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Introduction vii

Introduction

Let H 1 be the algebra of bounded analytic functions in the open unitdisc D: A sequence
of points f zng � D is an interpolating sequence forH 1 if for any sequence of bounded
values f wng there exists a bounded analytic function f in D with f (zn ) = wn for all
n = 1 ; 2; � � � . In the 50s; R.C. Buck posed the following problem. Does there exist
in�nite interpolating sequences for H 1 ? R. C. Buck, A. Gleason and D. Newman [New]
obtained partial results and W. Hayman [Hay] proved that the condition

inf
k

Y

n6= k

�
�
�
�

zn � zk

1 � znzk

�
�
�
� > 0 (0.0.1)

is necessary. He also showed that a slightly stronger condition is also su�cient. In 1958,
L. Carleson [Ca1] showed that, in fact, the condition (0.0.1) is also su�cient.

Teorema A. [Ca1] Let f zng be a sequences of points in the unit discD; the following
conditions are equivalent.

(a) The sequencef zng is an interpolating sequence forH 1 ; that is, any interpolation
problem

f (zn ) = wn ; n = 1 ; 2; :::

with supn jwn j < 1 has a solutionf 2 H 1 :

(b) There exists a constant� > 0 such that

Y

n6= k

�
�
�
�

zn � zk

1 � znzk

�
�
�
� � �; k = 1 ; 2; :::

(c) The sequencef zng is separated, that is, there exists a constantc > 0 with

� (zn ; zk ) =

�
�
�
�

zn � zk

1 � znzk

�
�
�
� � c; for n 6= k

and there exists a constantC > 0 such that for all Carleson squaresQ(z) the
estimate X

zn 2 Q(z)

(1 � j zn j) � C(1 � j zj) (0.0.2)

holds.

Here Q(z) = f w 2 D : jArgz � Argw j � � (1 � j zj); 1� j wj � 1� j zjg for z 2 Dn f 0g
is the Carleson squareshown in �gure 1 and Q(0) = D.
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Figure 1: a Carleson squareQ(z)

Let � be a positive Borel measure in the unit discD: We say that � is a Carleson
measure if there exists a constantC > 0 such that

� (Q(z)) � C(1 � j zj);

for all Carleson squaresQ(z): Then, the condition (0.0.2) can be rewritten saying that

� =
X

n

(1 � j zn j)� zn is a Carleson measure.

The broad impact of Lennart Carleson's Theorem is stressed by Peter Jones in his tribute
to Carleson's work in analysis. "This result is now understood to be one of the pillars of
function theory, and it shows up in areas ranging from the corona problem to operator
theory (and many places between)"[Jo2].

Carleson's Theorem has been explored at least in two directions, which correspond
to the attempt of understanding:

� The role played by the analyticity.

� The role played by the boundedness of the functions.

This memory consists on two chapters related to these two directions. Both chapters
are independent and can be read separately.

In the �rst chapter we study an interpolation problem for pos itive harmonic func-
tions. But before posing the problem, we will mention some known results in some
function spaces. In the 70s, L. Carleson and J. Garnett considered the problem of cha-
racterizing the interpolating sequences forh1 ; the space of bounded harmonic functions
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in the unit disc. A sequence of pointsf zng in the unit disc is said to be an interpolating
sequence forh1 if for any bounded sequence of valuesf wng there exists a function
f 2 h1 with f (zn ) = wn for all n = 1 ; 2; � � � :

In 1975, L. Carleson and J. Garnett proved the following result that gives a descrip-
tion of the interpolating sequences for bounded harmonic functions in the unit disc D:
This description turns out to be identical to the characteri zation of the interpolating
sequences for the spaceH 1 :

Teorema B. [CG] A sequence of pointsf zng � D is an interpolating sequence for
h1 (D) if and only if f zng is separated and there exists a constantC > 0 such that

X

zn 2 Q(z)

(1 � j zn j) � C(1 � j zj)

for any Carleson squareQ(z):

If we consider the interpolation problem for bounded harmonic functions in the
upper half plane R2

+ ; the situation is analogous to Theorem B. L. Carleson and J.
Garnett studied also the problem of characterizing the interpolating sequences for the
spaceh1 (Rd+1

+ ) of bounded harmonic functions in the upper half spaceRd+1
+ = Rd � R+ ,

for d > 1, but the result that they obtained was weaker because the proof in the case
d = 1 uses complex variable tools. Given a point (x; y) 2 Rd+1

+ , we de�ne the Carleson
cubeQ associated to the point (x; y) as Q = f (b; t) 2 Rd � R+ : jx � bj < l (Q); 0 < t <
l(Q)g; where l(Q) = y: We also say that asequenceof points f zng in Rd+1

+ is separated
if inf n6= m � (zn ; zm ) > 0; where � (z; w) is the hyperbolic distance between the points
z; w 2 Rd+1

+ : The interpolation result for h1 (Rd+1
+ ) is the following one.

Teorema C. [CG] Let d > 1: Given a sequence of pointsf zn = ( xn ; yn )g in Rd+1
+ ,

consider the measure� =
P

n yd
n � zn : Then,

(a) If f zng is an interpolating sequence forh1 (Rd+1
+ ) then f zng is separated and the

measure� satis�es � (Q) � Cl(Q)d for any Carleson cubeQ:

(b) If f zng is a separated sequence and the measure� satis�es that � (Q) � Cl(Q)d

for any Carleson cubeQ; then we can split the sequencef zng in a �nite union of
subsequences� i ; i = 1 ; � � � ; N;

f zng = � 1 [ � � � [ � N

such that for any i; j = 1 ; :::; N; the sequence� i [ � j is an interpolating sequence
for h1 (Rd+1

+ ):

It is not known if the necessary conditions in part (a) of Theorem C are also su�cient
except in dimensiond = 1. Under some stronger conditions on the sequence, L. Carleson
and J. Garnett proved that the sequence is an interpolating sequence.
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Teorema D. [CG] Given a sequence of pointsf (xn ; yn )g in Rd+1
+ , suppose that there

exist constantsC; c > 0 such that for anyn, there exists a pointbn 2 Rd, with jxn � bn j <
Cyn and such that the ballsf x 2 Rd : jx � bn j < c yng are pairwise disjoint. Then the
sequencef (xn ; yn )g is an interpolating sequence forh1 (Rd+1

+ ):

N. Varopoulos [Va] and L. Carleson [Ca3] obtained independently necessary condi-
tions for interpolation problems in more general contexts where, instead of considering
harmonic extensions of bounded functions in@D; they consider convolution against more
general kernels than the Poisson kernel.

In 1994, K. Dyakonov [Dy] studied the problem of characterizing the interpolating
sequences in spaces of bounded functions with integrable kernels. If we consider the
particular case of the Poisson kernel, K. Dyakonov's resulttells us that if there exist
pairwise disjoint Borel subsetsEn in Rd such that

inf
n

! (zn ; En ; Rd+1
+ ) >

1
2

then f zng is an interpolating sequence forh1 (Rd+1
+ ): Here, ! (zn ; En ; Rd+1

+ ) denotes the
harmonic measure of the subsetEn from the point zn :

Let 1 < p < 1 ; E. Amar [Am] in the last 70s stated an interpolation problem
for the spacehp(Rd+1

+ ) of harmonic functions in the upper half spaceRd+1
+ obtained

from Poisson integrals of functions inL p(Rd): Given a sequence of pointsf zng � Rd+1
+ ,

consider the operatorTp that assigns to each functionu 2 hp the sequence

Tp(u) = f u(zn )yd=p
n g:

We say that a sequencef zng is an interpolating sequence forhp(Rd+1
+ ) if the operator

Tp satis�es that Tp(hp) � lp: Partial results similars to Theorem C were obtained by
J. Garnett [Ga2] and E. Amar [Am] in the context of functions i n hp(Rd+1

+ ) but the
problem on wether the separation and Carleson conditions are su�cient to characterize
the interpolating sequences forhp(Rd+1

+ ) in dimension d > 1 is still an open problem.
For the cased = 1 there is a complete description analogous to Theorem B. [Ga2].

In the �rst chapter of this memory we want to study an analogous interpolation
problem in the cone of positive harmonic functions in the unit disc D of the complex
plane that we will denote h+ = h+ (D): If u 2 h+ , the classicalHarnack inequality says
that

1 � j zj
1 + jzj

�
u(z)
u(0)

�
1 + jzj
1 � j zj

for any z 2 D. Recall that the hyperbolic distance� (z; w) between z; w 2 D is

� (z; w) = log 2

1 +
�
�
� z� w

1� �wz

�
�
�

1 �
�
�
� z� w

1� �wz

�
�
�

:
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Hence the estimates above can be read asj log2 u(z) � log2 u(0)j � � (z;0). Since these
notions are preserved by automorphisms of the disc, we deduce that

j log2 u(z) � log2 u(w)j � � (z; w) (0.0.3)

for any z; w 2 D. Therefore, for any function u 2 h+ , a sequence of pointsf zng � D
and the corresponding sequence of valueswn = u(zn ), n = 1 ; 2; � � � are linked by

j log2 wn � log2 wm j � � (zn ; zm ) n; m = 1 ; 2; � � � : (0.0.4)

However, given a sequence of pointsf zng � D, one cannot expect to interpolate by a
function in h+ any sequence of positive valuesf wng satisfying the compatibility condition
(0.0.4) unless the sequencef zng reduces to two points. Actually it is well known that
having an equality in (0.0.3) for two distinct points z; w 2 D forces the function u to
be a Poisson kernel and hence one cannot expect to interpolate further values. In other
words, the natural trace space given by condition (0.0.3) istoo large, and we are led to
consider the following notion.

A sequence of pointsf zng in the unit disc will be called an interpolating sequence
for h+ if there exists a constant " = "(f zng) > 0, such that for any sequence of positive
values f wng satisfying

j log2 wn � log2 wm j � "� (zn ; zm ); n; m = 1 ; 2; � � � (1.0.1)

there exists a function u 2 h+ with u(zn ) = wn , n = 1 ; 2; � � � :
Observe that this is a conformally invariant notion, that is , if f zng is an interpolating

sequence forh+ , so is f � (zn )g, for any automorphism � of the unit disc. Moreover the
corresponding constants satisfy" (f � (zn )g) = "(f zng). The main result of the �rst
chapter is the following one.

Theorem 1.0.1. A separated sequencef zng of points in the unit disc is interpolating
for h+ if and only if there exist constantsM > 0 and 0 < � < 1 such that

# f zj : � (zj ; zn ) � lg � M 2�l (1.0.2)

for any n; l = 1 ; 2; � � �

We have restricted our attention to separated sequences because we want to consider
an interpolation problem by positive harmonic functions and not by their derivatives.
However, it is worth mentioning that any interpolating sequence forh+ is the union of at
most three separated sequences. Let us now discuss condition (1.0.2). As usual in this
kind of problem, the geometrical description of interpolating sequences is given in terms
of a density condition which says, in the appropriate sense,that interpolating sequences
are not too dense. The number 2 shows up in (1.0.2) because of the normalization
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of the hyperbolic distance as we can see in Observation 1.0.2. We have chosen this
normalization because it �ts perfectly well with dyadic decompositions. As we will show
in Section 1.3, there are a number of conditions which are equivalent to (1.0.2). For
instance, a sequencef zng satis�es (1.0.2) if and only if there exist constants M 1 > 0
and 0 < � < 1 such that

#
�

zj :

�
�
�
�

zj � zn

1 � �znzj

�
�
�
� � r

�
� M 1(1 � r ) � �

for any n = 1 ; 2; � � � and 0 < r < 1. One can also write an equivalent condition in terms
of Carleson measures. It will be shown in Section 1.3 that a sequencef zng � D satis�es
(1.0.2) if and only if there exist constants M 2 > 0 and 0< � < 1 such that

X

j

(1 � j zj j) � � M 2(1 � j zn j) � ; n = 1 ; 2; � � � ;

where the sum is taken over all pointszj 2 f zkg such that jzj � zn j � 2(1 � j zn j).
This condition resembles the usual Carleson condition withan exponent � < 1 for the
Carleson squares which contain a point of the sequence in itstop part. Let us now discuss
the geometrical meaning of the condition (1.0.2). It tells that, when viewed from a point
of the sequence, sequences satisfying (1.0.2) are |at largescales| exponentially more
sparse than merely separated sequences. Actually, a sequence of points f zng � D is a
�nite union of separated sequences if and only if (1.0.2) holds with � = 1. It should also
be mentioned that in condition (1.0.2) one counts points in the sequence which are at
hyperbolic distance less thanl from a given point zn in the sequence, instead of taking
as a base point anyz 2 D as in [BoNi]. See also [S, p. 63{77]. This last condition
is stronger. Actually it will be shown in Section 1.3 that there exist two separated
interpolating sequencesZ1; Z2 for h+ with inf f � (z; � ) : z 2 Z1; � 2 Z2g > 0 such that
Z1 [ Z2 is not an interpolating sequence forh+ .

It is tempting to try to prove Theorem 1.0.1 using the Nevanlinna-Pick necessary
and su�cient condition for interpolation by analytic funct ions on the disc with positive
real part. In this direction, P. Koosis has found a proof of the classical result by L.
Carleson describing the interpolating sequences for bounded analytic functions using
the Nevanlinna-Pick condition ([Ko]). Related material can be found in [Bi] and [MS2].
It would be interesting to �nd a proof of Theorem 1.0.1 along these lines, but we have
not explored this possibility.

Let us now explain the main ideas of the proof. LetE � denote the radial projection
of a set E � D, that is,

E � = f � 2 @D: r� 2 E for some 0� r < 1g:

An application of Hall's Lemma yields to the existence of a universal constant C > 0
such that for any u 2 h+ one has

�
�
�
�

�
z 2 D :

u(z)
u(0)

> �
� � �

�
�
� �

C
�

; � > 0:
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The necessity of condition (1.0.2) follows easily from thisestimate. The proof of the
su�ciency is harder. Given a sequence of pointsf zng � D satisfying (1.0.2) and a
sequence of positive valuesf wng satisfying the compatibility condition (1.0.1), one has
to �nd a function u 2 h+ such that u(zn ) = wn , n = 1 ; 2; � � � . The construction of the
function u 2 h+ may be split into three steps.

1. We will apply a classical result in Convex Analysis calledFarkas' Lemma which
may be understood as an analogue for Cones of the Hahn-Banach Theorem. Instead
of constructing directly the function u 2 h+ which performs the interpolation, Farkas'
Lemma will tell us that it su�ces to �nd, for any partition f zng = T [ S, a function
u = u(T; S) 2 h+ , depending on the partition, with u(zn ) � wn for zn 2 T and
u(zn ) � wn for zn 2 S.

2. Let ! (z; G) denote the harmonic measure inD of the set G � @D from the point
z 2 D, that is,

! (z; G) =
1

2�

Z

G

1 � j zj2

j� � zj2
jd� j:

We will show that condition (1.0.2) provides some sort of independence of harmonic
measuresf ! (zn ; �) : n = 1 ; 2; � � � g. Roughly speaking, we will construct setsGn � @D
such that ! (zn ; Gn ) � 1 while ! (zn ; Gk ) decays exponentially with � (zn ; zk ): The precise
statement is Lemma 1.2.2 in Section 1.2. The construction ofthe setsf Gng uses a certain
stopping time argument and constitutes the most technical part of the proof.

3. Using Theorem B due to L. Carleson and J. Garnett, where they characterize
the interpolating sequences for the spaceh1 , it is easy to see that a separated sequence
verifying (1.0.2) is an interpolating sequence forh1 . Hence there exists
 > 0 such that
for a �xed partition f zng = T [ S; there exists an harmonic functionh = h(T; S), with
supfj h(z)j : z 2 Dg < 1; such that h(zn ) = 
 if zn 2 T, while h(zn ) = � 
 if zn 2 S.
Then, using the compatibility condition (1.0.1) and the estimates in step 2, one can
show that the function

u(z) =
X

zn 2 T

wn

Z

Gn

1 � j zj2

j� � zj2
(1 + h(� ))

jd� j
2�

; z 2 D;

veri�es u(zn ) � wn if zn 2 T and u(zn ) � wn if zn 2 S.

One may consider a similar problem in higher dimensions. Leth+ (Rd+1
+ ) denote

the cone of positive harmonic functions in the upper half space Rd+1
+ . A sequence of

points f zng � Rd+1
+ will be called an interpolating sequence forh+ (Rd+1

+ ) if there exists
a constant " = "(f zng) > 0 such that for any sequence of positive valuesf wng verifying

j log2 wn � log2 wm j � "� (zn ; zm ); n; m = 1 ; 2; � � �

there exists u 2 h+ (Rd+1
+ ) with u(zn ) = wn , n = 1 ; 2; � � � . When d > 1 we do not

have a complete geometric description of interpolating sequences. In this direction the
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situation is analogous to the work of L. Carleson and J. Garnett [CG] on interpolating
sequences for the spaceh1 (Rd+1

+ ) of bounded harmonic functions in Rd+1
+ described in

Theorem C. In section 1.3 there is a more detailed discussionof the problem.

In the second chapter of this work we study an interpolation problem in certain
Banach spaces of analytic functions in the unit discD: Before introducing the problem
we will give a brief summary of some known results on interpolating sequences in some
classical analytic function spaces inD:

Given a Banach spaceB of analytic functions in D with continuous evaluation, we
denote Tz the point evaluation functional at the point z given by

Tz : B �! C
f 7! f (z)

and we denote the norm of the functional bykTzk: Let B 0 the dual space ofB: Then
there existskz 2 B 0 called reproducing kernel such that f (z) = < f; k z > for any f 2 B:
Furthermore kkzkB 0 = kTzk:

Let H be a Hilbert space of analytic functions inD with continuous evaluations, an
inner product <; > and an associated normk�k: Given a sequence of pointsf zng � D,
consider the reproducing kernelskzn and de�ne un = kzn =kkzn k: A sequence of points
f zng will be called an interpolating sequence forH if the mapping

x 7! f < x; u n > g

is onto from H to l2. Thus, a sequence of pointsf zng is an interpolating sequence for
the Hilbert spaceH if for any sequence of valuesf wng with f wn=kkzn kg 2 l2 there exists
a function f 2 H such that f (zn ) = wn for any n = 1 ; 2; � � � .

Let 0 < p < 1 ; we will denote H p(D) the Hardy space of analytic functions f such
that

kf kp
H p = sup

r< 1

1
2�

Z 2�

0
jf (reit )jpdt < 1 :

The functions in H p have non tangential limit at almost every point in @D and the norm
above coincides with theL p norm of these limits. Consider also the Bergman spaceAp

of analytic functions in f in D such that

kf kp
A p =

1
�

Z

D
jf (z)jpdA(z) < 1 :

A sequence of pointsf zng is called interpolating for H p (for Ap) if for any sequence
f wng with f wn=kTzn kg 2 lp; the interpolation problem f (zn ) = wn n = 1 ; 2; � � � ; is
solvable with a function f 2 H p (f 2 Ap). H. Shapiro and A. Shields [ShSh] in 1961
proved that a sequence of points is interpolating forH p with 1 � p < 1 if and only if
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it is interpolating for H 1 : Two years later V. Kabaila [Ka] proved that the same result
was true for 0 < p < 1: In the case of Bergman spacesAp, the interpolating sequences
were characterized by K. Seip [Se1] in 1993 using a density condition.

Finally, consider the Dirichlet space D of analytic functions f in the unit disc with

kf k2
D = jf (0)j2 +

Z

D
jf 0(z)j2dA(z) < 1

and, in more generally, the Besov spacesBp of analytic functions f in the unit disc such
that

kf kp
B p

= jf (0)jp +
Z

D
jf 0(z)jp(1 � j zj2)p� 2dA(z) < 1

for 1 < p < 1 : Observe that the casep = 2 is in fact the Dirichlet space D:
Given 1 < p < 1 and 0 � s < 1 we also de�ne theBesov type spaceBp(s) as the

space of analytic functionsf in D such that

kf kp
B p (s) = jf (0)jp +

Z

D
jf 0(z)jp(1 � j zj2)p� 2+ sdA(z) < 1 :

Observe that the cases = 0 corresponds to the classical Besov spaceBp: It is easy to
see that the evaluation functional Tz : Bp(s) 7! C is bounded for anyz 2 D and it can
be checked that

kTzk �

(
� (0; z)1� 1=p if s = 0
(1 � j zj2) � s=p if 0 < s � 1:

Given a sequence of pointsf zng � D; we say that it is an interpolating sequence for
Bp(s) if the operator f 7! f f (zn )=kTzn kg is bounded and onto fromBp(s) to lp. The in-
terpolating sequences in the Dirichlet space were described by D. Marshall - C. Sundberg
[MS2] and C. Bishop [Bi] simultaneously in the 90s, and, in 2000; B. Boe [Bo1] char-
acterized the interpolating sequences for the Besov spacesBp in terms of a separation
condition and a Carleson measure condition.

The multipliers of Bp(s); that we will denote by M (Bp(s)) ; consist on the analytic
functions g such that gf is in Bp(s) for all f in Bp(s): It is easy to see thatM (Bp(s)) �
H 1 and we will de�ne the interpolating sequences for the multiplier spaceM (Bp(s))
in the same way as in the spaceH 1 : A sequence of pointsf zng � D will be called an
interpolating sequence forM (Bp(s)) if for any sequence of valuesf wng 2 l1 there exists
a function g 2 M (Bp(s)) with g(zn ) = wn for any n = 1 ; 2; � � � :

As in the classical Hardy spacesH p; a positive Borel measure� is called an (s; p)-
Carleson measureif there exists a positive constantC such that

Z

D
jf (z)jpd� (z) � Ckf kp

B p (s)

for any f 2 Bp(s): The role played by the Carleson measures in the characterization of
the interpolating sequences forBp(s) is similar to the role played in the caseH p: Note
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that ( s; p)-Carleson mesures forp = 2, were described by D. Stegenga [Steg] in terms of
a capacity condition. Some years later N. Arcozzi, R. Rochberg and E. Sawyer [ARS1],
[ARS2] gave a geometric characterization of the (s; p)-Carleson measures not involving
capacity.

