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Introduction Vii

Introduction

Let H! be the algebra of bounded analytic functions in the open unitdisc D: A sequence
of points fz,g D is an interpolating sequence forH?! if for any sequence of bounded
values fwng there exists a bounded analytic functionf in D with f(z;) = wy for all
n=1;2, . Inthe 50s; R.C. Buck posed the following problem. Does there exist
in nite interpolating sequences for H! ? R. C. Buck, A. Gleason and D. Newman [Ney]
obtained partial results and W. Hayman [Hay]] proved that the condition

Y
inf Zn_Z

k 1 z,z¢
né k n<k

>0 (0.0.1)

is necessary. He also showed that a slightly stronger conddn is also su cient. In 1958,
L. Carleson [Cal] showed that, in fact, the condition is also su cient.

Teorema A. [Cal] Let fz,g be a sequences of points in the unit disD; the following
conditions are equivalent.

(@) The sequencef z,g is an interpolating sequence forH?! ; that is, any interpolation
problem
f(z)=wy, n=1;2::

with sup, jwnj < 1 has a solutionf 2 H? :
(b) There exists a constant > 0 such that

Yooz, oz

_— k =1;2;::
l an 1 1

né k

(c) The sequencef z,g is separated, that is, there exists a constant > 0 with

Zn  Zg

_— c; forn 6 k
1 z,zZ

(zny2¢) =

and there exists a constantC > 0 such that for all Carleson squaresQ(z) the
estimate X
(1 Jzj) CQAjz) (0.0.2)
202 Q(2)
holds.

HereQ(z) = fw2 D : jArgz Argwj 1jz),1ljw 1jzgforz2 DnfOg
is the Carleson squareshown in gure f] and Q(0) = D.
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Figure 1: a Carleson squareQ(z)

Let be a positive Borel measure in the unit discD: We say that is a Carleson
measure if there exists a constantC > 0 such that

(Q(z)) C@ j z);

for all Carleson squaresQ(z): Then, the condition (D.0.3) can be rewritten saying that

X
= (1 j znj) z, is a Carleson measure.

n
The broad impact of Lennart Carleson's Theorem is stressedyPeter Jones in his tribute
to Carleson's work in analysis. "This result is now understood to be one of the pillars of
function theory, and it shows up in areas ranging from the cosna problem to operator
theory (and many places between)[Jo2].
Carleson's Theorem has been explored at least in two direatins, which correspond
to the attempt of understanding:

The role played by the analyticity.
The role played by the boundedness of the functions.
This memory consists on two chapters related to these two diections. Both chapters

are independent and can be read separately.

In the rst chapter we study an interpolation problem for pos itive harmonic func-
tions. But before posing the problem, we will mention some kown results in some
function spaces. In the 78, L. Carleson and J. Garnett considered the problem of cha-
racterizing the interpolating sequences foh?! ; the space of bounded harmonic functions
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in the unit disc. A sequence of pointsf z,g in the unit disc is said to be aninterpolating
sequence forh! if for any bounded sequence of value$wyg there exists a function
f 2 ht with f(zn)= w, forall n=1;2;

In 1975, L. Carleson and J. Garnett proved the following resit that gives a descrip-
tion of the interpolating sequences for bounded harmonic factions in the unit disc D:
This description turns out to be identical to the characterization of the interpolating
sequences for the spackl * :

Teorema B. [CG] A sequence of pointsfz,g D is an interpolating sequence for

h! (D) if and only if fz,g is separated and there exists a constan€ > 0 such that
X
(1jzj) CQ]jz)
zn 2 Q(2)

for any Carleson squareQ(z):

If we consider the interpolation problem for bounded harmorc functions in the
upper half plane R2; the situation is analogous to Theorem B. L. Carleson and J.
Garnett studied also the problem of characterizing the intepolating sequences for the
spaceh! (R%*1) of bounded harmonic functions in the upper half spaceR%*! = RY R*,
for d > 1, but the result that they obtained was weaker because the prof in the case
d = 1 uses complex variable tools. Given a point k;y) 2 R4 we de ne the Carleson
cube Q associated to the point f;y) asQ = f(b;f) 2 RY R* : jx b <I(Q); 0<t<
1(Q)g; wherel(Q) = y: We also say that asequenceof points fz,g in R%*? is separated
if infnem (2n;zm) > 0; where (z;w) is the hyperbolic distance between the points
z;w 2 R%Y: The interpolation result for h' (R%*1) is the following one.

Teorema C. [CG] Let dP> 1: Given a sequence of point§z, = (Xn;yn)g in R,
consider the measure =, yd , : Then,

(@) If fz,g is an interpolating sequence forh! (R‘f’l) then fz,g is separated and the
measure satises (Q) CI(Q)Y for any Carleson cubeQ:

(b) If fz,g is a separated sequence and the measure satis es that (Q) Cl(Q)d
for any Carleson cubeQ; then we can split the sequencéz,g in a nite union of
subsequences; i =1; 'N;

fzng= 1] [ N

such that for anyi;j = 1;::; N; the sequence ;[ ; is an interpolating sequence
for h! (R9*1):

It is not known if the necessary conditions in part (a) of Theorem C are also su cient
except in dimensiond = 1. Under some stronger conditions on the sequence, L. Card®n
and J. Garnett proved that the sequence is an interpolating gquence.
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Teorema D. [CG] Given a sequence of points (Xn;yn)g in R, suppose that there
exist constantsC; ¢ > 0 such that for anyn, there exists a pointb, 2 RY, with jx, bnj <
Cyn and such that the ballsx 2 R : jx b,j <cyng are pairwise disjoint. Then the
sequencef (xn;yn)g is an interpolating sequence forh! (R$*1):

N. Varopoulos [Va] and L. Carleson [Ca3] obtained independatly necessary condi-
tions for interpolation problems in more general contexts were, instead of considering
harmonic extensions of bounded functions ir@; they consider convolution against more
general kernels than the Poisson kernel.

In 1994, K. Dyakonov [Dy] studied the problem of characteriang the interpolating
sequences in spaces of bounded functions with integrable tkels. If we consider the
particular case of the Poisson kernel, K. Dyakonov's resulttells us that if there exist
pairwise disjoint Borel subsetsE, in RY such that

inf (zn; En;RY1) > %
then fz,g is an interpolating sequence forh® (Rﬁf*l): Here,! (zn;En; Rf*l) denotes the
harmonic measure of the subsekE, from the point z,:

Let 1 < p < 1;E. Amar [Am] in the last 70s stated an interpolation problem
for the spacehP(R%*!) of harmonic functions in the upper half spaceRY*! obtained
from Poisson integrals of functions inLP(RY): Given a sequence of point§z,g R$*,
consider the operatorT, that assigns to each functionu 2 hP the sequence

To(u) = fu(zn)ydPg:

We say that a sequence z,g is an interpolating sequence forhP(R%*) if the operator
Tp satis es that Ty(hP)  IP: Partial results similars to Theorem C were obtained by
J. Garnett [Ga2] and E. Amar [Am] in the context of functions in hP(RY*) but the
problem on wether the separation and Carleson conditions a su cient to characterize
the interpolating sequences foth(RS,“l) in dimension d > 1 is still an open problem.
For the cased = 1 there is a complete description analogous to Theorem B. [@2].

In the rst chapter of this memory we want to study an analogous interpolation
problem in the cone of positive harmonic functions in the unt disc D of the complex
plane that we will denote h* = h*(D): If u 2 h*, the classicalHarnack inequality says

that o o
1)z uz 1+jz

1+jzj u@©) 1j3z

for any z 2 D. Recall that the hyperbolic distance (z;w) betweenz;w 2 D is

l+ Z W
1
(z;w) = log , =

Z W
1 wz
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Hence the estimates above can be read g$og, u(z) log, u(0)j (z;0). Since these
notions are preserved by automorphisms of the disc, we dedecthat

jlogau(z) loguu(w)j (W) (0.0.3)

for any z;w 2 D. Therefore, for any function u 2 h*, a sequence of pointfz,g D
and the corresponding sequence of values, = u(z,), n=1;2; are linked by

jlogown  10g, Wi j (zn;zm) nNm=1;2; : (0.0.4)

However, given a sequence of pointéz,g D, one cannot expect to interpolate by a
functionin h* any sequence of positive valuesw,, g satisfying the compatibility condition
(0.0.4) unless the sequencéz,g reduces to two points. Actually it is well known that
having an equality in (0.0.3) for two distinct points z;w 2 D forces the function u to
be a Poisson kernel and hence one cannot expect to interpolkatfurther values. In other
words, the natural trace space given by condition (0.0.3) igoo large, and we are led to
consider the following notion.

A sequence of pointsf z,g in the unit disc will be called an interpolating sequence
for h* if there exists a constant" = "(fz,g) > 0, such that for any sequence of positive
valuesfw, g satisfying

jlogywn oGy Wmj " (Znizm); mm=1;2; (1.0.1)

there exists a functionu 2 h* with u(z,) = wn, n=1;2;

Observe that this is a conformally invariant notion, that is , if f z,g is an interpolating
sequence foh*, so isf (z,)g, for any automorphism of the unit disc. Moreover the
corresponding constants satisfy"(f (z,)g) = "(fzng). The main result of the rst
chapter is the following one.

Theorem 1.0.1. A separated sequencéz,g of points in the unit disc is interpolating
for h* if and only if there exist constantsM > 0 and 0< < 1 such that

#fz: (z:z0) lg M2 (1.0.2)
forany n;1 =1;2;

We have restricted our attention to separated sequences baase we want to consider
an interpolation problem by positive harmonic functions and not by their derivatives.
However, it is worth mentioning that any interpolating sequence forh* is the union of at
most three separated sequences. Let us now discuss conditi¢1.0.2). As usual in this
kind of problem, the geometrical description of interpolating sequences is given in terms
of a density condition which says, in the appropriate sensethat interpolating sequences
are not too dense. The number 2 shows up in (1.0.2) because ofi¢ normalization
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of the hyperbolic distance as we can see in Observation 1.0.2We have chosen this
normalization because it ts perfectly well with dyadic decompositions. As we will show
in Section 1.3, there are a number of conditions which are equalent to (1.0.2). For
instance, a sequencd z,g satis es (1.0.2) if and only if there exist constants M; > 0
and 0< < 1 such that
Zj Zn
1 zyz
foranyn=1;2; and 0<r < 1. One can also write an equivalent condition in terms
of Carleson measures. It will be shown in Section 1.3 that a sgiencefz,g D satis es
(1.0.2) if and only if)t(here exist constants M, > 0 and 0< < 1 such that
1z M2l jz); n=1;2

j
where the sum is taken over all pointsz; 2 f zcg such that jz; z,j  2(1 | zaj).
This condition resembles the usual Carleson condition withan exponent < 1 for the
Carleson squares which contain a point of the sequence in itep part. Let us now discuss
the geometrical meaning of the condition (1.0.2). It tells that, when viewed from a point
of the sequence, sequences satisfying (1.0.2) are |at largescales| exponentially more
sparse than merely separated sequences. Actually, a sequenof pointsfz,g Dis a
nite union of separated sequences if and only if (1.0.2) hals with = 1. It should also
be mentioned that in condition (1.0.2) one counts points in the sequence which are at
hyperbolic distance less thanl from a given point z, in the sequence, instead of taking
as a base point anyz 2 D as in [BoNi]. See also [S, p. 63{77]. This last condition
is stronger. Actually it will be shown in Section 1.3 that there exist two separated
interpolating sequencesZq;Z, for h* with inff (z; ): z2 Z;; 2 Z,g > 0 such that
Z1[ Z, is not an interpolating sequence forh* .

It is tempting to try to prove Theorem 1.0.1 using the Nevanlinna-Pick necessary
and su cient condition for interpolation by analytic funct ions on the disc with positive
real part. In this direction, P. Koosis has found a proof of the classical result by L.
Carleson describing the interpolating sequences for bouradl analytic functions using
the Nevanlinna-Pick condition ([Ko]). Related material can be found in [Bi] and [MSZ2].
It would be interesting to nd a proof of Theorem 1.0.1 along these lines, but we have
not explored this possibility.

Let us now explain the main ideas of the proof. LetE denote the radial projection
of asetE D, thatis,

E =f 2@:r 2E forsome0 r< 1g

# oz r M1(1 1)

An application of Hall's Lemma yields to the existence of a uriversal constant C > 0
such that for any u 2 h* one has
u@) | C.

ZZD:u(O)
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The necessity of condition (1.0.2) follows easily from thisestimate. The proof of the
su ciency is harder. Given a sequence of pointsfz,g D satisfying (1.0.2) and a
sequence of positive value$w, g satisfying the compatibility condition (1.0.1), one has
to nd a function u 2 h* such that u(z,) = wn, N =1;2, . The construction of the
function u 2 h* may be split into three steps.

1. We will apply a classical result in Convex Analysis calledFarkas' Lemma which
may be understood as an analogue for Cones of the Hahn-Banachh&orem. Instead
of constructing directly the function u 2 h* which performs the interpolation, Farkas'
Lemma will tell us that it su ces to nd, for any partiton fz,g= T[ S, a function
u = u(T;S) 2 h*, depending on the partition, with u(z,) wy for z, 2 T and
u(zn) wp forz,2S.

2. Let ! (z; G) denote the harmonic measure inD of the setG @ from the point
z2 D, that is, 7
17 1jz?2.
| . = —
R R

We will show that condition (1.0.2) provides some sort of incependence of harmonic
measuresf! (z5; ): n =1;2; ¢. Roughly speaking, we will construct setsG, @

suchthat! (zn;Gn) 1 while! (zn; Gk) decays exponentially with (z,; z¢): The precise
statement is Lemma 1.2.2 in Section 1.2. The construction othe setsf G,,g uses a certain
stopping time argument and constitutes the most technical art of the proof.

3. Using Theorem B due to L. Carleson and J. Garnett, where thg characterize
the interpolating sequences for the spacé? , it is easy to see that a separated sequence
verifying (1.0.2) is an interpolating sequence forh! . Hence there exists > 0 such that
for a xed partition fz,g= T [ S; there exists an harmonic functionh = h(T;S), with
supfj h(z)j: z 2 Dg < 1; such that h(z,) = if z, 2 T, while h(z,) = if zy 2 S.
Then, using the compatibility condition (1.0.1) and the estimates in step 2, one can
show that the function

X % 1jg
u(z) = Wh - -
02T Gl 2

2 . -
jd j. .
5 (1+ h( ))7, z2D;

veries u(z,) wnifz, 2T andu(z,) w,ifz,2S.

One may consider a similar problem in higher dimensions. Leh* (R%*!) denote
the cone of positive harmonic functions in the upper half spae R%**. A sequence of
points fz,g  RY*? will be called an interpolating sequence forh* (R%*1) if there exists

a constant" = "(fz,g) > 0 such that for any sequence of positive valuebwy,g verifying
jlogow,  logoWmj " (zn;zZm); nym=1;2;
there existsu 2 h* (R%*!) with u(z,) = W, n = 1;2; . Whend > 1 we do not

have a complete geometric description of interpolating segences. In this direction the
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situation is analogous to the work of L. Carleson and J. Garné [CG] on interpolating
sequences for the spack! (R%*!) of bounded harmonic functions in R¢*' described in
Theorem C. In section 1.3 there is a more detailed discussioaf the problem.

In the second chapter of this work we study an interpolation poblem in certain
Banach spaces of analytic functions in the unit discD: Before introducing the problem
we will give a brief summary of some known results on interpating sequences in some
classical analytic function spaces inD:

Given a Banach spaceB of analytic functions in D with continuous evaluation, we
denote T, the point evaluation functional at the point z given by

T,: B ! C
f 7 (2

and we denote the norm of the functional bykT,k: Let B the dual space ofB: Then
there existsk, 2 B called reproducing kernel such that f (z) =<f;k , > forany f 2 B:
Furthermore kk;kgo = KT;k:

Let H be a Hilbert space of analytic functions inD with continuous evaluations, an
inner product <;> and an associated nornmk k: Given a sequence of point§z,g D,
consider the reproducing kernelsk,, and de ne u, = kg, =kk, k: A sequence of points
fz,g will be called an interpolating sequence forH if the mapping

X7'f<xjun>g

is onto from H to 2. Thus, a sequence of pointd z,g is an interpolating sequence for
the Hilbert spaceH if for any sequence of value$w, g with fw,=kk,, kg 2 12 there exists
a function f 2 H such that f (zy) = w, forany n=1;2;

Let 0 <p< 1 ; we will denote HP(D) the Hardy space of analytic functionsf such
that 1 z, |

kf kP, = sup — jf (re)jPdt< 1 :
r<1 2 0

The functions in HP have non tangential limit at almost every point in @ and the norm
above coincides with theLP norm of these limits. Consider also the Bergman spacéP

of analytic functions in f in D such that
z

kf KR, = 1 if (2)jPdA(z) < 1 :
D

A sequence of pointsfz,g is called interpolating for HP (for AP) if for any sequence
fwng with fwya=kT, kg 2 IP; the interpolation problem f(zy) = wy, n = 1;2;, ;s
solvable with a function f 2 HP (f 2 AP). H. Shapiro and A. Shields [ShSh] in 1961
proved that a sequence of points is interpolating forHP with 1 p < 1 if and only if
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it is interpolating for H! : Two years later V. Kabaila [Ka] proved that the same result
was true for 0< p < 1: In the case of Bergman space#éP, the interpolating sequences
were characterized by K. Seip [Sel] in 1993 using a density wdition.

