UNIFORM RECTIFIABILITY, CALDERON-ZYGMUND OPERATORS
WITH ODD KERNEL, AND QUASIORTHOGONALITY

XAVIER TOLSA

ABSTRACT. In this paper we study some questions in connection with uniform rectifiability
and the L? boundedness of Calderén-Zygmund operators. We show that uniform rectifiability
can be characterized in terms of some new adimensional coefficients which are related to the
Jones’ 3 numbers. We also use these new coeflicients to prove that n-dimensional Calderén-
Zygmund operators with odd kernel of type C? are bounded in L?(p) if p is an n-dimensional
uniformly rectifiable measure.

1. INTRODUCTION

In this paper we study some questions in connection with uniform rectifiability and the
L? boundedness of Calderén-Zygmund operators.

Given 0 < n < d, we say that a Borel measure p on R? is n-dimensional Ahlfors-David reg-
ular, or simply AD regular, if there exists some constant Cy such that Cy'r™ < u(B(x,r)) <
Cor™ for all x € supp(p), 0 < r < d(supp(p)). It is not difficult to see that such a measure u
must be of the form dy = de‘Zupp( 1) where p is some positive function bounded from above

and from below and H" stands for the n-dimensional Hausdorff measure. A Borel set £ C R?
is called AD regular if the measure Hip 1s AD regular.

Throughout all the paper p will be an n-dimensional AD regular measure on R¢, with
n integer and 0 < n < d.

The notion of uniform n-rectifiability (or simply, uniform rectifiability) was introduced by
David and Semmes in [DS2]. For n = 1, an AD regular 1-dimensional measure is uniformly
rectifiable if its support is contained in an AD regular curve. For an arbitrary integer n > 1,
the notion is more complicated. One of the many equivalent definitions (see Chapter 1.1
of [DS2]) is the following: g is uniformly rectifiable if there exist 6, M > 0 so that, for
each z € supp(p) and R > 0, there is a Lipschitz mapping ¢ from the n-dimensional ball
B,(0, R) C R™ into R? such that g has Lipschitz norm < M and

p(B(z, R) N g(B,(0,R))) > 0R".

In the language of [DS2], this means that supp(u) has big pieces of Lipschitz images of R".
A Borel set £ C R? is called uniformly rectifiable if H|”E is uniformly rectifiable.

The n-dimensional Riesz transform of a function f : R? — R with respect to p is

Ruf(@) = [ s ) ),

for z ¢ supp(u). Notice that (x — y)/|x — y|™ is a vectorial kernel. In [DS1] it is proved
that if p is uniformly rectifiable, then R, is bounded in L*(y) (see (1.4) below for the precise
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definition of L? boundedness of R,,). On the other hand, it is an open problem if, given an n-
dimensional AD regular measure p, with n > 1, the L?(;1) boundedness of the n-dimensional
Riesz transform implies the uniform rectifiability of u. See [Pa, Chapter 7]. This problem
has only been solved in the case n = 1 (by Mattila, Melnikov and Verdera [MMV]), by using
the notion of curvature of measures, which is useful only for n = 1 (see [Fa]). In fact, there
is a strong connection between this question for n = 1 and the so called Painlevé problem
(i.e. the problem of characterizing removable singularities for bounded analytic function in
a geometric way). See [Da2], [Lé], [To2], and [Vo], for example. In the present paper we
develop new techniques and we obtain some results in connection with the problem of L?
boundedness of Riesz transforms and rectifiability.

A basic tool for the study of uniform rectifiability are the coefficients 3,. Given 1 < p < oo
and a cube (), one sets

B(Q) = i%f{ E(é)ﬂ /2 ) ( di?((g,)L))Pdu(y)}l/p’

where the infimum is taken over all n-planes in R? and ¢(Q) denotes the side length of Q.
For p = oo one has to replace the LP norm by a supremum:

Be(Q) = nzf{ sup w}

yEsupp(pn)N2Q E(Q)

where the infimum is taken over all n-planes L in R? again. The coefficients 3, first appeared
in [Jol] and [Jo2], in the case n = 1, p = oo. In [Jol] P. Jones showed, among other
results, how the [,.’s can be used to prove the L? boundedness of the Cauchy transform
on Lipschitz graphs. In [Jo2], he characterized 1-dimensional uniformly rectifiable sets in
terms of the (.’s. He also obtained other quantitative results on rectifiability without the
AD regularity assumption. For other p’s and n > 1, the 3,’s were introduced by David and
Semmes in their pioneering study of uniform rectifiability in [DS1].

In the present paper we will define other coefficients, in the spirit of the 3,’s, which are
also useful for the study of uniform rectifiability. Before introducing these coefficients, we
need to define a metric on the space of finite Borel measures (supported in a ball). Given a
closed ball B C R? and two finite Borel measures o, v on R? | we set

distg(o,v) == sup{}ffda — ffdy‘ : Lip(f) < 1, supp(f) C B},

where Lip(f) stands for the Lipschitz constant of f. It is easy to check that this is indeed
a distance in the space of finite Borel measures supported in the interior of B. See [Ma,
Chapter 14] for other properties of this distance.

Given an AD regular measure p on R? and a cube Q which intersects supp(u), we consider
the closed ball Bg:=B(zq,3d(Q)), where zgo and d(Q) stand for the center and diameter of

Q, respectively. Then we define
1 . .
1%7fL distp,, (11, cH[7),

Q) = gy

where the infimum is taken over all the constants ¢ > 0 and all the n-planes L. For conve-
nience, if ) does not intersect supp(u), we set aj,(Q) = 0. To simplify notation, we will also
write Q) instead of a}(Q).

Notice that the coefficient «(Q)) measures, in a scale invariant way, how close is p to a flat
n-dimensional measure in Bg. Recall that a measure v is said to be flat and n-dimensional
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if it is of the form v = cHlnL, for some constant ¢ > 0 and some n-plane L. It is worthwile to
compare the coefficients o with the 3,’s: basically, the latter coefficients only give information
on how close supp(p) N2@Q is to some n-plane (more precisely, how close is supp(u) N2@Q to be
contained in some n-plane). On the other hand, the coefficients « contain more information
than (3,. For instance, if supp(u) is contained in an n-plane, then (,(Q)) = 0 for any Q.
However, in this case we may still have a(Q) > 0. This will be the case if ;1 does not coincide
with a flat a measure in Bg. In Lemma 3.2 we will show that, for ;o AD regular,

4(Q) < Ca(Q)

for all dyadic cubes @@ € D (see Section 2 for the precise definition of the dyadic cubes from
D in the context of AD regular measures). As the preceding example shows, the opposite
inequality is false in general.

In Section 4 we will prove the following result:

Theorem 1.1. Consider the n-dimensional Lipschitz graph T == {(z,y) € R® x R4 : y =
A(z)}, with [[VA[|e < C1 < 00, and let du(z) = p(z) dH[;.(z), where p(-) is a function such
that 0 < p(z) < Cy uniformly on z € T'. Then, the coefficients o satisfy the following Carleson
packing condition:

(1.1) Y. @7 u@) < CU(R)",

QE€Da(R)
for any cube R C RY which intersects supp(u), where Co depends only on n,d and C\.

For simplicity, in this theorem we assume that R has sides parallel to the axes. We have
denoted by Dga(R) the collection of dyadic cubes generated by R, i.e. the collection of cubes
contained in R which are obtained by splitting R dyadically.

Recall that (1.1) also holds if one replaces the coefficients a(Q) by 5,(Q), for 1 < p <
2n/(n — 2), as shown in [Do].

We will also see in Section 4 that uniformly rectifiable sets can be characterized in terms
of the a’s, similarly to what happens with the 3,’s and the so called bilateral 3,’s:

Theorem 1.2. Let p be an n-dimensional AD regular measure. The following are equivalent:

(a) p is uniformly rectifiable.
(b) For any dyadic cube R € D,

(1.2) Y al@Qu(@Q) < Cu(R),
QeD:QCR
with C' independent of R.
(c) For all ¢ > 0, there exists some constant C(e) such that the collection B. of those
cubes Q € D such that a(Q) > ¢ satisfies

> Q) < Cleu(R),

QeB-:QCR
for any cube R € D.

In the theorem, D stands for the lattice of dyadic cubes associated to p which is described
in Section 2.

Our main motivation to introduce the coefficients «(+) is to study the relationship between
uniform rectifiability and the L?(u) boundedness of Calderén-Zygmund operators. In partic-
ular, we think that they can be a useful tool to study the aforementioned problem of proving
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that the L?(u) boundedness of the Riesz transform R, implies the uniform rectifiability of
p when 1 is AD regular, as well as other related problems (see [Tod] for a recent applica-
tion concerning the existence of principal values for Riesz transforms and rectifiability). The
kernels K () : R?\ {0} — R that we will consider satisfy

(1.3) VIK(x)| < ¢

- |x|n+j

and moreover K(—z) = —K(z), for all z # 0 (i.e. they are odd). The kernel z/|z|"*! of
the n-dimensional Riesz transform is a basic example (to be precise, we should consider the
scalar components x;/|z["!.)

Given a finite positive or real Borel measure v, we define

Tv(x) := /K(x —y)dv(y), for x € R%\ supp(v).

We say that T is an n-dimensional Calderén-Zygmund operator (CZO) with kernel K (-). The
integral in the definition may not be absolutely convergent for x € supp(v). For this reason,
we consider the following e-truncated operators T, € > 0:

T.v(x) = /| N K(x —y)dv(y), r € R

for 0 < j <2and z € R?\ {0},

Observe that now the integral on the right hand side above is absolutely convergent. We also
denote
T.v(z) = sup |T.v(z)],
e>0
and

pv.Tv(z) = lir% T.v(x),

whenever the limit exists.

If p is a fixed positive Borel measure and f € L}

loc

T.f(z) = T(fdp)(x),  for v € R\ supp(f dp).