In the classical case (s = 0) the characterization of the interpolating sequences for
the spacesBp and M (Bp) obtained by Bjarte B•oe is the following.

Theorem E. [Bo1] Let 1 < p < 1 : Given a sequence of pointsf zng � D n f 0g; the
following conditions are equivalent:

1. f zng is an interpolating sequence forBp

2. f zng is an interpolating sequence forM (Bp)

3. There exists a constant C > 0 such that inf
m6= n

� (zn ; zm ) � C� (zn ; 0); for n =

1; 2; � � � and
X

n

1
� (0; zn )p� 1 � zn is a Carleson measure forBp:

The interpolating sequences for the Besov spacesBp(s) for s > 0 had already been
characterized by W. S. Cohn.

Theorem F. [Co] Let 0 < p < 1 and s > max(0; 1 � p): Given a sequence of points
f zng in the unit disc D; the following conditions are equivalent:

1. f zng is an interpolating sequence forBp(s).

2. f zng is separated and the measure
P

n (1� j zn j2)s� zn is an (s; p)-Carleson measure.

In this work we will study the interpolating sequences for the Besov type spacesBp(s)
and for the corresponding multiplier spacesM (Bp(s)) for 1 < p < 1 and 0 < s < 1:
Although the techniques that we use only work for 0< s < 1; they have the advantage,
with respect to the proof of W. Cohn, of allowing us to characterize also the interpolating
sequences for the multiplier spacesM (Bp(s)) : Then the result we obtain does not include
the results in Theorem E but it has some intersection with Theorem F. Observe that
the nature of the spaces fors = 0 and for s > 0 is quite di�erent. For example in the
cases = 0 we do not have in�nite Blaschke products in Bp(s) while for 0 < s < 1 we
do. Thus the techniques that we will use are completely di�erent from those used by B.
Boe in [Bo1]. Our result is the following one.
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Theorem 2.5.1. Let 1 < p < 1 and 0 < s < 1: Given a sequence of pointsf zng in the
unit disc D; the following conditions are equivalent:

(UIS) f zng is an interpolating sequence forBp(s).

(M) f zng is an interpolating sequence forM (Bp(s)) .

(CS) f zng is separated and the measure
P

n (1� j zn j2)s� zn is an (s; p)-Carleson measure.

Note that the casep = 2 of this theorem can be deduced from a more general result by
B. Boe [Bo2] which characterizes the interpolating sequences for certain Hilbert spaces
having reproducing kernels with the Nevanlinna-Pick property.

To prove Theorem 2.5.1 we will see from one hand that conditions (UIS) and (CS)
are equivalent and from the other hand that conditions (M ) and (CS) are also equivalent.
We will explain the steps that we will follow to see the equivalence between (UIS) and
(CS): The necessity of (CS) is easy. For the su�ciency we have to see that if f zng
veri�es ( CS) then the operator

T : Bp(s) �! lp

f �!
n

f (zn )
kTzn k

o

is bounded and onto. The boundedness is given by the Carlesonmeasure condition while
to prove that the operator is onto we must work a little bit mor e and we will need to
introduce the function spaceL p

s de�ned on @D: We say that a function f de�ned in @D
is in L p

s if f 2 L p(@D) and

kf kp
L p

s
=

Z 2�

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � eiu j2� s du dt < 1 :

The functions in Bp(s) for 1 < p < 1 and 0 < s < 1 have radial limit at almost every
point of the unit circle and it turns out that if f 2 Bp(s); then f (ei� ) = lim

r ! 1
f (rei� ) and

f 2 L p
s(@D): This is a classical result forp = 2 and s = 0 : Reciprocally, if f 2 L p

s(@D)
and its Poisson integral P[f ] is analytic in D then f 2 Bp(s): (See Proposition 2.3.7).
Analogously we will also see that a bounded analytic function g is in M (Bp(s)) if and
only if g(ei� ) = lim r ! 1 g(rei� ) is in M (L p

s); where M (L p
s) is the multiplier space of L p

s

de�ned in the obvious way.
To prove that the operator T is onto, let f wn=kTzn kg be a sequence inlp: Following the
usual techniques in this kind of problems, we will constructa non analytic function '
that interpolates the values f wng at the points f zng and that satis�es

Z

D
j@'(z)jp(1 � j zj2)p� 2+ sdA(z) < 1 :
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Let B be a Blaschke product with zerosf zng. It turns out that B 2 M (Bp(s)) : If we
consider a solutionb of

@b=
1
B

@';

then the function f = ' � Bb is analytic in D and interpolates the valuesf wng in the
points f zng: To see that the function f is in Bp(s) it is necessary to solve the above@
problem with a solution b such that b(ei� ) 2 L p

s: (See Theorem 2.4.1).
For the equivalence between (M ) and (CS) note that the necessity of the separation

condition (S) is elementary. The necessity of the Carleson measure condition ( C) will
be deduced with an argument that combines a reproducing formula for Bp(s) and an
idea due to N. Varopoulos [Va] that uses Khinchin's inequality (2.5.1). We will give
two di�erent proofs of the su�ciency of condition ( CS): One of the proofs uses a cons-
truction of J. Earl [Ea] where the interpolation problem is solved by a multiple of a
Blaschke product. The other proof is analogous to the proof of (CS) implies (UIS):
Given a sequence of valuesf wng 2 l1 ; we will construct an non analytic function '
that interpolates the values f wng at the points f zng and, furthermore, it satis�es that
j@ '(z)=B(z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure. To get an analytic
solution of the interpolation problem we will need to �nd a solution of the problem

@b=
1
B

@':

Then, the function f = ' � Bb will be analytic and f (zn ) = wn ; for n = 1 ; 2; � � � : To see
that f 2 M (Bp(s)) it will be su�cient to �nd a solution b of the previous @problem
with b 2 M (L p

s): The existence of a solution of the@problem will follow from Theorem
2.4.2 and it will be, in fact, the P. Jones' solution of the @problem with L 1 estimates
([Jo1]). The rest of the proof consists in showing that this solution is in M (L p

s): In
Theorem 2.3.11 we will prove that a bounded functionb in @D belongs toM (L p

s) if and
only if

jr P[b](z)j(1 � j zj2)p� 2+ sdA(z) (0.0.5)

is an (s; p)-Carleson measure, whereP[b] is the Poisson extension in the unit disc of
the function b: Finally, to check that the measure (0.0.5) is in fact an (s; p)-Carleson
measure, we will need to study the behavior of the operator

T(� ) =
Z

D

j� (w)j
j1 � zwj2

dA(w)

for functions � satisfying that j� (z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure.
This study summarizes in Theorem 2.3.2, and the proof of thistheorem uses a free
derivatives characterization of the spaceBp(s) that is a generalization of a result of
R. Rochberg and Z. Wu [RW] for the casep = 2 : (See Theorem 2.2.4).

The solution in the space M (L p
s) of the @problem obtained to prove that (CS)

implies (M ) has independent interest. Actually, we will also use it to give a new proof
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of the Corona problem in the algebraM (Bp(s)) studied by Tolokonnikov, see [Tol] or
[Nik, Appendix 3]. Likewise we will also use the solution of the @problem to give a
Fe�erman-Stein type decomposition by functions in M (L p

s) � L 1 (@D):
The letter C will denote a constant whose value may change from line to line. Also

C(M ) will denote a constant which depends onM . The notation a � b means that
there exist absolute constantsc1; c2 > 0 that satisfy c1 b � a � c2 b: In a similar way,
a . b means that the second inequality is satis�ed.

Structure of the Thesis

The thesis is organized in two chapters that correspond to the study of interpolating
sequences in two di�erent spaces.

The �rst chapter is devoted to the study of the interpolating sequences for positive
harmonic functions. In the �rst two sections we state and solve the problem, and in
the third section we give equivalent conditions that characterize those sequences. In
the third section we also solve an interpolation problem forbounded analytic functions
without zeros and we study the interpolation problem by positive harmonic functions
in higher dimensions.

In the second chapter we study the interpolating sequences for the Besov type spaces
Bp(s). This chapter contains �ve sections. In the �rst section we mention several in-
equalities that we will use through the chapter. The second section is devoted to give
a free derivatives characterization of the Besov spaceBp(s) and also to present some
properties on the reproducing kernels. In the third sectionwe study the Carleson mea-
sures and use it to characterize the multiplier spaceM (Bp(s)) : Likewise we introduce
the boundary spaceL p

s and we prove some relations with the Besov spaceBp(s): Sec-
tion four is devoted to solve some@problems with estimations in L p

s and M (L p
s) and

we apply the results in the same section to prove the Corona theorem in the algebra
M (Bp(s)) and to prove a Fe�erman-Stein type decomposition result. Finally in section
�ve we characterize the interpolating sequences for the Besov spaceBp(s) and for the
corresponding multiplier spaceM (Bp(s)).

The thesis is based on three articles. Chapter 1 correspondsto the paper

[BlNi] D. Blasi & A. Nicolau, Interpolation by positive harmonic functions, J. London
Math. Soc. (2), 76 (2007), 253{271.

Chapter 2 presents results from the papers

[BP] D. Blasi & J. Pau, A characterization of Besov type spaces and applications to
Hankel type operators, to appear in Michigan Math. J. 56 (2008).

[ABP] N. Arcozzi, D. Blasi & J. Pau, Interpolating sequences on Besov type spaces,
in preparation (2008).
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Chapter 1

Interpolating sequences for
positive harmonic functions

Let h+ = h+ (D) be the cone of positive harmonic functions in the unit disc D of
the complex plane. As discussed in the introduction, a sequence of points f zng in
the unit disc will be called an interpolating sequence forh+ if there exists a constant
" = "(f zng) > 0, such that for any sequence of positive valuesf wng satisfying

j log2 wn � log2 wm j � "� (zn ; zm ); n; m = 1 ; 2; � � � (1.0.1)

there exists a function u 2 h+ with u(zn ) = wn , n = 1 ; 2; � � � ; where � (z; w) refers to
the hyperbolic distance between the pointsz; w 2 D:

The main result of this chapter is the following.

Theorem 1.0.1. A separated sequencef zng of points in the unit disc is interpolating
for h+ if and only if there exist constantsM > 0 and 0 < � < 1 such that

# f zj : � (zj ; zn ) � lg � M 2�l (1.0.2)

for any n; l = 1 ; 2; � � �

Let us now explain the main ideas of the proof. LetE � denote the radial projection
of a set E � D, that is, E � = f � 2 @D: r� 2 E for some 0� r < 1g. An application
of Hall's Lemma yields that there exists a universal constant C > 0 such that for any
u 2 h+ one has �

�
�
�

�
z 2 D :

u(z)
u(0)

> �
� � �

�
�
� �

C
�

; � > 0:

The necessity of condition (1.0.2) follows easily from thisestimate. The proof of the
su�ciency is harder. Given a sequence of pointsf zng � D satisfying (1.0.2) and a
sequence of positive valuesf wng satisfying the compatibility condition (1.0.1), one has

1



2 1. Interpolating sequences for positive harmonic functions

to �nd a function u 2 h+ such that u(zn ) = wn , n = 1 ; 2; � � � The construction of the
function u 2 h+ may be split into three steps.

1. We will apply a classical result in Convex Analysis calledFarkas' Lemma which
may be understood as an analogue for Cones of the Hahn-Banach Theorem. Actually
Farkas' Lemma follows from the Separation Theorem for convex sets in locally convex
spaces, but the version we use predates the Separation Theorem. Instead of constructing
directly the function u 2 h+ which performs the interpolation, Farkas' Lemma will tell us
that it su�ces to prove the following statement. Given any pa rtition of the sequencef zng
into two disjoint subsequences,f zng = T [ S, there exists a function u = u(T; S) 2 h+

such that

u(zn ) � wn ; if zn 2 T;

u(zn ) � wn ; if zn 2 S:

2. Let ! (z; G) denote the harmonic measure inD of the set G � @D from the point
z 2 D, that is,

! (z; G) =
1

2�

Z

G

1 � j zj2

j� � zj2
jd� j:

For each point zn of the sequencef zng we will construct a set Gn � @D and we will
show that condition (1.0.2) provides some sort of independence of harmonic measures
f ! (zn ; �) : n = 1 ; 2; � � � g. Actually, given 0 < � < 1, there existsN > 0 and a collection
of pairwise disjoint subsetsf Gng of @D such that

! (zn ; [ k2 A(n)Gk ) � 1 � �;
X

k =2 A(n)

2�� (zk ;zn ) ! (zn ; Gk ) � �:

Here A(n) denotes the set of indexesk so that � (zk ; zn ) � N . The number � =
� (�; M; � ) > 0 is a constant depending on� > 0 and on the constantsM > 0 and
� < 1 of (1.0.2). The construction of the setsf Gng uses a certain stopping time argu-
ment and constitutes the most technical part of the proof.

3. L. Carleson ad J. Garnett found a description of the interpolating sequences for
the spaceh1 of bounded harmonic functions in the unit disc (see [Ga1], [Ga3, p. 313] or
[CG]). Using their result it is easy to show that a separated sequence verifying (1.0.2)
is interpolating for h1 . Hence there exists
 > 0 and a harmonic function h, with
supfj h(z)j : z 2 Dg < 1 such that h(zn ) = 
 if zn 2 T, while h(zn ) = � 
 if zn 2 S.
Then, for �xed " > 0 and � > 0 su�ciently small, using the compatibility condition
(1.0.1) and the estimates in step 2, one can show that the function

u(z) =
X

zn 2 T

wn

Z

Gn

1 � j zj2

j� � zj2
(1 + h(� ))

jd� j
2�

; z 2 D;
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veri�es u(zn ) � wn if zn 2 T and u(zn ) � wn if zn 2 S.

Before proving Theorem 1.0.1 we need some preliminary technical results. Given

z; w 2 D; let � (z; w) =

�
�
�
�

w � z
1 � wz

�
�
�
� be the pseudohyperbolic distance between those two

points. We de�ne the hyperbolic distance betweenz and w as

� (z; w) = log 2
1 + � (z; w)
1 � � (z; w)

:

We choose this normalization of the hyperbolic distance because it �ts perfectly well
with dyadic decompositionsof the unit disc. In fact, it is not di�cult to prove the
following result.

Observation 1.0.2. Let k � 0 and let z; w 2 D with jArgz � Argw j < 1 � j zj and
1 � j wj = 2 � k (1 � j zj): Then

� (z; w) = k + C;

where C is a bounded constant not depending onk.

It is well known that for all z; w 2 D n f 0g with � (z; w) � 1 there exists a constant
C > 0 not depending onz; w such that

(
1 � j zj � 1 � j wj
jArg (z) � Arg (w)j � C(1 � j zj)

(1.0.3)

Observation 1.0.3. Let z; w 2 D with � (z; w) � 1, then j1 � wzj � 1 � j zj

Proof. Given z; w 2 D with � (z; w) � 1; we have that

j1 � wzj2 = jz � wj2 + (1 � j zj2)(1 � j wj2) � Cj1 � wzj2 + (1 � j zj2)(1 � j wj2);

for a constant C < 1=2: Inequality (1.0.3) tells us that 1 � j wj � 1 � j zj: So we conclude
that

1 � j zj � j 1 � wzj � C(1 � j zj);

where C is an absolute constant not depending on the pointsz; w:

Given a point z 2 D we de�ne the arc I (z) and the Carleson squareQ(z) as follows:

I (z) = f ei� : � � (1 � j zj) < � � Arg z � � (1 � j zj)g

Q(z) =
n

rei� : 0 < 1 � r � 1 � j zj; ei� 2 I (z)
o

:
(1.0.4)

Sometimes we will denoteI = I (z) and S(I ) for the corresponding Carleson square.
Given a constant C > 0 we denote

CI (z) =
n

ei� : � � C (1 � j zj) < � � Arg z � � C (1 � j zj)
o

CQ(z) =
n

rei� : 0 < 1 � r � C(1 � j zj); ei � 2 C I (z)
o

:
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Observe that if C(1 � j zj) � 1, one hasCI (z) = @D and CQ(z) = D. See �gure 1.
When zk 2 f zng, we simply denoteI k = I (zk ).

1.1 Necessity of condition (1.0.2)

Given a closed setE � D, let ! (z) := ! (z; E; D n E) denote the harmonic measure
from the point z 2 D n E of the set E in the domain D n E. See [MS3] or [Du]. The
classical Hall's Lemma tells that there exists a universal constant C > 0 such that
! (0; E; D n E) � CjE � j for any set E � D. See [Hal] or [MS1]. Recall thatE � denotes
the radial projection of E . If E � @D; we de�ne

! (z; E) =
Z

E

1 � j zj2

j� � zj2
jd� j
2�

for any point z in D. The main auxiliary result for the proof of the necessity of condition
(1.0.2) is the following.

Lemma 1.1.1. There exists a constantC > 0 such that for any u 2 h+ and � > 0 one
has �

�
�
�

�
z 2 D:

u(z)
u(0)

> �
� � �

�
�
� �

C
�

Proof. One may assume that � > 1. Fix u 2 h+ , and let E = f z 2 D:
u(z) > �u (0)g. The maximum principle shows that

u(z) � �u (0)! (z; E; D n E); z 2 D n E:

Taking z = 0, one gets! (0; E; DnE) � � � 1 and applying Hall's Lemma one �nishes the
proof.

Proof of the necessity of condition (1.0.2). Let us assume that f zkg is an interpolating
sequence forh+ . By conformal invariance it is su�cient to prove (1.0.2) whe n the base
point zn is the origin. So assumez1 = 0 and take wk = 2 "� (zk ;0) , k = 1 ; 2; � � � It is clear
that the compatibility condition (1.0.1) holds. So, there exists u 2 h+ with u(zk ) = wk ,
k = 1 ; 2; � � � Let Dk be the hyperbolic disc centered atzk of hyperbolic radius 1. By
Harnack's Lemma,

u(z) �
wk

2
; z 2 Dk ; k = 1 ; 2; � � � :

Let A(j ) denote the set of indexesk corresponding to pointszk with j � 1 � � (zk ; 0) � j ,
j = 1 ; 2; � � � . Then, one deduces

u(z) � 2" (j � 1)� 1; z 2 Dk ; k 2 A(j ):
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Now, sinceu(0) = 1, Lemma 1.1.1 gives

�
�� [ k2 A(j )Dk

� � �
� � C2" (1� j ) :

Since the sequencef zkg is separated, the discsf Dkg are quasidisjoint and one deduces

X

k2 A(j )

1 � j zk j � C
X

k2 A(j )

jD �
k j � C2" (1� j ) :

Since 1� j zk j is comparable to 2� j for any k 2 A(j ), one deduces

# A(j ) � C2(1� " )j :

Adding up for j = 1 ; � � � ; l , one gets

# f zk : � (zk ; 0) � lg � C2(1� " )l :

1.2 Su�ciency of condition (1.0.2)

Given a sequence of pointsf zng � D satisfying (1.0.2) and a sequence of positive values
f wng satisfying the compatibility condition (1.0.1), one has to �nd a function u 2 h+

such that u(zn ) = wn , n = 1 ; 2; � � � : By a normal families argument, one may assume
the sequencef zng consists of �nitely many points. As explained in the introdu ction of
this chapter, the proof consists of three steps.

First Step

Let e1; � � � ; em be a collection of vectors of the euclidian spaceRd. Farkas' Lemma
asserts that a vector e 2 Rd is in the cone generated byf ei : i = 1 ; � � � ; mg, that is
e =

P
� i ei for some� i � 0, i = 1 ; � � � ; m, if and only if hx; ei � 0 for any vector x 2 Rd

for which hx; ei i � 0, i = 1 ; � � � ; m. See [HL]. This classical result will be used in the
proof of the next auxiliary result

Lemma 1.2.1. Let f zng be a sequence of distinct points in the unit disc and letf wng
be a sequence of positive values. Assume that for every partition of the sequencef zng =
T [ S, into two disjoint subsequencesT and S, there existsu = u(T; S) 2 h+ such that
u(zn ) � wn if zn 2 T and u(zn ) � wn if zn 2 S. Then, there exists u 2 h+ such that
u(zn ) = wn , n = 1 ; 2; � � �

Proof of Lemma 1.2.1. By a normal families argument, one may assume that both the
sequences of pointsf zng and valuesf wng consist of �nitely many, say d, points. Consider
the set of all partitions f zng = Tk [ Sk , k = 1 ; : : : ; m of the sequencef zng. Let
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u1; : : : ; um 2 h+ be the corresponding functions such thatuk (zn ) � wn if zn 2 Tk and
uk (zn ) � wn if zn 2 Sk , and consider the vector

ui : = ( ui (z1); : : : ; ui (zd)) ; i = 1 ; : : : ; m:

If x 2 Rd satis�es hx; u i i � 0, i = 1 ; : : : ; m, that is
P d

n=1 ui (zn )xn � 0, let F =
f zn : xn � 0g. Then F = Tk for some k and let Sk = f zng n F. Its corresponding
function uk satis�es xnwn � xnuk (zn ) for all n = 1 ; � � � ; d. So,

hx; wi =
dX

n=1

wnxn �
dX

n=1

uk (zn )wn � 0:

Now, by Farkas' Lemma, w = ( w1; � � � ; wd) is in the cone generated by the vectors
f ui ; i = 1 ; : : : ; mg. So there exist constants� i � 0, i = 1 ; � � � ; m such that u(z) =
P m

i =1 � i ui (z) 2 h+ and u(zn ) = wn , n = 1 ; 2; : : : ; d:

Second Step

The second step in the proof consists of using condition (1.0.2) to construct a collection
of disjoint subsetsf Gng of the unit circle which provide a suitable kind of independence
of the harmonic measuresf ! (zn ; �) : n = 1 ; 2; � � � g. The precise statement is given in
the following result which is the main technical part of the proof. Recall that ! (z; G)
denote the harmonic measure inD of the set G � @D from the point z 2 D, that is,

! (z; G) =
1

2�

Z

G

1 � j zj2

j� � zj2
jd� j:

Lemma 1.2.2. Let f zng be a sequence of distinct points in the unit disc which satis�es
condition (1.0.2). Then for any � > 0, there exist numbersN = N (� ) > 0, � = � (� ) > 0
and a collection f Gng of pairwise disjoint subsets of the unit circle such that

!
�
zn ; [ k2 A(n)Gk

�
� 1 � �; n = 1 ; 2; � � � ; (1.2.1)

and X

k =2 A(n)

2�� (zk ;zn ) ! (zn ; Gk ) < �; n = 1 ; 2; � � � : (1.2.2)

Here A(n) = A(n; N ) denotes the collection of indexesk such that � (zk ; zn ) � N .

