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Abstract

We obtain a priori estimates in LP(w) for the generalized Beltrami equation, provided
that the coefficients are compactly supported VMO functions with the expected ellipticity
condition, and the weight w lies in the Muckenhoupt class A,. As an application, we obtain

improved regularity for the jacobian of certain quasiconformal mappings.

1 Introduction

In this paper, we consider the inhomogeneous, Beltrami equation

0 f(2) — u(2) 0f(2) —v(2) 0f(2) = g(2), a.ez €C (1)

where p1, v are L>°(C; C) functions such that |||x| + |v|]|ec < k < 1, and g is a measurable,
C-valued function. The derivatives 0f,df are understood in the distributional sense. In
the work [2], the LP theory of such equation was developed. More precisely, it was shown
thatif 1+k <p < 1—&—% and g € LP(C) then (1) has a solution f, unique modulo constants,

whose differential D f belongs to LP(C), and furthermore, the estimate

IDfllzec) < Cllgllee(c) (2)

holds for some constant C' = C(k,p) > 0. For other values of p, (1) the claim may fail in
general. However, in the previous work [7], Iwaniec proved that if ;4 € VMO(C) then for
any 1 < p < oo and any g € LP(C) one can find exactly one solution f to the C-linear
equation

0f(2) — (=) 0f (2) = g(2)
with Df € LP(C). In particular, (2) holds whenever p € (1,00). Recently, Koski [9] has
extended this result to the generalized equation (1). For results in other spaces of func-

tions, see [4].

In this paper, we deal with weighted spaces, and so we assume g € LP(w), 1 < p < oo.
Here w is a measurable function, and w > 0 at almost every point. By checking the par-
ticular case u = 0, one sees that, for a weighted version of the estimate (2) to hold, the
Muckenhoupt condition w € A, is necessary. It turns out that, for compactly supported
w € VMO, this condition is also sufficient.



Theorem 1. Let 1 < p < co. Let pu be a compactly supported function in VMO(C), such
that ||pt]|ee < 1, and let w € Ap. Then, the equation

Of(2) — u(z) 0f (2) = g(2)

has, for g € LP(w), a solution f with Df € LP(w), which is unique up to an additive

constant. Moreover, one has

IDfllerw) < Cllglloew)
for some C > 0 depending on p, p and [w]a, .

The proof copies the scheme of [7]. In particular, our main tool is the following compactness
Theorem, which extends a classical result of Uchiyama [15] about commutators of Calderén-

Zygmund singular integral operators and VMO functions.

Theorem 2. Let T' be a Calderon-Zygmund singular integral operator. Let w € A, with
1<p<oo, and let b € VMO(R™). The commutator [b,T]: LP(w) — LP(w) is compact.

Theorem 2 is obtained from a sufficient condition for compactness in LP(w). When w = 1,
this sufficient condition reduces to the classical Frechet-Kolmogorov compactness criterion.
Theorem 1 is then obtained from Theorem 2 by letting T' be the Beurling-Ahlfors singular

integral operator.

A counterpart to Theorem 1 for the generalized Beltrami equation,

0f(2) — u(2) 0f (2) — v(2) 9f (2) = 9(2), ®3)

can also be obtained under the ellipticity condition |||x] + [V|||ec < k < 1 and the VMO
smoothness of the coefficients (see Theorem 8 below). Theorem 2 is again the main in-
gredient. However, for (3) the argument in Theorem 1 needs to be modified, because the
involved operators are not C-linear, but only R-linear. In other words, C-linearity is not

essential. See also [9].

It turns out that any linear, elliptic, divergence type equation can be reduced to equa-

tion (3) (see e.g.[1, Theorem 16.1.6]). Therefore the following result is no surprise.

Corollary 3. Let K > 1. Let A : R? — R?*2 be a matriz-valued function, satisfying the

ellipticity condition
1 t 2
Egv A(z)v < K, whenever v € R*, |v| =1

at almost every point z € R?, and such that A—1d has compactly supported VMO entries.
Let p € (1,00) be fized, and w € A,. For any g € LP(w), the equation

div(A(z) Vu) = div(g)



has a solution u with Vu € LP(w), unique up to an additive constant, and such that
Vull Loy < CllgllLew)

for some constant C = C(A,w,p).

Other applications of Theorem 1 are found in connection to planar K-quasiconformal
mappings. Remember that a Wllof homeomorphism ¢ : Q — Q' between domains 2, c C

is called K-quasiconformal if

|0¢(2)| < % |00 (2)| for a.e.z € Q.

In general, jacobians of K-quasiconformal maps are Muckenhoupt weights belonging to
the class A, for any p > K (see [1, Theorem 14.3.2 |, or also [2]), and this is sharp. As a

consequence of Theorem 1, we obtain the following improvement.

Corollary 4. Let p € VMO be compactly supported, such that |pllec < 1, and let ¢ be

the principal solution of
9¢(2) — u(z) 0(2) = 0.
Then the jacobian determinant J(-,¢~1) belongs to A, for every 1 < p < occ.

We actually prove that composition with the inverse mapping ¢~! preserves the Mucken-
houpt class As. Then, the above corollary follows by the results of Johnson and Neugebauer

in [8], where the composition problem in all Muckenhoupt classes is completely solved.

The paper is structured as follows. In Section 2 we prove Theorem 2. In Section 3 we
prove Theorem 1 and its counterpart for the generalized Beltrami equation. In Section 4
we study some applications. By C' we denote a positive constant that may change at each
occurrence. B(z,r) denotes the open ball with center z and radius r, and 2B means the

open ball concentric with B and having double radius.

2 Compactness

By singular integral operator 7', we mean a linear operator on LP(R™) that can be written

as
Tfx)= [ fly) K(z,y)dy.
Rn
Here K: R" x R™ \ {z = y} — C obeys the bounds

L |K(z,y)| < =<

[z—y[™?

