Interpolating Sequences on
Analytic Besov Type Spaces
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ABSTRACT. We characterize the interpolating sequences for the
weighted analytic Besov spaces By, (s), defined by the norm

11,0 = LFOIP+ | 10120 )P (=12 daz)

1-1z[2)%’

1 <p <oand0 < s < 1, and for the corresponding multiplier
spaces M (B, (s)).
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1. INTRODUCTION AND MAIN RESULTS

For 1 < p < o and s = 0, let B, (s) be the Besov type space of those analytic
functions on the unit disc D for which

1/p
1 £lls, ) = 1£(0)] + (jD F@IP (@) <,

where dA, s(z) = (1 — [z|?)P2"$dA(z), and dA is the normalized area mea-
sure. In this paper we characterize the interpolating sequences for the multiplier
spaces of the family of weighted Besov spaces By, (s) with 0 < s < 1. Throughout
the paper, we denote by M (X) the multiplier space of the Banach space X. The
problem of finding the interpolating sequences for spaces of holomorphic func-
tions (and their multiplier spaces) is an old one. The prototype of all such results
is Carleson’s celebrated Interpolation Theorem [11] for H*® = M (H?), later ex-
tended to the spaces HP themselves, 0 < p < oo in [27],[20]. All known proofs
of Carleson’s Theorem in the Hardy class make an essential use of Blaschke prod-
ucts, and this has been so far the main obstruction to an extension of the theorem
to several complex variables. Note that H? = B,(1) falls just outside the range of
spaces here considered. Another result which is relevant to the present paper is that
concerning the multiplier space M (B,(0)) of the Dirichlet space B(0), whose in-
terpolating sequences were characterized in the very deep paper [22] (see also [5]).
The extension to M(B,(0)), 1 < p < oo, is far from trivial and it is carried out
in [8]. In the s = 0 case the Blaschke products play no role, which does not
come as a surprise because, for instance, B,(0), hence M (B,(0)), does not contain
infinite Blaschke products. There is another instance in which the space B(0)
differs from B,(1). The Carleson measures for B>(1) = H? (first characterized in
[12]) are characterized by a simple condition to be checked on single boxes, while,
when 0 < s < 1, characterizing the Carleson measures for B, (s) requires more
complicated conditions, see [32], [33], [3].

Our characterization of the interpolating sequences for M (B, (s)) relies on the
fact that, for 0 < s < 1, the space M(Bp(s)) is rich of Blaschke products, hence
it is possible to mimic many arguments from the Hardy endpoint s = 1. On
the other hand, the Carleson measures are more similar to those of the Dirichlet
endpoint s = 0, and this accounts for some involved proofs.

The universal interpolating sequences for the spaces B,(s), 1 < p < oo,
0 < s < 1, were characterized in [14], a paper that did not receive the atten-
tion it deserved. An alternative proof easily follows from our construction of the
interpolating sequences for M (B, (s)), and it is given in this paper. The charac-
terization of the interpolating sequences for M (B, (s)) is also studied in [34]. A
beautiful, short proof for M (B, (s)), which heavily relies on the Hilbert space na-
ture of By ($), is given in [10]. In the proof, we follow the basic ideas in [18] and
[19], by constructing an explicit solution of an auxiliary 3-problem.
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Main results. The reproducing formula for B, (s) (see [7] or [25] for the
case p = 2) gives

(1.1) f(z)=f(0)+ JDf'(w)K(z,w) (1-|wl*)*dA(w),

where
1-(1—wz)s
w(l—wz)t+s ’

K(z,w) =

From (1.1) it is easy to deduce that the point evaluations are bounded linear func-
tionals in By (s). Let w(z) denote the norm of the point-evaluation functional at
the point z. Then a sequence Z = {z,} of distinct points of D is called a universal
interpolating sequence for the Besov type space By (s) if

£ {f(zn)}

w(zy)

maps By, (s) into and onto £7.

The (pointwise) multipliers of B, (s) denoted by M (B, (s)) are those ana-
lytic functions g for which gf is in B, (s) whenever f is in By (s). The algebra
M (B, (s)) plays a role in the study of the space By, (s) which is similar to the role
played by H® in the study of the classical Hardy spaces H”. The corresponding
notion of interpolating sequences for such functions is that the map f — {f(zn)}
maps M (B, (s)) onto £*.

As for bounded analytic functions (see [11]), the characterization of the inter-
polating sequences involves a separation condition that says how close two points
in the sequence can be. A sequence {zy} of points of D is called a separated se-
quence if

inf p(zj,zx) > 0,
j*k

where p is the pseudohyperbolic distance

zZ—w
1-wz|’

plz,w) = '

This condition is equivalent to the fact that there is a positive constant § < 1 such
that the pseudohyperbolic discs Dz; =1{z:p(z,z;) < 6} are pairwise disjoints.

As for the classical Hardy spaces H?, a positive Borel measure p on D is called
an (s, p)-Carleson measure if there is a positive constant C such that

p
| 1pdun < cirng,

whenever f is in By (s). The role of these measures in the characterization of
interpolating sequences for By, () is similar to the H situation.
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Throughout the paper, g will denote the conjugate exponent of p, that is, % + % =
1. We can now state our main theorem.

Theorem 1. Let1 < p < o0 and 0 < s < 1. The following are equivalent for a
sequence Z = {zy} in D.
(M) Z is an interpolating sequence for M (B (s)).
(RS) The following norm equivalence holds:

kz

. 1/
; HBq(S) = (% |af|q> !

[ %“f 1Kz, s, o

(UIS) Z is an universal interpolating sequence for By (s).

(CS) Z is a separated sequence and iz = 3., c7(1 — |zn|?)$ 82, is an (s,p)-
Carleson measure.

We point out that the equivalence between (CS) and (UIS) was proved by
Cohn in [14]. Note that, since the real part of the derivative of the reproducing
kernels is not always positive, we can not use the generalization of the standard
Hilbert space techniques developed in [8] to prove that condition (M) implies
conditions (RS) and (UIS). Instead of that, since it is standard that conditions
(RS) and (UIS) are equivalent (see, e.g. [4, p. 42]), we will show that condition
(CS) is necessary and sufficient for both the multiplier and the universal interpo-
lation problems.

The paper is organized as follows: Section 2 and Section 3 are devoted to
background material and preliminaries for the analytic Besov-type spaces By (S).
In Section 4 we prove some relations between boundary value functions f € L?
and some extensions in D, and we also study the multipliers of LY in terms of
(s, p)-Carleson measures. In Section 5 we prove the necessity part of Theorem 1.
In Section 6, we study a d-problem with estimates needed to prove the sufficiency
part in Section 7. This 0-problem is also applied to prove the corona theorem for
the multiplier algebra.

Also, given a function f € L'(T), we denote by f to be the Poisson integral

of f,

21T
i0 |Z|
for=5- j fle > i do.

The letter C will denote an absolute constant whose value may change from line
to line. We also use the notation a < b to indicate that there is a constant C > 0
with a < Cb, and the notation @ < b means thata S b and b < a.

2. BACKGROUND AND PRELIMINARIES

Consider the inner product

(f,9)s = f(0)g(0) + J f(2)g (z) (1 —|z|»)*dA(2)
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for f € B, (s) and g € By(s). By Hélder’s inequality,

2.1) [{f.g)s| < 11flB,) IgllBs

for f € By(s) and g € B,(s). With that pairing, the dual of B, (s) can be
identified with B, (s) (see Lemma 2.1 below). Since the point-evaluations are
continuous, there are reproducing kernels k, € B, (s) with f(z) = (f, k:)s, and
it is easy to see that w(z) = [|kz|IB,(s)-

The following lemma is proved in Section 4.2 of [36].

Lemma A. Supposez € D, ¢ > 0 and t > —1, then the integral

_ 2\t
Iee(2) =j Il L

|1 _wZ|2+t+C

is comparable to (1 — |z|?)~¢.
The next result is taken from [7].