Finally, consider the Dirichlet space D of analytic functions f in the unit disc with
z

kf k3 = jf (0)j2+ jf Y2)j?dA(z) < 1
D

and, in more generally, the Besov spaceB, of analytic functions f in the unit disc such
that 7
kf kg, = if (0)iP + f W@)iPA j z?)P 2dA(z) < 1

for 1L<p < 1 : Observe that the casep = 2 is in fact the Dirichlet space D:
Givenl<p< 1 and0 s < 1we also de ne theBesov type spaceBy(s) as the

space of analytic functionsf in D such that
z

kf kgp(s) =jif O+ jfA)PA j z»P > SdA(z) < 1 :
D

Observe that the cases = 0 corresponds to the classical Besov spacBp: It is easy to

see that the evaluation functional T, : Bp(s) 7! C is bounded for anyz 2 D and it can

be checked that

(0;2)! ¢ if s=0

KTk
z (1jz% P if 0<s &L

Given a sequence of pointfz,g D; we say that it is an interpolating sequence for
Bp(s) if the operator f 7! f f (z4)=kT,, kg is bounded and onto fromB(s) to IP. The in-

terpolating sequences in the Dirichlet space were descrildleby D. Marshall - C. Sundberg
[MS2] and C. Bishop [Bi] simultaneously in the 9&, and, in 200Q B. Boe [Bol] char-
acterized the interpolating sequences for the Besov spacd, in terms of a separation
condition and a Carleson measure condition.

The multipliers of By(s); that we will denote by M (Bp(s)); consist on the analytic
functions g such that gf is in Bp(s) for all f in Bp(s): It is easy to see thatM (By(s))
H! and we will de ne the interpolating sequences for the multiplier spacev (Bp(s))
in the same way as in the spacéd ! : A sequence of pointsfz,g D will be called an
interpolating sequence forM (B(s)) if for any sequence of valuegw,g 2 I* there exists
a function g2 M (Bp(s)) with g(z,) = w, forany n=1;2;

As in the classical Hardy spacedH P; a positive Borel measure is called an s; p)-

Carleson measureif there exists a positive constantC such that
z

Djf (2)j°d (z) Ckf kgp(s)
for any f 2 Bp(s): The role played by the Carleson measures in the characterizen of
the interpolating sequences forBy(s) is similar to the role played in the caseHP: Note
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that ('s; p)-Carleson mesures fop = 2, were described by D. Stegenga [Steg] in terms of
a capacity condition. Some years later N. Arcozzi, R. Rochbey and E. Sawyer [ARS1],
[ARS2] gave a geometric characterization of the g; p)-Carleson measures not involving
capacity.

In the classical case ¢ = 0) the characterization of the interpolating sequences fo
the spacesB, and M (B;) obtained by Bjarte Bee is the following.

Theorem E. [Bol] Let 1 <p < 1 : Given a sequence of point§z,g D nf0g; the
following conditions are equivalent:

1. fz,g is an interpolating sequence forB,
2. fzyg is an interpolating sequence forM (Bp)

3. There exists a constantC > 0 such that iréf (zn;zZm) C (zn;0); for n =
men
X 1

1;2; and ) W Zn

is a Carleson measure forBp:

The interpolating sequences for the Besov space3p(s) for s > 0 had already been
characterized by W. S. Cohn.

Theorem F. [Col]Let0<p< 1 ands> max(0;1 p): Given a sequence of points
fz,g in the unit disc D; the following conditions are equivalent:

1. fz,g is an interpolating sequence forB(s).

is an (s; p)-Carleson measure.

n

P
2. fzngis separated and the measure (1 j znj?)S .

In this work we will study the interpolating sequences for the Besov type spaceB (s)
and for the corresponding multiplier spacesM (By(s)) for 1 <p< 1 and 0<s< L
Although the techniques that we use only work for 0< s < 1; they have the advantage,
with respect to the proof of W. Cohn, of allowing us to characterize also the interpolating
sequences for the multiplier spaceM (Bp(s)): Then the result we obtain does not include
the results in Theorem E but it has some intersection with Theorem F. Observe that
the nature of the spaces fors = 0 and for s > 0 is quite di erent. For example in the
cases = 0 we do not have in nite Blaschke products in By(s) while for 0 <s < 1 we
do. Thus the techniques that we will use are completely di erent from those used by B.
Boe in [Bol]. Our result is the following one.
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Theorem 2.5.1. Letl<p< 1 and0O<s< 1: Given a sequence of point§ z,g in the
unit disc D; the following conditions are equivalent:

(UIS) fzngis an interpolating sequence forBy(s).
(M) fz,gis an interpolating sequence forM (Bp(s)).

P
(CS) fzngis separated and the measure (1 j 2,j%)8 2, is an (s; p)-Carleson measure.

Note that the casep = 2 of this theorem can be deduced from a more general result by
B. Boe [Bo2] which characterizes the interpolating sequeres for certain Hilbert spaces
having reproducing kernels with the Nevanlinna-Pick propety.

To prove Theorem 2.5.1 we will see from one hand that conditins (UIS) and (CS)
are equivalent and from the other hand that conditions (M ) and (CS) are also equivalent.
We will explain the steps that we will follow to see the equivdence between (JI1S) and
(CS): The necessity of CS) is easy. For the su ciency we have to see that if f z,g
veri es (CS) then the operator

T: Bp(s) ! n I’ o

f(zn)
f ! KTz, K

is bounded and onto. The boundedness is given by the Carlesaneasure condition while

to prove that the operator is onto we must work a little bit mor e and we will need to

introduce the function spacel & de ned on @: We say that a function f de ned in @
isin LR if f 2 LP(@) and

Z,7Z, .., . iU

2 2 Jf (elt) f (elu )Jp

— — dudt< 1 :
0 0 Jelt eIUJZ S

kf K, =

The functions in Bp(s) for 1 <p< 1 and 0<s < 1 have radial limit at almost every
point of the unit circle and it turns out that if f 2 By(s); thenf (€' )= Iir|n1f (re' ) and
r

f 2 LB(@): This is a classical result forp = 2 and s = 0: Reciprocally, if f 2 L2(@D)
and its Poisson integral P[f ] is analytic in D then f 2 By(s): (See Proposition 2.3.7).
Analogously we will also see that a bounded analytic functio g is in M (Bp(s)) if and
only if g(€ )=Ilim ;1 1g(re' )isin M (L); whereM (L) is the multiplier space of L%
de ned in the obvious way.
To prove that the operator T is onto, let fw,=kT,, kg be a sequence inP: Following the
usual techniques in this kind of problems, we will constructa non analytic function '
that interpolates the values fwng at the points fz,g and that satis es
Z
j@@)PQL | Z®)P **SdA(x) < 1 :
D
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Let B be a Blaschke product with zerosfz,g. It turns out that B 2 M (Bp(s)): If we
consider a solutionb of 1

@B 5 @
then the function f = '  Bb is analytic in D and interpolates the valuesfw,g in the
points fz,g: To see that the function f is in Bp(s) it is necessary to solve the above@
problem with a solution b such that (€' ) 2 L: (See Theorem 2.4.1).

For the equivalence between 1 ) and (CS) note that the necessity of the separation
condition (S) is elementary. The necessity of the Carleson measure coritin (C) will
be deduced with an argument that combines a reproducing formla for By(s) and an
idea due to N. Varopoulos [Va] that uses Khinchin's inequalty (2.5.1). We will give
two di erent proofs of the su ciency of condition ( CS): One of the proofs uses a cons-
truction of J. Earl [Ea] where the interpolation problem is solved by a multiple of a
Blaschke product. The other proof is analogous to the proof b(CS) implies (UIS):
Given a sequence of value$w,g 2 11 ; we will construct an non analytic function '
that interpolates the values fw,g at the points fz,g and, furthermore, it satis es that
j@'(2)=B(2)jP(1 j zj?)P ?*SdA(z) is an (s;p)-Carleson measure. To get an analytic
solution of the interpolation problem we will need to nd a solution of the problem

_ 1,
(@) 5@'

Then, the function f = '  Bb will be analytic and f (z,) = wp;forn=1;2; : To see
that f 2 M (Bp(s)) it will be sucient to nd a solution b of the previous @problem
with b2 M (L®): The existence of a solution of the@problem will follow from Theorem
2.4.2 and it will be, in fact, the P. Jones' solution of the @problem with L! estimates
([Jo1]). The rest of the proof consists in showing that this ®lution is in M (L5): In
Theorem 2.3.11 we will prove that a bounded functionbin @ belongs toM (L) if and
only if

ir P j Z°)P ?*°dA(2) (0.0.5)

is an (s; p)-Carleson measure, whereP[b] is the Poisson extension in the unit disc of
the function b: Finally, to check that the measure (0.0.5) is in fact an (s; p)-Carleson
measure, we will need to study the behavior of the operator
z . .
J (W)
T( )= ———dA
()= iAW)
for functions  satisfying that j (2)jP(1 j zj2)P 2*SdA(z) is an (s; p)-Carleson measure.
This study summarizes in Theorem 2.3.2, and the proof of thistheorem uses a free
derivatives characterization of the spaceBy(s) that is a generalization of a result of
R. Rochberg and Z. Wu [RW] for the casep = 2: (See Theorem 2.2.4).
The solution in the spaceM (L!) of the @problem obtained to prove that (CS)

implies (M) has independent interest. Actually, we will also use it to gve a new proof
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of the Corona problem in the algebraM (B(s)) studied by Tolokonnikov, see [Tol] or
[Nik, Appendix 3]. Likewise we will also use the solution of he @problem to give a
Fe erman-Stein type decomposition by functions in M (L8) L (@):

The letter C will denote a constant whose value may change from line to lia. Also
C(M) will denote a constant which depends onM . The notation a b means that
there exist absolute constantscs;c, > 0 that satisfy ;b a ¢y b: In a similar way,
a. bmeans that the second inequality is satis ed.

Structure of the Thesis

The thesis is organized in two chapters that correspond to tle study of interpolating
sequences in two di erent spaces.

The rst chapter is devoted to the study of the interpolating sequences for positive
harmonic functions. In the rst two sections we state and sole the problem, and in
the third section we give equivalent conditions that charaderize those sequences. In
the third section we also solve an interpolation problem forbounded analytic functions
without zeros and we study the interpolation problem by postive harmonic functions
in higher dimensions.

In the second chapter we study the interpolating sequencesf the Besov type spaces
Bp(s). This chapter contains ve sections. In the rst section we mention several in-
equalities that we will use through the chapter. The second sction is devoted to give
a free derivatives characterization of the Besov spac®,(s) and also to present some
properties on the reproducing kernels. In the third sectionwe study the Carleson mea-
sures and use it to characterize the multiplier spaceM (Bp(s)): Likewise we introduce
the boundary spaceL! and we prove some relations with the Besov spacBp(s): Sec-
tion four is devoted to solve some@problems with estimations in LY and M (Lg) and
we apply the results in the same section to prove the Corona thorem in the algebra
M (Bp(s)) and to prove a Fe erman-Stein type decomposition result. Finally in section
ve we characterize the interpolating sequences for the Besv spaceBp(s) and for the
corresponding multiplier spaceM (Bp(s)).

The thesis is based on three articles. Chapter 1 corresponds the paper

[BINIi] D. Blasi & A. Nicolau, Interpolation by positive harmonic functions, J. London
Math. Soc. (2), 76 (2007), 253{271.

Chapter 2 presents results from the papers

[BP] D. Blasi & J. Pau, A characterization of Besov type spaces and applications to
Hankel type operators to appear in Michigan Math. J. 56 (2008).

[ABP] N. Arcozzi, D. Blasi & J. Pau, Interpolating sequences on Besov type spages
in preparation (2008).
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Chapter 1

Interpolating sequences for
positive harmonic functions

Let h* = h*(D) be the cone of positive harmonic functions in the unit discD of
the complex plane. As discussed in the introduction, a sequee of points fz,g in
the unit disc will be called an interpolating sequence forh™ if there exists a constant
"= "(fzag) > 0, such that for any sequence of positive valuebw,g satisfying

jlogawn  logoWmj " (zn;zZm); nim=1;2; (1.0.1)

there exists a functionu 2 h* with u(z,) = wy, n=1;2; ; where (z;w) refers to
the hyperbolic distance between the pointsz;w 2 D:
The main result of this chapter is the following.

Theorem 1.0.1. A separated sequencé z,g of points in the unit disc is interpolating
for h* if and only if there exist constantsM > 0 and 0< < 1 such that

#fz: (z:;z0) lg M2 (1.0.2)
forany n;1 =1;2;

Let us now explain the main ideas of the proof. LetE denote the radial projection
of a setE D,thatis, E =f 2 @:r 2 E forsome O r < 1g. An application
of Hall's Lemma vyields that there exists a universal constah C > 0 such that for any
u 2 h* one has
u(z) C
LA .
u(0)

The necessity of condition (1.0.2) follows easily from thisestimate. The proof of the
su ciency is harder. Given a sequence of pointsfz,g D satisfying (1.0.2) and a
sequence of positive value$w,g satisfying the compatibility condition (1.0.1), one has

z2D:

1
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to nd a function u 2 h* such that u(z,) = wp, N =1;2; The construction of the
function u 2 h* may be split into three steps.

1. We will apply a classical result in Convex Analysis calledFarkas' Lemma which
may be understood as an analogue for Cones of the Hahn-Banachh@orem. Actually
Farkas' Lemma follows from the Separation Theorem for conve sets in locally convex
spaces, but the version we use predates the Separation Thean. Instead of constructing
directly the function u 2 h* which performs the interpolation, Farkas' Lemma will tell us
that it su ces to prove the following statement. Given any pa rtition of the sequencef z, g
into two disjoint subsequencesfz,g= T [ S, there exists a functionu = u(T;S) 2 h*
such that

u(zn) wn; ifza2T,;
u(zn) wp;, ifzp2S:

2. Let ! (z; G) denote the harmonic measure inD of the setG @ from the point
z2 D, that is, 7
17 1§ z?2.
| . = —
1 (z;G) 2 o 22 :

For each point z, of the sequencef z,g we will construct a set G, @ and we will

show that condition (1.0.2) provides some sort of independece of harmonic measures
fl(z,;):n=1;2;, g. Actually, given 0 < < 1, there existsN > 0 and a collection

of pairwise disjoint subsetsf G,g of @ such that

!S%n;[kZA(n)Gk) 1

2 (Zk;zn)! (Zn,Gk)
K2A(n)

Here A(n) denotes the set of indexesk so that (z;zn) N. The number =
(;M; ) > 0 is a constant depending on > 0 and on the constantsM > 0 and
< 1 of (1.0.2). The construction of the setsf G,g uses a certain stopping time argu-

ment and constitutes the most technical part of the proof.

3. L. Carleson ad J. Garnett found a description of the interpolating sequences for
the spaceh® of bounded harmonic functions in the unit disc (see [Gal], [@3, p. 313] or
[CG]). Using their result it is easy to show that a separated £quence verifying (1.0.2)
is interpolating for h! . Hence there exists > 0 and a harmonic function h, with
supfj h(z)j: z 2 Dg < 1 such that h(z,) = if z, 2 T, while h(z,) = if zy 2 S.
Then, for xed "> 0 and > 0 suciently small, using the compatibility condition
(1.0.1) and the estimates in step 2, one can show that the furton

z . -
u(z) = L 4% 1+ h( lad,
Zn 2T Gl 4 2

z2 D;



veries u(z,) wnifz, 2T andu(z,) w,ifz,2S.

Before proving Theorem 1.0.1 we need some preliminary techcal results. Given

z;w 2 D; let (z;w) =

be the pseudohyperbolic distance between those two
points. We de ne the hyperbolic distance betweenz and w as

1+ (z;w),

1 (z;w)

We choose this normalization of the hyperbolic distance beause it ts perfectly well

with dyadic decompositionsof the unit disc. In fact, it is not dicult to prove the
following result.

(z;w) =log ,

Observation 1.0.2. Letk 0 and letz;w 2 D with jArgz  Argwj < 1 j zj and
1jwj=2 K1 j z): Then

(z;w) = k+ C;
where C is a bounded constant not depending oR.

It is well known that for all z;w 2 Dnf0Og with (z;w) 1 there exists a constant
C > 0 not depending onz;w such that

o () Ao (i CCL | 7 (03
Observation 1.0.3. Let z;w2 D with (z;w) 1,thenjl wzj 1 | zj
Proof. Given z;w 2 D with (z;w) 1; we have that

i1 owzi?=jz o wiP+ (L jZ)Q jw®)  Cjl wzP+ (L |z | wj?);

for a constant C < 1=2: Inequality (1.0.3) tellsusthatl j wj 1 j zj: So we conclude
that

1jzj1 wzj CQ ]z
where C is an absolute constant not depending on the points; w: O

Given a point z 2 D we de ne the arc | (z) and the Carleson squareQ(z) as follows:

l()=fd : (@ jz)< Agz (1]z)g
n _ 0 (1.0.49)
Q(z)= re' :0<1 r 1jzjé€ 21(z2)
Sometimes we will denotel = [(z) and S(I) for the corresponding Carleson square.
Given a constant C > 0 we denote
n 0
Cl(z)= ¢€: C@ijz< Argz C (@ j z)
n o]

CQ(z)= re :0<1 r C@ljz)é 2ClI(2)
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Observe that if C(1 j zj) 1, one hasCl(z) = @ and CQ(z) = D. See gure 1.
When z, 2 f z,g, we simply denotely = | (z).

1.1 Necessity of condition (1.0.2)

Given a closed setE D, let ! (z) := ! (z;E;D nE) denote the harmonic measure
from the point z 2 D nE of the setE in the domain DnE. See [MS3] or [Du]. The
classical Hall's Lemma tells that there exists a universal constant C > 0 such that
'(O;E;DnE) CjE jforany setE D. See [Hal] or [MS1]. Recall thatE denotes
the radial projection of E. If E ~ @D; we de ne

1j2z%jd ]

| . = - -
I Ty

for any point z in D. The main auxiliary result for the proof of the necessity of mndition
(2.0.2) is the following.

