Torsion points of abelian varieties over p-adic fields

Xavier Xarles^∗

Preliminary Version

Abstract

We prove that for every abelian variety over a finite extension K of the p-adic field Qp with reduction not containing the multiplicative group Gm there exists an upper bound for the number of torsion points depending on the dimension of the variety, the absolute ramification index and the decomposition degree of K and p.

Introduction. Let K be a number field and A an abelian variety over K. A well-known theorem of Mordell and Weil implies that A has a finite number of K-rational torsion points. It is natural to ask if there exists only a finite number of finite abelian groups appearing as torsion subgroups of abelian varieties with fixed dimension g over a fixed number field K. The following conjecture was stated by Cassels (for elliptic curves) as “part of the folklore”.

Conjecture 1 (Uniform Boundedness Conjecture) If A is an abelian variety of dimension g over a number field K of degree d, then |A(K)_{tors}| is bounded by a constant depending only on g and d.

This conjecture has been proved for g = 1 by Merel in 1994 [12]. For g > 1, there is no number field for which the Uniform Boundedness Conjecture is known to hold. For more information the reader can see the paper of Silverberg [16] and references therein.

In this note, we study a similar question on local number fields (finite extensions of the field Q_p of p-adic numbers). This problem make sense since the number of torsion points of an abelian variety on such a field is finite.

Flexor and Oesterlé dealt with the problem of bounding the number of torsion points of certain families of elliptic curves over local fields [6]. If we consider the class of elliptic curves of good reduction over local number field K, then the number of torsion points of any curve of the family can be bounded in terms of p and the degree of K (in fact in terms of p, of the absolute ramification index and the decomposition degree of K). On the other hand, elliptic curves with additive reduction has prime-to-p torsion bounded by 4 (independently of K),

∗partially supported by grant PB93-0862 from DGICYT

and the p-torsion can be bounded in terms of p and the ramification index e of K, and also only in terms of e (see [6]). On the other hand, it is possible to construct elliptic curves with split multiplicative reduction and torsion points with order as large as desired. This paper is devoted to showing that the situation is quite similar for a general abelian variety. In section 1 we study the torsion of connected smooth group schemes over p-adic rings. We apply these results in section 2 to the abelian varieties with potentially good reduction over a local number field and in section 3 to algebraic tori. These results are undertaken in section 4, where we study the general case using the rigid uniformization of abelian varieties. This allow us to reduce the problem to those of earlier sections.

Some results in this direction have been obtained earlier. For example, Lenstra and Oort have proved in [8] that the prime-to-p part of the group of torsion points of an abelian variety having (totally)additive reduction has order bounded in terms only of the dimension (see also [11, Corollary 1.4]). Silverberg and Zarhin have studied also the prime-to-p part of this group in the general case ([18]).

We would like to thank Bas Edixhoven for helpful comments and for pointing out a error in a preliminary version of this paper. We would like to thank also Dino Lorenzini, Eric Liverance and the referee for suggesting me some improvements.

Notation. For any abelian group X, any natural number n and any prime number p, we will use the notation X_{tors}, X[n], X_p and X^{(p)} to denote the torsion subgroup of X, the subgroup of elements of order less than or equal to n, the subgroup of elements in X_{tors} with order a power of p and the subgroup of elements in X_{tors} with order prime to p respectively.

1 Torsion points of Formal Lie groups

Let R be complete discrete valuation ring of characteristic zero with maximal ideal m and finite residue field k = R/m. We denote by p^f the number of elements of k, by v the (normalized) valuation of R and by e = v(p) the absolute ramification index of R. Let X be a geometrically connected smooth commutative group scheme of finite type over R of dimension g, and let X_k be its fiber over k. Unless explicit mention, all the group schemes are assumed to be commutative.

The aim of this section is to study the group of torsion points of X (R), and, in particular, to find a bound for |X (R)_{tors}| in terms of e, f, g, and p.

Let red : X (R) → X_k(k) be the reduction map; it is surjective since X is smooth and R is henselian. First, observe that we need only bound the number of torsion points in the kernel of the reduction map red, since the points of a connected smooth group scheme over a finite field are bounded uniformly in terms of k and the dimension, essentially due to a well-known theorem of Weil.

Theorem 1 Let X_k be a geometrically connected smooth (commutative) group scheme of finite type with dimension g over a perfect field k. Then, there exists an abelian variety B_k, a torus T_k and an unipotent group scheme U_k defined over k and an exact sequence as group schemes 0 → T_k × U_k → X_k → B_k → 0. Now, if k is a finite field of order p^f , the cardinality of the group of points over k of every of this groups is bonded by constants depending only on its dimension, p and f. Explicitly, if we denote by a, t and u the dimensions of A_k, T_k and U_k respectively, we have

|B_k(k)| ≤ (1 + p^{f2} )^{2a}, |T_k(k)| ≤ (1 + p^f )^t and |U_k(k)| = p^{fu}.

Therefore, since g = a + t + u, we have |X_k(k)| ≤ (1 + p^{f2} )^{2g}.

Proof. All the results are well-known. The decomposition of X_k is the Chevalley’s Theorem and can be found for example in [2, 9.2.1 and 9.2.2]. The subgroup scheme T_k × U_k is just the maximal affine subgroup scheme and T_k is the maximal torus (unique since X_k is commutative).

The bound for the cardinal of the group of points of an abelian varieties due to Weil. The bound for tori can be found in [19, Theorem 6.2, section 1, chapter VI] (see also the proof of Theorem 5.3 in [18]). The bound for the unipotent groups is deduced easily from the case of the additive group G_a by using that any connected smooth unipotent group has an epimorphism to G_a with kernel a connected smooth group and that G_a has trivial cohomology. □ For every smooth group scheme X_k over k, we will say a, t and u the abelian rank, toric rank and unipotent rank respectively. The following Proposition is well-know (see for example Lemma 7.3.2 in [2]).