Lemma B. Let1 <p < oo, andleto > -1b>0withb <2+ 0. Let g be
analytic on D. Then,

(1-1z1)7
— p>__ = 7
Jlg(z) g(0)] T wz|P dA(z)
(1-1z|%H)°
_ AY AP pl> =17
SCJ(I [z|H)P g’ (2)] 1wz dA(z2).

The following is standard and can be proved as other duality results in [36].

Lemma 2.1. Ler1 < p < © and 0 < s < 1. The dual space of By (S) can be
identified with By(s) (with equivalent norms) under the pairing

(f.g)s = £(0)g(0) + j F@F@ (-2 dA2),

where f € By(S) and g € By ().

Let k; € By(s) be the reproducing kernel associated with the pairing (, )s.
From (1.1) it follows that k> (0) = 1 and

, _ll—(l—Z_C)1+S
o=z 0-zm

Now, we state some properties of the reproducing kernels k.

Lemma 2.2. Let1 < p < o, ands > 0. Then

”kz”gq(s) = (1- |Z|2)75.
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Proof. This follows by direct calculation using the above expression for the
derivative of the reproducing kernel and Lemma A. O

Lemma 2.3. Let 1 < p < o, and s > 0. Ler z,zw € D having pseudo-
hyperbolic distance p(z,w) < ¢ < 1. Then

zZ—w _
Iz = Kullgyio < € [ 222 | (1= lwp?) /P,

1-—

Proof. Let [z, w] be the line segment joining z and w. Since
(=00 —(1-20"] s e 9lgl [ =il e,
it follows that there exists v € [z, w] such that for € D,
[(1-wO)'™ (1 -20"| < (1+9)IC] 11 -VCI [z~ wl.
Using this, we obtain

(1-z9)'"™ - 1-wo)'™ | . |z-w[[l-VTI*
CA-wO)*s (1-zOMs | 7 [1 - w1+ |1 - 2|1+

[kZ(C) ki, ()] =
Since p(z,w) < ¢ < 1, then |1 = vT| = |1 - wC] = [1 — ZC|, and we get

, , lz —w|
(2.2) K@)~k O = T

Now, using (2.2) and Lemma A, we obtain
1/a
I = Kl = (| 1K@ =K @] (1= 18P0 da©))
D

_ 2\q-2+s 1/q
S'Z‘“"UD(I 1T dA(C))

|1 _ u‘)€|2q+qs

|z —w]|
S
1-|wl?

(1- |w|2)f((q*1)3)/q

Z | wy, -
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Recall that an analytic function f on D belongs to the Hardy space H”, 0 <
p < oif
sup Mp(f,7r) < o,

0<r<l1
where
1 21 )
MG (r, f) = —J | f(rety|Pde, 0<vr<1.
21T 0

Note that an analytic function f belongs to B, (s) if and only if
1
J ME(r, f) (1 = )P~ 255 dr < .
0

It is well known that B, (s) € HP for 1 < p < o and 0 < s < 1, but since we
were not able to find any clear reference, a proof is given here for completeness.

Lemma 2.4. Let1 <p < 00 and0 < s < 1. Then B,(s) C HF.

Proof. Let f € By (s). It follows from [1, Lemma 1] that
d - !
HME(T,f) <pMy ', M, (r, ), O0<r<l.

Now, by Holder’s inequality and the fact that M, (¥, f) is increasing, we obtain

Mb(r,f) = Jo %(Mf,’(u,f)) du < pJO M5, f) My (u, f7) du

=P (L: Mlg(”’f)(l — )~ (P=2+9)/(p-1) du)l/q
x (JZ M}f(u,f’) (1 —u)P—2+s du)l/p
< pME (o, f) (J:(l )24 du)l/q

X (Lr ME (u, ') (1 —u)P=2*s du)l/p :

Finally, since the exponent (p —2+5)/(p — 1) < 1 (since s < 1) and f € B, (s),
we obtain

1 1/a
sup Mp(r,f) <p (J (1 —u)~P=2)/(p=D) du)
0

0<r<1

1 1/p
X (Jo M,f,’(u,f’) (1 —u)pP=2+s du) < 00,

This proves that f € HP. O
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The proof of the necessity part of condition (CS) in Theorem 1 uses a ran-
domization technique that has been very useful in many other areas of analysis.
Thus we are going to discuss Khinchine’s inequality. Given finitely many complex
numbers «j, ..., Xy, consider the 2" possible sums

n

PIETY

j=1

obtained as the plus-minus signs vary in the 2" possible ways. For ¥ > 0 we use
n
.
£(] 2=y )
j=1

to denote the average value of | 37, ; |” over the 2" choices of sign. To be
precise, let Q be the set of 2" points w = (w1, W3,...,wy), where w; = 1.
Define the probability 4 on Q so that each point w has probability 27". Also
define

n
X(w) = Z (xjwj.
j=1

Then X (w) is a more rigorous expression for >’ + «;, and by definition

£(] Jil * "‘J‘D = %nw%ng(w)I” = JQ X ()7 dp.

Khinchine'’s inequality. Let v > 0, then

v/2

(2.3) z(| ii(xj)r>ﬁcr<§:|0(j|2)
j=1 Jj=1

(see [16, p. 302]). Actually C, = 1 if ¥ < 2. The important thing in (2.3) is that
Cy does not increase as 1 increases. This inequality will be used in the reproducing
formula for B, (s). We also use the elementary inequalities

2.4 (f@liak()gf((éiaqw, (=1,
and

(2.5) Star < (Sladr)", 0<r<1.
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3. CARLESON MEASURES AND MULTIPLIERS FOR B (s)

Given an arc I of the unit circle T of normalized arclength |I|, consider the Car-
leson box S(I) defined as

S(I) = {re” eD:1—7 < |I|; et EI}.

Let s > 0. A positive Borel measure on D is said to be an s-Carleson measure if

u(s))
e S TTER

(3.1)
When s = 1 we obtain the classical Carleson measures, that by Carleson embed-
ding theorem, are just the measures characterizing when the embedding H? C
L?(u) is continuous.

A positive Borel measure on is a Carleson measure for B,(s) (or an
(s, p)-Carleson measure) if the embedding B, (s) C L¥(u) is continuous, that
is, if there is a positive constant C such that

| 1F@1 duz) < cufih .

whenever f is in By (s). There are several characterizations of Carleson measures
for B, (s) (see [32] and [33] for a capacitary condition analogous to Stegenga’s
description in [28] of Carleson measures for By, or [3] and [21] for non capacitary
conditions), but for our purposes we only need the following simple observation
proved in [7].

Lemma C. Let1 < p < o and 0 < s < 1. Let pu be a Carleson measure for
By (s). Then for each € > 0

(1-lal»*

oeh JID 11 —az|ets du(z) < C,

where C is a positive constant independent of €.

The following is a well known generalization of the characterization of classical
Carleson measures in conformal invariant terms. See [16, Chapter VI, Lemma
3.3] for the classical case and [6, Lemma 4.1] for the general case.

Lemma D. Lers > 0. Then u is an s-Carleson measure if and only if

qu 1_7|a|2$d(z)<oo
seblo\lT—azz) '
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Not all s-Carleson measures are Carleson measures for B, (). It is known that
the condition (3.1) is not sufficient for a measure u to be a Carleson measure for
By (s) (see for example [22] for the case p = 2), but it turns to be an important
necessary condition.

Lemma 3.1. Let1 < p < o, and s > 0. If p is a Carleson measure for By (s),
then u is an s-Carleson measure.

Proof. This follows immediately after an application of Lemma C with € = s,
and then Lemma D. o

We also need the following result (see [7]) that says that Carleson measures for
By (s) are stable under the action of some integral operator.

LemmaFE. Let0<s<1,1<p <o, and let

Tv(z) = J v Az,

p |l -wzl]?
Iflv(2)|P dAp s (2) is a Carleson measure for B, (s) (and |v(2)|(1—-|z]) < C when
1 < p <2), then |Tv(2)|P dAp s(2) is also a Carleson measure for By (s).

Recall that the algebra M (B, (s)) of pointwise multipliers of B, (s), consists
of those analytic functions g on D such that gf € B, (s) whenever f € B,(s).
Identifying a multiplier g with the operator given by M, (f) = gf, and using the
operator norm as the multiplier norm, M (B, (s)) becomes a Banach algebra.