Lemma 1.1.1. There exists a constantC > 0 such that for anyu 2 h* and > 0 one
has

z2D: @ > ¢
u(0)
Proof. One may assume that > 1. Fix u 2 h*, and let E = fz 2 D:

u(z) > u (0)g. The maximum principle shows that
u(z) u(@!(z;E;DnE); z2DnE:

Taking z = 0, one gets! (0;E; DnE) L and applying Hall's Lemma one nishes the
proof. O

Proof of the necessity of condition(1.0.2). Let us assume thatfz,g is an interpolating
sequence foh*. By conformal invariance it is su cient to prove (1.0.2) whe n the base
point z, is the origin. So assumez; = 0 and take wy =2" (&0 k=1:2; Itis clear
that the compatibility condition (1.0.1) holds. So, there exists u 2 h* with u(zc) = w,
k=1;2 Let Dk be the hyperbolic disc centered atz, of hyperbolic radius 1. By
Harnack's Lemma,

u(z) %; z2 Dy, k=1;2

Let A(j) denote the set of indexesk corresponding to pointsz, with j 1 (z;0) |,
j =1;2; . Then, one deduces

uz) 209 722Dk k2A():



1.2. Su ciency of condition (1.0.2) 5

Now, sinceu(0) =1, Lemma 1.1.1 gives
[ k2a(j)Dx c2'@ ;.

Since the sequencézyg is separated, the discd D¢g are quasidisjoint and one deduces
X X

1jzj C jDj €2 :
k2A(j) k2A(j)
Since 1 | zj is comparable to 21 for any k 2 A(j), one deduces
#A() c2t i
Addingup for j =1; I, one gets

#fzo: (z;0) I1g c2¢ O

1.2 Suciency of condition (1.0.2)

Given a sequence of point§z,g D satisfying (1.0.2) and a sequence of positive values
fwng satisfying the compatibility condition (1.0.1), one has to nd a function u 2 h*
such that u(z,) = wn, n =1;2; . By a normal families argument, one may assume
the sequencd z,g consists of nitely many points. As explained in the introdu ction of
this chapter, the proof consists of three steps.

First Step

Let e;; ;en be a collection of vectors of the euclidian spac&k?. Farkas' Lemma

ass%ts that a vectore 2 RY is in the cone generated byfe:i = 1; ;mg, that is

e= ie forsome ; 0,i=1; ;m, if and only if hx;ei O for any vector x 2 Rd

for which hx; eji 0,i=1; ;m. See [HL]. This classical result will be used in the

proof of the next auxiliary result

Lemma 1.2.1. Let fz,g be a sequence of distinct points in the unit disc and letw,g
be a sequence of positive values. Assume that for every paidit of the sequencd z,g =
T[ S, into two disjoint subsequencesl and S, there existsu = u(T;S) 2 h* such that
u(zn) wnif zo 2 T andu(z,) Wy if zy 2 S. Then, there existsu 2 h* such that
u(zn) = wn, n=1;2

Proof of Lemma 1.2.1. By a normal families argument, one may assume that both the
sequences of point§ z,g and valuesf w, g consist of nitely many, say d, points. Consider
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Ui} ::;Um 2 h* be the corresponding functions such thatuyc(z,) wy if z, 2 Tx and

Ui = (ui(ze); 5 ui(zg)); 1=1;::5m
P
If x 2 RY satises hx;uji 0,i =1;:::;m, that is ﬂzl Ui (zn)Xn 0, let F =
fzn: Xn 0g. Then F = Ty for somek and let Sx = fz,gnF. Its corresponding
function uy satis es xpwn  Xpuk(zp) forall n=1; :d. So,
xd xd
hx; wi = WnXn Ux(zn)w, O:
n=1 n=1
Now, by Farkas' Lemma, w = (wy; ;Wg) is in the cone generated by the vectors
ui;i = 1;:::;mg. So there exist constants | o, i =1; ;m such that u(z) =
M, iui(2) 2 h" andu(zn) = Wp, n=1;2;:::;d: m

Second Step

The second step in the proof consists of using condition (1.Q) to construct a collection
of disjoint subsetsf G g of the unit circle which provide a suitable kind of independence
of the harmonic measuresf! (z5; ): n = 1;2; g. The precise statement is given in
the following result which is the main technical part of the proof. Recall that ! (z;G)
denote the harmonic measure irD of the setG @ from the point z 2 D, that is,

17 1] z?
| : =
AR R S

jd |

Lemma 1.2.2. Let fz,g be a sequence of distinct points in the unit disc which satigs
condition (1.0.2). Then for any > O, there exist numbersN = N()>0, = ()>0
and a collectionf G, g of pairwise disjoint subsets of the unit circle such that

' Zni[keamGk 1 5 n=1;2 (1.2.1)

and
2 (Zk;zn)! (Zm Gk) < n =1 ; 2, . (122)
k2A(n)

Here A(n) = A(n;N) denotes the collection of indexe& such that (z«;z,) N.
We will use the following two elementary auxiliary results.

Lemma 1.2.3. Fixed > 0, there existsMg= Mg( ) > 0 such that

I . . = . .
! (Zk,M0|k) 1 100’ k 1,2,
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Proof. If zx = 0 one may take Mg = 1. If z¢ 6 0 observe that there exists an absolute
constant Co > O such thatje' zj Cgjt Argzj. Since

Z
1] zj? jd |
!(Zk;@DnMo|k): _— — s,
2 @nMol i J ijz
one gets Z
1) zj?2" 1 dx
'(z; @ nMolk) — =5 !
2C§  Moaj zg X
Hence L
I (z; @ nMol ——
( k @ 0 k) ZCgMO
and taking Mo = 100= C 3 the result follows. O

Lemma 1.2.4. Fixed M > 0, there exists a constantC(M) > 0 such that for all pairs
of points z;w 2 D with w2 20MQ (z), one has

(z;w) log, C(M):
Proof. One may assume thatz;w 2 Dnf0g. Since

i1 owzjp (1 zjwj) (1] z)

and
1
i1 o
J wz] | W) W z
]Wj% eiArgW + eiArgw eiArgz + eiArgz z
(20M +20M +1)(1 | zj);
we deduce

1jzpj1 wzp KM)A j z);

whereK (M) =20M +20M +1. So,

!
2

z w z w
‘W) = +
(z;w)=2log, 1 1wz log, 1 T Wz
z w (15 jw?
= +
2logz 1 1 wz 16, j1  wzj?
1]z
= +
©rl%2 1w

where 2 C 2+2log,K(M). O
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Proof of Lemma 1.2.2. The construction of the setsf G,g may be split into three steps.

i) Given a sequence of pointd z,g satisfying (1.0.2) and positive constants and My;
let be a constant depending orM( and on the constant appearing in (1.0.2). For
eachzg 2 f z,g we will construct certain points z,(k) 2 D with I (z5) | (z§, )(k))
and

X

1j z,(k)j (1 j zj) for all zx 2 f z,0: (1.2.3)
20 220M 0Q(2)
(z«;zn) N
Here N is a constant depending on; M ( and on the constantsM and appearing
in (1.0.2)
ii) Next, we will construct certain sets Ex, ~ @ with Ex\ Ej = ; if (z;z) N
such that
! T E 1 — 124
(2B 1 5 (1.2.4)

In the construction of the setsEy we will use the points z, (k) of the rst step which
satisfy the estimate (1.2.3) above for a certain xed su ciently small.

i) Finally we will construct the pairwise disjoint sets G satisfying conditions (1.2.1)
and (1.2.2).

i) Construction of the points z,(k). Fix > 0. Applying Lemma 1.2.3, there
exists a constantMg = Mg( ) > 0 such that

I . . = . .
L(@cMolk) 1 g55 k=132 (1.2.5)

Fix z« 2 fz,g. Let = () > 0 be a small number to be xed later. For any
Zn 2 20MoQ(zk) with  (z«; zn) N we de ne z,(k) as the point in D satisfying the
following three conditions

Arg(zn) = Arg( z,(k));
(za(K);zn) = (Z:2zn); (1.2.6)
12, (K)j < jzaj:

HereN = N( ;M o; ) is a large number to be xed later. In particular N > 0 will be
taken so large that z, (k) 2 20M¢Q(zx) wheneverz, 2 20MoQ(z) satises (zn;z) >
N. See Figure 1.1.
Using Lemma 1.2.4 and (zn(k);z,) = (zx; zn) we obtain the following inequali-
ties:
1jzj " 1jz® 1jzj°
1] znj 1] zyj 1] zyj

(1.2.7)
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20M0Q(z«)

o Zx

£ z(k)

oZn

Figure 1.1: de nition of z,(k)

where C is a constant depending onMg. So,

pS X
1z (L] z)© (L zi)" ©
Zn 220M 0 Q(zx) j=N z,220MoQ(z)
(z;zn) N i (znzi)<i 1
Now, if zy 2 20MQ(z) and j (zn;zk) <j +1, Lemma 1.24 tells that 1 | zjj
K (Mo)2 I (1 j zj). So, using (1.0.2), the right hand side term is bounded by

R o
K(Mo)! © (1 jzj) M2i2i@C).
=N

Since < 1,taking > 0 sosmallthat + C < 1, the expression above may be
bounded by

Lo 2NC+C o
MK (Mo) W(l I z)):
Finally, given > 0 taking N su ciently large, we obtain
X
1 z,(k)j (1 j zj) forall zx 2fzyq:
27 220M 0Q(2zk)
(zn;zx) N

ii) Construction of the sets f Exg. For eachz,(k), we dene I,(k) = | (zﬁ )(k)).
Fixed Mg > 0 and N > 0, we introduce the notation:

B(k)=fzn @ jzn] ] zj; (z;Zn) N; zn 2 20MoQ(zk)0:
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S
Now we will proof that the sets Ex = Molk N, 55 k) In(K) satisfy

! E 1 — 1.2.
(2aE) 1 45 (1.2.8)
Using the elementary estimate of the Poisson Kernel

1jzj®  1+jzi.

jet zj2 1 zj’
one obtains .

[ X 1+jzj dt 2 X . .
Uz 1K) - _’Z"J. = T 1 z,(Ki;
2228 (K) 2Bk~ 1 A Vad, ae
which by (1.2.3) is smaller than 2 . Since
0 1
[
(2 Ex) = ! (ziMolk) ! @z In (K)A
Zn 2B (K)
the estimate (1.2.5) tells us that
! ' E 1 —

(z; Ex) 100
If we take > 0 suciently small, we deduce (1.2.8). SinceMgl, 14(Kk), it is clear
from the de nition that Ex\ E; = ; if (z:;z)>N.

iii) Construction of the pairwise disjoint sets Gn. We rearrange the sequence

fzng so that f1 j z,jg decreases. For each poing, we will construct a set G, Ej
so that the corresponding family f G, g will satisfy (1.2.1), (1.2.2) and G, \ G, = ; if
n 6 m. The construction will proceed by induction and will ensure that the sets G, are
pairwise disjoint and verify (1.2.1).

Take G1 = Ej. By (1.2.8), the estimate (1.2.1) is satis ed whenn = 1. Assume that
pairwise disjoint subsetsGy; ;Gj 1 of the unit circle have been de ned so that

[
' (zn; Gk) 1 ; forn=1;2 L

k nk2A(n)
The set G; will be constructed according to the following two di erent situations:
(1) If (z:fzi; ;7 19) N wedeneG; = Ej. By (1.2.4) we have
'(z; [ Gk) !(z:G) 1
k jk2A(j)

Now let us show that Gy \ G; = ; forany k =1; ;j 1. SinceGy Ex and
Gj  Molj, itis sucient to show that Mol; \ Ex = ; fork=1; ;j 1. Fix
k=1; ;j 1and consider two cases
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S
(@) If zj 2 20MoQ(zk). Since Mol I (k) and Ex = Mgl n l; (k), we have

Ek\ |V|0|j =,
(b) If zj 2 20MoQ(2zx). Sincejzj > jzxj we haveMol; \ Moly = ;. HenceEy\
Molj = ;.
|

(2) f (z:fz1; ;7 19) N, considerthe setofindexes = F(j)= fk 2 [1;
N g. Let us distinguish the following two cases:

110 (z:7)
S
@ If'(z; o Gk) 1 ,dene Gj = ;. Itis obvious that
[
! (Zj X Gk) 1
k jk2A(3)

S : :
ke Gk. Arguing as in case 1 one

,dene Gj = Ejn
;] 1. Also, applying (1.2.8), one

S
() 1f 1 (zj; woF Gk) <1
can show that Gy \ G; = ; forany k =1;

gets [
(7 Gk) !(z:E) 1

k jk2A()
So, by induction, a family fG,g of pairwise disjoint subsets of the unit circle is con-

structed so that condition (1.2.1) is satis ed. It just remains to show that the family
= () > 0 such that

fGng veries (1.2.2), that is, there exists
X .
2 i1 (20;Gy)
k: (zk;zn) N
, consider the following set of indexes:
A=1"fk: (z«;zn) N; zx 2 20MoQ(zn)g

B="fk: (z«;zy) N; 2Mglx\ Mol = ;0
C=1fk: (z«;zn) N; k2A[Bg :

Fixedn=1;2;

Now split the sum above into three parts
X
2 (@)1 (24;Gk) = (A)+(B) +(C)

k: (z«;zn) N
where X

(A)= 2 @)1 (z,;Gy)
k2A

(B)= 2 @)1 (z;;Gy)
k2B
X .

(C)= 2 @™ (z;;Gy)

k2C
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20M OQ(Zn)

©;

Z
® 5 w®

Figure 1.2: The sum is split into three parts corresponding b the location of the points
Zx in the regions (A), (B) or (O

See gure 1.2.

In (A) and (B) we will use the estimate ! (z,;Gx) C(Mg)2 (%) and for (C) we
will use the constant > 0 appearing in the construction of the setsEy.

We rst claim that there exists a constant C = C(Mg) > 0 such that for points z
in part (A) or (B), that is those verifying either zx 2 20M(Q(z,) or 2Mglk\ Mol = ;,
one has

| (zn;Gx) C2 (7). (1.2.9)

For the points zx in part (A) we have zx 2 20MoQ(z,). Since Gk Molg, a trivial
estimate of the Poisson kernel gives

. .2 - -
1j zpje dt oM 1)z,

I : 5 2 5
@G e 2 Motz

Applying Lemma 1.2.4, sincez, 2 20M ¢Q(z,), one has

1] zj
109 1] zj

C(My) (z¢; zn):

Hence, ifzx 2 20M (Q(z,) we deduce
| (z0;G¢) C2 ()

with C = 2M(2¢(Mo) | For the points z in part (B) we have 2Mgl\ Mol, = ;. An easy
calculation shows that there exists a constantC; = C1(Mg) such that for any €' 2 Iy
one has

j€'  zaj  Cijl  zhz:
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Then Z

1§ z,j2 dt
! (zn; Gy) ] Zn]

dt (L z®)(@ | zj?).
Mol 1€ Znj? 2 '

il zhzj?

C,°Mg

It is easy to see from the estimates above that there exists aniversal constantC, > 0

such that R o
(A J zj)A | %),
i1 zhz? ,

(zn;zv) Co  log,

and so one deduces
| (zn;Gx) C2 ()

with C = C; 2M 22, Hence (1.2.9) holds for pointsz in parts (A) and (B). Therefore

X
(A) + (B) C 20 1) (zn:zk)-
k: (zk;zn) N

Observe that condition (1.0.2) gives

X
20 D @z 2+ Di.
ki (zcizn) |
foranyj =1;2; Since < lonemaychoose®& = ()<1 sothat + < 1.

So, adding up forj N, one obtains
2( + 1)N
1 2+ 1:

Hence, takingN > 0 su ciently large one deduces

(A) +(B) CM

A+E) 5

The estimate of the third term (C) depends on the choice of theconstant > 0
appearing in the construction of the setsf E,g. For xed z,, consider

un)=fz: (z«;zn) N; zxk 220M0Q(zn); 2Molk\ Mol 6 ;0 :

So (C) = i 2.2U(n) 2 (@)1 (zn; Gi).
Observe that if z, 2 U(n), then jzj < jz,j and z, 2 3MpQ(zk). In particular
Zn 2 20MoQ(zk) so, by the construction of the setsf Gxg, Gk Mglk nln (k). Hence
G Ljzaiidj  C 1jz?id]
' ] znj? 2 j Znj? 2
Mol nly (k) @nl, (k)

and a change of variable gives an absolute constar€s > 0 such that
Z S
1 dx 1 znj

''(zn;Gk)  C3(1 ] znj) L 700 X2 3 m

(1.2.10)
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This estimate is worse than (1.2.9) which was used for (A) andB) but it is good enough
for our purposes. The key is that in (C) we sum over \few" terms corresponding to the
points zx 2 U(n).

Observe that if zx 2 U(n), zx belongs to the Stolz angle , = r(Mp)=fz2 D: jz
€AY Znj  1IMo(1 j zj)g with vertex € A9z and a certain opening depending orMo.
To see this we only need to observe that gl \ Mol 6 ; impliesjArg zx  Arg z,j
10Mo(1 j z«j) and use this inequality to get

jze  @A9M 1IMo(1 | zi):
Dene V(n)= fzx 2 n:jzj < jznj; (z«;zn) Ngand then,

X | X -
©)= 2 (@)1 (z,;Gy) 2 @1 (zy;Gy):
z2U(n) z¢2V (n)

Using inequalities (1.2.10) and (1.2.7) we obtain

X 1§ znj X 1jzj ©°
C) G 2 @m L=l o T 2 1AL
© G Tjzk) ° 1z

z¢2V (n) zc 2V (n)

Sincez, 2 3M¢Q(z«), Lemma 1.2.4 gives

1 zj
: | —  C(My):
(120 log {55 C(Mo)
Hence L
ﬂ 2C(|\/|o) (Zn;Zk):
1 zj
Therefore

X
(C) Cg2CMo)C * ol C 1) (zniz)

zx2V (n)

Since the sequencé z, g is separated, there existsC4 = C4(Mg) > 0 such that for any
j 0, the number of points zx 2 V, with j (z«;zn) | +1is at most C4. Hence

R
(C) CgC426Mo)C ! ot C 1.
j=N

Taking > 0 so small that C ! < 0 and taking N su ciently large, we deduce

©) 53

So condition (1.2.2) is satis ed and the proof of Lemma 1.2.2s nished. O
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Third Step

On the last step given a partition fz,g= T[ S the setsf G, g constructed on step 3.2 will
be used to nd a function u = u(T;S) satisfying the conditions stated in Lemma 1.2.1.
This will end the proof of the su ciency of condition (1.0.2) .