Proposition 2 Let R be a complete discrete valuation ring and k its residue field. Let n be a positive integer such that the residue characteristic p of R does not divide n. Then, for any smooth commutative group scheme X of finite type over R, the multiplication-by-n map is étale. Therefore, the reduction map gives a bijection X (R)^{(p)}_{tors} ∼= X_k(k)^{(p)}.

Thus, the prime-to-p part of the torsion subgroup of X (R) is totally determined by its special fiber and the kernel of the reduction map red can have only torsion points of order a power of p.

The following Theorem shows that the kernel of the reduction map red is always equal to the group of points of the formal completion of X along the zero section. Recall that a g-dimensional commutative formal Lie group over a ring R is an g-tuple of power series F (X, Y ) := (F_1(X, Y ), . . ., F_g(X, Y ) in 2g indeterminates X = (X_1, . . . , X_g) and Y = (Y_1, . . . , Y_g) and with coefficients in R, such that

1. F (X, Y ) ∼= X + Y (mod deg 2), 2. F (F (X, Y ), Z) = F (X, F (Y, Z))

3. F (X, Y ) = F (Y, X). Now, if R is a complete discrete valuation ring with maximal ideal m, the group F (R) of points over R of this formal group is, by definition, the set m^g with the operation

(x_1, . . . , x_g) ∗ (y_1, . . . , y_g) := F (x_1, . . . , x_g; y_1, . . . , y_g).

This operation is well-defined since the power series converges, and it gives an structure of abelian group on F (R). The following result is well-known, but we include a proof for lack of a suitable reference.

Theorem 3 Let X be a smooth commutative group scheme of finite type over a complete discrete valuation ring R. Then, the kernel of the reduction map X (R) → X_k(k) is isomorphic to the group of points of the formal group completion along the zero section of X , which is a commutative formal Lie group over R of dimension equal to the dimension of X .

Proof. The result is deduced easily from the following more general result. Let X be an equidimensional smooth scheme of finite type over S := Spec R, and let s a section of the structural morphism. Then the formal completion along the section s is isomorphic as a formal scheme to the formal spectrum of R[[X_1, . . . , X_n]] for n equal to the dimension of X , and the sections of this formal completion correspond bijectively with the sections of X that coincide with s over the closed point of S. The first result can be deduced from [15, II.4.17], but we will show both results directly in the following.

Since X is smooth, and if e denotes the closed point in the image of the section s, there exists an open neighbourhood U of e and morphisms g : U → A^n_S étale and f : A^n_S → S such that f ∘ g is the structural map of U over S, where we denote as usual by A^n_S the affine space of dimension n over S.

Now, observe that sections on X that restrict to the section s on X_k give us sections on U , since for every of this sections e is in the image. On the other hand, the formal completion along the section s of X and of U are isomorphic as a formal schemes. Thus we can restrict to proving the result for U . Since g is étale it induces an isomorphism for the formal completions . Moreover, we have a bijection between points of U that restrict to the section s and points of A^n_S that are congruent to e modulo the maximal ideal m of R. Thus we are reduced to the case that X is A^n_S , and this case is clear. □

This result allow us to reduce our problem to the problem of bounding the number of torsion points of a formal Lie group F of dimension g over a discrete valuation ring R. For every positive integer m, we denote as usual [m]_F (X) the g-tuple of power series on the g indeterminates X_1, . . . , X_g defined inductively on m by

[m]_F (X) = F (X, [m − 1](X)) if m ≥ 2, and [1]_F (X) = X.

The following Lemma is an easy consequence of the Q-theorem (see for example [7, 11.1.7]). For every prime number p we denote by Z_{(p)} the localization of Z with respect to the prime ideal pZ.

Lemma 4 Let F be a g-dimensional commutative formal Lie group over a Z_{(p)}-algebra R, p a prime number. Then, there exists power series β_0(X) and β_1(X) ∈ R[[X_1, . . . , X_g]], with β_0(X) ∼= X (mod deg 2) and β_1(0) = 0 such that [p]_F (X) = pβ_0(X) + β_1(X^p)

Using this result it is easy to bound the p-torsion of a formal Lie group.

Proposition 5 Let F be a g-dimensional commutative formal Lie group over a complete discrete valuation ring R of characteristic zero with finite residue field k of characteristic p > 0, and let v be the (normalized) valuation on R. Suppose that x = (x_1, . . . , x_g) ∈ F (R) has exact order p^n for some n ≥ 1. Then, there exists an i ∈ {1, . . . , g} such that v(x_i) ≤ v(p) p^n − p^{n−1} Proof. First of all, observe that for any power series f(X) ∈ R[[X]] with f(0) = 0 and every element x = (x_1, . . . , x_g) ∈ m^g, we have v(f(x)) ≥ inf{v(x_i)}. We will show the proposition by induction on n.

Suppose that x ≠ 0 and [p]_F (x) = 0. Suppose also for simplicity that v(x_1) ≤ v(x_i) for all i. By Lemma 1.4 we have 0 = [p]_F (x) = pβ_0(x) + β_1(x^p). Considering the first component of this identity, we have

0 = p · (x_1 + γ_0(x_1, . . ., x_g)) + γ_1(x^p_1, . . . , x^p_g),

where the power series γ_0(X) is zero modulo degree 2 and γ_1(0) = 0. Using our assumption on x we have v(x_1) < v(γ_0(x_1, . . . , x_g)), and hence

v(γ_1(x^p_1, . . . , x^p_g)) = v(p(x_1 + γ_0(x_1, . . . , x_g))) = v(px_1) = v(p) + v(x_1).

On the other hand, we have

v(γ_1(x^p_1, . . . , x^p_g)) ≥ inf{v(x^p_i )} = v(x^p_1) = pv(x_1),

using again our assumption on x. Hence v(p) ≥ (p − 1)v(x_1) which proves the Proposition for n = 1.