The following well known result (see, e.g. [3, p. 472]) describes the multipliers
of By (s) in terms of (s, p)-Carleson measures.

LemmaF. Let1 <p < 0 and0 <s < 1. Then f € M(By(S)) if and only if
f eH® and |f'(2)|? dAp s(2) is an (s, p)-Carleson measure.

The next result says that there are infinite Blaschke products in M (B, (s)).
This is proved in [32]. We give an elementary proof of it to keep the paper self-
contained.

Proposition 3.2. Let1 <p < o and0 <s < 1. Let

|zZn| zn -2
B = — .
(2) 1;[ Zn 1 —2zpz

be the Blaschke product with zeros {zn} C D. Then B belongs to the multiplier algebra
M (By(s)) ifand only if 3., (1 — |zn|?)5 62, is an (s, p)-Carleson measure.

Proof. Note first that if >, (1 — |z,|?)* 52, is an (s, p)-Carleson measure,
then

(3.2) Hiz,} = Z(l - |Zn|2) 0z,
n
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is a 1-Carleson measure. Indeed, let S(I) be a Carleson box, then

Hizp (SD) = > (A —lzx) =" > (1-lzaH)S <ClI
zneS() zn€S()

Fora € D, let
-z

1-az’

Qa(z) =

By Lemma D, for all z € D we have

2 1|z
63 S-19y@P) - | (G ) deiew) = C.

By Lemma F, the condition that B € M(B,(s)) is equivalent to the fact that
|B(2)|F dAp s (2) is an (s, p)-Carleson measure. Let g € B, (s). Using the fact
that (1 — |z|?)|B’(2)] < 1, and the estimate

|B'(2)] <Zw

|1 —Zpz|2’

we obtain
(3.4) j@ 191 1B/ (2)]P dAps(2)

<[ g (Z%)u 1211 dAGz2)

s—1

= E (1—1znl )J lg(z )I" |Z| )| dA(z)
|z|2)$!
_ 2 pi

S §n(1 [Zn| )Jlg(zn)l 13,27 dA(z2)

(1- IZI 2)s-1
_ 2 _ p
+§n(1 |Zn| )JDIQ(Z) 9@ 50 dA(z)

=1 + 1.

By Lemma A and the fact that >, (1 — |2,]%)%82, is an (s, p)-Carleson measure,
we have

|2
S 219z P (1= 1znl®)® = 119l (s)-
n

s—1
3.5) I :Z|g<zn>|f'<1—|zn|2>jD(hAdA< )
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On the other hand, making the change of variables w = @, (z) we have !

IZI )$1
|1 nzl|?
(1—Jwl?)s!

[1-Zz,w|?

12=Z<1—|zn|2>J 19(2) — gz P dA(z)

=S lzl [ 1920w - g2, )17 dAw),

where gz, = g © @2,. Therefore, since s — 1 > —1 and 25 < 1 + s, by Lemma B,
a change of variables z = @, (w), and (3.3) we get

1 IWI )Pl

T zw dA(w)

6O bx (- lzl )SJ (g o @a,) (w)|P

=2 J lg" (217 (1= @2, (2)]*)dA, s(2)

<Cligl} -

So, putting together (3.4), (3.5) and (3.6), it follows that B € M (B (s)).
Conversely, suppose that B € M (B, (s)). It follows from [10, Corollary 3.2]
that

(3.7) j|g(z)|f’(1—|B(z)|2)"<1—|z|2>f—2dA(z>s lgllE, s, 9 € Bp(s).

Thatis, (1-[B(2)[?)? (1—1z|?)"2 dA(z) is a Carleson measure for B, (s). Then,
if S(I) is a Carleson box, by Lemma 3.1 we obtain

j (1- B))P (1 - |21 2dA(2) = [II°.
SI)

Now, proceeding as in [32, Lemma 1.5] (see also [35, p. 49]), one is able to show
that the measure >, (1 — |z|?) 62, is a 1-Carleson measure. This implies that

(1-1z.1)1 - 2]?)
) . B D.
(3.8) % =22 s(1-B(2)%), ze
! Recall that
, 1-|@a(2)? (1-1al®>)(1-1z%)

= — 2: o =
Pal2) =~ 1= lpa(2)] 1_az? Pa o @a =ld.
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Therefore, if g € By(s) and Ay, = {z € D : p(2,2y,) < 1/2}, the subharmonicity
of |gI? gives

S 19z [P (1 = 124 2)*

<SS |za )52 L, 19(2) 1 dA(2)

(1 -zl L.
11— 2Znz|?

- AY G
< J 19(2)17 (Z (1= 12aP)P (1 = |212)7 >(1_ 21dACz)

" |1 —zpz[?P

<3 (1 1zal?)? L 9(2) 1P dA(2)

_ 2 _1-12y\?
sj|g(z)|p<z(1 za®) (1 |z|)> 1-1222dA)  (by 25)

” 11— 2z,z|2
< JD 917 (1= B@)P) (1 - 121252 dA(2) (by (3.8)).
This, together with (3.7) gives

D 19E)IP (1= 1za®)* = lgllf (o),
n

proving that >.,, (1 — [2,,?)* 6, is an (s, p)-Carleson measure. Thus the proof is
complete. o

4. BOUNDARY VALUES

Since for s < 1, B,(s) € HP (see Lemma 2.4), it follows that every function f
in B, (s) has nontangential limits a.e. on T. Denote by f} the boundary values
of f (taken as a nontangential limit). The purpose of this section is to give a
description of the space By, (s) in terms of its boundary values.

Let f € LP(T). We say that f € LY if the seminorm

21 21 ity _ iuy|p
=[] L e

|elt _ elu|2—5

is finite. A norm for this space can be defined as ||f||Lp = ||f||Zf + ||f||f,,m

Lemma4.1. Let1 < p < 0 and0 < s < 1. Let f € LP(T) and let F € C' (D)
with limy_1 F(re'®) = f(e'9) fora.e. e € T. If [ IVF(2)|P dAp s (2) < o then
fel?.

Proof- Tt is enough to show that

21 21T it iuy|p
@n g =" [T dude < [ 19FGIP dap ()

|elt — elu|2 N D
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To see that, we use an argument from [23]. Changing the coordinates we obtain

21T 1

21 . )
||f||L5pp = Jo W (Jo |f(el(u+(P)) — f(e™)|P du) do
12 4 21 ) )
i(u+h)y _ iuy|p
sCJO s Jo |f(e ) — f(e'™)|P dudh.

Take » = 1 — h. We have

|f(ei(u+h)) —f(ei”)|

< |f(ei(u+h)) _F(Tei(u+h))| + |F(1,ei(u+h)) _F(Teiu)| + |F(1’€iu) _ f(elu)|

1 . h . 1 )
< J IVF(xe‘(“Jrh))lderJ IVF(Ve‘(“”))IdtJrJ |VF(xe™)|dx.
r 0 v

Apply Minkowski integral inequality [29, p. 271], to get
2m ) )
| i m) — pet e du
0

2/ 1 P 2w/ h P
(JIVF(xei“)Idx) du+J( |VF(rei<“+”)|dt) du

| I

0

A

p p

1 /2m 1/p h /21 1/p
j (J |VF(xe™)|? du) dx | + j (J |VF(ret+t)yp du) dt
v 0 0

A

0

(1) + (II).

For the term (I), after the change of variables x = 1 — t, we apply Hardy’s
inequality [29, p. 272] to obtain

172 q 172 1 21 - 1/p 14
s dh= | (L(L | VF(xet™)|” du) dx) dn

B 1/2 1
- o h2-s

< (1 ’zs)p JOW K" IVE((1 - hye®) | du h?~2* dh

o IVE((1 = t)e®)|” du)' " dt " an
J, (),

0

p
<C [ |VF(2)|" dAps(2).
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For the term (IT) we just take ¥ = 1 — h and integrate with respect to t and we
obtain the desired result.

