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Abstract

For an oriented finite volume hyperbolic 3-manifold M with a fixed spin structure
7, we consider a sequence of invariants {7,(M;n)}. Roughly speaking, 7, (M;n) is
the Reidemeister torsion of M with respect to the representation given by the compo-
sition of the lift of the holonomy representation defined by 7, and the n-dimensional,
irreducible, complex representation of SL(2,C). In the present work, we focus on
two aspects of this invariant: its asymptotic behaviour and its relationship with the
complex-length spectrum of the manifold. Concerning the former, we prove that for
suitable spin structures, log | T, (M;n)| ~ —n? Y2 extending thus the result obtained
by W. Miiller for the compact case in [Miil]. Concerning the latter, we prove that the
sequence {|7,(M;n)|} determines the complex-length spectrum of the manifold up to
complex conjugation.

1 Introduction

Let M be an oriented, complete, hyperbolic three-manifold of finite volume. The hyper-
bolic structure of M yields the holonomy representation:

Holys : (M, p) — Isom™ H3,

where Isom™ H? denotes the isometry group of hyperbolic 3-space H3. Using the upper
half-space model, Isom™ H? is naturally identified with PSL(2, C) = SL(2,C)/{£1}. It is
known that Holys can be lifted to SL(2, C); moreover, such lifts are in canonical one-to-one
correspondence with spin structures on M. Thus, attached to a fixed spin structure n on
M, we get a representation

HO](MJ]) : 7T1(M,p) — SL(2, C)
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On the other hand, for all n > 0 there exists a unique (up to isomorphism) n-dimensional,
complex, irreducible representation of the Lie group SL(2, C), say:

Sn: SL(2,C) — SL(n, C).
Hence, composing Hol(,; ) with ¢, we get the following representation:
pn: m1(M,p) — SL(n, C).

This representation will be called the canonical n-dimensional representation of the spin-
hyperbolic manifold (M, n).

Roughly speaking, the Reidemeister torsion invariants that we want to study are those
coming from p,. The first issue that arises in trying to define the Reidemeister torsion
concerns the cohomology groups H*(M; p,,) (i.e. the cohomology groups of M in the local
system defined by p,). If all these groups vanish, then it makes sense to consider the
Reidemeister torsion 7(M; py,); however, if some of them are not trivial, then a choice of
bases for H*(M; py,) is required.

An important case for which p, is acyclic (i.e. H*(M; p,) = 0) is when M is closed.
This is a particular case of Raghunathan’s vanishing theorem. For M closed, the invariant
7(M; pr) has been considered by W. Miiller in [Miil], and for n = 3 by J. Porti in [Por97].

In general, the representation p,, need not be acyclic for a cusped manifold M. There-
fore, we need to choose bases in (co)homology to define 7(M; p,). Obviously, if we want
an invariant of the manifold, these bases must be chosen in a somehow canonical way.
Unfortunately, we do not know if this is possible. J. Porti proved in [Por97] that for
n = 3 a natural choice of bases can be done once a basis for H!(9M; Z) is chosen. Using
the same approach, we will prove the following result: given non-trivial cycles {6;} in
H1(OM;Z), one for each connected component of dM, there is a canonical family of bases
of H*(M; p,,) such that any member of this family yields the same Reidemeister torsion,
say 7(M; ppn;{0;}). Moreover, we will show that for k& > 1 the following quotients are
independent of the choices {6;}:

T(M; por41:{6i})
7(M; p3; {0:})
Tt = Tor ) e oy,

7~2k+1(M7 77)

€ C7/{=1},

Thus, for all n > 4, 7,(M,n) is an invariant of the spin-hyperbolic manifold (M, 7). No-
tice that if n is odd the quantity 7,(M,n) is independent of the spin structure (this is
an immediate consequence of the fact that an odd dimensional irreducible complex rep-
resentation of SL(2, C) factors through PSL(2,C)), and hence we will denote it simply
by Tak+1(M). The invariant 7,(M,n) will be called the normalized n-dimensional Rei-
demeister torsion of the cusped spin-hyperbolic manifold M. We will also refer to these
invariants as the higher-dimensional Reidemeister torsion invariants. These invariants are
the focus of study of the present dissertation.



Remark. It is possible to assign a well defined sign to T,(M,n): if n is even, this can
be done for 7(M;p,) (see Turaev’s book [Tur01]); if n is odd, this can be done because,
roughly speaking, the sign indeterminacy of 7(M; p,,) is the same for 73(M; p,). In spite
of this, we will work up to sign in general, as our main results concern just the modulus
of Tn(M, 7).

To simplify the exposition in this introduction, we will restrict ourselves to the odd-
dimensional case. Thus we do not need any spin structure on M. Our main result concerns
the asymptotic behaviour of {Tax+1(M)}.

Theorem. Let M be an oriented, complete, finite-volume, hyperbolic 3-manifold. Then

log [ Torp (M)| _ Vol(M)

hooe (2k+1)2 An

For M compact, this result was established by W. Miiller in [Miil]. To explain our
approach to the above theorem, we need to discuss Miiller’s result.
Let us assume that M is closed. According to Miiller’s Theorem on the equivalence

between Reidemeister torsion and Ray-Singer torsion for unimodular representations (see
[Miil93]), we have

|T(M§ pn)| = TOT(MQ pn)a

where Tor(M; p,) is the Ray-Singer torsion of M with respect to p,. For a manifold
of negative curvature and a unitary representation p, D. Fried established in [Fri86] and
[Fri95] a deep relationship between Tor(M, p,) and the twisted Ruelle zeta function. The
twisted Ruelle zeta function of M and p is formally defined by

Bys) = T det (1a = pulg)e '), M
©EPC(M)

where PC(M) denotes the set of oriented, prime, closed geodesics in M, and I(y) is the
length of ¢ (we are using the identification between PC(M) and the set of hyperbolic con-
jugacy classes of m1 M, so the expression appearing inside the above product makes sense).
D. Fried proved that, for any representation p, the function R,(s) admits a meromorphic
extension to the whole plane; moreover, if p is assumed to be acyclic and unitary, then
|R,(0)| = Tor(M, p,)*>. The work of U. Brécker [Bro98] and A. Wotzke [Wot08] shows
that a similar result also holds for a compact hyperbolic manifold and representations of
its fundamental group arising from representations of Isom™ H”. In our particular case,
the result is the following.

Theorem (A. Wotzke, [Wot08]). Let (M, n) be a compact spin-hyperbolic 3-manifold.
Then, for n > 1, R, (s) admits a meromorphic extension to the whole complex plane and

IRy, (0)] = Tor(M; py)*.



O. Brocker established in [Br698] a functional equation for R,, (s) involving the volume
of the manifold. Using this equation and other related material, Miiller has recently
established in [Miil] the following formula for |7(M; p,,)|, which involves the volume of the
closed manifold M and some related Ruelle zeta functions Ri(s),

7(M, pag+1)
(M, ps5)

Zlog|R2j )| — fVolM(k(lH—l) -6). (2)

One of the advantages of this formula is that the Ruelle zeta functions Ry(s) are evaluated
inside the corresponding region of convergence, and hence they have an expression similar
to that of Equation (1). The result about the asymptotics of the torsion is then deduced
by showing that the sum appearing in the right hand side of Equation (2) is uniformly
bounded in k.