Now assume that the theorem is true for n, and let x ∈ F (R) have exact order p^{n+1}. Then [p]_F (x) = (y_1, . . ., y_g) has exact order p^n. We assume for simplicity that v(y_1) ≤ v(y_i) for all i, so, by the induction hypothesis, v(p)/(p^n − p^{n−1}) ≥ v(y_1). But, as in the preceding argument we have that

v(y_1) ≥ inf{v(px_1+ pγ_0(x_1, . . . , x_g)), v(γ_1(x^p_1, . . . , x^p_g))} ≥ inf_{i=1,...,g}{inf{v(px_i), v(x^p_i )}}. Since v(x_i) > 0 and n ≥ 1, it certainly is not possible to have v(p)/(p^n − p^{n−1}) ≥ v(px_i). We conclude that, for some i, v(p)/(p^n − p^{n−1}) ≥ v(x^p_i ), which is exactly the desired result. □

Since every element in the maximal ideal of R has valuation greater or equal than 1, the proposition shows that it is not possible to obtain elements in F (R) of arbitrary large order.

Corollary 6 With the same hypothesis as in Proposition 1.5, we have that for every n such that p^{n−1} > v(p)/(p − 1), there are no elements in F (R) with exact order p^n.

We will show that the group of p^n-torsion points on a smooth connected group scheme of finite type can be always generated by 2g elements or less, where g denotes the dimension. Thus, in the case of the formal Lie group obtained as the completion along the zero section of a smooth connected group scheme of finite type, we can bound the order of the group of torsion points of this formal Lie group in terms of the dimension and the absolute ramification index of R.

Notation 7 Let p be a prime number and m ≥ 1 an integer. We define

γ_p(m) := [ log_p( pm p − 1 ) ] , where log_p denotes the real logarithm with base p and [x] denotes the greater integer less than or equal to x. We define ord_p(m) to be the greatest integer r such that p^r divides m.

Corollary 8 Let X be a geometrically connected smooth group scheme of dimension g over a complete discrete valuation ring R of characteristic zero and with finite residue field of characteristic p, and let F be the formal Lie group associated to the formal completion of X along the zero section. Then, if e denotes the absolute ramification index of R, the torsion subgroup of F (R) is killed by p^{γp (e)} and can be generated by 2g elements. Hence, we have ord_p(|F (R)_{tors}|) ≤ 2gγ_p(e). Proof. The first result is a direct application of Corollary 1.6. To check the second result we have to show that, for any natural number n, the group X (R)[p^n] can always be generated by 2g elements or less. Since X is separated (because it is smooth), we have that the natural morphism X (R) → X_K (K), where K denotes the quotient field of R, is injective. Now, applying the first part of Theorem 1.1, we can deduce the result from the cases that X_K is an abelian variety, a torus or a unipotent group, which are well-known. □ If e < p−1, we have γ_p(e) = 0, and therefore there are not non trivial torsion points on F (R). This result is well-known and can also be obtained using the theory of finite group schemes.

Observe that p^{nγp(e)} ≤ ( p p − 1 )_n e^n ≤ (2e)^n

for every integer n ≥ 0, where the last inequality holds since p/(p − 1) is always less than or equal to 2 for any prime p. Thus, we can find a bound independent of p.

Corollary 9 With the same hypothesis as in Corollary 1.8, we have the bound |F (R)_{tors}| ≤ (2e)^{2g} . Finally, combining these results with the Theorem 1.1, we obtain a bound for the number of torsion points of any geometrically connected smooth group scheme of finite type.

Corollary 10 With the same hypothesis as in Corollary 1.8, the cardinality of X (R)_{tors} is bounded by a constant depending on a, t, u, e, f and p. Explicitly, we have |X (R)_{tors}| ≤ (1 + p^{f2} )^{2a}(1 + p^f )^tp^{fu}p^{2(a+t+u)γp(e)}.

Therefore, |X (R)_{tors}| can be bounded by a constant C(g, e, f, p) depending on g, e, f and p. Explicitly, we can take C(g, e, f, p) := { (1 + p^{f2} )^{2g}e^{2g}(^p_{p−1} )^{2g} if e ≥ p − 1 (1 + p^{f2} )^{2g} if e < p − 1.

Proof. To get the first bound consider the inequality |X (R)_{tors}| ≤ |X (k)|˙|F (R)_{tors}|, where F denotes the formal group scheme completion with respect to the zero section of X . By Theorem 1.3 this formal group scheme is isomorphic to a formal Lie group of dimension g, and by Corollary 1.8 we have that |F (R)_{tors}| ≤ p^{2gγp (e)}. The bound is now obtained using that g is equal to a + t + u.

To obtain the second bound use that γ_p(e) = 0 if e < p − 1, and that p^{2gγp (e)} ≤ e^{2g}(p/p − 1)^{2g} for every e. □

2 Abelian varieties with potentially good reduction

In this section, we use the results in the last section to bound uniformly the cardinality of the group of torsion points of an abelian variety A with potentially good reduction. Unless explicit mention, let K be a finite extension of Q_p. Let e and f denote as before the absolute ramification index and decomposition index of K, respectively.

The main idea is to use the Néron model A of A and apply the results in the section 1. Recall that the Néron model is a smooth group scheme of finite type over R with generic fiber A and verifying the following universal property: for every smooth scheme U over R and every morphism g_K : U_K → A, there exists a unique morphism g : U → A with generic fiber g_K . This property implies in particular that A(K) ∼= A(R).

The Néron model of an abelian variety is not in general geometrically connected. We denote by A^0 the connected component of the identity and by ϕ_A its group of components. Recall that ϕ_A is a finite étale group scheme over the residual field k of R isomorphic as a sheaf for the étale topology to the quotient A/A^0. We have thus an exact sequence of abelian groups 0 → A^0(R) → A(K) → ϕ_A(k) → . . . . Since we know by Corollary 1.10 that the torsion subgroup of A^0(R) has cardinality bounded in terms of its dimension, e, f and p, our problem is reduced to bound uniformly the cardinal of ϕ_A. But, as we have said in the introduction, if A has toric rank non-trivial, the order of this group is not bounded in terms of g, e, f and p.