We will use the following two elementary auxiliary results.

Lemma 1.2.3. Fixed � > 0, there existsM 0 = M 0(� ) > 0 such that

! (zk ; M 0I k ) � 1 �
�

100
; k = 1 ; 2; � � �



1.2. Su�ciency of condition (1.0.2) 7

Proof. If zk = 0 one may take M 0 = 1. If zk 6= 0 observe that there exists an absolute
constant C0 > 0 such that jeit � zk j � C0jt � Arg zk j. Since

! (zk ; @D n M 0I k ) =
1 � j zk j2

2�

Z

@DnM 0 I k

jd� j
j� � zk j2

;

one gets

! (zk ; @D n M 0I k ) �
1 � j zk j2

2�C 2
0

Z 1

�M 0 (1�j zk j)

dx
x2 :

Hence
! (zk ; @D n M 0I k ) �

1
� 2C2

0M 0

and taking M 0 = 100=�C 2
0 � the result follows.

Lemma 1.2.4. Fixed M > 0, there exists a constantC(M ) > 0 such that for all pairs
of points z; w 2 D with w 2 20MQ (z), one has

�
�
�
� � (z; w) � log2

�
1 � j zj
1 � j wj

� �
�
�
� � C(M ):

Proof. One may assume thatz; w 2 D n f 0g. Since

j1 � �wzj � (1 � j zjjwj) � (1 � j zj)

and

j1 � �wzj � j wj

�
�
�
�

1
�w

� z

�
�
�
�

� j wj

�
�
�
�

1
�w

� ei Arg w
�
�
�
� +

�
�ei Arg w � ei Arg z

�
� +

�
�ei Arg z � z

�
�

� (20M + 20M� + 1)(1 � j zj);

we deduce
1 � j zj � j 1 � �wzj � K (M )(1 � j zj);

where K (M ) = 20M + 20M� + 1. So,

� (z; w) = 2 log 2

�
1 +

�
�
�
�

z � w
1 � �wz

�
�
�
�

�
� log2

 

1 �

�
�
�
�

z � w
1 � �wz

�
�
�
�

2
!

= 2 log2

�
1 +

�
�
�
�

z � w
1 � �wz

�
�
�
�

�
� log2

(1 � j zj2)(1 � j wj2)
j1 � �wzj2

= C + log 2

�
1 � j zj
1 � j wj

�

where � 2 � C � 2 + 2 log2 K (M ).
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Proof of Lemma 1.2.2. The construction of the setsf Gng may be split into three steps.

i) Given a sequence of pointsf zng satisfying (1.0.2) and positive constants� and M 0;
let 
 be a constant depending onM 0 and on the constant� appearing in (1.0.2). For
each zk 2 f zng we will construct certain points z


n (k) 2 D with I (zn ) � I (z(
 )
n (k))

and X

zn 2 20M 0Q(zk )
� (zk ; zn )� N

1 � j z

n (k)j � � (1 � j zk j) for all zk 2 f zng: (1.2.3)

Here N is a constant depending on�; M 0 and on the constantsM and � appearing
in (1.0.2)

ii) Next, we will construct certain sets Ek � @D with Ek \ E j = ; if � (zk ; zj ) � N
such that

! (zk ; Ek ) � 1 �
�
10

: (1.2.4)

In the construction of the setsEk we will use the pointsz

n (k) of the �rst step which

satisfy the estimate (1.2.3) above for a certain �xed � su�ciently small.

iii) Finally we will construct the pairwise disjoint sets Gn satisfying conditions (1.2.1)
and (1.2.2).

i) Construction of the points z 

n (k ). Fix � > 0. Applying Lemma 1.2.3, there

exists a constantM 0 = M 0(� ) > 0 such that

! (zk ; M 0I k ) � 1 �
�

100
; k = 1 ; 2; � � � (1.2.5)

Fix zk 2 f zng. Let 
 = 
 (� ) > 0 be a small number to be �xed later. For any
zn 2 20M 0Q(zk ) with � (zk ; zn ) � N we de�ne z


n (k) as the point in D satisfying the
following three conditions

Arg( zn ) = Arg( z

n (k)) ;

� (z

n (k); zn ) = 
� (zk ; zn );

jz

n (k)j < jzn j:

(1.2.6)

Here N = N (
; M 0; � ) is a large number to be �xed later. In particular N > 0 will be
taken so large that z


n (k) 2 20M 0Q(zk ) whenever zn 2 20M 0Q(zk ) satis�es � (zn ; zk ) >
N . See Figure 1.1.

Using Lemma 1.2.4 and� (z

n (k); zn ) = 
� (zk ; zn ) we obtain the following inequali-

ties: �
1 � j zk j
1 � j zn j

� C � 1 


�
1 � j z


n (k)j
1 � j zn j

�
�

1 � j zk j
1 � j zn j

� C


; (1.2.7)
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zn @D

zk

£

20M 0Q(zk)

z•
n (k)

Figure 1.1: de�nition of z

n (k)

where C is a constant depending onM 0. So,

X

zn 2 20M 0Q(zk )
� (zk ;zn )� N

1 � j z

n (k)j � (1 � j zk j)C


1X

j = N

X

zn 2 20M 0Q(zk )
j � � (zn ;zk )<j +1

(1 � j zn j)1� C
 :

Now, if zn 2 20M 0Q(zk ) and j � � (zn ; zk ) < j + 1, Lemma 1.2.4 tells that 1 � j zn j �
K (M 0)2� j (1 � j zk j). So, using (1.0.2), the right hand side term is bounded by

K (M 0)1� C
 (1 � j zk j)
1X

j = N

M 2�j 2� j (1� C
 ) :

Since � < 1, taking 
 > 0 so small that � + C
 < 1, the expression above may be
bounded by

M K (M 0)1� C
 2N (� + C
 � 1)

1 � 2� + C
 � 1 (1 � j zk j):

Finally, given � > 0 taking N su�ciently large, we obtain

X

zn 2 20M 0Q(zk )
� (zn ;zk )� N

1 � j z

n (k)j � � (1 � j zk j) for all zk 2 f zng:

ii) Construction of the sets f E k g. For eachz

n (k), we de�ne I 


n (k) = I (z(
 )
n (k)).

Fixed M 0 > 0 and N > 0, we introduce the notation:

B (k) = f zn : jzn j � j zk j; � (zk ; zn ) � N; zn 2 20M 0Q(zk )g:
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Now we will proof that the sets Ek = M 0I k n
S

zn 2 B (k) I 

n (k) satisfy

! (zk ; Ek ) � 1 �
�
10

: (1.2.8)

Using the elementary estimate of the Poisson Kernel

1 � j zk j2

jeit � zk j2
�

1 + jzk j
1 � j zk j

;

one obtains

!
�
zk ;

[

zn 2 B (k)

I 

n (k)

�
�

X

zn 2 B (k)

1 + jzk j
1 � j zk j

Z

I 

n (k)

dt
2�

�
2

1 � j zk j

X

zn 2 B (k)

1 � j z

n (k)j;

which by (1.2.3) is smaller than 2� . Since

! (zk ; Ek ) = ! (zk ; M 0I k ) � !

0

@zk ;
[

zn 2 B (k)

I 

n (k)

1

A ;

the estimate (1.2.5) tells us that

! (zk ; Ek ) � 1 �
�

100
� �:

If we take � > 0 su�ciently small, we deduce (1.2.8). Since M 0I n � I 

n (k), it is clear

from the de�nition that Ek \ E j = ; if � (zk ; zj ) > N .

iii) Construction of the pairwise disjoint sets Gn . We rearrange the sequence
f zng so that f 1 � j zn jg decreases. For each pointzn we will construct a set Gn � En

so that the corresponding family f Gng will satisfy (1.2.1), (1.2.2) and Gn \ Gm = ; if
n 6= m. The construction will proceed by induction and will ensure that the sets Gn are
pairwise disjoint and verify (1.2.1).

Take G1 = E1. By (1.2.8), the estimate (1.2.1) is satis�ed whenn = 1. Assume that
pairwise disjoint subsetsG1; � � � ; Gj � 1 of the unit circle have been de�ned so that

! (zn ;
[

k� n;k 2 A(n)

Gk ) � 1 � �; for n = 1 ; 2; � � � ; j � 1:

The set Gj will be constructed according to the following two di�erent situations:

(1) If � (zj ; f z1; � � � ; zj � 1g) � N we de�ne Gj = E j . By (1.2.4) we have

! (zj ;
[

k� j;k 2 A(j )

Gk ) � ! (zj ; Gj ) � 1 � �:

Now let us show that Gk \ Gj = ; for any k = 1 ; � � � ; j � 1. SinceGk � Ek and
Gj � M 0I j , it is su�cient to show that M 0I j \ Ek = ; for k = 1 ; � � � ; j � 1. Fix
k = 1 ; � � � ; j � 1 and consider two cases
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(a) If zj 2 20M 0Q(zk ). Since M 0I j � I 

j (k) and Ek = M 0I k n

S
I 


j (k), we have
Ek \ M 0I j = ;

(b) If zj =2 20M 0Q(zk ). Since jzj j > jzk j we have M 0I j \ M 0I k = ; . Hence Ek \
M 0I j = ; .

(2) If � (zj ; f z1; � � � ; zj � 1g) � N , consider the set of indexesF = F (j ) = f k 2 [1; � � � ; j �
1] : � (zk ; zj ) � N g. Let us distinguish the following two cases:

(a) If ! (zj ;
S

k2F Gk ) � 1 � � , de�ne Gj = ; . It is obvious that

! (zj ;
[

k� j;k 2 A(j )

Gk ) � 1 � �:

(b) If ! (zj ;
S

k2F Gk ) < 1 � � , de�ne Gj = E j n
S

k2F Gk . Arguing as in case 1 one
can show that Gk \ Gj = ; for any k = 1 ; � � � ; j � 1. Also, applying (1.2.8), one
gets

! (zj ;
[

k� j;k 2 A(j )

Gk ) � ! (zj ; E j ) � 1 � �:

So, by induction, a family f Gng of pairwise disjoint subsets of the unit circle is con-
structed so that condition (1.2.1) is satis�ed. It just rema ins to show that the family
f Gng veri�es (1.2.2), that is, there exists � = � (� ) > 0 such that

X

k : � (zk ;zn )� N

2�� (zk ;zn ) ! (zn ; Gk ) � �; n = 1 ; 2; � � �

Fixed n = 1 ; 2; � � � , consider the following set of indexes:

A = f k : � (zk ; zn ) � N; zk 2 20M 0Q(zn )g
B = f k : � (zk ; zn ) � N; 2M 0I k \ M 0I n = ;g
C = f k : � (zk ; zn ) � N; k =2 A [ Bg :

Now split the sum above into three parts
X

k : � (zk ;zn )� N

2�� (zk ;zn ) ! (zn ; Gk ) = ( A) + ( B ) + ( C)

where
(A) =

X

k2A

2�� (zk ;zn ) ! (zn ; Gk )

(B ) =
X

k2B

2�� (zk ;zn ) ! (zn ; Gk )

(C) =
X

k2C

2�� (zk ;zn ) ! (zn ; Gk )
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M 0I n

zn

20M 0Q(zn )

( • D( (A )(A )
(B)(B)

(C) (C)

Figure 1.2: The sum is split into three parts corresponding to the location of the points
zk in the regions (A ), (B) or (C)

See �gure 1.2.
In (A) and (B) we will use the estimate ! (zn ; Gk ) � C(M 0)2� � (zn ;zk ) and for (C) we

will use the constant 
 > 0 appearing in the construction of the setsEk .
We �rst claim that there exists a constant C = C(M 0) > 0 such that for points zk

in part (A) or (B), that is those verifying either zk 2 20M 0Q(zn ) or 2M 0I k \ M 0I n = ; ,
one has

! (zn ; Gk ) � C2� � (zk ;zn ) : (1.2.9)

For the points zk in part (A) we have zk 2 20M 0Q(zn ). Since Gk � M 0I k , a trivial
estimate of the Poisson kernel gives

! (zn ; Gk ) �
Z

M 0 I k

1 � j zn j2

jeit � zn j2
dt
2�

� 2M 0
1 � j zk j
1 � j zn j

:

Applying Lemma 1.2.4, sincezk 2 20M 0Q(zn ), one has

log2
1 � j zk j
1 � j zn j

� C(M 0) � � (zk ; zn ):

Hence, if zk 2 20M 0Q(zn ) we deduce

! (zn ; Gk ) � C2� � (zk ;zn )

with C = 2M 02C(M 0 ) . For the points zk in part (B) we have 2M 0I k \ M 0I n = ; . An easy
calculation shows that there exists a constantC1 = C1(M 0) such that for any eit 2 I k

one has
j eit � zn j � C1j1 � zn �zk j:
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Then

! (zn ; Gk ) �
Z

M 0 I k

1 � j zn j2

jeit � zn j2
dt
2�

� C � 2
1 M 0

(1 � j zn j2)(1 � j zk j2)
j1 � zn �zk j2

:

It is easy to see from the estimates above that there exists a universal constant C2 > 0
such that

� (zn ; zk ) � C2 � log2
(1 � j zn j2)(1 � j zk j2)

j1 � zn �zk j2
;

and so one deduces
! (zn ; Gk ) � C2� � (zn ;zk )

with C = C � 2
1 M 02C2 . Hence (1.2.9) holds for pointszk in parts (A) and (B). Therefore

(A) + (B) � C
X

k : � (zk ;zn )� N

2(� � 1)� (zn ;zk ) :

Observe that condition (1.0.2) gives
X

k : � (zk ;zn )� j

2(� � 1)� (zn ;zk ) � M 2(� + � � 1)j ;

for any j = 1 ; 2; � � � Since� < 1 one may choose 0< � = � (� ) < 1� � so that � + � < 1.
So, adding up for j � N , one obtains

(A) + (B) � CM
2(� + � � 1)N

1 � 2� + � � 1 :

Hence, taking N > 0 su�ciently large one deduces

(A) + (B) �
�
3

:

The estimate of the third term (C) depends on the choice of theconstant 
 > 0
appearing in the construction of the setsf Eng. For �xed zn , consider

U(n) = f zk : � (zk ; zn ) � N; zk =2 20M 0Q(zn ); 2M 0I k \ M 0I n 6= ;g :

So (C) =
P

zk 2 U(n) 2�� (zk ;zn ) ! (zn ; Gk ).
Observe that if zk 2 U(n), then jzk j < jzn j and zn 2 3M 0Q(zk ). In particular

zn 2 20M 0Q(zk ) so, by the construction of the setsf Gkg, Gk � M 0I k n I 

n (k). Hence

! (zn ; Gk ) �
Z

M 0 I k nI 

n (k)

1 � j zn j2

j� � zn j2
jd� j
2�

�
Z

@DnI 

n (k)

1 � j zn j2

j� � zn j2
jd� j
2�

and a change of variable gives an absolute constantC3 > 0 such that

! (zn ; Gk ) � C3 (1 � j zn j)
Z 1

1�j z

n (k)j

dx
x2 � C3

1 � j zn j
1 � j z


n (k)j
: (1.2.10)
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This estimate is worse than (1.2.9) which was used for (A) and(B) but it is good enough
for our purposes. The key is that in (C) we sum over \few" terms corresponding to the
points zk 2 U(n).

Observe that if zk 2 U(n), zk belongs to the Stolz angle �n = � n (M 0) = f z 2 D: jz�
ei Arg zn j � 11M 0(1 � j zj)g with vertex ei Arg zn and a certain opening depending onM 0.
To see this we only need to observe that 2M 0I k \ M 0I n 6= ; implies j Arg zk � Arg zn j �
10M 0(1 � j zk j) and use this inequality to get

jzk � ei Arg zn j � 11M 0(1 � j zk j):

De�ne V(n) = f zk 2 � n : jzk j < jzn j; � (zk ; zn ) � N g and then,

(C) =
X

zk 2 U(n)

2�� (zk ;zn ) ! (zn ; Gk ) �
X

zk 2 V (n)

2�� (zk ;zn ) ! (zn ; Gk ):

Using inequalities (1.2.10) and (1.2.7) we obtain

(C) � C3

X

zk 2 V (n)

2�� (zk ;zn ) 1 � j zn j
1 � j z


n (k)j
� C3

X

zk 2 V (n)

2�� (zk ;zn )
�

1 � j zn j
1 � j zk j

� C � 1 


:

Sincezn 2 3M 0Q(zk ), Lemma 1.2.4 gives
�
�
�
� � (zn ; zk ) � log2

1 � j zk j
1 � j zn j

�
�
�
� � C(M 0):

Hence
1 � j zn j
1 � j zk j

� 2C(M 0 )� � (zn ;zk ) :

Therefore

(C) � C3 2C(M 0 )C � 1 

X

zk 2 V (n)

2(� � C � 1 
 )� (zn ;zk ) :

Since the sequencef zng is separated, there existsC4 = C4(M 0) > 0 such that for any
j � 0, the number of points zk 2 Vn with j � � (zk ; zn ) � j + 1 is at most C4. Hence

(C) � C3 C42C(M 0 )C � 1 

1X

j = N

2(� � C � 1 
 ) j :

Taking � > 0 so small that � � C � 1
 < 0 and taking N su�ciently large, we deduce

(C) �
�
3

:

So condition (1.2.2) is satis�ed and the proof of Lemma 1.2.2is �nished.
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Third Step

On the last step given a partition f zng = T [ S the setsf Gng constructed on step 3.2 will
be used to �nd a function u = u(T; S) satisfying the conditions stated in Lemma 1.2.1.
This will end the proof of the su�ciency of condition (1.0.2) .

A sequence of pointsf zng in the unit disc is called an interpolating sequence for the
spaceh1 of bounded harmonic functions in the unit disc if for any bounded sequence
f wng of real numbers there existsu 2 h1 with u(zn ) = wn , n = 1 ; 2; � � � . L. Carleson
and J. Garnett characterized the interpolating sequences for h1 as those sequencesf zng
satisfying infn6= m � (zn ; zm ) > 0 and

sup
1

`(Q)

X

zn 2 Q

(1 � j zn j) < 1 ; (1.2.11)

where the supremum is taken over all Carleson squares of the form

Q = f rei� : 0 < 1 � r < ` (Q); j� � � 0j < ` (Q)g

for some� 0 2 [0; 2� ). See [CG], [Ga1] or [Ga3, p. 313]. We next show that a separated
sequencef zng satisfying (1.0.2) veri�es the condition above. Actually i t is su�cient to
show (1.2.11) for Carleson squaresQ which contain a point of the sequencef zng in its
top part T(Q) = f rei� 2 Q: 1 � r > ` (Q)=2g. Let Q be a Carleson square of this type.
Let zn 2 T(Q) and A(j ) = f k : zk 2 Q; j � 1 � � (zk ; zn ) < j g. Lemma 1.2.4 tells that
for any k 2 A(j ) the quantity 1 � j zk j is comparable to 2� j `(Q). Hence condition (1.0.2)
yields X

k2 A(j )

1 � j zk j � C12� j `(Q)# A(j ) � C1M 2(� � 1)j `(Q):

Since � < 1, adding up over j = 1 ; 2; � � � , one obtains (1.2.11). Hencef zng is an
interpolating sequence forh1 . Then by the Open Mapping Theorem, there exists a
constant 
 = 
 (f zng) > 0 such that for any partition of the sequencef zng = T [ S there
exists h = h(T; S) 2 h1 with supfj h(z)j : z 2 Dg < 1 and h(zn ) > 
 for zn 2 T while
h(zn ) < � 
 for zn 2 S. Let � > 0 be a small number to be �xed later and let N = N (� ),
� = � (� ) be the positive constants andf Gng the pairwise disjoint collection of subsets
of the unit circle given in Lemma 1.2.2. Let " = "(� ) be a small number to be �xed later
which will satisfy "� � 1 ! 0 as� tends to 0. Let f wkg be a sequence of positive numbers
satisfying the compatibility condition (1.0.1). Given a partition f zng = T [ S, consider
the function u = u(T; S) 2 h+ de�ned by

u(z) =
X

k

wk

Z

Gk

Pz(� )(1 + h(� )) jd� j;

where h = h(T; S) and

Pz(� ) =
1

2�
1 � j zj2

j� � zj2
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is the Poisson kernel. Our goal is to show thatu(zn ) � wn for zn 2 T and u(zn ) � wn

for zn 2 S. For n = 1 ; 2; � � � , let A(n) be the set of indexesk such that � (zk ; zn ) � N .
Write u(zn ) = (I) + (II), where

(I) =
X

k =2 A(n)

! k

Z

Gk

Pzn (� )(1 + h(� )) jd� j;

(II) =
X

k2 A(n)

! k

Z

Gk

Pzn (� )(1 + h(� )) jd� j:

We �rst show that
(I) < 2�w n ; n = 1 ; 2; � � � (1.2.12)

Actually if the constant " = "(� ) > 0 is taken so that " < � , the compatibility condition
(1.0.1) tells that (I) can be bounded by

wn

X

k =2 A(n)

2�� (zk ;zn )2! (zn ; Gk )

which, by (1.2.2), is bounded by 2�w n . Hence (1.2.12) holds.
For the other term, using that the sets f Gng are pairwise disjoint and the compati-

bility condition (1.0.1) we have

(II) =
X

k2 A(n)

wk

Z

Gk

Pzn (� )(1 + h(� )) jd� j � 2"N wn (1 + h(zn )) :

Also, since supfj h(zn )j : z 2 Dg � 1, the compatibility condition (1.0.1) and the estimate
(1.2.1) yield

(II) � wn2� "N

 

1 + h(zn ) �
Z

@Dn
S

k 2 A ( n ) Gk

Pzn (� ) (1 + h(� )) jd� j

!