In trying to adapt Miiller’s proof to the non-compact case, some difficulties arise, the
main one being the fact that the Ray-Singer torsion is a priori not defined for non-compact
manifolds. Nevertheless, the terms appearing in Equation (2) still make sense for cusped
manifolds. Thus this equation is meaningful for such manifolds also; we prove that this
true in Section 7. Roughly speaking, our proof will consist in approximating the manifold
M by the compact manifolds {M,,,} obtained by performing Dehn fillings on M. Then
we will get a formula relating To41(M) and Top41(M,/,) in Section 5. This will be done
using a Mayer-Vietoris argument. As a by-product of this formula, the behaviour of the
higher-dimensional Reidemeister torsion invariants under Dehn filling will be established
as well.

The other thing we must take into account concerns the limit of the Ruelle zeta func-
tions of the manifolds M, ,, as (p, q) goes to infinity. Our main tool to deal with this will
be the continuity of the complex-length spectrum, which we briefly discuss now.

Definition. The prime complex-length spectrum of M, denoted ps, M, is the measure on
C defined by
psp M = Z dere) s
pePC(M)
where \ is the complex-length function of M, and ¢, denotes the Dirac measure centered
at x. In other words, s, M is the image measure of the counting measure in PC(M)
under the exponential of the complex-length function.

Remark. The complex-length spectrum is usually regarded as a collection of complex
numbers and multiplicities. This is of course equivalent to our definition; however, we
think that regarding it as a measure puts some questions in a natural context.

We can consider the prime complex-length spectrum as a map from M, the set of
complete oriented hyperbolic 3-manifolds of finite volume, to M (C\ D), the set of measures
on the exterior of the unit disc D. Both spaces are endowed with natural topologies: the
former with the geometric topology, and the latter with the topology of weak convergence.
Using standard techniques from hyperbolic geometry we will prove the continuity of this
map in Section 6.



Theorem. The map psp: M — M(C\ D) which assigns to every finite volume complete
oriented hyperbolic 3-manifold its complex-length spectrum is continuous.

With this formalism, Equation (2) can be expressed in terms of the complex-length
spectrum measure. Using some complex analysis, we will prove that if we know all the
values {|Tak+1(M)|}i>n, for some N > 4, then we also know the values of the following
integrals

M, = / (z7F + 27 dpyp M(2), k> N.
|z|>1

Using the Cauchy transform we will prove that for this kind of measure this information is
enough to recover the measure up to complex conjugation, that is, we do not know psp, M
but

NSpM+MSpM>

where pp M denotes the image measure of pgp, M under complex conjugation. As a con-
sequence, we will obtain the following result.

Theorem. Let M be an oriented complete hyperbolic 3-manifold of finite volume. For all
N > 4, the sequence of values {|Top+1(M)|}r>n determines the complex-length spectrum
of M up to complex conjugation.

Remark. This theorem may be regarded as a geometric interpretation of the information
encoded in the higher-dimensional Reidemeister torsion invariants.

As a particular case, if M admits an orientation-reversing isometry (this is for instance
the case of the complement of the figure eight knot), then pg, M = pgp M, and hence the
sequence {|Tok+1(M)|}i>n determines the complex-length spectrum completely.

Using Wotzke’s Theorem we obtain the following corollary of the above theorem.

Corollary. Let M be an oriented compact hyperbolic 3-manifold. Knowing the invariants
[Tokr1(M)| for all k > N > 4 is equivalent to knowing the complez-length spectrum of M
up to complex conjugation.

2 Spin-hyperbolic three-manifolds

The aim of this section is to review and establish some facts and constructions concerning
a spin-hyperbolic 3-manifold. The definition of the object under consideration is quite
obvious.

Definition. A spin-hyperbolic 3-manifold is a pair (M, n) where M is an oriented hyper-
bolic 3-manifold and 7 a spin structure on M.

The first subsection reviews the relation between spin structures and lifts of the holon-
omy representation; although this material is well known (see for instance [Cul86]), we
think it is worth outlining it here in an elementary and self-contained way. In the second
subsection we give the definition of the n-dimensional canonical representation of a spin-
hyperbolic 3-manifold; some basic results about irreducible finite-dimensional complex
representations of SL(2, C) are also recalled.



2.1 Lifts of the holonomy representation

Let M be a connected, oriented, hyperbolic 3-manifold which is not necessarily complete.
We will use the following definition of a spin structure, see [Kir89]. The SO(3)—principal
bundle of orthonormal positively-oriented frames on M is denoted by Psos) M.

Definition. A spin structure on M is a (double) cover of Pgo(3)M by a Spin(3)-principal
bundle over M.

The above definition is equivalent to say that a spin structure on M is a double cover
of Pyo(3)M such that the preimage of any fiber of Pso(3)M is connected. One can deduce
from this observation that there is a natural identification between the set of spin structures
on M and the following set:

{oa € H'(Pso3yM; Z/2Z) | i* () = 1 € H'(SO(3); Z/2Z) } .

On the other hand, the hyperbolic structure of M defines a canonical flat Isom™ H3-
principal bundle over M, see [Thu97]. Let us recall how it is defined. Let H? be hyperbolic
space of dimension three with a fixed orientation. Consider an (Isom™ H? H?)-atlas on
M defining the hyperbolic structure. Thus we have local charts ¢;: U; — H? covering M
such that the changes of coordinates are restrictions of orientation-preserving isometries
of H3. We can assume that the local charts preserve the fixed orientations on both M
and H3. Let v;; be the change of coordinates from (¢;,U;) to (¢, U;), that is,

zﬁij: U, N Uj — Isom™ H37 'lﬁij o ¢j = ¢;.

The analyticity of the elements of Isom™ H? implies that 1;; is a locally constant map.
Since these maps also satisfy the cocycle condition ;; o 9 = 1), they define a flat
Isom™ H3principal bundle over M,

Isom™ H? — Py .+ M = M.

Let us fix a base point p € M. Given u € P+ g3 M with 7(u) = p, it makes sense to
consider the holonomy representation of this principal bundle,

Hol,, : 7 (M, p) — Isom™ H?.

By definition, if ¢: [0,1] — M is a loop based at p, Hol, (o) is the unique element of
Isom™ H3 such that
a(1) - Hol, (o) = 5(0),

where &(t) is the horizontal lift of o(t) starting at u. It can be checked that this holonomy
agrees, up to a conjugation, with the holonomy given in terms of the developing map. In
other words, for some suitable initial choices, we have Hol, = Holy,.

In what follows, we will identify Isom™ H? with PSL(2, C).