2. |K(z,y) — K(z,y)| < C lv=v' \whenever |z —y| > 2|y —v/|,

le—y[m+!

3. |K(z,y) — K(2,y)| < C’Lﬁl whenever |z — y| > 2|z — 2/|.

lz—yl



Given a singular integral operator T', we define the truncated singular integral as
Liw=[ Ko
lz—y[=e
and the mazimal singular integral by the relationship

T.f(z) = sup |Te f(x)] -

loc

As usually, we denote f,, f(z)dz = ﬁ [ f(z)dz. A weight is a function w € L}, (R™)
such that w(z) > 0 almost everywhere. A weight w is said to belong to the Muckenhoupt
class A,, 1 <p < o0, if

el 1= sup (f wionae) (f w(xr’ifdx):’ <o,

where the supremum is taken over all cubes @ C R™, and where % + z% =1. By LP(w) we

denote the set of measurable functions f that satisfy

Il = (. f<x>pw<m>dx)’l’ <oo. (W

The quantity ||f||z»() defines a complete norm in LP(w). It is well know that if T is a
Calderén-Zygmund operator, then 1" and also T, are bounded in LP(w) whenever w € A,
(see for instance [5, Cap. IV, Theorems 3.1 and 3.6]). Also the Hardy-Littlewood maximal
operator M is bounded in LP. For more about A, classes and weighted spaces L?(w), we

refer the reader to [5].

We first show the following sufficient condition for compactness in LP(w), w € A,. Re-
member that an metric space X is totally bounded if for every € > 0 there exists a finite
number of open balls of radius € whose union is the space X. In addition, a metric space

is compact if and only if is complete and totally bounded.

Theorem 5. Let p € (1,00), w € Ap, and let § CLP(w). Then § is totally bounded if it
satisfies the next three conditions:

1. § is uniformly bounded, i.e. sup ez || fllLrw) < oo

2. § is uniformly equicontinuous, i.e. sup ez | f(-+h) — f()l|Lr(w) 220,

3. § uniformly vanishes at infinity, i.e. suprez If — XQeo,r) fllLr(w) EimioN 0, where
Q(0, R) is the cube with center at the origin and sidelength R.

Let us emphasize that Theorem 5 is a strong sufficient condition for compactness in LP(w),
because for a general weight w € A, the space L”(w) is not invariant under translations.
Theorem 5 is proved by adapting the arguments in [6]. In particular, the following result

(which can be found in [6, Lemma 1]) is essential.



Lemma 6. Let X be a metric space. Suppose that for every e > 0 one can find a number
0 >0, a metric space W and an application ®: X — W such that ®(X) is totally bounded,

and the implication
d(®(x), (y)) <6 = d(z,y) <e
holds for any x,y € X. Then X is totally bounded.

Proof of Theorem 5. Suppose that the family § satisfies the three conditions of the Theo-
rem 5. Given p > 0, let @ be the largest open cube centered at 0 such that 2Q C B(0, p).
For R >0, let Q1,...,QnN be N copies of () such that have not a overlap and such that

Q(0, ) = UTz

where Q(0, R) is the open cube on the origin of side R. Let us define an application f — & f
by setting

f(z)dz, z€Qi=1,...,N,
Qf(z) =47 (5)
0 otherwise.

For f € LP(w) one has f € L}, (R™), and thus ®f is well defined for f € §. Moreover,

loc
]{3, f(z)dz

i

N

RIS

i=1

p

| vl

i

< Nl (]{2 | P (f o (z)dz)’f’ | ety

< Wl 1712

In particular, ¢ : LP(w) — LP(w) is a bounded operator. As § is bounded, then ®(F) is a
bounded subset of a finite dimensional Banach space, and hence ®(F) is totally bounded.

By the vanishing condition at infinity, given € > 0 there exists Ry > 0 such that
€ .
sup [[f — xqo.r)fllLrw) < 5. if B> Ro. (6)
feS 4

On the other hand, by Jensen’s inequality,

N
I£xaom ~2fl = 3 [
=1 i

N
1 o
S g [, e - sepdztan

w(x)dz

f(@) =+ f(z)dz
Qi

IN



Now, if z,z € Q;, then z—x = h € 2Q C B(0, p). Therefore, after a change of coordinates,

| fxqo.r) — <I>fHLp(w)<Z|Q|// f(x+ h)[Pdh w(z)dz
|Q|/ Z f(z + h)|Pw(z)dz dh

IQI/ /n f(z+h)[Pw(z)dz dh

< 2" sup (sup IfC)—f(-+ h)|zL7p(w)> :

|h|<p \ €T

Therefore, by the uniform equicontinuity, we can find p > 0 small enough, such that

sup 1fxq0.r) = 2fllrw) < i (7)
By (6) and (7) we have that
sup 1f = @fllrew) <
whence
1flr) < 5+ 19flliowy,  whenever f € 3. (®)

Since @ is linear, this means that
€
ILf = gllr) < 3 +[|®f — PgllLr(w), whenever f,g € §.

Set 0 = €¢/2. The above inequality says that if f,g € § are such that d(®f, ®g) < ¢, then
d(f,g) < e. By the previous Lemma, it follows that § is totally bounded. O

In order to prove Theorem 2, we will first reduce ourselves to smooth symbols b. Let us
recall that commutators C, = [b,T] with b € BMO(R™) are continuous in LP(w) (e. g¢.

Theorem 2.3 in [13]). Moreover, in [11, Theorem 1] the following estimate is shown,

ICsfllLr(wy < C bl 1M fll o () 9)

where C' may depend on w, but not on b. Now, by the boudedness of the Hardy-Littlewood

operator M on LP(w), we obtain

1Cy fll ey < ClBl N f Il e w)-

Since by assumption b € VMO(R"), we can approximate the function b by functions
b; € C°(R™) in the BMO norm, and thus

ICvf = Cb, fllze(w) = 1Cs—b; fllzr(w) < ClIb = bjlls | fll2r(w)-

In particular, the commutators with smooth symbol Cjy; converge to Cp in the operator
norm of LP(w). Therefore it suffices to prove compactness for the commutator with smooth

symbol.