A sequence of pointd z,g in the unit disc is called an interpolating sequence for the
spaceh! of bounded harmonic functions in the unit disc if for any bounded sequence
fw,g of real numbers there existsu 2 hl with u(z,) = wp,n=1;2;, . L. Carleson
and J. Garnett characterized the interpolating sequencesdr h! as those sequences, g
satisfying infhgm (zn;zm) > 0 and

1 X
supsegy iz <l (1.2.11)
Zn2Q

where the supremum is taken over all Carleson squares of th@ifm
Q=fre' :0<1 r<’(Q) j o< (Qg

for some ¢ 2 [0;2 ). See [CG], [Gal] or [Ga3, p. 313]. We next show that a separat
sequencd z, g satisfying (1.0.2) veri es the condition above. Actually it is su cient to
show (1.2.11) for Carleson square® which contain a point of the sequencef z,g in its
top part T(Q)= frel 2 Q:1 r>" (Q)=2g. Let Q be a Carleson square of this type.
Let z, 2 T(Q)and A(j)=fk:z2Q;j 1 (z;zn) <j 9. Lemma 1.2.4 tells that
for any k 2 A(j) the quantity 1 j zj is comparable to 2 I *(Q). Hence condition (1.0.2)
yields X

1jzj Ci2 (Q#A(G) ciM2 Y (Q):

k2A()
Since < 1, adding up overj = 1;2; , one obtains (1.2.11). Hencefz,g is an
interpolating sequence forh! . Then by the Open Mapping Theorem, there exists a
constant = (fz,g) > 0 such that for any partition of the sequencef z,g= T[ S there

exists h = h(T;S) 2 h' with supfjh(z)j:z2 Dg< 1 andh(z,) > for z, 2 T while
h(z,) < forz, 2 S. Let > 0 be asmall number to be xed later and letN = N( ),

= () be the positive constants andf G,g the pairwise disjoint collection of subsets
of the unit circle given in Lemma 1.2.2. Let" = "( ) be a small number to be xed later
which will satisfy * 1! 0as tendsto 0. Letfwyg be a sequence of positive numbers
satisfying the compatibility condition (1.0.1). Given a partition fz,g= T [ S, consider
the function u = u(T;S) 2 h* de ned by

X
uz)=  we  P( )+ h())jdj;
K G
whereh = h(T;S) and
1] zj?
zj?

Pz()= 2i

—
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is the Poisson kernel. Our goal is to show thatu(z,) wp for z, 2 T and u(z,) Wy

forz, 2 S. Forn=1;2; ,let A(n) be the set of indexesk such that (z«;z,) N.
Write u(z,) = (I) + (Il), where
X Z
(= 'v Pz, ( )2+ h())jdj;
k2A(n) ZGk

X
(= Mk Pz, ( )@+ h())jd j:
k2A(n) Gk

We rst show that
M <2w,;, n=1;2 (1.2.12)

Actually if the constant " = "( ) > 0 is taken so that" < , the compatibility condition
(1.0.2) tells that (1) can be bounded by

X
Wi 2 (B2 (24 Gy)
k2A(n)

which, by (1.2.2), is bounded by 2w . Hence (1.2.12) holds.
For the other term, using that the sets f G g are pairwise disjoint and the compati-

bility condition (1.0.1) we have
z

X .
(= We Pz, ( )@+ h()jdj 2N wa(Ll+ h(zn)):
k2A(n) G
Also, since sufj h(zn)j: z2 Dg 1, the compatibility condition (1.0.1) and the estimate
(2.2.1) yield

Z !

()  wa2 ™ 1+ h(z) Pz, () (X + h( ))jd ]
@n 54 n) Gk

2 Ywa@+ h(zy) 2):

So
2 Nwa(@+h(za) 2) () 2Nwa(d+ h(zn)):

Hence
@) If z,2T,h(za) andthenu(z,) () ws2 N@+ 2)
(b) If z, 2 S, h(zn) and then u(z,) = (1) + (1) wh(2 +2N@ ).

For xed > 0,taking = ( )>0and"="(; ;N )> 0 suciently small, we deduce
that u(z,) wp if z, 2 T and u(z,) wy if z, 2 S. An application of Lemma 1.2.1
concludes the proof of the su ciency of condition (1.0.2).

O]
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1.3 Other results

Equivalent conditions

In this section several geometric conditions which are equalent to (1.0.2) are collected.

Proposition 1.3.1. Let fz,g be a sequence of distinct points irD. Then the following
are equivalent:

(a) Condition (1.0.2) holds, that is, there exist constantsM > Oand 0< < 1 such
that
#fz: (z:;z0) lg M2

forany n;l =1;2
(b) There exist constantsM; > 0 and 0< < 1 such that

1212:;] r Mai(1 1) ;
forany O<r< landanyn=1;2;
(c) There exist constantsM, > 0and 0< < 1 such that
#f22Q(z):2 ' M1 jz)) 1izj 2'Qjzfg Mz2

forany n;1 =1;2;

(d) There exist constantsM3 > 0 and 0< < 1 such that
X - - . -
@ jz) Msljzj);
2j2Q(zn)

forany n=1;2;

Proof. The equivalence between (a) and (b) follows from the followng obvious observa-
tion. Let z;w 2 D, then (z;w) | if and only if

z w _2@wW 1 2 1 2
1 wz 2@wa41 2 (zw) +1 2l +1

Assume (a) holds. Fix two positive integersn;|. Let z; 2 Q(z,) satisfying
2' M1 jzi) 1ijzi 2'Q ] zi):
Applying Lemma 1.2.4 one shows that there exists a universatonstant C > 0 such that

j (zn;z) 1j C:



18 1. Interpolating sequences for positive harmonic functions

Hence
n (0]
z2Q):2 "M jzj) 1jzi 2'@jzj) fz: (z:z0) 1+Cg

and condition (1.0.2) gives (c). Adding up overl =1;2; one shows that (c) implies
(d). Assume (d) holds and let us show condition (1.0.2). By caformal invariance one
may assumez, = 0. So condition (d) tells us that

X . .
1z Mz
i=1
Since (z;0) | implies
1jzj 21
we deduce X
#fz: (z:;0) Ig 2 @iz M2
zi: (z:;0) |
which gives (1.0.2). O

As mentioned in the introduction, condition (1.0.2) says hav dense is the sequence
when one looks at it from a point of the sequence. It is worth mationing that one
can not take as a base point an arbitrary point in the unit disc. This follows from the
following example of two separated interpolating sequencefor h* which will be called
Z1, Zy so that inff (z; ):z2 Z1; 2 Zg > 0 but such that the union Z;, [ Z, is
not an interpolating sequence forh*. For instance one may takeZ, = fryg where
ri=0,rg! land (r;re+2)!'1 ask!1 . Foreachk =1;2; , choose points
fz&k); ;z,(\lkgk)g, N (k) = 2 "«, equally distributed in the hyperbolic cercle centered atry
of hyperbolic radiusng. Hereng!'1 ask!1 insuchawaythatng < (rg;rg+1)=4.
Let Z, = fzi(k): i=1; iN(k);k=1;2; g. It can be shown that Z; and Z, satisfy
condition (1.0.2) with the exponent = 1=2, while Z1 [ Z, does not ful Il (1.0.2) for
any 0< < 1 because the number of points inZ, at hyperbolic distance ng from the
point ry 2 Z;1 is 2'«, See gure 1.3.

An interpolation problem for bounded Analytic Functions wi thout zeros

Let H! denote the algebra of bounded analytic functions in the unitdisc D. Let
(H') be the subalgebra ofH! which consists on the functions inH?® without zeros
inD. If f 2 (H') then log(kf k; 5f (2)j) 2 h*. So if fz,g is a sequence iD and
th = log (kf k1 5f (z,)j), Harnack's inequality tells us that

jlogotn  logstm] (zn; Zm); nm=1;2;

So, as before, we may consider a notion of interpolating seguce.
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Figure 1.3: Interpolating sequences foh*

De nition 1.3.2. A sequence of pointsf z,g in the unit disc is called an interpolating
sequence for(H?! ) if there exist constants"” > 0 and 0< C < 1 such that for any

sequence of non-vanishing complex valuelsv, g, jwnj <C;n =1;2; , satisfying
log, log log, log c " (zZn;zm); N;m=1;2; (1.3.1)
2 2 Jan 2 2 ijJ ns&~m}j, 1 ) &y oJe.

there exists a functionf 2 (H1) with f(zn)= w,, n=1;2;

The characterization of the interpolating sequences for* ) is given in the follow-
ing result.

Theorem 1.3.3. A separated sequencé z,g of points in the unit disc is interpolating
for (H!) if and only if there exist constantsM > 0 and 0< < 1 such that

#fz: (z,z0) 9 M2 foranyn;" =1;2 (1.3.2)

Proof of Theorem 1.3.3. Let us start by showing the necessity of condition (1.3.2). Gven
a separated interpolating sequenced z,g for (H! ) consider the constants" > 0 and
C < 1 given in de nition 1.3.2. De ne the sequence of positive valiest, = 2" (0:zn),
n=1;2;, . Itis clear that

jlogytn  logtmj " (zZn;zZm);, nmm=1;2

Then, if we consider a sequence of complex valudsv,g with t, = log (CIwyj), we
have sup, jw,j C and furthermore fw,g satis es condition (1.3.1). So, there exists a
function f 2 H! without zeros with f (z,) = wn, n = 1;2; . The function v(z) =
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log ﬁ is a harmonic function, v(z)  log(C=kfk; ) := ki, and interpolates the
values ft,g at the points fz,g. So, u(z) = v(z) + ki 2 h*(D) and u(z,) = t, +
ki = 2" ©20) + k;, n = 1;2:; . Now, arguing as in the proof of the necessity of

Theorem 1.0.1, we can conclude that there exist constant$! > 0 and 0< < 1 such
that
#fz . (z,zn) 9 M2 for any n;” =1;2;

Let us now show the su ciency of condition (1.3.2). Given a separated sequencd z,g
satisfying (1.3.2) and f wyg satisfying (1.3.1) for some"; C, considert,, = log ﬁ We
can take C > kwpk; . Then obviously ft,g satis es the compatibility condition (1.0.1).
So, there exists a functionu 2 h* (D) with u(z,) = log JW%J forn=1;2; . Consider
Uo(z) = u(z) log(C) and let tip(z) be the harmonic conjugate function ofug(z). Then
e (Uo*iuo) s 3 bounded analytic function that interpolates de valuesfjw,j g at the
points fz,g, where , = e 'Yo(z) n =1:2: . The sequencefz,g is separated and
satis es condition (1.0.2), so it is an interpolating sequence forH! (see [Cal] or [Ga3]).
So there exists a bounded analytic functiong(z) such that g(z,) = Arg( n)+Arg( wyp)
and then the function h(z) = e Yo U9 js a bounded analytic function without zeros

with h(z,) = w, forany n =1;2; O

Higher Dimensions

Let h! (R¥!) be the space of bounded harmonic functions in the upper-halfspace
R& = f(x;y): x 2 R%y > 0g. A sequence of pointsfz,g R is called an interpo-
lating sequence forh® (R%*1) if for any bounded sequencef w,g of real numbers there
existsu 2 h! (R™*') with u(zn) = wn, N =1;2 . When the dimensiond > 1, there
is no complete geometric description of the interpolating squences forh! (Ri’*l). In

[Cal] and [CG], L. Carleson and J. Garnett proved Theorem C. Mreover in [CG], the
authors present several geometric conditions on the sequeaf z,g which imply that fz,g

is an interpolating sequence foh! (RY*'). However it is not known if the two necessary
conditions in part (a) of Theorem C are also su cient. Related interpolation problems

have been considered in [Am] and [Dy]. The situation for intepolating sequences for the
spaceh* (R%*!) of positive harmonic functions in R$*! is quite similar. A sequence of

points fz,g  RY*? will be called an interpolating sequence forh* (R%*1) if there exists

a constant" = "(fz,g) > 0 such that for any sequencd w, g of positive values satisfying
jlogown  10goWmj " (zZn;Zm); nmym=1;2; ;

there exists a functionu 2 h* (R%?1) with u(z,) = wn, N = 1;2 . Here (z;w)

denotes the hyperbolic distance between the pointz;w 2 R%*?,

(z;w) =log, m
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where (z;w)=jz wjgz wjandw=(wy; ;Wg; Wg+1): As before, a sequence of
points fz,g RY*! is called separated if inflsm (zn;Zm) > O.

Theorem 1.3.4. Let fz,g be a separated sequence of points in the upper-half space
R d> 1.

(a) Assume thatfz,g is an interpolating sequence forh* (R¢*1). Then there exist con-
stantsM > 0and0< < 1 such that

#fze: (z;zn) lg M29; Ln=1:;2 (1.3.3)

(b) Assume thatf z,g satis es the condition (1.3.3) above. Thenfz,g can be split into
a hite number of disjoint subsequences i, i =1; ;N,

fzng= 1[ [ ns
such that ;[ ; is an interpolating sequence forh* (R¥*1) for any i;j =1; ;N

The proof of (a) follows the same lines of the proof of the necssity in Theorem 1.0.1.
The rst two steps 1.2.1 and 1.2.2 of the proof of the su ciency in Theorem 1.0.1 can
be extended to several variables. However the third step 3.8an not be ful lled because
we have not been able to show that a separated sequence safisiy condition (1.3.3) is
an interpolating sequence forh! (R%*1). Since it is clear that condition (1.3.3) implies
that (Q) CI(Q)¢ for any Carleson cubeQ, applying Theorem C of L. Carleson and
J. Garnett, the sequencef z,g can be split into a nite number of disjoint subsequences

1; , n suchthat [ ; isan interpolating sequence foh?! (Rf’fl), iij =1, 'N.
Arguing as in step 3.3 of the proof of the su ciency, one can slow that for any i;j =
1; N, the sequence ;[ ; is an interpolating sequence forh™ (R?_*l).

It is worth mentioning that we have not been able to prove that a separated sequence
verifying (1.3.3) is interpolating for h* (R¢*'), when d > 1.






Chapter 2

Interpolating sequences for Besov
type spaces.

2.1 Preliminaries

Bergman Spaces

Let dA(z) be the area measure oD normalized so that the are ofD is 1. In rectangular
and polar coordinates,

dA(z) = dedy = 1rdrd :
Some spaces will be de ned in terms of the measurdA(z): Given a real number , let
dA (2)=(1+ )1 j Z°) dA(2):
For > 1landO<p< 1,the Bergman spaceAP consists of all analytic functions in
LP(D;dA ) with norm 7
kf kﬁp = Djf (2)jPdA (2) < 1:

The following result can be found in [HKZ, Corollary 1.5] and can be referred as a
reproducing formula for functions in the Bergman space. Wha z = 0; the proof is a
simple application of the mean value property and the rotation invariance of dA : The
general case follows raplacing by f ' ,; with the change of variablesw = ' ,( ) and
then replacing the function f (w) by the function (1 ~ Wz)?* f (w):

Lemma G. Let > 1:if vis a function in Al, then
v(z) = dA (w)

for all z 2 D and the integral converges uniformly forz in every compact subset oD:

23
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The following result is from [HKZ, Theorem 1:9].

Lemma H. Let aand be real numbers, and lefT (v) be the integral operator de ned
by 7
- vw)

let1 p<1. Then T(v) is bounded fromLP(D;dA ) to itself if and only if

(1] wj?)?dA(w):

0<1+ <p (a+1l):
Another useful result that can be found in [HKZ, Proposition 1.11].

Lemmal. Supposel p<+1; 1< < +1 ;andthatn is a positive integer. Then
an analytic function f in D belongs toAP if and only if the function (1 j zj2)"f (M (z)
isin LP(D;dA ):

Some inequalities

We shall summarize now some well-known inequalities that we W use. Further details
may be found in [Stein, Appendix A].

Minkowski's inequality for integrals states that the norm of an integral is not greater
than the integral of the corresponding norms. In explicit form, for the case ofLP spaces,
this can be restated as follows. Let 1 p< 1 ;then

z Z D = Z Z 1=p
JF(y)jdx  dy JFOGy)iPdy  dx: (2.1.1)
X X Y

Here F (x;y) is a measurable function on the - nite product measure spaceX Y ;
dx and dy are the measures orX and Y respectively.

Another useful result is the following pair of inequalities due to Hardy:
Z C Z X p 1:p Z C 1:p

f(y)dy x " tdx p=r (yf)Py " Hdy
0 0 0
Zc Z¢ p b asp Z 1=p
f(y)dy x" ldx p=r (yf(y)Py " dy

0

(2.1.2)

0 X

Heref O;p 1,r> 0,and0<C 1

The following lemma is standard and a proof can be found in [Zh, Section 42].
LemmaJ. Letz2D,t> 1andc> 0. Then
1w

DWdA(W) ! ij) ¢



2.2. Some results forBp(s) 25

The following useful inequality is from [OF, Lemma 2:5]. A proof of this result can
be found in [Zhao].

Lemma K. Leta> 1, rt O,andr+t a>2 Ift<a +2 <r then we have
1] wj?? (1jz»)*ar,
pjl wzji"jl w | i1 ozjt

dA(w) C

Note that Lemma K is a generalization of one of the inequalites in Lemma J.