(1), we set

and

(1'4) Tu,sf(x) = Ts(f d,u)(:c)

The last definition makes sense for all z € R? if, for example, f € L'(n). We say that T), is
bounded on L?(u) if the operators T}, . are bounded on L?(x) uniformly on & > 0.
In Sections 5 and 6 of this paper we will prove the following result:

Theorem 1.3. Let p1 be an n-dimensional AD reqular measure on R? and T an n-dimen-
sional CZO associated to an odd kernel K(-) : R\ {0} — R satisfying (1.3). Then we

have

(1.5) Tl 320 S a(@)°1(Q) + p(C).
QeD
If Zera(Q)2u(Q) < o0, then p.v.Tu(x) exists for p-a.e. v € R and
(1.6) Ipv-Thliag) S D al@?u(@).
QeD

If w is uniformly rectifiable, then T, is bounded in L*(u).
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See Section 2 for the notation <.
The fact that uniform rectifiability implies the L? boundedness of CZO’s with odd kernel
was already known for C* kernels satisfying

(1.7) VI K (x)| <

for all j > 0 (and maybe also assuming (1.7) only for a finite but big number of j’s). See [Dal]
and Section I1.6.B of [Da2]. However, the result is new if one only asks (1.7) for 0 < j < 2,
and so it improves on previous results.

Most proofs of the L? boundedness of CZO’s (with C* kernel) with respect to uniformly
rectifiable measures use the method of rotations and the L? boundedness of the Cauchy
transform on Lipschitz graphs (in fact, all proofs known by the author). This is not the case
with the arguments that we use in this paper. Roughly speaking, our basic idea consists in
decomposing T'u dyadically, and in obtaining estimates by comparing on each cube () the
measure g with the flat measure that minimizes «(Q) (notice that if v is a flat measure then
T.v vanishes on supp(v)). This idea is inspired in part by the proof of the L? boundedness
of the Cauchy transform on Lipschitz graphs by P. Jones in [Jol]. However, we recall that
the arguments in [Jol] only work for the Cauchy transform.

Given a non-increasing radial C? function ¢ such that XB0,1/2) < ¥ < XB(o,z2), for each
J € Z, we set ¢;(z) :=1(272) and ¢; := 1b; — 41, so that each function p; is non-negative
and supported in the annulus A(0,27772,277*1), and moreover we have >_., ¢;(x) = 1 for
any r € R?\ {0}. For each j € Z we denote K;(z) = ¢;(z) K(z) and

(1.8) Tiu(z) = /Kj(fr —y) du(y).

Notice that, at a formal level, we have Ty = > ._, T;u, and so

JEL
1Tl 72 = Z 1Tl 72 + Z(Tjﬂa Tt
JEL J#k
To prove Theorem 1.3 we will show that both sums in the right hand side above are bounded
above by 3 oep a(Q)?1(Q). In fact, to show that

(1.9) STl S a@)m(@)

JEZ QeD

is quite easy (see Lemma 5.4 below), while the estimate of 3, (Tju, Typ) requires much
more work.

The final part of this paper deals with Riesz transforms. Let R; denote the doubly truncated
Riesz transform associated to the kernel ¢;(z)z/|z|"™!, like in (1.8). In Section 7 we will
prove the following:

Theorem 1.4. Let p be an n-dimensional AD regular measure on R?. For j € Z, let R;
denote the doubly truncated Riesz transform introduced in Definition 7.1. For any ) € D,
we have

(1.10) > BPPu(P) < Cs(3 I Rsmaalagy + #(Q)).

PED:PCQ JEZ
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Moreover, C3 only depends on n,d,Cy and the constants involving 1 in Definition 7.1. There-
fore, if for any cube Q) € D,

JEZ

then p is uniformly rectifiable.

Let us remark that the kernels of the doubly truncated Riesz transforms R; introduced in
Definition 7.1 are defined as we did just above (1.8), although some additional properties are
required for the auxiliary functions ¢;. Notice also that the estimate (1.10) can be understood
as a kind of converse of inequality (1.9).

Mattila and Preiss [MPr, Theorem 5.5] have already proved that if all the CZO’s with kernel
of the form ¢(|z|)z/|z|" satisfying (1.7) are bounded in L?(u), then u is n-rectifiable, i.e.

there exist Lipschitz mappings g; : R® — R? such that ,u(]R” \ U2, gi(R”)> = 0. David and
Semmes [DS2, Theorem 2.59] have shown that, moreover, y is uniformly rectifiable. It is not
difficult to show that the assumption that all CZO’s with kernel of the form o(|z|)z/|z|" !

satisfying (1.7) are bounded in L?(x) implies that (1.11) holds (see [DS1, Chapter 3| for a
related argument).

Acknowledgement: The author wants to thank the referee for helpful comments that im-
prove on the readability of the paper.

2. PRELIMINARIES

As usual, in the paper the letter ‘C” stands for some constant which may change its value at
different occurrences, which quite often depends only on n, d, and the AD-regularity constant
Cp. On the other hand, constants with subscripts, such as C}, retain its value at different
occurrences. The notation A < B means that there is some fixed constant C' such that
A < CB, with C as above. Also, A = B is equivalent to A < B < A.

The closed ball centered at = with radius r is denoted by B(x,r).

Recall that throughout all the paper we are assuming that p is a fixed AD regular n-dimen-
sional measure. We denote E' = supp(u). For simplicity of notation, we will also assume that
d(E) = oco. However all the results stated in the paper are valid without this assumption.
The required modifications are minimal.

In this paper we will use the so called “dyadic cubes” built in [Da2, Appendix 1] (see
also [Ch] for an alternative construction). These dyadic cubes are not true cubes, but they
play this role with respect to p, in a sense.

Let us explain which are the precise results and properties about our lattice of dyadic
cubes. For each j € Z, one can construct a family D; of Borel subsets of £ (the dyadic cubes
of the j-th generation) such that:

(i) each D; is a partition of E, i.e. £ = Uerj Q and Q N Q' = @ whenever Q, Q" € D;
and @ # Q';
(i) if @ € D; and Q' € Dy, with k < j, then either Q C Q' or QN Q' = ;

(iii) for all j € Z and Q € D;, we have 277 < d(Q) <277 and u(Q) ~ 27

(iv) if Q € Dy, there is a point zg € @ (the center of Q) such that dist(zq, £\ Q) = 277.
We denote D = U].GZ D;. Given @ € Dj, the unique cube @' € D;_; which contains @ is
called the parent of (). We say that () is a sibling of @’. If @ is from the generation j, we
write J(Q) = j.
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For Q € D;, we define the side length of Q as £(Q) = 277. Notice that £(Q) < d(Q) < (Q).
Actually it may happen that a cube ) belongs to D; N Dy, with j # k, because there may
exist cubes with only one sibling. In this case, £(Q) is not well defined. However this problem
can be solved in many ways. For example, the reader may think that a cube is not only a
subset of E, but a couple (@), j), where ) is a subset of E and j € Z is such that Q) € D;.

Given A > 1, we set

AQ = {x € E:dist(z,Q) < (A= 1){(Q)}.

For R € D, we denote D(R) ={Q € D: Q C R}.

Let us remark that we will not need the “small boundaries condition” for the dyadic cubes
(see [DS2]).

In this paper, the usual cubes in R? will be called “true cubes”, to distinguish them from
the “false cubes” in D.

3. ELEMENTARY PROPERTIES OF THE COEFFICIENTS a(Q)

In the Introduction we defined the coefficients a(Q) for true cubes Q C R¢. For Q € D,
the definition is the same. So given @ C R?, which may be either a true cube or a dyadic
cube from D, we set

1 . . n

W CIZI(l)fL dlStBQ (,u, CH|L),

where the infimum is taken over all the constants ¢ > 0 and all the n-planes L, and Bg =
B(zg,3¢(Q)). Observe that Q C Bg. We denote by ¢ and Ly a constant and an n-plane
that minimize distp, (1, cH7) (it is easy to check that this minimum is attained). We also
write Lo = CQHFLQ, so that

(3.1) a(Q) =

a(Q) = dist g, (11, cQH[1,,) = distp, (1, Lo)-

1 1
Q! Q)+t
Let us remark that cg and Lg (and so Lg) may be not unique. Moreover, we may (and will)
assume that Ly N By # @.

For simplicity, in the lemmas below we will work with dyadic cubes @) € D. However, most
of the results hold also for true cubes @ such that @ Nsupp(u) # @ and £(Q) < d(supp(p)).

Lemma 3.1. For all P,Q) € D, the coefficients a(-) satisfy the following properties:

(a) a(Q) S 1.
(b) If PC Q and ¢(P) = £(Q), then a(P) < a(Q).
(c) If a(Q) < Cy, with Cy small enough, then Lo N B(zg,d(Q)) # @ and cg =~ 1.

In a sense, (c) says that if a(Q) is small enough, then L is quite close to @) (recall that
by definition we assumed Lg N By # @ and that B(zq,d(Q)) = $Bg).
Proof. The statement (a) is a direct consequence of the definitions. The property (b) follows
from the fact that if P C @, then Bp C By (recall that d(R) < ¢(R) for all R € D) and so
dist g, (p,v) < distp, (1, v) for any given measure v.

Let us turn our attention to (c). To show that Lo N B(zg,d(Q)) # @ if Cy is small
enough, take a smooth function function ¢ such that xp(.q.d4@)/10) < ¥ < XB(z20,d(Q)/2) With
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IVelloo S 1/d(Q). Then we have ||[V(pdist(, Lg)) |l < 1, and since ¢ dist(+, Lg) vanishes
on Lg, we have

[ etoais(e. Loy duto)| S @@

On the other hand,

/gp(m)dist(x, Lg) dp(z) > dist(supp(p), LQ)/godu

)
2 dist(supp(p), Lg) u(Q).