Another reduction in the proof of Theorem 2 will be made by slightly modifying the
singular integral operator T'. This technique comes from Krantz and Li [10]. More precisely,
for every n > 0 small enough, let us take a continuous function K" defined on R™ x R",

taking values in R or C, and such that:
L K"z,y) = K(z,y) if [t —y| 27
2. [K"(z,y)| < S for § <l —y| <n

for 3
3. K'(x,y)=0si|z—y| <

VIS

where Cj is independent of 7. Due to the growth properties of K, is not restrictive to

suppose that the condition 2 holds for all z,y € R™. Now, let

f(z)= | K"z,y)f(y)dy,

Rn

and let us also denote
Cf(a) = T (@) = [ (ble) ~ b)) K. 0) o).
We now prove that the commutators CZ] approximate C in the operator norm.
Lemma 7. Let b € CL(R™). There ezists a constant C' = C(n,Cy) such that
|Cyf(z) — CY f(x)] < Cnl|Vb|o Mf(z) almost everywhere,
for every n > 0. As a consequence,
}]lg(l) 1Cy = CyllLr(w)y—Lrw) =0
whenever w € Ap and 1 < p < oo.

Proof. Let f € LP(w). For every x € R"™ we have:

Cof ()~ C) f(z) = /

lz—y|<n

(b() ~b(y)) K (2, ) f (y)dy — / (b(z) —b(y)) K" (z, ) f(3)dy

3 <|z—y|<n

Using the smoothness of b and the size estimates of K", we have that

Wl

s <lz—yl<gf |aj yln !

nE@I [ @K W) <C Hwnooz/

1B(0,1)]

571 y)ldy <n2" Co [[Vbllo [B(0,1)[ M f(z)

< 2"Cy || Vb e Z U

—yl<

for almost every x. For the other term, similarly

. fly
I(2)] < 0| Vblleo / K"z, 9)[|£ ()] dy < 0.Co || Vbllne / MEACII
Z<|z—y|l<n Z<]z—yl<n ‘l‘*y|
<027 ColFHlc1BODI f 15y < 02" Co bl [BO, DI MF @)
r—y|<n



Therefore, the pointwise estimate follows. Now, the boundedness of M in LP(w) for any

Ap, weight w implies that

1Cyf = C) fllzrw) < CnlIVblloo [M £l Lo (w)
< CnlIVblloo 1 fllzrw) — 0, as 7 — 0.

This finishes the proof of Lemma 7. O

We are now ready to conclude the proof of Theorem 2. From now on, n > 0 and b € C}(R")
are fixed, and we have to prove that the commutator C;] = [b,T"] is compact. Thus, the
constants that will appear may depend on b and 7.

We denote § = {C} f; f € LP(w), || fllzr(w)y < 1}. Then § is uniformly bounded, because
C} is a bounded operator on LP(w). To prove the uniform equicontinuity of §, we must
see that

i e — O (. =
,{lg});légl\cbf() CYf(+D)|lLr) = 0.
To do this, let us write
Cyf(z) = C)f(x+h)

=(b(z)=b(z+h)) [ K'(z, y)f(y)dy+/ (b(z+h)—=b(y)) (K" (z,y)— K" (x+h,y)) f(y)dy

Rn n

_ / L, (z,y, h)dy + / L(z,y, h)dy.
n R’VL

For I (z,y, h), using the regularity of the function b and the definition of the operator T,

/ Il(ﬂc7y,h)dy’§ Vb))

[ e K@t K

lz—y|>7

< [IVblloln] (/ , K" (@y) = K(z,y)l f(y)derT*f(w))

—y|>4

< IVblloo| 2] (C M f(x) + T, f(x))

for some constant C' > 0 that may depend on 7, but not on h. Therefore, by ,

/

for C independent of f and h. Here we used the boundedness of M and T, on LP(w) (see
[5, Chap. IV, Th. 3.6]). We will divide the integral of I5(z,y, h) into three regions:

p
w(z)dz < A1l e ) (10)

/ Il(xvyah)dy

4 = {yerip—y>2 lwrh-y> 2},
_ L n n
B = {yER .|3L—y|>§7 |x+h—y\<§},

= {yGR”:|x—y|<g, |x+h—y\>g}.




Note that I3(x,y,h) =0 for y € R"\ AU BUC. Now, for the integral over A, we use the

smoothness of b and K",

|f(y)]
I x,y,hdy’SC Vbl oo|h —————dy
[ e <crwuan [T
hl o= h
SCHVbl|oouz2 J][ ) If(y)ldySCIIVblloou Mf(z),
n =0 lo—y|< 22 n

thus
p

w(z)dz < Clhl || fllLr(w)-

|1 mteiay

for some constant C' that may depend on 7, but not on h. In particular, the term on the

right hand side goes to 0 as |h| — 0.

The integrals of Ix(x,y, h) over B and C are symmetric, so we only give the details once.
For the integral over the set B, let us assume that |h| is very small. We can first choose
Ry > 1/2 4+ |h| such that b vanishes outside the ball By = B(0, Rg). It then follows that
b(- + h) has support in 2By. Then, since B C B(z, |h| + n/2), we have for |z| < 3Ry that
B C 4By and therefore

/Iz(x,y,h)dy‘ < Cy HVbHOO/ If(y)]
B B

dy < Co || Vbl|os / MWL,

BraB, T —y[" !

lz+h—yllf )]
N4By |z —y[™

<ol ol 2/ [ ket

Bog

< Co [[Vblloe (2/)" | llzo(w) ( [ ww s dy)
BN4B,

0
whence

[ e <l ( wtaar) ([ wtFa)’

for some constant C' that might depend on 7, but not on h. If, instead, we have |z| > 3Ry,
then b(x + h) = 0 (because |h| < Ry so that |z + h| > 2Ry). Note also that for y € B one
has |z| < C|z — y| where C depends only on 1. Therefore