2.2 Some results for Bp(s)

Reproducing kernel

Forl<p< 1 ands O, let Bp(s) be the Besov space of those analytic functions on

the unit disc D for which 5

kf kg (g = If ()P + f W@)iPA | z?)P *SdA(z) < 1 :

We will use the notation dAps(z) = (1 j zj?)P 2*SdA(z): Note that the dual space of

Bp(s) is isomorphic to By(s), where q is the conjugate exponent ofp, under the pairing
z

H;his=f(0)h(©0)+ fA2)h%2) (1 j zj*)°dA(2); (2.2.1)
D

p
de ned for f 2 Bp(s) and h 2 B4(s). Using the inequality ab EIIO + Zq which holds for

all a;b 0; we obtain

jht;hisj k fkg,(skhkg,s);  forall f 2 Bp(s); h 2 Bg(s): (2.2.2)

Next we will use the reproducing formula given in Lemma G to deluce a reproducing
formula for functions in Bp(s): Let f 2 Bp(s); and let0<s< 1and 1<p< 1 ;then
by Helder's inequality,

Z

DJ'fO(Z)J'(l i Zi%)°dA(2)
z 1=p Z 1q
if Q2P j z*)P 2*°dA(2) (1} zj%)% 2" °dA(z)
DZ - D
=C Djf WP j z%P °dA(z) < 1:

Sof%2 Al and Lemma G gives

Z
fY{w
()= W

o w jzrs Pt
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Now, for z 2 D; we have
Z Z Z

z z
d
. fq)d = Dfo(w) L@ wWEs dAs(w)
and we obtain the following reproducing formula
V4
_ 1 (1 wz)l*s Lo ,
f(z)= f(0)+ Dfo(w) WA Wz 2 j wj9)>dA(w): (2.2.3)

Then with the notation of the pairing (2.2.1),
Z

f(2) = Mikzis = F(O)k(0)+  FAWKIW(L | wj?)® dA(W);
D

with
1 (1 wz)l*s
w(l wz)l+s

We can state some properties of the reproducing kerne{;.

kg(w) =

and k;(0)=1: (2.2.4)

Lemma 2.2.1. Letl<p< 1;0<s< landletz;w2 D with (z;w) 1, then
iz wj

kkz kaBq(S) CW;

Where}+ }zlz
p q

Proof. Observe that

0 0, . (1 w)ts @ z)+s @a s . .
ikz() ka()i= 1 z)¥s@ w)l*s 1 z)Fs@ w )l*s 1z W
for some 2 [z;w]: Since (z;w) 1; we saw in Observation 1.0.3 that
i1 jilt wjjl zj
SO’ . -
i10 0/ \i 1z w
k() ka( )i Cm (2.2.5)
Now, using this inequality,
Z 1=q

kkz  kwkg,(s) = Djk?( ) ke | A9 2dA()

(1 ] j2)q 2+s 1=q

Cjz wj Dmdp\( )

and applying Lemma J,
iz wj _ iz wj

@ wp @ W

kkz kW kB q (S) C
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We can now estimate the norm of the reproducing kernek;.

Lemma 2.2.2. Letl<p< 1;0<s< 1, and let k, be the reproducing kernel de ned
in (2.2.4), then

1 1 1
p - - == .
kkszq(S) TEDR wherep+ a 1:

Proof. Using the explicit form (2.2.4) of k? and the fact that

t
sup @ wzy 1 C fort 1, (2.2.6)
z;w2D w
we have
Z
KkoKg o =1+  JkIWUL | wj?)? 2" SdA(w)
D
A

1 (1 W7)1+sq

=1+ WA W) (1 j wj?)9 2*SdA(w)
(1] wj?)9 2*s :
1+C CL wzjaa s dA(w);
and applying Lemma J we obtain
C 1

q :
kakBq(S) 1+ (1jz2sad’ ™ (1jz?)san’
For the other inequality, let D(z;1) be the hyperbolic disc with centerz and radius 1.
If w2 Dp(z;1) then, by Observation 1.0.3,j1 Wzj 1 j zj: So, there exists a constant
ro(s) < 1 such that

i1 wzj'*s 1=2 foralljzj ro(s):

We will distinguish two cases:
If jzj ro(s)then (1 j z)S(@ D (1 ro(s)3@ D= ¢, so

1

. . .
kkzk i k,(0j=1& TSGR

Bq(s)

If jzi ro(s)thenijl (1 wz)¥sj 1)1 wzj*s 1=2: So,

Z
1 Q@ wz)ts9
q - 2\gq 2+s
Kk, =1+ @ wpyrs (&1 WDT 7AW
1 (1 J Wj2)q 2+s 1

— dA(w) &
29 p,(zy J1 wzjd+sa W)

EGLES
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A characterization of  B(s) without derivatives

We begin this section with a result that can be of independentinterest.

Lemma 2.2.3. Letl<p< 1l,andlet > 1, b Owithb<2+ . Letf be analytic
on D; then for any 2 D one has
Z Z

it 2 f(O)Jp(lj ) i 7%
D

dA(z) C D(l J Zj9)Pif O(Z)JdeA(Z)-

Here C is an absolute constant which does not depend on
Proof. The caseb= 0 is proved in [HKZ]. So, assume thatb > 0. Choose" > 0 with
"max(L;p 1)> 1 and b+"(p 1)< 2+ :

Without loss of generality we may assume

Z
o qnp (A 2P .
D(l J Zj°)Pjf O(Z)JdeA(Z) <1l:
Observe that Helder's inequality gives
Z
it @i j zi»™ dA@2)
D
Z 1=p Z . ) 1=q
2\p o (1 Zi%) 1] z9)
(@ j 2t ) 7d AR A
Z 1=p

o .p( JZJ) :
C D(llZJ)JfO(Z)J T gp 9AD

sof 2 Al, . Then by the reproducing formula (2.2.3), we have

z

t(2) (0= 1 1 wz)?

o Wl wz)%

FAw) (1 ] wi)'* dA(w):

By inequality (2.2.6), Helder's inequality and Lemma J,

z . o
it qw)j@ j wj)

. . p
if(z) f(Oj° C 1w dA(w)
Z Z
(1] w2 e 1] wj? p1
p
C jfqw)j T wae dA(w) T wa dA(w)

dA(w) (L j 7% ® Y
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since "> 1. Now, by Fubini's theorem we have
Z
p
Djf(Z) f (0)] i1 zp dA(z)
Z Z " " "
. (1) wjd)dr et 1jzp "¢
p
Djfo(W)j 1 wgr dA(w) 1 zp dA(z)
Z

@z v
dA dA(w);
il wzzr i zp i@ dAW)

= WP wR)e e
D

that by Lemma K, is bounded by constant times

z

g (1] W) :
(@] wi%) jf qw)j T wip GAM):

and this nishes the proof. O

The following Theorem is a generalization of a result in [RW]where a characterization
of B,(s) without derivatives for s 0 is given. The cases = 0 had already been
considered in [AFP]. Our proof is quite di erent from the one by Rochberg and Wu,
since in [RW] they use some Hilbert space techniques.

This result presents a description of the functions inBp(s) which use oscillation
instead of derivatives.

Theorem 2.24. letl<p< 1 and; > 1, s Osuchthatmin(; )>s 2
Then, for any analytic function f;

it (z) f(w)jP
b pil WZE“' +

if@iP @ | z*)P *°dA(2):
D

s(Ljwi?) (L] 2% dA(2)dA(w)

Proof. Notice thatif 6 ; say ; then by the factthat (1 | zj));(1 ] wj) |j 1 zZwj;
for z;w 2 D; we have

Qjiz®) @jw?d @jiz5d@Ejiw) @jz»)Q|wd) .
i1 wzj#2 s i1 wzj# + s i1 wzj#2 s

Hence, the case 6 can be obtained from the case = : Let us consider the case
= : We rst prove the upper estimate. Let

w Z

— for all z;w 2 D;
1 wz

"w(z) =
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then
_ (@ wiha j 7 Loy 1 w(@)i?
Observe also thatif ="' (z)thenz=" y( );
oo (1 jwAA j z?) 1w
= 1 =
1] ] i1 WZj2 J W i1 wzj
- 2 @ w*? o= L WA
dAC) = T L@PA@ = S dA@ T RO E e
The change of variables ="' ,(z) gives

“ @) fm)P

o pjl, WEj* 52 @ jw? 1] 272 dA(z)dAW)

wi?) (1 j zj?)
j1 wzj?

= i@ Pt
D

i1 wzjs 1 wj?
Z(l jwj2)s j1 wzj?

dA(2)(1 | wj?)® 2dA(w)
Z

2
- i W) (¢ wPe S

. 1w dA() @ | wj?)S 2dA(w):

Since >s 2, Lemma 2.2.3 tells that this last quantity is smaller than constant times

z z NG
J 7\/\/ S

D(1 i wj?)® 2 Dj(f " w) )] dA() dA(w);

and, by the change of variablesz = ' \,( ) and Fubini's theorem, this quantity is
L iNs 2 p 11 Wz (1 j w92 j zj9)

i1 wzj *(1j wj??

1jw? j1 wz?

dA(z) dA(w)
y

- e e )
7

T owg s 9AW) dAQ)

C f%@iP@ j Z%)P *°dA(2);
D
after an application of Lemma J. This proves the upper estimae.

To prove the lower estimate, we use Cauchy's integral formw on the circle and

obtain z, f{(Ré) 10
1 Re _
fO(O)_ﬁo Wd, foral 0<R< 1:
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Multiplying by RS2 and integrating with respect to R in both sides of the equality we get
z

if0)°  C(p;r) _ jf(w) f()jPdA(w); forallO<r< landl<p< 1:

jwj<r
Therefore if we taker = 1=2, since (1 j wj?) 3=4; we have
z
ifQ0)P C  jf(w) f)PQ j wj?) dA(w); for all o:
D

Replacingf by f ', we get
z

1] Z*Pif@)iP . Djf tz(w)  f(2)iPdA (w): (2.2.7)

Choose =2+ > 0:Then, by (2.2.7), and the change of variablesv = ' ,( ) we get
Z

1] Z®Pif@iPQ j zj)® 2dA(2)
D

z z
d _ _
' D(lle\Z(jg25 DJf W) F@7 A W)
N T

S a0 TP IORE O 8A0)
z
if F@IP . o esen i
- D Dm(l jZi®) "2 j 5 dA(2)dA()
YAy
" coae . L _N24s (1 i 212
= 5 Dm(l | ZJZ) 1] 12) ¢ ijl) Z§1-+sj D) dA(z) dA( )
77

jf f (2)jP . -
S RO A i @i ) dA@dAC)

and this nishes the proof. O

2.3 Carleson measures and multipliers

Let 1 <p < 1: Classical Carleson measuresvere introduced by L. Carleson [Cal] as
those Borel measures 0 supported on the unit disc for which there exists a constant

K = K( ) > 0 such that
z zZ,
if@Pd (2) K jf (¢ )jPd
D 0

for any analytic function f in D: He proved that is a Carleson measure if and only if
(S(1)) Cjljforanyarcl @ dened asin (1.0.4).
Given a > 0 and a positive measure on D we say that is an a-Carleson measureif

(S(1)) Cjlj* forallarcs! in @:
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Carleson measures for By(s)

A positive measure on D is an (s; p)-Carleson measureif
Z
Djf (2)j°d (z) Ckf kgp(s)
wheneverf 2 Bp(s). The best constant C, denoted by k kp, is said to be the (s; p)-
Carleson measure norm of .

Let 1(z) = dA(z) be the Lebesgue measure iD, then ; is an (s;p)-Carleson
measure for 1< p< 1 and 0 s 2: Now consider, for anyzg 2 D, the atomic
measure 2(z) = ,(z); then »(z) is an (s;p) Carleson measure for <p < 1 and
s 0. The (s; p)-Carleson measures are geometrically described in [ARS1hd [ARS2],
but for our purposes we only need the following simple result

Lemma 2.3.1. Letl<p< 1,s>1 pandlet be an(s;p)-Carleson measure. Then
for each™ > 0

Z "
1 wj®
Su ————d (z2) < 1:
WZIFD) pll wzj*s o
Proof. Let
_ @ jwHT
W)= o=
We have that f, 2 Bp(s) with kfwkgp(s) C, whereC is a positive constant independent

of w. In fact, applying Lemma J in the last inequality,

i wiya P s

p - C w2y .
kakBp(s)—(l j w9y +C . 1 Wz s dA(z) C:
Therefore
" Z
1 j wjP) - p p :
Dmd (2) = Dij(Z)] d (2) CkakBp(s) C:

O

It is worth mentioning that the condition in Lemma 2.3.1 does not characterize
(s;p) Carleson measures. The following result which will be usedater tells that
(s;p) Carleson measures are stable under a certain operatdr:

Theorem 2.3.2. Leta> 1,s 0andv an integrable function in D: Consider

v(w)

Dma i wj?)2dA(w):

4
T(v)(2) =
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(i) Let 1<p< 2, and suppose

ap >( 1+s)(p 1) ifs 1
a > 1+s if s> 1
Suppose also that
sup(l j zid)jv(z)j< 1 : (2.3.1)
z2D

If the measure jv(2)j° (1 j zj?)P 2*SdA(z) is an (s; p)-Carleson measure, then the mea-
sure jT(V)(2)j° (1 j zj?)P 2*SdA(z) is also an (s; p)-Carleson measure.

(i) Letp 2, >max ( 1, 2+ s)and

ap>1+ p+max(0; 1+s):
If jv(2)jP(1 ] zj?) dA(z) is an (s; p)-Carleson measure, thenjT(v)(2)jP (1 j zj?) dA(2)
is also an (s; p)-Carleson measure.

Remarks: For p = 2, this result is proved by Rochberg and Wu in [RW]. The case
s=0and = p 2isprovedin[Bol], butonly for the rangeap > 1. Also, whens 1,
the condition on a can be rewritten as

max(p;ga>  (p 1)

For p 2, we do not need condition (2.3.1). Also, for 1< p < 2, the result is only
obtained for = p 2+ s. It could be interesting to extend the result for in the same
range as in the casgp 2. Observe also that we will only apply Theorem 2.3.2 for the
casea=0; =p 2+s:

Proof of Theorem 2.3.2. We must show that for all f 2 By(s) we have
z
Djf @PITM@IPQ | Z%) dA(z) Ckiky

for some positive constantC, where =p 2+sforl<p< 2.

Put fT (v) =(fT (v) T(fv))+ T(fv). By hypothesis0< 1+ <p (a+1) so, applying
Lemma HZand the fact that jv(2)j° (1 j ij)z is an (s; p)-Carleson measure, we have

DJ'T(l‘V)(Z)J""(l i 2i%) dA(z) . Djf @Piv@)IPQ | Z%) dA(2)
CKIK o

On the other hand, we have

F(@TV(2) T(fv)(2) =

Now we consider separately the casesdp< 2andp 2.

L t@) fw)vw)
il wzj2ra

1 j wj®)2dA(w): (2.3.2)
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The case 1<p< 2
Inthiscase =p 2+s, andsince (1j zj?)jv(z)j C andp < 2 we have

V@i = v@)i° tiv@)i? P Civ@iP T ] 7P 3
and this gives

‘i@ fw).

@TWE) TO@P. Sl P T wi)P 2 damw)

If s =0, then by Helder's inequality

if (z) f(w)j. . . + p
D le()\,\,ZJ-;;,?JJV(W)JIO @) wiP)P #r2dA(w)

z . :
p(p 1) Jf (Z) f(W)Jp i wi2yapt(p 2) .
CkvkLp(dA ) D—jl WZj@r ap @ j wj9) dA(w):
Hence, by (2.3.2) and Theorem 2.2.4 with = ap+(p 2)and = p 2 (we can apply
itsinceap>1 p);
z
f@ATW(@) TE@IPQ | zj?)P 2dA@2)
D

2 Z (2 fw)P
p(p 1) P52 F w2
CkvkLp(dA) o Dm(l j Zj7) (@ j wj) dA(z)dA(w)

p(p 1) p .
Ckvkl_p(dA )kf kBp(S).

If s> 0, we apply Helder's inequality again, and then Lemma 2.3.1 to obtain

if(z) f(w)j. . o P
D e P L WP 22 dAw)

jif(2  f(w)jP
Djl szp(l+a)+l

2 V)P dAps(w) P 1
D jl szl s+s

(1 J WjZ)ap 1+(1 s)(p 1) dA(W)

o if (2) f(w)jP o
@ j zJZ)( +s)(p 1) Dj:JL (V)vsz(1(+a))1+1 (1 j wj?)2p 1+1 s)(p 1) dA(w):

Therefore we have

Z
if@ATW(2) TEV@)PQ | Z%)P > °dA2)
D

22 0@ fwp

i wgpara @ 170 (@ W) dAG) dAW);

where =s(p 1) 1l+sand =ap 1+(@ s)(p 1). Sinces>0then > 1,
and >s 2. Also, the conditions onaensurethat > l1land >s 2. Since

4+ + s=pd+a+1,;
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we can apply Theorem 2.2.4 to obtain
z

if()TV)(2) TEV(P@A | zDP ?*SdA(z) . kf kgp(s):
D
The case p 2

Choose" > O suchthat > max( 1, 2+s)+ "(p 1)and

ap>1+ p+max(0; 1+s)+"(p 2):
Let g be the conjugate exponent ofp. By Helder's inequality we have

VWit @) f w)
F@T(2) T(v)(2)P

. . p
z

jv(w)jd (1] WJ'ZZ dA(W) p=a— jf(z) f(w)jP
D

R _
jl1 wzj® 1wz (L)WY dAw);
where

_ @ e 2
1

LY =ap +(1 ")p 2

A="+s+(1+2")(p 2); B=(2+ a)p s (@+2")(p 2

2 we can apply Helder's inequality once again with exponentp=q

then Lemma 2.3.1 and Lemma J to obtain

. @] w?) =
jv(w)j === dA(w)

D 11 wzje D

z )
. .p - .2 . .2 l+
JV(W)J (1 I Wj) dA(W) (1 j wj9)
D j1 wzp+s

p 2
b j1 wzjl*?’ dA(w)
(g ij) " 1 ] ij) "(p 2) =1 j Zj2) "(p D).