� 2� "N wn (1 + h(zn ) � 2� ):

So
2� "N wn (1 + h(zn ) � 2� ) � (II) � 2"N wn (1 + h(zn )) :

Hence

(a) If zn 2 T, h(zn ) � 
 and then u(zn ) � (II) � wn2� "N (1 + 
 � 2� ).

(b) If zn 2 S, h(zn ) � � 
 and then u(zn ) = (I) + (II) � wn (2� + 2 "N (1 � 
 )).

For �xed 
 > 0, taking � = � (
 ) > 0 and " = "(�; �; N ) > 0 su�ciently small, we deduce
that u(zn ) � wn if zn 2 T and u(zn ) � wn if zn 2 S. An application of Lemma 1.2.1
concludes the proof of the su�ciency of condition (1.0.2).
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1.3 Other results

Equivalent conditions

In this section several geometric conditions which are equivalent to (1.0.2) are collected.

Proposition 1.3.1. Let f zng be a sequence of distinct points inD. Then the following
are equivalent:

(a) Condition (1.0.2) holds, that is, there exist constantsM > 0 and 0 < � < 1 such
that

# f zj : � (zj ; zn ) � lg � M 2�l

for any n; l = 1 ; 2 � � �

(b) There exist constantsM 1 > 0 and 0 < � < 1 such that

#
�

zj :

�
�
�
�

zj � zn

1 � �znzj

�
�
�
� � r

�
� M 1(1 � r ) � � ;

for any 0 < r < 1 and any n = 1 ; 2; � � �

(c) There exist constantsM 2 > 0 and 0 < � < 1 such that

# f zj 2 Q(zn ) : 2� l � 1(1 � j zn j) � 1 � j zj j � 2� l (1 � j zn j)g � M 2 2� l

for any n; l = 1 ; 2; � � �

(d) There exist constantsM 3 > 0 and 0 < � < 1 such that
X

zj 2 Q(zn )

(1 � j zj j) � � M 3(1 � j zn j) � ;

for any n = 1 ; 2; � � � :

Proof. The equivalence between (a) and (b) follows from the following obvious observa-
tion. Let z; w 2 D, then � (z; w) � l if and only if

�
�
�
�

z � w
1 � wz

�
�
�
� =

2� (z;w) � 1
2� (z;w) + 1

= 1 �
2

2� (z;w) + 1
� 1 �

2
2l + 1

Assume (a) holds. Fix two positive integersn; l . Let zj 2 Q(zn ) satisfying

2� l � 1(1 � j zn j) � 1 � j zj j � 2� l (1 � j zn j):

Applying Lemma 1.2.4 one shows that there exists a universalconstant C > 0 such that

j� (zn ; zj ) � l j � C:
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Hence
n

zj 2 Q(zn ) : 2� l � 1(1 � j zn j) � 1 � j zj j � 2� l (1 � j zn j)
o

� f zj : � (zj ; zn ) � l + Cg

and condition (1.0.2) gives (c). Adding up over l = 1 ; 2; � � � one shows that (c) implies
(d). Assume (d) holds and let us show condition (1.0.2). By conformal invariance one
may assumezn = 0. So condition (d) tells us that

1X

j =1

(1 � j zj j) � � M 3:

Since� (zj ; 0) � l implies
1 � j zj j � 2� l ;

we deduce
# f zj : � (zj ; 0) � lg � 2�l

X

zj : � (zj ; 0)� l

(1 � j zj j) � � M 3 2�l

which gives (1.0.2).

As mentioned in the introduction, condition (1.0.2) says how dense is the sequence
when one looks at it from a point of the sequence. It is worth mentioning that one
can not take as a base point an arbitrary point in the unit disc. This follows from the
following example of two separated interpolating sequences for h+ which will be called
Z1, Z2 so that inf f � (z; � ) : z 2 Z1; � 2 Z2g > 0 but such that the union Z1 [ Z2 is
not an interpolating sequence forh+ . For instance one may takeZ1 = f r kg where
r1 = 0, r k ! 1 and � (r k ; r k+1 ) ! 1 as k ! 1 . For each k = 1 ; 2; � � � , choose points
f z(k)

1 ; � � � ; z(k)
N (k)g, N (k) = 2 nk , equally distributed in the hyperbolic cercle centered atr k

of hyperbolic radius nk . Here nk ! 1 ask ! 1 in such a way that nk < � (r k ; r k+1 )=4.
Let Z2 = f z(k)

i : i = 1 ; � � � ; N (k); k = 1 ; 2; � � � g. It can be shown that Z1 and Z2 satisfy
condition (1.0.2) with the exponent � = 1=2, while Z1 [ Z2 does not ful�ll (1.0.2) for
any 0 < � < 1 because the number of points inZ2 at hyperbolic distance nk from the
point r k 2 Z1 is 2nk . See �gure 1.3.

An interpolation problem for bounded Analytic Functions wi thout zeros

Let H 1 denote the algebra of bounded analytic functions in the unit disc D. Let
(H 1 ) � be the subalgebra ofH 1 which consists on the functions inH 1 without zeros
in D. If f 2 (H 1 ) � then log (kf k1 =jf (z)j) 2 h+ . So if f zng is a sequence inD and
tn = log ( kf k1 =jf (zn )j ), Harnack's inequality tells us that

j log2 tn � log2 tm j � � (zn ; zm ); n; m = 1 ; 2; � � � :

So, as before, we may consider a notion of interpolating sequence.
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r k r k+1 1

z(k)
i

• D

Figure 1.3: Interpolating sequences forh+

De�nition 1.3.2. A sequence of pointsf zng in the unit disc is called an interpolating
sequence for(H 1 ) � if there exist constants " > 0 and 0 < C < 1 such that for any
sequence of non-vanishing complex valuesf wng, jwn j < C; n = 1 ; 2; � � � , satisfying

�
�
�
� log2

�
log2

�
C

jwn j

��
� log2

�
log2

�
C

jwm j

�� �
�
�
� � "� (zn ; zm ); n; m = 1 ; 2; � � � (1.3.1)

there exists a function f 2 (H 1 ) � with f (zn ) = wn , n = 1 ; 2; � � � .

The characterization of the interpolating sequences for (H 1 ) � is given in the follow-
ing result.

Theorem 1.3.3. A separated sequencef zng of points in the unit disc is interpolating
for (H 1 ) � if and only if there exist constantsM > 0 and 0 < � < 1 such that

# f zj : � (zj ; zn ) � `g � M 2�` for any n; ` = 1 ; 2; � � � (1.3.2)

Proof of Theorem 1.3.3. Let us start by showing the necessity of condition (1.3.2). Given
a separated interpolating sequencef zng for (H 1 ) � consider the constants" > 0 and
C < 1 given in de�nition 1.3.2. De�ne the sequence of positive values tn = 2 "� (0;zn ) ,
n = 1 ; 2; � � � . It is clear that

jlog2 tn � log2 tm j � "� (zn ; zm ); n; m = 1 ; 2; � � � :

Then, if we consider a sequence of complex valuesf wng with tn = log ( C=jwn j), we
have supn jwn j � C and furthermore f wng satis�es condition (1.3.1). So, there exists a
function f 2 H 1 without zeros with f (zn ) = wn , n = 1 ; 2; � � � . The function v(z) =
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log
�

C
jf (z)j

�
is a harmonic function, v(z) � log(C=kf k1 ) := � k1, and interpolates the

values f tng at the points f zng. So, u(z) = v(z) + k1 2 h+ (D) and u(zn ) = tn +
k1 = 2 "� (0;zn ) + k1, n = 1 ; 2; ; � � � . Now, arguing as in the proof of the necessity of
Theorem 1.0.1, we can conclude that there exist constantsM > 0 and 0 < � < 1 such
that

# f zj : � (zj ; zn ) � `g � M 2�` for any n; ` = 1 ; 2; � � �

Let us now show the su�ciency of condition (1.3.2). Given a separated sequencef zng
satisfying (1.3.2) and f wng satisfying (1.3.1) for some"; C , consider tn = log C

jwn j . We
can take C > kwnk1 . Then obviously f tng satis�es the compatibility condition (1.0.1).
So, there exists a functionu 2 h+ (D) with u(zn ) = log C

jwn j , for n = 1 ; 2; � � � . Consider
u0(z) = u(z) � log(C) and let fu0(z) be the harmonic conjugate function ofu0(z). Then
e� (u0+ i fu0 ) is a bounded analytic function that interpolates de values fj wn j
 ng at the
points f zng, where 
 n = e� i eu0 (zn ) , n = 1 ; 2; � � � . The sequencef zng is separated and
satis�es condition (1.0.2), so it is an interpolating sequence for H 1 (see [Ca1] or [Ga3]).
So there exists a bounded analytic functiong(z) such that g(zn ) = � Arg( 
 n )+Arg( wn )
and then the function h(z) = e� u0 � i fu0 eig is a bounded analytic function without zeros
with h(zn ) = wn for any n = 1 ; 2; � � �

Higher Dimensions

Let h1 (Rd+1
+ ) be the space of bounded harmonic functions in the upper-halfspace

Rd+1
+ = f (x; y) : x 2 Rd; y > 0g. A sequence of pointsf zng � Rd+1

+ is called an interpo-
lating sequence forh1 (Rd+1

+ ) if for any bounded sequencef wng of real numbers there
exists u 2 h1 (Rd+1

+ ) with u(zn ) = wn , n = 1 ; 2; � � � . When the dimension d > 1, there
is no complete geometric description of the interpolating sequences forh1 (Rd+1

+ ). In
[Ca1] and [CG], L. Carleson and J. Garnett proved Theorem C. Moreover in [CG], the
authors present several geometric conditions on the sequencef zng which imply that f zng
is an interpolating sequence forh1 (Rd+1

+ ). However it is not known if the two necessary
conditions in part (a) of Theorem C are also su�cient. Relate d interpolation problems
have been considered in [Am] and [Dy]. The situation for interpolating sequences for the
spaceh+ (Rd+1

+ ) of positive harmonic functions in Rd+1
+ is quite similar. A sequence of

points f zng � Rd+1
+ will be called an interpolating sequence forh+ (Rd+1

+ ) if there exists
a constant " = "(f zng) > 0 such that for any sequencef wng of positive values satisfying

j log2 wn � log2 wm j � "� (zn ; zm ); n; m = 1 ; 2; � � � ;

there exists a function u 2 h+ (Rd+1
+ ) with u(zn ) = wn , n = 1 ; 2; � � � . Here � (z; w)

denotes the hyperbolic distance between the pointsz; w 2 Rd+1
+ ,

� (z; w) = log 2
1 + � (z; w)
1 � � (z; w)

;
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where � (z; w) = jz � wj=jz � �wj and �w = ( w1; � � � ; wd; � wd+1 ): As before, a sequence of
points f zng � Rd+1

+ is called separated if infn6= m � (zn ; zm ) > 0.

Theorem 1.3.4. Let f zng be a separated sequence of points in the upper-half space
Rd+1

+ , d > 1.

(a) Assume that f zng is an interpolating sequence forh+ (Rd+1
+ ). Then there exist con-

stants M > 0 and 0 < � < 1 such that

# f zk : � (zk ; zn ) � lg � M 2�dl ; l; n = 1 ; 2; � � � (1.3.3)

(b) Assume that f zng satis�es the condition (1.3.3) above. Thenf zng can be split into
a �nite number of disjoint subsequences� i , i = 1 ; � � � ; N ,

f zng = � 1 [ � � � [ � n ;

such that � i [ � j is an interpolating sequence forh+ (Rd+1
+ ) for any i; j = 1 ; � � � ; N

The proof of (a) follows the same lines of the proof of the necessity in Theorem 1.0.1.
The �rst two steps 1.2.1 and 1.2.2 of the proof of the su�ciency in Theorem 1.0.1 can
be extended to several variables. However the third step 3.3can not be ful�lled because
we have not been able to show that a separated sequence satisfying condition (1.3.3) is
an interpolating sequence forh1 (Rd+1

+ ). Since it is clear that condition (1.3.3) implies
that � (Q) � C l(Q)d for any Carleson cubeQ, applying Theorem C of L. Carleson and
J. Garnett, the sequencef zng can be split into a �nite number of disjoint subsequences
� 1; � � � ; � N such that � i [ � j is an interpolating sequence forh1 (Rd+1

+ ), i; j = 1 ; � � � ; N .
Arguing as in step 3.3 of the proof of the su�ciency, one can show that for any i; j =
1; � � � ; N , the sequence �i [ � j is an interpolating sequence forh+ (Rd+1

+ ).
It is worth mentioning that we have not been able to prove that a separated sequence

verifying (1.3.3) is interpolating for h+ (Rd+1
+ ), when d > 1.





Chapter 2

Interpolating sequences for Besov
type spaces.

2.1 Preliminaries

Bergman Spaces

Let dA(z) be the area measure onD normalized so that the are ofD is 1. In rectangular
and polar coordinates,

dA(z) =
1
�

dx dy =
1
�

r dr d�:

Some spaces will be de�ned in terms of the measuredA(z): Given a real number � , let

dA� (z) = (1 + � )(1 � j zj2) � dA(z):

For � > � 1 and 0< p < 1 , the Bergman spaceAp
� consists of all analytic functions in

L p(D; dA� ) with norm

kf kp
A p

�
=

Z

D
jf (z)jp dA� (z) < 1 :

The following result can be found in [HKZ, Corollary 1.5] and can be referred as a
reproducing formula for functions in the Bergman space. When z = 0 ; the proof is a
simple application of the mean value property and the rotation invariance of dA� : The
general case follows raplacingf by f � ' z; with the change of variablesw = ' z(� ) and
then replacing the function f (w) by the function (1 � wz)2+ � f (w):

Lemma G. Let � > � 1; if v is a function in A1
� , then

v(z) =
Z

D

v(w)
(1 � �wz)2+ � dA� (w)

for all z 2 D and the integral converges uniformly forz in every compact subset ofD:

23
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The following result is from [HKZ, Theorem 1:9].

Lemma H. Let a and � be real numbers, and letT(v) be the integral operator de�ned
by

T(v)(z) =
Z

D

v(w)
j1 � �wzj2+ a (1 � j wj2)a dA(w):

Let 1 � p < 1 . Then T(v) is bounded fromL p(D; dA� ) to itself if and only if

0 < 1 + � < p (a + 1) :

Another useful result that can be found in [HKZ, Proposition 1.11].

Lemma I. Suppose1 � p < + 1 ; � 1 < � < + 1 ; and that n is a positive integer. Then
an analytic function f in D belongs toAp

� if and only if the function (1 � j zj2)n f (n) (z)
is in L p(D; dA� ):

Some inequalities

We shall summarize now some well-known inequalities that we will use. Further details
may be found in [Stein, Appendix A].

Minkowski's inequality for integrals states that the norm of an integral is not greater
than the integral of the corresponding norms. In explicit form, for the case ofL p spaces,
this can be restated as follows. Let 1� p < 1 ; then

� Z

Y

� Z

X
jF (x; y)j dx

� p

dy
� 1=p

�
Z

X

� Z

Y
jF (x; y)jp dy

� 1=p

dx: (2.1.1)

Here F (x; y) is a measurable function on the� -�nite product measure space X � Y ;
dx and dy are the measures onX and Y respectively.

Another useful result is the following pair of inequalities due to Hardy:
� Z C

0

� Z x

0
f (y)dy

� p

x � r � 1dx
� 1=p

� p=r
� Z C

0
(y f (y))py� r � 1dy

� 1=p

;

 Z C

0

� Z C

x
f (y)dy

� p

xr � 1dx

! 1=p

� p=r
� Z C

0
(y f (y))py� r � 1dy

� 1=p

:

(2.1.2)

Here f � 0; p � 1; r > 0; and 0 < C � 1 :

The following lemma is standard and a proof can be found in [Zhu, Section 4:2].

Lemma J. Let z 2 D, t > � 1 and c > 0. Then
Z

D

(1 � j wj2)t

j1 � �wzj2+ t+ c dA(w) � (1 � j zj2) � c:
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The following useful inequality is from [OF, Lemma 2:5]. A proof of this result can
be found in [Zhao].

Lemma K. Let a > � 1, r; t � 0, and r + t � a > 2. If t < a + 2 < r then we have
Z

D

(1 � j wj2)a

j1 � �wzjr j1 � �w� jt
dA(w) � C

(1 � j zj2)2+ a� r

j1 � ��z jt
:

Note that Lemma K is a generalization of one of the inequalities in Lemma J.

2.2 Some results for Bp(s)

Reproducing kernel

For 1 < p < 1 and s � 0, let Bp(s) be the Besov space of those analytic functions on
the unit disc D for which

kf kp
B p (s) = jf (0)jp +

Z

D
jf 0(z)jp(1 � j zj2)p� 2+ s dA(z) < 1 :

We will use the notation dAp;s(z) = (1 � j zj2)p� 2+ sdA(z): Note that the dual space of
Bp(s) is isomorphic to Bq(s), where q is the conjugate exponent ofp, under the pairing

hf; h i s = f (0)h(0) +
Z

D
f 0(z)h0(z) (1 � j zj2)s dA(z); (2.2.1)

de�ned for f 2 Bp(s) and h 2 Bq(s). Using the inequality ab �
ap

p
+

bq

q
which holds for

all a; b � 0; we obtain

jhf; h i sj � k f kB p (s)khkB q (s) ; for all f 2 Bp(s); h 2 Bq(s): (2.2.2)

Next we will use the reproducing formula given in Lemma G to deduce a reproducing
formula for functions in Bp(s): Let f 2 Bp(s); and let 0 < s < 1 and 1 < p < 1 ; then
by H•older's inequality,

Z

D
jf 0(z)j(1 � j zj2)sdA(z)

�
� Z

D
jf 0(z)jp(1 � j zj2)p� 2+ sdA(z)

� 1=p � Z

D
(1 � j zj2)q� 2+ sdA(z)

� 1=q

= C
� Z

D
jf 0(z)jp(1 � j zj2)p� 2+ sdA(z)

� 1=p

< 1 :

So f 0 2 A1
s and Lemma G gives

f 0(� ) =
Z

D

f 0(w)
(1 � w � )2+ s dAs(w):
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Now, for z 2 D; we have
Z z

0
f 0(� ) d� =

Z

D
f 0(w)

� Z z

0

d�
(1 � w � )2+ s

�
dAs(w)

and we obtain the following reproducing formula

f (z) = f (0) +
Z

D
f 0(w)

�
1 � (1 � wz)1+ s

w (1 � wz)1+ s

�
(1 � j wj2)s dA(w): (2.2.3)

Then with the notation of the pairing (2.2.1),

f (z) = hf; k z i s = f (0)kz(0) +
Z

D
f 0(w)k0

z(w)(1 � j wj2)s dA(w);

with

k0
z(w) =

1 � (1 � wz)1+ s

w (1 � wz)1+ s and kz(0) = 1 : (2.2.4)

We can state some properties of the reproducing kernelkz.

Lemma 2.2.1. Let 1 < p < 1 ; 0 < s < 1 and let z; w 2 D with � (z; w) � 1, then

kkz � kwkB q (s) � C
jz � wj

(1 � j wj2)1+ s=p
; where

1
p

+
1
q

= 1 :

Proof. Observe that

jk0
z(� ) � k0

w(� )j =

�
�
�
�
(1 � w� )1+ s � (1 � z� )1+ s

(1 � z� )1+ s(1 � w� )1+ s

�
�
�
� .

�
�
�
�

(1 � � � )s

(1 � z� )1+ s(1 � w� )1+ s

�
�
�
� jz � wj

for some� 2 [z; w]: Since� (z; w) � 1; we saw in Observation 1.0.3 that

j1 � �� j � j 1 � w� j � j 1 � z� j:

So,

jk0
z(� ) � k0

w(� )j � C
jz � wj

j1 � w� j2+ s : (2.2.5)

Now, using this inequality,

kkz � kwkB q (s) =
� Z

D
jk0

z(� ) � k0
w(� )jq(1 � j � j2)q� 2+ sdA(� )

� 1=q

� Cjz � wj
� Z

D

(1 � j � j2)q� 2+ s

j1 � w� jq(2+ s)
dA(� )

� 1=q

and applying Lemma J,

kkz � kwkB q (s) � C
jz � wj

(1 � j wj2)
q+( q� 1) s

q

= C
jz � wj

(1 � j wj2)1+ s=p
:
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We can now estimate the norm of the reproducing kernelkz.

