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Measuring smoothness and integrability in Rd

1
p

p “ 1p “ 8

L4

Lebesgue spaces Ñ integrability.

Differentiablility classes Ñ smoothness.
Sobolev spaces Ñ both together.
Hölder continuous spaces Ñ fill gaps.
Interpolation to generalize.

}f }Lp “
`´
|f |p

˘1{p
,

}f }L8 “ ess sup|f |

}f }C s “ }f }L8 ` ¨ ¨ ¨ ` }∇s f }L8

}f }W s,p “ }f }Lp ` ¨ ¨ ¨ ` }∇s f }Lp

}f }C s “

}f }L8 ` ¨ ¨ ¨ ` sup |∇
tsuf pxq´∇tsuf pyq|
|x´y |tsu

}f }W s,p , }f }Bs
p,q
, }f }F s

p,q

By means of Sobolev embeddings, we have
either continuity or extra integrability.
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Quasiconformal mappings

Conformal mappings
Preserves angles
“Circles to circles”
Cauchy-Riemann:
1
2 pBx f ` iBy f q “ 0

Quasiconformal
mappings
Angle distortion
bounded.
“Circles to ellipses”.
|Bf | ď κ|Bf |
W 1,2

loc -homeo
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The Beurling transform

The Beurling transform of a function f P LppCq is:

Bf pzq “ 1

´π
lim
εÑ0

ˆ
|w´z|ąε

f pwq

pz ´ wq2
dmpwq.

It is essential to quasiconformal mappings because

BpB̄f q “ Bf @f PW 1,p.

Recall that B : LppCq Ñ LppCq is bounded for 1 ă p ă 8.
Also B : W s,ppCq ÑW s,ppCq is bounded for 1 ă p ă 8 and s ą 0.
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QC mappings of the whole plane
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The Beltrami equation: the principal solution

1
p

p “ 1p “ 8

µ

Let µ P L8c pCq with κ :“ }µ}8 ă 1.

The Beltrami equation

B̄f pzq “ µpzqBf pzq

has a unique solution f PW 1,2
loc such

that f pzq “ z `Op1{zq as z Ñ8.

Consider
h:“ µ` µBpµq ` µBpµBpµqq ` ¨ ¨ ¨
“pI ´ µBq´1pµq,
since }µ ¨ B}p2,2q ď κ}B}p2,2q “ κ ă 1.

Then, h P L2 and f “ 1
πz ˚ h ` z .

This remains true if }B}pp,pq ă 1{κ.
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Results without boundaries

W s,p
loc

1
p

s

0

2

µ κ
κ`1

1
κ`1

Let µ P L8c pCq with κ :“ }µ}8 ă 1.

h P Lp for 1
pκ
ă 1

p [A92, AIS01].

µ P VMOpĈq ùñ h P Lp for
1 ă p ă 8. [I].

µ P C n`ε
loc ùñ h P C n`ε

loc [AIM].

µ P As
p,q ùñ h P As

p,q for sp ą 2
[CMO].

µ PW 1,2 ùñ h PW 1,2´ε for
p “ 2 [CFMOZ].

µ PW 1,p ùñ h PW 1,q for p ă 2,
1
q ą

1
p `

1
pκ

[CFMOZ].
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ùñ h P Lp for
1 ă p ă 8. [I].

µ P C n`ε
loc ùñ h P C n`ε

loc [AIM].

µ P As
p,q ùñ h P As

p,q for sp ą 2
[CMO].

µ PW 1,2 ùñ h PW 1,2´ε for
p “ 2 [CFMOZ].

µ PW 1,p ùñ h PW 1,q for p ă 2,
1
q ą

1
p `

1
pκ

[CFMOZ].



Introduction QC mappings of the whole plane QC mappings on domains The end

Results without boundaries

W s,p
loc

1
p

s

0

2

µ
h

1
pκ

1
p1κ

Let µ P L8c pCq with κ :“ }µ}8 ă 1.

h P Lp for 1
pκ
ă 1

p [A92, AIS01].

µ P VMOpĈq ùñ h P Lp for
1 ă p ă 8. [I].

µ P C n`ε
loc ùñ h P C n`ε

loc [AIM].

µ P As
p,q ùñ h P As

p,q for sp ą 2
[CMO].

µ PW 1,2 ùñ h PW 1,2´ε for
p “ 2 [CFMOZ].

µ PW 1,p ùñ h PW 1,q for p ă 2,
1
q ą

1
p `

1
pκ

[CFMOZ].



Introduction QC mappings of the whole plane QC mappings on domains The end

Results without boundaries

W s,p
loc

1
p

s

0

2

f

µ
h

1
pκ

1
p1κ

Let µ P L8c pCq with κ :“ }µ}8 ă 1.

h P Lp for 1
pκ
ă 1

p [A92, AIS01].
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Recent progress

Theorem (P.)