Sincep

1, and

Therefore, if = "(p 1), by Theorem 2.2.4 we have
z

f@T)(2) TEV@PPQA |z dA(2)
D ZZ7Z . .
if(2) fw)°
p o J1 wzB

@ jz? @ jwj? dA(z)dA(w)
p .
kf kBp(S)’

since 4+ +

s = B, and the choice of* > 0 ensures that; > land min(; ) >
s 2. This nishes the proof.

O
The following is a well known generalization of the classiceMabius invariant version

of Carleson measures. See [Ga3, Chapter VI, Lemma 3.3] foréttlassical case and [ASX,
Lemma 2.1] for the general case.
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Lemma 2.3.3. Let a> 0. Then the following are equivalent:

@) (S(l1)) Cjlj2 for all Carleson sector S(I)

. 2 a
i sup B4y

22D p 1 Zozj?

Proof. First we will show that (ii) implies (i). Let Q = S(I) be a Carleson square with
202 T(Q): Forall z2 Q;

i1 207 2 o A2 1 jzo) 920z C(1 | zoj):

On the other hand j1 Zpzj 1 j zpj. Hence

C 1 j Zoj
— - . —; forallz2 Q:
1jzoj j1 Zzj®2 1] zo] °
Then, by hypothesis (ii),
Z . .5 a
. 1 zoj? -
a a.
(S() itj o 1 707? d (z) Cjlj*:

For the other implication, given zp 2 D; consider! = 1(zp); Q = Q(zp) and let N 2 N
such that 2V (1 j zj) <1 2Y(1 j zj): If we de ne

Ih=2"1 forn=0;:xN 1 and Iny=@nly 1;
then

[
D= Cn; whereCo= S(I)and C, = S(I,) nS(l, 1); forn=1;2;:::
n 0

By hypothesis (i),
(Ch) (S(In))  Cijlnj g

and observe that

i1 zozj Cmax(l j zj;jArgz Argzgj) Cijl,j forall z2 Cpy:

So,
1jz2 ° _ 1jzoj2 °
o itz COT iz 40
gl X 1"
n=0 jlnjza n 0 2 .
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As an immediate consequence of the previous results we obtathe following one.

Lemma 2.34. Letl<p< 1 ands O:If isan (s;p)-Carleson measure, then there
exists a constantC > 0 such that (S(1)) Cjlj® for all sectors S(I).

Proof. It follows immediately by choosing” = s on Lemma 2.3.1 and then using Lemma
2.3.3. O
Multipliers of  By(s)

Recall that
M (Bp(s)) = fg2 Hol(D) : gf 2 Bp(s) wheneverf 2 Bp(s)g:
Let g2 M (Bp(s)); then by the Closed graph Theorem, the operator

Bp(s) ! Bp(s)
f 7! fg

is bounded and we de ne the multiplier norm of g as

kgk = inf kfgk :
M Bo(s) = o<1 9Ks(s)
The following well known result (see [ARS1, p. 472]) describs the multipliers of Bp(s)
in terms of (s; p)-Carleson measures.

Lemma L. Letl<p< 1 and0 s< 1 Theng2 M(By(s)) if and only if g2 H1
and jg42)j° (1 j zj»P 2*SdA(z) is an (s;p)-Carleson measure.

Proof. Suppose rst that g 2 M (By(s)). By the closed graph theoremkfgkg (s
Ckf kg, (s)» Wheneverf 2 Bp(s). Using inequality (2.2.2) and Lemma 2.2.2, we obtain
that for all h 2 Bp(s),

ih(2)j = jh;kzii Kk hkg,okkokp, ) Ckhks, (L | Z12) =P (2.3.3)

(1 j aj%)s=
(1 az)%s=p
Lemma 2.3.1). Sinceg 2 M (Bp(s)), we can apply (2.3.3) with the function h = gf, to
get

For eacha 2 D, the function f4(z) = is in Bp(s) with kfakg ) C (see

jg@fa(j c@ j zj») =™

Taking a = z we get that g2 H' . In order to see that jg4z)jP(1 j zj?)P 2*SdA(z) is
an (s; p)-Carleson measure just note that
Z

if @i"id%2)iP@ j z®)P 2*SdA(z) C kgk? kfkE . + kfgkP . kfk
D

p
Bp(s) Bp(s) Bp(s)
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since jf (2)gX2)jP . j(fg)X2)j® + jf {2)9(2)jP. The other implication is easier. Let
f 2 Bp(s); then
A
kfgkg,(s) - Kfkp,(skgky1 + Djf @iPig2)iP( | Zi°)P **°dA(z)

and using the hypothesis ong we obtain that kfgkg i)  Ckf kg (s), 5092 M (Bp(s)):
O

Propgsition 2.3.5. Letl<p< 1;0<s< 1, andletfz,gbe a sequence irD such
that (1 j znj?)S 2, is an (s; p)-Carleson measure. Then the Blaschke product

n

N Zn 1 znz

B(z) =

is a multiplier of By(s):

Proof. Note rst that the assumption also implies that the measure

= @] z)) =z (2.3.4)

n
is a Carleson measure. Indeed, leB(I) be a Carleson box, then by Lemma 2.3.4,
(S(1) = (A zaj?) G 1 (1 zj%)” Cijlj:
zn25(1) zn2S(1)

In particular, by Lemma 2.3.3 with a=1; one has

X @jzajz?

22b i1 zz?

z2D

C: (2.3.5)

n

SincekBk: 1 then, by Lemma L, the condition that B 2 M (By(s)) is equivalent to
the fact that jBYz)jP(1 j zj?)P ?*SdA(z) is an (s; p)-Carleson measure. Observe that

sy X B2 Lin Y oizmizn 2.
. Zn (1 an)zm6n Zm 1 zwZ’

SO
(1] anz).

BY2)] i1z (2.3.6)
and together with (2.3.5) we obtain that

1 j z»BY2)] C forall z2 D: (2.3.7)
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Let f 2 Bp(s), using the estimation (2.3.6) and (2.3.7), we have

z
if @PiBY2IP (L | z*)P *"°dA(2)
D Z
= Djf @iPiBY2)i (1 | z%)iBY2))P (1 | zj%) *"°dA(2)

Z
e 1| znj?
f (2)iP — 1ol
. (=) L1 znzj?
X (l J ij) 1+s
= 1 i y4 2 f Z 'p%
n( j znj%) DJ (2)j 1 272
z
X i 52y 1+s
A z?) @ 1A
D . 11
X o . (1 j zj?) s
AP i@ )P )
D

n

1 j zj®) Yc°dA(z)
dA(2)

n 7 A

ozzE 0

=11+ 12

P
By Lemma J and the fact that (1 j 2nj?)S 2, is an (s; p)-Carleson measure, we have

Z
X [« 2i2) 1*s
_ : a2 I Zj%)
I if(z0)i" @ | zaj?) e dA(2)
if@P@A ] 202 KIKE (o
n
On the other hand, let
. _ 4 Z, —a. .
n(z) = 1 7z forn=1; ;
making the change of variableswv = ' (z) we have
z
X (1 J ij) 1+s
I = 1j zj? jf f(zn)jP ———"—5—dA
2 i (L znj9) DJ (2) (zn)] i1 znz)? dA(2)
z
X o . o] wj?) s
= (1jz° Dan(W) fn(O)J"’(jlJ Zjnjvjzs dA(w);

wheref, = f ' . Therefore, since 0< s < 1, by Lemma 2.2.3 and the change of



40 2. Interpolating sequences for Besov type spaces.

variablesz = ' ,(w); we get

Z
X (1] wj?P s
. SO\S e 0 P
2. 1 J zj%) Dan(W)J 1 zwE

dA(w)

X
= fC awW)IPQ ] wiA(F AW § wi?)P 2
1 j zjA j wj?)

S
T 1 Wit dAW)
n

X Z
= TP j ' n(@iDQ | ZAP ?*°dA(2)
D
21 - - X
= Q@i
D

n

1jzid@ jzj?
i1 z,zj?

(1 j zj®P ***dA(2);
and nally, applying inequality (2.3.5) to the last term, th e proof is nished. O

Boundary values

let1<p< 1 andO0<s< 1;sinceBy(s) HP; it follows that every function f in
Bp(s) has nontangential limits a.e. on @: Denote by f, 2 LP(@D) the boundary values
of f (taken as a nontangential limit). The purpose of this sectim is to give a description
of the spaceB(s) in terms of its boundary values. Letf 2 LP(@D); we say that that
the function f is in L2 if

£2 %2 (e f(enp

P -
k kLQ - 0 0 je't eiuj2 s

dudt< 1 :

The main purpose of this section is to show that the boundary walues of functions
in Bp(s) are in L&: Our arguments follow closely the proof in [Nic].

Lemma 2.3.6. letl<p< 1 andO<s< 1: Letf 2 LP(@) and let F 2 C1(D) with
lim, (F(re' )= f(¢ ) fora.e. € 2 @. Then
zZ, 272, z

- t u -p
jif(e') f(eY); dudt C ir E(2)P@ j ZjZ)P 2+SdA(z); (2.3.8)
D

0 0 je't eiuj2 S

where C is an absolute constant.

Proof. The proof is based on an idea in [Stein, chapter V]. Changinghe coordinates
t = u+ h we obtain
!
f2 iy feyp, 0 CPEw) fenp
o o Jjet eujizs T 0 o jeh 152 s
Z Z,

C

s if (€M) £ (&¥)iPdu dh:
0
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Consider

Jf (ei(u+ h)) f (eiu )J

jEUM) Rl @ M)+ F(r(@WM)  F(ret))j + F(re) f ()]

Z 1 Z h Z 1
it Fxe@Myjdx+  jr Fre'D)jdt+  jr F(xe)jdx;
0

r r

for any r 2 (0; 1): Apply Minkowski's integral inequality (2.1.1), to get

Z,
Jf (el(u+ h)) f(elu )Jp du
Z, Z4 _ p Zy Ziy _ p
jir F(xe")jdx du+ jr F(re'*Mjdt du
0 r ¢ 0
Z 1 Z 2 . 1=p p
jr F(xe")jPdu dx
r
+ jr F(re'™9)jPdu dt =(1)+(1):
0 0
Therefore,
Z,2, .., & . z z
jf(eh)  f(e")P 1 1 :
. . jo e dudt C , 2 s(H)ydh+ , e s (1) dh:
For the term (1) we make the change of variables = h=(2 ) and taker =1 2
(1=2;1);
Z 4 £y %1 %2 npy = P
——()dh= o jr F(xe“)jPdu dx dh
h 0 h r 0
Z 1= 1 Z1 Z, : 1=p P
=C 5 jr F(xe")jPdu  dx d:
0 1 0

After the change of variablesx =1 '; we apply Hardy's inequality (2.1.2) and obtain

Z Z 1=2 1 z Z 2 . 1=p p
——~()dh=C S ir F(@ ")e")jPdu  d d
h 0 0 0
Z157Z, )
C jir F(@ ')eY)jPdu'P s
Z) 0

C ir F@iP@ j z%)° ***dA(2):
D
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For the term (11 ) we make the change of variables = h=(2 ), taker =1 and
integrate with respect to t and we obtain

£ £o1 fnf2 uvip, =P
(I1)Ydh = = jr F(re")j°’du  dt dh
o_h 0 _ 0

- ir F(@  )eY)jPdu  dt d

0 h2 S
=C
Z 1o 2 .
=C p 2+s rE(@  h)e')Pdu d
Z) 0
C jr F(PQ j z®)P *°dA(2):
D

This nishes the proof. Ol

Proposition 2.3.7. Letl<p< 1 and0O<s< 1. Letf 2 LP(@); thenf 2 L% if and
only if b
ir PIFI@IP(L | Z%)P *°dA(z) < 1 ;
D

where P[f ] is the Poisson integral of f. Moreover, there exists a univesal constant C
such that Z
C kf kﬁp ir P[f1(2)jP( | zj®P ?"SdA(z) Ckf kEp:
S D S

Proof. Considerf 2 LP(@D), and let P[f ] be the Poisson integral off . Then, it follows

from Lemma 2.3.6 that
Z

kikl,  C jr PIF12)IP(L | Zj%)P **°dA(2):
s D

For the converse, since
Z 2 . .
(1] zj?) dt
P[f1(z) = f (e" 7( . = —
1@= @) gy
an easy computation gives

@], . fet)et dt L2 (f(e) f())et di
@Y7, @ 222 .. (& 22 2
@F ], _C7  f(d) dt_ T (f(eh) f(ev)) dt
@ Y, d@ iz -, e@ 27 2

and consequently,

Z,

Z, ., "
. uy: it ety e
r PIEJre™) - C e Ot

(2.3.9)
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Therefore, using (2.3.9) and Helder's inequality, we get

Z
ir PIf1(2)PA | zj®P #*5dA(2)
2,2, Z, o U p
c te) TN g @ 2P 2srrau
H 00 jet  relvj?
c 2 1 2 jf (eit) f(eiu )Jp
0o 0 o0 jet  revj?
Z 2 1 p1

2_étreiujzolt (1 r?P 2*Srdrdu

222972 ey ey
'eit reiu'z

Z02 2 , 0 J J

1 2y 1+s
ot iuyip rd r9)
C o o jif(e”) f(ev) o jet Ten

=C dt@@ r? M™Srdrdu

dr dtdu:

The proof will be nished if we show that

Z,
I'(l r2) 1+s 1
————dr ——— forall t;u2]0;2 ]
0 je't I’e'ujz je't gujz S u [ ]
We can assumg et €Yj 1=2: Consider

Ro=fr2[0;1) suchthat0< 1 r j & dYjg;
Rn = fr 2 [0;1) such that 2" je" €¥j 1 r 2"e' €Yjg forn=1;::5N;

whereN 2 N satises 2N 1jg¥ elj< 1< 2Njé' €Uy, Then,ifn 1
jet reYj @ r)jéet euj&2"je' eYj ifr2Ry:
So,

le‘(l r2) 1+s ~ XN Z I‘(l r2) 1+s XN 2njeit eiuJ' 1+s

r= - ___dr. - 2jelt @lj
h=o Ro €% TEM[? o 2njet evj ?
X 1
22 s jeit eiuj2 s’ jeit éujZ s’

n=0

and we conclude that

z 2222 () f(e)P

i ip i 5i2\p 2+s .
P PII@IRE § 27 PdAz) - C jof gujz s dudt

O]

As an immediate consequence of Proposition 2.3.7 we obtairhé following result.



44 2. Interpolating sequences for Besov type spaces.

Corollary 2.3.8. Let f be analytic onD and continuous onD: Let fy, be the boundary
values off on @ so thatf = P[fp]. Then f 2 Bp(s) if and only if f, 2 L2: Moreover,
there exists a universal constantC > 0 such that

C 'kfkep k fkg, Ckfke; foranyf(0)=0:

Multipliers of  LP

S

Let M (L) be the algebra of (pointwise) multipliers of L%, that is,
M (LP)= fg:@'! C:gf 2 LE wheneverf 2 Lg:

The main purpose of this section is to present a description bthe multipliers of L in
terms of (s; p)-Carleson measures.

Lemma 2.3.9. Letl<p< 1 andO<s< 1. Let be a nite positive measure in the
closed unit disc. Then the following conditions are equivaint:

(i) is an (s;p)-Carleson measure

.. R . p p O RZ i
(i)  piP[ul(2)jPd (2) Ckukl_g forall u2 Ls with  u(¢ )d =0

Proof. First we will proof that (i) ) (ii). Let be an (s;p)-Carleson measure and
u 2 LE: We can assumau is real valued. LetP[u](z) be the harmonic conjugate function
of P[u](z) with P[u](0) = 0. By the Cauchy-Riemann's equations,

ir P[ul(2)i = juY2)i; whereU(2) = P[u](2) + i P[u](2):

Observe that U(0) = 0: Now, applying Proposition 2.3.7 with the function u 2 L%, we

deduce thatU 2 Bp(s). Since is an (s;p) Carleson measure,
z z z

jPlul(2)i’d (2) jU@@iPd (2) € jUAiPQ j Z?)P *°dA(2);
D D D
and by Proposition 2.3.7, this last integral is comparable b kukEg:

Let us show that (ii) ) (i). We need to prove that
z

i ip p
Djf(Z)J d (z) Ckf kBp(S)
for any f 2 Bp(s): Let f,, be the boundary function of f: By Proposition 2.3.7 and
hypothesis (ii), fp 2 LE and

Z Z
if(@ fOPd (2) Ckikl, C jfY2iPL j zj?)P *°dA(2):
D s D

So we can conclude that is an (s;p) Carleson measure. Ol
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Lemma 2.3.10. Letg2 L! (@) and letG 2 L1 (D)\ CY(D) with lim;; 1G(re' ) =
g(é ) fora.e. € 2 @: If

ir G@)IPA | Z°)P **°dA(2)
is an (s; p)-Carleson measure, theng2 M (L5):

Proof. Observe that Lemma 2.3.6 tells that the function g is in LE: We must show that
gf 2 L2 wheneverf isin LE. So, letf 2 L2. Without loss of generality we may think
P[f](0) = 0: Using Lemma 2.3.6 with the extensionG P[f ] of gf on D we get

Z,72, . it iu\ip z

kgf kP, = Jof .(e.t) %f.z(és Waudt ¢ ir (GPID@)P dAgs(2)
S0 50 jet el 7 D
C  JG@)iir PIfI(2)iPdAps(z)+  jPIf1(2)iPir G(2)i° dAp;s(2)
D D

SinceG 2 L1 (D); for the rst term of the sum, using Proposition 2.3.7 with f 2 L. we
obtain z
iG@)iPir PIf1(2)iP(L | Z%)P **°dA(z) Ckf kfy:
D S

For the second term we use the fact thatr G(z)jP dAps(2) is an (s; p)-Carleson measure
and Lemma 2.3.9 to get
z
PIF1@)iPir G(2)iP( | Z%)P **°dA(z) Ckf kfy:
D S

Hencekgfk »  Ckfk p forall f 2 L§ with P[f](0) =0: Sog2 M (LE); which nishes
the proof. O

Now we can give a description of the multipliers ofL% in terms of (s; p)-Carleson
measures.