If a(Q) is small enough we infer that dist(supp(y), Lg) < d(Q)/10, and so LoNB(zg,d(Q)) #
.
Let us check now that cg =~ 1. Let ¢» be a smooth function such that xq < ¢ < xp, and

IVU|loo < 1/4(Q). Then

~Y

‘/wdu - /wcw@‘ < a(Qu(Q).
Thus,
[ vdu-Ca@u@) <o [vary, < [vdu+ Ca@u@.

From the second inequality, we deduce easily that c¢g < 1. From the first one, we see that if
a(Q) < Cy, where Cy is small enough, then

co [ wdHy, = u(@) - Cal@n(Q) = 5(Q)
which implies that cg 2 1. O
Recall the definition of the bilateral (3;:

1 . dist(y, L) dist(z, E) . . .
Y@ = oy LfUzQ 1Q) d“(y”/mmz@,m@» qg M)

where the infimum is taken over all the n-planes L and E = supp(u). We have the following
relationship between (3;(Q), b31(Q) and a(Q):

Lemma 3.2. For all Q € D we have
Bi(Q) <bB1(Q) S Q).

Proof. The first inequality is trivial. For the second one we may assume «(Q) < C;. Given
an arbitrary n-plane L, we take

fla) = [dist(a:, L) — dist(z, E)] o(2),

where ¢ is a smooth function such that x (., 21Q) < ¢ < xB, and ||Vl < 1/4(Q). Tt is
straightforward to check that ||V f]l. < 1. As a consequence, for any ¢ > 0,

distp, (1, cHL) 2 ‘/fd,u—c/defL

= ’/gp(x)dist(a:,L) du(x) —i—c/gp(m)dist(x,E) dH [ (z)
> min(1, c)bB(Q) £(Q)".
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If we choose L = Ly and ¢ = cg, we get
diStBQ (:ua £Q) Z bﬁl(Q> K(Q)nJrl?
since c¢g ~ 1 (because a(Q)) < Cy), and the lemma follows. O

Remark 3.3. The calculations in the preceding lemma show that the following holds:

L diSt(y, LQ) o
Ok /B(zQ,Qd(Q)) 4(9)) duly) S (@)

Lemma 3.4. Let P,Q € D be dyadic cubes such that P C Q, with nf(Q) < {(P) < {(Q) for
some fized n > 0. Then we have

(3.2) distyr (Lp N Bg, Lo N Bg) < C(n)a(Q)4(Q),
where disty stands for the Hausdorff distance. Also,
(3.3) lcp = el < C(n)a(Q).

Proof. All the constants in this proof (including the ones involved in the relationship “<”)
are allowed to depend on 7.

Clearly, we may assume that a(Q), a(P) < Cy. Otherwise, the statements in the lemma are
trivial. First we prove (3.2). Let ¢p be a smooth function such that xp(.,2a(p)) < ¥p < XBp
and ||Vop|le S 1/4(P). Then we have ||V(¢pdist(-, Lg))|lc S 1, and so

~ ~

/ op(2)dist(z, Lo) du(z) — / op(2)dist(z, Lo) dLp(x)

Moreover, since @pdist(-, Lg) vanishes on Lg, we have

S a(PYU(P)™

S a(@QUQ)".

[ ertaistiz, Lo) duo)
Taking into account that a(P) < a(Q), we get
/ dist(z, Lo) dLp(z) < a(Q)0(Q)".
B(zp,2d(P))

Using that Lp N B(zp,d(P)) # @, it can be shown that the above estimate implies (3.2).
To prove (3.3), take pp as above. We have

/SOPdM—CP/@PdH”LP
‘/sopdu—cQ/sodef‘LQ

cP/gpde&P —cQ/gode"LQ

S a(P)u(P) S a(Q)u(@Q).

Also,
S a(@Q)u(Q).

Thus,

S aA(@)u(Q).

Then we have

(34)  leo—cpl / op Ml < a(Qu(Q) + co

[
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Using (3.2), it can be shown that

[ovts, - [ sui,

Since cg S 1and [ @pdHf;  ~ u(Q), (3.3) follows from (3.4). O

S AQ)u(Q)-

4. THE COEFFICIENTS « ON LIPSCHITZ GRAPHS AND UNIFORMLY RECTIFIABLE SETS

To prove Theorem 1.1 (and only for this theorem), for convenience we prefer to work with
the family of the true dyadic cubes of R?, which we denote by Dga. Although, for a cube @ of
this type the estimate p(Q) =~ £(Q)™ may fail, for the cubes ) € Dra which intersect supp(u)
we have (1(2Q) ~ ((Q)™. Recall that if @ does not intersect supp(u), for convenience we set
a(Q) = 0.

Given a true cube () with sides parallel to the axes, we denote by I the projection of () onto
the n plane {(x1,...,74) € RY: 1z, = -+ = 24 = 0}. Observe that I is an n-dimensional
true cube.

Proof of Theorem 1.1. For z € R", we denote A(z) := (z, A(z)), and we set
9(@) = p(A(@)) [ J(A)(z)|,  forz € R™,

where J(A)(z) stands for the n-dimensional Jacobian of the map z — A(z). Given a
cube Q € Dga which intersects supp(u), let @ be a cube with side length 164(Q) such

~

that @) € Dra(Q) and By C ). We will show that

f(])l"'”/Q

WQy 1Arg]l2,

(4.1) (@) S/HRA)+ D

I€Dgn (1)

where Dgn ([, @) stands for the collection of dyadic cubes from Dg» which are contained in 15,

the projection of @ onto the n-plane {x € R? : z,,,; = --- = 14 = 0}. Notice that in this
inequality @ is a cube in R? and the I’s are cubes in R". Also, the L? norm is taken with
respect to the n-dimensional Lebesgue measure on R™. Let us see that the theorem follows
from the preceding estimate. Indeed, we derive

Y @@ S D ARMMQ)

Q€EDR4(R) QEDRa(R)
E(I)1+n/2 2 1
b (X 1) o
QED,4(R) MeDgn (Ip) H

The first sum on the right hand side is bounded above by C?(R)™, by the results of David
and Semmes. To deal with the last sum, which we denote by S5, we apply Cauchy-Schwartz:

(1) > (1) ,orn) 1
Sy < Z(R)( > mHAIQHQ)( > mﬂ”)m-

QEDRd 1€DRrn (I@) 1€DRrn (IQ)
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Since ZIGDRn(IA) f(—I) 0™ < p(Q), we get

(1)
Z Z Q 19”%

QeDRd ) I€Dgn (I

<y sl > dgs X laulk

I1€Dpn (Iﬁ) QG'D]Rd(R):IQDI ( I1€Dpn (Iﬁ)

Since g is a bounded function, we deduce that Sy < ¢(R)™.
It remains to show that (4.1) holds. For any x € Iig C I, we have

o@) = D Argle) + g1y

I€Dgn (1)

To estimate a(Q), we choose an n-plane L = {(x,y) € R" x R : y = a(z)} (where a(z) is
an appropriate affine map) which minimizes (;(3Q)) and we set ¢ = 91, /|J(a)| (notice that

the Jacobian of the map x — a(z) := (z,a(x)) is constant and bounded from below). Given
a Lipschitz function f supported in Bg with Lipschitz constant < 1, we have

[ 1@raut) - o [ )
— | [ 1) gz - cq / F ()| (@) do
<| [ 1A@) gryie - [ 16t

= T1 + TQ.

Alg )d

IGD

To deal with T} we take into account that 91, is bounded (since g is a bounded function) and
that f is 1-Lipschitz and supp(f) C Bg C 6Q:

15 [ 1A@) =~ @) dr < [ 1A = a@)]de S QU@

For T, we use the fact that Ajg has mean value zero and f and A are Lipschitz maps:

= 3| [UA@) ~ ) Ag(e) do

I€Dgrn (I@)

S Y DlAglis Yo U Agll.

I€Dgn (I I€Dgn (I@)

5)
Q
From the estimates of 77 and 75 and the definition of a(Q), we get (4.1). O
Remark 4.1. Let I’ be an n-dimensional Lipschitz graph with compact support in R**1.

That is, I' :== {(z,y) € R* xR : y = A(z)}. Set p = Hf.. By the calculations in the
preceding theorem, we have

> a@Pu@ S Y B2QMQ) + D Al

QGDRn+1 QEDgrn 1€Dgn
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where
g(z) = |J(A) ()] = (1 + [VA()]})"/.
Notice that
[VA()?
14+ (14 |VA(x)]?)1/?

l9(z) = 1] = < min(|VA(z)], [VA(@)[?).

So we have

Y lagli<c i l9(x) — 1*dz < [ VA[3.

1€Dgn

On the other hand, by [Do, Theorem 6], we also have

> BRQ) ~ D BIQuQ) = IVAS.

QEDgrn QEDRrn

Recalling that 51(Q) < a(Q) for any cube @, we get
Y @ u(@) = VAL,

QEDyn+1

with constants depending on C; in Theorem 1.1.

Proof of Theorem 1.2. It is clear that (b) = (c). On the other hand, we have shown in
Lemma 3.2 that b;(Q) < a(Q) for any cube @) € D. Thus, if the coefficients « satisfy the
packing condition

> alQ? Q) Su(R)  forall RED,
QED(R)

then an analogous inequality holds if we replace o by b3; or by ;. As a consequence, u is
uniformly rectifiable in this case, by the results of David and Semmes in [DS1]. Thus, (b) =
(a) in Theorem 1.2.

