"h(e) = 0. Note,
on the other hand, that the functions N (x) and (g(u, 0) — g(0, 0))/u are continuous at u = 0.
Thus, since u~*" is integrable near u = 0 (once again due to 1 — An > 0), by applying the
dominated convergence theorem to the integral terms in x, we obtain

7 (0~ / O N (w)
0

lim k, = —
An
u

— 4+
e—0 nQ(0,0)
Consequently,
. . 0)—An 71(0) Nu)
A = lim i, lim s = 0](0) "0y L0y T / —du ).
2 = lim iy lim ey = 01(0)™02(0)" L(0) (nQ(0,0)+ ; o du

Finally, if g € W3 is such that A(up) = 1/n then Az(ug) = a1 B/e = —g,(0, 0)6" B. Thus,
since k1 = 8" B*", from (21) it follows that

A3(po) = —gx(0,0) lim iy = —, (0, 0)7{(0)02(0)" L(0).
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We claim that g, (0, 0) = n(Q, (0, 0)/ P (0, 0)?) and notice that the result will follow once we
prove this. To this end note first that, according to definition 2.1 and remark 2.2, we have

1
X, =@, [ —— (x0, — A a,)).
g (y"g(x,y) o

This provides two equalities, namely

Vg, »)@i(x, ) P(P(x,y) = Pa(x, )" (x D1, (x, y) — Ay D1, (x, ¥)) (22)
and
V'g(x, y)P2(x, y) Q(P(x, y)) = Pa(x, )" (x P2y (x, y) — Ay Doy (x, ¥)). (23)

Since @ (x, y) = xy1(x, y) and Py (x, y) = y¥(x, y), from (22) it follows easily that
" ) - )\' )
(. y) = Va(x, y) (1+ XY (x, y) — Ay, (x y)>.

~ P(D(x,y) Yi(x, y)
Therefore, on account of v; (0, 0) = 1, a computation shows that

V1,(0,0) +ny,(0,0)  P,(0,0)

8:(0,0) = P(0,0) T P0,02 o
On the other hand, by the substitution of g(x, y) in (23) we obtain
Yi(x, y) X2, (x, y) = A(WYa(x, y) + y¥,(x, y)) — Q(P(x, y))
Ya(x,y) Yi(x, y) +xy,(x,y) —Ayy,(x,y)  P(®(x, )
and, taking A = 1/n into account, the derivative of this equality with respect to x yields
110,00+ 1, 0,0 = n ( e >u0'
Now, the claim follows from the substitution of the above expression in (24) and using once
again that A := —Q(0, 0)/P (0, 0) = 1/n. This concludes the proof of the result. |

5. An application to Loud systems

Considernow afamily {X,,, u € W} of polynomial vector fields having a centre at the origin. In
order to completely understand the qualitative properties of the period function in this family it
is necessary to study the bifurcation of critical periods from the boundary of the period annulus,
say Py, as the parameter p varies. To this end we must choose local parametrizations for the
set of periodic orbits near the boundary of P,,.

In case that the centre at the origin is non-degenerate for all © € W, there is a natural
way to parametrize the set of periodic orbits near the inner boundary. For instance, using that
{(x,0), x € (0,8)} is a transverse section for § > 0 small enough. Then, for each s 2> 0, one
can denote by P (s; ) the period of the periodic orbit of X, passing through the point (s, 0).
In this situation (see [5]), it is said that k critical periods bifurcate from the inner boundary of
the period annulus corresponding to the parameter value o € W if for every ¢ > 0 and every
neighbourhood U of j there exists w € U such that Py(s; ;1) = 0 has k solutions on (0, ¢).

In this section, we study the bifurcation of critical periods from the outer boundary. As
before, to define this notion we must parametrize the set of periodic orbits near the outer
boundary of P,. More precisely, if ;1o € W is the parameter value to study, we consider a
neighbourhood U of 1 and an analytic map o : [0, §) x U — X, such that, foreach u € U,
we have the following properties:

1. £, C Py,
2. 0(0; w) belongs to the outer boundary of P,,,
3. X, is transverse to X .