Lemma 2.2.2. Let 1 < p < 1 ; 0 < s < 1, and let kz be the reproducing kernel de�ned
in (2.2.4), then

kkzkp
B q (s) �

1
(1 � j zj2)s ; where

1
p

+
1
q

= 1 :

Proof. Using the explicit form (2.2.4) of k0
z and the fact that

sup
z; w2 D

�
�
�
�
(1 � �wz)t � 1

�w

�
�
�
� � C for t � 1; (2.2.6)

we have

kkzkq
B q (s) = 1 +

Z

D
jk0

z(w)jq(1 � j wj2)q� 2+ sdA(w)

= 1 +
Z

D

�
�
�
�
1 � (1 � wz)1+ s

w (1 � wz)1+ s

�
�
�
�

q

(1 � j wj2)q� 2+ sdA(w)

� 1 + C
Z

D

(1 � j wj2)q� 2+ s

j1 � wzjq(1+ s)
dA(w);

and applying Lemma J we obtain

kkzkq
B q (s) � 1 +

C
(1 � j zj2)s(q� 1)

.
1

(1 � j zj2)s(q� 1)
:

For the other inequality, let Dh(z;1) be the hyperbolic disc with center z and radius 1.
If w 2 Dh(z;1) then, by Observation 1.0.3,j1� wzj � 1� j zj: So, there exists a constant
r0(s) < 1 such that

j1 � wzj1+ s � 1=2 for all jzj � r0(s):

We will distinguish two cases:
If jzj � r0(s) then (1 � j zj)s(q� 1) � (1 � r0(s)) s(q� 1) = C, so

kkzkq
B q (s) � j kz(0)j = 1 &

1
(1 � j zj)s(q� 1)

:

If jzj � r0(s) then j1 � (1 � wz )1+ sj � 1 � j 1 � wz j1+ s � 1=2: So,

kkzkq
B q (s) = 1 +

Z

D

�
�
�
�
1 � (1 � wz )1+ s

w (1 � wz )1+ s

�
�
�
�

q

(1 � j wj2)q� 2+ sdA(w)

�
1
2q

Z

D h (z;1)

(1 � j wj2)q� 2+ s

j1 � wz j(1+ s)q
dA(w) &

1
(1 � j zj2)s(q� 1)

:
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A characterization of Bp(s) without derivatives

We begin this section with a result that can be of independentinterest.

Lemma 2.2.3. Let 1 < p < 1 , and let � > � 1, b � 0 with b < 2 + � . Let f be analytic
on D; then for any � 2 D one has

Z

D
jf (z) � f (0)jp

(1 � j zj2) �

j1 � ��z jb
dA(z) � C

Z

D
(1 � j zj2)pjf 0(z)jp

(1 � j zj2) �

j1 � ��z jb
dA(z):

Here C is an absolute constant which does not depend on�:

Proof. The caseb = 0 is proved in [HKZ]. So, assume that b > 0. Choose" > 0 with

� � " max(1; p � 1) > � 1 and b+ "(p � 1) < 2 + �:

Without loss of generality we may assume
Z

D
(1 � j zj2)pjf 0(z)jp

(1 � j zj2) �

j1 � ��z jb
dA(z) < 1 :

Observe that H•older's inequality gives
Z

D
jf 0(z)j(1 � j zj2)1+ � dA(z)

�
� Z

D
(1 � j zj2)pjf 0(z)jp

(1 � j zj2) �

j1 � ��z jb
dA(z)

� 1=p� Z

D

(1 � j zj2) �

j1 � ��z j(1� q)b
dA(z)

� 1=q

� C
� Z

D
(1 � j zj2)pjf 0(z)jp

(1 � j zj2) �

j1 � ��z jb
dA(z)

� 1=p

;

so f 2 A1
1+ � . Then by the reproducing formula (2.2.3), we have

f (z) � f (0) =
Z

D

1 � (1 � �wz)2+ �

�w (1 � �wz)2+ � f 0(w) (1 � j wj2)1+ � dA(w):

By inequality (2.2.6), H•older's inequality and Lemma J,

jf (z)� f (0)jp � C
� Z

D

jf 0(w)j(1 � j wj2)1+ �

j1 � �wzj2+ � dA(w)
� p

� C
� Z

D
jf 0(w)jp

(1 � j wj2)(1+ " )p+ � � "

j1 � �wzj2+ � dA(w)
�� Z

D

(1 � j wj2) � � "

j1 � �wzj2+ � dA(w)
� p� 1

� C
� Z

D
jf 0(w)jp

(1 � j wj2)(1+ " )p+ � � "

j1 � �wzj2+ � dA(w)
�

(1 � j zj2) � " (p� 1)
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since� � " > � 1. Now, by Fubini's theorem we have

Z

D
jf (z) � f (0)jp

(1 � j zj2) �

j1 � ��z jb
dA(z)

.
Z

D

� Z

D
jf 0(w)jp

(1 � j wj2)(1+ " )p+ � � "

j1 � �wzj2+ � dA(w)
� (1 � j zj2) � " (p� 1)+ �

j1 � ��z jb
dA(z)

=
Z

D
jf 0(w)jp (1 � j wj2)(1+ " )p+ � � "

� Z

D

(1 � j zj2) � " (p� 1)+ �

j1 � �wzj2+ � j1 � ��z jb
dA(z)

�
dA(w);

that by Lemma K, is bounded by constant times

Z

D
(1 � j wj2)p jf 0(w)jp

(1 � j wj2) �

j1 � ��w jb
dA(w);

and this �nishes the proof.

The following Theorem is a generalization of a result in [RW]where a characterization
of B2(s) without derivatives for s � 0 is given. The cases = 0 had already been
considered in [AFP]. Our proof is quite di�erent from the one by Rochberg and Wu,
since in [RW] they use some Hilbert space techniques.

This result presents a description of the functions in Bp(s) which use oscillation
instead of derivatives.

Theorem 2.2.4. Let 1 < p < 1 and �; � > � 1, s � 0 such that min( �; � ) > s � 2.
Then, for any analytic function f;

Z

D

Z

D

jf (z) � f (w)jp

j1 � �wzj4+ � + � � s (1 � j wj2) � (1 � j zj2) � dA(z) dA(w)

�
Z

D
jf 0(z)jp (1 � j zj2)p� 2+ s dA(z):

Proof. Notice that if � 6= �; say � � �; then by the fact that (1 �j zj); (1� j wj) � j 1� zwj;
for z; w 2 D; we have

(1 � j zj2) � (1 � j wj2) �

j1 � wzj 4+2 � � s �
(1 � j zj2) � (1 � j wj2) �

j1 � wzj 4+ � + � � s �
(1 � j zj2) � (1 � j wj2) �

j1 � wzj 4+2 � � s :

Hence, the case� 6= � can be obtained from the case� = �: Let us consider the case
� = �: We �rst prove the upper estimate. Let

' w(z) =
w � z
1 � wz

for all z; w 2 D;
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then

1 � j ' w(z)j2 =
(1 � j wj2)(1 � j zj2)

j1 � �wzj2
and j' 0

w(z)j =
1 � j ' w(z)j2

1 � j zj2
:

Observe also that if � = ' w(z) then z = ' w(� );

1 � j � j2 =
(1 � j wj2)(1 � j zj2)

j1 � wzj2
j1 � w� j =

1 � j wj2

j1 � wzj

dA(� ) = j' 0
w(z)j2dA(z) =

(1 � j wj2)2

j1 � wzj4
dA(z) j' 0

w(� )j =
j1 � wzj2

1 � j wj2
:

The change of variables� = ' w(z) gives
Z

D

Z

D

jf (z) � f (w)jp

j1 � �wzj4� s+2 � (1 � j wj2) � (1 � j zj2) � dA(z) dA(w)

=
Z

D

Z

D
jf (z) � f (w)jp

(1 � j wj2) � (1 � j zj2) �

j1 � wzj2�

�
j1 � wzjs

(1 � j wj2)s

�
1 � j wj2

j1 � wzj2

� 2

dA(z)(1 � j wj2)s� 2dA(w)

=
Z

D

� Z

D
j(f � ' w)( � ) � (f � ' w)(0) jp

(1 � j � j2) �

j1 � �w� js
dA(� )

�
(1 � j wj2)s� 2 dA(w):

Since� > s � 2, Lemma 2.2.3 tells that this last quantity is smaller than constant times
Z

D
(1 � j wj2)s� 2

Z

D
j(f � ' w)0(� )jp

(1 � j � j2)p+ �

j1 � �w� js
dA(� ) dA(w);

and, by the change of variablesz = ' w(� ) and Fubini's theorem, this quantity is

Z

D
(1�j wj2)s� 2

Z

D
jf 0(z)jp

�
j1 � wzj2

1 � j wj2

� p �
(1 � j wj2)(1 � j zj2)

j1 � �wzj2

� p+ �

�
�

j1 � wzj
1 � j wj2

� s (1 � j wj2)2

j1 � wzj4
dA(z) dA(w)

=
Z

D
jf 0(z)jp (1 � j zj2)p+ �

� Z

D

(1 � j wj2) �

j1 � �wzj4� s+2 � dA(w)
�

dA(z)

� C
Z

D
jf 0(z)jp (1 � j zj2)p� 2+ s dA(z);

after an application of Lemma J. This proves the upper estimate.

To prove the lower estimate, we use Cauchy's integral formula on the circle and
obtain

f 0(0) =
1

2�i

Z 2�

0

f (Rei� ) � f (0)
(Rei� )2 d�; for all 0 < R < 1:
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Multiplying by R3 and integrating with respect to R in both sides of the equality we get

jf 0(0)jp � C(p; r)
Z

jwj<r
jf (w) � f (0)jpdA(w); for all 0 < r < 1 and 1< p < 1 :

Therefore if we take r = 1=2, since (1� j wj2) � 3=4; we have

jf 0(0)jp � C
Z

D
jf (w) � f (0)jp(1 � j wj2) � dA(w); for all � � 0:

Replacing f by f � ' z we get

(1 � j zj2)p jf 0(z)jp .
Z

D
jf � ' z(w) � f (z)jp dA� (w): (2.2.7)

Choose� = 2 + � > 0: Then, by (2.2.7), and the change of variablesw = ' z(� ) we get
Z

D
(1 � j zj2)p jf 0(z)jp (1 � j zj2)s� 2 dA(z)

.
Z

D

dA(z)
(1 � j zj2)2� s

Z

D
jf � ' z(w) � f (z)jp dA� (w)

=
Z

D

dA(z)
(1 � j zj2)2� s

Z

D
jf (� ) � f (z)jp j' 0

z(� )j2 (1 � j ' z(� )j2) � dA(� )

=
Z

D

Z

D

jf (� ) � f (z)jp

j1 � �z� j4+2 � (1 � j zj2) � + s (1 � j � j2) � dA(z) dA(� )

=
Z

D

Z

D

jf (� ) � f (z)jp

j1 � �z� j4� s+2 � (1 � j zj2) � (1 � j � j2) � (1 � j zj2)2+ s (1 � j � j2)2

j1 � �z� j4+ s dA(z) dA(� )

.
Z

D

Z

D

jf (� ) � f (z)jp

j1 � �z� j4� s+2 � (1 � j zj2) � (1 � j � j2) � dA(z) dA(� );

and this �nishes the proof.

2.3 Carleson measures and multipliers

Let 1 < p < 1 : Classical Carleson measureswere introduced by L. Carleson [Ca1] as
those Borel measures� � 0 supported on the unit disc for which there exists a constant
K = K (� ) > 0 such that

Z

D
jf (z)jpd� (z) � K

Z 2�

0
jf (ei� )jpd�

for any analytic function f in D: He proved that � is a Carleson measure if and only if
� (S(I )) � CjI j for any arc I � @D de�ned as in (1.0.4).

Given a > 0 and a positive measure� on D we say that � is an a-Carleson measureif

� (S(I )) � CjI j a for all arcs I in @D:
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Carleson measures for Bp(s)

A positive measure� on D is an (s; p)-Carleson measureif

Z

D
jf (z)jp d� (z) � C kf kp

B p (s)

whenever f 2 Bp(s). The best constant C, denoted by k� kp;s, is said to be the (s; p)-
Carleson measure norm of� .

Let � 1(z) = dA(z) be the Lebesgue measure inD, then � 1 is an (s; p)-Carleson
measure for 1< p < 1 and 0 � s � 2: Now consider, for any z0 2 D, the atomic
measure� 2(z) = � z0 (z); then � 2(z) is an (s; p)� Carleson measure for 1< p < 1 and
s � 0. The (s; p)-Carleson measures are geometrically described in [ARS1] and [ARS2],
but for our purposes we only need the following simple result.

Lemma 2.3.1. Let 1 < p < 1 , s > 1� p and let � be an(s; p)-Carleson measure. Then
for each " > 0

sup
w2 D

Z

D

(1 � j wj2)"

j1 � �wzj"+ s d� (z) < 1 :

Proof. Let

f w(z) =
(1 � j wj2)"=p

(1 � �wz)("+ s)=p
:

We have that f w 2 Bp(s) with kf wkp
B p (s) � C, whereC is a positive constant independent

of w. In fact, applying Lemma J in the last inequality,

kf wkp
B p (s) = (1 � j wj2)" + C

Z

D

(1 � j wj2)" (1 � j zj2)p� 2+ s

j1 � wzj"+ s+ p dA(z) � C:

Therefore
Z

D

(1 � j wj2)"

j1 � �wzj"+ s d� (z) =
Z

D
jf w(z)jp d� (z) � C kf wkp

B p (s) � C:

It is worth mentioning that the condition in Lemma 2.3.1 does not characterize
(s; p)� Carleson measures. The following result which will be used later tells that
(s; p)� Carleson measures are stable under a certain operatorT:

Theorem 2.3.2. Let a > � 1, s � 0 and v an integrable function in D: Consider

T(v)(z) =
Z

D

v(w)
j1 � �wzj2+ a (1 � j wj2)a dA(w):
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(i ) Let 1 < p < 2, and suppose

a p > (� 1 + s)(p � 1) if s � 1
a > � 1 + s if s > 1:

Suppose also that
sup
z2 D

(1 � j zj2) jv(z)j < 1 : (2.3.1)

If the measure jv(z)jp (1 � j zj2)p� 2+ s dA(z) is an (s; p)-Carleson measure, then the mea-
sure jT(v)(z)jp (1 � j zj2)p� 2+ s dA(z) is also an (s; p)-Carleson measure.

(ii ) Let p � 2, � > max (� 1; � 2 + s) and

a p > 1 + � � p + max(0 ; � 1 + s):

If jv(z)jp (1� j zj2) � dA(z) is an (s; p)-Carleson measure, thenjT(v)(z)jp (1� j zj2) � dA(z)
is also an (s; p)-Carleson measure.

Remarks: For p = 2, this result is proved by Rochberg and Wu in [RW]. The case
s = 0 and � = p� 2 is proved in [Bo1], but only for the rangea p > 1. Also, whens � 1,
the condition on a can be rewritten as

max(p; q) a > � � (p � 1):

For p � 2, we do not need condition (2.3.1). Also, for 1< p < 2, the result is only
obtained for � = p� 2 + s. It could be interesting to extend the result for � in the same
range as in the casep � 2. Observe also that we will only apply Theorem 2.3.2 for the
casea = 0 ; � = p � 2 + s:

Proof of Theorem 2.3.2. We must show that for all f 2 Bp(s) we have
Z

D
jf (z)jp jT(v)(z)jp (1 � j zj2) � dA(z) � Ckf kp

B p (s)

for some positive constantC, where � = p � 2 + s for 1 < p < 2.

Put fT (v) = ( fT (v) � T(fv ))+ T(fv ). By hypothesis 0 < 1+ � < p (a+1) so, applying
Lemma H and the fact that jv(z)jp (1 � j zj2) � is an (s; p)-Carleson measure, we have

Z

D
jT(fv )(z)jp (1 � j zj2) � dA(z) .

Z

D
jf (z)jp jv(z)jp (1 � j zj2) � dA(z)

� C kf kp
B p (s) :

On the other hand, we have

f (z)T(v)(z) � T(fv )(z) =
Z

D

(f (z) � f (w)) v(w)
j1 � �wzj2+ a (1 � j wj2)a dA(w): (2.3.2)

Now we consider separately the cases 1< p < 2 and p � 2.
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The case 1 < p < 2.
In this case � = p � 2 + s, and since (1� j zj2) jv(z)j � C and p < 2 we have

jv(z)j = jv(z)jp� 1 jv(z)j2� p � C jv(z)jp� 1 (1 � j zj2)p� 2;

and this gives

jf (z)T(v)(z) � T(fv )(z)jp .
� Z

D

jf (z) � f (w)j
j1 � �wzj2+ a jv(w)jp� 1 (1 � j wj2)p� 2+ a dA(w)

� p
:

If s = 0, then by H•older's inequality

� Z

D

jf (z) � f (w)j
j1 � �wzj2+ a jv(w)jp� 1 (1 � j wj2)p� 2+ a dA(w)

� p

� Ckvkp(p� 1)
L p (dA � )

Z

D

jf (z) � f (w)jp

j1 � �wzj(2+ a)p
(1 � j wj2)a p+( p� 2) dA(w):

Hence, by (2.3.2) and Theorem 2.2.4 with� = a p+ ( p� 2) and � = p� 2 (we can apply
it since ap > 1 � p);

Z

D
jf (z)T(v)(z) � T(fv )(z)jp (1 � j zj2)p� 2 dA(z)

� C kvkp(p� 1)
L p (dA � )

Z

D

Z

D

jf (z) � f (w)jp

j1 � �wzj(2+ a)p
(1 � j zj2) � (1 � j wj2) � dA(z) dA(w)

� C kvkp(p� 1)
L p (dA � ) kf kp

B p (s) :

If s > 0, we apply H•older's inequality again, and then Lemma 2.3.1, to obtain

� Z

D

jf (z) � f (w)j
j1 � �wzj2+ a jv(w)jp� 1 (1 � j wj2)p� 2+ a dA(w)

� p

�
� Z

D

jf (z) � f (w)jp

j1 � �wzjp (1+ a)+1
(1 � j wj2)a p� 1+(1 � s)( p� 1) dA(w)

�� Z

D

jv(w)jp dAp;s(w)
j1 � �wzj1� s+ s

� p� 1

. (1 � j zj2)(� 1+ s)( p� 1)
Z

D

jf (z) � f (w)jp

j1 � �wzjp (1+ a)+1
(1 � j wj2)a p� 1+(1 � s)( p� 1) dA(w):

Therefore we have
Z

D
jf (z)T(v)(z) � T(fv )(z)jp (1 � j zj2)p� 2+ s dA(z)

.
Z

D

Z

D

jf (z) � f (w)jp

j1 � �wzjp (1+ a)+1
(1 � j zj2) � (1 � j wj2) � dA(z) dA(w);

where � = s(p � 1) � 1 + s and � = a p � 1 + (1 � s)(p � 1). Sinces > 0 then � > � 1,
and � > s � 2. Also, the conditions on a ensure that � > � 1 and � > s � 2. Since

4 + � + � � s = p(1 + a) + 1 ;
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we can apply Theorem 2.2.4 to obtain
Z

D
jf (z)T(v)(z) � T(fv )(z)jp (1 � j zj2)p� 2+ s dA(z) . kf kp

B p (s) :

The case p � 2.
Choose" > 0 such that � > max(� 1; � 2 + s) + "(p � 1) and

a p > 1 + � � p + max(0 ; � 1 + s) + "(p � 2):

Let q be the conjugate exponent ofp. By H•older's inequality we have

jf (z)T(v)(z) � T(fv )(z)jp �
� Z

D

jv(w)j j f (z) � f (w)j
j1 � �wzj2+ a (1 � j wj2)a dA(w)

� p

�
� Z

D
jv(w)jq

(1 � j wj2) 


j1 � �wzj
A

( p� 1)

dA(w)
� p=q

Z

D

jf (z) � f (w)jp

j1 � �wzjB
(1 � j wj2) � dA(w);

where


 = � � (1� " )( p� 2)
p� 1 ; � = a p � � + (1 � " )(p � 2)

A = " + s + (1 + 2 ")(p � 2); B = (2 + a)p � " � s � (1 + 2 ")(p � 2):

Since p � 2 we can apply H•older's inequality once again with exponentp=q � 1, and
then Lemma 2.3.1 and Lemma J to obtain

� Z

D
jv(w)jq

(1 � j wj2) 


j1 � �wzj
A

( p� 1)

dA(w)
� p=q

�
� Z

D

jv(w)jp (1 � j wj2) �

j1 � �wzj"+ s dA(w)
�� Z

D

(1 � j wj2) � 1+ "

j1 � �wzj1+2 " dA(w)
� p� 2

. (1 � j zj2) � " (1 � j zj2) � " (p� 2) = (1 � j zj2) � " (p� 1) :

Therefore, if � = � � " (p � 1), by Theorem 2.2.4 we have
Z

D
jf (z)T(v)(z) � T(fv )(z)jp (1 � j zj2) � dA(z)

.
Z

D

Z

D

jf (z) � f (w)jp

j1 � �wzjB
(1 � j zj2) � (1 � j wj2) � dA(z) dA(w)

. kf kp
B p (s) ;

since 4 +� + � � s = B , and the choice of" > 0 ensures that�; � > � 1 and min(�; � ) >
s � 2. This �nishes the proof.