Analogously, if (c¢) hods, then for all £ > 0, there exists some constant C'(g) such that the
collection B. of those cubes ) € D such that b3, (Q) > ¢ satisfies

> uQ) < Ce)u(R)

QeBL:QCR

for any cube R € D. As a consequence, F = supp(u) satisfies the so called bilateral weak
geometric lemma and by [DS2, Theorem 2.4] p is uniformly rectifiable. That is, (¢) = (a).
The proof that (a) = (b) is more technical. We give only some hints: this follows by using
the fact that uniformly rectifiable sets admit corona decompositions (see [DS1] or [DS2] for
the precise definition). Then the arguments are similar to the ones in [DS1, Section 15], where
it is shown that the existence of a corona decomposition implies that the (1(Q)’s satisfy a
packing condition like the one in (1.2). The idea consists of constructing a partition of D into
sets (that we call trees) such that on each tree p is well approximated in some precise sense
by n-dimensional Hausdorff measure on a Lipschitz graph. Then one uses the fact that the
a’s satisfy a Carleson packing condition on Lipschitz graphs (because of Theorem 1.1), and
one argues by approximation on each tree. 0



UNIFORM RECTIFIABILITY AND CZO’S 13

5. ESTIMATES FOR CALDERON-ZYGMUND OPERATORS IN TERMS OF THE
COEFFICIENTS «

5.1. The L?(u) boundedness of T},. When p is uniformly rectifiable, the fact that 7), is
bounded in L?(p) is a consequence of inequality (1.5) and the T'(1) theorem. Indeed, suppose
first that u is supported on a Lipschitz graph. Then for any dyadic cube R,

> a(@Q)’u(Q) S uR).

QeD(R)

Thus if we apply inequality (1.5) to g (which is itself AD regular), then we deduce that
1T (xrt) || 2200y S #(R)Y?2, and so T}, is bounded in L*(u) by the T'(1) theorem.

If 11 is uniformly rectifiable but not supported on a Lipschitz graph, then 7, is also bounded
in L?(11) because of the “big pieces functor” (see Proposition 1.1.28 of [DS2]). An alternative
argument consists of using Theorem 1.2, which implies that the coefficients «(Q) satisfy the
packing condition above, and then the same proof given for p supported on a Lipschitz graph
works in this case.

Section 6 and the rest of the present section are devoted to the proof of inequalities (1.5)
and (1.6) in Theorem 1.3.

5.2. Decomposition of T'u with respect to D. As explained in the Introduction, to prove
(1.5) and (1.6) we will decompose T'u using the dyadic lattice D associated to p. Let ¥ be
a non-increasing radial C* function such that xp,1/2) < ¥ < XB(2). For each j € Z, set
¥;(2) :=(272) and @, := 1043 — ;44 (recall that in the Introduction we set p; := 1; —1;1;
for simplicity in some calculations below, we prefer the choice ¢, = ;13 — 1;44), so that
each function ¢; is non negative and supported in A(0,27775,27972)), and moreover we have

D pi(r)=1

jez
for any z € R?\ {0}. For each j € Z we denote K;(x) = ¢;(z) K(z) and
5.1) Tye) = [ Ko~ ) duty).

For each ) € D, we set
Ton = XQTyqH-
Recall that J(Q) stands for the integer such that () € D;. Formally we have
Tp=3 Tan =2, > Tou
mEZ meZ QEDn,

This decomposition of T is inspired in part by [Se]. See also [Tol], [MT] and [To3] for some
related techniques.
Let us denote

Ty =Y Tip.

J:g<m
To prove the estimates (1.5) and (1.6) in Theorem 1.3, we will show that

QeD
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uniformly on m € Z. By the following “Cotlar type” inequality:
(5.3) [Tl p2(y S Timsup || Ty ol 22 + 1(C),
m—00

this implies (1.5). The proof of (5.3) follows by arguments analogous to the ones of the
usual Cotlar inequality although, in our particular case, it is not necessary to use the L?(u)
boundedness of T}, (which we are not assuming) to prove it, because of the antisymmetry of
T),. See for instance [Vo, Lemma 5.1] for a similar estimate.

The existence of p.v.Tu(x) for p-a.e. z under the assumption

> a(@Q)’u(Q) < 0

QeD

is a consequence of the fact that this implies that supp(x) must be n-rectifiable (although per-
haps not uniformly rectifiable), and so p is supported on a countable union of n-dimensional
Lipschitz graphs. Since Ty r is bounded on L?( ‘"F) for any n-dimensional Lipschitz graph I'

(by Subsection 5.1), it follows that p.v.Tu(z) exists p-a.e. The arguments are similar to the
ones in [Ma, Chapter 20]. On the other hand, T{,,u(x) can be written as a convex combi-
nation of T.u(z), with 0 < & < 2773, Indeed, if we set g(|z —y|) = 1 — Ypia(z — y), we
have

Togp() = 3 Tnle) = [ gz = ol) Kl - ) o),

Jiys<m
and then by Fubini it is easy to check that

9—m—3

ot = s K@= yyduts) = [ g @ Tnta)dz= [ () Tntw) e,
0 0
since g(¢) = 1 for e > 27™73. Then, it turns out that whenever p.v.Tu(z) exists we have
tim Ty p(x) = pv.Tu(z).
Since T,p € L?(1), by dominated convergence we derive
”P-V-THH%W) = nll_{noo HT(m)NH%Z(#) S Z a(Q)’u(@Q)-
QeD
So it only remains to prove (5.2). To this end we set
HT(m)MHiW) = Z HTJMH%W) +2 Z (Typ, Thepa).
j:i<m Jk:j<k<m
We will see that the first sum on the right side is easy to estimate, while the last sum will

require some harder work. To estimate this last sum we will show that the oddness of K(-)
introduces some quasiorthogonality among the different functions T, j € Z.

5.3. Estimates for Tou in terms of the coefficients . Given () € D, we denote
1 ((P)

A*(Q) = mp;p(:@)a(m mM(P)-

Lemma 5.1. Given QQ € D,,, we have
(a) For any v € Lo N B(2g,2d(Q)), |Tmp(z)] S a(Q).

(b) / Toul di < o(Qu(Q).
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) / Toul? du < A(Q)u(Q).

Proof. Let us prove (a). Notice that if € B(zq,2d(Q)), then supp[K,(z — -)] C Bq.
Moreover, ||[VEK, (2 —)|lee S 4(Q)™™ L. Given an arbitrary n-plane L and ¢ > 0, if z € L we
have

1
Kn(x—y)du(y) — K, - dist
‘/ J: lu C/ (y) ~ K(Q) 18 BQ(ILL7CH|L)
Since K,,(-) is odd, the second integral vanishes, and so
|Tmlu’( )| dlStBQ (/“L7 CH|L>

(Qyt )

If we choose L = Lg and ¢ = ¢, the statement (a) follows.
Now we will prove (b) and (c¢) simultaneously. Given z € @, let 2’ be the orthogonal
projection of z onto Lg. Then we have
|z — 2| dist(z, L)

i) = Tt % gz Q) S =55

We may assume that 2/ € B(zg,2d(Q)) because otherwise dist(x, Lg) > ¢(Q)/2 and this
would mean that A(Q) > a(Q) 2 1 (see Remark 3.3), and then (b) and (c) would be trivial.

So, using (a), we have

dlst( . Lg) , dist(z, L)
| Tonpe()] S K(—Q) + | Tt (2')] < Q) + a(Q).
Thus, for p > 1,
» dist(z, Lg) P 2) 4 (O
/|TQM| dp S /Q(—E(Q) ) du(r) + a(Q) p(Q).

For p = 1 the first integral on the right side is bounded above by Ca(Q)u(Q), by Remark 3.3,
and (b) follows. On the other hand, if we choose p = 2, (¢) is a consequence of next lemma. [

Lemma 5.2. Let x € supp(u) and Q € D such that x € Q). We have

(5.4) dist(r,Lo) S > a(P)U(P),
PeD:PCQ,zeP

and

diSt(l’,LQ) 2 " 2
(55) [ (FH6r2) ) s A@ui)

Proof. Let us see how (5.5) follows from (5.4). By Cauchy-Schwartz we have

(55) 2.5 .. ) (5. 0)

and then (5.5) follows by integration on Q.
To prove (5.4), let ng > 1 be some integer to be fixed below, and consider the sequence
of dyadic cubes @ = Qo D @1 D Q2 ... such that x € @, for each m > 1 and £(Q,,) =
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27mm0f(Q). Let gy be some (small) constant that will be fixed below too. Let N > 0
be the least integer such that a(Qx) > €. If N does not exist because a(Q,,) < ¢ for
all m > 0, we let N be an arbitrary positive integer. Let ay be any point from Qn and for
m=N—-1,N—-2,...,0 let a,, be the orthogonal projection of a,,+; onto Lg,,. Then we
have

N-1

(5.6) dist(an, Lg) < dist(ay, Loy ) + Z dist(am,, Gmy1)-
m=0

Our next objective consists in showing that

(5.7) lam — ame1| S a(Q)l(Qr) form=0,1,... N —1.

Let us see first that (5.4) follows from this estimate. Indeed, from (5.6) and (5.7) we infer
N—1

dist(ay, Lo) < dist(ay, Loy) + > (Qum)l(Qm)-

m=0

If a(@Q) < g for all m > 0 (in this case N was chosen as an arbitrary positive integer), we
let N — oo in the preceding inequality, and then ay — 2 and dist(an, Lg,) — 0, and so
(5.4) follows. If a(Qn) > €o, then

|z —an| + dist(an, Loy) S UQn) < &5 a(Qn)UQn).
Thus, by (5.6) and (5.7),

N-1 N
dist(v, Lg) < |z — ay| + dist(an, Lgy) + D dist(am, @mi1) S Y a(Qum)l(Qm).
m=0 m=0

To prove (5.7) we wish to apply Lemma 3.4. Then we need to show first that a,, € By, for
m=N, N—1,...,1. We argue by backward induction. Indeed, for m = N, this holds by the
definition of ay. Assume now that a,,11 € Bg,,,, and let us see that a,, € Bg,,. Remember
that form =N —1, N—2,...,1, we have a(Q,,) < €. By the AD regularity of y, all points
Y€ Qm—i—l C Qm SatiSfy

dist(y, Lg,,) < C(e0)l(Qm) < d(Qm+1)/2,

assuming that £y has been chosen small enough (depending also on choice of ng). So we infer
that Lg,, N Bg,.,, # @. Recall that, by the induction hypothesis, a,,+1 € Bg,,,,. If ny has
been chosen big enough we deduce that

(5.8) |@mt1 — am| = dist(am+1, Lg,,) < d(Bg,.;,) < d(@m)/4.