C|b|lso
]/ Iz(x,y,h)dy‘ < Clpl | @4, < CIYL [ uw
B BN4B, \xfy| |37| BN4B,

Clb||so _
< Alblloe (/ w(y) vdy)
|37| BN4B,

P » » w(z) v »
w(z)dz < CIIBlIZ, (11112, dx w(y) ™7 dy
R"\3Bo || BN4By

w(z)dx

/ 12(1.’ Y, h)dy
B

S

This implies that

/Rn \3Bo

Summarizing,

/n /BIQ(x,y,h)dy
o »’ w(z) (11)
<Clilww ([ wo) %) ( [, ewans [ |x|npdfﬂ)

/ I2('7"7 Y, h)dy
B




After proving that

/| w()dx<oo

z|>3Ro |.T| P
the left hand side of (11) will converge to 0 as |h| — 0 since |B| — 0 as |h| — 0. To prove
the above claim, let us choose ¢ < p such that w € A, [5, Theorem 2.6, Ch. IV]. For such

q, we have

j—1 py—np J
/|Z|>R 2 Z/QJ s clsl o Wp 2:: (27 R)""Pw(B(0, 2 R))

By [5, Lemma 2.2], we have

N C
i=1py—np(9J pyn4 _ v
/|x|>R e z_: @R RMWB(0,1) = gy <00 (12)

as desired. The equicontinuity of § follows.
Finally, we show the decay at infinity of the elements of § . Let 2 be such that |z| > R > Ry.
Then, x & supp b, and

G |_‘/ y)E" (@, )f(y)dy‘
SC‘OHblloo/s @) g,

upp b |':U - y|n

C|b]| o
< bl / F@)ldy
|'1| supp b

Cl|6]] 0o
< = Wl ([ oty Fay)”
|.Z'| supp b

% o) Y
</|I|>R'Cgf(””)p“(x)dx> < Ol i (/R |x|npdx) |

The right hand side above converges to 0 as R — oo, due to (12). By Theorem 5, § is

<=

whence

totally bounded. Theorem 2 follows.

3 A priori estimates for Beltrami equations

We first prove Theorem 1. To do this, let us remember that the Beurling-Ahlfors singular

integral operator is defined by the following principal value

Bf(z) = f%P.V./(fﬂdw.

z—w)?

This operator can be seen as the formal 0 derivative of the Cauchy transform,

crz =+ [ 14

™ zZ—w

10



At the frequency side, B corresponds to the Fourier multiplier m(§) = g, so that B is
an isometry in L?(C). Moreover, this Fourier representation also explains the important

relation
B(9f) = of

for smooth enough functions f. By B* we mean the singular integral operator obtained by

simply conjugating the kernel of B, that is,

Note that B* has Fourier multiplier m*(§) = . Thus,
BB* = B*B =1d.
In other words, B* is the L2-inverse of B. It also appears as the C-linear adjoint of B,

/ Bf(2)g(z) dz = / f(2) Bg(a) d.
C C

The complex conjugate operator B is the composition of B with the complex conjugation
operator Cf = f, that is,
B(f) = CB(f) = B(f)-
It then follows that
B=CB=B"C.
Note that B and B* are C-linear operators, while B is only R-linear. See [1, Chapter 4] for

more about the Beurling-Ahlfors transform.

Proof of Theorem 1. We follow Iwaniec’s idea [7, pag. 42-43]. For every N = 1,2, ..., let
Py =TId+ puB+---+ (uB)".

Then
(Id — uB)Py_1 = Py_1(Id — uB) =Id — VBN + Kn (13)

where Ky = VBN — (uB)Y. Each Ky consists of a finite sum of operators that contain
the commutator [u, B] as a factor. Thus, by Theorem 2, each K is compact in LP(w). On
the other hand, the iterates of the Beurling transform BY have the kernel

(—)NN V!

bN(Z) = = SNFL

Therefore,
HBNHLP(w) < CN27

where the constant C' depends on [w]4,, but not on N. As a consequence,

1Y B Flliny < ONZI N oo o,

11



and therefore, for large enough N, the operator Id — uVBY is invertible. This, together
with (13), says that Id — pB is an Fredholm operator. Now apply the index theory to
Id — uB. The continuous deformation Id —tul3, 0 <t < 1, is a homotopy from the identity

operator to Id — uBB8. By the homotopical invariance of Index,
Index (Id — uBB) = Index (Id) = 0.

Since injective operators with 0 index are onto, for the invertibility of Id—uB it just remains
to show that it is injective. So let f € LP(w) be such that f = pBf. Then f has compact
support. Now, since belonging to A, is an open-ended condition (see e.g. [5, Theorem

IV.2.6]), there exists 6 > 0 such that p —d > 1 and w € A,_5. Then w T € L} .(C).
s

p—o° we obtain

Taking € =

[ < /Suppflf(x)I”w(x)dr> " /Suppfwu)-p—%iodx)

p—(1+e€)
__14e P

1AL, < [ @ —dex) .

supp f

therefore f € L17¢(C). But Id — uB3 is injective on LP(C), 1 < p < oo when u € VMO(C),

by Iwaniec’s Theorem. Hence, f = 0.

p—(1+¢)
P

N

IN

Finally, since Id — uB8 : LP(w) — LP(w) is linear, bounded, and invertible, it then follows

that it has a bounded inverse, so the inequality

I9llLr ) < ClIAd = pB)gl| Lr ()

holds for every g € LP(w). Here the constant C' > 0 depends only on the LP(w) norm of
Id — B, and therefore on p, k and [w] 4.

p?

but not on g. As a consequence, given g € LP(w),
and setting
f=C(Id—uB)™'y,

we immediately see that f satisfies 9f — udf = g. Moreover, since w € A,,

IDfllr(w) < N10fllLew) + 19l Le (w)
= 1BAd — uB) ' gllro(w) + A — uB) gl o) < Cllgllre(w):

where still C' depends only on p, k and [w]4, .