1/2

h 21 iu p 1/p p
h2 - () dh = J h2 ; (J (JO | VE(re™)|” du) dt) dh
1/2 e )
- J hP-2*s (J [VF((1 - h)e™) |’”du> dh
0 0
<C | IVF(2)IPdAps(2).
So, we obtain (4.1), and the proof is finished. O

Proposition 4.2. Let1 <p < 0,0 <5 <1, andlet f € LP(T). Then f € LY
if and only if

JD IVF(2)1P dAps(2) < oo,

where f = Pf is the Poisson integral of f. Moreover, there exists a universal constant
C such that

CUIFIE < | 1VF@IP dape(z) < CIFIE.
Proof. Consider f € LP(T), and let f be the Poisson integral of f. If
[1vi@rdas@ <o,

then it follows from Lemma 4.1 that f € LY. For the converse we will show that

|f(e™) — fle™)[?

elt elu|2 s

du dt.

@2 [ 19F@Ir e < cf" r"

Since

—1z|?) dt

Ielt z|? 21’

fr=) 7 fleny U1z
an easy computation gives

o If(e‘t) fe™)|

dt.

IV F(rei)| < CJ
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Then, by Holder’s inequality

N ) 21 ity _ iu P

™ i iu ™ p-1
Sr Lf(e') — f(e )|”dt<J’2 1 dt)

21 ity _ iuy|p
Sy J |f(e ) f(e )l dt (1— 7,2)7(;771)
0 |elt _'Velu|2

So, using (4.3), we obtain
[ 19F@ P a-izmr e dac)

Jsz JZW |f(elt) — f(etw)|P dt (1 =) 'rdrdu

|elt Telu|2

21 21T 1 2)s-1
_ ity poaiu r(-r"
=[] e - fee W’(J rl=r) _reiu|2dr) dt du.

0 |elt

So, the proof will be complete if we show

1 _ 2ys-1
(4.4) JO r(l—7r°)

To prove (4.4), let N be a positive integer with 2N~1 lelt —ei| < 1 < 2N|eit —piu]|,
andset Ry = {r € (0,1): 0 < 1 — 7 < [eit — e™|}, and

Rp={re(0,1):2" el — | <1—7r <2"eit —e™|] forn=1,...,N.
Using the fact that |et — rei*|? = (1 — )% + r|eit — e |2, we get

1
Ky |elt _ eiu|2*5,

r(1—r?)s! .

4.5) J (1-7)dr =

and forn = 1,

(4.0)

J r(l —r2)s-1 J dr 4.2 n
—  — _dr =<
Rn R

- - =< - - .
|elt _ Telu|2 n (1 — T)37$ |elt — elu|2*5
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Together (4.5) and (4.6) gives

1 1,(1 _ 1,2)3—1 1,(1 _ 1,2)3 1 (1 _ 1,2)3—1
Jo.i.d7’<JR dr +ZJ - dr

|elt — Telu|2 |elt frelu|2 |elt — /relu|2

N
1 4
n
n=1
C

- |eit _ eiu|2—5’
proving (4.4). So, the proof is finished. O

As a consequence of Proposition 4.2 we obtain the following result.

Corollary 4.3. Let1 <p < ,0<s <1, andlet f € H'. Then f € By(s)
if and only if fy € LY, where f, denotes the boundary values of f (taken as a radial
limit or a nontangential limit). Moreover, | f B, (s) = If e

Proof. Since f € H', then f = ﬁ, (see [16, Chapter II]). Hence the result
follows from Proposition 4.2. O

Multipliers of L?. Let M(LY) be the algebra of (pointwise) multipliers of
LY, that is,

M(LY) = {g:T—» C:gfelLf wheneverfeLf)}.

Note that, since 1 € L?, we have M(LY) c L?. We also need a description of
the multipliers of LY, in terms of Carleson measures for By (s), in a similar way as
Lemma F. To do this, first we need the following description of Carleson measures
for By, (s) using functions in L?.

Lemma 4.4. Let1 < p < 00,0 <5 <1, and let u be a positive measure on D.
The following conditions are equivalent:
(1) u is an (s, p)-Carleson measure;
(i) J \h(2)|P du(z) < ClIhIIY, forall h € LY.
S

Proof. Suppose first that p is an (s, p)-Carleson measure and let h € L?.
Without loss of generality we may assume that h is real valued. Let h be the
harmonic conjugate function of h. By the Cauchy-Riemann equations we have
IVlfAl(z)I = |f'(2)|, where f = h+ih. Now, it follows from Proposition 4.2 that
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f belongs to B, (s). Then, by (i) and (4.2),

[ @ due = | 1F@r due s 11,
D

< HhIID, o) + { VA(2) P dAp.(2) < IR]7).

For the converse, suppose that (ii) holds, and let f € B, (s). By Corollary 4.3,
fv € LY and f = fy. So, by condition (ii) and (4.1), we get

_ o < P p
J | f(2)Pdu(z) = J I fp(2)du(z) < C||fb||L§, < ClIfIG, )

and therefore i is a Carleson measure for By, (s). o

Lemma 4.5. Let1 <p < 0,0<s < 1. Let f € L*(T) and F € C'(D) N
L™ (D) with limy_, F(ref) = f(e!9) forae e € T. IfIVF(2)|P dA,s(2) is
an (s, p)-Carleson measure, then f € M(LY).

Proof. We must show that fg € LY whenever g is in LY. So, let g € L¥.
Since f € L*(T), it follows that fg € LP(T). Using (4.1) with the extension Fg
of fg on D, we get

@) Ifalf <C [ 1VEGE)IPdAps(2)

p o 1 ~ p p
<c ([ IF@IP1va@IP a2 + | 10@IPIVEEIP daps(2)).

Since F € L*(D), for the first term of the sum, using (4.2) with g € L? we obtain

(4.8) j [F(2)I7 [Vg(2)IP dAp,s(2) < ClIFI =) 1917

For the second term, we use the fact that [VF(z)|? dA, s(z) is an (s, p)-Carleson
measure and Lemma 4.4 to get

(4.9) | 1a@1r1vF@IP a2 < Clally.

Putting together (4.7), (4.8) and (4.9), we obtain that | fgll;» < Cligll;r. So
f € M(LY) and the proof is complete. o

Now we can give a description of the multipliers of LY in terms of (s, p)-Carleson
measures.
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Theorem 4.6. Let 1 < p < o and 0 < s < 1. The following conditions are
equivalent:
(i) g €M(LS)
(i) g € L®(T) and VG (2)|? dAp s (2) is an (s, p)-Carleson measure.

Proof. That (ii) = (i) follows from Lemma 4.5. For the converse, let
g € M(LY). We start by proving that g € L*(T) using an argument from [13].
By the closed graph theorem, the operator of multiplication by g is bounded, that
is, IIgfllfg < CIIfIIE; forall feL?. Taking @ (z) = g(2)/CYP we may assume

that [|@ fII7» < [If1I¥, forall f € LY. Note that

@) (fle™) = fe™) = (@"f)(e") — (@"[f)(e™)
= fe™)(pm(e™) — @"(e™)).

Since 1 € LY, we see that @ € LY, and so " € L¥ with ™l < el for
n > 1. Hence,

21 21T ity _ iu
Jo L Icp(e”)lm’lf(e) SN 41 du

|eit — eiu |2—S

21 21 ) N(pily _ pN(pit)|p
c<||<p”f||i’g+J0 [ ey pletel = Prle)] dtdu)

|eit — eiu |2—S

2T 21 ) N(pity _ N (piU)|P
c<||f|lfg+J0 | ey plee = erle )] dtdu).

|eit — eiu |2—S

IA

IA

Now, taking f to be the identity function on T, which belongs to LY, we obtain

21 211 ) ) )
J J |Cp(elt)|np|elt _em|p—2+sdtdu
0 0

21 21 N ity _ N (pil
< C+C(J J [pTiet) - pTie )|pdtdu)sC.
o Jo

|eit — eiu |2—S

Therefore, since n is arbitrary and the constant C is independent of 1, we have
|@(&)| < C for almost every & € T and so g € L*(T).