Let 0 ă s ă 2, 1 ă p ă 8, let µ PW s,p X L8, with µ ď κχD and let f
be the principal solution to the Beltrami equation B̄f “ µBf .
If s “ 2

p , then

B̄f PW s,q for every
1

q
ą

1

p
.

If s ă 2
p and 1

p ă
1
p1κ
´ 1

pκ
“ 1´κ

1`κ , then

B̄f PW s,q for every
1

q
ą

1

p
`

1

pκ
.

See [Clop, Faraco, Ruiz] for previous weaker results and Baisón’s thesis
for a stronger result in the critical setting with s ą 1{2.
It remains unclear if the condition 1

p ă
1
p1κ
´ 1

pκ
can be replaced

by 1
p ă

1
p1κ

, which is more natural and is achieved for s “ 1.
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QC mappings on domains
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What about quasiconformal mappings on domains?

Consider a Riemann mapping from D to the Koch Snowflake.
Since it is conformal, B̄ϕ “ 0. Thus, µ “ 0 and µ PW s,p for every s, p.

However, ϕ1 does not extend to BD. Thus, ϕ R C 1pDq and, as a
consequence, Bϕ is not in any supercritical Sobolev space.
The moral is that in order to study the regularity of µ-quasiconformal
mappings between domains we must take into account both the
regularity of the boundary and the regularity of µ.
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Idea

Let g : Ω Ñ Ω to be µ-QC, with µ PW s,ppΩq and BΩ regular enough.
Can we say that Bg PW s,ppΩq??

g

Ω

rΩ

f h
ϕ2

ϕ1
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Idea

By Stoilow factorization, g “ h ˝ f where f : CÑ C is the µ-principal
mapping and h : rΩ Ñ Ω is conformal.

g

Ω

rΩ

f h

ϕ2

ϕ1
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Idea

We can find Riemann mappings (conformal) if the domains are simply
connected.

g

Ω

rΩ

f h
ϕ2

ϕ1
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The principal mapping

Bσp,p

1
p

0

2 BΩ P B
s`1´1{p
p,p

σ
W s,ppΩq

1
p

s

0

2

We study supercritical case.

Theorem (Principal mapping condition, P)

Let Ω Ă C be a bounded B
s`1´1{p
p,p -domain, s P N and p ą 2.

Let
µ PW s,ppΩq X L8 with }µ}8 ă 1 and suppµ Ă Ω.

Then IΩ ´ µBΩ is
invertible in W s,ppΩq.
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The principal mapping
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We study supercritical case.

Theorem (Principal mapping condition, P)

Let Ω Ă C be a bounded B
s`1´1{p
p,p -domain, s P N and p ą 2. Let

µ PW s,ppΩq X L8 with }µ}8 ă 1 and suppµ Ă Ω. Then the principal
solution f PW s`1,ppΩq and it is bi-Lipschitz.
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General case

Riemann mapping condition (in progress, Astala, P, Saksman)

Let s P N and p ą 2. If Ω is a simply connected B
s`1´ 1

p
p,p -domain, then

any Riemann mapping ϕ : DÑ Ω satisfies that ϕ PW s`1,ppDq and it is
bi-Lipschitz.

Theorem (in progress, Astala, P, Saksman)

Let s P N and p ą 2, let Ω be a simply connected B
s`1´ 1

p
p,p -domain and

let g : Ω Ñ Ω be a µ-quasiconformal self-map with µ PW s,ppΩq. Then
g PW s`1,ppΩq.
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Idea of the proof

g

Ω

rΩ

f h
ϕ2

ϕ´1
2

ϕ1

h ˝ ϕ2

f PW s`1,ppΩq and it is bi-Lipschitz by the principal mapping condition.
ϕ1 PW

s`1,ppDq and it is bi-Lipschitz by the Riemann mapping condition.

By the trace condition, f ˝ ϕ1 is a B
s`1´ 1

p
p,p parameterization of BrΩ.

By the Riemann mapping condition, h ˝ ϕ2 and ϕ2 are in W s`1,ppDq.
Then, g “ ph ˝ ϕ2q ˝ pϕ

´1
2 q ˝ f PW s`1,ppΩq.
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Conclusions

Bσp,p

1
p

0

2 BΩ P B
s`1´1{p
p,p

σ W s,ppΩq

1
p

s

0

2

f
µ h

In the complex plane, if N P B
s´1{p
p,p pBΩq with s P N and p ą 2,

then µ PW s,ppΩq ùñ f , g PW s`1,ppΩq.

Expected further results:

The results hold apparently for 0 ă s ă 1, sp ą 2 (work in progress
with K. Astala, E. Saksman) and for Hölder spaces with 0 ă s ă 1.
Subcritical situation: is there any condition on BΩ which can lead to
analogous results?
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The end

Moltes gràcies!!
Muchas gracias!!
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