Theorem 2.3.11. Letl<p< 1 and0O<s< 1;the following conditions are equivalent:
() g2M (LY)
(i) g2 L! (@) andjr P[g)(2)jP(1 j zj®)P 2*SdA(z) is an (s;p)-Carleson measure.

Proof. The implication (ii) ) (i) follows from Lemma 2.3.10. For the converse, let
g 2 M (LY. Without loss of generality we may think that P[g](0) = 0: We start by
proving that g 2 L! (@) using an argument from [Ch]. Consider the operator of
multiplication by g, then by the closed-graph theorem we have
Z, _ 0
kgkag C kf kEg + ; f(e)d ; forall f 2 LE:
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Taking ' (z) = g(z)=C¥P we have that
k'f kEQ k fkﬁg + . f(e€ )d ; foralf 2Ll

Since 12 L§; we see that' 2 L§andso’ " 2 LE with k' "kyp k ' k_p;forn=1;2;
Note that

(N (€)= mEXE) M) (e () T NE):

Hence,

22 Wif (€) f (e
jeit éujz s
jC ")) (") (EM)iP

0 Jelt eiuj2 s
2)2 z 2 i n(eit) ' n(eiU)jp
o o jet eujzs
) it Nt ' N(AUYP
— ' N p H u -pJ (el) (e )J
k kaE; % 0 it (e jet  @uj2 s
2 2 N ait ' N[alUY;
o uyipl (€Y) (e")jP
Ty * 0 0 I jet  euj2 s

2 .
i (eh)] dtdu

OZZZZ

dtdu

dtdu

dtdu

dtdu:

Now, let f be the identity function on @, we then have
Z,2Z,
j- (eit)jnpjeit eiuJ-p 2+Sdtdu
2,7,

s ORIl

. jof 2 s dtdu C;

Therefore, sincen is arbitrary and the constant C is independent ofn, we havej' ( )j 1
for almost every 2 @ and sog2 L! (@):

Now we are going to show that the measurgr P[g](2)jP(1 j zj?)P 2*SdA(z) is an
(s; p)-Carleson measure, that is,
Z
if @iPir PlAI()iP( | zj)P *"°dA(z) Ckfky
D
wheneverf is in Bp(s). Let f 2 By(s), sinceg2 M (L): we have thatf,g2 L%; so by
proposition 2.3.7,
z

ir (fP D)@ | zj?)P #°dA(2)
D (2.3.10)

Ckfgk s C kf kEg + jf (0)j° Ckf kgp(s):
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Furthermore, sinceg2 L (@) then P[g] 2 L! (D) and we obtain
Z

PIA@)IPIr f (2P | z}%)P ?*°dA(z) Ckfkj
D

By(s)" (2.3.11)

Finally, using the inequalities (2.3.10) and (2.3.11), we gt
Z
if @iFir PIAI@)IPQ | zj%)P 2" °dA(2)
D z
ir (fP [A)(2iP(L | zj?)P *"°dA(2)
bz
+  PLI@IPIr f(2iPQ j zi?)P *°dA(2)
D
p .
Ckf kBp(s).
Therefore, the measurgr P[g](2)jP(1 j zj?)P 2*SdA(z) is an (s; p)-Carleson measure
and the proof is complete. O

As an immediate consequence of the previous results we can diece the following
relationship between multipliers in B(s) and multipliers in L.

Corollary 2.3.12. Let g be a bounded analytic function inD and let g, be its boundary
values so thatg = P[gy]: Then g2 M (Bp(s)) if and only if g,2 M (LY):

Proof. By Lemmal.L, the function g2 M (By(s)) ifand only if jg42)jP(1 zj?)P 2*SdA(z)
is an (s; p)-Carleson measure. And using Theorem 2.3.11, this is equilent to the fact
that g, 2 M (L2): O

24 A ©@problem

A @problem with estimates

In the classical setting of bounded analytic functions, the Corona Theorem and the
characterization of interpolating sequences can be provedsing solutions of @problems
with uniform estimates. In our situation the result we need is Theorem 2.4.2. We start
with the following more simple result.

Theorem 2.4.1. letl<p< 1 and0 s< 1. If 2 C(D); then there is a function
b2 C(D) such that

@b_

-
in the sense of distributions and such that the boundary vaufunction by, belongs to
L&: Moreover kbjpkie  CK Kipda,e): WhereC is an absolute constant.
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Proof. Consider the function

(w)

p(z w)

u(z) = dA(w):

It is easy to check that u 2 C(D) and @u= : We will show that u; 2 L§: Consider
the function

2w
dA(w):
p(1 wz) (W)
Observe that v(z) = zu(z) for all z2 @: So, it is su cient to show that v;_, 2 LE: An
easy calculation tells

v(z) =

2w
ir v(2)j . . 11in12 dA(w):

If we de ne 7 W)
T( )2)= DmdA(W)i

Lemma H tells that T is a bounded operator fromLP(dAp:) to itself. Since the function
belongs toLP(dAy;s);

4
Djf V2)IP(L j Z)?)P 2*°dA(2) . KT (i DKip(dags) - K Kip(daps) < 1

So, by Lemma 2.3.6,vj, 2 L and the proof is nished. O

The main result of this section is the following.

Theorem 2.4.2. Letp>1and0 s< 1. Let be a continuous function in D such
that j (2)jP(L j zj?)P ?*SdA(z) is an (s; p)-Carleson measure (andj (2)j(1 j zj) C
for 1< p < 2), then there is a function b2 C(D) such that

2 @

and such that the boundary value functiorh ,, belongs toM (LD):
The proof of Theorem 2.4.2 uses two auxiliary results.

Lemma 2.4.3. letl<p< 1:;0 s<LIfj (2’1 j zj»P 2*SdA(2) is an (s; p)-
Carleson measure, then (z)j dA(z) is a Carleson measure.
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Proof. Given a Carleson sectoiS(1); applying Helder's inequality and Lemma 2.3.4, one

has
Z Z
2+'s p 2+5s)

j (2)jdA(2) = i @i jz) @ z) 5 dA(z)
s(l) S(1) |

Z
c i (P ] Z?)P #*°dA(z)
0

1
p

z 1
-2y 2+9) ’
Ljz)e dA(2)
s(1)
| 1
z -
I dA(z P
Citjr %
S (1 j zj?)»rt

1
s P

Cjljs jljpt = cCijlj

Here q satis es 2 + 1 = 1: Observe that in last line we have useds < 1: O

1
P q

The proof of Theorem 2.4.2 is based in the following beautifluresult of P. Jones
[Jo1].

Theorem 2.4.4 (Jones). Letd be a Borel measure orD such thatdj j is a classical
Carleson measure. Forz2 D and 2 D; consider

2 z #
2 1§ ] 1+w  1+wz . .
K(;z; )= ——————exp — di j(w)
(1 Z)(Z ) iwij i 1w 1

and <

k ki = sup M

e
Then 7
So( (2)= K ==z d () (2.4.1)
D 1

satises So( ) 2 L} (D) and @§( )=@ = in the sense of distributions. Moreover, if
Z 2 @; then the integral in (2.4.1) converges absolutely and
Z
sup K —:z d j( ) Ck kg:
z2@ D K I(1

In particular, Sp( )2 L (@) and kSp( )k : @) Ck ki

Proof of Theorem 2.4.2. By hypothesis,j (2)j°(1]j zj?)P ?*SdA(z) is an (s; p)-Carleson
measure, so applying Lemma 2.4.3, (z)j dA(z) is a classical Carleson measure. Without
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loss of generality we can assume that both Carleson norms aremaller than 1. Let
b= So( ); whered (z) = (z) dA(z). Thus, by Theorem 2.4.4, the function bis de ned
at almost every point of D and satis es the equation @b== (z) in the sense of
distributions. Moreover, the boundary value function b;  lies in L! (@): Our aimis to
verify that the boundary value function b lies in M (L®): For this purpose, consider

'z,
bz=2 111
pil zj?
7 #
exp trw 1 i widAw) ()dA()
wij j 1w 1

which satises b (z) = zk(z); for any z 2 @. Hence it is sucient to prove that

b 2M (LY). Now write
!

2iZ z 1+w . .
b(z)= — hi(z) ha(2) exp 1w (WjdA(w)  ()dA(); z2D;
D jwij j+ W
where
b !
1j j2 1+Wz . .

hi(z) = ———; hy(z) =ex w)j dA(w
@)= == @Eee ] (WidAW)

Sincedj j(z) =) (2)jdA(z) is a classical Carleson measure,
!

z 1+w
Re Lo (W)idAw)
%WJ'J' i
=  Re ?xva i (w)jdA(w) (2.4.2)
J?JJ J
) WidAm)  C

where the constantC is independent of . Hencee © j hy(z)j 1 foranyz2 D: The
main technical estimate in the proof is

z
. . W
rh@i C jlj(zgvjjsz(w): (2.4.3)

Observe that
Z

rb(@@j ¢ D(J'hl(Z)r ha(2)j + jh2(2)r ha(2)j)] ( )idA():

Sincejhyj 1, we have
jha2(z)r ha(2)j
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We also have

1jz]

Z . .
i@ @i c 2 i@ M gaw):
i1z j?

pil wzj?

Lemma 2.1 in [Jol] states that
" #

- z
12z | 1] zwj?. . S
— - ex —— ] (w)jdA(w dA 1 244
il 7 ]2 p i L ZWJZJ()J (w) j ()idA() (2.4.4)
Therefore Z Z . W)
. . . ] (W) .
Dlhl(z)r h2(2)jj ()idA() C L zwp dA(w);

and this nishes the proof of (2.4.3). Sincej (2)jP(1 j zj?)P 2*SdA(z) is an (s;p)-
Carleson measure, we apply Theorem 2.3.2 and obtain thgt b (z)jP(1] zj?)P 2*SdA(z)
is also an 6; p)-Carleson measure. Giverz 2 D; by inequalities (2.4.2) and (2.4.4) we

have that |

Z
. . 1] j? 1+wz . . o
jb(2j C %GXD ~ Re j (w)jdA(w) j ()idA()
pjl Zz] wij ] 1 |
_ V4 .
1jzj? 1] zwj?. . o
oIl Zj2 p i i W (WjdA(w) | ()jdA()

Thus b 2 L?! (D); and Lemma 2.3.10 tells us thatb 2 M (L%) which nishes the
proof. O

The Corona Problem in M (By(s))

Let Y be a subalgebra (nonclosed) oH?! . If, for an arbitrary nite set of functions
fq; fn 2 Y satisfying the condition

- X1 - -
it fj(@i= > 0
i=1
there is a set of functionsg;; 1On 2 Y such that
fi01 + +faon L

then we will say that the corona problemis solvable in the algebraY. The corona
problem in H! is usually described with the help of solutions of@equations [Ga3].
It is easy to see thatM (Bp(s)) is a Banach algebra with the norm

kf ky (Bp(s)) ~ supfkfg kBp(S) 1 g2 Bp(S); kngp(S) =1lg

Letl<p< 1 andO0<s< 1;in this section we will consider the corona problem for the
algebra M (By(s)): This was rst proved by V. Tolokonnikov ([Tol]). Here we pres ent
an approach based on@techniques.
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Theorem 2.45. letl<p< 1,0<s< landfy;::;fh 2M (Bp(s)): Assume
- X-I . .
Zn;}‘) | ifi@i= > 0 (2.4.5)
=1
Then there existgi;  ;0n 2 M (Bp(s)) with
fiop + +fagn L (2.4.6)

Proof. By normal families, we may assume thatf1;  ;f, are holomorphic in a neigh-
borhood of the closed unit disc. As in the classical case of lnoded analytic functions,
the proof is based on solutions of@problems with appropriate estimates. Take

fi@ |
= if1(2)j?’

By (2.4.5), the denominator is bounded below. So,

"i(2)= j =10

', 2CY(D); K jki 'kfjky <1; fi'q+::+fy'n lonD:

P
Observe thatjr ' j(2)] C(;n) [y f2)i: So,jr ' (2P j zj*)P **°dA(2) is an
(s;p) Carleson measure. Hence Lemma 2.3.10 tells that; 2 M (L). The diculty is
that ' ; may not be analytic on D: To rectify that, we write

X
G@=";@+ (k@ b @)

k=1

where the functionsjx to be determined will be the solution of a certain @ problem.
It is obvious that
figp+ i+ fhogn 1 onD:

We want the functions g; to be analytic and this will follow if we can nd solutions by
of the @ problems

@i =";@% j:k=1;un (2.4.7)
Finally, since g should lie in M (Bp(s)); we will needbx 2 M (L§). A calculation shows
_ P P
@c_ of0 g ni0_ TG i,
@ ihiiz ( jhj?)? ( if»2
_ P
Thus, j' j@% C( ) if3. Hence

y— - - - X1 - - - .
supj' | (2@%(2)j(1 j zj) Csup [fX2i jzj) C:
z2D ZZDI=1
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Observe also that since
it X2)iP@ j zj®P 2*SdA(z) is an (s; p)-Carleson measure, fod =1;::;n
then j' ;(2) @ «(2)jP(1 j zj?)P 2*SdA(z) is also an (s; p)-Carleson measure. Applying

Theorem 2.4.2, the equation (2.4.7) has a solutiohx 2 M (L8): So, g 2 M (L5) for
j =1;:5n and Corollary 2.3.12 tells that g 2 M (Bp(s)) for j =1;::;;n: O

Fe erman-Stein decomposition

As is well known, there is a close relation betweer@®equations and theFe erman-Stein
decomposition asserting that any f 2 BMO (@) can be decomposed intdf = u + &;
whereu;v 2 L1 (@) and e means the conjugate function ofv: So, it is not surprising
that solving @equations with appropriate estimates leads to the followirg result. Also,
it should be recalled that M (LE) L (@):

Theorem 2.46. letl<p< 1;0<s< 1, f 2 LP(@) and let P[f] denote the
Poisson extension of the functionf: Assume

ir PI[F1(2)jP | zj®)P 2"SdA(z) is an (s; p)-Carleson measure,
thenf = u+ i whereu;v2M (LY):

Proof. Without loss of generality we may assume thatf is a continuous real valued
function. Consider the @problem

@ @A
Sincejr P[f](2)j°(1 j zj?)P 2*SdA(z) is an (s; p)-Carleson measure then

supjr P[f1(2)i(1 j zj)) C:
z2D

So, by Theorem 2.4.2, there exists a solutiorb of the previous @problem such that
b2 M (LR). Observe that the function P[f] bis analytic on D: So,

P[f] b= h+if; whereh andf are harmonic conjugate functions.

Sincef is real valued, we have that a.e. on@; f = Reb+ h = u+ & whereu = Reb
andv=H8= 1Imb: Thus, sinceb2 M (LY); this nishes the proof. O
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2.5 Interpolating sequences for  By(s)
Consider the point evaluation functional

Th: Bp(s) ! C
f 70 f(zn)

A sequence of pointsfz,g ] is cglled aninterpolating sequencefor the Besov type
spaceBp(s) if the map f 7! fk(TZn”k) transforms Bp(s) onto and into IP, where kTpk
denotes the norm of the point-evaluation functional at z,: Using the pairing in section
2.2 and the reproducing kernel, Lemma 2.2.2 tells that the nam of the point evaluation

functional is comparable to

1

Kakeas (1 ]z,

The corresponding notion ofinterpolating sequences for the multiplier spacevl (Bp(s))
consists on the sequencelsz,g D for which the map g 7! f g(z,)g transforms the space
of multipliers of Bp(s) onto I :

The characterization of the interpolating sequences for bth spaces is given in the
following theorem which is the main result of this Chapter.

Theorem 2.5.1. Letl<p< 1 and0<s< 1 Letfz,g be a sequence of points in
the unit disc D. The following conditions are equivalent:

(M) Z is an interpolating sequence forM (Bp(s)).
(UIS) Z is an interpolating sequence forBp(s).

P
(CS) Z is a separated sequence andz =, ,7(1 ] 2nj%)S 4, is an (s; p)-Carleson
measure.

We point out that in the case p = 2, Theorem 2.5.1 was rst proved in [Bo2] and
after in [Xi]. When s = 0, that is, when working with functions in the classical Besov
spaces, the result was proved by C. Bishop [Bi] and Marshall&undberg [MS2] forp = 2.
The general case kp< 1 ands=0 is due to B. Boe [Bo1l].