We restrict ourselves now to the case that A has potentially good reduction, that is that there exists a finite extension L of K such that the A_L := A ⊗_K L has Néron model with toric rank zero and unipotent rank zero. One can easily show that this implies that the toric rank of the reduction is trivial.In this case, the group ϕ_A is conjecturally bounded by a constant depending only on g. This result is known for the prime-to-p part of ϕ_A, but, unfortunately, it is still not proved for the whole group.

Notation 11 Given a finite abelian group H, define

δ(H) := ∑ ℓ prime ord_ℓ(|H|)(ℓ − 1),

where the sum is over all the prime numbers. Observe that if δ(H) ≤ n for some n, then |H| ≤ 2^n. Moreover, if p ≥ δ(H) + 1, then p does not divides |H|.

In the next Theorem we will collect all the known results we need on ϕ_A in the potentially good reduction case. More results in this subject can be find in [8], in [9] and [10] in the case of jacobians of curves, and in the general case in [11, 4, 5, 3].

Theorem 12 Let K be a discrete valuation field with ring of integers R and perfect residue field k of characteristic p ≥ 0. Let A be an abelian variety with potentially good reduction over K, and let L/K a finite extension of fields where A attains good reduction. Let ϕ_A the group of components of the Néron model of A over R, and denote by u the unipotent rank of the reduction of A. Then δ(ϕ^{(p)}_A ) ≤ 2u and [L : K]ϕ_A = 0. In particular, |ϕ^{(p)}_A | ≤ 2^{2u} and every prime number ℓ different from p dividing |ϕ_A| is less than or equal to 2u + 1. Moreover, if L/K is Galois and I denotes the inertia subgroup of Gal(L/K), then |I|ϕ_A = 0.

Proof. The bound for δ(ϕ^{(p)}_A ) is deduced directly from the theorem 2.15 in [11], using that in the potentially good reduction case we have t = t_L = 0. Observe that the δ we use here is not the same δ_L used by Lorenzini, but we have that, for any finite abelian group H, δ(H) ≤ δ_L(H).

The fact that [L : K]ϕ_A = 0 is proved in [5], Theorem 1. Since the Néron model is stable by étale base change over R and by completions, we have that ϕ_A = ϕ¯_A, where we denote by Ā the extension of scalars of A into K̄, a nonramified closure of the completion of A with respect to the valuation. But then I is isomorphic to the whole Galois group Gal(L̄/K̄), and hence |I| = [L̄ : K̄] kills the group ϕ_A. □

The following proposition was originally proved in [14] in the case that the residue field is finite; a proof in the general case can be find in [13] (see also [17]).

Proposition 13 (Serre-Tate, Oort) Let A be an abelian variety over a discrete valuation field K with potentially good reduction. Then, if ℓ > 2g + 1 is prime different from p, A attains good reduction over K(A[ℓ]) (the field of rationality of the points of A[ℓ] := A(K̄)[ℓ]).

Proposition 14 (Serre-Tate) Let A be an abelian variety with potentially good reduction over a field K complete with respect to a discrete valuation and with finite residue field. Let ℓ ≥ 3 be a prime number different from p. Then, the inertia subgroup I of the extension K(A[ℓ])/K is independent of ℓ.

Using this last proposition, we can find a bound for the order of the inertia subgroup of K(A[ℓ])/K.

Notation 15 Let g be an integer greater or equal than 1. We denote by η(g) = ∏ q prime q^{μ(g,q)}, where

μ(g, 2) := [g 2 ] + ∞∑ j=0 [ g 2^j ] , and μ(g, q) := ∞∑ i=0 [ g q^i(q − 1) ] if q is odd.

The following result is classical and essentially due to Minkowsky.

Theorem 16 (Minkowsky) Let G be a finite group such that there exists constants g = g(G) and c(G), both integers, and monomorphisms of groups

ϕ_ℓ : G → GL_g(F_ℓ)

for every prime ℓ ≥ c(G). Then, the order of G divides η(g). Thus, if p is a prime number that divides the order of G, then p ≤ g + 1.

Corollary 17 Let A be an abelian variety with potentially good reduction over a field K complete with respect to a discrete valuation and with finite residue field. Let ℓ ≥ 3 be a prime number different from p. Then, the inertia group I of the extension K(A[ℓ])/K has order dividing η(2g). Moreover, if u is the dimension of the unipotent part of the reduction of the Néron model of A, then I has order dividing η(2u).

Proof. The first fact is consequence of the Proposition 2.4 and the Theorem 2.4, since the Galois group of K(A[ℓ]) over K is a subgroup of GL_{2g}(F_ℓ ). To check the second fact, we replace K by a unramified closure K^{nr} . Then I corresponds to the Galois group of K^{nr}(A[ℓ])/K^{nr}. Now, consider the subgroup of fixed elements in A[ℓ] with respect to the action of I, that is the points A(K^{nr} )[ℓ]. Applying Proposition 1.2, if ℓ is different from p, this points are in bijection with the points of order ℓ in the reduction of the Néron model of A_Knr . By Theorem 2.2, if ℓ > 2g + 1 and it is different from p, the group of components ϕ(k) has no non-trivial elements of order ℓ. Therefore, the group A(K^{nr} )[ℓ] became isomorphic to the group of ℓ-torsion points in the abelian part of the reduction of the Néron model of A_Knr . Since the residual field of K^{nr} is algebraically closed, there are as much as ℓ^{2a} of such a points, where a denotes the dimension of this abelian part. Now, the Galois group of K^{nr}(A[ℓ])/K^{nr} is a subgroup of the group of automorphisms of the quotient A[ℓ]/A(K^{nr})[ℓ], which, for ℓ > max{2g + 1, p}, is an F_ℓ-vector space of rank 2g − 2a = 2u. The result is now a consequence of the Theorem 2.6. □

Notation 18 Let A be an abelian variety over K, and let A and A^0 the Néron model and its connected component respectively. We denote by A_0(K) the subgroup of A(K) corresponding to A^0(R) ⊂ A(R) via the natural isomorphism A(K) ∼= A(R). We denote also by A_1(K) the subgroup of A_0(K) corresponding via the same isomorphism to the kernel of the reduction map A^0(R) → A^0_k(k) composed with the morphism A^0_k(k) → B_k(k), where B_k denote the abelian part of A^0_k. Finally, we will denote by A_2(K) the subgroup of A_1(K) corresponding to the kernel of the reduction map.