It is straightforward to check that Bg,,., C B(zg,,,2d(Qy,)) for ny big enough. Thus we have
am+1 € B(zg,,,2d(Q:)). This fact and (5.8) imply that a,, € Bg,,.
The estimate (5.7) follows now easily from Lemma 3.4 using the fact that a,,, am+1 € Bg,,:
|am - am+1| S dlStH(LQm n BQm7 LQm+1 N BQm) S O{(Qm) E(Q'm)
O

Remark 5.3. Almost the same arguments used to prove (5.4) show that if S,Q € D are
cubes such that S C @ and x € supp(p) N 2S, then we have

(5.9) dist(v, Lg) S dist(z, Ls) + Y a(P){(P).

PeD:SCPCQ
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5.4. Estimate of ) ., [ Tpl|7- (- The following lemma is an easy consequence of (c) in

Lemma 5.1.
Lemma 5.4. For every R € D, we have
S Toullien S D al@)?u(@).
QED(R) QeD(R)
Proof. By (c) in Lemma 5.1 we have

Z ||TQ/~L||%2(M)§ Z A2(Q)M(Q)

QED(R) QeD:QCR

- Y Y awrigiur)

QED:QCR PeD:PCQ

((P)
= a(P)*u(P) =
P o Q)
< a(P)*u(P).
PcD:PCR
]
So we have
(5.10) STl S Q) 1(Q).
JEZ QeD

Remark 5.5. In [DS1] it is shown that the following condition is necessary and sufficient
for 11 to be uniformly rectifiable: for each C>, compactly supported, odd function ¢ : R¢ — R,
there is a C' > 0 such that for any cube R € D,

(5.11) ZR) /xER /%(x—y) dp(y)

gzJ(

du(z) < Cu(R),

where 1;(z) = 2")(27z).
For any n dimensional AD regular measure p, it is easy to check that

5.12) 5[] e - i) auto) £ ¥ al@uc@

JEZ QeD

The arguments are very similar to the ones we used to obtain (5.10). The role of 7} in (5.10)
is played now [4;(z — y)du(y). As a consequence, if y is uniformly rectifiable, then (5.11)
can be deduced from (5.12) applied to jyr. This way of proving that uniformly rectifiable
measures satisfy (5.11) is very different from the one in [DS1].

6. ESTIMATE OF }_ ., (Tju, Typ) IN TERMS OF THE a’S

In this section we will show that
ST T T | S 3 a(@2u(@).
G kik>j QeD

The key idea consists in using quasiorthogonality. This will finish the proof of Theorem 1.3.
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Given k > j fixed, let m = [(j + k)/2|, where [-] stands for the integer part. We write
<7}M7Tku> = Z <¢51}M7Tk,u/>a
SEDp

where {pg}sep,, is a family of C* functions such that each pg satisfies supp(¢s) C Uys)10(S)
(where Uys)/10(S) stands for the (£(S)/10)-neighborhood of S) and [|[Vygllo < C/(S), and

moreover ZSEDm ps =1 on E. Let xg be the orthogonal projection of the center of 5, zg,
onto Lg. We set

o) (Ti, Tep) = Y (s (Typ — Typlas)), Tep) + > Tip(as)(ps, Tep)
. SEDy, SEDm,

= Aj,k -+ Bj,k'
6.1. Estimates for A, in (6.1). We write A, as follows:
Aje = Z Z (os(Tipn = Tyu(xs)), Tep)-
RED; S€Dm:SCR
Thus,
S 4= Y S (os (T — Topas) T = Y Ar
Jrk:k>j ReD k>J(R) S€EDm:SCR ReD
where J(R) stands for the generation of R.
We will need the following lemma.
Lemma 6.1. Given Q € D,, and z,y € B(zg,2d(Q)), we have

a(Q)(Q) + dist(x, Lg) + dist(y, Lg)

| Trp(z) = Trapa(y)| < Q) |z —y|

(6:2) I, (e — )|

T

where HLé denotes the orthogonal projection on the the subspace orthogonal to L.

Let us remark that in the proof of the preceding lemma we will use the assumption

C

(6.3) V2K ()| < s 22

Vo € R4\ {0}.

This is the only place in this paper where it is used.

Proof. Let u be a unit vector parallel to Lg. First we will show that for any z € B(zg, 2d(Q))
a(Q) | dist(s, Lo)

6.4 ViTLnp()| S + :

(6.4 V. Tnle)| § 8+ T

where V, stands for the directional derivative in the direction of u. Indeed, for any z €

B(ZQ7 zd(Q))

VL) = [ Vuknla ) du(y)
By the assumption (6.3), we have

/VK r—y)du(y /VK x—)dﬁQ()g%
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For z € Lo N B(zq, 2d(Q)), notice that the second integral on the left hand side above
vanishes because T, L vanishes identically on Lg, and so V,T,,Lq(x) = 0. Therefore,

a(Q)

Consider now = € B(zg,2d(Q)) and let 2’ be the orthogonal projection of x onto Ly. We
may assume that 2’ € B(zq, 2d(Q)) because otherwise dist(z, Lg) 2 ¢(Q) and then (6.4) is
trivial in this case. Thus, from (6.5), if € B(zq,2d(Q)) and 2’ € B(zq, 2d(Q)) we get

if 2 € B(zq, 2d(Q)) N Lg.

Vo Tnp(x)] < (( )>-|— V2Tt o dist(z, L),

which yields (6.4).
With (6.4) at hand, the lemma follows easily: given =,y € B(zg,2d(Q)), we have

(6.6) Tonpa(2) = Trnpa(y)| < sup |V Tonpilloo o) 1# =yl + IV Tonpill oo [T g (2 = w),

where the supremum on the right side is taken over all unit vectors parallel to Lg. From (6.4)
we get

0(Q) | .y dist(z, Lo)
UQ) UQ)?
< a(Q) N dist(z, Lg) + dist(y, LQ).
— Q) UQ)?
Plugging this estimate into (6.6) we are finished with the lemma. O

sup | VoTrmit ooy S

By the preceding result and the definition of Ag, we have

YRR DD SR WV

(6.7) k>J(R) SEDm: SCRY 2
. o}s) .. 0(S) | Mpy(e —xs)]
Lg) ——= L
+ dist(x, Lg) (R + dist(xg, Lg) 1(R)? ") dp(x)
By Remark 5.3 we have
(6.8) dist(v, Lp) S dist(z, Ls) + Y a(P)((P).
PeD:SCPCR

The same estimate holds if we replace x by xg (and in this case dist(zg, Lg) = 0).
Now we want to estimate the term [II (2 — zs)|. Let @ € Dy, be such that v € Q. We
have

M —zs) S Mpy(o—w)l + S0 Mpg(w— ) — Ty (e — as)],
PeD:QCPC3R

where P stands for the parent of P. Since zg € Lg, we have . (z — zg)| = dist(z, Ls).
Moreover, from Lemma 3.4 it follows easily that

My (2 = x5) = Tps(x = 25)| S a(P)lz — 2| S a(P)(S).
Therefore, recalling that m = m(J(R), k) = [(J(R) + k) /2],
(6.9) Mo (z —xs)| S dist(w, Ls) + Z a(P)(Q)V2(R)Y2.

PeD:QCPC3R
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From (6.7), (6.8), and (6.9), we infer that
Anl € Y [ iTanto) %dum

(6.10) Qesn
* Z IR 1/2 /’ QK Z O‘(Pﬂ du(z) =: AR + A3,
QC3R PGDQCPCM%

Notice that, although it is not stated explicitly, S depends on @ in Ag. In fact, we should
properly write Sg instead of S.

Estimate of A}, in (6.10). For each @ C R, by Cauchy-Schwartz we have

AE_Q@REg(/m%”%m>wké;ﬁ%%%fdmw)m

Using Lemmas 5.1 and 5.2, we get

SRS Y S (@Y Y A )

ReD RED chR ReD SC3R
<> A mwsZmWﬂm
QeD QEeD
Estimate of A% in (6.10). By Lemma 5.1 and Cauchy-Schwartz, we have
Q)12

Azwzg iEl X )@

PeD:QCPC3R

1/2
imE (2450 ) X atPru@)

N QC3R K(R)l/z E(Q) PeD:QCPC3R

(6.11)

Thus,

Sy S AT S e

ReD repocar b PED:QCPC3R
Q)3
_ 2
o Z oz(P) Z ,u Z g 1/3
PeD Q-QCP R3RDP
2 2
<) a(P) ZM(Q)WSZQP
peD Q:QCP PeD

6.2. Estimates for Bj in (6 1). Recall that for j, k, with k£ > j, we have

= Y Tiu(ws)(ps, Tin),
S€Dm

where m = [(j + k)/2]. We say that two cubes S,T" € D,, (of the same generation m) are
neighbors if dist(S,7) < 27" and S # T, and then we write S € N(T) and T € N(S). The
number of neighbors of a given S € D is bounded above independently of S, i.e. there is
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some constant C' such that #{T € D : T € N(5)} < C for all S € D. From the fact that
supp(Ky) C B(0,27%72) and the antisymmetry of T}, we infer that, for S, T € D of the same
generation, (pg, Tx(vrp)) = 0 unless S and T' are neighbors. So we have

(6.12) Bix= Y, > Tiulws)(es Telern).

