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Measuring smoothness and integrability in Rd

1
p

p “ 1p “ 8

L4

Lebesgue spaces Ñ integrability.

Differentiablility classes Ñ smoothness.
Sobolev spaces Ñ both together.
Hölder continuous spaces Ñ fill gaps.
Interpolation to generalize.

}f }Lp “
`´
|f |p

˘1{p
,

}f }L8 “ ess sup|f |

}f }C s “ }f }L8 ` ¨ ¨ ¨ ` }∇s f }L8

}f }W s,p “ }f }Lp ` ¨ ¨ ¨ ` }∇s f }Lp

}f }C s “

}f }L8 ` ¨ ¨ ¨ ` sup |∇
tsuf pxq´∇tsuf pyq|
|x´y |tsu

}f }W s,p , }f }Bs
p,q
, }f }F s

p,q

By means of Sobolev embeddings, we have
either continuity or extra integrability.
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Composition properties of bi-Lipschitz Sobolev functions

Theorem (P, preprint)

Let s ą 1` d{p and 1 ă p ă 8. Given bounded Lipschitz domains
Ωj Ă Rd and functions fj PW

s,ppΩjq with f1pΩ1q Ă Ω2 and f1
bi-Lipschitz, then

f2 ˝ f1 PW
s,ppΩ1q,

and if f1pΩ1q “ Ω2, then

f ´1
1 PW s,ppΩ2q.

The result also works for 1 ă s ď 1` d{p replacing the function space
W s,p by W s,p X C 0,1. Same is true for the Triebel-Lizorkin scale F s

p,q

whenever s R N or d “ 1 and p “ q (see [Bourdaud, Moussai, Sickel] for
composition, [Astala, P., Saksman] for inversion, the other cases remain
open).

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí



Function spaces Riemann mapping QC mappings of C QC mappings on domains The principal mapping The end

Composition properties of bi-Lipschitz Sobolev functions

Theorem (P, preprint)

Let s ą 1` d{p and 1 ă p ă 8. Given bounded Lipschitz domains
Ωj Ă Rd and functions fj PW

s,ppΩjq with f1pΩ1q Ă Ω2 and f1
bi-Lipschitz, then

f2 ˝ f1 PW
s,ppΩ1q,

and if f1pΩ1q “ Ω2, then

f ´1
1 PW s,ppΩ2q.

The result also works for 1 ă s ď 1` d{p replacing the function space
W s,p by W s,p X C 0,1. Same is true for the Triebel-Lizorkin scale F s

p,q

whenever s R N or d “ 1 and p “ q (see [Bourdaud, Moussai, Sickel] for
composition, [Astala, P., Saksman] for inversion, the other cases remain
open).

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí

iPad de: Martí



Function spaces Riemann mapping QC mappings of C QC mappings on domains The principal mapping The end

Interpolation for Lipschitz Sobolev functions

Lemma (P, preprint)

Let s ą 1, let 1 ď p ă 8, and d P N and let f PW s,ppΩq X C 0,1pΩq
where Ω Ă Rd is a bounded Lipschitz domain. Then, for every positive
index j ď k

›

›∇j f
›

›

L
p s´1
j´1 pΩq

Às,p,q,j,Ω }f }
j´1
s´1

W s,ppΩq}∇f }
s´j
s´1

L8pΩq.

Runst, Sickel + Rychkov’s extension

s

1
1

1
8

f P W 5,p

W 4,
4p
3

W 3,2p

W 2,4p

f P C 0,1

1
4p

1
2p

3
4p

1
p
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Chain rule and Faà di Bruno’s formula

By the chain rule, in R we have

Dpg ˝ f q “ Dgpf qDf

D2pg ˝ f q “ D2gpf qDfDf ` Dgpf qD2f

D3pg ˝ f q “ D3gpf qDfDfDf ` 3D2gpf qDfD2f ` Dgpf qD3f

¨ ¨ ¨

Dspg ˝ f q “
ÿ

1ďiďs
tαju

i
j“1ĂN:

ř

αj“s

Cs,i,tαjuD
igpf q

i
ź

`“1

Dα` f .