For the uniqueness, let us choose two solutions fi, fs to the inhomogeneous equation. The
difference F = f; — fo defines a solution to the homogeneous equation OF — uOF = 0.
Moreover, one has that DF € LP(w) and, arguing as before, one sees that DF € L!*¢(C).
In particular, this says that (I — uB)(0F) = 0. But for u € VMO(C), it follows from
Iwaniec’s Theorem that Id — uf3 is injective in LP(C) for any 1 < p < oo, whence OF = 0.
Thus DF = 0 and so F' is a constant. O

The C-linear Beltrami equation is a particular case of the following one,

0f(2) — u(2) 0f (2) — v(2) 9f (2) = 9(2),

12



which we will refer to as the generalized Beltrami equation. It is well known that, in the
plane, any linear, elliptic system, with two unknowns and two first-order equations on
the derivatives, reduces to the above equation (modulo complex conjugation), whence the
interest in understanding it is very big. An especially interesting example is obtained by

setting 1 = 0, when one obtains the so-called conjugate Beltrami equation,

0f(2) —v(2) 0f(2) = 9(2).

A direct adaptation of the above proof immediately drives the problem towards the com-

mutator [v, B]. Unfortunately, as an operator from LP(w) onto itself, such commutator is

not compact in general, even when w = 1. To show this, let us choose

vV =1vp XD + V1XC\D

where the constant vy € R and the function v are chosen so that v is continuous on C,

compactly supported in 2D, with |||l < 1. Let us also consider

E={feL’|fller <1,supp(f)C D},

which is a bounded subset of LP. For every f € E, one has

vB(f) = B(vf) = xpivoB(f) + xc\p 1 B(f) — B(ivo f)

= xpiroB(f) + xc\p v1 B(f) + ivoB(f)

= xp2ivoB(f) + xc\p (ivo + v1) B(f).

In view of this relation, and since B is not compact, we have just cooked a concrete example

of function v € VMO for wich the commutator [v, B] is not compact. Nevertheless, it turns

out that still a priori estimates hold, even for the generalized equation.

Theorem 8. Let 1 < p < 00, w € Ay, and let p,v € VMO(C) be compactly supported,
such that |||u] + |v|]lo < 1. Let g € LP(w). Then the equation

Of(2) — u(2) 0f (2) —v(2) 0f(2) = g(2)

has a solution f with Df € LP(w) and

IDfllze(w) < C llglle(w)-
This solution is unique, modulo an additive constant.

A previous proof for the above result has been shown in [9] for the constant weight w = 1.
For the weighted counterpart, the arguments are based on a Neumann series argument
similar to that in [9], with some minor modification. We write it here for completeness.

The following Lemma will be needed.

Lemma 9. Let p,v € L>®(C) be measurable, bounded with compact support, such that
e+ Voo < 1. If1 < p < oo and p’ = ;P7, then the following statements are equivalent:
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1. The operator Id — uB — v B : LP(C) — LP(C) is bijective.
2. The operator Id — i B* — v B* : LP'(C) — L¥' (C) is bijective.

Proof. When v = 0, the above result is well known, and follows as an easy consequence of

the fact that, with respect to the dual pairing
(o) = [ 130 (14)

the operator Id — BB : LP(C) — LP(C) has precisely Id — B*z : LP'(C) — LP (C) as its
C-linear adjoint. Unfortunately, when v does not identically vanish, R-linear operators do
not have an adjoint with respect to this dual pairing. An alternative proof can be found in

[9]. To this end, we think the space of C-valued LP functions LP(C) as an R-linear space,
LP(C) = L (C) & Ly (C),

by means of the obvious identification u+iv = (u,v). According to this product structure,
every bounded R-linear operator T : LE(C) & LE(C) — LE(C) ® LE(C) has an obvious

matrix representation

SN w )  Tu T U
o2 (2 1))

where every T;; : LE(C) — LE(C) is bounded. Similarly, bounded linear functionals
U : LE(C) ® LE(C) — R are represented by

U(Z)—(Ul U2)<Z>

where every U, : L(C) — R is bounded. By the Riesz Representation Theorem, we get
that L% (C) & LE(C) has precisely Lﬁ/((C) & L%((C) as its topological dual space. In fact,

we have an R-bilinear dual pairing,

<< Z )( z )) :/u(z)u'(z)dz+/U(Z)U'(z)dz,

whenever (u,v) € LE(C) ® LE(C) and (uv/,0') € Lg((C) @L%((C), and which is nothing but
the real part of (14). Under this new dual pairing, every R-linear opeartor T' : LL(C) @
LE(C) — LE(C) ® LE(C) can be associated another operator

T : Ly (C) @ L (C) — LE (C) @ LE (C),
called the R-adjoint operator of T', defined by the common rule

(Y ()= (2) ()

If T is a C-linear operator, then 7" is the same as the C-adjoint T (i.e. the adjoint with

respect to (14)) so in particular for the Beurling-Ahlfors transform B we have an R-adjoint

14



B’, and moreover B* = B’. Similarly, the pointwise multiplication by p and v are also

C-linear operators. Thus their R-adjoints p’, 1/ agree with their respectives C-adjoints

w*, v*. But these are precisely the pointwise multiplication with the respective complex

conjugates. Symbollically, 1/ = 1z and v/ = 7. In contrast, general R-linear operators need

not have a C-adjoint. For example, for the complex conjugation,

Id
C= 0
0 -Id

one simply has C’ = C. Putting all these things together, one easily sees that

(Id — uB —vB) = (Id — uB — vCB)’

=1d - (uB) — (vCB)’

=1d-Bu -BCY

=I1d-B'n—B*Cv

=B*(Id — zB* — CvB*)B

=B*(Id — aB* —vCB*)B
where we used the fact that B*B = BB* = Id. As a consequence, and using that both B
and B* are bijective in LP(C), we obtain that the bijectivity of the operator Id — ulB—vB in
LE(C)® LE(C) is equivalent to that of Id — pB* — vCB* in the dual space L% (C) EBL% (C).