Observe that A(K)/A_0(K) injects into the group of components ϕ(k) of A(R), that A_0(K)/A_1(K) injects into B_k(k), that A_1(K)/A_2(K) ∼= U_k(k) and that, by Theorem 1.3, A_2(K) is isomorphic to the group of points over R of the formal completion F_A of A^0 along the zero section.

This subgroups are functorial in the variable K. That is, if we consider a finite extension L/K, there exists natural morphisms from A_i(K) to A_i(L) for i = 0, 1, 2. This fact is an easy consequence of the fact that there are no nontrivial morphisms from a connected group scheme to an étale group scheme, or from a unipotent group scheme to an abelian variety.

Theorem 19 Let A be an abelian variety of dimension g with potentially good reduction over K. Denote by a and u the dimension of the abelian part and the unipotent part of the reduction of A respectively. Then, there exists a constant C(a, u, e, f, p), depending on a, u, e, f and p, such that |A(K)_{tors}| ≤ C(a, u, e, f, p). Explicitly, we can take C(a, u, e, f, p) = (1 + p^{f2} )^{2a}p^{fu}2^{2u}p^{2(a+u)γ′p(u,e)}, where we define γ^′_p(u, e) = max{γ_p(e), μ(2u, p))}, or we can take

C(a, u, e, f, p) = (1 + p^{f2} )^{2a}2^{2u}2^{2(a+u)}e^{2(a+u)}η(2u)^{2(a+u)}.

Proof. To prove the first bound, consider the inequality |A(K)_{tors}| ≤ |A_2(K)^{(p)}_{tors}| · |A_1(K)/A_2(K)| · |A_0(K)/A_1(K)| · ·| (A(K)/A_0(K))^{(p)} | p^{2g max}{^{expp (A2(K)p),expp((A(K)/A0(K))p)}}, where, for every abelian p-group X, we denote by exp_p(X) the smallest integer r such that p^r kills X. We have that

|A_0(K)/A_1(K)| ≤ |B_k(k)| ≤ (1 + p^{f2} )^{2a} and |A_1(K)/A_2(K)| ≤ |U_k(k)| ≤ p^{fu}

by the Theorem 1.1. By Proposition 1.2, the group A_2(K)_{tors} has order a power of p, hence the first factor on the inequality is trivial. On the other hand, by Corollary 1.8, exp_p(A_2(K)_p) = exp_p(F_A(R)_p) ≤ γ_p(e).

Let ℓ > 2g +1 be a prime number different from p and consider L = K(A[ℓ]). By Theorem 2.2, | (A(K)/A_0(K))^{(p)} | ≤ |ϕ^{(p)}_A | ≤ 2^{2u},

and, by Proposition 2.3, (ϕ_A)_p is killed by the order of the inertia group of the extension [L : K]. Corollary 2.7 implies then that

exp_p((A(K)/A_0(K))_p) ≤ ord_p(η(2u)) = μ(2u, p),

which finishes the prove of the first bound.

To show the second bound, consider the inequality |A(K)_{tors}| ≤ |A_1(K)^{(p)}_{tors}| · |A_0(K)/A_1(K)| · | (A(K)/A_0(K))^{(p)} | p^{2g max}{^{expp(A1(K)p ),expp((A(K)/A0(K))p)}}. Observe that the torsion points of A_1(K) have all order a power of p, hence the first factor of the inequality is 1.

The abelian variety A_L over L has good reduction, thus A_2(L) = A_1(L) and hence it is isomorphic to the points of a g-dimensional commutative formal Lie group over the ring of integers of L. Now, applying Corollary 1.8, we have that p^{γp (eL)} annihilates the torsion part of A_1(L)_{tors}, where e_L denotes the absolute ramification index of L. Using the Corollary 2.7 we can deduce that e_L divides eη(2u). Since the natural map from A_1(K) to A_1(L) is injective, we get that p^{γp (eη(2u))} annihilates A_1(K)_{tors}.

To end the proof, observe that

μ(2u, p) = ord_p(η(2u)) ≤ [log_p(η(2u))] ≤ [log_p(^{pη(2u)}_{p−1} )] ≤ γ_p(η(2u)) ≤ γ_p(eη(2u)), therefore we have max { exp_p(A_1(K)_p), exp_p((A(K)/A_0(K))_p) } ≤ γ_g (eη(2u)). Now, applying the bound p^{2gγp (eη(2u))} ≤ 2^{2g}e^{2g}η(2u)^{2g} we are done. □ Considering the first constant, we can find a bound depending on the dimension of A.

Corollary 20 With the same hypothesis as in the Theorem 2.9, we have |A(K)_{tors}| ≤ 2^{2g}p^{fg} p^{2gγ′p (g,e)}. Proof. We need only to observe that g = a + u since A has potentially good reduction and that 1 + p^{f2} ≤ 2p^{f2} . □

Remark 21 Its seems that the same bound for the prime-to-p part of the ϕ in the potentially good reduction case could be true for the whole group. In this case, the same bounds that we obtain in the results above would remain true if we replace the function γ^′_p by the function γ_p.

Considering the second constant in the Theorem 2.9, we show that in the case of totally unipotent reduction there exists a bound independent of p.