For f : Rd Ñ Rd , |~k | “ s we have

D
~kpg ˝ f q “

ÿ

1ď|~i |ďs

tαju
|~i|
j“1ĂNd

0 zt
~0u:

ř

|αj |“s

C~k,~i,tαju
D
~igpf q

|~i |
ź

`“1

Dα` f mp
~iq`
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Idea of the proof

1 :“

›

›

›

›

›

›

ÿ

1ďiďs

ÿ

αPNi :|α|“s

∇i f2pf1q
i
ź

`“1

∇α` f1

›

›

›

›

›

›

Lp

Àd,s

ÿ

1ďiďs

ÿ

αPNi :|α|“s

›

›∇i f2pf1q
›

›

p0

i
ź

`“1

}∇α` f1}p` ,

where
ři

0
1
p`
“ 1

p . Let p0 “
pps´1q
i´1 and p` “

pps´1q
α`´1 : using

›

›∇i f
›

›

L
p s´1
i´1 pΩq

À }f }
i´1
s´1

W s,ppΩq}∇f }
s´i
s´1

L8pΩq we obtain

1 À
ÿ

i

›

›∇f ´1
1

›

›

dpi´1q
pps´1q

8
}f2}

i´1
s´1

W s,ppΩ2q
}∇f2}

s´i
s´1

L8pΩ2q
}f1}

s´i
s´1

W s,ppΩ1q
}∇f1}

is´s
s´1

L8pΩ1q

À Cf1p}f2}W s,ppΩ2q
}∇f1}

s
L8pΩ1q

` }∇f2}L8pΩ2q
}f1}W s,ppΩ1q

q,
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Triebel-Lizorkin scale

From [P. (JLMS), Theorem 1.2, Corollary 1.4] and [Seeger’89, Corollary
2], given a uniform domain Ω Ă Rd , 0 ă σ ă 1, k P N0 :“ NY t0u,
1 ď p ă 8, 1 ď q ď 8 with σ ą d

p ´
d
q , for s “ k ` σ we define

}f }F s
p,qpΩq

as

}f }W k,ppΩq `
ÿ

|α|“k

˜ˆ
Ω

ˆˆ
Ω

|Dαf pxq ´ Dαf pyq|q

|x ´ y |σq`d
dy

˙

p
q

dx

¸
1
p

,

with the usual modification for q “ 8. Then, the norm defined above is
equivalent to the restriction norm for the classical Triebel Lizorkin scale.

Then use

|∇kpg ˝ f qpxq ´∇kpg ˝ f qpyq|

À
ÿ

1ďiďk

|∇igpf pxqq ´∇igpf pyqq|
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Regularity of the Riemann mapping in the Sobolev
scale
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Implications of the geometry of a domain

No tangents imply that ϕ R C 1pDq. Kellog and Warchawski showed in
early XX century: if Ω is a simply connected C n`α domain with
0 ă α ă 1, n ě 1, then ϕ P C n`αpDq.

Theorem (Astala, P, Saksman)

Let s ą 0 and 1 ă p ă 8 with sp ą 2, and suppose Ω is a bounded
simply connected domain with Riemann map ϕ : DÑ Ω.

Then Ω is a B
s`1´ 1

p
p,p -domain if and only if ϕ PW s`1,ppDq and

ϕ´1 PW s`1,ppΩq.
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Theorem (Astala, P, Saksman)

Let s ą 0 and 1 ă p ă 8 with sp ą 2, and suppose Ω is a bounded
simply connected domain with Riemann map ϕ : DÑ Ω.

Then Ω is a B
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The Herglotz formula

Let Φpzq :“ logϕ1pzq, well defined since D is simply connected. In
particular, γ :“ pargϕ1q|T “ ImΦ|T, the argument of ϕ1 on the boundary,
is a well defined continuous function.

Recall that the Poisson kernel in the disk is

Ppz , ζq “
1´ |ζ|2

|z ´ ζ|2
“ Re

ζ ` z

ζ ´ z
.

Therefore,

Φpzq “ C `
i

2π

ˆ
T

ζ ` z

ζ ´ z
γpζq |dζ|

Note that the Poisson extension maps B
s´1{p
p,p pTq ÑW s,ppDq.
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Idea of the proof

Assume that Ω is a B
s`1´ 1

p
p,p -domain. We prove that

γ P Bs´1{p
p,p pTq. (1)

Namely, let us assume (1) holds.

The Hilbert transform is bounded, so

Re plogϕ1q|T “ Hpγq P B
s´1{p
p,p pTq and so plogϕ1q|T P B

s´1{p
p,p pTq, and by

post-composition with smooth functions [Peetre] proves that

pϕ1q|T P B
s´1{p
p,p pTq. In turn, this implies ϕ|T P B

s`1´1{p
p,p pTq. Finally, we

use the boundedness of the Herglotz extension in

B
s`1´1{p
p,p pTq ÑW s`1,ppDq, to conclude that ϕ PW s`1,ppDq, as desired.
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Linking the boundary parameterization and the Riemman
mapping

Ω

wϕ ϕpe itq

e it

w´1pϕpe itqq

Assume w : TÑ BΩ is bi-Lipschitz and Bσp,p. We say Ω is a
Bσp,p-domain. Let ϕ be a Riemann mapping. Note that

ϕ1pe itq “ lim
εÑ0

ϕpe ipt`εqq ´ ϕpe itq

e it`iε ´ e it
.