876 P Mardesié et al

Then, if P(s; u) denotes now the period of the periodic orbit of X, passing through the point
o(s; u) € P,, we define the bifurcation from the outer boundary exactly as before. Let us
remark that the number of critical periods that bifurcate does not depend on the particular
parametrization considered.

For the family of quadratic vector fields having a centre, Chicone and Jacobs [5] solved
completely the problem of the bifurcation of critical periods from the inner boundary. The fact
that these centres are non-degenerate allows to consider the Taylor development of P(s; u) at
s = 0 and to study its coefficients, the so-called period constants. This is the key point in [5].
In this section, as an application of theorem A, we investigate the bifurcation of critical periods
from the outer boundary. The difficulty in this study lies in the fact that the polycycle 0P,
undergoes a qualitative bifurcation. This forces us to take different parametrizations for
the set of periodic orbits. In addition, once such a parametrization is chosen, the function
s —> P(s; @) is not analytic at s = 0.

Denoting p := (D, F), we study the subfamily of quadratic vector fields

X, =(=y+xy)o+ (x+ Dx? + Fyz)ay

in case that the parameter p belongs to W := {(D, F) e R? : D € (—=1,0), F € (0, )}. It
is well known (see [26,29] for instance) that, for any u € W, the critical point of X, at the
origin is a centre with P, = {(x, y) € R? : x < 1}. Setting

M ZZ{MGWZDZ—%,FG(%,U} and Sy:{,ueW:F:%},
in this section we prove the following result:

Theorem 5.1. Consider the period function of the centre at the origin of {X,,,u € W}. If
w ¢ S1 US; then no critical period bifurcates from the outer boundary of the period annulus.

Since one can check that X, is transverse to {(x,0), 0 < x < 1}, we have a global
parametrization of the set of periodic orbits in P,, by the value of x. Thus, we denote by P (s; ()
the period of the periodic orbit of X, passing through the point (1 —s, 0). Next, in order to study
the period function s — P (s; ), we shall take advantage of the fact that the transformation
(x,y,t) —> (x, —y, —t) preserves the Loud normal form. To this end, let us denote by
@(t, (x0, y0); 1) the solution of X, passing through (xo, yo) at# = 0. Then, foreachs € (0, 1),
we define T (s; ) as the minimum positive number so that ¢, (7 (s; 1), (1 —s,0); ) = 0. It
is clear therefore that P(s; u) = 27T (s; ).

The next result gives the first nontrivial term of the asymptotic development of 7 (s; 1)
at s = 0 in case that u ¢ S, (if © € S, then X, does not have a Darboux first integral and
remark 2.3 can not be applied). Note that W\S, = W; U W,, where

lez{ueW:%<F<l} and Wz:z{ueW:0<F<%}.
Proposition 5.2. Denote Ao(n) = 7/(2J/F(D+1)) and A(w) = F/(1 — F). Then the
following holds:
(a) If w e Wythen T (s; ) = Ao(w) + Ar(w)s +sfi(s; n), where fi € Z(Wh) and
VT (2D +1) T((2x —1)/(21))
2/F(D+1)3T(Br—1)/(20)

(b) If w € Wa then T (s; 1) = Ao(w) + Ao (u) s™ +5* fo(s; ), where f> € Z(W>) and

A ( ) 1 F (A+1)/2 /v+00 D 5 1 r—-1)/2 1 du
=— = + —1)—.
M =1"F\D+1 A F—1" ]

Ar(p) =
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LE’ICJ«,:I/) = {v = 0}

L?Z,u) ={y = ax + (}

Figure 4. The projective change of coordinates.