Proposition 2.1. There is a canonical one-to-one correspondence between the following
sets:



1. The set of covers of Ppgr,2,cyM by SL(2, C)-principal bundles over M.
2. The set of lifts of Holps to SL(2, C).

Proof. Let us assume that we have chosen a base point u € Ppgy,(2,c)M with m(u)=peM
such that Hol, = Holys. Let Psy(2,c)M be an SL(2, C)-principal bundle over M covering
Ppgy,2,0)M. Take one of the two points 4 € Psp,o,c)M that projects to u, and consider
the corresponding holonomy representation Holy. It is clear that Holy is a lift of Hol,;
moreover, it is independent of the choice of the base point 4, for the other choice is obtained
by conjugating it by —Id € SL(2,C). This gives a well-defined correspondence between
the set of covers of Ppgr,2,c)M by SL(2, C)-principal bundles over M and the set of lifts
of Holys to SL(2,C). Finally, this correspondence is one-to-one because we can recover
the flat bundle from its holonomy representation. O

Next, we want to embed the frame bundle Pso(3)M into Ppgpe,c)M. To that end,
identify PSL(2, C) with Pso(g)H3 by fixing a positively-oriented frame Rp € PSO(g)H?’
based at O € H3. Notice that this gives a concrete embedding of SO(3) into PSL(2, C) as
the isometry group of the tangent space at O with fixed basis Ro. Now let u € Ppgy,2,c) M
and p = m(u). A local chart (¢;,U;) of the hyperbolic structure containing p gives a
local trivialization U; x PSL(2,C) of Ppgr,2,c)M, with respect to which the point u is
written as a pair (p,g) € U; x PSL(2,C). We will say that u is based at p € M ,
if g € PSL(2,C) = PSO(3)H3 is a frame based at ¢;(p). It can be checked that this
definition does not depend on the choice of the local chart (¢;,U;), and that we have the
following identification:

{ue Ppgr2,c)M | u is a frame based at m(u)} = Pso(3)M.

Thus we have obtained a concrete embedding Pso(3)M < Ppgr2,c)M, which is easily seen
to be compatible with the actions of the respective structural groups SO(3) and PSL(2, C).
In other words, we have an explicit reduction of the structural group with respect to the
fixed embedding SO(3) € PSL(2,C). Although this embedding depends on the choices
that we have done, it must be pointed out that its homotopy class does not.

Proposition 2.2. There is a canonical one-to-one correspondence between the following
sets:

1. The set of covers of Ppsy2,c)M by SL(2, C)-principal bundles over M.
2. The set of spin structures on M.

Proof. The set of spin structures on M is canonically identified with the following set:
{o € H'(Pso3yM;2/2Z) | i* () = 1 € H'(SO(n); Z/22Z) } .

The same argument shows that the set of covers of Ppgr,c)M by SL(2, C)-principal
bundles over M is identified with

{o € H'(Ppsi0,0)M; Z/2Z) | i*(a) = 1 € H'(SL(2,C); Z/2Z) } .

7



The result then follows from the fact that the map Pso3)M — Pigop,+ gsM defined above,
whose homotopy class is canonical, is a homotopy equivalence, for SO(3) ~ PSL(2,C). O

Corollary 2.3. The holonomy representation of a hyperbolic 3-manifold can be lifted to
SL(2,C). The number of such lifts is |H*(M;Z/2Z)|.

Proof. An oriented 3-manifold admits | H'(M; Z/2Z)| different spin structures. O

3 Positive spin structures

Let M be a complete, oriented, hyperbolic 3-manifold of finite volume. Thus M is the
interior of a compact manifold whose boundary consists of tori 11, ..., T}.

Definition. We will say that a spin structure n on M is positive on T; if for all g € mT;
we have:
trace Hol(ps ) (9) = +2.

Otherwise, we will say that n is nonpositive on T;.

The aim of this subsection is to prove the existence of spin structures that are nonpos-
itive on each torus T;. Let T2 be one of these tori. We can assume that T2 is a horospheric
cross-section, and that

Holy (mT2) = <K(1) 1)} : K(l) ;)D <PSL(2,C), with Im7 > 0.

Let PSO(S)T2 C PPSL(Q,C)T2 be the restriction of PSO(3)M C PPSL(Q,C)M to T2, and
let Holy2 be the restriction of Holys to mT2. Using the Euclidean structure of 72 and the
outward normal vector of T2, we can construct a canonical (up to homotopy) section s of
the bundle Pyo3)T’ 2 as follows: fix p € T2 and define s(p) € Pso3)T 2 as any frame based
at p whose third component is equal to the outward normal vector at p; for all ¢ € T2,
define s(q) as the parallel transport (with respect to the Euclidean structure) of s(p) along
a curve joining p and ¢ on T2. This yields a well-defined section which is canonical up to
homotopy. Thus we have a canonical trivialization Pso(g)T2 =~ T2 x SO(3), and hence a
distinguished spin structure 72 x Spin(3). All other spin structures arise as quotients of
the form

No = (%VQ X Spin(S)) JmT?,

where o € HY(T?;Z/2Z) = Hom(m;T?;{#1}), and the action of o € mT? on Spin(3)
is by multiplication by a(c)Id. Therefore, spin structures of PSO(3)T2 are in canonical
one-to-one correspondence with H'(T?%; Z/2Z).

A similar argument proves the following result.

Lemma 3.1. Let o € HY(T?;Z/2Z) = Hom(m T?%; {£1}), na be the associated spin struc-
ture on T?, and Hol(rz,,) be the corresponding lift of the holonomy representation. Then
we have

a(o) = sgntrace Hol(r2 ,, y(0), forall o € m T2,



Now we can prove the existence of spin structures that are nonpositive on each torus
T;.

Proposition 3.2. Let M be an oriented, complete, hyperbolic 3-manifold of finite volume.
For each boundary component T; take a closed simple curve ;. Then there exists a spin
structure n on M such that

trace HOI(M,n)(hz‘]) = -2,

where [y;] denotes the conjugacy class of w1 (M, p) defined by ~;.

Proof. Let N be the manifold obtained by performing a Dehn filling along each of the
curves {v;}. Fix a spin structure n on N. We claim that the restriction of 7 to M gives
the required spin structure.

Assume that v is one of the curves 7;, and that it is contained in a horospheric cross-
section T2. We can assume also that 7 is a closed geodesic with respect to the Euclidean
structure of T2. Let Pspinez)T 2 - PSO(3)T2 be the corresponding Spin(3)-bundle over
T? defined by 7, and o € HY(T?;Z/2Z) the associated cohomology class. Consider the
canonical section s: T2 — PSO(S)TZ constructed above using as starting frame one whose
first vector is tangent to . Then the closed curve s o« can be lifted to PSpin(S)T2 if and
only if a(y) = 1. On the other hand, if s o v could be lifted to Pspin(g)Tz, then such
a lift could be extended to the added disk bounding = (there is no obstruction in doing
it because 71 Spin(3) = {1}), and hence s oy could be extended to that disk, which is
not possible by construction. Thus a(vy) = —1, and the preceding lemma implies the
result. O

As a corollary of the proof of the Proposition 3.2, we obtain the following result.

Corollary 3.3. Let v C OM be a simple closed curve non-homotopically trivial in OM,
and M., be the manifold obtained by performing a Dehn filling along v. A spin structure
n on M extends to a spin structure on M, if and only if

trace Hol(p7,, (7) = —2.

The following corollary of Proposition 3.2 gives a sufficient condition to guarantee the
existence of nonpositive spin structures.

Corollary 3.4. Assume that for each boundary component T; of M, the map
H, (T} Z/22) — H,(M; 2,/2Z)

induced by the inclusion has non-trivial kernel. Then all spin structures on M are non-
positive on each T;. In particular, if M has only one cusp, all spin structures on M are
nonpositive on each T;.