Now we are going to show that the measure |V g (2)P dAp s(2) is an (s, p)-
Carleson measure. So, let f € B, (s). Using (4.2), (4.1) and the fact that g €
M(LF) we see that

(4.10) jD V(f§)(2)IP dAys(2) < Clifglp < CIFIE, < CIFIG .
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Furthermore, since g € L*(T) then g € L*(D) and we obtain
(4.11) JD G (2)IP IV f(2)|PdA,s(2) < C||f||§p(s)-

Finally, putting together (4.10) and (4.11), we get
j@ f(2)IP 198 (2)]7 dAps(2)

<C| (U@ @17 +13 @1P IVF@I7) dAps(2)

= Cllfllgp(5>-
Therefore, the measure |VG(z)|P dA, s(2) is an (s, p)-Carleson measure and the
proof is complete. O

As a consequence of Theorem 4.6 we can conclude the following relationship
between multipliers in B, (s) and multipliers in LY.

Corollary 4.7. Let1 <p <0, 0<s<1,and f € H'. Then f € M(By(s))
if and only if f € M(LY).

Proof. Let f be analytic on D. By Lemma F, f € M(B,(s)) if and only if
S € H® and | f'(2)|P dA, (2) is an (s, p)-Carleson measure. Since f € H!,
then fp = f. So, by Theorem 4.6, f € M(B,(s)) if and only if f} € M(L?). O

5. NECESSITY OF CONDITION (CS)

Recall that for s > 0, the Q; space consists of those analytic functions f on D for
which the measure

Aurs(z) = 1f (21> (1 —|z|>)*dA(2)

is an s-Carleson measure, that is, there is a positive constant C such that for any
Carleson box S(I),
Hrs(ST)) < CIIIS.

A sequence of points {z,} C D is called an interpolating sequence for Qs N H®
if for any bounded sequence {a,} of complex numbers, we can find a function
f € QsnH*® with f(z,) = an for each n. In [24] the following characterization
of interpolating sequences for Qs N H* was obtained.

Theorem G. Let 0 < s < 1, and let {zn} C D. Then {zy} is an interpolating
sequence for Qs N H® if and only if the sequence {zy} is separated and

S (1= 1za?) 62,
n

s an S—Cdrleson measure.
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Lemma 5.1. Let1 <p <2,and0 < s < 1. Then M(B,(s)) C Qs N H™.
Proof. Let f € M(Bp(s)). By Lemma F, f € H® and the measure

d“f,p,s(z) = |f,(z)|p dAp,s(Z)

is an (s, p)-Carleson measure. By Lemma 3.1, this implies that the measure
Ufps is an s-Carleson measure. Also, from Schwarz lemma, it follows that
(1 —=1zI>) |f'(2)| < C with C = ||fllw. Therefore, since p < 2, for any Car-
leson box S(I), we get

[ r@ra-izpraac = | F @I ErTa -z dac)
S S
<c[ i@ a-1zhre dac)
S(I)
< C|I5.

Hence the measure | f'(z)]2 (1 — |z]|?)¥ dA(z) is an s-Carleson measure, and so

f belongs to Q. O

Lemma 5.2. Let1 < p <2,0<s < 1. If{z}} is an interpolating sequence for
M (By(S)), then

_ 2\s _ 2\s
SupZ(l 1z17)* (1 = |z¢]%)

G5.1) 1 — Zxz|?s

< 0

Proof. This follows directly from Lemma 5.1, Theorem G and Lemma D. O

(M) = (CS). Suppose that (M) holds. Since {z;} is an interpolating se-
quence for M (B, (s)) € H®, in particular {z;} is an interpolating sequence for
H*®, hence, it is separated.

The Carleson measure condition will follow from an argument which com-
bines Khinchine’s inequality and the reproducing formula for B, (s). The idea to
use Khinchine’s inequality on interpolation problems goes back to Varopoulos (see

k

(31]).
Fix a positive integer n > 1, and set & = +l forl<k<mnandl<j<2m

Take g € M(B,(s)) with g;(zx) = €5, and let f € B, (s). Since fg; € By(s)
with |l.f gjlis,s) < CllfllB,s), using the reproducing formula (1.1), we get

(5.2) (Fg7)(zk) = (fg;)(0) + JD<fgj)’<w>K(zk,w> (1- [w?) dAw),

where
1 - (1 —wzp)l*s

w(l —wzp)l+s

K(zy,w) =
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In particular, we have the estimate

1

(5.3) IK(zk,w)| = W

Now, by (5.2), we have
DSTF I = [zk]P)*
k=1

& (£9,)(zi) F @) | f(zi) P21 = |z 2)*

M=

k=1
= (f9)0) > & Fz) 1f )P 72(1 = |z
k=1
J Y . 2\s
+k§ek (J(fgj) (WK (21, w) (1 - [w]?) dA(w))
X F(zi) |f(zi) P21 = |zi])S
=1 + I,.

We will compute the expectation of both sides of this equality. Let g be the
conjugate exponent of p. Since

19(0)] < llglls,s) forallg € By(s),

applying Khinchine’s inequality (2.3) with v = 1,

(L) < Ifgils,0 E(| X el F@o 1£ 201721 = 1zl |)
k=1

n /
< C||f||B,,(s)( Z |f(zk)|2(n71)(l - |Zk|2)25>1 2-
k=1

o Ifp >2,then2(p — 1) = p, and by (2.5) with

__p _a
"Tap-n 250

we get

" 2\qs 1/a
(5.4) E(1L1) = Clf g0 (D 1F @01 (1 - z/2)%)

k=1

< CIIfIIB,,(s)( D If )P (- |Zk|2)5)1/q'
k=1
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o If 1 < p <2, weapply Holder’s inequality with exponent /2 > 1, and then (5.1)
with z = 0, to get

(5.5 E(11) 5 1l ( S 1F @117 D (1-12%) (3 (1= 1ze2)%) "

k=1 k=1

n 1
<1y (S 1F@OIP (L= 1zi)?)
k=1

Together (5.4) and (5.5), gives that there is a constant C independent of n such
that

N 1/a

(5.6)  E(IL]) < Clfls, s ( Z If(zi)IP (1 - |Zk|2)s> , 1 <p<oo.
k=1

Now, we are going to estimate the expectation of I,. We have

E(I121) < ILf gjllB,s)

_ 1/a
x (JD (2] Y &K (ziow) Fzo) | f (20 P21 - |zk|2>f])quq,s<w))
k=1

(by Hélder’s inequality)
< 1 f B, (s)

0 1/a
x (Lﬁ(\ S K (zew) F@0 1f (20 P21 - [z %)) qu.s(un)
k=1

(by (2.4))
S If 1B, (o)

1/a
n 2
X (JD (> 1K w) PLF ) PP [z)>) qu,s(w))
k=1
(by (2.3) with r=q).
o If p = 2, we use inequality (2.5) with ¥ = q/2 < 1 in the last estimate to obtain

E(IL1) = 1B,

k=1

n 1/q
8 |-> ( > Kz, w)| - | f (i) |17V (1~ |Zk|2)qs> qu,s(w)> <
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. _

(1- |w|2)q 2+s 1/q
< Wl 3 o Tz oo 4AW))
n

/
S Ifllgo (S 1F @017 (1= 12¢1H%)
k=1

|f(z) 1P (1 = |zx|))¥
1

after and application of Lemma A (we can apply it, since (1+5)g > 2+(q—2+5)).

o If 1 < p < 2, we use Holder’s inequality with exponent q/2 = 1, and then (5.1)
to obtain

E(IL1) s 11flB,s)
1
([ Ry 0y )
[1—wz|a+2s o I - wz] astt

1/a
n s+(qs)
Jo 21f (@ o ) (1 lwlz)‘““‘””qu,Aw))

s 1 llByes) (

— N fllgyo) | S IF@OIP (1 = |25 ]2)s+ @)/ J (1-

k=1

1
|w|2)q+23—2—5(q/2) la
‘l_wz‘quZs (’W)

< U fllgyo (X 1F @017 (1 - ‘Zk|2)s)1/q,
k=1

after an application of Lemma A. Putting together the estimates for Z (|I>]) ob-
tained for the cases 1 < p < 2 and p > 2, we have that there is a constant C
independent of n such that

(5.7) E(L1) = Clflgyo (S 1F @01 (1 —1ze29) .
k=1
Then, together (5.6) and (5.7) gives
DfElP (1= 1z» < E(IL]) + E(IL])
k=1
1/a

< Cllf g, (X 1f@IP (1= 1ze2)*)
k=1

where the constant C is independent of . So, we can conclude that

DL 1F P (1= |z < ClfII, (s),
k=1
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that is, the measure >, c7 (1 — |zk|2)562, is a Carleson measure for By, (s). This

finishes the proof.