Thus,

argϕ1pe itq “ lim
εÑ0

Arg pϕpe ipt`εqq ´ ϕpe itqq ´Arg e it ´Argpe iε ´ 1q.

That is (see [Pommerenke, Theorem 3.2]),

γpe itq “ ´t ´
π

2
` rArgw 1s ˝

“

w´1 ˝ ϕ
‰

pe itq,
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Induction

By [Peetre], we have

Argw 1 P B
s´ 1

p
p,p pTq

We assume the truth of the claim γ P B
s1´ 1

p
p,p for a s 1 P ps ´ 1, sq with

s 1p ą 2, we will deduce the statement for s.
If 2{p ă s ă 1` 1{p. Since ϕ,w are bi-Lipschitz, also w´1 ˝ ϕ is a
bi-Lipschitz homeomorphism of T. Thus

γpe itq “ ´t ´ π
2 ` rArgw

1s ˝
“

w´1 ˝ ϕ
‰

pe itq P B
s´ 1

p
p,p pTq.

Assume that s ą 1 and s 1 ă s ă s 1 ` 1 with s 1p ą 2. By induction, we

can assume that ϕ P B
s1`1´1{p
p,p pTq. Moreover, w P B

s1`1´1{p
p,p . Since both

w and ϕ are admissible B
s1`1´1{p
p,p -parametrizations of BΩ we deduce that

w´1 ˝ ϕ P Bs1`1´1{p
p,p pTq, and w´1 ˝ ϕ is bi-Lipschitz.

Since s ă s 1 ` 1, then

Argw 1 ˝ w´1 ˝ ϕ P Bs´1{p
p,p pTq.
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Quasiconformal mappings

Conformal mappings
Preserves angles
“Circles to circles”
Cauchy-Riemann:
1
2 pBx f ` iBy f q “ 0

Bf “ 0

Quasiconformal
mappings
Angle distortion
bounded.
“Circles to ellipses”.
|Bf | ď κ|Bf |
W 1,2

loc -homeo
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The Beurling transform

The Beurling transform of a function f P LppCq is:

Bf pzq “ 1

´π
lim
εÑ0

ˆ
|w´z|ąε

f pwq

pz ´ wq2
dmpwq.

It is essential to quasiconformal mappings because

BpB̄gq “ Bg @g PW 1,p.

Let f : CÑ C, µ :“ B̄f
Bf P L

8
c pCq with κ :“ }µ}8 ă 1 with f ´ z PW 1,2.

Then, B̄f “ µBf (called principal solution to Beltrami equation) implies

µ “ pId ´ µBqpB̄f q

Recall that B : LppCq Ñ LppCq is bounded for 1 ă p ă 8.
Also B : W s,ppCq ÑW s,ppCq is bounded for 1 ă p ă 8 and s ą 0.
To study regularity on C, study invertibility of Id ´ µB in different
function spaces.
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Results without boundaries

W s,p
loc

1
p

s

0

2

µ κ
κ`1

1
κ`1

Let f : CÑ C, µ :“ B̄f
Bf P L

8
c pCq with

κ :“ }µ}8 ă 1.

B̄f P Lp for 1
pκ
ă 1

p [A92, AIS01].

µ P VMOpĈq ùñ B̄f P Lp for
1 ă p ă 8. [I].

µ P C n`ε ùñ B̄f P C n`ε [AIM].

µ P As
p,q ùñ B̄f P As

p,q for sp ą 2
[CMO].

µ PW 1,2 ùñ B̄f PW 1,2´ε for
p “ 2 [CFMOZ].

µ PW 1,p ùñ B̄f PW 1,q for
p ă 2, 1

q ą
1
p `

1
pκ

[CFMOZ].

See [Clop, Faraco, Ruiz], [P., CPAA’18], [Baisón, Clop, Orobitg], [Baisón,
Cruz] for results in the whole critical and subcritical range.
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µ B̄f
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p1κ

Let f : CÑ C, µ :“ B̄f
Bf P L

8
c pCq with

κ :“ }µ}8 ă 1.

B̄f P Lp for 1
pκ
ă 1

p [A92, AIS01].

µ P VMOpĈq ùñ B̄f P Lp for
1 ă p ă 8. [I].

µ P C n`ε ùñ B̄f P C n`ε [AIM].

µ P As
p,q ùñ B̄f P As

p,q for sp ą 2
[CMO].

µ PW 1,2 ùñ B̄f PW 1,2´ε for
p “ 2 [CFMOZ].

µ PW 1,p ùñ B̄f PW 1,q for
p ă 2, 1

q ą
1
p `

1
pκ

[CFMOZ].