Proof. If the hypothesis holds, then for each T; there exists a closed simple curve ~; € T;
that is zero in Hy(M;Z/2Z). Take a spin structure on M such that trace Hol(ys ) ([vi]) =



—2, for all 7;. Now let 77/ be another spin structure on M, and o € H*(M;Z/2Z) be the
cohomology class relating  and 7'. Then, using multiplicative notation, we have

Hol(pz) (vi) = (i) Hol g ) (7i)-

Since [y] € Hi(M;Z/2Z) is zero, we have a(7;) = 1, and hence Hol () (7;) has trace —2,
as we wanted to prove. The rest of the result follows from the fact that in any compact
3-manifold M the map

iv: Hi(0M;Z/2Z) — Hy(M;Z/2Z)

induced by the inclusion i: OM — M has a non-trivial kernel. O

3.1 The canonical n-dimensional representation

Irreducible, complex, finite-dimensional representations of SL(2,C) are well known: for
all n there is exactly one irreducible representation of dimension n which is given by
V,, = Sym"™ ! V4, the (n —1)-th symmetric power of the standard representation V5 = C2.
We use the convention that Sym® V5 is the base field.

Definition. Let (M,n) be a spin-hyperbolic 3-manifold with holonomy representation
Hol(ps,,)- We define the canonical n-dimensional representation of M as the composition
of Hol(z,y) with Vj,.

The decomposition into irreducible factors of the tensor product of two representations
of SL(2, C) is given by the Clebsch-Gordan formula (see [FH91, §11.2]).

Theorem 3.5 (Clebsch-Gordan formula). For nonnegative integers n and k we have:

n—1

Vo ® Vg = @ Vo(n—i)tk—1-
=0

Lemma 3.6. Let V be a finite-dimensional complex representation of SL(2,C). Then
there exists a nondegenerate C—bilinear invariant pairing

¢:VxV —=C.

Moreover, if V is irreducible, then there exists, up to multiplication by nonzero scalars, a
unique C-bilinear invariant pairing, which a fortiori is non-degenerate.

Proof. On one hand, the natural pairing between V* and V always yields a nondegen-
erate C—bilinear invariant map. From the classification of irreducible representations of
SL(2, C), we deduce that V* is isomorphic to V, and hence the first part of the lemma is
proved. On the other hand, invariant bilinear maps are in one-to-one correspondence with
fixed vectors of V* ® V*. Thus the second assertion follows from the Clebsch-Gordan for-
mula, which shows that (V,, @ V,,)* 2 V,, ® V,, has a unique irreducible factor of dimension
1, on which SL(2, C) acts trivially. O

10



Remark. Roughly speaking, the C-bilinear invariant pairing on V,, = Sym™ ! V4 is the
(n—1)-th symmetric power of the determinant. To be precise, let S(V2) be the symmetric
algebra on Vs, that is,
S(Va) = P Sym' V%.
>0

With respect to a fixed basis (e1, e2) of Va, the determinant is given by:
det = el ®e5 — e ®e],

where (e}, e3) is the dual basis of (e1,e2). The determinant thus can be regarded as an
element of S(V*)®S(V*). This latter vector space is an algebra in a natural way, and hence
it makes sense to consider the power det”. Notice that det” € Sym"(V*) ® Sym"(V*),
so det™ defines a bilinear pairing on V,,41. On the other hand, it can be checked that we
have:

g-det™ = (g-det)?, for all g € SL(2,C).

Hence, det” is SL(2, C)—-invariant, for so is det, and Lemma 3.6 implies that this pairing
is nondegenerate. Notice also that det™ is alternating for n odd and symmetric for n even.

From Lemma 3.6 we get the following result (see [Gol86, Sec. 2.2]), which will be used
very often in the sequel.

Corollary 3.7. Poincaré duality with coefficients in py holds.

4 Higher-dimensional Reidemeister torsion

In this section we define the n-dimensional normalized Reidemeister torsion for a complete
spin-hyperbolic 3-manifold of finite volume and an integer n > 4. We will refer to these
invariants as the higher-dimensional Reidemeister torsion invariants.

Let (M,n) be a spin-hyperbolic 3-manifold, and p,, be its canonical n-dimensional
representation. We want to define the Reidemeister torsion of M with respect to the
representation p,. However, to do that we need either M to be p,-acyclic (i.e. the groups
H*(M; p,,) are all trivial), or, if it does not happen, to fix bases on (co)homology.

If M is compact, then, as a particular case of Raghunathan’s vanishing Theorem [MFP],
the cohomology groups H*(M; p,) are all trivial. Thus for M closed the Reidemeister
torsion 7(M; py) is defined.

On the other hand, if M is non-compact, these groups need not be trivial. Thus we
need to choose bases in (co)homology in that case. Of course, if we want to get an invariant
of the manifold we must choose bases in a somehow canonical way. Unfortunately, we do
not know how to do this. Nevertheless, we have at least the following result. Its proof will
be given in Section 4.2.

Remark. In the whole present section we will restrict ourselves to finite-volume manifolds.
Thus M is the interior of a compact manifold M such that

OM=TyU---UT,

11



where each connected component 7} is homeomorphic to a torus 72.

Proposition 4.1. Let n > 0. For each connected boundary component T; of M such
that H(T}; p,) is not trivial, fix a non-trivial cycle 6; € Hy(T;; Z). Then there exists a
canonical family of bases for the homology groups Hi(M;p,) such that any basis of this
family determines the same Reidemeister torsion, say T7(M;pp;{0;}). Moreover, for all
k > 0 the following quantities are independent of {6;}

7(M; pay1; {03 })
7(M; p3; {60i})
7(M; par; 16:})
7(M; p2;{0:})
Definition. Let (M,n) be a complete spin-hyperbolic 3-manifold of finite volume. For
n > 4, the invariant 7, (M, n) defined in the above proposition will be called the normalized

n-dimensional Reidemeister torsion of the spin-hyperbolic manifold (M, n). If n = 2k +1
is odd, Tax+1(M;n) is independent of 1, and will be denoted by Tar11(M).

Tok+1(M,n) € C"/{+£1},

Tor(M,n) € C*/{+£1}.

The rest of this section is devoted to the proof of Proposition 4.1. To that end, we will
analyse the groups H.(M; p,,).

4.1 Cohomology of the boundary

Let T} be a connected component of M (recall that we are assuming that M has finite
volume), and U; = T; x [0,00) be the corresponding cusp. It is well known that T}
can be identified with the set of rays contained in Uj, and that this endows T with a
canonical similarity structure; in particular, T} has a canonical holomorphic structure.
Let us consider the canonical projection from U; to T; which sends a point in U; to the
ray it belongs to; denote this projection as

’/TjZUj*}Tj.

Let E, be the flat vector bundle over M defined by the representation p,. To compute
H*(T;; pn) we will interpret it as H*(T;; F,), that is the cohomology of the de Rham
complex

(Q(Ti; En), dv),

where dy denotes the covariant differential defined by the flat connection on E,,. This com-
plex is isomorphic to the complex (*(Tj; V,,)™ %, d) of equivariant V,—valued differential
forms on TZ with the usual exterior differential.

