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Measuring smoothness and integrability in Rd

1
p

p “ 1p “ 8

L4

Lebesgue spaces Ñ integrability.

Differentiablility classes Ñ smoothness.
Sobolev spaces Ñ both together.
Hölder continuous spaces Ñ fill gaps.
Interpolation to generalize.

}f }Lp “
`´
|f |p

˘1{p
,

}f }L8 “ ess sup|f |

}f }C s “ }f }L8 ` ¨ ¨ ¨ ` }∇s f }L8

}f }W s,p “ }f }Lp ` ¨ ¨ ¨ ` }∇s f }Lp

}f }C s “

}f }L8 ` ¨ ¨ ¨ ` sup |∇
tsuf pxq´∇tsuf pyq|
|x´y |tsu

}f }W s,p , }f }Bs
p,q
, }f }F s

p,q

By means of Sobolev embeddings, we have
either continuity or extra integrability.
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Non-homogeneous Triebel-Lizorkin spaces

A tempered distribution f is said to belong to the Triebel-Lizorkin space
F s
p,q if

}f }F s
p,q
“

›

›

›

›

›

›

›

›

!

2sj
´

ψj f̂
¯

q

)8

j“0

›

›

›

›

`q

›

›

›

›

Lp

ă 8.

This family includes Sobolev (s P N, q “ 2), Bessel potential (q “ 2) and
trace spaces (diagonal Besov, p “ q). Consider s :“ k ` σ where

k ě 0 (number of weak derivatives) and d ě 1 (dimension)
0 ă σ ă 1, 1 ď p ă 8, 1 ď q ď 8 with σ ą d

p ´
d
q

Then

}f }F s
p,q
« }f }W k,p `

˜ˆ
Rd

ˆˆ
Rd

|∇k f pxq ´∇k f pyq|q

|x ´ y |σq`d
dy

˙

p
q

dx

¸

1
p

.
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Triebel-Lizorkin spaces on domains

On a domain Ω we write

}f }F s
p,qpΩq

:“ inf
g |Ω”f

}g}F s
p,q

Question 1: for which domains Ω the norm }f }F s
p,qpΩq

is equivalent to

}f }As
p,qpΩq

:“ }f }W k,ppΩq `

˜ˆ
Ω

ˆˆ
Ω

|∇k f pxq ´∇k f pyq|q

|x ´ y |σq`d
dy

˙

p
q

dx

¸

1
p

?

Question 2: for which domains Ω the norm }f }F s
p,qpΩq

is equivalent to

}f }
rAs
p,qpΩq

:“ }f }W k,ppΩq`

¨

˝

ˆ
Ω

˜ˆ
1
2 dΩpxq

|∇k f pxq ´∇k f pyq|q

|x ´ y |σq`d
dy

¸

p
q

dx

˛

‚

1
p

,

where dΩpxq :“ distpx , BΩq?
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Uniform domains

Uniform domain:
Cigars joining points x and y :

distpx , yq « `pγq

dΩpzq « minpdistpx , zq,distpz , yqq

Whitney covering allows discretization.
’Cigar’ paths joining Q and S

DpQ,Sq « `prQ,Ssq :“
ř

P `pPq

`pPq Á DpQ,Pq for P P rQ,QS s

`pPq Á DpP,Sq for P P rQS ,Ss

Spherical shadow « Carleson box
Symmetrized cubes for the complement:
If Q PWpΩ̄cq, then DQ˚ PWpΩq with
`pQ˚q “ `pQq « DpQ,Q˚q
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Meyers’ approximating polynomials

Let Q Ă Rd . Given f PW k,1pQq, D!Pk
Q f P Pk such that

ˆ
Q

DβPk
Q f dm “

ˆ
Q

Dβf dm (1)

for every multiindex β P Nd with |β| ď k .

Note that by Poincaré-Wirtinger,

›

›f ´ Pk
Q f

›

›

p
À `pQq

›

›∇pf ´ Pk
Q f q

›

›

p
À ¨ ¨ ¨ À `pQqk

›

›∇kpf ´ Pk
Q f q

›

›

p
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›f ´ Pk
Q f

›

›

p
À `pQq

›

›∇pf ´ Pk
Q f q

›

›

p
À ¨ ¨ ¨ À `pQqk

›

›∇kpf ´ Pk
Q f q

›

›

p
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Peter Jones extension operator

Extension is defined as

Λk f pxq “ f pxqχΩpxq `
ÿ

QPW3

ψQpxqP
k
Q˚ f pxq for any f PW k,1

loc pΩq.

where W3 “ tQ PWpΩ̄cq : `pQq ă cu.

Theorem (Peter Jones’81)

The operator Λk is an extension operator for W k`1,ppΩq for 1 ď p ď 8,
that is, a right inverse for the restriction operator f ÞÑ χΩf which is
bounded from W k`1,ppΩq to W k`1,p.
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Extension for Triebel-Lizorkin spaces

Since Ak`σ
p,q pRdq “ F k`σ

p,q pRdq, we obtain that

}f }Ak`σ
p,q pΩq

ď inf
g
}g}Ak`σ

p,q pRd q
« inf

g
}g}F k`σ

p,q pRd q
“ }f }F k`σ

p,q pΩq,

and if there is an extension operator E ,

}f }F k`σ
p,q pΩq ď }Ef }F k`σ

p,q pRd q
« }Ef }Ak`σ

p,q pRd q
ď C}f }Ak`σ

p,q pΩq
,

i.e.
}f }F k`σ

p,q pΩq « }f }Ak`σ
p,q pΩq

.