(UIS) = (CS). Let Z = {zy}, and suppose the map

Tz:f'—*{ f(zn) }

l kn”Bq(s)

from By (s) to £7, is bounded and onto. The Carleson measure condition is just
a reformulation of the boundedness of the map. Indeed, let f' € B, (s), then

jD F@1Pduz2) = S 1f(z0) P (1 = |2a]?)*

Ifza)l?
<C
2kl o knllf, )

= CITzf I < ClIfIlg, (s)-

Now we prove the separation condition. Fix a point z; € Z. Since T is onto,
there exists a function f; € B, (s) such that fj(z;) = 1, and fj(zx) = 0if k = j.
Now, it follows from the open mapping theorem and Lemma 2.2 that

] 14
(5.8) 1A o < €S LSO oy e -z

v 1kz llg, ()

Now, let zy, be a point in Z distinct from z;. We can assume that p(zj,zm) <
1/2. Then, it follows from (5.8) and Lemma 2.3 that

IfillB, ) < C1fi(z5) = fi(zm)| (1 = |2j|H)*'P
< Cllfjlis, ) l1kz; = Kz, Bys) (1= 12577

<C ||fj||B,.(s) p(zj,zm)-

Hence p(zj,zm) = 6 with 6 = 1/C, and the sequence {z,} is separated.

6. A 9-PROBLEM WITH ESTIMATES AND THE CORONA THEOREM

In order to prove the sufficiency of condition (CS) in Theorem 1, first we will
construct a non-analytic solution of the interpolation problem, and then we find
the analytic solution by solving a 0-equation with the appropriate estimates.

Lemma 6.1. Let1 <p < o0 and0 <s < 1. Thene 1 e M(LY).
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Proof. Note that h € M(LF) if and only ifh € M(L?). So, it is enough to

show that h(eif) = e € M(LY). Let h(z) = z be the harmonic extension of 1 in
D. By Theorem 4.6, it is enough to show that dA, (z) = (1 - |z|?)P2*S dA(2)
is an (s, p)-Carleson measure. So, let f € B,(s). Using Lemma B with b = 0
and o =p — 2+, we get

jD £(2)17 dAps(2) < CILEO)IP + cj f(2) = FO)P (1= 22+ dA(2)
<CIFO)P + Cj L @1P (1= [212)2P255 dA(2)

< CIFIG -

Hence the measure (1 — |z|?)? 2" dA(z) is an (s, p)-Carleson measure and the
proof is complete. O

First of all we will solve a d-equation that will be useful in the construction of the
interpolating function f € By (s)

Theorem 6.2. Let1 < p < o and0 < s < 1. If ¢ € C(D), then there is a
function b € C(D) such that

ob

35 = ¢ onD,

(in the sense of distributions) and such that bt belongs to LY. Moreover
Ibirllr = [lpllLr(da, -

Proof. Consider the function

PW) 4 A w).
—w

u(z) = JID) (z

It is easy to check that u € C(D) and ou = ¢ (see [16, Chapter VIII]). We will
show that u |7 belongs to LY. To do that, consider the function

)

P(w)

00— w2 dA(w).

v(z) =

Observe that v (e??) = ¢ u(e?) for all e € T. So, by Lemma 6.1 and Lemma
4.1, it is enough to prove that |[Vv| € LF(dA, ). An easy computation gives

Vv (2)] < J gl dA(w).

1 -—wz|?
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If we define

P(w)

Th(z) - | PR daw),

then T is a bounded operator from LP (dA, ) to itself (see [17, Theorem 1.9]).
Since ¢ € LF (dA, ),

11901 gy = 1T1ED] 0,
S llplirrcda,,) < .
Hence |Vv| € LP(dA, ) and the proof is complete. O

To prove the implication (CS) = (M) in Theorem 1, we need to solve a d problem
in a way that the boundary values of the solution must be in M (L?). This is more
technical than Theorem 6.2, and uses the beautiful solution of the 5-equation
given by P. Jones in [19]. So, we pause briefly to discuss Jones’ solution. Given a 1-
Carleson measure p on the unit disc, it is well known (see [16, Chapter VIII]) that
the a_—problem OF = u, has a solution u, in the sense of distributions, satisfying
lullze ) < Cliplli. In [19], P. Jones found that one such solution is given by the
formula

6.1) w(z) = [ Ku(2,0) du(D),

where

20 1-1C)? 1+u’1§_1+ﬁ)z) du(w)}
Kot = ez -0 CXPU|wz|c|<1—wc 1—wz) Jull §°

The estimate

j K, (e, ) du(C) = Cillully

shows that u € L*(T). Therefore, if |g(z)| dA(2) is a 1-Carleson measure, then
the equation 0u = g has a solution u € L®(T).

Before stating the 0-criteria needed, we prove the following simple observa-
tion.

Lemma 6.3. Let1 < p < 00,0 <s < 1. If|g(2)|FPdAps(2) isan (s,p)-
Carleson measure, then |g(z)| dA(z) is a 1-Carleson measure.
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Proof. Let S(I) be a Carleson box. By Hélder’s inequality and Lemma 3.1,

j 19(2)] dA(2)
S

- L( 1921 = 12P) PP (1= |21 dA )
I

1/q

1/p
< (J |g(2)|pdAp,s(Z)> (J (1—|z|H)app-2+s) dA(Z)>
s S()

(p-1)/p
< C|I|5/p (JS dA(Z) )

@ (1 —|z]2)(p-2+9)/(p-D

/
P_c.

(p-1)
<CI|I]s/P <|I|(p75)/(p71))

Note that, in the last inequality, we used the fact that s < 1. O

Theorem 6.4. Ler 1 < p < 0 and 0 < s < 1. If1g(2)|? dAp(2) is an
(s, p)-Carleson measure (and |g(z)|(1 — |z|) < C for 1 < p < 2), then there is a
function f € C(D) having radial limits fiv a.e. on T with

of
az—g on D,

(in the sense of distributions) and such that fiv belongs to M (L?).

Proof- Since |g(2)|? dA, s(2) is an (s, p)-Carleson measure, it follows from
Lemma 6.3 that du(z) = |g(z)|dA(z) is a 1-Carleson measure. Thus, we can
take Jones solution u, given by (6.1), of the a_—problem ou = g on D. Moreover,
U has radial limits w7 (defined a.e. on T) in L¥(T). But our aim is to verify that
u|r lies in M (LY). For this purpose, consider

2i [ 1-1EP°
T Jo [1-Ez[2

l1+wé 1+wz
exp Ung (1 - 1_m> |g<w>|dA(w>}g(§> dA(E)

v(z) =

which has the same boundary values as zu(z). Then, by Lemma 6.1 and Lemma
4.5, to see that ujy € M(LY), it is enough to prove that v € L® (D) and the mea-
sure |Vv(z)|P dAps(2) is an (s, p)-Carleson measure. Note that the function v
was also considered in [24], where the estimate

lg(w)|

62) V@)l = | L daw).
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was proved. Since |g(2)|? dA,s(2) is an (s, p)-Carleson measure (and if 1 <
p < 2, we have (1 — |z]?) |g(2)| < C), it follows from (6.2) and Lemma E that
the measure |Vv(2)|? dA, s(2) is an (s, p)-Carleson measure.

