Measuring Triebel-Lizorkin fractional smoothness
on domains in terms of first-order differences

Marti Prats (joint work with E. Saksman)

UurnB

Universitat Autonoma
de Barcelona

BAC, September 5th, 2017



Introduction

Introduction



Introduction
@00

Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.

1/
o |fl, = (SIfIP)"",
[f],« = esssup|f]



Introduction
@00

Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.

S
4 1/
o [fl, = ([IfP)"",
s |l = esssuplf]
, o [fllce =IFllw + -+ |[VF) e
O >3
L4 1



Introduction
@00

Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.
s Sobolev spaces — both together.

1/
e o fl, = (f1F17)",
[f], = esssup|f]

° [flles = Ifllee + -+ [V*F] 10
O [Fllyse = [Fllp + - + V£l



Introduction
@00

Measuring smoothness and integrability in R?

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.
Sobolev spaces — both together.
Holder continuous spaces — fill gaps.

1/
o [fl = ([IFIP)"",
[f], = esssup|f]

o |flles = Il + -+ IV*Fl 0
O [Fllyse = [Fllp + - + V£l
° |fle =

[l + - - + sup L=V 0]

[x—yl[{s}



Introduction
@00

Measuring smoothness and integrability in R?

V/3/2:8/5
y W1,4/3

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.
Sobolev spaces — both together.
Holder continuous spaces — fill gaps.
Interpolation to generalize.

o Il = (J1F1P)",

[f], = esssup|f]
o [fllcs = lIflpe + -+ [Vl
o [fllwse =l + -+ 1VF]L
° |ffc: =

[l + - - + sup L=V 0]

[x—yl[{s}

o [Flwss: Flsy - IF1r



Introduction
@00

Measuring smoothness and integrability in R?

sp
Supercritical

WstpL 4
.
.
2 -

2

- WP

v Subcrit€al
0 |

LP L p¥ P2 1
p

Lebesgue spaces — integrability.
Differentiablility classes — smoothness.
Sobolev spaces — both together.
Holder continuous spaces — fill gaps.
Interpolation to generalize.

o Il = (J1F1P)",

[f], = esssup|f]
o [fllcs = lIflpe + -+ [Vl
o [fllwse =l + -+ 1VF]L
o |flc =

|fll e + -+ -+ sup

[Vl F )=Vl £ ()]
[x—yl[{s}

o [Flwss: Flsy - IF1r

By means of Sobolev embeddings, we have
either continuity or extra integrability.
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e 2 ’ 1

A tempered distribution f is said to belong to the Triebel-Lizorkin space

FSq if
. A\ 0
ACON NN

This family includes Sobolev (s € N, g = 2), Bessel potential (g = 2) and
trace spaces (diagonal Besov, p = q). Consider s := k + o where
@ k = 0 (number of weak derivatives) and d > 1 (dimension)
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Triebel-Lizorkin spaces on domains

On a domain  we write

||f||F;7q(Q) = gli;‘if Hg“F;q

Question 1: for which domains 2 the norm || .. q) is equivalent to
p.q

1
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Question 2: for which domains 2 the norm || .. q) is equivalent to
p,q

1
IVKEG) — VRE)e T\
fla ::f,,,+// dy | dx),
| HAp,q(Q) ” HWk @ Q< 3da(x) |X_y|aq+d

where dq(x) := dist(x, 0Q)?
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Uniform domain:
Cigars joining points x and y:

o dist(x,y) ~ £(v)

e dqo(z) ~ min(dist(x, z), dist(z, y))
Whitney covering allows discretization.
'Cigar’ paths joining @ and S

° D(st) ~ E([st]) = ZPE(’D)

e {(P)z D(Q,P) for Pe [Q, Qs]

e ({(P) 2 D(P,S) for P € [Qs, S]
Spherical shadow =~ Carleson box
Symmetrized cubes for the complement:
If Q e W(Q€), then 3Q* € W(Q) with
6(Q*) = 4(Q) ~ D(Q, Q%)
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Let Q — R?. Given f € WX1(Q), IIPGF € P such that
/ DPP&f dm =/ DPf dm (1)
Q Q

for every multiindex 8 € N¥ with |3| < k.
Note that by Poincaré-Wirtinger,

If - Phfl, < 4QV(E - PE, = -+ < UQHTHT -~ Pyr,
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Peter Jones extension operator

Extension is defined as

Aif (x) = + ) he(x)Ph«f(x) for any £ e WEH(Q).
QeWs

where Ws = {Q e W(Q°) : £(Q) < c}.

Theorem (Peter Jones'81)

The operator N is an extension operator for W+t1:P(Q) for 1 < p < oo,

that is, a right inverse for the restriction operator f — xqf which is
bounded from W**+1:P(Q) to Wk+1.p.
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Since At (RY) = FKT7(R?), we obtain that
HfHAf,fq“(Q) < igf HgHAf,ﬁ;U(Rd) ~ igf Hg“F;;“(Rd) = ||f||F,§;“(Q)»
and if there is an extension operator E,

1Flekso ) < VEFesoay =~ 1EFLagso ey < ClFLagio oy,

IFlessm@ ~ Iflagt )

Theorem (P-Saksman'l7, P'19)

The operator N is an extension operator mapping Akt () to Akto(R?)

forkeN,0<a<1,1<p<ooand1<q<oowitha>%—g.
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Idea of the proof: k =0

Nof (x) = F(x)xa(x) + D] vo(x)fox for any f e Lj,.(Q)

QeWs
H/\ofHLp Q) HfH’Zp(Q) follows by Jensen.
° Regardmg the seminorm, we want, to control three terms, the first

one being

= Disew, Ys(y)fs«|9 ‘
@ [ ([ s ) o< i1y o

Adding and subtracting 25€W3 Ps(y)f(x),

_f .
o 3 [(5 550 [ ma)'a
SeWs io

QeW

P

|(1 — Dpew; 1;ZJP(}/)) f(x)|q ¢ .
: QGZV]Vl/ (Sew £(S)= /}}JS D(Q, S)sa+d dy | dx.
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|dea of the proof: k > 1

o Check that the weak derivatives of AKf are what we expect. Use
P& = P& — P& and AKF := NFF — NTLF = 30000 o Pl
o Check that ||Da/\kf|\Aqu(Rn) < CHfHA;‘q(Q) for |a| = k. Use

D Nif = No(D*F) + ] (g) 2, D gD Pguf.
B<a QeWs
o Indeed H/\O(Do‘f)HA;q < HDafHAg,q'
e To bound for |B] < «

p

D1 D PpoDP PG f
QeWs

<
< Cfly @
A3 o)
use Peter Jones techniques and the properties of the partition of the
unity wisely. Proofs are more tricky than in k = 0.
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Reduction of the domain of integration

Let Q = RY be a bounded uniform domain, 0 < s < 1. Then
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e 1< g<p<oo: [P, Saksman '17, P'19]
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Seeger proof uses oscillation based norms, build on work of Jones, Christ,
Kalyabin,... We use Whitney cubes and their properties in uniform
domains.
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Note that for p < g one can use subadditivity in the last step, and the
sum will converge.
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Moltes gracies!
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