Similarly, one proves that
(Id — uB* —vCB*) = B(Id — i B — v B)B*.

Hence, the bijectivity of Id — uB8* — vCB* in L (C) @ LE (C) is equivalent to the bijectivity
of Id— 1B — v B in L% (C) @ LE (C). O

Lemma 10. If1 <p < oo, w € Ay, u,v € VMO have compact support, and |||p|+|v|]|cc <

k < 1, then the operators
Id — uB - vB and Id — uB* — vB*
are Fredholm operators in LP(w).

Proof. We will show the claim for the operator Id — uBB — vB. For Id — uB* — vB* the
proof follows similarly. It will be more convenient for us to write B = CB. As in the proof

of Theorem 1, we set
N

Py = Z(uB +vCB).

=0

Then
(Id — uB — vCB) o Py_1 =1d — (uB + vCB)",

Py_10(Id — uB+vCB) = Id — (uB + vCB)".
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We will show that
(uB+vCB)N = Ry + Ky (15)

where K is a compact operator, and Ry is a bounded, linear operator such that
RN fllLew) < CEY N? || fll Lo (w)-

Then, the Fredholm property follows immediately. To prove (15), let us write, for any two
operators T4, Th,

(Tl +T2)N = Z TO’7
oe{1,2}N

where o € {1,2}" means that o = (o(1),...,0(N)) and o(j) € {1,2} forall j =1,..., N,
and

Te =To)To@) - - - To(ny-
By choosing T1 = pBB and 15 = vCB, one sees that every T,,(;) can be written as
To() = Moy Co(»B
being My = p, M = v, C; =1Id and Cy = C. Thus
Ty = Mo(1)Co(1)B My(2)Co2)B ... My(n)Co(n)B.
Our main task consists of rewriting 7, as
Ty = My(1)Co(1)Ms(2)Co(2) - - - Mo(n)Co(ny Bo + Ko (16)

for some compact operator K, and some bounded operator B, € {B, B*}N. If this is

possible, then one gets that

(T + o)V = Z Mo1)Co1yMo(2)Co2) - - - Mo(n)Co(ny Bo + Z K,
oe{1,2}V oe{1,2}N

=Ry + Kx.

It is clear that K is compact (it is a finite sum of compact operators). Moreover, from
B, € {B,B*}", one has

N N
Bf(2) < Y IB" 1)+ D018 S )

Thus

|RNf(2)

< Z [My1)Co(1) - - - Mo(n)Co(ny Bo f(2)]
oce{1,2}N

N N
< Y IMoy(E)]- - Mo (2)) ZIB"f(Z)IJrZI(B*)"f(Z)I

oce{1,2}N n=1

ZIB”f(Z)IJrZI(B*)”f(Z)I (1M1 (2)] + [Ma(2))Y
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Now, since ||B7 f|| v () < Cu 5% || fllLr(w) (and similarly for (B*)™), one gets that

N
RN fllze(w) < I1M] + [Ma]|| X C. Zf £l L7 w)
j=1

=CEY N?|fllLo(w)

and so (15) follows from the representation (16). To prove that representation (16) can be
found, we need the help of Theorem 2, according to which the differences K; = BM, ;) —
M, ;B are compact. Thus,

To = Mo1)CoyBMy(2)Co)B ... Mo(nyCon)B
= My1)Co(1yMo2)BCo2)My(3) - - - BConyB + Ko

where all the factors containning K; are includded in K,. In particular, K, is compact.
Now, by reminding that
CB=B"C,

we have that BC, ;1) = Cy(j41)B; for some B; € {B,B*}. Thus
Ty = Mo(1)Co(1)Mo(2)Co(2) Bt Mo(s) - . ConyBrN-1B + K,

Now, one can start again. On one hand, the differences Bj My (j12) — My(j12)B; are
again compact, because B; € {B,B*} and M,(;j;2) € VMO. Moreover, the composition
B;Cs(j4+2) can be writen as C’J(H_Q)Bj, where Bj need not be the same as B; but still
Bj € {B,B*}. So, with a little abbuse of notation, and after repeating this algorythm a
total of N — 1 times, one obtains (16). The claim follows. O

Proof of Theorem 8. The equation we want to solve can be rewritten, at least formally, in
the following terms

(Id — uB — vB)(9f) = g,

so that we need to understand the R-linear operator T = Id — uBB — vB. By Lemma 10,
we know that T is a Fredholm operator in LP(w), 1 < p < co. Now, we prove that it is
also injective. Indeed, if

T(h)=0

for some h € LP(w) and w € A, it then follows that
h = uB(h) + vB(h)

so that h has compact support, and thus i € L'*¢(C) for some ¢ > 0. We are then reduced
to show that
T:L'(C) - L'™(C) is injective.

Let us first see how the proof finishes. Injectivity of T' in L'*¢(C) gives us that h = 0.

Therefore, T is injective also in LP(w). Being as well Fredholm, it is also surjective, so by
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the open map Theorem it has a bounded inverse T-! : LP(w) — LP(w). As a consequence,
given any g € LP(w), the function
f=CT"(g)

is well defined, and has derivatives in LP(w) satisfying the estimate

IDfllLe(w) < N0FllLew) + 101l Le (w)
= IBT ()l o w) + 1T (9) | 2o ()
<(C+DITH9)|Lrw)
< Cllgllze(w),

because w € A,. Moreover, we see that f solves the inhomogeneous equation

f(2) — p(z) 8f (2) — v(2) 0f (2) = g(2).
Finally, if there were two such solutions f1, fa, then their difference F' = f; — f5 solves the

homogeneous equation, and also DF € LP(w). Thus
T(F) = 0.