Corollary 22 With the same hypothesis as in Theorem 2.9, suppose, in addition, that A has totally unipotent reduction, i.e. a = 0. Then |A(K)_{tors}| can be bounded by a constant depending only on e and g. Explicitly, we have |A(K)_{tors}| ≤ 2^{4g}e^{2g}η(2g)^{2g}. Remark 23 In dimension 1 this latter bound give us the number 2^{12}3^2e^2. It is shown in [6, Proposition 3] that we can find as an upper bound in dimension 1 the number 48e. In view of this result, the bound computed in the last corollary can be improve. In fact, it seems that for every g there should exists a bound depending on e^g, and not on e^{2g}.

Finally, if p is sufficiently large, we can show a bound independent of e. In fact, if e < p − 1, then γ_p(e) = 0, and if 2u < p − 1, then μ(2u, p) = 0. Thus, under the two conditions we have γ^′_p(u, e) = 0.

Corollary 24 With the same hypothesis as in Theorem 2.9, if max{e, 2u} < p − 1, then |A(K)_{tors}| ≤ (1 + p^{f2} )^{2a}2^{2u}p^{fu} ≤ 2^{2g}p^{fg}

3 Torsion points of algebraic tori

In this section we bound the order of the subgroup of torsion points in T (K), where T is an algebraic torus of dimension g and K is a finite extension of Q_p. Let the notations be as in the preceding section. We denote also by G the absolute Galois group of K, and by X the character group of T , which is a torsion-free G-module of rank g as abelian group.

The following result is an easy consequence of the Corollary 2.12 in [20], where is showed that the torsion part of the group of components of the Néron model of an algebraic torus T is naturally isomorphic to the Pontrjagin dual of the first cohomology group of X by the action of the inertia.

Proposition 25 Let T be a torus over K of dimension g. Then the group of torsion points fits into an exact sequence 0 → T^0(R)_{tors} → T (K)_{tors} → (H^1(I, X)^∗) → · · · where T^0 is the connected component of the Néron model of T , I is the inertia subgroup of G and the star means Pontrjagin dual.

Thus, we only need to find a bound for the number of torsion points in T^0(R) and the order of H^1(I, X). Since T^0 is geometrically connected and smooth of dimension g we can apply the Corollary 1.10 which gives us a bound for the number of elements in T^0(R) in terms of g, e, f and p. We will show in the next Lemma that H^1(I, X) has cardinal bounded in terms only of g.

Lemma 26 If G is a solvable profinite group and M a G module, which is torsion free and of finite rank g as abelian group. We have then that

δ(H^1(G, M )) ≤ g − rank(M^G) =: r.

Proof. Let ρ be the morphism from G into GL_g(Z) given by the action on M . Let H be the kernel of ρ. Since G is profinite, the image G/H of ρ is finite, and, since H acts trivially on M , we have H^1(H, M ) ∼= Hom(H, M ) = 0 because M has no non-trivial profinite subgroups. Thus we have H^1(G, M ) = H^1(G/H, M ) and we can suppose that G is finite and solvable. Moreover, observe that we can suppose that M has no non-trivial G-invariants, since we have a natural injection H^1(G, M ) → H^1(G, M/M^G), and M/M^G is torsion free of rank r.

Suppose first that G is of order prime equal to p. Let σ be a generator of G. Now, since σ^p = id and there are no σ-invariants, the minimal polynomial of σ (as automorphism of M ⊗ Q) needs to be the cyclotomic polynomial Φ_p(x). Therefore the characteristic polynomial of σ will be Φ_p(x)^k and the rank of M will be k(p−1) for some k ≥ 1. We will show that H^1(G, M ) ∼= (Z/pZ^k. Since p annihilates H^1(G, M ), it is sufficient to show that the order of this group is p^k. On the other hand, since G is cyclic, H^1(G, M ) is isomorphic to the coinvariants group M/(σ − Id)M . Thus, the order of this group is the determinant of σ − Id, which is equal to the characteristic polynomial evaluated at 1. The result is hence deduced from the fact Φ_p(1) = p.

Finally, suppose that G is any finite solvable group. Since G is solvable, there always exists a non-trivial normal subgroup H of G. We can easily see that the function δ is additive, that is, for every exact sequence of finite abelian groups 0 → A → B → C → 0, we have that δ(B) = δ(A) + δ(C). Consider the following exact sequence 0 → H^1(G/H, M^H) → H^1(G, M ) → H^1(H, M ) → . . . . By induction on the number of prime factors in the order of G,

δ(H^1(G, M )) ≤ δ(H^1(G/H, M^H)) + δ(H^1(H, M )) ≤ ≤ rank(M^H ) − rank(M^G) + rank(M ) − rank(M^H ), hence the result follows. □

Using this results with the results of section 1 we have that the group of torsion points on T (K) is uniformly bounded. Recall that the Néron model of a torus is always affine since T is, therefore the abelian rank of its reduction is always trivial.

Theorem 27 Let K be a finite extension of Q_p with ramification index e and decomposition degree f. Let T be a torus over K of dimension g. Then |T (K)_{tors}| ≤ (p^f + 1)^tp^{fu}2^up^{gγp (e)} where t and u are the dimension of the toric part and unipotent part of the reduction of T respectively. Moreover, we have also that

|T (K)_{tors}| ≤ (p^f + 1)^t2^ue^g η(u)^g.

Proof. First of all, observe that X^I , the group of characters fixed by the inertia subgroup, has rank equal to t. In fact, the character group X̄ of the toric part of T^0_k , the reduction of the connected component of the Néron model of T , is equal to the maximal free quotient of X with trivial action of I. This group is isomorphic to the (linear) dual of the subgroup of fixed elements by I in the linear dual of X, and the last one is isogenous (as a G-module) to X. Thus, X^I is isogenous to X̄, hence they have the same rank.

Now, by Lemma 3.2, and since I is pro-solvable, the group H^1(I, X) has order less or equal to 2^{g−t} = 2^u. By using Proposition 3.1, the first bound is now a direct application of Corollary 1.10.