Also, since |g(z)|dA(z) is a Carleson measure, it follows from Lemma D
that

1+wC 1-1g*
Re (Jw|>€ T lg(w)] dA(w)) < ZJ L lg(w) | dA(w) < C,

where C > 0 is a constant independent of § € D. This gives

1-1Cz?
11 -Cz|2

_ 2
- exp (— o s |g(w>|dA(w>) 9(DIdAD) 51

lv(2)] s

wz|?

(see the proof of Lemma 2.1 in [19]). This implies that v € L® (D) finishing the
proof. O

The corona problem. It is well known that there is a close connection be-

tween interpolating sequences, the d-equation and the corona theorem. Here
we will use Theorem 6.4 to show that the corona theorem holds for the algebra
M (B, (s)). This was first proved by Tolokonnikov in [30].

Theorem 6.5. Let1 < p < o and0 < s < 1. Let g1,...,gn € M(Bp(S))
with

(6.3) inf Z 1gi(2)] =6 > 0.

zeD

Then there exist functions fi,..., fn € M(By(S)) such that

figr + -+ fugn = 1.

Proof. Once we have the 0 criteria needed (in our case, Theorem 6.4), the
proof is very standard. Let g1,...,gn € M(B,(s)) for which (6.3) holds. Con-
sider the non analytic solutions

gi .
Vi=Sigar Tl

of the equation g1 @1 + - - - + gn®n = 1. For 1 < j,k < n, let Gjx = @; Opx.
Note that, by (6.3), we have

!n’

(6.4) 1Gix(2)] 673> 1g,(2)I.
=1
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By Lemma F we have that, for 1 < | < n, the measures |g;(z)|P dA, s(z) are
(s, p)-Carleson measures. Then, by (6.4), if f € B,(s),

j 1F(D)IP1Gr(2)]7 dAps(2) < cnzj £ ()17 19,217 dAps(2)
=D
< CallFII5 o).

and so, |Gk(2)|P dAps(2) is an (s, p)-Carleson measure. Hence, by Tl}eorem
6.4, there exist functions ajx with boundary values in M (L?) such that dajk =
Gjk for 1 < j, k < n. Then the functions

n
fi=@j+ > (@jx—ak)gk, Jj=1,...,m,
k=1

are analytic solutions of the equation >.j_; fjg; = 1. To see that f; € B,(s), by
Corollary 4.7, it is enough to show that f; has boundary values in M (L?). Since
gj € M(By(s)) and a i has boundary values in M (L?), all reduces to prove that
the boundary values of @ are in M (LY). To see that, by Lemma 4.5, it suffices
to prove that @; is bounded on D, and |[V@;(z)|F dAp s is an (s, p)-Carleson
measure. But, since g; € M (B, (s)) C H®, then (6.3) gives |®jllo < 621Gl c>
and therefore @ ; is bounded on D. Also, (6.3) and an easy computation gives

|Vpi(2)] 5572 > 1g;(2)l.
=1

Then, since |g;(2)|P dAp s(2) is an (s, p)-Carleson measure, it follows that the
measure |V@;(z)|? dA,s(z) is an (s, p)-Carleson measure, and the proof is
complete. O

Let g = (g1,...,9n) € HD)", and f = (f1,..., fn) € H(D)", and consider
the operator My defined by

Mg(f) = Z Sk

k=1

As an immediate consequence of Theorem 6.5 we obtain the following corona
type decomposition. Note that the case p = 2 was proved in [34].

Corollary 6.6. Let 1 < p < o0 and 0 < s < 1. The following are equivalent:
(i) Mgy maps M(Bp(S)) X -+ - X M(By(S)) boundedly onto M (B, (s));
(ii) My maps By (s) X - -+ X By (s) boundedly onto By (s);
(iii) gi1,...,9n € M(By(5)) and (6.3) holds.
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Proof- (i) implies (ii). Since Mg maps M (Bp(s))™ into M (B, (s)) it follows
that gi,...,9n € M(By(s)). Then, if f1,..., fn € Bp(s), Mg(f) € By(s), and
it follows from the closed graph theorem that My maps B, (s) X - - - X B, (s) into
By (s). Now, let h € B,(s). Then, by (i), there are functions hy,...,hy, €
M (By(s)) such that >’ gjh; = 1. Then the functions fx = hgh are in B, (s) and
> fxgk = h. Thus, My is surjective.

(i) implies (iii). It is clear that if My maps B, (s) X - - - X B,(s) into By (s),
then the functions g; are pointwise multipliers of By, (s). To see that (6.3) holds,
let f € B,(s). Since My is onto, then it follows from the open mapping theo-
rem that there exist functions fj € B, (s) with f = 37, fjg; and | fjllz,s) <
CllfllB,(s)- Now, using that | f;(2)| < ll.fjlIs,s)IkzlB,(s), we obtain

6.5) F D] = D 1fi(21 1952 < Clliflls, ) Nkzlly0 D, 195(2)].
j=1 j=1

Taking the function
_ A= Jw)sP
(1 - zw)2s/p

fz(w)
that is in By (s), with [|fz|l,(s) < C (just use Lemma A to see that), and since
lkzllB,s) = (1= |z|2)=5/P, then (6.5) gives

n
> 1gj2)|=C >0,
j=1

proving (6.3).

(iii) implies (i). By Theorem 6.5, there exist functions hy, ..., hy € M(Bp(S))
with Y}, hxgk = 1. Then, if f € M (B, (s)), the functions fx = fhy are in
M (By(s)). Hence My is surjective. O

7. SUFFICIENCY OF CONDITION (CS)
(CS) = (UIS) Suppose that Z = {z,} is a separated sequence such that
pHz = > (1—1znl})56s,
n

is an (s, p)-Carleson measure. We must show that the map

f(zn)
f {”kn“Bq(S)}-
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is bounded and onto. Since iz is an (s, p)-Carleson measure,

p

‘ Sen) T SUIf )P (1= 1z41?) = J |f(2)17 duz(z) < ||f||§p<s>-

||kn ||Bq(5)

v

To see that T7 is also onto, consider an arbitrary sequence {w,} € £7. We will
find a function f € B, (s) with

Sf(zn) = wn llknllgys) for n=1,2,...

By a standard normal family argument, it suffices to consider a finite sequence
Z1,..., 2N, provided we have uniform control on the norm of the interpolating
functions.

As far as we know, the argument we use below has its roots in a work of
E. Amar in [2]. Since {z,} is separated, there exists € > 0 such that the pseudo-
hyperbolic discs D(zy,2¢) are pairwise disjoints. With standard arguments, we
construct a smooth function @ such that @ (z) = wy [[kn I, (s) for z € D(zy, €);
@ vanishes outside U, D(zn,2¢), and (1 = [z))|[V@(2)| < [wylllknllp,s) for
all z € D(zy,2¢). The function @ solves the interpolation problem with the
data required, but it is not analytic. To arrange that we will solve an appropriate

0-problem. Using the above conditions on @, we get

p s=2
J |vcp('z)|rJ dAp,S(Z) =< %JD(ZH,ZE) |wn|p ||kn||Bq(S)(l - |Z|) dA(Z)

<D lwnl? < oo,
n

Let B(z) be the Blaschke product with zeros {z,}. By (3.2), 2.(1 — |zx])62, isa
Carleson measure, and there exists a constant C > 0 such that [B(z)| = C for all
z in the support of 0. Then d@ /B € C(D). So, by Theorem 6.2, we can find a

solution u of the d-equation du = é 0@ with boundary values in L and

p

days(2) < C|| 1vo! ||

LP(dAps)”

0p(z)
B(z)

14
lullfy < |
S

Then the function f = @ — Bu is analytic on D, and solves the interpolation
problem f(zy) = @ (zn) = Wy lknllB,(s) for each n. So, it only remains to prove
that f € B, (s). By Corollary 4.3, it is enough to see that f has boundary values in
LY. By Proposition 3.2, the Blaschke product B belongs to M (B, (s)), and so, Bu
has boundary values in LY with || Bul| 12 < Cllullyp. Since the boundary values of
@ are identically zero, we can conclude that the function f = @ — Bu € B,(s)
with
1A 1B, s) < CliBullyp < Cllully < Cll{wn}lier,
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for some constant C not depending on the number of points N. Hence the proof
is complete.