Proof. Note first that, fors 2 0, s —> (1 —s, 0) and s —> (—1/s, 0) are transverse sections
to X,,. Denote them by X and X,, respectively. Itis also clear that T'(s; ) is precisely the time
between X; and X,. In order to apply theorem A we must first perform a suitable projective
change of coordinates. To this end (see figure 4) we choose any straight line y = ax + 8 not
intersecting P, N { y > 0}, which corresponds to requiring that o« > 0 and @ + 8 < 0, and we
consider the coordinates

(. v) = $(x. y) — :

u,v) =¢(x,y) = , .
Y y—ax—fB y—ax—p8

A computation shows that this change of coordinates brings X, to

iﬂ=%WPw»uom+vQquomx
where
Pu,v) =1 —au)+@+B)v—v*+ (1 —a® —af)uv — F(1 +a(v — u) + pv)?
— D(u —v)?
and
O(u,v) = ou? + 1—ap — az)uv —ou—v*— F(l +oa(v—u)+ ﬂv)2 — D(u — v)z.
One can also check thatif s« ¢ S», then H(x, y) = (1 — x)72F (4 y?> — ax? — bx — ¢), with

D D—-F+1 F—-—D-—1
a=——-, b= ———— and c= ,
2(1—F) (1—=F)(1-2F) 2F(1 — F)(1 —=2F)

is a first integral of X ,. Thus it turns out that H (¢~'(u, v)) is a Darboux first integral of X P
in case that u ¢ S,. According to remark 2.3, this fact guarantees that (X w M€ W\S>2}is a
family of vector fields verifying FLP.

We shall apply theorem A to study the time function between X, := ¢ (%) and ¥, :=
¢ (X,). Notice that a priori this function depends also on « and 8. We point out however that
in fact it does not, and this is so because by construction this function is precisely T (s; ).
This will be the key point of the proof. A computation shows that X, and X; are given
respectively by

s 1 s+1 s
a(s):( , ) and 7(s) = (—,—)
as—a—pB as—aoa—f oa—fBs a—PBs
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Following the notation of theorem A, since A := —(Q(0,0)/P(0,0)) = F/(1 — F), it turns
out that

Wi={ueW:i<F<1} and W ={ueW:0<F <1}.
Notice then that W \ S, = W; U W,. In addition

Ag() = /0 dv fl/@“ﬁ) dv B n
M= e 000 Sy D+ D2+ F(l+(@+p)v)?  2JFD+1)
Let us study first the case in which u € W;. According to theorem A, in this situation we
can assert that T (s; u) = Ao(u) + A (w)s +sfi(s; u), where f; € Z(W;) and

a3(0) / 1 /”2“” 0.(0, v)L(v) dv
——=—— +0,(0)0»(0 _ .
00,020 "MV o0 v
Some computations show that

o v P, y) l d_y NI F , 1/QF)
L(v)'—eXp</d2(0)(Q(0,y)+k>y>_( o —p) <v +—D+1(1+(a+ﬁ)v))

Ar(p) = —

and that
0,0,v) a@F—-D(a+pv+1)+ 2D+ 1
00,v)2  (1+D)v2+F(l + (x + Bv)?)?

Consequently, since one can check that

o{(0)02(0)* = (_—l>w and 20 __ o
a+p 0(0,0,(0)) D+1
we conclude that
o 1 /—‘/Wﬂ) a2F = D((@+pv+ 1D+ @D+ v dv
D+1 (D+Dlen J (D + D2+ F(1 + (o + B) v)2)2=1/2F) yl/2°

At this point we take advantage of the fact A () does not depend on « and S. Thus, by making
o N\ 0and (¢ + B) / 0in the expression above, it follows that

2D+1 [*>*(, F \/®P7? q
AI(M)Z—(D+1)2/O <v +D+1> T

Here we used the dominated convergence theorem. Finally, direct integration shows that
VT 2D +1) T(2r—1)/(2)))
2/F(D +1)? T(BGr—1)/21)

Let us consider now the case in which & € W,. In this case by applying theorem A it turns
out that T(s; 0) = Ag(u) + As()s* + s* fo(s; ), where f» € Z(W>) and

o NEAOR /fl“”( M@) M) )d_”}
Az () = 0{(0)*02(0)L(0) {Q(0,0)+ A Pw,0) P@0,0)) u* |’

Ar(u) =

Ay(u) =

One can verify that

o Y0, 0) &x\ _( D )\ e
M(u).—exp(/o <P(x,0)+k> x>_<F—1u +(au—1)>

and that

Pu,0) = (1 —F)( u® + (au — 1)2>.