To check the second bound, we first find a bound for the ramification index of the splitting field L of T . This field is in fact the fixed field with respect to the kernel of the integral representation of G associated with the character group X. If we denote by J the inertia subgroup of the Galois group of L/K, then J is naturally a subgroup of the group of automorphisms as abelian group of X/X^J , which is a torsion-free abelian group of rank u. Therefore, J can be viewed as a finite subgroup of GL_u(Z). By Theorem 2.6, since the kernel of the natural morphism GL_u(Z) → GL_u(F_ℓ) is torsion-free for every ℓ ≥ 3, we have that J has order dividing η(u). Hence, the absolute ramification index of L divides eη(u). Now, let T_1(K) be the subgroup of T (K)_{tors} corresponding via the isomorphism T (K) ∼= T (R) to T^0(R)_p. We have that

|T (K)_{tors}/T_1(K)| ≤ |T^0(R)^{(p)}|˙|H^1(I, X)| ≤ (p^f + 1)^t2^u.

by using Theorem 1.1 and Proposition 1.2. On the other hand, T (K)_1 → T (L)_1, and, since T_L has multiplicative reduction, the subgroup T_1(L) is isomorphic to the kernel of the reduction map in the Néron model of T_L. Now, by Theorem 1.3 this is isomorphic to the points of a formal Lie group over the ring of integers of L, which by Corollary 1.8 is killed by p^{γp (eη(u))}. Since the torsion subgroup of any torus has always g or less generators, we have that T_1(L) ≤ e^gη(u)^g using the same argument that in Corollary 1.9. □

4 Torsion points of abelian varieties

The aim of this section is to find uniform bounds for the number of torsion points on any abelian variety A over a local number field K, under the condition that its reduction does not contains G_m , or, equivalently, that the split toric part of its reduction is trivial. The main idea is to apply the theory of rigid uniformization of abelian varieties to reduce this problem to those of early sections.

The following theorem is a consequence of the rigid uniformization theory (cf. [3]).

Theorem 28 Let A be an abelian variety over a field K complete with respect to a discrete valuation. Denote by G the absolute Galois group of K. Then, there exists a semi-abelian variety E of dimension g defined over K, which has abelian part with potentially good reduction, a G-module M such that as abelian group is torsion-free and of finite rank equal to the dimension of the toric part of E, and an exact sequence of G-modules 0 → M → E(K^s) → A(K^s) → 0, where K^s denotes a separable closure of K. Moreover, the abelian group M^G is torsion free and of finite rank m equal to the dimension of the split toric part of A^0_k. Moreover, for every extension L/K the special fiber of identity component of the Néron models of A_L and E_L are isomorphic.

Proof. The exact sequence is a consequence of the Theorem 1.2. in [3]; see also the Remark 4.6 in [3]. In this results it is proved that an exact sequence as in the Theorem exists if we consider M , E and A as sheaves for the rigid smooth topology. As M is étale as rigid group, the sequence remain exact when restricted to the rigid étale topology. But a sequence of rigid groups over a field K is exact for the étale topology if and only if the sequence of points over a separable closure of K is exact.

The same argument used in the proof of Proposition 5.1 in [3] shows that the rank of M^G is equal to the rank of X^G, where X denotes the character group of the toric part of E. Now, it is easy to see, using the fact that the abelian part of E has potentially good reduction, that the rank of X^G is equal to the dimension of the split toric part of the reduction of Néron model of E.

The proof is finished using the fact that the reduction of the connected component of the Néron model of E and A are isomorphic ([3, Theorem 2.3]), and that the uniformization is stable with respect to base change by construction. □

We will call E the uniformization space of A, and the complex M → E the uniformization of A. They are unique modulo isomorphisms (see for example [1, Proposition 6.10] in the case that A has semi-stable reduction and then apply a Galois descent argument).

By using this Theorem we can relate the torsion points of abelian varieties to the torsion points of tori and of abelian varieties potentially of good reduction, and to elements in H^1(G, M ), just taking the cohomology sequence associated to the exact sequence in the Theorem 4.1 to obtain the sequence 0 → M^G → E(K)^ρ→ A(K) → H^1(G, M ) → . . . . We define A(K)^{(1)}_{tors} := Im (ρ) ∩ A(K)_{tors} and A(K)^{(2)}_{tors} := ρ(E(K)_{tors}). Since the uniformization of A is functorial, that is any morphism between two abelian varieties A and A^′ lifts to a morphism between its uniformization spaces E and E^′, this groups are functorial in the variables A and K.

Since we have found uniform bounds for the number of torsion points in E, and since by Lemma 3.2 we know that H^1(G, M ) is bounded in terms of the rank of M, the only torsion points of A which can have order not uniformly bounded are those in the image of ρ but not in A(K)^{(2)}_{tors}.

Theorem 29 Let A be an abelian variety of dimension g over a local number field K with absolute ramification index e and absolute decomposition index f. Denote by a, u, t and m the dimensions of the abelian part, unipotent part, toric part and split toric part of the reduction of the Néron model of A, respectively. Denote also by a^′ and t^′ the dimensions of the abelian part and toric part of the Néron model of A_L respectively, where L/K is any extension where A attains semiabelian reduction. Then, there exists a canonical filtration: 0 ⊂ A(K)^{(2)}_{tors} ⊂ A(K)^{(1)}_{tors} ⊂ A(K)_{tors}, of finite abelian groups, functorial on the variables A and K, such that:

1. The subgroup A(K)^{(2)}_{tors} has cardinality bounded above by

(1 + p^{f2} )^{2a}(p^f + 1)^t(2p^f )^u2^{(a′−a)}p^{2a′γ′p (a′−a,e)}p^{t′γp (e)}.