The following is a well known generalization of the classical M•obius invariant version
of Carleson measures. See [Ga3, Chapter VI, Lemma 3.3] for the classical case and [ASX,
Lemma 2.1] for the general case.
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Lemma 2.3.3. Let a > 0. Then the following are equivalent:

(i) � (S(I )) � CjI ja for all Carleson sector S(I )

(ii) sup
z02 D

Z

D

�
1 � j z0j2

j1 � z0zj2

� a

d� (z) � C:

Proof. First we will show that (ii) implies (i). Let Q = S(I ) be a Carleson square with
z0 2 T(Q): For all z 2 Q;

j1 � z0zj � j z0j

�
�
�
�

1
z0

� eiArg z 0

�
�
�
� + jz0j

�
�ei Argz 0 � z

�
� � C(1 � j z0j):

On the other hand j1 � z0zj � 1 � j z0j. Hence

C
1 � j z0j

�
1 � j z0j

j1 � z0zj2
�

1
1 � j z0j

; for all z 2 Q:

Then, by hypothesis (ii),

� (S(I )) � j I j a
Z

Q

�
1 � j z0j2

j1 � z0zj2

� a

d� (z) � CjI ja:

For the other implication, given z0 2 D; consider I = I (z0); Q = Q(z0) and let N 2 N
such that 2N � 1(1 � j z0j) < 1 � 2N (1 � j z0j): If we de�ne

I n = 2 n I; for n = 0 ; :::; N � 1 and I N = @D n I N � 1;

then

D =
[

n� 0

Cn ; where C0 = S(I ) and Cn = S(I n ) n S(I n� 1); for n = 1 ; 2; ::::

By hypothesis (i),
� (Cn ) � � (S(I n )) � CjI n j a;

and observe that

j1 � z0zj � C max( 1 � j zj ; jArg z � Arg z0j ) � C jI n j for all z 2 Cn :

So,

Z

D

�
1 � j z0j2

j1 � z0zj2

� a

d� (z) =
NX

n=0

Z

Cn

�
1 � j z0j2

j1 � z0zj2

� a

d� (z)

� C
NX

n=0

jI 0jajI n ja

jI n j2 a � C
X

n� 0

�
1
2a

� n

� C:
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As an immediate consequence of the previous results we obtain the following one.

Lemma 2.3.4. Let 1 < p < 1 and s � 0: If � is an (s; p)-Carleson measure, then there
exists a constantC > 0 such that � (S(I )) � CjI js for all sectors S(I ).

Proof. It follows immediately by choosing " = s on Lemma 2.3.1 and then using Lemma
2.3.3.

Multipliers of Bp(s)

Recall that

M (Bp(s)) = f g 2 Hol (D) : gf 2 Bp(s) whenever f 2 Bp(s)g:

Let g 2 M (Bp(s)) ; then by the Closed graph Theorem, the operator

Bp(s) �! Bp(s)
f 7�! fg

is bounded and we de�ne the multiplier norm of g as

kgkM (B p (s)) = inf
kf kB p ( s) =1

kfg kB p (s) :

The following well known result (see [ARS1, p. 472]) describes the multipliers of Bp(s)
in terms of (s; p)-Carleson measures.

Lemma L. Let 1 < p < 1 and 0 � s < 1. Then g 2 M (Bp(s)) if and only if g 2 H 1

and jg0(z)jp (1 � j zj2)p� 2+ s dA(z) is an (s; p)-Carleson measure.

Proof. Suppose �rst that g 2 M (Bp(s)). By the closed graph theorem kfg kB p (s) �
Ckf kB p (s) , whenever f 2 Bp(s). Using inequality (2.2.2) and Lemma 2.2.2, we obtain
that for all h 2 Bp(s),

jh(z)j = jhh; kz ij � k hkB p (s)kkzkB q (s) � CkhkB p (s) (1 � j zj2) � s=p: (2.3.3)

For each a 2 D, the function f a(z) =
(1 � j aj2)s=p

(1 � �az)2s=p
is in Bp(s) with kf akB p (s) � C (see

Lemma 2.3.1). Sinceg 2 M (Bp(s)), we can apply (2.3.3) with the function h = gf a to
get

j g(z)f a(z)j � C(1 � j zj2) � s=p:

Taking a = z we get that g 2 H 1 . In order to see that jg0(z)jp(1 � j zj2)p� 2+ s dA(z) is
an (s; p)-Carleson measure just note that

Z

D
jf (z)jpjg0(z)jp(1 � j zj2)p� 2+ s dA(z) � C

�
kgkp

1 kf kp
B p (s) + kfg kp

B p (s)

�
. kf kp

B p (s)
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since jf (z)g0(z)jp . j(fg )0(z)jp + jf 0(z)g(z)jp. The other implication is easier. Let
f 2 Bp(s); then

kfg kB p (s) . kf kB p (s)kgkH 1 +
Z

D
jf (z)jpjg0(z)jp(1 � j zj2)p� 2+ sdA(z)

and using the hypothesis ong we obtain that kfg kB p (s) � Ckf kB p (s) , so g 2 M (Bp(s)) :

Proposition 2.3.5. Let 1 < p < 1 ; 0 < s < 1; and let f zng be a sequence inD such
that

P
(1 � j zn j2)s� zn is an (s; p)-Carleson measure. Then the Blaschke product

B (z) =
Y

n

jzn j
zn

z � zn

1 � �znz

is a multiplier of Bp(s):

Proof. Note �rst that the assumption also implies that the measure

� =
X

n

(1 � j zn j2) � zn (2.3.4)

is a Carleson measure. Indeed, letS(I ) be a Carleson box, then by Lemma 2.3.4,

� (S(I )) =
X

zn 2 S(I )

(1 � j zn j2) � j I j1� s
X

zn 2 S(I )

(1 � j zn j2)s � CjI j:

In particular, by Lemma 2.3.3 with a = 1 ; one has

sup
z2 D

X

n

(1 � j zn j2)(1 � j zj2)
j1 � znzj2

� C: (2.3.5)

SincekB k1 � 1 then, by Lemma L, the condition that B 2 M (Bp(s)) is equivalent to
the fact that jB 0(z)jp(1 � j zj2)p� 2+ s dA(z) is an (s; p)-Carleson measure. Observe that

B 0(z) =
X

n

jzn j
zn

1 � j zn j2

(1 � znz)2

Y

m6= n

jzm j
zm

zm � z
1 � �zm z

;

so

jB 0(z)j �
X

n

(1 � j zn j2)
j1 � �znzj2

; (2.3.6)

and together with (2.3.5) we obtain that

(1 � j zj2)jB 0(z)j � C for all z 2 D: (2.3.7)
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Let f 2 Bp(s), using the estimation (2.3.6) and (2.3.7), we have

Z

D
jf (z)jp jB 0(z)jp (1 � j zj2)p� 2+ s dA(z)

=
Z

D
jf (z)jp jB 0(z)j ((1 � j zj2)jB 0(z)j)p� 1(1 � j zj2) � 1+ sdA(z)

.
Z

D
jf (z)jp

� X

n

1 � j zn j2

j1 � �znzj2

�
(1 � j zj2) � 1+ s dA(z)

=
X

n

(1 � j zn j2)
Z

D
jf (z)jp

(1 � j zj2) � 1+ s

j1 � �znzj2
dA(z)

.
X

n

(1 � j zn j2)
Z

D
jf (zn )jp

(1 � j zj2) � 1+ s

j1 � �znzj2
dA(z)

+
X

n

(1 � j zn j2)
Z

D
jf (z) � f (zn )jp

(1 � j zj2) � 1+ s

j1 � �znzj2
dA(z)

= I 1 + I 2:

By Lemma J and the fact that
P

n (1 � j zn j2)s� zn is an (s; p)-Carleson measure, we have

I 1 =
X

n

jf (zn )jp (1 � j zn j2)
Z

D

(1 � j zj2) � 1+ s

j1 � �znzj2
dA(z)

.
X

n

jf (zn )jp (1 � j zn j2)s . kf kp
B p (s) :

On the other hand, let

' n (z) =
zn � z
1 � znz

; for n = 1 ; � � � ;

making the change of variablesw = ' n (z) we have

I 2 =
X

n

(1 � j zn j2)
Z

D
jf (z) � f (zn )jp

(1 � j zj2) � 1+ s

j1 � �znzj2
dA(z)

=
X

n

(1 � j zn j2)s
Z

D
jf n (w) � f n (0)jp

(1 � j wj2) � 1+ s

j1 � �znwj2s dA(w);

where f n = f � ' n . Therefore, since 0< s < 1, by Lemma 2.2.3 and the change of
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variables z = ' n (w); we get

I 2 .
X

n

(1 � j zn j2)s
Z

D
jf 0

n (w)jp
(1 � j wj2)p� 1+ s

j1 � �znwj2s dA(w)

=
X

n

jf 0(' n (w)) jp(1 � j wj2)( j' 0
n (w)j(1 � j wj2))p� 2

�
�

(1 � j zn j2)(1 � j wj2)
j1 � �znwj2

� s

j' 0
n (w)j2 dA(w)

=
X

n

Z

D
jf 0(z)jp (1 � j ' n (z)j2) (1 � j zj2)p� 2+ s dA(z)

=
Z

D
jf 0(z)jp

� X

n

(1 � j zn j2) (1 � j zj2)
j1 � �znzj2

�
(1 � j zj2)p� 2+ s dA(z);

and �nally, applying inequality (2.3.5) to the last term, th e proof is �nished.

Boundary values

Let 1 < p < 1 and 0 < s < 1; since Bp(s) � H p; it follows that every function f in
Bp(s) has nontangential limits a.e. on @D: Denote by f b 2 L p(@D) the boundary values
of f (taken as a nontangential limit). The purpose of this section is to give a description
of the spaceBp(s) in terms of its boundary values. Let f 2 L p(@D); we say that that
the function f is in L p

s if

kf kp
L p

s
=

Z 2�

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � eiu j2� s du dt < 1 :

The main purpose of this section is to show that the boundary values of functions
in Bp(s) are in L p

s: Our arguments follow closely the proof in [Nic].

Lemma 2.3.6. Let 1 < p < 1 and 0 < s < 1: Let f 2 L p(@D) and let F 2 C1(D) with
lim r ! 1 F (rei� ) = f (ei� ) for a.e. ei� 2 @D. Then

Z 2�

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � eiu j2� s du dt � C
Z

D
jr F (z)jp(1 � j zj2)p� 2+ sdA(z); (2.3.8)

where C is an absolute constant.

Proof. The proof is based on an idea in [Stein, chapter V]. Changing the coordinates
t = u + h we obtain

Z 2�

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � eiu j2� s du dt = 2
Z �

0

 Z 2�

0

jf (ei (u+ h) ) � f (eiu )jp

jeih � 1j 2� s du

!

dh

� C
Z �

0

1
h2� s

� Z 2�

0
jf (ei (u+ h) ) � f (eiu )jp du

�
dh:
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Consider

jf (ei (u+ h) ) � f (eiu )j

� j f (ei (u+ h) ) � F (rei (u+ h) )j + jF (r (ei (u+ h) ) � F (reiu )) j + jF (reiu ) � f (eiu )j

�
Z 1

r
jr F (xei (u+ h) )j dx +

Z h

0
jr F (rei (u+ t) )j dt +

Z 1

r
jr F (xeiu )j dx;

for any r 2 (0; 1): Apply Minkowski's integral inequality (2.1.1), to get

Z 2�

0
jf (ei (u+ h) ) � f (eiu )jp du

.
Z 2�

0

� Z 1

r
jr F (xeiu )j dx

� p

du +
Z 2�

0

� Z h

0
jr F (rei (u+ t) )j dt

� p

du

.

 Z 1

r

� Z 2�

0
jr F (xeiu )jp du

� 1=p

dx

! p

+

 Z h

0

� Z 2�

0
jr F (rei (u+ t) )jp du

� 1=p

dt

! p

= ( I ) + ( II ):

Therefore,

Z 2�

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � eiu j2� s du dt � C
Z �

0

1
h2� s (I ) dh +

Z �

0

1
h2� s (II ) dh:

For the term ( I ) we make the change of variables = h=(2� ) and take r = 1 �  2
(1=2; 1);

Z �

0

1
h2� s (I ) dh =

Z �

0

1
h2� s

� Z 1

r

� Z 2�

0
jr F (xeiu )jpdu

� 1=p
dx

� p

dh

= C
Z 1=2

0

1
 2� s

� Z 1

1�  

� Z 2�

0
jr F (xeiu )jpdu

� 1=p
dx

� p

d :

After the change of variablesx = 1 � '; we apply Hardy's inequality (2.1.2) and obtain

Z �

0

1
h2� s (I ) dh = C

Z 1=2

0

1
 2� s

� Z  

0

� Z 2�

0
jr F ((1 � ' )eiu )jpdu

� 1=p
d'

� p

d 

� C
Z 1=2

0

Z 2�

0
jr F ((1 � ' )eiu )jp du ' p� 2+ s d'

� C
Z

D
jr F (z)jp(1 � j zj2)p� 2+ sdA(z):
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For the term ( II ) we make the change of variables = h=(2� ), take r = 1 �  and
integrate with respect to t and we obtain

Z �

0

1
h2� s (II ) dh =

Z �

0

1
h2� s

� Z h

0

� Z 2�

0
jr F (reiu )jpdu

� 1=p
dt

� p

dh

= C
Z 1=2

0

1
 2� s

� Z  

0

� Z 2�

0
jr F ((1 �  )eiu )jpdu

� 1=p
dt

� p

d 

= C
Z 1=2

0
 p� 2+ s

� Z 2�

0

�
�r F ((1 � h)eiu )

�
�pdu

�
d 

� C
Z

D
jr F (z)jp(1 � j zj2)p� 2+ sdA(z):

This �nishes the proof.

Proposition 2.3.7. Let 1 < p < 1 and 0 < s < 1: Let f 2 L p(@D); then f 2 L p
s if and

only if Z

D
jr P [f ](z)jp(1 � j zj2)p� 2+ sdA(z) < 1 ;

where P[f ] is the Poisson integral of f. Moreover, there exists a universal constant C
such that

C � 1kf kp
L p

s
�

Z

D
jr P [f ](z)jp(1 � j zj2)p� 2+ sdA(z) � Ckf kp

L p
s
:

Proof. Consider f 2 L p(@D), and let P[f ] be the Poisson integral off . Then, it follows
from Lemma 2.3.6 that

kf kp
L p

s
� C

Z

D
jr P [f ](z)jp(1 � j zj2)p� 2+ sdA(z):

For the converse, since

P[f ](z) =
Z 2�

0
f (eit )

(1 � j zj2)
jeit � zj2

dt
2�

;

an easy computation gives

@P[f ]
@z

(z) =
Z 2�

0

f (eit )eit

(eit � z)2

dt
2�

=
Z 2�

0

(f (eit ) � f (eiu ))eit

(eit � z)2

dt
2�

;

@P[f ]
@z

(z) =
Z 2�

0

f (eit )
eit (eit � z)2

dt
2�

=
Z 2�

0

(f (eit ) � f (eiu ))
eit (eit � z)2

dt
2�

and consequently,

jr P[f ](reiu )j � C
Z 2�

0

jf (eit ) � f (eiu )j
jeit � reiu j2

dt: (2.3.9)
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Therefore, using (2.3.9) and H•older's inequality, we get
Z

D
jr P [f ](z)jp(1 � j zj2)p� 2+ s dA(z)

� C
Z 2�

0

Z 1

0

� Z 2�

0

jf (eit ) � f (eiu )j
jeit � reiu j2

dt
� p

(1 � r 2)p� 2+ s r dr du

� C
Z 2�

0

Z 1

0

� Z 2�

0

jf (eit ) � f (eiu )jp

jeit � reiu j2
dt

�

�
� Z 2�

0

1
jeit � reiu j2

dt
� p� 1

(1 � r 2)p� 2+ s r dr du

= C
Z 2�

0

Z 1

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � reiu j2
dt (1 � r 2) � 1+ s r dr du

= C
Z 2�

0

Z 2�

0
jf (eit ) � f (eiu )jp

� Z 1

0

r (1 � r 2) � 1+ s

jeit � reiu j2
dr

�
dt du:

The proof will be �nished if we show that
Z 1

0

r (1 � r 2) � 1+ s

jeit � reiu j2
dr � C

1
jeit � eiu j2� s for all t; u 2 [0; 2� ]:

We can assumej eit � eiu j � 1=2: Consider

R0 = f r 2 [0; 1) such that 0 < 1 � r � j eit � eiu jg;

Rn = f r 2 [0; 1) such that 2n� 1jeit � eiu j � 1 � r � 2n jeit � eiu jg for n = 1 ; :::; N;

where N 2 N satis�es 2N � 1jeiu � eit j < 1 < 2N jeiu � eit j. Then, if n � 1

jeit � reiu j � (1 � r ) � j eit � eiu j & 2n jeit � eiu j if r 2 Rn :

So,

Z 1

0

r (1 � r 2) � 1+ s

jeit � reiu j2
dr =

NX

n=0

Z

Rn

r (1 � r 2) � 1+ s

jeit � reiu j2
dr .

NX

n=0

�
2n jeit � eiu j

� � 1+ s

�
2n jeit � eiu j

� 2 2n jeit � eiu j

=
NX

n=0

�
1

22� s

� n 1
jeit � eiu j2� s .

1
jeit � eiu j2� s ;

and we conclude that
Z

D
jr P [f ](z)jp(1 � j zj2)p� 2+ sdA(z) � C

Z 2�

0

Z 2�

0

jf (eit ) � f (eiu )jp

jeit � eiu j2� s du dt:

As an immediate consequence of Proposition 2.3.7 we obtain the following result.
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Corollary 2.3.8. Let f be analytic on D and continuous onD: Let f b be the boundary
values off on @D so that f = P[f b]. Then f 2 Bp(s) if and only if f b 2 L p

s: Moreover,
there exists a universal constantC > 0 such that

C � 1kf kL p
s

� k f kB p (s) � Ckf kL p
s
; for any f (0) = 0 :

Multipliers of Lp
s

Let M (L p
s) be the algebra of (pointwise) multipliers of L p

s, that is,

M (L p
s) = f g : @D ! C : gf 2 L p

s wheneverf 2 L p
sg:

The main purpose of this section is to present a description of the multipliers of L p
s in

terms of (s; p)-Carleson measures.

Lemma 2.3.9. Let 1 < p < 1 and 0 < s < 1: Let � be a �nite positive measure in the
closed unit disc. Then the following conditions are equivalent:

(i) � is an (s; p)-Carleson measure

(ii)
R

D jP [u](z)jp d� (z) � Ckukp
L p

s
for all u 2 L p

s with
R2�

0 u(ei� ) d� = 0

Proof. First we will proof that ( i ) ) (ii ). Let � be an (s; p)-Carleson measure and
u 2 L p

s: We can assumeu is real valued. Let eP[u](z) be the harmonic conjugate function
of P[u](z) with eP[u](0) = 0. By the Cauchy-Riemann's equations,

jr P[u](z)j = jU0(z)j; where U(z) = P[u](z) + i eP[u](z):

Observe that U(0) = 0 : Now, applying Proposition 2.3.7 with the function u 2 L p
s, we

deduce that U 2 Bp(s). Since � is an (s; p)� Carleson measure,
Z

D
jP [u](z)jpd� (z) �

Z

D
jU(z)jpd� (z) � C

Z

D
jU0(z)jp(1 � j zj2)p� 2+ s dA(z);

and by Proposition 2.3.7, this last integral is comparable to kukp
L p

s
:

Let us show that (ii ) ) (i ). We need to prove that
Z

D
jf (z)jpd� (z) � Ckf kp

B p (s)

for any f 2 Bp(s): Let f b be the boundary function of f: By Proposition 2.3.7 and
hypothesis (ii), f b 2 L p

s and
Z

D
jf (z) � f (0)jp d� (z) � Ckf bk

p
L p

s
� C

Z

D
jf 0(z)jp(1 � j zj2)p� 2+ sdA(z):

So we can conclude that� is an (s; p)� Carleson measure.
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Lemma 2.3.10. Let g 2 L 1 (@D) and let G 2 L 1 (D) \ C1(D) with lim r ! 1 G(rei� ) =
g(ei� ) for a.e. ei� 2 @D: If

jr G(z)jp(1 � j zj2)p� 2+ sdA(z)

is an (s; p)-Carleson measure, theng 2 M (L p
s):

Proof. Observe that Lemma 2.3.6 tells that the function g is in L p
s: We must show that

gf 2 L p
s wheneverf is in L p

s. So, let f 2 L p
s. Without loss of generality we may think

P[f ](0) = 0 : Using Lemma 2.3.6 with the extensionG P[f ] of gf on D we get

kgf kp
L p

s
=

Z 2�

0

Z 2�

0

jgf (eit ) � gf (eiu )jp

jeit � eiu j2� s du dt � C
Z

D
jr (G P[f ])(z)jp dAp;s(z)

� C
� Z

D
jG(z)jpjr P [f ](z)jp dAp;s(z) +

Z

D
jP [f ](z)jpjr G(z)jp dAp;s(z)

�
:

SinceG 2 L 1 (D); for the �rst term of the sum, using Proposition 2.3.7 with f 2 L p
s we

obtain Z

D
jG(z)jpjr P [f ](z)jp(1 � j zj2)p� 2+ sdA(z) � Ckf kp

L p
s
:

For the second term we use the fact thatjr G(z)jp dAp;s(z) is an (s; p)-Carleson measure
and Lemma 2.3.9 to get

Z

D
jP [f ](z)jpjr G(z)jp(1 � j zj2)p� 2+ sdA(z) � Ckf kp

L p
s
:

Hencekgf kL p
s

� Ckf kL p
s

for all f 2 L p
s with P[f ](0) = 0 : So g 2 M (L p

s); which �nishes
the proof.

Now we can give a description of the multipliers ofL p
s in terms of (s; p)-Carleson

measures.

Theorem 2.3.11. Let 1 < p < 1 and 0 < s < 1; the following conditions are equivalent:

(i) g 2 M (L p
s)

(ii) g 2 L 1 (@D) and jr P[g](z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure.