Theorem (P-Saksman’17, P’19)

The operator Λk is an extension operator mapping Ak`σ
p,q pΩq to Ak`σ

p,q pRdq

for k P N, 0 ă σ ă 1, 1 ď p ă 8 and 1 ď q ď 8 with σ ą d
p ´

d
q .
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Idea of the proof: k “ 0

Λ0f pxq “ f pxqχΩpxq `
ÿ

QPW3

ψQpxqfQ˚ for any f P L1
locpΩq

}Λ0f }
p
LppΩcq

À }f }pLppΩq follows by Jensen.

Regarding the seminorm, we want, to control three terms, the first
one being

a :“

ˆ
Ω

ˆˆ
Ωc

|Λ0f pxq ´ Λ0f pyq|
q

|x ´ y |sq`d
dy

˙

p
q

dx ď }f }As
p,qpΩq

.

Adding and subtracting
ř

SPW3
ψSpyqf pxq ,

a À
ÿ

QPW1

ˆ
Q

˜

ÿ

SPW3

|f pxq ´ fS˚ |
q

DpQ,Sqsq`d

ˆ
11
10 S

ψSpyq dy

¸

p
q

dx

`
ÿ

QPW1

ˆ
Q

¨

˝

ÿ

SPW3:`pSq“c

ˆ
11
10 S

ˇ

ˇ

`

1´
ř

PPW3
ψPpyq

˘

f pxq
ˇ

ˇ

q

DpQ,Sqsq`d
dy

˛

‚

p
q

dx .
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Idea of the proof: k ě 1

Check that the weak derivatives of Λk f are what we expect.

Use
P̊k
Q :“ Pk

Q ´ Pk´1
Q and Λ̊k f :“ Λk f ´ Λk´1f “

ř

QPW3
ψQ P̊

k
Q˚ f .

Check that }DαΛk f } 9Aσp,qpRnq
ď C}f }As

p,qpΩq
for |α| “ k . Use

DαΛk f “ Dαf χΩ `
ÿ

QPW3

DαpψQP
k
Q˚ f q

Indeed }Λ0pD
αf q} 9Aσp,q

ď }Dαf }Aσp,q .

To bound for |β| ă α

›

›

›

›

›

ÿ

QPW3

Dα´βψQD
βPk

Q˚ f

›

›

›

›

›

p

9Aσp,qpRnq

ď C}f }As
p,qpΩq

,

use Peter Jones techniques and the properties of the partition of the
unity wisely. Proofs are more tricky than in k “ 0.
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Reduction of the domain of integration

Theorem

Let Ω Ă Rd be a bounded uniform domain, 0 ă s ă 1. Then

}f }F s
p,qpΩq

« }f }LppΩq`

¨

˝

ˆ
Ω

˜ˆ
Bpx, 1

2 δpxqq

|f pxq ´ f pyq|q

|x ´ y |sq`d
dy

¸

p
q

dx

˛

‚

1
p

ă 8.

Range of indices:

p “ q ą 0, Ω Lipschitz domain: [Dyda ’06]

1 ď q ď p ă 8: [P, Saksman ’17, P’19]

1 ă p ă 8, 1 ă q ď 8, s ą d
p ´

d
q : [Seeger’89]

1 ď p ă 8, 1 ď q ď 8, s ą d
p ´

d
q : [This very talk]

Seeger proof uses oscillation based norms, build on work of Jones, Christ,
Kalyabin,... We use Whitney cubes and their properties in uniform
domains.
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Idea of the proof I
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Where G pxq :“ }gpx , ¨q}Lq1 pΩq.
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Hölder
ď }f }

rAs
p,qpΩq

.

ÿ

Q,S

ˆ
Q

ˆ
S

|fQ ´ fQS |

DpQ, Sqs`
d
q

gpx , yq
Def.
À

ÿ

P

 
Pˆ5P

|f pξq ´ f pζq|MGpξq
`pPqd

`pPqs
.

ÿ

Q,S

ˆ
Q

ˆ
S

|fQS ´ f pyq|

DpQ, Sqs`
d
q

gpx , yq

Where G pxq :“ }gpx , ¨q}Lq1 pΩq.



Introduction Tools Extension for TL spaces Reduction of the domain The end

Idea of the proof I

First we check that for 1 ď p ă 8, 1 ď q ď 8, s ą d
p ´

d
q ,

}f }p9As
p,qpΩq

À
ÿ

QPW

ˆ
Q

˜ˆ
ShpQq

|f pxq ´ f pyq|q

|x ´ y |sq`d
dy

¸

p
q

dx .

By duality it is enough to control for g P Lp
1

pLq
1

pΩqq with norm one

ÿ

Q,S

ˆ
Q

ˆ
S

|f pxq ´ fQ |

DpQ, Sqs`
d
q

gpx , yq
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Idea of the proof II

To improve the last bound

(in case 1 ď q ď p ă 8):

˜

ÿ

Q,S

ˆ
Q

ˆ
S

|fQS ´ f pyq|
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d
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p
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Höl.
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¨
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q
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p
q
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˘q
`pPqd
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‚

p
q
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q
´sp´ dp

q

qďp

À
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R

ÿ

PPSH2pRq

`ffl
5P
|f pξq ´ fP | dξ

˘p
`pPqd

`pPq
εp
q

`pRq
d
´

1´ q
p

¯

p
q `pRqd´sp´ dp

q
`
εp
q .

Note that for p ă q one can use subadditivity in the last step, and the
sum will converge.
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The end

Moltes gràcies!
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