S€Dy TEN(S)

Using the antisymmetry of T}, reordering the sums, and interchanging the notation of S
and T" we get

By = — Z Z Tip(zs){pr, Ti(psi))

S€Dm TEN(S
(6.13) =- ) Z i(zs){er, Ti(ps))
T€Dm SEN
=- Z Z Tip(xr) (s, Tr(ori)).
SEDym TEN(S)

If we take the mean value of (6.12) and (6.13) we obtain

Bix =5 Z > (Tim(ws) — Tip(rr)) (s, Ti(erm))

SeDm TeN(S)

== Z Z Tip(xs) Ju(xT)) [<9057Tk<90T,U>> — {ps: Tu(prLs)) cs

(6.14) SeDm TeN(S)

_Z Z Tip(xs) — Tiu(wr)) (s, Tr(erLs))cs

S€Dm TEN(S)

= - (Bjx + Bjy),

l\DI»—t

where we used the notation (f, g)r, = [ fgdLs.

6.2.1. Estimates for B, in (6.1). Since (@g, Ti(psLs))cs = 0 and Ti(Lg) vanishes identi-
cally on Lg, we have

NS Tin(es)es, TulerLs))es

SEDm TEN(S)

(6.15)
= Y Tiu(ws) (s, Th(Ls))cs = 0.

S€Dm

Interchanging the roles of S and 7', and using the antisymmetry of T}, we also get

0= Z Z s(rr){eor, Tr(psLr)) cr

TE€Dy SEN(T)

== > > Tyulr)(es TelerLlr))e,

T€Dm SeN(T)

(6.16)
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Thus, if we plug (6.15) and (6.16) into the definition of B, we get

Bl=— ) Z Tij(zr)(ps, T(prLs)) cs

S€Dm TEN(S

-3 Z Tju o1) (s, TrlprLr))es — (s, TelprLs)) s

S€Dm TEN(S

(6.17)

Claim 6.2. For all S,T € D,, which are neighbors, we have
(s, TulprLnle, — (ps, TulprLs))es| S 270 H2a(S)(S)"

Proof. Take S, T € D,, which are neighbors. To prove the claim we may assume that «(S) is
small enough, so that the angle between Ly and Lg is < w/4. This is due to the fact that

T (L)oo 0 + (1 Th(0rLs) oo ps S 2772,

See (6.22) and (6.25) below for some details.

Let p : Lg — Ly be the orthogonal projection from Lg into Ly. Let p~ 'Ly be the image
measure of L by p~!. So p~'Lr is a multiple of the n-dimensional Lebesgue measure on Lg.
It is easy to check that p~'Lr = aLg, where a is some constant such that |a — 1| < «(S).
Then we have

(s, Tr(erLr)) e, = /SOSTk(SOTﬁT) dLlr
(6.18)

=a /(905 o p)(Ti(prLy) o p) dLs.

We split the inequality in the claim as follows:

’<‘PS, Te(orLr)) ey — (05, Tr(wrLs)) s

< [(¢s. Tilereres — a [ (050 p1Tu((er o p)Ls) dLs]

(6.19) + ‘a /(@S op)Ti((¢rop) Ls) dLs — a/(gOS op)Ti(prLs) dﬁs‘

(s op)Ti(erLls)dLs —a / 0sTr(orLs) dﬁs‘
+la =11 [{¢s, Tu(prLs))cs| =: D1+ Dy + D3+ Dy,

We will show that each of the four terms on the right hand side of the above inequality
is < 270=k2q(S)u(S).
For the first term, by (6.18), it is enough to show that if = € Lg, then

(6.20) |(Ti(erLr) o p)(x) = Tu((pr 0 p)Ls) ()| £ 277 a(s).

To this end we set

(TulorLr) o p) () = / Kulp(e) — y)or(y) dLr(y)
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Since p is an affine map, it can be written as p = b + p, where b is some constant and p is
linear. So we have Ky (p(z) — p(y)) = (Kj o p)(xz — y). Using the oddness of Kj o p (recall
also that = € Lg), we get

(TelprLr) op) (@) = a / (Kx 0 5) (@ — y)or(p(y)) dLs(y)

—a [ (Ko p) @ = 1) (prlon) - or(p(a))) dLsv)
Again by the oddness of K,

(6.21) To((or 0 p)Ls) / Ki(z — ) (er(p(v)) — or(p(x))) dLs(y).
Therefore,

[(Ti(erLr) o p) (@) = Ti((pr 0 p)Ls) (@)]
(6.22) < la—=1|Ti((r o p)Ls) ()]

o / K05 — Kl (2 — ) [or(p(y)) — or(p(x))] dCs(y)

To estimate the term |T}((¢r o p)Ls)(x)| we use the identity (6.21). Since supp(Kj) C
B(0,27%72) for x € Lg we derive
T ((pr o p)Ls) ()| < [V(prop)loc2™ / | Kz —y)| dLs(y)
k
<2 otk
~US)

To estimate the last integral in (6.22), we take into account that

(6.23)

) _ 1 — 1|z — y|
[ K0P = Ki|(@ = y) S IVEllolp(z —9) = (v = 9)| § "

It is easy to check that ||p — I|| < a(S). Moreover, we can assume |y — x| < 27%. So we get
Kypop— Kk‘(x —y) < afS)2k. Thus

[ 1805 = Kal(e = pler (i) ~ eriota))] dtsiy

(S)[V(er 0 P27 S a(S) %

So (6.20) follows from (6.22), (6.23), the last estimate, and the fact that |a — 1| < «(5).
Let us turn our attention to the term Dj in (6.19). Let us denote f(y) = ¢r(p(y)) —or(y).
By the oddness of Ky, for x € Lg, we have

To((or 0 p) Ls)(2) — To(orLls)(x / Ki(x — ) (F(y) — F(2)) dLs(y).

~ 27 H20(S),

Thus,
| Ts.((pr 0 p) Ls)(x) — TelprLs) ()| S V27,

and so

(6.24) |Da] S IV fllsc270(S)".
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We will show that ||V f|le < a(S)/4(S), and we will be done with Dy. Indeed, we have

IVf(z)| = |Ver(p(z)) - p— Ver(z)|
< |Veor(p()| I = pll + |Ver(p(x) — Ver(z)]

o(S) + [Vrlle |2 — pla)] S 21

< 1L
~U(S) ~US)

as promised.
To deal with the term Dj in (6.19), we notice that for x € Lg we have

(6.25) | T(prLs)(z)] S 2707H2,

The proof is analogous to the one for (6.23). We also have

1

x| S G a(S)E(S) = a(S).

(6.26) (w5 0 p) (@) — @s(2)] < [[Veps]lolp(z) —

From (6.25) and the preceding estimate it follows that Dy < 2710 =F/2a(8)u(S).
Finally, the estimate for the term D, in (6.19) follows from (6.23) and the fact that |a—1| <
a(S). O

We are ready to estimate ), B}, now. By (6.17) and Claim 6.2, we have

DoIBWIS 2 > D Tnlen)| 27T a(s)is)"

Jok:k>j Jk:k>j SE€Dy k) TEN(S)

Since zp € T'N Ly, we have |Tju(zr)| S a(T) S a(S) for T € N(S), where S denotes the
parent (or a suitable ancestor) of S. Thus,

YoIBLIS D> Y 28 u(s).

jkk>] ]kk>] SeDm(] k)

Recalling that m(j, k) = [(j + k)/2], we get

BRLAED DD SIS E)

Jrk:k>j JEZL SeD:4(S)<2—7
— S)2u(S 09) S)2u(S
=@ Y S e
SeD J:279>£(S) SeD

6.2.2. Estimates for B}, in (6.14). We have

Bli= Y > (Tnlws) = Tinlar)) | (es, Telerm) — (s, TelerLs)) s
SED.m TEN(S)

Let us estimate the difference (pg, Tk(ng,u)) (g, T(prLs))rg- Let {¢vg e, be a partition
of unity with pg € C™, [|[Vyglle S 1/4(Q), and supp(pg) C 2Q for each Q) € Dy, and set
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¢Q = PQPYs- We have

(6.27)
(s, Telpri)) — (@5, TelprLs)es = ((@DQaTk(@Tﬂ)) - <¢QaTk(¢Tﬁs)>Ls>
QEDy,
= (o Tilprn)) = (o, TilprLa))eg )
QEDy
+ Z(Wf@ Ti(prLQ))cq — <¢Q7Tk(90:r£s)>z:s> =: 51+ Ss.
QED

First we consider the sum S;. By the definition of a(Q), for € 2Q we have
| T (orp) (x) = Ti(orLe)(w)|

_ ' / Kol — y)or(y) duly) - / Kz — y)er(y) do(y)| S a(Q),

since supp(Ky(z — -)¢r) C Bg and ||V (Kj(z — )or) [l S 1/6(Q)"". Now we write

| (o, Ti(erp)) = (Y, Te(erLe))co|
< (g, Tu(ern)) — (Yo, Tr(erLq))| + [(Yo, TilerLe)) — (Yo, Ti(erLg)) e, |-

By (6.28) the first term on the right side is < a(Q)u(Q). By Fubini, the second term on the
right side equals

(6.28)

b

| <4PT, Tk‘(,[?Z}Qlu)>£Q - <90T7 Ty WQEQ)MQ
which by (6.28) is also < o(Q)u(Q). Thus,

(6.29) SIS Y aQu@).