On the other hand, E,, is a holomorphic vector bundle with respect to the holomorphic
structure of T;. This yields the following canonical decomposition:

ONT;; Ep) = QY(T; Bn) @ Q¥N(T3; Ey),

where Q0(T;; E,) and Q01(T}; E,,) are the spaces of E,-valued 1-forms of type (1,0) and
(0,1) respectively. Let us denote as H"*(T}; E,,) the projection of Q™*(T;; E,,) NKer d onto
HY(T;; E,,), with (r, s) = (0,1), (1,0).
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Proposition 4.2. Assume that H'(T;; E,) # 0. Then,
HY(T}; E,) = HON(T;; E,) @ HY (T} Ey).

Proof. We can assume that for all v € 7m1T; we have:

Holy (v) = Ké ‘L(IV))} € PSL(2,C).

This choice of the holonomy representation gives a complex coordinate z on ﬁ Identifying
Vi, with the space of (n — 1)-th degree homogeneous polynomials in the variables X and
Y, we define the following two forms on QY (T}; V},),

a=dz X", B=d:@(X+Y)"L

Let us check that these forms are equivariant. Let v € m;7;, and denote by L. the action
of v on T;. Notice that L,(z) = z + a(y). Hence, on one hand, we have:

Li(o) =d(z+a(y) @ X" =aq,
Ly(B)=dz® ((z+a(y)X +Y)",

and on the other hand:

p(Ya=dz® (v-X)" " =dz @ (eX)" !,
p(NB=dz@ (27 X +7- V)" ' =dz2® (e(zX +a(y)X +Y))" ",

where € = £1 is the sign of the trace of v determined by the lift of the holonomy rep-
resentation. If n is odd, these two forms are clearly equivariant. If n is even, then the
condition that H"(T}; Ey) is not trivial is equivalent to say that Hol s/, (o) has trace 2
for all o € mT;; hence, € = 1, and the two forms are equivariant. Since « and [ are closed
forms, they define cohomology classes in H(T}; E,,), and hence [o] € H*(T}; E,) and
[8] € HYY(T}; E,,). To conclude the proof, it remains to prove that [a] and [3] are linearly
independent, as dimg H(T}; pyn) = 2. This is equivalent to say that [o] A [8] € H*(T?; C)
is not zero. A simple computation shows that

aNB=¢ (X" X+Y)" ) dzNde = dz Adz,

where ¢ is the non-degenerate SL(2, C)—invariant pairing of V},, see Section 3.1. This shows
that [a] A [(] is not zero, and hence the two classes must be linearly independent. O

Remark. Although considering the induced holomorphic structure on the tori 7; may
seem a little bit unnatural, it yields at least a canonical decomposition of the cohomology
group HI(TZ-; E,), which is all we need.
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Next we want to characterize the image of the map induced by the inclusion
i*: H'(M; E,) — HY(OM; Ey,).

Although this description will not be complete, it will be enough to give bases for the
homology groups H.(M; p,). Before analysing the general case, let us discuss briefly the
case n = 3.

The representation V3 is the adjoint representation of SL(2; C), and the cohomology
group H!(M; E3) has a geometrical interpretation in terms of infinitesimal deformations
of the complete hyperbolic structure. The vector bundle Fs is identified with the bundle
of germs of Killing vector fields on M, and, with the same notation as in the proof of the
above proposition it can be checked that the global section X? corresponds to the vector
field 5 _. With this description, the 1-form dz; ® 8 is a (0,1)-form that takes values
in the vector bundle of holomorphic fields. According to the theory of deformations of
complex manifolds, this cohomology class describes the deformations of the holomorphic
structure of T; by deformations of the defining lattice; in particular, it gives a deformation
of the euclidean structure through euclidean structures. On the other hand, a non-trivial
deformation of the complete hyperbolic structure is encoded by a cohomology class w €
HY(M; E3), and i*(w) encodes the corresponding deformation of the similarity structure
in each torus. Since this deformation cannot be through euclidean structures on all tori
(otherwise it will yield a complete hyperbolic structure on M, contradicting thus the
Mostow-Prasad rigidity), then, for some Tj, the restriction of i*(w) to 7T} can not be
contained in H*!(T}; F3). This shows that we have the following decomposition:

k
H'(0M; E3) = Imi* @ HO!(T}; Es). (3)

j=1
We will prove that the above decomposition holds also for n > 2. Since we do not
have an interpretation of the cohomology group H!(M; E,,) in geometrical terms such as
deformations, we proceed in a different way. Our key tool will be Theorem 2.1 of [MFP],
which states that a class w € Hl(M ; E,) cannot be represented by a square-integrable
form, with respect to a suitable inner product on E,. Let us recall the definition of
the inner product on E,. Choose any SU(2)—-invariant inner product (-,-) on V;, (we are
considering SU(2) as a subgroup of SL(2, C)). Identify H? with SL(2,C)/SU(2), and let
p € H3 be the class of the identity. Define an inner product on the trivial vector bundle

H3 x V, by
(g, w1), (g,w2), = {gwr, gus), where g-q=p

Then it induces an inner product on the vector bundle E,, = H? Xy (Mp) V-

Lemma 4.3. Assume that H°(T}; E,) # 0. Then there exists a form a; € QON(T}; E,)
representing a non-trivial element in H'(Ty; E,) such that i (ay) € QYU Ey) is L.

Proof. Let us work in the model of the half-space H?> = C x (0,00). If (z,t) = (z,y,t) €
H?, the metric is given by

1
= ﬁ(de + dy? + dt?).

14



Proceeding as in the proof of Proposition 4.2, we obtain the form o = dz® X"~!. We will
be done if we prove that 77 () is L?. To compute the norm of dz® X" !, we may assume
that the cusp Uj is isometric to C x [1,00)/(Holys m17?). Thus we have:

1dZ @ X" (wty = 142 (u0,0)| X" Hwp)-

On one hand,
‘dg‘%w,t) = |dx‘%u),t) + |dy|%w,t) = 2t2

On the other hand, by definition of the metric of F,, it can checked that
|Xn_1|%w,t) — tl—n|Xn—1‘2,

where |X"~!| is the norm of X"~! in Vj, with respect to the fixed hermitian metric.
Therefore, if R is a fundamental domain for 72, we get

t3—n [e'S)
/ [dz ® X" '|*d Voly, = 2|X”‘1|2/ —drdydt = C/ t"dt < oo,
U ' Rx[1,00] T 1
and the lemma is proved. O

Now we can prove that decomposition (3) holds for all n > 2.

Proposition 4.4. Assume that Ty, ..., T, are all the connected components of OM such
that HY(T}; Ey) # 0. Then we have the following decomposition:

T

P H(1); E,) = Imi* G HON(T); E,).
7=1 J=1
Proof. Tt is enough to prove that Imi* N Pj_, HOYT;; E,) = 0. Let [w] € HY(M; E,)

such that i*([w]) € @?:1 HO’I(T]»Q; E,). Let us work with the cusps U; = T; x (0,00), and
assume that they are disjoint. Let «; be the forms given by the above lemma. Then

w = \jm; (aj) +dfj, onUj,

for some \; € C and f; € Q°(Uj; E,,). Let F € Q°(M; E,,) such that Fir;x[1,00) = fj and
vanishing outside the cusps. By the above lemma, w — dF is L?, and hence the class [w]
has an L? representative, which implies that [w] = 0, as we wanted to prove. 0

4.2 The homology groups H.(M;p,)

The aim of this subsection is to prove Proposition 4.1 concerning the existence of a dis-
tinguished family of bases for the groups H,(M; py,).