2. The quotient Γ_K (A) := A(K)^{(1)}_{tors}/A(K)^{(2)}_{tors} can be generated by at most m elements.

3. The quotient A(K)_{tors}/A(K)^{(1)}_{tors} has order bounded above by 2^{(t′−m)}.

Proof. Since the uniformization space E is an extension of an abelian variety B of potentially good reduction of dimension a^′ by a torus T of dimension t^′, by using Theorem 2.9 and Theorem 3.3 we have |E(K)_{tors}| ≤ |B(K)_{tors}||T (K)_{tors}| ≤ ≤ (1 + p^{f2} )^{2a}2^{2v}p^{fv}p^{2(a+v)γ′p(v,e)}(p^f + 1)^t2^{v′} p^{fv′} p^{t′γp (e)},

where we denote by v and v^′ the dimensions of the unipotent part of the reduction of the Néron model of B and of T respectively, and we have used the last statement of Theorem 4.1. Now, since a^′ = a + v, t^′ = t + v^′ and u = v + v^′, we obtain the first result.

Denote by E(K)^{(1)} the subgroup of elements x in E(K) such that there exists an integer n ≠ 0 with nx ∈ M^G. Then

A(K)^{(1)}_{tors} ∼= E(K)^{(1)}/M^G and Γ_K (A) ∼= ( E(K)^{(1)}/E(K)_{tors} ) /M^G. Since Γ_K (A) is finite and E(K)^{(1)}/E(K)_{tors} is torsion free, we have that the rank of this last group is equal to the rank of M^G, which by Theorem 4.1 is equal to m. Thus Γ_K (A) is a quotient of a torsion free rank m abelian group, hence it has m generators or less.

The last statement is deduced from Lemma 3.2. □ This result implies that if m = 0, then the number of torsion points in A(K) is bounded, depending on the dimension of A, the absolute degree of K and the prime p.

Corollary 30 Let A be an abelian variety over a local number field K. If the reduction of A does not contain G_m , then |A(K)_{tors}| is bounded above by a constant depending only on g := dim(A), e, f and p. Explicitly, we can take B(g, e, f, p) = 2^{2g}p^{fg} p^{2gγ′p(g,e)}. Proof. To deduce the bounds from the theorem above, use the following inequalities p^{2a′γ′p (a′−a,e)+t′γp(e)}2^t ≤ p^{2gγ′p(g,e)}, and (1 + p^{f2} )^{2a}(p + 1)^tp^{fu}2^{2u} ≤ 2^{2g}p^{fg} . □

In the case that A has reduction totally unipotent, we find a bound depending only on e and g, just applying the Corollary 2.12, the second formula of the Theorem 3.3 with t = 0 and the Lemma 3.2 as in the proof of Theorem 4.2.

Proposition 31 Let A be an abelian variety over a local number field which has totally unipotent reduction. Denote by a^′ and t^′ the dimension of the abelian part and toric part of the semiabelian reduction of A. Then |A(K)_{tors}| ≤ 2^{4a′+2t′} e^{2a′ +t′} η(2a^′)^{2a′} η(t^′)^{t′} , and, therefore, if we denote by g^′ = 2a^′ + t^′, then |A(K)_{tors}| ≤ 2^{2g′} e^{g′} η(g^′)^{g′} ≤ 2^{2g}e^g η(g)^g . References

[1] S. Bosch and W. Lütkebohmert, Degenerating abelian varieties, Topology 30 (1991) 653–698

[2] S. Bosch, W. Lütkebohmert and M. Raynaud, Néron Models (Springer- Verlag, Berlin-Heidelberg-New York, 1990).

[3] S. Bosch and X. Xarles, Uniformization and Néron models, to appear in Math. Ann.

[4] B. Edixhoven, On the prime-to-p part of the group of connected components of Néron models, Comp. Math. 97 (1995) 29–49.

[5] B. Edixhoven, Q. Liu and D. Lorenzini, The p-part of the group of components, to appear in J. of Alg. Geom.

[6] M. Flexor and J. Oesterlé, Sur les points de torsion des courbes elliptiques, Astérisque 183 (1990) 25–36.

[7] M. Hazewinkel, Formal groups and applications (Academic Press, New- York–San Francisco–London, 1978).

[8] H. Lenstra and F. Oort, Abelian varieties having purely additive reduction, J. Pure and Applied Algebra 36 (1985) 281–298.

[9] D. Lorenzini, Group of components of Néron models of Jacobians, Comp.

Math. 73 (1990) 145–160.

[10] D. Lorenzini, Jacobians with potentially good ℓ-reduction, J. reine angew.

Math. 430 (1992) 151–177.

[11] D. Lorenzini, On the group of components of a Néron model, J. reine angew. Math. 445 (1993) 109–160.

[12] L. Merel, Bornes pour la torsion des courbes elliptiques sur les corps de nombres Com. Math. (1995), .

[13] F.Oort, Good and stable reduction of abelian varieties, Manuscr. Math.

11 (1974) 171–197.

[14] J-P. Serre and J. Tate, Good reduction of abelian varieties, Ann. of Math.

88 (1968) 492–517.

[15] A. Grothendieck and J. Dieudonné, Revetements étales et groupe fondamentale (SGA I), Lecture notes in Math. 224 (Springer-Verlag, 1971).

[16] A. Silverberg, Points of finite order on abelian varieties, in: p-Adic Methods in Number Theory and Algebraic Geometry (Contemporary Mathematics, vol. 133, American Math. Soc., 1992) 175–193.

[17] A. Silverberg, Fields of definition for homomorphisms of abelian varieties, J. Pure and Applied Algebra 77 (1992) 253–262.

[18] A. Silverberg and Y. G. Zarhin, Hodge groups of abelian varieties with purely multiplicative reduction, alg-geom preprint # 9505037.

[19] V.E. Voskresensky, Algebraic Tori (“Nauka”, Moskow, 1977).

[20] X. Xarles, The scheme of connected components of the Néron model of an algebraic torus, J. reine angew. Math. 437 (1993) 167–179

Departament de Matemàtiques Universitat Autònoma de Barcelona 08193 Bellaterra, Barcelona SPAIN