By the injectivity of T we get that F = 0, and from DF € LP(w) we get that OF = 0,
whence F' must be a constant.

We now prove the injectivity of 7' in LP(C), 1 < p < oo. First, if p > 2 and h € LP(C)
is such that T'(h) = 0, then h has compact support, whence h € L?(C). But B,B are

isometries in L?(C), whence
1Pll2 < E[|Bhl2 = K[| fl2

and thus h = 0, as desired. For p < 2, we recall from Lemma 9 that the bijectivity of T'
in LP(C) is equivalent to that of 7" = Id — uB* — vB* in the dual space LP(C). For this,
note that the injectivity of 7" in Lp/((C) follows as above (since p’ > 2). Note also that, by
Lemma 10 we know that T is a Fredholm operator in L?' (C), since 1 and v are compactly

supported VMO functions. The claim follows. O

4 Applications

We start this section by recalling that if u,v € L°°(C) are compactly supported with
el + [¥]lloo < k < 1 then the equation

9¢(2) — p(2) 99(2) — v(2) 0g(2) = 0

admits a unique homeomorphic Wllof((C) solution ¢ : C — C such that |¢(z) — z| = 0 as
|z| = co. We call it the principal solution, and it defines a global K-quasiconformal map,

_ 1tk
K= {1

Applications of Theorem 1 are based in the following change of variables lemma, which is

already proved in [2, Lemma 14]. We rewrite it here for completeness.
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Lemma 11. Given a compactly supported function p € L>=(C) such that ||u|lec < k < 1,

let ¢ denote the principal solution to the equation
9¢(2) — p(2) 99(2) = 0.
For a fixed weight w, let us define
0(¢) =w(67H(¢) J(C.o7h)'E.

The following statements are equivalent:

(a) For every h € LP(w), the inhomogeneous equation
9f(2) — u(2) 0f (2) = h(2)
has a solution f with Df € LP(w) and
[IDfllzr(w) < CrlIPllLe w)-

(b) For every h € LP(n), the equation

has a solution g with Dg € LP(n) and
IDgll Loy < Co 1Bl ony-

Proof. Let us first assume that (b) holds. To get (a), we have to find a solution f of

(17)

(18)

(19)

(20)

(17)

such that Df € LP(w) with the estimate (18). To this end, we make in (17) the change of

coordinates g = f o ¢~'. We obtain for g the following equation

99(¢) = h(¢),
where ( = ¢(z) and )
0 =) S22

In order to apply the assumption (b), we must check that h € L?(n). However,

il = [ IHOP (€1 = [ o) w() I, o) s

w(z 1
:/|h(z) P ( ( dz < s 1PN 5 0y

1= |u(=))%

Since h € LP(n), (b) applies, and a solution g to (21) can be found with the estimate

1DgllLo() < Cz |hllo) < 1Al £r (w)-

2
(1—k2)2
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With such a g, the function f = g o ¢ is well defined, and
/ IDF()P w(z) dz = / IDg(é(2)) D(2) P w(z) dz
- / IDg(C) Dd(d ()P wl(d(2)) T(C. b )¢

<(155) [ 1stor g6 .0 wtomt ) o ac

_ (1*:) / [Dg() n(¢) d¢

, [ satisfies the desired equation, and so

due to the Hk

1 follows, w1th constant C7 =

Ca
1-k-

To show that (a) implies (b), for a given h € LP(n) we have to find a solution of (19)
satisfying the estimate (20). Since this is a O-equation, this could be done by simply
convolving h with the Cauchy kernel —. However, the desired estimate for the solution g
cannot be obtained in this way, because at this point the weight 1 is not known to belong
to A,. So we will proceed in a different maner. Namely, we make the change of coordinates
f = go¢. We obtain for f the equation

0f(2) — () 0f (2) = h(2),
where h(z) = h(¢(2)) (2) (1 — |u(2)|2). Moreover,

/|h Pz dz = [ REQP (1= o OB ¢ ¢ < [ THOP af

Therefore (a) applies, and a solution f can be found with Df € LP(w) and || D f| 1r(.) <
Cy \|}~z\|Lp(,7). As before, once f is found, one simply constructs g = f o ¢~!. By the chain

rule,
/ IDg(O)Pn()dC = / Dg(6~ ()P (2 6~ (6 (2))dz
/ ID(g 0 67 1)(2) (D61 (2)) P (2, 6~ In(6~ 1 (2))dz
< / IDF()P DS ()P (26~ (6~ (2))de

<(153) [ 1prenr s oot e )

_ (1*’;) JCIEE

Thus, | Dgl| e < Ca Bl Lo with Cy = (1+k) C1, and (b) follows. O

According to the previous Lemma, a priori estimates for  — 0 in LP(w) are equivalent
to a priori estimates for 9 in LP(n). However, by Theorem 1, if w is taken in Ap, the first
statement holds, at least, when pu is compactly supported and belongs to VMO. We then

obtain the following consequence.
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Corollary 12. Let p € VMO be compactly supported, such that ||p)leo < 1, and let ¢ be

the principal solution of
9¢(2) — p(2) 99(2) = 0.

If1 <p<ooandw € A,, then the weight
0(z) = w(¢™!(2)) J(z,671) 7P/
belongs to Ap. Moreover, its A, constant [n]a, can be bounded in terms of p, p and [w]4, .