QEDk:QC&S’

Now we consider the sum S,.
Claim 6.3. For all S,T € D,, which are neighbors and ) C 35, we have

(Yo, TilerL))cq — (o Tilprle)e| S Y alP) e Q)

P:QCPC3S

Proof. The estimates are very similar to the ones in Claim 6.2, and so we only give some
hints: we assume that }p. o pegga(P) 4P is small enough and we consider the orthogonal

Z6)
projection p from Lq into Ly. Then we split the term (Yq, Ti(97Lq)) 2o — (Yo, Tr(erLs)) cs
like in (6.19), so that we obtain terms analogous to Di,...,D,. The new estimates for

D1, Dy, Dy are very similar to the ones in the proof of Claim 6.2. The main difference is that
now we have |[p —I|| < > p.gcpcs a(P).
For the term Dj, inequality (6.26) should be replaced by the following:

(g 0 p)(x) — vig@)| < [Veollulp(e) - 2] € Y. alP)UPp),
K(Q) P:QCPcC3S
and then, by (6.25),

1
|1 Ds| S 6] P:QCZPCBSQ(PW(P)M(Q)-
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So we have

630) S< Y Y a(P)me)sZaw)%u(msmsws»

QED,:QC3S P:QCPC3S Pc3s

On the other hand, if we denote by R the cube in the generation j which contains S, by
Lemma 6.1 we have

a(R)((R) + dist(zg, Lg) + dist(zr, Lg)
((R)?
1, (o — or)
((R)

| Tip(xs) — Tyu(zr)| S ((S)

Therefore, by (6.29) and (6.30),

BlIsY S [ S al@uQ) +AS)u(S)]

RED; SE€D,m:SCR QEDL:QC3S

x ) { =2 + dist(zs, L) ;((5))2 + dist(z, Lg)

TEN(S)

We have
dist(xs, Lg) + dist(xr, Lp) S > a(P)U(P),

P:SCPCR

and also, arguing as in (6.9),

Mpy(zs —2r)| S Y a(P)US).

P:SCPCR

Therefore,

1 (s)

BulSY X [ X al@u@+AsmS)]| X el
ReD; S€Dm:SCR QED;:QC3S P:SCPCR

and so

_ E 0(S)
Z| k| ZZ Z g 1/2+Z Z'A Z a(P)m

ReD QCR P:QCPCR ReD SCR P:SCPCR
1/2
<Y S ASuUS) Y ar) )

((R)/?

ReD SCR P:SCPCR
B 6(5)1/2
~ Y CAS)uS) Y Oé(P)W

SeD P:SCcP

By Cauchy-Schwartz we obtain,
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7. RIESZ TRANSFORMS AND QUASIORTHOGONALITY

In this section we will prove Theorem 1.4. First we introduce the functions ¢,, that are
used to define the kernels of the doubly truncated Riesz transforms.

Definition 7.1. Let ¢ : [0,400) — [0,+00) be a non increasing C? function such that
X[0,1/4 < ¥ < X[o,47- Suppose moreover that |¢'| is bounded below away from zero in [1/3, 3].
That is to say,

(7.1) Xpy3,3 < Cs||.

For m € Z and © € R? denote p,,(z) = 1 — ¢(2?™|z|?), and
Sﬁm(l’) — w(22m|x|2) o w(22m+2|x|2).

We set

(72) Roita) = [ el =) b (o),

Notice that supp(p,) C R\ B(0,27™71) and supp(¢,) C A(0,27™2,27™+1). Moreover,
Z om(x) =1 for all z # 0,

meZ
and so, formally,

Y Ruplx) = Rp(x),
meZ
where Ry stands for the n-dimensional Riesz transform.

7.1. Preliminary lemmas. Given a function ¢ : [0, +00) — [0, +00) and € > 0, we denote

lz—y*\ z-y
R, . = d .
© /L(.T) /90( €2 |.T—y|n+1 ,U(y)

For the applications below one should think that ¢ is of the form
p(t) =1—1(t) or o(t) =v(t) —(t/4),

where 1 is the function introduced in Definition 7.1. If ¢ = 27, in the first case we have
o(|z|?/€?) = pm(z), and in the second one, p(|z|*/e?) = ().

Lemma 7.2. Let ¢ : [0,+00) — [0,+00) be a C* function with supp(p) C [1/4, +00) and
supp(¢’) C [1/4, 4]. Let € > 0 and let x € R? such that |z| < /4. We have

(73) RQO,EILL(']:) - ch,eu(()) = T('T) + E(Z‘),
with
1 lyl? (n+1)(z-y)y (WP 2(2 - )y
4)  T(z) = WU (2 - AN iR 2L
w1 = [ (M) (o - ) 4 (M) 22 g,
and of?
x
|E(x)] < Co R

Given a unitary vector v, if supp(p) C [1/4,4], then we have

|| [z - v] |Jf|2/
7.5 E(z)-v| <C -vld )
(75) Bl < (MG IS [ st

The constant Cg only depends on ||¢®||s, k= 0,1,2.
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Proof. The lemma follows by a direct application of Taylor’s formula. Indeed, let g(s) =
©(s)/s"t/2. By Taylor’s formula,

e(s)  (s0) s0¢'(s50) — 2 (s0) woon (5= 80)2
gn+1)/2 8(n+1)/2 + S(n+3)/2 (s —s0) +9"(¢) 9
0 0

for some ¢ € [s, s9]. If we set s = |x — y|?/e? and so = |y|?/e?, and we multiply by (z — y),
we get

lz—yl’\ z-y W\ —v w*\ =
7.6 - Py __ g g1
(7.6) ap( 22 iz — g Y\ 2 [y + ¢ 2 )yl

2 2 2
b (M) ~ ”7“90(“;—'2) ,
PIBE (o

2
(| — 2z - y)
o) T (),

+ —2x-y)(aj—y)

where &, € [|y[?/€%, |z — y|?/e?]. If we integrate with respect to 1 and y, we obtain (7.3),
with E(z) = [ E(z,y)du(y), where

Blo) = s | (1) — 5o (1) o — oy — 260 3

g2 g2

2 _ 20 - 2
+9"(&y) (i 26%5; v) (x —y) = Ei(x,y) + Ex(z,y).

Now we have to estimate the term E(x). From the assumptions on ¢, we have

P\ | w?| (P
‘*0(5—2 TP e

and then it easily follows that
|z f?

§C7

|Ev(z,y)] S
Now we deal with Ey(z,y). We have

by 5% (s) = (n+ Dsl(s) + T ()
g'(s) = 5(n+5)/2 ’

|y‘n+2'

By the properties of ¢, we have |g”(s)| < 1/|s|™9/2. To estimate ¢”(&,,) we may assume
that &, > 1/4 since otherwise ¢”(&,,) = 0. Recall that &, € [|y[*/e?, |z — y|*/e?], and so
it easily follows that the condition &, , > 1/4 implies that |y| > /4, and then &, , =~ |y|*/e%.
Thus, |¢"(&ey)| < "°/|y|™™ in any case, and then

|z

<
|E2(‘7;7 y>| ~ |y|n+2‘
Moreover, for |z| < e/4 and |y| < /4, it is easy to check that E;(z,y), i = 1,2, vanishes.
Then, integrating the estimates for F;(z, y) with respect to p and y, one gets |E(z)| < |z|*/&%.
Assume now that supp(¢) C [1/4,4] and take v € R*"™!. To estimate |F(x) - v| we may
assume that y € A(0, €/4, 3¢) because otherwise E;(z,y) = 0, for i = 1,2. We get

2]

|E1(Z’7y) ’ U| S on+3

(8\x-v| + |x|]yv\)
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Concerning Fs(z,y), we have

1 |z ]?
|Ba(,9) -0l S 55 19" (Gl (J2” = 22 y)*l(e — ) -0l S S5 (Jo - vl + Jy - 0])-

Integrating with the preceding inequalities with respect to p and y € A(0, €/4, 3¢), we
obtain (7.5). O

We will also need the following result. See [DS1, Lemma 5.8] for the (easy) proof.

Lemma 7.3. Given QQ € D, there are n+ 1 points xo, ..., %, in Q such that dist(z;, Lj_1) >
CH(Q), where Ly denotes the k-plane passing through x, ..., xy, and where C; depends
only on n and Cjy.

Lemma 7.4. Let ¢ : [0,4+00) — [0,400) be a C?* function with supp(p) C [1/4, +00) and
supp(¢’) C [1/4, 4]. Suppose also that ¢ is non decreasing and that xps3 < Cs¢'. Let
Q €D and xy,...,x, € Q be like in Lemma 7.3. Denote r = d(Q) and let ¢ > 4r. Suppose

that A(xo,/v2,v/2¢) Nsupp(p) # @. Then any point x,41 € 3Q satisfies

. r
dist(zn41, Lo) S € Z | Ry cp(wj) — Ry epu(zo)| + =’
j=1
where Ly 1s the n-plane passing through xq, ..., z,.