We will use the following construction for the homology of a finite CW-complex X
in the local system defined by a representation p: m1(X,p) — GL(V'). Consider the right
action of 71(X,p) on V, so that v € 71 (X, p) maps v € V to p(y) 'v. We will write V,, to
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emphasize the fact that V is a m; (X, p)-right module through p. Let C,(X;Z) denote the
complex of singular chains on the universal covering, in which 7 (X, p) acts on the left by
deck transformations, and let

Cu(X3 V) =V, @cpm (xp) Cx (X3 Z).
Then H,(X;p) is the homology of the following complex of C-vector spaces,
(CL(X:V,).1d20,).

We will use the Kronecker pairing between homology and cohomology with twisted coef-
ficients. To define it we need an invariant and non-degenerated bilinear map

¢:VxV —C.

If X is a differentiable manifold, then the Kronecker pairing can be defined at the level of
smooth chains and forms as follows:

Cr(X;V,) x ' (X; V)X — C
(Vg ® 0,w R V) —> /d)(ve, Uy )W
6
The Kronecker pairing does not depend on the different choices, but on the respective
classes in cohomology and homology, and it is natural and non-degenerate.

We want to prove the following result from which Proposition 4.1 is immediately de-
duced. Before stating it, let us recall the following definition.

Deﬂnition. Let 01,02 € Hi(Tj; Z) be two non-trivial cycles in a boundary component Tj
of M. Using the natural identification between Hy(T};Z) = 71T}, let us assume that

Holy (6;) = [(é a(fi)ﬂ € PSL(2,C)

for some a(6;) € C*, i = 1,2. Then define the cusp shape of the pair (01, 62) as

a(@l)
a(f2)

Notice that cshape(fy,62) is well defined, because a: m7; — C is unique up to homothety.

cshape(61,6) =

Proposition 4.5. Let T4, ..., T, be the boundary components of M that are not p,-acyclic.
Let Gj < m(M,p) be some fized realization of the fundamental group of Tj as a subgroup
of mi(M,p). For each T; choose a non-trivial cycle 8; € Hi(M;Z), and a non-trivial
vector w; € Vy, fized by pn(Gj). If ij: Tj — M denotes the inclusion, then we have:

1. A basis for Hi(M; py,) is given by

(il*([wl ® 91])’ K air*([wr ® 97«])) .
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2. Let [T;] € Ho(T}; Z) be a fundamental class of Tj. A basis for Ha(M; py,) is given by
(te([wr @), - e ([wr @ T ])) -
3. If we choose different non-trivial cycles 0}, ...,0. then
ij«([wj ® 0;]) = cshape(6;, 0})ij4([w; @ 0]]).

Proof. Let [o;] and [3;] be generators of HO’I(T]-Q;En) and HI’O(TJ»Q;EH) respectively. We
claim that the Kronecker pairing ([w; ® 5], [o]) is zero for all j, k, and ([w; ® 6], [Bk])
is zero if and only if j # k. We can assume that & = j. Let us fix T;. Proceeding as
in the proof of Proposition 4.2, we may assume that w; = xn-1 o =dz® X1 and
Bj =dz® (X +Y)""1. We have

([wj®9j],[/3j])=/9¢(X”‘1,(zX+Y>”‘1) dz:/(9¢(X"—1,Y"—1)dz=/9dz7éo. (4)

On the other hand, since ¢(X" 1, X"1) =0, ([w; ® 0], [a;]) = 0. This proves the claim.
Let us prove now the first assertion. Assume that we have:

> Njisfw; ®0;] =0, with \; € C.

The naturality and the non-degeneracy of the Kronecker pairing imply that this is equiv-
alent to

D N (wj ®0;,i*(w)) =0, for all [w] € H'(M; Ey),

where (-,-) denotes the Kronecker pairing. By Proposition 4.4, each 3; is uniquely written
as
T
Bj =y + Zu?ak, with v; € Im¢* and u? e C.
k=1

Moreover, (y1,...,7r) is a basis of Imi*. The preceding discussion then implies \; = 0 for
all j. The first assertion is thus proved.

Let us prove Assertion 2. The long exact sequence in homology for the pair (M,dM)
shows that the inclusion 9M C M yields an isomorphism

. Hy(OM; Ey,) @H2 ) — Hao(M; Ey).

Thus it is enough to prove that [w; ® T}] is not zero. This can be proved using Poincaré
duality PD. Indeed, if we identify H° (Ty; Ey,) with the subspace of V;, of invariant vectors,
then it can be checked that

PD(w;) = [w; ® Tj].

Assertion 3 follows easily from Equation (4). O
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5 Behaviour under hyperbolic Dehn filling

The aim of this section is to analyse the behaviour of the n-dimensional Reidemeister
torsion under hyperbolic Dehn surgery. Before discussing it, we need to fix some notation.

Throughout this section M will denote an oriented complete hyperbolic 3-manifold of
finite volume with [ cusps. For each connected boundary component T; of M we fix two
closed simple oriented curves a;,b; in T; generating Hy(T;;Z). We define the following
sets:

A = {(p7q):(p17"'7pl7Q1a"'7ql)GZlXZZ ‘ng(pl,qz):l},
Av = {(p.q) € A| My == My, q,....p,/q is hyperbolic }.

Remark. We may regard A as a directed set with respect to the following preorder:

(p,0) <@, d) e )+ (@) < P)? +(¢)* foralli =1,...,1.

The hyperbolic Dehn surgery theorem by Thurston implies that A is also a directed
subset of A , namely any two elements of Aj; have a common greater element. The limit
of an Aps-net {z, /q} in some topological space, whenever it exists, will be denoted by:

li )
(p,ql)goo r/a

In analysing the relation between the n-dimensional torsion invariants of M with those
of M, ,, some issues arise. In order to discuss them, we distinguish two cases according
to the parity of n.

We consider first the case n = 2k + 1, with & > 0. In that case we find two difficulties.
The first one is that we need some extra data in order to define the torsion invariant for
M (we must choose non-trivial cycles ¢; € H;(Tj;Z)), whereas for M, , this is already
defined. The second one is due to the following result proved in [Por97, p. 110] (notice
that our torsion is the inverse of the one considered in [Por97]),

(p’gfgoo |73(Mpyq)| = 0.

The proof of the above limit also works for any odd number n > 3. Moreover, the
asymptotic growth of these sequences does not depend on the dimension n. These facts
suggest that the above question should be formulated in terms of normalized torsions. In
that case, we will prove the following result.

Proposition 5.1. The set of cluster points of the following net in C/{£1},
{,TQk-‘rl(Mp/q)}(p’q)ef‘M )
is the segment joining the origin and the point 22Dy (M).
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Let us analyse now the even-dimensional case n = 2k, for k > 0. In this case, the main
difficulty comes from the fact that we need a spin structure to define the n-dimensional
torsion invariant. Hence, we somehow need a way to relate spin structures on M with
those of M,,/,. To that end, for a fixed spin structure n on M, we define the following set

Anty = {(p,q) € An | n can be extended to M,,, D M} .