Proof. Under the above assumptions, by Theorem 1, we know that if h € LP(w) then
the equation df — 1 df = h can be found a solution f with Df € LP(w) and such that
IDfllLrw) < CollhllLr(w), for some constant Cp > 0 depending on k,p and [w]4,. Equiv-
alently, by Lemma 11, for every h € L? (n) we can find a solution g of the inhomogeneous
Cauchy-Riemann equation

dg = h,

with Dg € LP(n) and in such a way that the estimate
1Dgll oy < C IRl Loy

holds for some constant C' depending on Cp, k and p. Now, let us choose ¢ € C3°(C) and
set h = dyp. Then of course g = ¢ and dp = B(0¢p), and the above inequality says that

10l + 0@l oy < C 10l Loy,

whence the estimate
1
1BO) Loy < (CF = 1) ([l Lo ) (22)

holds for any ¢ € D* = {¢ € C°(C); [ = 0}. It turns out that D* is a dense subclass of
LP(n), provided that n € Lllo . Is a positive function with infinite mass. But this is actually

the case. Indeed, one has

[ o | w(2) T2 0% de.
D(0,R) #—1(D(0,R))

Above, the integral on the right hand side certainly grows to infinite as R — co. Otherwise,
one would have that J (~7¢>)% € LP(w). But ¢ is a principal quasiconformal map, hence
J(z,0) =1+ 0O(1/|2|?) as |z| = oo. Thus for large enough N > M > 0,

/ J(z,0)% w(z)dz > C / w(z)dz
M<|z|<N M<|z|<N

and the last integral above blows up as N — oo, because w is an A, weight.
Therefore, the estimate (22) holds for all ¢ in LP(n). By [14, Ch. V, Proposition 7], this
implies that n € A,, and moreover, [1] 4, depends only on the constant (CP — 1)%, that is,

on k, p and [w]a,. O
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The above Corollary is especially interesting in two particular cases. First, for the constant

weight w = 1 the above result says that
J(, o H)iP/2 ¢ Ap, 1<p<oo.

Without the VMO assumption, this is only true for the smaller range 1 + ||p|lcc < p <
1+ m (see e.g. [1, Theorem 13.4.2]). Secondly, by setting p = 2 in Corollary 12 we get
the following.

Corollary 13. Let p € VMO be compactly supported, and assume that |||l < 1. Let ¢

be the principal solution of
9¢(2) — p(2) 0¢(2) = 0.
Then, for every w € Ay one has wo ¢~ € A,.

The above result drives us to the problem of finding what homeomorphisms ¢ preserve
the A, classes under composition with ¢~'. Note that preserving A, forces also the
preservation of the space BMO of functions with bounded mean oscillation, and thus
such homeomorphisms ¢ must be quasiconformal [12]. However, at level of Muckenhoupt

weights, the question is deeper. As an example, simply consider the weight

1
(,(J(Z) = W?

and its composition with the inverse of a radial stretching ¢(z) = z|z|% 1. Tt is clear that
the values of p for which A, contains w and wo¢~! are not the same, whence preservation
of A, requires something else. This question was solved by Johnson and Neugebauer (8]

as follows.

Theorem 14. Let ¢ : C — C be K-quasiconformal. Then, the following statements are

equivalent:
1. Ifw e Ay then wo ¢~ ! € Ay quantitatively.
2. For a fized p € (1,00), if w € A, then wo ¢~1 € A, quantitatively.
3. J(-,07Y) € A, for every p € (1,00).

It follows from Corollary 13 and Theorem 14 that, if u € VMO is compactly supported,
lllloo < k <1 and ¢ is the principal solution to the C-linear equation d¢ = p d¢, then

J(o7h) € () 4p
p>1
Note that if the VMO assumption is removed, then we can only guarantee
Jeo e () Ap

1+k
P>1F

It is not clear to the authors what is the role of C-linearity in the above results concerning

the regularity of the jacobian. In other words, there seems to be no reason for Theorem 13
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to fail if one replaces the C-linear equation by the generalized one, while mantainning the
ellipticity, compact support and smoothness on the coefficients. In fact, there is a deep
connection between this question and the problem of determining those weights w > 0 for

which the estimate
IDfllr2@y < ClOf —pndf —vOflr2()

holds for any f € C§°(C). The following result, which is a counterpart of Lemma 11,

explains this connection.

Lemma 15. To each pair p,v € L*(C) of compactly supported functions with |||p] +

[V|loo < k < 1, let us associate, on one hand, the principal solution ¢ to the equation

0¢(2) — n(2) 0¢(2) — v(2) 9¢(2) = 0,

and on the other, the function A defined by Ao ¢ = Hﬁ% For a fized weight w, let

us define
Q) =w(@™ () J(C.o™H'E.
The following statements are equivalent:

(a) For every h € LP(w), the equation

0f(2) — n(2) 0f (2) — v(2) 0f (2) = h(2)
has a solution f with Df € LP(w) and || Df||rrwy < C||hllLr(w)-
(b) For every h € LP(n), the equation

9g(C) = MQ) tm(Dg(¢) = h(¢)
has a solution g with Dg € LP(n) and || Dg||pr@m) < C HiLHLp(n).

Although the proof requires quite tedious calculations, it follows the scheme of Lemma
11, and thus we omit it. From this Lemma, we would be very interested in answering the

following question.

Question 16. Let w € L} (C) be such that w(z) > 0 almost everywhere, and let X €

loc

L>*(C) be a compactly supported VMO function, such that ||A|e < 1. If the estimate
IDfllzr(wy < ClOf = A Im(Of )| ()

holds for every f € C3°, is it true that w € Ay ?

What we actually want is to find planar, elliptic, first order differential operators, different
from the 9, that can be used to characterize the Muckenhoupt classes Ap. In this direction,
an affirmative answer tho Question 16 would allow us to characterize As weights as follows:
given pu,v € VMO uniformly elliptic and compactly supported, a positive a.e. function

w € L} is an A, weight if and only if there is a constant C' > 0 such that

loc

HDfHLE(w) < C ||5f — ,uﬁf — VW”Lz(w), for every f S CSO(C) (23)
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Note that if |||p| + [V]]|eo < € is small enough, (23) says that

10£172 () + 19fll22w) < C 10 llL2(w) + C el|0f [l 2wy

so if € < % one easily gets that

1
1-Ce

10f]l L2y < 0512 (w)-

From the above estimate, weighted bounds for B easily follow, and so if |||u| + ||]|eo < €

then such a characterization holds. Question 16 has an affirmative answer.
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