Proof. Without loss of generality we assume that o = 0. We denote by z the orthogonal
projection of x, 1 onto Ly. Then by Lemma 7.2 we have

2
,
(7.7) T (@)] S |Rpeilw;) = Rpen(zo)l + -

for j =1,...,n+ 1. Let ey,...,e, be an orthonormal basis of Ly, and set €,11 = (T,11 —
2)/|xns1 — 2| (we suppose that x,,1 & Lg), so that e, is a unitary vector orthogonal to L.
Since the points x;, 7 = 1,...,n are linearly independent with “good constants” we get

1 — 1 — r
() S - DTl S~ D | Rpept(ay) = Roenlwo) + 5
j=1 j=1

for i = 1,...,n. Also, since z € Lo and |z| < 7, we have |T'(z)| < >°7_, |T(x;)], and so
by (7.7) (with j = n + 1),

(7.8)

1 1 n+1 T2
Tlenn)| = s IT(s = )| S 7 (3 [ Rpets(y) = R %)
| (6 +1)| diSt($n+1,L0) | (Z x +1)| ~ diSt(In+1,Lo) jzl |R<Pv M(l’]) Réoa ,LL(:L‘O)| —l— 52
Therefore,

n+1 n+1 2
1 T

E T(e;) 6] S E N T

(7.9) ‘jl Tles) e 3 dist (241, Lo) ( | Rpel5) = Roepilo)] + 52>'

j=1
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On the other hand, from the definition of 7" in (7.4) if we denote y) =¥y - e;, we get
(7.10)

n+1 2 n+1

|y|2 (n+1) Zz’>n+1 Y \y!Q 2> 0 y()
> _T(es) e /‘y’n+1|: (5—2 o\ )= [duy)
j=1

ly[?
d
pe inf ), o' (t / ) dp(
Ew’ tel2/5, 5/21(90() #t) A(0,(2/5)1/2¢,(5/ 1/25>;y H
1 1
2o ol duly) 2 -
€ A(0,(2/5)1/%¢,(5/2)1/2¢) e’

since A(0,£/2%/2,2'2¢) Nsupp(p) # @. The lemma follows from (7.9) and (7.10). O

Remark 7.5. For m > p, set Rppp = Y ;0 Rpp and Rnyp = > jom Bjp. Take e =27
and o = 277 > ¢, and p(t) = 1 —¥(t), where 9 is the function introduced in Definition 7.1.
Under the assumptions and notation of Lemma 7.4,

n+1 2
. T
i1, La) 5 £ 3 (3 uney) — R+ [Ropney) — Bipptooll) +

Jj=1 “k=p
It is easy to check that

r
‘R(p)ﬂ(xﬂ - R(MN(%)’ N 5

As a consequence, we get

n+l m
. re
(7.11) dist (241, Lo) S €YY |[Rep(x;) — Ripalao)| + + o~
Jj=1 k=p 2

Lemma 7.6. Let ¢ : [0,+00) — [0,+00) be a C* function supported in [1/4, 4] such that
X33 < Csp. Let Q € D and xg, ..., x, € Q be like in Lemma 7.5. Let r = d(Q) and ¢ such
that 2™~ 'r < & < 2™, with m > 4 big enough. Suppose that A(xo,/v/2,v/2¢)Nsupp(p) # @,
and also that dist(x;, Lg) < Co52(Q) fori =0,...,n, where Lg is the n-plane that minimizes
B2(Q). There exists some constant & (depending only on n,d, Cy, Cs,Cy and ||o®||s, k =
0,1,2) such that if

m

252(3(%, 2r)) < o,
k=0
then any point x,.1 € 3Q satisfies

n+1 2

. r .
dist(x,41, Lo) S 52 |Ryept(xj) — Ry epi(zo)| + e /( )dlst(y, Lo)du(y),
B(xo,2¢e

j=1

where Lo 1s the n-plane passing through xq, . .., x,.

Proof. The proof is similar in part to the one of Lemma 7.4. Like in Lemma 7.4 we assume
that xg = 0 and we denote by z the orthogonal projection of x,.; onto Ly. We denote
v = (Tpy1 — 2)/|xny1 — 2| (we suppose that z,11 & Lo), and we set T"(x) = T'(z) - v
E¥(z) = E(x) - v, where T'(x) and E(x) are defined in Lemma 7.2. This lemma tells us that

(7.12) T ()] S [Rpep() = Rpepp(o)| + [E¥(2;)]-
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for j =1,...,n+ 1. Arguing like in (7.8) we deduce

(7.13)

1 1 n+1
W) = —————|T"(2—x,, G (2= R E(z)]).
701 = Gz ) T ) S Gy 1) 2 (Rean (o)~ Recnan) HE ()

Moreover, by (7.5) we have

A rdist(,41, Lo) = 12
v n+1, .
(7.14) S 1By g )y [ dist(y, L) duty)

since |y - v| < dist(y, Lo).
Now we need to estimate T"(v) from below. By the definition of 7" in (7.4) we have

) - ) (),
> /gp(W) lyﬁ“du(y) — (n+1)/¢(|3;_‘22> %dﬂ(y)
- 2/90/('3;—;) %"ig)?du(y)-
Recall that A(0,e/v/2,v/2¢) Nsupp(u) # @, and so

P\ 1 1
A d > -
/s@( ) g nw(y) 2 6

Then we infer that

For y € B(0,2¢), we have
dist(y, LO) ,5 dist(y, LB(0,2a)) + diStH<L07 LB(O,QE)) 5 diSt(yv LB(0,25)) +€ Z 52(3(07 2kT))7
k=1

where Lp(o2:) stands for the n-plane which minimizes 8,(B(0,2¢)). Therefore, we get

dist(y, Lo)? ( p 2 _ 0f
— Ba(B(0, 2 ) S =
[ > 5

and then,
C 5
T"(v) > — — Cp 2.
5 £

As a consequence, if dy is small enough, 7%(v) 2 1/e. From this estimate, (7.13), and (7.14)
we deduce that

n+1 2 .
. ) rdist(x,41, L
A1, L) S & 3 IRpetale)~Rocploo)l s [ dis(y, Lojduty)+ L)
j=1 B(xo,2¢)

If £/r is big enough, the lemma follows. O
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7.2. Proof of Theorem 1.4. The second statement of the theorem is a direct consequence
of (1.10). So we only have to deal with (1.10). To prove it, first we will estimate ((P) for
any P C Q, P € Dy, with P small enough. To this end, take points yo,...,y, in P as in
Lemma 7.3 and set € = 27, with € > d(P) to be fixed below.

Let r = d(P). It is easy to check that there exists some constant 0 < C3 < 1 small enough
such that any collection of points o, ..., z, with z; € B(y;, C1s7), 7 =0, ..., n, also satisfies
the conditions of Lemma 7.3 (maybe with some constant somewhat bigger that C;). Consider
the sets

G = {z € B(y;, Cugr) : dist(x, Lp) < Crafa(P){(P)} j=0,...,n,

where Lp is the n-plane that minimizes (5(P). By Chebyshev, if C4 is chosen big enough,

1(Gy) = w(B(y;, Cusr))/2 for all j.
We distinguish two cases:
1) Suppose that 35\, 02(B(2,27")) < & for any z € Go.
Take z, . .., 2, so that x; € G; for each j. Notice that if 20 > CZ, then A(xg,27%, 27N

supp(p) # @ for some i with m § i < m+mg (here we need to assume that ¢ < d(supp( ),
which is true if P is small enough). Then, by Lemma 7.6, any point x,., € 3P satisfies

m+mg n+1 2

(7.15) dist(zpy1,Lo) S e Z Z|R2‘M(%> Rip(xo)| + prs /B( s )dist(y, Lo)du(y),
xg,2™

i=m j=1

where L is the n-plane passing through x,...,x,, and the constant in < may depend on
my.

Let P be the smallest ancestor of P such that 3P contains B(zg, 2™ ¢) for all the points
zg € Gy. Clearly, {(P) ~ 2™™ = ¢. Because z; € G; for 0 < j < n, it is easy to check that
for all y € P,

dist(y, Lo) < dist(y, Lp) + di (Lp N B(xo,d(P)), Lo N B(xo, d(P)))
Sdist(y, Lp)+e Y. B(M).

MeD:PCMCP
Therefore,
/ istly, Lojduy) S = 30 /().
B(Io 2m0+2 ) .
MeD:PCMCP
By (7.15) and the preceding estimate, we get

dlst($n+1, LO 2 mtmo ntl ) 7,2 9
(7.16) SR S5 Y Y IRley) — Ruuwo)P+ 5 (Y B(n)
i=m j=1 MeD:PCMcCP

Since ,
(X &) Sese/n) Y B2
MeD:PCMCP MeD:PCMCP
integrating (7.16) on z; € G, for 0 < j < n and on z,4; € 3P, we obtain

2 m-+mg

T PRI S 5 D Wl 5 es() Y mONFP)

MeD:PCMCP
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2) Suppose now that Y-, 02(B(2,27")) > &y for some z € Go. This implies that

> B(M) 2 b,

MeD:PCMCP

where P is defined as in the first case.

Also as in case 1), we take z, ..., x, with x; € G, for all j. Recall that A(xq,27%, 27N
supp(u) # @ for some ¢ with m < ¢ < m + myg, assuming that 2™ > C2 and that P is small
enough. Then, by Lemma 7.4 and the subsequent remark, if set e = 2P%¢ with py > 1, any
point .1 € 3P satisfies

n+1 m-+mo 2

: re
ist(ann, Lo) S 230 > [Runley) — Bualao)l + =+ 5.
i=1 k=m—po 2
If we take e such that re/eq & r?/e, we get
n+l m+mo r2
dist(zn41, Lo) S € Z > [Rep(x;) = Rip(o)| + =
Jj=1 k=m—po
n+l m+mo 72
< ey - Rl s oY
J=1 k=m—po O Mep:pcnch
Operating as in (7.16) and (7.17), we obtain
2 m~+mo ) 7‘2 e )
(T18)  B(PPu(P) S5 D IRnlger + 5z toe(5) D M) u(P).
i=m—po 0 MeD:PCMCP

Notice that in both cases 1) and 2) the estimate (7.18) holds for any cube P with ¢((P) <
C150(Q), where Ci5 is small enough and depends on ¢, r, etc., since py < m and §y < 1. Recall
that in (7.18) we have r = ¢(P) and € = 2™ ~ ((P). Given some constant 0 < 7 < 1 to be

fixed below and any dyadic cube P C @, we take € such that r &~ 7e. The sum of (7.18) over
P C @ such that ((P) < C150(Q) gives

S BPPuP) < ) Y IRl a0 + CT“OgT‘Z S B(Mu(P).

bee ieL PCQ M:pcMcP
{P)<C154(Q)

Now we use |J(P) — J(P)| ~ |log 7|, as well as the trivial estimate 8(P) < 1 for (P) >
C15¢(Q), and then we obtain

P 2 P) < C R 2 0167— |10g7-|2
D 5a(PPu(P) < C(r) Y IRt 7a sy + > Ba(P + (@)
PCQ €7 PcQ
If we choose 7 such that Cy672|log 7|?/d2 < 1/2, the theorem follows. O
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