2.5.1 Necessity of condition (CS)
(M) ) (CS)
In this section we will prove that (CS); that is,

Z is a separated sequences)

P
2= 4070 ] 2,j%)8 4, is an (s; p)-Carleson measure C)
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are necessary conditions for a sequenéen g to be interpolating for M (B(s)): Sincef z,g
is an interpolating sequence forM (By(s)) H 1 - in particular fz,gis an interpolating
sequence foH ! : Then, the separation condition follows. For the proof of the necessity
of the Carleson measure condition C) we will need the following Lemma for the case
l<p 2

Lemma 2.5.2. Letl<p 2 andO<s< 1 If fz,gis an interpolating sequence for
M (Bp(s)) then

X @1 Zz%5A ] zids _
sup RS <1:
22D, J kZ)

A proof of this Lemma can be done using a result in [NX, Theoreml1.3]. Lemma
2.5.2 can also be proven by combining Khinchin's inequality(2.5.1) and a reproducing
formula for By(s):

The necessity of the Carleson measure conditionQ) in Theorem 2.5.1 will follow
from an argument which combines Khinchin's inequality and areproducing formula for
Bp(s): The idea goes back to N. Varopoulos [Va]. To be precise, givemitely many
complex numberswy; :::; Wy ; consider the 2' possible sums

X
Wi
j=1
obtained as the plus-minus signs vary in the 2 possible ways. Forr > 0 we use
0 1

X r
EQ@ Wi A
i=1
to denote the average value of
X r
Wi
i=1
over the 2" choices of sign.Khinchin's inequality states an estimate on the expectation

below, 0 1 0 1.,

X r X
E@ w A C@ jwj?A (2.5.1)
j=1 j=1
whereC; is a constant that does not depend on "n" (see [Ga3, p. 302]). Atually C, =1
if r  2: This inequality will be used in the reproducing formula for By(s):

Suppose now that (M) holds. Let ‘k = landletg 2M (Bp(s)) with g (z) = Jk
fork;j =12, :Letf 2 Bpy(s); without loss of generality we may think f (z,) 6 O for
alln=1; : Applying the reproducing formula (2.2.3) we obtain

z

(fgj)(z) =(fg;)0) + D(fgj)O(W)ké)k(W)(l i wj%)dA(w); (2.5.2)
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where Les
1 (1 wz)
0 _ )
ka(W)_ w(l  wzg)lts
In particular, by (2.2.6),
1
1,0 : .
jkz, (W)j . 1wzt (2.5.3)
Observe thatifO<r 1, then
X . . X . . l:r
jakj jaxj" : (2.5.4)
Fix n>1,andj =1; By (2.5.2), we have
. . . :O\S X’] uj . . 2 . SO\
iF ()P | zj9)® = (F9i)(ZOf (z)if (z)iP “(1 ] z?)
k=1 k=1
)@ "j reyaEY p 2 . -2\S
=(fg;)(0) kf (@)if (z)i® “(1 ] zj?)
k=
X0 .12
+ " D(fgj)O(W) kO (W) (L} wj®)*dA(w) f(z)if (zK)i® 21 | zj?)°®
k=1
= |1+ |2

We will compute the expectation of both sides of this identity. Let q be the conjugate
exponent ofp. Sincejf (0)j k f kg, () for all f 2 Bp(s); applying Khinchine's inequality
with r =1,

X

E(jl1) Ckfgks,(sE "F@Jif (z)i° 2 | zj?)°
k=1

)

X
Ckf kg ,(s) if @)iP® V(1 j z?)*

k=1
If p 2,then2(p 1) p, and therefore, applying (2.5.4) withr = Wpl) =qg=2 1
we get
X 1=
E(j11) Ckfkg, (s if ()P | zj?)*
k=1
!
X -

Ckf kg, (s) if @)iP (L | zi?)°
k=1
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If 1 <p< 2 we apply Holder's inequality with exponent g=2 > 1 to get

Iz I 2
120 yn z—pp

x
E(j11))  Ckfkg,(s) if @)% D j zg?)* @ jzih®

k=1 | k=1
* 1=q

X
Ckf kg (s) if @iPQ  zd®®
k=1

by Lemma 2.5.2 with z = 0: Let us now estimate the expected value of the second term
I2: Applying Fubini and Helder's inequality, we obtain that E(jl»j) equals
! !

ya
X
E D(fgj)O(W) " K2 (W) f (z)jf (z)iP (1] zi®® (1 ] wj®)>dA(w)
k=1
k fgjke,(s)
| |
Z X q -1
E " K2 (W) f (z)if (z)iP 21 zj®s @ ] wjH)sa 2dAaw)

D k=1

Now, by Khinchine's inequality (2.5.1) with r = q; the last expression can be bounded
above by constant times

0 1,-
Z s b= 1=

kf kg, () @ . jke, W%t (z)i?® D@ j zjA)® (L] wiP)T ZSdAW)A ¢
k=1

If p 2, weuse (2.5.4) withr = g2 1 and (2.5.3) to obtain

E(il2) . kf kg,
Z X] I 1=q
jkgk(W)jq it @)% V(@ j zj®)% (1 ] wj®)9 2*SdA(w)
D k=1

! 1o

dA(w)

(1 J WjZ)q 2+s

xn
. .p . .2 qs
kf kg, (s) it (z)i" ] zj9) 51 Wzar9a

k=1

.

X
kf kg, (s) if @)iPQ j zi®®
k=1

after an application of Lemma J.
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If 1 <p< 2, we apply estimate (2.5.3) and use Helder's inequality wih exponent
g= 1. Then we apply Lemma 2.5.2 to obtain

E(il2)) . kfks,(s) |
Z % @zt X 1]z @22 .

; ; D a2yg 2+
if (Zk)lpm 1wz (1 j wj9)? “"SdA(w)
k=1 K k=1 K |
Z s -1:q
X @zt . o _s(q 2 L .
. kf kg, (s) if (Zk)lp% @ wd) T (@] wid)? FedAw)
D k=1
X 2 as z @ j sz)q+25 2 s3 !lzq
_ . . e @S
= kf kBp(S) - if@)IP @] zj9)* = il wzjor2s dA(w)
1

>

. kfkg,s) if ()P @ j z?)SFQ  zj?) st
1

=
1l

o

kf kg, (s) if@JP @ jzi®®
k=1

>

after an application of Lemma J. Then,

) I . . X o o 170
if ()P j z®)® E (i) + E(l2)) Ckfkg,sy  if ()IPQA j 2d?)°
k=1 k=1

where the constantC is independent ofn. So we can conclude that

iT@IPA | &®)* CKIKY
k 1

Hence X

1 j znj?)s z, IS an (s; p)-Carleson measure,
Zn27

and the proof is nished. Note that we only use Lemma 2.5.2 whal<p< 2

(uis) ) (Cs)

Let k, be the reproducing kernel associated to the pairing
z
H:his=f(OhO)+ fY2)hA2)@1 | zj?)SdA(2);
D

de ned for f 2 By(s) and h 2 B4(s). By Lemma 2.2.2,

1
p .
el @ a9
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f(zn)

Assume that the map T : f ! from Bp(s) to IP; is bounded and onto.

KKzn K5 o (s
We want to see that the measured = Iqu((l) j znj?)® 2, is an (s; p)-Carleson measure,
that is, 7
Djf (2)jPd (z) Ckf kgp(s) for all f 2 Bp(s):
This follows easily from the boundedness off . Actually if f 2 Bp(s) one has
z o X b L ivs X jf (zn)jP 0
DJf(Z)J d ()= jf(z)i*A j zj)> C Kk CKEKG (o)

using the fact that the operator T is bounded.

Now we will see that the sequencd z,g is separated. Supposezn;zyn 2 Z with
(zn;zm) 1 Then, by Lemma 2.2.1,

jzZn  Zm]
C :
(1] zoj)Tes
Consider the sequencd wgg given by w, = 1 and wyx = 0 for k 6 n: By hypothesis

I(kzn kzm kBq(S)

(UIS), there exists a function f 2 Bp(s) with f(z¢) = wy for k =1; . Moreover by
the open mapping Theorem, we may assume
if (zm)iP 1
KEKE ) =
2ol kkzo kg,iq) Kz kg, (q)

Hence form 6 n; one has
cif @) flam)i  Li<fikz ki >]  Kkeygkke KaKago .

kf k
Bp(s) KKz, kg 4(s) 1 j znj?) s=P 1 j znj?) sP

So,
kkz, Kz, kBq(s) C(1 ] anz) 7P

Since (zn;zm) 1, wehavelj zn,j° j 1 Zmznj; and Lemma 2.2.1 gives

Kkz, Kz kBq(S) jzn  zZmj(1 ] an2)5=p iZn  zZm] _ . .
o om P T i T———— = C (Zn;zZm):
(1 J zaj?) P (1 ] znjo)*+sP i1 Zmznj
So, (zn;zm) C and the sequencd z,g is separated.
2.5.2 Suciency of condition (CS)
(CS) ) (uIS)
P
Given a separated sequencéz,g D suchthat = (1 ] 2j%)S 4, is an (s;p)-
Carleson measure, consider the map
T: Bp(s) ! n [P o
f | f(zn)

kkzp Kg q(s)



60 2. Interpolating sequences for Besov type spaces.

We want to see that the mapT is bounded and onto. Recall thatkkzkgq(s) @aij z s.
Since is an (s; p)-Carleson measure, we deduce
@) "X e @ @) K
kankBq(S) Ip n " " D . Bp(s)”

for all f 2 Bp(s): So the mapT is bounded.

To see that T is also onto, consider an arbitrary sequencéw,g 2 IP: We will nd a
function f 2 Bp(s) with

f(zn)

— " =w,, for n=1;2
kkz, Kg ,(s) .

By a normal family argument we may assume that the sequencdz,g is nite and
02f z,g. Let D(z;r) denote the pseudohyperbolic disc of center and pseudohyperbolic
radius r. Sincefz,g is separated, there exists" > 0 such that the pseudohyperbolic
discsfD(zn;2") : n=1;2; @ are pairwise disjoints. With standard arguments, we
construct a smooth function' with the following properties:

(@) ' (2) = wpkkz, kBq(s) forz2 D(zy;");
(b) * vanishes outside[ D (zy;2");
(©) (X j zjir " (2)] Cjwnjkkz, kg, s forall z2 D(zy;2");

Using the above conditions and Lemma 2.2.2,
Z
ir @iPQ j Z°)P 2 3dA(2)
D

)(“Z

. WnPKkz, KB o (1 ] Z))° 2dA(z)  Ckwnkf;
n=1 D(zn;2") a

where C is an absolute constant non depending orN, the number of points of the
sequence. LetB(z) t1§ the Blaschke product with zerosfz,g and let be a positive
constant. By (2.3.4), (1 | znj) 2, is a Carleson measure, and there exists a constant
C > O such thatjB(z)j C for any z 2 D with inf (z;z,) . HencejB(z)j C for
all z 2 supp(@'(2)); thus
@' _
5 2 C(D):

So, by Theorem 2.4.1, we can solve thé@equation

_ 1_,
@b=§@
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in the variable function b obtaining a solution b2 LY with
Z
kbklp C Djr " (@)iP( ] Zj?)P #SdA(2):

Without loss of generality we may assumet(0) = 0: Consider now the function
f=" Bb:
Hencef is analytic in the unit disc D and
f(zn)="(zn)=wy; for n=1;2

It only remains to prove that the function f is in By(s): By Lemma 2.3.5, the Blaschke
product B 2 M (Bp(s)): HenceBb 2 L§ with kBbk_p»  Ckbk p and thus f;g 2 LE: By
Corollary 2.3.8 we conclude that the functionf 2 Bp(s) with

kf kBp(S) Ckfj@)kLrsJ CkUKLg CkWnk|p;

where C is an absolute constant not depending on the number of points\ .

(Cs) ) (M)

P o .
Let Z be a separated sequence suchthatz =, ,,(1 | 2nj?)® 4, is an (s; p)-Carleson
measure. We want to see thatZ is an interpolating sequence foiM (B(s)). Before pro-
ving this, we will present some auxiliary results.

Let W = fw,g be a sequence of values with sugw,j 1. By a normal family argument
we may assume that the sequencéz,gis nite and 0 2f z,9. SinceZ = fz,g is sepa-
rated, there exists" > 0 such that the pseudohyperbolic disc§D(z,;2") : n=1;2; ¢
are pairwise disjoints. With standard arguments, we constuct a smooth solution' of
the interpolating problem with the following properties:

@) ' (z2)= wp for z2 D(zn;");

(b) ' vanishes outside] D (zn;2");
(c) 0 j'"j 1everywhere onD;

(d) (1 j zj)jr ' (z)j Cforall z2 D;

Claim 2.5.3. Let' be a function in D with the above properties, then the measure
d (2)=jr " (@j°PA j z»P ?*3dA(2) is an (s; p)-Carleson measure.
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Proof. Let D, be the pseudohyperbolic disc centered at, and pseudohyperbolic radius
2", and let f 2 Bp(s). Since' is supported in[ D and (1 j zj)jr ' (z)] C; we have

y y
X
if @JPir ' (P ] Z°)P **°dA(2) . if (2P@ | zj»)® *dA(2)
X x2z "7
if (z0)iP(L ] zaj?)S + if(2) f(z)iPA | zj?)® *dA(2):
n n Dn

P
Since (1 j 2,j%)S 4, is an (s; p)-Carleson measure,

X
if )P ] zaj?)°  CKEKG o
n

So, if we show that

z
if(2) f(z0)iPA | zj%)° 2dA(z) CKfk} )
n D”
we obtain
z
it @Fir ' @IP( | zi®)P **°dA(z)  CKFKR ;
D

proving that the measure jr ' (2)jP(1 j zj?)P ?*SdA(z) is an (s;p) Carleson measure.
Let z;z, 2 Dy; the reproducing formula (2.2.3) for Bp(s) and inequality (2.2.5) tell that

Z
if(@ fi= fiw) kKw) kLW @ | w)dAa(w)
2

Z

m(l j Wj?)SdA(w):

C Jf°( W)j

Chooset > 0 with max(0;2 p)<tp +1+ s min(1;p 1): Then, by Helder's inequality
and Lemma J,

z

, , _ wj2)®
@ f@P. @it dassw)
@ wip) © P
L o1 s et
(1 i 2\tp
i twip I YR gagw) @ 272 P
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Hence, by Fubini's theorem and Lemma J we obtain

Z
it tEPA | 29° 2dAQ)
n Dn
Z Z
. (1] wjdw .
P dass) @ 7)° P dA)
Z’] n

L @jzps e

T wzs WA@ @ WP dAgs(w)

jf qw)jP
ZD

WP dAgs(w) K Tkg
Note that the conditions on t ensures that the application of LemmaJ is correct. So,

the proof is complete. O

Once we have the function'; consider the Blashcke productB (z) with zeros at the
points fz,g. Since as beforejB(z)j C for all z 2 supp(@'(z)); we have

@@ ", . . o
B((Z)) (1 ] ij)p 2+s er (Z)jp(l j ZJZ)p 2+s
so, by Claim 2.5.3,
iy P
(g)((zz)) (1 j zj%)P #*°dA(z) is an (s; p)-Carleson measure.

By Theorem 2.4.2, we can solve the®equation
_ 1_.
ok ;@

in the variable function b obtaining a solution b2 M (L) with b(0) = 0 and
Z
kbke C jr' (2@ j zj®)P *°dA(2):
D

Consider now

g=' Bb:
By construction, g is analytic in the unit disc D and g(zn) = ' (zn) = Wp; N =1;2;
It only remains to prove that the function g2 M (Bp(s)): By Lemma 2.3.5, the Blaschke
product B 2 M (Bp(s)) with kBbk p  Ckbk p; sog2 M (L®): Sinceg 2 C(D) then
g = P[g4] and applying Corollary 2.3.12 we get thatg 2 M (Bp(s)) with

kngp(S) Ckr kLp(dAp;s);

where C is an absolute constant not depending onN, the number of points of the
sequencd z,g.



64 2. Interpolating sequences for Besov type spaces.

(CS) ) (M): A constructive proof

J.P. Earl gave a method to construct a bounded analytic funcion having prescribed
bounded values on a uniformly separated sequence. See [Ea&][Ga3, VII.5].

Theorem M (Earl). Let fz,g be a sequence in the unit dis®© such that

Y oz oz

—_ : k =1;2;:: 255
1 7z ( )

j6k

Then there is a constantC = C(fz,g) > 0 such that wheneverfw,g 2 I ; there exist
f ng satisfying

(nizn) 5 and =S =3 K

1:2;::
3 . 1 b i

such that the function

9(z) = C supjwaj B(2);
n
where B(z) is the Blaschke product with zero$ g satis es
9(zn) = Wn; n=1;2::

Let fz,g be a separated sequence witrﬁ) (1 j znj)® 2, an (s;p)-Carleson measure,
and let fw,g 2 I : Using Earl's result we will show that the interpolation problem
9(zn) = wn can be solvedwith a multiple of a Blaschke productB 2 M (Bp(s)): In fact,
by (2.3.4), it follows that = (1 j znj?) , is a classical Carleson measure. Hence (2.5.5)
holds, and applying J.P. Earl's result stated above, we obtin a Blaschke productB with
zerosf P such that a multiple of B solves the interpolation problem. By proposition
235,if (1] nj?)S . is an (s; p)-Carleson measure then the Blaschke producB is
in M (Bp(s)): So we will be nished if we prove the following result.

Lemma 2.5.4. Let fz,g he a separated sequence of points iD with (zn;zn) for
m 6 n, and suppose that (1 j z,j)® 2, is an (s;p)-Carleson measure. Letf (g be a
sequence of points in the unit disc such that

(k;zk) =3, k=1;2::
P o .
for some xed > 0: Then (1 j «j)° , is also an(s;p)-Carleson measure.

Proof. Let f 2 Bp(s): Since (zn; n) =3thenl j z,j 1] nj:So,

ifCnP@ J w® )+
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P o P o .
here ()= jf(zn)iP(L ] znj®%and (I1)= " jf(za) f(n)j°@ j znj?)S: Now, since
(1 j znj?)s 4, is an (s;p)-Carleson measure, )  Ckf kgp(s): For the other term,

sincejf § is a subharmonic function,
Z Z Z

jif(zn) (0] it )ids( ) lej . jf qw)jdA(w) ds( );
whereD s the pseudohyperbolic disc of center and radius =6 and |, is the hyperbolic
geodesic joiningz, and ,. Since (zn; n) =3; one hasD B,, forany 2 g;
where B, is the pseudohyperbolic disc of center, and radius =2: Observe thatjD |
(1 j znj)?andthat jzn nj. 1 | znj. Then,
Z Z Z

it qw)j dAW) ds( ). o

aizp Dznjf Aw)j dA(w):

if(zn) f(n)i. m 5

Since (zn;zZm) for m & n; the discsB,, are pairwise disjoint and nally
X
()= jf(z) f(aPQ j 2j?)°

X 1 Z .
m 5 if O(W)jdA(W) (] anz)s
n n
5 Z 'p
it W)L j wj?) S PdA(w)

Zn I

|
p

x Z z p=q
T AW)PEL | wjdP 2 SdA(w) 1 j wj? 2

Dz, Dn

. P . -2 p 2+s o] .
if (w)iP@ j wj?) dA(W) k fkg g

z

Dzn

P
So, (1 j zaj?) 2, is an (s; p)-Carleson measure. O
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