F—1
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Therefore, taking also into account that 7;(0) = 1/«, Q(0,0) = —F and

1/(2=2F)
/ A A F
U](O) 02(0)L(0)" = <m> s

we obtain

Fo\/e2P
Ao (u) = D1

A 1 1/a D QF-1)/(2=2F) d
x -2y / u® + (oau — 1)° —1 ! .
F 1-FJ F—1 urtl

We use now that in fact A, (1) does not depend on &, and that consequently we can make o ™\ 0
to compute it. Thus, by means the dominated convergence theorem it is easy to show that

1 F 1/(2=2F) p+o0 D 5 (2F—1)/(2—2F) du
A =— | — +1 -1 —
2() 1—F(D+1> /0 <F—1” ) T

and this concludes the proof of the proposition. ]

Proof of theorem 5.1. Fix some u* € W \ ($; U S,) and notice that then u* € W; or u* € W,.

Assume first that u* € W;. In this case, by applying proposition 5.2 and taking
definition 2.4 into account, it follows that Ty(s; u) — A;(u*), as (s,u) — (0, u*). In
addition, on account of u* ¢ S;, one can verify that A;(u*) # 0. Consequently, we can assert
that there exists a neighbourhood U* of u* and ¢ > 0 such that T;(s; ) # O for all s € (0, ¢)
and pu € U™*. Since P(s; u) = 2T (s; w), this shows that no critical period bifurcates from the
outer boundary.

Let us study next the case u* € W,. By applying proposition 5.2 to this case we obtain that,
in aneighbourhood of 11*, Ty (s; ) = s* LA AL () +Afo(s; ) +5 fo, (55 ) with fo € T(Wy).
Therefore, taking definition 2.4 into account, it turns out that

Ti(s; )
)LS)L—I
Since one can easily check that A, () # 0 for all © € W,, this proves that neither in this case

are there critical periods bifurcating from the outer boundary. This completes the proof of the
result. |

— Ay(u*) as (s, ) — (0, u*).

We conclude this section with a result, namely corollary 5.3, that guarantees, for a given
vector field X ,, the existence of at least one critical period. The idea is very simple. By means
of proposition 5.2, we can decompose the parameter space as

WAS1US) =AUA_,

so that if  belongs to A, (respectively A_) then the period function of X, is monotonically
increasing (respectively decreasing) near the outer boundary of P,,. This decomposition follows
from computing the signum of A;(u) and A,(u), and one can easily verify that

A-={u:De(-3.0),Fe (3. 1)} and A, =W\ (S;USUA).

On the other hand, using the first period constant, we can do the same near the inner boundary.
The first period constant for the quadratic centres can be found in [5]. For the subfamily that
we study it is given by

Py(D, F) = 10D* +10DF — D +4F> —5F + 1.
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Figure 5. Regions with at least one critical period.

Hence, it turns out that W\{P, 0} = B, U B_, where if u belongs to the set B,
(respectively B_) then the period function of X, is monotonically increasing (respectively
decreasing) near the inner boundary of P,,.

Consequently, by Bolzano’s theorem, if x belongs to A, N B_ or A_ N B, then we can
assert that the period function of X, has at least one critical period. The set A_ N B, is empty
but A, N B_ is not, and so we have proved (see figure 5) the following result.

Corollary 5.3. If u € A, N B_ then the period function of the centre at the origin of X, has
at least one critical period.

Acknowledgments

The authors gratefully acknowledge the many helpful suggestions of Robert Roussarie during
the preparation of this paper. This paper was written during a stay of the second and third
authors in the Université de Bourgogne; they wish to thank the members of the Laboratoire de
Topologie for their kind hospitality.