Remark. Notice that if 1 can be extended to M,/ then the extension is unique (this
follows from the fact if a spin structure on dD? can be extended to D?, then the extension
is unique). In such case the extension will be denoted by 1, /q-

Using Corollary 3.3, we get easily the following characterization of Az ,.

Proposition 5.2. For each T; let €, €, = £1 be the sign of the trace of HOl(MW)(CLi) and
Hol(az,) (bi) respectively. Then (p,q) € Anry if and only if

ehieg = —1, foralli=1,...,1
Definition. We will say that a spin structure  on M is compactly isolated if Ay, is
empty; otherwise, we will say that n is compactly approzimable.

As a corollary of the above proposition and the definition of an acyclic spin structure,
we get the following result.

Corollary 5.3. A spin structure n of M is compactly approximable if and only if it is
acyclic.

Remark. If 7 is compactly approximable, Proposition 5.2 implies that Ays,, is infinite;
in particular, Ay, is a directed set as well. The terminology introduced in the above
definition is coherent with the geometric topology of the space MS of spin-hyperbolic
3-manifolds, see Section 6. For instance, if 1 is compactly approximable then the net of
compact spin-hyperbolic manifolds {(M,/q:7p/¢) } (p.g)e Ay, COnVerges to (M,n) in MS.

If n is compactly approximable, then H*(M; por) = 0 for all k& > 0, and hence it
makes sense to consider the Reidemeister torsion 7(M;par). On the other hand, for all
(p,q) € Anr,yy we have the 2k-dimensional canonical representation of the spin-hyperbolic
manifold (M4, 7,/4):

e M,y — SL(2k, C).
The compactness of M/, guarantees the acyclicity of this representation. Hence, it also

makes sense to consider 7(M,/,; pg,éq). We will prove the following result.

Proposition 5.4. Let n be a compactly approzimable (or acyclic) spin structure on M.
The set of cluster points of the following net in C/{£1},

+ M. .P/q
{ T(Mpq; pay, )}(P7Q)€A1\4,n7

is the segment joining the origin and £2% 7(M:; poy).
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The proof of both propositions will be based on surgery formulas for the torsion, which
will be deduced from the Mayer-Vietoris formula. These formulae involve the spin complex
lengths of the core geodesics added on the Dehn filling. The above results then will follow
essentially from the fact that the cluster point set of the imaginary part of the spin complex
lengths of the added geodesics in M, /., as (p,q) varies in Ansy, is R/(47), see [Mey86].

The rest of this section is organized as follows. The first subsection is a brief account of
the deformations of the holonomy representation of M. The second and third subsections
contain the proofs of Propositions 5.4 and 5.1 respectively.

5.1 Deformations

Consider a family of continuous local deformations of the complete hyperbolic structure
of M given by:
Holy : U x m M — PSL(2,C), U c C/,

with U an open ball containing the origin, and with

Holps(0,7) = Holps(y), for all v € my (M).

The open set U is usually called Thurston’s slice, and is a double branched covering of a
neighborhood of the variety of characters of M around the complete hyperbolic structure.
If we fix a boundary component 7T;, then we can assume that

eui/Q 1 em(u)/? 7i(u
HO]M(uvai> = |:< 0 e—u¢/2)j| ) H01M<uvbi) = |:< 0 e—vi((u2/2>:| )

where v;(u) and 7;(u) are analytic functions on u which are related by
vi(u U;
sinh vilw) = 7;(u) sinh —.
2 2
This last equation follows by imposing that the two matrices commute.
By Thurston’s surgery theorem, for (p,q) large enough, the holonomy representation

of the complete hyperbolic structure of M, /, is given at some value of u, say uP/9. More
concretely, we have the following commutative diagram,

7T1(M)

Hol -
2| \/ :

(M) g, PSL(: ©)
r/aq

where ifz/ % is the induced morphism on the fundamental groups by the inclusion

#/9: M < My,
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The map P/ i surjective with kernel the normal subgroup generated by the curves {a* b7 }

(here we are identifying H; (7;; Z) with 7, T;, and the latter group with a subgroup of 1 M),
we have the so-called Dehn filling equations

piujz/q + qivi(up/q) =2mi, foralli=1,...,1. (5)

Moreover, we also have:

lim w?/? = 0.
(p,g)—o0

5.2 Even-dimensional case

Let us retain the notation used in the previous subsection. Fix a spin structure n on M,
and consider the lift of the whole family of representations Holys(u, ) starting at u = 0
with Hol(y,,). By continuity, all these lifts are also group morphisms. Thus we obtain a
family of representations

HOI(M,n): UxmM— SL(27 C)

The representation Hol(Mm)(up/m-) of my M needs no longer yield a representation of
m1 M, /4. We can characterize this condition in terms of spin structures.

Lemma 5.5. The representation Hol(Mm)(up/q, -) yields a representation of m M, if and
only if (p,q) € Anmp-

Proof. Hol( M’n)(up/ 4,.) yields a representation of 71 M, , if and only if

Hol(nr,) (Up/q, a7 bf) = 1d € SL(2,C), foralli=1,...,1.

By Proposition 5.2, (p,q) € Az, if and only if
eg”;ﬁegz =-1 foralli=1,...,1,

where €, , €, = %1 is the sign of the trace of Hol(,y,,(0, a;) and Hol(y; (0, b;) respectively.
On the other hand, for a fixed ¢ we can assume that

Holiy1 (1, a:) = €, (1) (6“5/2 b2+ Holaub) = a0 (6”?/2 ).
By continuity, for u close to 0, €, (u) = €, and €, (u) = €,. Thus, Equation (5) yields:

(Holqurpy (1, a5) )™ (Holiag py (w/, ;) )" = —elief: 1d,

The result then follows immediately. O

Now let nn be a compactly approximable (equivalently, acyclic) spin structure on M.
Consider the composition of Hol(yy ;) (u, -) with the 2k-dimensional irreducible representa-
tion of SL(2, C)

P2k - UxmM — SL(Zk), C)

Since 7 is acyclic, for u = 0 the representation pog(u,-) is acyclic. The following more or
less well-known result then implies that pox(u, ) is also acyclic for u close to 0.
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Proposition 5.6. Let X be a finite CW —complex, and consider a continuous family of
representations

p: U x 7T1(X,$[)) — GL(TL, C),

where U is some space of parameters. For a fized m > 0, define the map F: U — Z by
F(u) = dim H,,, (X py), where py := p(u,-). Then F is upper semicontinuous, that is,

limsup F(u) < F(ug), for allug € U.

U—rUQ

Proof. The idea is that the rank of a matrix, viewed as a map from the space of matrices
to Z, is lower a semicontinuous function. The details are as follows. The homology groups
H.(X; py) can be defined as the homology groups of the complex

(V By C(X:Z),1d ®8*) .

Let us fix (wy,...,w,) a basis of V. Let {e{, . .,egj} be the cells of X of dimension j,
and let {é{, o ,é{j} be fixed lifts of these cells to X. Then the set {w; ® éi} gives a basis

of V®,, Cj()?; Z). With respect to these bases, the boundary map 0;(u) is written as a
matrix Aj(u) whose entries depend continuously on u. Then we have

F(u) = dimKer Aj(u) — rank A1 (u).