Proof. The implication ( ii ) ) (i ) follows from Lemma 2.3.10. For the converse, let
g 2 M (L p

s). Without loss of generality we may think that P[g](0) = 0 : We start by
proving that g 2 L 1 (@D) using an argument from [Ch]. Consider the operator of
multiplication by g, then by the closed-graph theorem we have

kgf kp
L p

s
� C

�
kf kp

L p
s

+
�
�
�
Z 2�

0
f (ei� ) d�

�
�
�
p �

; for all f 2 L p
s:
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Taking ' (z) = g(z)=C1=p we have that

k' f kp
L p

s
� k f kp

L p
s

+
�
�
�
Z 2�

0
f (ei� ) d�

�
�
�
p
; for all f 2 L p

s:

Since 12 L p
s; we see that' 2 L p

s and so' n 2 L p
s with k' nkL p

s
� k ' kL p

s
; for n = 1 ; 2; � � � .

Note that

' n (eit )( f (eit ) � f (eiu )) = ( ' n f )(eit ) � (' n f )(eiu ) � f (eiu )( ' n (eit ) � ' n (eiu )) :

Hence,
Z 2�

0

Z 2�

0
j' (eit )jnp jf (eit ) � f (eiu )jp

jeit � eiu j2� s dt du

.
Z 2�

0

Z 2�

0

j(' n f )(eit ) � (' n f )(eiu )jp

jeit � eiu j2� s dt du

+
Z 2�

0

Z 2�

0
jf (eiu )jp

j' n (eit ) � ' n (eiu )jp

jeit � eiu j2� s dt du

= k' n f kp
L p

s
+

Z 2�

0

Z 2�

0
jf (eiu )jp

j' n (eit ) � ' n (eiu )jp

jeit � eiu j2� s dt du

� k f kp
L p

s
+

Z 2�

0

Z 2�

0
jf (eiu )jp

j' n (eit ) � ' n (eiu )jp

jeit � eiu j2� s dt du:

Now, let f be the identity function on @D, we then have
Z 2�

0

Z 2�

0
j' (eit )jnp jeit � eiu jp� 2+ s dt du

. 1 +
Z 2�

0

Z 2�

0

j' n (eit ) � ' n (eiu )jp

jeit � eiu j2� s dt du � C:

Therefore, sincen is arbitrary and the constant C is independent ofn, we havej' (� )j � 1
for almost every � 2 @D and sog 2 L 1 (@D):

Now we are going to show that the measurejr P[g](z)jp(1 � j zj2)p� 2+ sdA(z) is an
(s; p)-Carleson measure, that is,

Z

D
jf (z)jpjr P [g](z)jp(1 � j zj2)p� 2+ sdA(z) � Ckf kp

B p (s) ;

wheneverf is in Bp(s). Let f 2 Bp(s), since g 2 M (L p
s); we have that f b g 2 L p

s; so by
proposition 2.3.7,

Z

D
jr (fP [g])(z)jp(1 � j zj2)p� 2+ sdA(z)

� Ckfg kL p
s

� C
�

kf kp
L p

s
+ jf (0)jp

�
� Ckf kp

B p (s) :
(2.3.10)
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Furthermore, since g 2 L 1 (@D) then P[g] 2 L 1 (D) and we obtain
Z

D
jP [g](z)jpjr f (z)jp(1 � j zj2)p� 2+ sdA(z) � Ckf kp

B p (s) : (2.3.11)

Finally, using the inequalities (2.3.10) and (2.3.11), we get
Z

D
jf (z)jpjr P [g](z)jp(1 � j zj2)p� 2+ sdA(z)

.
Z

D
jr (fP [g])(z)jp(1 � j zj2)p� 2+ sdA(z)

+
Z

D
jP [g](z)jpjr f (z)jp(1 � j zj2)p� 2+ sdA(z)

� Ckf kp
B p (s) :

Therefore, the measurejr P[g](z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure
and the proof is complete.

As an immediate consequence of the previous results we can deduce the following
relationship between multipliers in Bp(s) and multipliers in L p

s.

Corollary 2.3.12. Let g be a bounded analytic function inD and let gb be its boundary
values so thatg = P[gb]: Then g 2 M (Bp(s)) if and only if gb 2 M (L p

s):

Proof. By Lemma L, the function g 2 M (Bp(s)) if and only if jg0(z)jp(1�j zj2)p� 2+ sdA(z)
is an (s; p)-Carleson measure. And using Theorem 2.3.11, this is equivalent to the fact
that gb 2 M (L p

s):

2.4 A �@-problem

A �@-problem with estimates

In the classical setting of bounded analytic functions, the Corona Theorem and the
characterization of interpolating sequences can be provedusing solutions of@-problems
with uniform estimates. In our situation the result we need is Theorem 2.4.2. We start
with the following more simple result.

Theorem 2.4.1. Let 1 < p < 1 and 0 � s < 1. If � 2 C(D); then there is a function
b 2 C(D) such that

@b
@z

= �

in the sense of distributions and such that the boundary value function bj@D
belongs to

L p
s: Moreover kbj@D

kL p
s

� Ck� kL p (dAp;s ) ; where C is an absolute constant.
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Proof. Consider the function

u(z) =
Z

D

� (w)
(z � w)

dA(w):

It is easy to check that u 2 C(D) and @u= �: We will show that uj@D
2 L p

s: Consider
the function

v(z) =
Z

D

� (w)
(1 � wz)

dA(w):

Observe that v(z) = z u(z) for all z 2 @D: So, it is su�cient to show that vj@D
2 L p

s: An
easy calculation tells

jr v(z)j .
Z

D

j� (w)j
j1 � wzj2

dA(w):

If we de�ne

T(� )(z) =
Z

D

� (w)
j1 � wzj2

dA(w);

Lemma H tells that T is a bounded operator fromL p(dAp;s) to itself. Since the function
� belongs toL p(dAp;s);

Z

D
jr v(z)jp(1 � j zj2)p� 2+ sdA(z) . kT(j� j)kL p (dAp;s ) . k� kL p (dAp;s ) < 1 :

So, by Lemma 2.3.6,vj@D
2 L p

s and the proof is �nished.

The main result of this section is the following.

Theorem 2.4.2. Let p > 1 and 0 � s < 1. Let � be a continuous function in D such
that j� (z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure (andj� (z)j(1 � j zj) � C
for 1 < p < 2), then there is a function b 2 C(D) such that

@b
@z

= � (z)

and such that the boundary value functionbj@D
belongs toM (L p

s):

The proof of Theorem 2.4.2 uses two auxiliary results.

Lemma 2.4.3. Let 1 < p < 1 ; 0 � s < 1: If j� (z)jp(1 � j zj2)p� 2+ s dA(z) is an (s; p)-
Carleson measure, thenj� (z)j dA(z) is a Carleson measure.
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Proof. Given a Carleson sectorS(I ); applying H•older's inequality and Lemma 2.3.4, one
has

Z

S(I )
j� (z)j dA(z) =

Z

S(I )
j� (z)j(1 � j zj2)

p� 2+ s
p (1 � j zj2)

� ( p� 2+ s)
p dA(z)

� C

 Z

S(I )
j� (z)jp(1 � j zj2)p� 2+ sdA(z)

! 1
p

�

 Z

S(I )
(1 � j zj2)

� q
p (p� 2+ s)dA(z)

! 1
q

� C jI j
s
p

 Z

S(I )

dA(z)

(1 � j zj2)
p� 2+ s

p� 1

! p� 1
p

� C jI j
s
p

�
jI j

p� s
p� 1

� p� 1
p

= C jI j

Here q satis�es 1
p + 1

q = 1 : Observe that in last line we have useds < 1:

The proof of Theorem 2.4.2 is based in the following beautiful result of P. Jones
[Jo1].

Theorem 2.4.4 (Jones). Let d� be a Borel measure onD such that dj� j is a classical
Carleson measure. Forz 2 D and � 2 D; consider

K (�; z; � ) =
2i
�

1 � j � j2

(1 � �z )(z � � )
exp

" Z

jwj�j � j

�
1 + w �
1 � w �

�
1 + wz
1 � wz

�
dj� j(w)

#

and

k� k1 = sup
I � @D

� (S(I ))
jI j

:

Then

S0(� )(z) =
Z

D
K

�
�

k� k1
; z; �

�
d� (� ) (2.4.1)

satis�es S0(� ) 2 L 1
loc(D) and @S0(� )=@z = � in the sense of distributions. Moreover, if

z 2 @D; then the integral in (2.4.1) converges absolutely and

sup
z2 @D

Z

D

�
�
�
�K

�
�

k� k1
; z; �

� �
�
�
� dj� j(� ) � Ck� k1:

In particular, S0(� ) 2 L 1 (@D) and kS0(� )kL 1 (@D) � Ck� k1:

Proof of Theorem 2.4.2. By hypothesis, j � (z)jp(1�j zj2)p� 2+ sdA(z) is an (s; p)-Carleson
measure, so applying Lemma 2.4.3,j � (z)j dA(z) is a classical Carleson measure. Without
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loss of generality we can assume that both Carleson norms aresmaller than 1. Let
b = S0(� ); where d� (z) = � (z) dA(z). Thus, by Theorem 2.4.4, the function b is de�ned
at almost every point of D and satis�es the equation @b=@z = � (z) in the sense of
distributions. Moreover, the boundary value function bj@D

lies in L 1 (@D): Our aim is to
verify that the boundary value function bj@D

lies in M (L p
s): For this purpose, consider

b� (z) =
2i
�

Z

D

1 � j � j2

j1 � �z j2
�

exp

" Z

jwj�j � j

�
1 + w �
1 � w �

�
1 + w z
1 � w z

�
j� (w)j dA(w)

#

� (� ) dA(� )

which satis�es b� (z) = z b(z); for any z 2 @D. Hence it is su�cient to prove that
b� 2 M (L p

s). Now write

b� (z) =
2i
�

Z

D
h1(z) h2(z) exp

 Z

jwj�j � j

1 + w �
1 � w �

j � (w)j dA(w)

!

� (� ) dA(� ); z 2 D;

where

h1(z) =
1 � j � j2

j1 � �z j2
; h2(z) = exp

 

�
Z

jwj�j � j

1 + w z
1 � w z

j� (w)j dA(w)

!

:

Sincedj � j (z) = j � (z)j dA(z) is a classical Carleson measure,

Re

 Z

jwj�j � j

1 + w �
1 � w �

j� (w)jdA(w)

!

=
Z

jwj�j � j
Re

�
1 + w �
1 � w �

�
j� (w)jdA(w)

� 2
Z

D

1 � j � j2

j1 � w � j2
j� (w)jdA(w) � C;

(2.4.2)

where the constantC is independent of� . Hencee� C � j h2(z)j � 1 for any z 2 D: The
main technical estimate in the proof is

jr b� (z)j � C
Z

D

j� (w)j
j1 � z w j2

dA(w): (2.4.3)

Observe that

jr b� (z)j � C
Z

D
(jh1(z)r h2(z)j + jh2(z)r h1(z)j) j� (� )j dA(� ):

Sincejh2j � 1, we have

jh2(z)r h1(z)j �
C

j1 � �z j2
:
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We also have

jh1(z)r h2(z)j � C
1 � j z � j

j1 � z � j2
jh2(z)j

Z

D

j� (w)j
j1 � w zj2

dA(w):

Lemma 2.1 in [Jo1] states that
Z

D

1 � j z � j

j1 � z � j2
exp

"

�
Z

jwj�j � j

1 � j zw j2

j1 � zw j2
j� (w)j dA(w)

#

j� (� )j dA(� ) � 1: (2.4.4)

Therefore Z

D
jh1(z)r h2(z)j j � (� )jdA(� ) � C

Z

D

j� (w)j
j1 � z w j2

dA(w);

and this �nishes the proof of (2.4.3). Since j� (z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-
Carleson measure, we apply Theorem 2.3.2 and obtain thatjr b� (z)jp(1�j zj2)p� 2+ sdA(z)
is also an (s; p)-Carleson measure. Givenz 2 D; by inequalities (2.4.2) and (2.4.4) we
have that

jb� (z)j � C
Z

D

1 � j � j2

j1 � �z j2
exp

 

�
Z

jwj�j � j
Re

�
1 + w z
1 � w z

�
j� (w)j dA(w)

!

j� (� )j dA(� )

� C
Z

D

1 � j z� j2

j1 � �z j2
exp

 

�
Z

jwj�j � j

1 � j z wj2

j1 � z wj2
j� (w)j dA(w)

!

j� (� )j dA(� ) � C:

Thus b� 2 L 1 (D); and Lemma 2.3.10 tells us that b� 2 M (L p
s) which �nishes the

proof.

The Corona Problem in M (Bp(s))

Let Y be a subalgebra (nonclosed) ofH 1 . If, for an arbitrary �nite set of functions
f 1; � � � ; f n 2 Y satisfying the condition

inf
z2 D

nX

j =1

jf j (z)j = � > 0:

there is a set of functionsg1; � � � ; gn 2 Y such that

f 1g1 + � � � + f ngn � 1;

then we will say that the corona problem is solvable in the algebraY . The corona
problem in H 1 is usually described with the help of solutions of@equations [Ga3].

It is easy to see thatM (Bp(s)) is a Banach algebra with the norm

kf kM (B p (s)) = supfk f g kB p (s) : g 2 Bp(s); kgkB p (s) = 1g:

Let 1 < p < 1 and 0 < s < 1; in this section we will consider the corona problem for the
algebra M (Bp(s)) : This was �rst proved by V. Tolokonnikov ([Tol]). Here we pres ent
an approach based on@techniques.



52 2. Interpolating sequences for Besov type spaces.

Theorem 2.4.5. Let 1 < p < 1 , 0 < s < 1 and f 1; :::; f n 2 M (Bp(s)) : Assume

inf
z2 D

nX

j =1

jf j (z)j = � > 0: (2.4.5)

Then there exist g1; � � � ; gn 2 M (Bp(s)) with

f 1g1 + � � � + f ngn � 1: (2.4.6)

Proof. By normal families, we may assume thatf 1; � � � ; f n are holomorphic in a neigh-
borhood of the closed unit disc. As in the classical case of bounded analytic functions,
the proof is based on solutions of@-problems with appropriate estimates. Take

' j (z) =
f j (z)

P n
l=1 jf l (z)j2

; j = 1 ; :::n:

By (2.4.5), the denominator is bounded below. So,

' j 2 C1 (D); k' j k1 � � � 1kf j k1 < 1 ; f 1' 1 + ::: + f n ' n � 1 on D:

Observe that jr ' j (z)j � C(�; n )
P n

j =1 jf 0
j (z)j: So, jr ' j (z)jp(1 � j zj2)p� 2+ sdA(z) is an

(s; p)� Carleson measure. Hence Lemma 2.3.10 tells that' j 2 M (L p
s). The di�culty is

that ' j may not be analytic on D: To rectify that, we write

gj (z) = ' j (z) +
nX

k=1

(bj;k (z) � bk;j (z)) f k (z)

where the functions bj;k to be determined will be the solution of a certain @� problem.
It is obvious that

f 1g1 + ::: + f ngn � 1 on D:

We want the functions gj to be analytic and this will follow if we can �nd solutions bj;k

of the @� problems
@ bj;k = ' j @ 'k ; j ; k = 1 ; :::; n: (2.4.7)

Finally, since gj should lie in M (Bp(s)) ; we will needbj;k 2 M (L p
s). A calculation shows

@'k
@z

=
f 0

kP
jf l j2

�
f k

P
f l f 0

l

(
P

jf l j2)2 =

P
f l (f l f 0

k � f k f 0
l )

(
P

jf l j2)2 :

Thus, j' j @'k j � C(� )
P

l jf 0
l j. Hence

sup
z2 D

j' j (z)@'k (z)j(1 � j zj) � C sup
z2 D

nX

l=1

jf 0
l (z)j(1 � j zj) � C:
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Observe also that since

jf 0
l (z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure, forl = 1 ; :::; n

then j' j (z) @ 'k (z)jp(1 � j zj2)p� 2+ sdA(z) is also an (s; p)-Carleson measure. Applying
Theorem 2.4.2, the equation (2.4.7) has a solutionbj;k 2 M (L p

s): So, gj 2 M (L p
s) for

j = 1 ; :::; n and Corollary 2.3.12 tells that gj 2 M (Bp(s)) for j = 1 ; :::; n:

Fe�erman-Stein decomposition

As is well known, there is a close relation between@-equations and theFe�erman-Stein
decomposition asserting that any f 2 BMO (@D) can be decomposed intof = u + ev;
where u; v 2 L 1 (@D) and ev means the conjugate function ofv: So, it is not surprising
that solving @-equations with appropriate estimates leads to the following result. Also,
it should be recalled that M (L p

s) � L 1 (@D):

Theorem 2.4.6. Let 1 < p < 1 ; 0 < s < 1, f 2 L p(@D) and let P[f ] denote the
Poisson extension of the functionf: Assume

jr P[f ](z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure,

then f = u + i ev; where u; v 2 M (L p
s):

Proof. Without loss of generality we may assume that f is a continuous real valued
function. Consider the @-problem

@ b= @ P[f ]:

Sincejr P[f ](z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure then

sup
z2 D

jr P [f ](z)j(1 � j zj) � C:

So, by Theorem 2.4.2, there exists a solutionb of the previous @-problem such that
b 2 M (L p

s). Observe that the function P[f ] � b is analytic on D: So,

P[f ] � b = h + i eh; where h and eh are harmonic conjugate functions.

Since f is real valued, we have that a.e. on@D; f = Re b+ h = u + ev; where u = Re b
and v = eh = � Im b : Thus, sinceb 2 M (L p

s); this �nishes the proof.
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2.5 Interpolating sequences for Bp(s)

Consider the point evaluation functional

Tn : Bp(s) �! C
f 7�! f (zn )

A sequence of pointsf zng � D is called an interpolating sequencefor the Besov type

spaceBp(s) if the map f 7!
n

f (zn )
kTn k

o
transforms Bp(s) onto and into lp, where kTnk

denotes the norm of the point-evaluation functional at zn : Using the pairing in section
2.2 and the reproducing kernel, Lemma 2.2.2 tells that the norm of the point evaluation
functional is comparable to

kkzn kB q (s) �
1

(1 � j zn j2)s=p
:

The corresponding notion of interpolating sequences for the multiplier spaceM (Bp(s))
consists on the sequencesf zng � D for which the map g 7! f g(zn )g transforms the space
of multipliers of Bp(s) onto l1 :

The characterization of the interpolating sequences for both spaces is given in the
following theorem which is the main result of this Chapter.

Theorem 2.5.1. Let 1 < p < 1 and 0 < s < 1. Let f zng be a sequence of points in
the unit disc D. The following conditions are equivalent:

(M) Z is an interpolating sequence forM (Bp(s)) .

(UIS) Z is an interpolating sequence forBp(s).

(CS) Z is a separated sequence and� Z =
P

zn 2 Z (1 � j zn j2)s� zn is an (s; p)-Carleson
measure.

We point out that in the case p = 2, Theorem 2.5.1 was �rst proved in [Bo2] and
after in [Xi]. When s = 0, that is, when working with functions in the classical Besov
spaces, the result was proved by C. Bishop [Bi] and Marshall&Sundberg [MS2] forp = 2.
The general case 1< p < 1 and s = 0 is due to B. Boe [Bo1].

2.5.1 Necessity of condition (CS)

(M) ) (CS)

In this section we will prove that ( CS); that is,

� Z is a separated sequence (S)

� � Z =
P

zn 2 Z (1 � j zn j2)s� zn is an (s; p)-Carleson measure (C)
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are necessary conditions for a sequencef zng to be interpolating for M (Bp(s)) : Sincef zng
is an interpolating sequence forM (Bp(s)) � H 1 ; in particular f zng is an interpolating
sequence forH 1 : Then, the separation condition follows. For the proof of thenecessity
of the Carleson measure condition (C) we will need the following Lemma for the case
1 < p � 2:

Lemma 2.5.2. Let 1 < p � 2, and 0 < s < 1. If f zng is an interpolating sequence for
M (Bp(s)) then

sup
z2 D

1X

k=1

(1 � j zj2)s (1 � j zk j2)s

j1 � �zkzj2s < 1 :

A proof of this Lemma can be done using a result in [NX, Theorem1.3]. Lemma
2.5.2 can also be proven by combining Khinchin's inequality(2.5.1) and a reproducing
formula for Bp(s):

The necessity of the Carleson measure condition (C) in Theorem 2.5.1 will follow
from an argument which combines Khinchin's inequality and areproducing formula for
Bp(s): The idea goes back to N. Varopoulos [Va]. To be precise, given�nitely many
complex numbersw1; :::; wn ; consider the 2n possible sums

nX

j =1

� wj

obtained as the plus-minus signs vary in the 2n possible ways. Forr > 0 we use

E

0

@
�
�
�

nX

j =1

� wj

�
�
�
r

1

A

to denote the average value of
�
�
�

nX

j =1

� wj

�
�
�
r

over the 2n choices of sign.Khinchin's inequality states an estimate on the expectation
below,

E

0

@
�
�
�

nX

j =1

� wj

�
�
�
r

1

A � Cr

0

@
nX

j =1

jwj j2

1

A

r=2

(2.5.1)

whereCr is a constant that does not depend on "n" (see [Ga3, p. 302]). Actually Cr = 1
if r � 2: This inequality will be used in the reproducing formula for Bp(s):

Suppose now that (M) holds. Let " j
k = � 1 and let gj 2 M (Bp(s)) with gj (zk ) = " j

k ;
for k; j = 1 ; 2; � � � : Let f 2 Bp(s); without loss of generality we may think f (zn ) 6= 0 for
all n = 1 ; � � � : Applying the reproducing formula (2.2.3) we obtain

(f g j )(zk ) = ( f g j )(0) +
Z

D
(f g j )0(w)k0

zk
(w)(1 � j wj2)sdA(w); (2.5.2)
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where

k0
zk

(w) =
1 � (1 � wzk )1+ s

w(1 � wzk )1+ s :

In particular, by (2.2.6),

jk0
zk

(w)j .
1

j1 � wzk j1+ s : (2.5.3)

Observe that if 0 < r � 1, then

X
jak j �

� X
jak jr

� 1=r
: (2.5.4)

Fix n > 1; and j = 1 ; � � � : By (2.5.2), we have

nX

k=1

jf (zk )jp(1 � j zk j2)s =
nX

k=1

" j
k (f g j )(zk )f (zk )jf (zk )jp� 2(1 � j zk j2)s

= ( f g j )(0)
nX

k=1

" j
k f (zk )jf (zk )jp� 2(1 � j zk j2)s

+
nX

k=1

" j
k

� Z

D
(f g j )0(w) k0

zk
(w) (1 � j wj2)sdA(w)

�
f (zk )jf (zk )jp� 2(1 � j zk j2)s

= I 1 + I 2

We will compute the expectation of both sides of this identity. Let q be the conjugate
exponent ofp. Sincejf (0)j � k f kB p (s) for all f 2 Bp(s); applying Khinchine's inequality
with r = 1,

E(jI 1j) � Ckfg kB p (s) E

 �
�
�

nX

k=1

" j
k f (zk )jf (zk )jp� 2(1 � j zk j2)s

�
�
�

!