References

(1]

[2]
(3]

(4]
[3]

(6]
[7]

[8]
[91

[10]

Blows T R and Lloyd N G 1984 The number of limit cycles of certain polynomial differential equations Proc.
R. Soc. Edinburgh Sect. A 98 215-39

Chicone C review in MathSciNet, ref. 94h:58072

Chicone C 1987 The monotonicity of the period function for planar Hamiltonian vector fields J. Diff. Eqns 69
310-21

Chicone C 1988 Geometric methods of two-point nonlinear boundary value problem J. Diff. Eqns 72 360-407

Chicone C and Jacobs M 1989 Bifurcation of critical periods for plane vector fields Trans. Am. Math. Soc. 312
433-86

Cima A, Maiiosas F and Villadelprat J 1999 Isochronicity for several classes of Hamiltonian systems J. Diff.
Eqgns 157 373-413

Coppel W A and Gavrilov L 1993 The period function of a Hamiltonian quadratic system Diff. Integral Eqns 6
1357-65

Dulac H 1923 Sur les cycles limites Bull. Soc. Math. France 51 45-188

Dumortier F and Roussarie R 2002 Abelian integrals and limit cycles Preprint 288, Laboratoire de Topologie,
Université de Bourgogne

Francoise J P and Pugh C C 1986 Keeping track of limit cycles J. Diff. Eqns 65 139-57



Time function of the Dulac map 881

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]

[28]

[29]

Gasull A, Maiosa V and Manosas F 2002 Stability of certain planar unbounded polycycles J. Math. Anal. Appl.
269 332-51

II’yashenko Yu S 1991 Finiteness theorems for limit cycles Translations of Mathematical Monographs vol 94
(Providence, RI: American Mathematical Society)

Loud W S 1964 Behaviour of the period of solutions of certain plane autonomous systems near centers Contrib.
Diff. Eqns 3 21-36

Mardesic¢ P, Moser-Jauslin L and Rousseau C 1997 Darboux linearization and isochronous centers with a rational
first integral J. Diff. Eqns 134 216-68

Mardesic¢ P, Marin D and Villadelprat J The Period Function of Quadratic Centers in preparation

Mourtada A 1990 Cyclicité finie des polycycles hyperboliques de champs de vecteurs du plan: mise sous forme
normale Bifurcations of Planar Vector Fields (Luminy, 1989) (Lecture Notes in Mathematics vol 1455) (Berlin:
Springer) pp 272-314

Rothe F 1985 The periods of the Volterra—Lokta system J. Reine Angew. Math. 355 129-38

Roussarie R 1986 On the number of limit cycles which appear by perturbation of separatrix loop of planar vector
fields Bol. Soc. Brasil. Mat. 17 67-101

Roussarie R 1998 Bifurcation of planar vector fields and Hilbert’s sixteenth problem Progr. Math. vol 164 (Basel:
Birkhiuser)

Rousseau C and Toni B 19976 Local bifurcations of critical periods in the reduced Kukles system Can. J. Math.
49 338-58

Saavedra M 1994 Développement asymptotique de la fonction période C. R. Acad. Sci. Paris Sér. I Math. 319
563-6

Saavedra M 2000 Fonction temps de retour d’un polycycle C. R. Acad. Sci. Paris Sér. I Math. 330 7814

Schaaf R 1985 A class of Hamiltonian systems with increasing periods J. Reine Angew. Math. 363 96—-109

Schlomiuk D 1993 Algebraic and geometric aspects of the theory of polynomial vector fields Bifurcations and
Periodic Orbits of Vector Fields (Montreal, PQ, 1992) (Dordrecht: Kluwer) pp 429-67

Smoller J and Wasserman A 1981 Global bifurcation of steady-state solutions J. Diff. Egns 39 269-90

Swirszez G 1999 Cyclicity of infinite contour around certain reversible quadratic center J. Diff. Eqns 154 239-66

Yan-Qian Ye et al 1984 Theory of limit cycles Transl. Math. Monographs vol 66 (Providence, R.I.: American
Mathematical Society)

Zhao Y 2002 The monotonicity of period function for codimension four quadratic system Q4 J. Diff. Eqns 185
370-87

Zotadek H 1994 Quadratic systems with center and their perturbations J. Diff: Eqns 109 223-73