See [Clop, Faraco, Ruiz], [P., CPAA’18], [Baisón, Clop, Orobitg], [Baisón,
Cruz] for results in the whole critical and subcritical range.
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QC mappings on domains
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What about quasiconformal mappings on domains?

Since ϕ is conformal, B̄ϕ “ 0. Thus, µ “ 0 and µ PW s,p for every s, p.

However, ϕ1 does not extend to BD. Thus, ϕ R C 1pDq and, as a
consequence, Bϕ is not in any supercritical Sobolev space.
The moral is that in order to study the regularity of µ-quasiconformal
mappings between domains we must take into account both the
regularity of the boundary and the regularity of µ.
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Result

Theorem (Astala, P., Saksman)

Let sp ą 2 with 1 ă p ă 8, let Ω1,Ω2 be simply connected bounded
domains and let g : Ω1 Ñ Ω2 be a µ-quasiconformal map. If both Ωj are

B
s`1´ 1

p
p,p -domains and µ PW s,ppΩ1q, then g PW s`1,ppΩ1q and g is

bi-Lipschitz.

If Ω1 “ D, then the statement is if and only if.

Simply connected can be replaced by finitely connected.

For s R N, we can substitute µ P F s
p,qpΩ1q and g P F s`1

p,q pΩ1q in the
conclusion of the theorem.
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Idea of the proof

g

Ω

rΩ

f h
ϕ2

ϕ1

Let g : Ω Ñ Ω to be µ-QC, with µ PW s,ppΩq and BΩ regular enough.
Can we say that Bg PW s,ppΩq??
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Idea of the proof

g

Ω

rΩ

f h

ϕ2

ϕ1

Extend µ to C. By Stoilow factorization, g “ h ˝ f where f : CÑ C is
the µ-principal mapping and h : rΩ Ñ Ω is conformal.
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Idea of the proof

g

Ω

rΩ

f h
ϕ2

ϕ1

We can find Riemann mappings (conformal) if the domains are simply
connected.
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Idea of the proof (2)

g

Ω

rΩ

f h
ϕ2

ϕ´1
2

ϕ1

h ˝ ϕ2

f PW s`1,ppΩq and it is bi-Lipschitz as a QC mapping of C.
ϕ1 PW

s`1,ppDq and it is bi-Lipschitz by the Riemann mapping regularity.

By the trace relation, f ˝ ϕ1 is a B
s`1´ 1

p
p,p parameterization of BrΩ.

By the Riemann mapping, h ˝ ϕ2 and ϕ2 are in W s`1,ppDq.
Then, g “ ph ˝ ϕ2q ˝ pϕ

´1
2 q ˝ f PW s`1,ppΩq.
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The principal mapping

Bσp,p

1
p

0

2

σ
W s,ppΩq

1
p

s

0

2

To study regularity of f principal solution to B̄f “ µBf on Ω, study
invertibility of χΩ ¨ ´µBpχΩ¨q in W s,ppΩq.

Theorem (P., J. Anal. Math.; Astala, P., Saksman)

Let Ω Ă C be a bounded B
s`1´1{p
p,p -domain, s P N and p ą 2 or

0 ă s ă 1 and sp ą 2. Let µ PW s,ppΩq with }µ}8 ă 1 and suppµ Ă Ω.

Then χΩ ¨ ´µBpχΩ¨q is invertible in W s,ppΩq.
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The principal mapping
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f
µ B̄f

To study regularity of f principal solution to B̄f “ µBf on Ω, study
invertibility of χΩ ¨ ´µBpχΩ¨q in W s,ppΩq.

Theorem (P., J. Anal. Math.; Astala, P., Saksman)

Let Ω Ă C be a bounded B
s`1´1{p
p,p -domain, s P N and p ą 2 or

0 ă s ă 1 and sp ą 2. Let µ PW s,ppΩq with }µ}8 ă 1 and suppµ Ă Ω.
Then the principal solution f PW s`1,ppΩq and it is bi-Lipschitz [MOV].
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Conclusions

Bσp,p

1
p

0

2 BΩ P B
s`1´1{p
p,p

σ W s,ppΩq

1
p

s

0

2

f
µ B̄f

If sp ą 2, g : Ω Ñ Ω µ-QC, then µ PW s,ppΩq ùñ g PW s`1,ppΩq
(includes Riemann mapping!).

If s P N and p ą 2 or 0 ă s ă 1 and sp ą 2,
then µ PW s,ppΩq ùñ f PW s`1,ppΩq. Also TL scale F s

p,q except
for s P N with q ‰ 2.

Can the principal mapping result be extended to the whole
supercritical region?

(Sub)critical situation: is there any condition on BΩ which can lead
to analogous results?
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The end

Moltes gràcies!!
Muchas gracias!!
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