� Ckf kB p (s)

 
nX

k=1

jf (zk )j2(p� 1)(1 � j zk j2)2s

! 1=2

:

� If p � 2, then 2(p � 1) � p, and therefore, applying (2.5.4) with r = p
2(p� 1) = q=2 � 1

we get

E(jI 1j) � Ckf kB p (s)

 
nX

k=1

jf (zk )jp (1 � j zk j2)qs

! 1=q

� Ckf kB p (s)

 
nX

k=1

jf (zk )jp (1 � j zk j2)s

! 1=q

:
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� If 1 < p < 2 we apply Holder's inequality with exponent q=2 > 1 to get

E(jI 1j) � Ckf kB p (s)

 
nX

k=1

jf (zk )jq(p� 1)(1 � j zk j2)2s

! 1=q  
nX

k=1

(1 � j zk j2)2s

! 2� p
2p

� Ckf kB p (s)

 
nX

k=1

jf (zk )jp(1 � j zk j2)s

! 1=q

;

by Lemma 2.5.2 with z = 0 : Let us now estimate the expected value of the second term
I 2: Applying Fubini and H•older's inequality, we obtain that E(jI 2j) equals

E

 �
�
�
Z

D
(f g j )0(w)

 
nX

k=1

" j
k k0

zk
(w) f (zk )jf (zk )jp� 2(1 � j zk j2)s

!

(1 � j wj2)sdA(w)
�
�
�

!

� k f g j kB p (s)

 Z

D
E

 �
�
�

nX

k=1

" j
k k0

zk
(w) f (zk )jf (zk )jp� 2(1 � j zk j2)s

�
�
�
q
!

(1 � j wj2)s+( q� 2)dA(w)

! 1=q

:

Now, by Khinchine's inequality (2.5.1) with r = q; the last expression can be bounded
above by constant times

kf kB p (s)

0

@
Z

D

 
nX

k=1

j k0
zk

(w)j2jf (zk )j2(p� 1)(1 � j zk j2)2s

! q=2

(1 � j wj2)q� 2+ sdA(w)

1

A

1=q

:

� If p � 2, we use (2.5.4) withr = q=2 � 1 and (2.5.3) to obtain

E(jI 2j) . kf kB p (s)
 Z

D

� nX

k=1

j k0
zk

(w)jq � j f (zk )jq(p� 1)(1 � j zk j2)qs
�

(1 � j wj2)q� 2+ sdA(w)

! 1=q

. kf kB p (s)

 
nX

k=1

jf (zk )jp(1 � j zk j2)qs
Z

D

(1 � j wj2)q� 2+ s

j1 � wzk j(1+ s)q
dA(w)

! 1=q

. kf kB p (s)

 
nX

k=1

jf (zk )jp(1 � j zk j2)s

! 1=q

;

after an application of Lemma J.
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� If 1 < p < 2, we apply estimate (2.5.3) and use H•older's inequality with exponent
q=2 � 1. Then we apply Lemma 2.5.2 to obtain

E(jI 2j) . kf kB p (s)
 Z

D

� nX

k=1

jf (zk )jp
(1 � j zk j2)s+ qs

2

j1 � �wzk jq+2 s

� � nX

k=1

(1 � j zk j2)s

j1 � �wzk j2s

� (q� 2)=2
(1 � j wj2)q� 2+ sdA(w)

!1=q

. kf kB p (s)

 Z

D

� nX

k=1

jf (zk )jp
(1 � j zk j2)s+ qs

2

j1 � �wzk jq+2 s

�
(1 � j wj2)

� s ( q � 2)
2 (1 � j wj2)q� 2+ sdA(w)

!1=q

= kf kB p (s)

 
nX

k=1

jf (zk )jp (1 � j zk j2)s+ qs
2

Z

D

(1 � j wj2)q+2 s� 2� s q
2

j1 � �wzjq+2 s dA(w)

!1=q

. kf kB p (s)

 
nX

k=1

jf (zk )jp (1 � j zk j2)s+ qs
2 (1 � j zk j2) � s q

2

!1=q

= kf kB p (s)

 
nX

k=1

jf (zk )jp (1 � j zk j2)s

!1=q

;

after an application of Lemma J. Then,

nX

k=1

jf (zk )jp(1 � j zk j2)s � E (jI 1j) + E(jI 2j) � Ckf kB p (s)

� nX

k=1

jf (zk )jp(1 � j zk j2)s
� 1=q

;

where the constantC is independent ofn. So we can conclude that

X

k� 1

jf (zk )jp(1 � j zk j2)s � Ckf kp
B p (s) :

Hence X

zn 2 Z

(1 � j zn j2)s� zn is an (s; p)-Carleson measure,

and the proof is �nished. Note that we only use Lemma 2.5.2 when 1 < p < 2:

(UIS) ) (CS)

Let kz be the reproducing kernel associated to the pairing

hf; h i s = f (0)h(0) +
Z

D
f 0(z)h0(z) (1 � j zj2)s dA(z);

de�ned for f 2 Bp(s) and h 2 Bq(s). By Lemma 2.2.2,

kkzkp
B q (s) �

1
(1 � j zj2)s :
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Assume that the map T : f �!
n

f (zn )
kkzn kB q( s)

o
from Bp(s) to lp; is bounded and onto.

We want to see that the measured� =
P

(1 � j zn j2)s� zn is an (s; p)-Carleson measure,
that is, Z

D
jf (z)jpd� (z) � Ckf kp

B p (s) for all f 2 Bp(s):

This follows easily from the boundedness ofT. Actually if f 2 Bp(s) one has
Z

D
jf (z)jpd� (z) =

X
jf (zn )jp(1 � j zn j2)s � C

X jf (zn )jp

kkzn kp
B q (s)

� Ckf kp
B p (s)

using the fact that the operator T is bounded.

Now we will see that the sequencef zng is separated. Supposezn ; zm 2 Z with
� (zn ; zm ) � 1: Then, by Lemma 2.2.1,

kkzn � kzm kB q (s) � C
jzn � zm j

(1 � j zn j2)1+ s=p
:

Consider the sequencef wkg given by wn = 1 and wk = 0 for k 6= n: By hypothesis
(UIS), there exists a function f 2 Bp(s) with f (zk ) = wk for k = 1 ; � � � . Moreover by
the open mapping Theorem, we may assume

kf kp
B p (s) .

X jf (zm )jp

kkzm kp
B q (s)

=
1

kkzn kp
B q (s)

Hence form 6= n; one has

kf kB p (s) � C
jf (zn ) � f (zm )j

kkzn kB q(s)
� C

j < f; k zn � kzm > j
(1 � j zn j2) � s=p

� C
kf kB p (s)kkzn � kzm kB q (s)

(1 � j zn j2) � s=p
:

So,
kkzn � kzm kB q (s) � C(1 � j zn j2) � s=p:

Since� (zn ; zm ) � 1; we have 1� j zn j2 � j 1 � zm zn j; and Lemma 2.2.1 gives

C �
kkzn � kzm kB q (s)

(1 � j zn j2) � s=p
� C

jzn � zm j(1 � j zn j2)s=p

(1 � j zn j2)1+ s=p
� C

jzn � zm j
j1 � zm zn j

= C� (zn ; zm ):

So, � (zn ; zm ) � C and the sequencef zng is separated.

2.5.2 Su�ciency of condition (CS)

(CS) ) (UIS)

Given a separated sequencef zng � D such that � =
P

n (1 � j zn j2)s� zn is an (s; p)-
Carleson measure, consider the map

T : Bp(s) �! lp

f �!
n

f (zn )
kkzn kB q( s)

o
:
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We want to see that the mapT is bounded and onto. Recall thatkkzkp
B q (s) � (1� j zj) � s.

Since� is an (s; p)-Carleson measure, we deduce











f (zn )
kkzn kB q (s)












p

lp

�
X

n

jf (zn )jp(1 � j zn j)s =
Z

D
jf (z)jpd� (z) . kf kp

B p (s) ;

for all f 2 Bp(s): So the mapT is bounded.

To see that T is also onto, consider an arbitrary sequencef wng 2 lp: We will �nd a
function f 2 Bp(s) with

f (zn )
kkzn kB q (s)

= wn ; for n = 1 ; 2; � � � :

By a normal family argument we may assume that the sequencef zng is �nite and
0 =2 f zng. Let D (z; r ) denote the pseudohyperbolic disc of centerz and pseudohyperbolic
radius r. Since f zng is separated, there exists" > 0 such that the pseudohyperbolic
discs f D (zn ; 2" ) : n = 1 ; 2; � � � g are pairwise disjoints. With standard arguments, we
construct a smooth function ' with the following properties:

(a) ' (z) = wnkkzn kB q (s) for z 2 D(zn ; " );

(b) ' vanishes outside[ nD(zn ; 2" );

(c) (1 � j zj)jr ' (z)j � Cjwn j kkzn kB q (s) for all z 2 D(zn ; 2" );

Using the above conditions and Lemma 2.2.2,
Z

D
jr ' (z)jp(1 � j zj2)p� 2+ sdA(z)

.
NX

n=1

Z

D (zn ;2" )
jwn jp kkzn kp

B q (s) (1 � j zj)s� 2 dA(z) � Ckwnkp
lp ;

where C is an absolute constant non depending onN , the number of points of the
sequence. LetB (z) be the Blaschke product with zerosf zng and let � be a positive
constant. By (2.3.4),

P
(1 � j zn j)� zn is a Carleson measure, and there exists a constant

C > 0 such that jB (z)j � C for any z 2 D with inf � (z; zn ) � � . HencejB (z)j � C for
all z 2 supp(@'(z)) ; thus

@'
B

2 C(D):

So, by Theorem 2.4.1, we can solve the�@-equation

@b=
1
B

@'
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in the variable function b obtaining a solution b 2 L p
s with

kbkp
L p

s
� C

Z

D
jr ' (z)jp(1 � j zj2)p� 2+ sdA(z):

Without loss of generality we may assumeb(0) = 0 : Consider now the function

f = ' � Bb:

Hencef is analytic in the unit disc D and

f (zn ) = ' (zn ) = wn ; for n = 1 ; 2; � � � :

It only remains to prove that the function f is in Bp(s): By Lemma 2.3.5, the Blaschke
product B 2 M (Bp(s)) : HenceBb 2 L p

s with kBbkL p
s

� CkbkL p
s

and thus f j@D 2 L p
s: By

Corollary 2.3.8 we conclude that the function f 2 Bp(s) with

kf kB p (s) � Ckf j@DkL p
s

� CkbkL p
s

� Ckwnklp ;

where C is an absolute constant not depending on the number of pointsN .

(CS) ) (M)

Let Z be a separated sequence such that� Z =
P

zn 2 Z (1� j zn j2)s� zn is an (s; p)-Carleson
measure. We want to see thatZ is an interpolating sequence forM (Bp(s)). Before pro-
ving this, we will present some auxiliary results.

Let W = f wng be a sequence of values with supn jwn j � 1. By a normal family argument
we may assume that the sequencef zng is �nite and 0 =2 f zng. SinceZ = f zng is sepa-
rated, there exists" > 0 such that the pseudohyperbolic discsf D (zn ; 2" ) : n = 1 ; 2; � � � g
are pairwise disjoints. With standard arguments, we construct a smooth solution ' of
the interpolating problem with the following properties:

(a) ' (z) = wn for z 2 D(zn ; " );

(b) ' vanishes outside[ nD(zn ; 2" );

(c) 0 � j ' j � 1 everywhere onD;

(d) (1 � j zj)jr ' (z)j � C for all z 2 D;

Claim 2.5.3. Let ' be a function in D with the above properties, then the measure
d� ' (z) = jr ' (z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure.
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Proof. Let Dn be the pseudohyperbolic disc centered atzn and pseudohyperbolic radius
2"; and let f 2 Bp(s). Since ' is supported in [ Dn and (1 � j zj)jr ' (z)j � C; we have

Z

D
jf (z)jpjr ' (z)jp(1 � j zj2)p� 2+ sdA(z) .

X

n

Z

D n

jf (z)jp(1 � j zj2)s� 2dA(z)

.
X

n

jf (zn )jp(1 � j zn j2)s +
X

n

Z

D n

jf (z) � f (zn )jp(1 � j zj2)s� 2dA(z):

Since
P

n (1 � j zn j2)s� zn is an (s; p)-Carleson measure,

X

n

jf (zn )jp(1 � j zn j2)s � Ckf kp
B p (s) :

So, if we show that

X

n

Z

D n

jf (z) � f (zn )jp(1 � j zj2)s� 2dA(z) � Ckf kp
B p (s)

we obtain

Z

D
jf (z)jpjr ' (z)jp(1 � j zj2)p� 2+ sdA(z) � Ckf kp

B p (s) ;

proving that the measure jr ' (z)jp(1 � j zj2)p� 2+ sdA(z) is an (s; p)� Carleson measure.
Let z; zn 2 Dn ; the reproducing formula (2.2.3) for Bp(s) and inequality (2.2.5) tell that

jf (z) � f (zn )j =

�
�
�
�

Z

D
f 0(w)

�
k0

z(w) � k0
zn (w)

�
(1 � j w2j)sdA(w)

�
�
�
�

� C
Z

D
jf 0(w)j

jz � zn j
j1 � wzj2+ s (1 � j wj2)sdA(w):

Chooset > 0 with max(0; 2� p) < tp + 1 + s� min(1; p� 1): Then, by H•older's inequality
and Lemma J,

jf (z) � f (zn )jp . (1 � j zj2)p
� Z

D
jf 0(w)jp

(1 � j wj2)tp

j1 � wzj2+ s dAp;s(w)
�

�
� Z

D

(1 � j wj2) � tq

j1 � wzj2+ s dAq;s(w)
� p� 1

.
� Z

D
jf 0(w)jp

(1 � j wj2)tp

j1 � wzj2+ s dAp;s(w)
�

(1 � j zj2)2� tp :
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Hence, by Fubini's theorem and Lemma J we obtain

X

n

Z

D n

jf (z) � f (zn )jp (1 � j zj2)s� 2dA(z)

.
X

n

Z

D n

� Z

D
jf 0(w)jp

(1 � j wj2)tp

j1 � wzj2+ s dAp;s(w)
�

(1 � j zj2)s� tp dA(z)

�
Z

D
jf 0(w)jp

� Z

D

(1 � j zj2)s� tp

j1 � wzj2+ s dA(z)
�

(1 � j wj2)tp dAp;s(w)

.
Z

D
jf 0(w)jp dAp;s(w) � k f kp

B p (s)

Note that the conditions on t ensures that the application of LemmaJ is correct. So,
the proof is complete.

Once we have the function'; consider the Blashcke productB (z) with zeros at the
points f zng. Since as before,jB (z)j � C for all z 2 supp(@'(z)) ; we have

�
�
�
�
@'(z)
B (z)

�
�
�
�

p

(1 � j zj2)p� 2+ s � Cjr ' (z)jp(1 � j zj2)p� 2+ s

so, by Claim 2.5.3,
�
�
�
�
@'(z)
B (z)

�
�
�
�

p

(1 � j zj2)p� 2+ sdA(z) is an (s; p)-Carleson measure.

By Theorem 2.4.2, we can solve the�@-equation

@b=
1
B

@'

in the variable function b obtaining a solution b 2 M (L p
s) with b(0) = 0 and

kbkL p
s

� C
Z

D
jr ' (z)jp (1 � j zj2)p� 2+ sdA(z):

Consider now
g = ' � Bb:

By construction, g is analytic in the unit disc D and g(zn ) = ' (zn ) = wn ; n = 1 ; 2; � � � :
It only remains to prove that the function g 2 M (Bp(s)) : By Lemma 2.3.5, the Blaschke
product B 2 M (Bp(s)) with kBbkL p

s
� CkbkL p

s
; so g 2 M (L p

s): Since g 2 C(D) then
g = P[gj@D

] and applying Corollary 2.3.12 we get that g 2 M (Bp(s)) with

kgkB p (s) � Ckr ' kL p (dAp;s ) ;

where C is an absolute constant not depending onN , the number of points of the
sequencef zng.
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(CS) ) (M): A constructive proof

J.P. Earl gave a method to construct a bounded analytic function having prescribed
bounded values on a uniformly separated sequence. See [Ea] or [Ga3, VII.5].

Theorem M (Earl). Let f zng be a sequence in the unit discD such that

Y

j 6= k

�
�
�
�

zk � zj

1 � zj zk

�
�
�
� � �; k = 1 ; 2; :::: (2.5.5)

Then there is a constantC = C(f zng) > 0 such that wheneverf wng 2 l1 ; there exist
f � ng satisfying

� (� n ; zn ) �
�
3

and
Y

j 6= k

�
�
�
�
�

� k � � j

1 � � j � k

�
�
�
�
�

� �=3; k = 1 ; 2; :::

such that the function

g(z) = C
�

sup
n

jwn j
�

B (z);

where B(z) is the Blaschke product with zerosf � ng satis�es

g(zn ) = wn ; n = 1 ; 2; ::::

Let f zng be a separated sequence with
P

(1 � j zn j)s� zn an (s; p)-Carleson measure,
and let f wng 2 l1 : Using Earl's result we will show that the interpolation prob lem
g(zn ) = wn can be solved with a multiple of a Blaschke productB 2 M (Bp(s)) : In fact,
by (2.3.4), it follows that

P
(1 � j zn j2)� zn is a classical Carleson measure. Hence (2.5.5)

holds, and applying J.P. Earl's result stated above, we obtain a Blaschke productB with
zerosf � ng such that a multiple of B solves the interpolation problem. By proposition
2.3.5, if

P
n (1 � j � n j2)s� � n is an (s; p)-Carleson measure then the Blaschke productB is

in M (Bp(s)) : So we will be �nished if we prove the following result.

Lemma 2.5.4. Let f zng be a separated sequence of points inD with � (zn ; zm ) � � for
m 6= n, and suppose that

P
(1 � j zn j)s� zn is an (s; p)-Carleson measure. Letf � kg be a

sequence of points in the unit disc such that

� (� k ; zk ) � �=3; k = 1 ; 2; :::

for some �xed � > 0: Then
P

(1 � j � k j)s� � k is also an (s; p)-Carleson measure.

Proof. Let f 2 Bp(s): Since� (zn ; � n ) � �=3 then 1� j zn j � 1 � j � n j: So,

X
jf (� n )jp (1 � j � n j2)s . (I ) + ( II );
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where (I ) =
P

jf (zn )jp (1 � j zn j2)s and (II ) =
P

jf (zn ) � f (� n )jp (1 � j zn j2)s: Now, since
P

(1 � j zn j2)s� zn is an (s; p)-Carleson measure, (I ) � Ckf kp
B p (s) : For the other term,

since jf 0j is a subharmonic function,

jf (zn ) � f (� n )j �
Z


 n

jf 0(� )j ds(� ) �
Z


 n

1
jD � j

Z

D �

jf 0(w)jdA(w) ds(� );

whereD � is the pseudohyperbolic disc of center� and radius �=6 and 
 n is the hyperbolic
geodesic joiningzn and � n . Since � (zn ; � n ) � �=3; one hasD � � eDzn for any � 2 
 n ;
where eDzn is the pseudohyperbolic disc of centerzn and radius �=2: Observe that jD � j �
(1 � j zn j)2 and that jzn � � n j . 1 � j zn j. Then,

jf (zn ) � f (� n )j .
Z


 n

1
(1 � j zn j)2

Z

eD zn

jf 0(w)j dA(w) ds(� ) .
1

(1 � j zn j)

Z

eD zn

jf 0(w)j dA(w):

Since� (zn ; zm ) � � for m 6= n; the discs eDzn are pairwise disjoint and �nally

(II ) =
X

jf (zn ) � f (� n )jp (1 � j zn j2)s

.
X 1

(1 � j zn j)p

 Z

eD zn

jf 0(w)jdA(w)

! p

(1 � j zn j2)s

.
X

 Z

eD zn

jf 0(w)j(1 � j wj2) � 1+ s=pdA(w)

! p

�
X

 Z

eD zn

jf 0(w)jp(1 � j wj2)p� 2+ sdA(w)

! � Z

eD n

(1 � j wj2) � 2
� p=q

.
X Z

eD zn

jf 0(w)jp(1 � j wj2)p� 2+ sdA(w) � k f kp
B p (s) :

So,
P

(1 � j zn j2)� zn is an (s; p)-Carleson measure.
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