(CS) = (M) Let Z be a separated sequence and pz = >, <7 (1 — |z,1?)%62,
be an (s, p)-Carleson measure. We want to see that Z is an interpolating sequence
for M(By(s)). Let {wyn} € €®. Since Z = {zy} is separated, there is ¢ > 0
such that the pseudohyperbolic discs Dy, = D(zy, 2¢) are pairwise disjoints. As
before, we construct a smooth function @ with 0 < |@| < sup, [wy| on
such that @ (z) = wy, for z € D(zy, €); @ vanishes outside U,, D(zy, 2€); and
(1-1z)IVe(2)| <Cforall z €

Now, assume for a moment that we have seen that [V@(2)[? dA, s(2) is an
(s, p)-Carleson measure. Let B be the Blaschke product with zeros {z;,}. Since
|B(z)| = C for all z in the support of 0@, we have |0p/B| < C|V@l, and
therefore

0 p
F@|" daps2)

is an (s, p)-Carleson measure. Hence, by Theorem 6.4, there is a solution u of

the d-problem

1~
au—Eacp

with boundary values in M (LY). Then the function g = @ — Bu is analytic on
D, and g(zn) = @(zn) = wy solving the interpolation problem with the data
required. To see that the function g € M (B, (s)), by Corollary 4.7, it is enough
to show that g has boundary values in M (L?). By Lemma 3.2, the Blaschke
product B € M (B, (s)), and therefore, Bu has boundary values in M (L¥). Since
the boundary values of @ are identically zero, we deduce that g = @ — Bu belongs
to M (B (s)) finishing the proof.

So, it only remains to show that |[V@(z)|P dA, s(2) is an (s, p)-Carleson
measure. Let f € By (s). Since 0@ is supported on Dy and (1-1z|) [V (2)] <
C, we have

(7.1) Jlf(Z)I’”IV(p(Z)I"’dAps(Z)
Z[ 1F(2)[P (1122 2 dAz)

s D |fE|” (1= 1zal?)’ +sz | f(2) ~ fz) |7 (1~ 127)° 7 dA®.

Since 3, (1 — |z 1?)*52, is an (s, p)-Carleson measure, we have

(7.2) 2 fEIPA = 1zal®)* < ClfIE, )
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So, if we prove

EIED L)n F(2) = fenl? (1= 12192 dA() = CIFIG o,
then, joining (7.1), (7.2) and (7.3), we obtain

| 1F@IP 1ve@1r daps @) = 1£15, ),

proving that the measure |[V@(z)|P dA, s(2) is an (s, p)-Carleson measure. To
see (7.3), we use the reproducing formula (1.1), and inequality (2.2), to obtain

|z — zul

@ = fn)l 5 |1 ) T2 (1w dAw).

Choose t > 0 with max(0, 2—p) < tp < 1+5s-min(1, p—1). Then, by Hélder’s
inequality and Lemma A

If(z) - fzn)IP =

_ 2\tp _ 2\—tq p-1
(1= 122" (f@ I w) P ﬁlﬂ dA,,,S(w>> (f@ % qu,5<w>)

2

1 —wz|?*s —wWz|2*s

A

— 2\tp
(], w0 g ) 1 o

|1 _wz|2+5

Hence, by Fubini’s theorem and Lemma A we obtain

ZJD If(2) = fz)IP (1 = 2zI")*?dA(2) =
: (1-lwHtr .
S%Lyn U f (w)|p|1_,,,,-z|z+sdf4n‘s(w)> (1— 122"t dA(z)
(1—|z»)tr

! - =7 _ 2\t
sJD f (w)l’”( s e dA(z)) (1 - [w|»)? dAp s (w)

< JD L )P dApsw) < £ 1 o)

Note that the conditions on t ensures that the application of Lemma A is correct.
So, the proof is complete.

Another construction of the interpolating function. In [15], Earl give a
constructive proof of Carleson interpolating theorem for bounded analytic func-
tions. Given a sequence {z,} in the unit disc with

(7.4) inf [T p(zj,zi) =6 >0,
Jij+k
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and a sequence a = {aj} € £, Earl constructed a Blaschke product B with
zeros {C;} such that the function f(z) = K llally~B(z) solves the interpolating
problem

f(Zj)=€Lj, j=1,2,...,

for some constant K. Also, the zeros {T} of the Blaschke product B satisfy

(7.5) p(z;,Cj) <6/3.

So, in view of Proposition 3.2, we can use the same construction to give a different
proof of the implication (CS) = (M) of Theorem 1.

Theorem 7.1. Let {2y} be a separated sequence such that Y.(1 — |2,|?)56, is
an (s, p)-Carleson measure. Then, given a = {an} € €, there is a constant K and
a Blaschke product B in the multiplier algebra M (B, (S)) such that the function

f(z) =Kllall¢q=B(2)

solves the interpolation problem f(z;) =a; j=1,2....

Proof-

Since > (1 =2y |%)* 82, is an (s, p)-Carleson measure, then > (1 —[2,1%)5,
is a 1-Carleson measure (see the first paragraphs of the proof of Proposition 3.2).
This and the separation condition gives (7.4) for some 6 > 0. Hence, by Earl’s
construction, there is a constant K and a Blaschke product B with zeros {C;} such
that the function f(z) = K [lally~B(z) interpolates the data required. To see that
B is a multiplier of B, (s), by Proposition 3.2 it is enough to prove that if {T;}
is a sequence of points in the unit disc with p(z;,T;) < 6/3 for all j, then the
measure v = > (1 — |C; |2)55§j is also an (s, p)-Carleson measure. To see that, let
g € By(s), then

Z |g(Cn)|”(1 - |€n|2)s
<D 19En) —g@) P (1= 18" + D gz P (1= 1Cal?)°

=51+ 5.

Since p(zy,Cyn) < 6/3 < 1, then
(1 - |Cn|2) = (1 - |Zn|2)1

and >, (1 — |z»|?)® is an (s, p)-Carleson measure we get

(7.6) S22 19z |7 (1= 1zal?) = 19l -
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To estimate Si, note that the subharmonicity of |g’| gives

77 19G-gza] < | 1g'w)lldwl

Zn,6n

1 ’
< LG,;n] <(1 ST JDW g (2)] dA(z)) dwl,

where Dy, = {z : p(z,w) < 6/6}. Since p(z,,Cn) < 6/3, then D, C Dy, for
each w € [z, Cnl, where Dy, = {z : p(2,2) < §/2}. Note that the pseudo-
hyperbolic discs Dy, are pairwise disjoints. Also one has (1 — [w]) = (1 — |z,]).
These facts, together with (7.7) give

|zn — Tyl

W= 12,172 Jp, |9 D942

(7.8) 19(Cn) —g(zn)| =

Since |z — Cnl = (1 — |zn|?), then (7.8) and Hélder's inequality give
14
(7.9) S < Z (JD lg’(2)] dA(Z)> (1= 1|znl®)*?
= Z (JD |g'(z)|pdA(z)) IDnlP71 (1 = |zn]?)*P
<3| 1917 dApe(z) < lglh, o

So, putting together (7.6) and (7.9), we obtain that v is an (s, p)-Carleson mea-
sure, and this concludes the proof. O

8. CONCLUDING REMARKS

Using the characterization of interpolating sequences obtained in Theorem 1, to-
gether with the description of Carleson measures for the spaces B, (s) obtained
in [3] and [33], one can give explicit examples of interpolating sequences. For
example, one has that a radial sequence is interpolating if and only if it is sepa-
rated. It also follows that different values of s give different classes of interpolating
sequences.

Here are some questions for which we do not have a ready answer.

(1) By retracing the steps of the proof, it can be seen that the solution of the
interpolating problem is an explicit operator which is not linear with respect
to the data. s there a linear interpolating operator? See [8].

(2) Characterize the interpolating sequences for a larger class of weighted Besov
spaces, where the weights are not necessarily of the form (1 — [z|?)%. A re-
lated problem is that of characterizing the interpolating sequences for spaces
with the complete Nevanlinna-Pick property. See [26].
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