Since the rank of a matrix is lower semicontinuous, the dimension of the kernel is upper-
semicontinuous, and hence F'(u) is upper semicontinuous. ]

Remark. The above result can be regarded as a special case of a further result stated in
[Har77] as “The semicontinuity Theorem”, which establishes the upper semicontinuity of
the dimension function of some cohomology groups in a much more general context.

Let us put por(u) := pax(u,-). The above proposition shows that it makes sense to
consider 7(M; pa(u)) for u close to 0. On the other hand, for (p, q) € Ay large enough,
Lemma 5.5 implies that we have the following commutative diagram:

7T1(M)

-p/QL W:q)
T
p/4q

m1(M,q) 25> SL(2k; C)

Since M, is compact, the representation p%q is acyclic. Therefore, it also makes sense

to consider 7(M,,/4; pgéq). The following lemma gives the relationship between these two

quantities.
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Lemma 5.7. Let v1,...,7 be the core geodesics added on the (p,q)-Dehn filling M, /4
and Ap/q be the spin-complex-length function with respect to the spin-hyperbolic structure
Np/q- Then we have

k—1 1
T(Mp/q§Pg£ ) :|:7'(M P2k up/q H H ( 5D/ (i) _ 1) (6*(%+]')>\p/q(%') _ 1) )

7=01=1

Proof. By induction, we can assume that M has only one cusp. We will apply the Mayer-
Vietoris sequence to the decomposition M, ,, = M U N(v), where N(v) is a tubular
neighbourhood of the core geodesic v added on the Dehn filling. We must show first that
all the involved spaces are pgéq—acyclic We already know it for M. Since Holyy, /a (7) has

no fixed vector other than 0, HY(~; pgéq) is trivial, and hence so is H!(v; pgéq) this proves

that N(v) ~ ~ is acyclic. The same argument shows that H"(ON (v ),p2é ) is trivial for
r = 0,2, which implies (Euler characteristic argument) that this holds for » = 1 as well.
The Mayer-Vietoris sequence then yields the formula,

™(Myyq: ) TON (3); o) = (M5 0517 (35 951)-
The torsion of the torus ON(v) is +1, as it is the Reidemeister torsion of an even-
dimensional manifold, see [Mil62]. Finally, an easy computation shows that

k-1

oy 2210 = TT (B 90a®) — 1) (=G Mora) — 1) .
4 =T (40 -1) |

Now we can prove Proposition 5.4.

Proof of Propostion 5.4 . The formula of Lemma 5.7 can be written as

T(Myygs P50 ot 1 1= cosh (3 + ) Ape(1)
gty 2 HII 2 |

Since 7(M; par(uy/q)) converges to 7(M; par.) as (p, g) goes to infinity (this can be proved
in the same way as Proposition 5.6), to prove the result we may restrict our attention to
the product of the right hand side of the above equation. Consider the map defined by

F:[0,00) x [0,47] —> C

t@»—)H

The image of {0} x [0,4x] under F is [O,l], since F({0} x [0,4x]) C [0,1], F(0,0) = 0
and F(0,27) = 1. The result then follows from the fact that the cluster point set of the
following net:

l—cosh +7)(t +01))

(/\p/q(ryl)v ) )‘p/q(’Yl))(p,q)E.A]VL77
is AL, with A= {2 € C|Re(z) =0, 0 <Im(z)<4n}, see [Mey86]. O
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5.3 0Odd-dimensional case

We will use the same notation as in the previous subsections. Throughout this subsection
we will assume that n =2k + 1 and k£ > 0.

Lemma 5.8. Let T be a fized boundary component of OM. Assume that

eti/? 1 eviw)/2 oy
Holps(u, aj) = K 0 e_“f/2>J . Holpy(u,bj) = [( 0 6—1]).7‘((71;/2)] )

where aj, b; are generators of the fundamental group of T;. For uw = (uy,...,u) € U C C!
such that uj # 0, consider the following vector

. k
me:X%X—zmm%Y)ewHﬁ%mwjm

where Sp[X, Y] is the space of homogeneous polynomials of degree n in the variables X,Y .
Then, for u close to 0 with uj # 0, the vector wj(u) is pag41(u)-invariant. Moreover, the
map

Q*(TJ’ C) - (Tj; EP?kJrl(u))
w o= ww;(u)

induces isomorphisms in de Rham cohomology.

Proof. Let Hol(y,) be a lift of the holonomy representation. The matrices Hol(yy,,)(a;)
and Holy/ ) (b;) diagonalize and commute; hence, there exists a basis (e, e2) of C? that
simultaneously diagonalize them. It can be checked that we can take
e = X, eQ:X—Qsinh%Y.

The vector e’feé € Voi41 is then independent of the chosen lift and invariant by both
Hol(pz,m)(a;) and Hol(pz ) (bs). This shows that wj(u) is papy1(u)-invariant, and the first
part of the lemma is proved.

For the second part, notice that the vector w;(u) gives a parallel nowhere-vanishing
section of the flat vector bundle E On the other hand, the SL(2, C)-invariant

pak+1(w)
pairing (see Section 3.1)
¢: Vi xV, = C,

defines a non-degenerate symmetric bilinear form on E,,, . ). We have,

¢ (wj(u),w;(u)) =2 (—2 sinh %)k

= L& L+, where L is

the line bundle defined by wj(u), and Lt is the orthogonal complement with respect to
¢. Note that both sub-bundles are flat, so we have

Therefore, for sinh% # 0, we have a decomposition E, (),

HY(T}; E

P2k+1(u)) = H*(T}; L) ® H*(Tj; LL).
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The line bundle L is trivialized using the section w;(u). Therefore, tensorization by w;(u)
yields an isomorphism H°(7}; L) = H°(7}; C). On the other hand, counting dimensions we
deduce that HO(Tj; L1) is trivial. This proves the last assertion of the lemma for degree
0. The lemma then follows by Poincaré duality and an Euler characteristic argument. [

Proposition 5.9. There exists a neighbourhood of the origin W C U such that for all
ue W,

dimg H1(M; pogy1(u)) = dime Ho(M; pogy1(u)) = I,

where | is the number of connected components of OM .
Proof. By Poincaré duality and an Euler characteristic argument, we deduce that
dimg Hy (M; pog11(u)) = dime Hy (M, OM; pag11(u)).
The long exact sequence of the pair (M, M) yields the following short exact sequence,
Hy (M, OM; pagy1(w)) — Ho(OM; pag41(u)) — 0.
Therefore,

l

dime Hi (M; pogs1(u)) > dime Ho(OM;; pojg1(u)) = Z dimc Ho(7T}; par+1(u)).
=

The vector space Ho(T}; pary1(u)) has dimension 1. Indeed, if u; = 0 this is clear by a
direct inspection, and if u; # 0, this follows from Lemma 5.8. Hence,

dime Hi(M; por11(u) 2 1, foru e U.

Since dimg H;(M; par+1(0)) = I, the upper semicontinuity of the dimension function
(Proposition 5.6) implies the result. O

Proposition 5.10. Let {6;} be a collection of nontrivial cycles with 0; € Hi(Tj;Z). Then
there exists a neighbourhood of the origin W C U such that for all w € W the following
assertions hold:

1. A basis of Hy(M; pag+1(u)) is given by
(ixw1(u) @ 01], ... ix[wi(u) @ 6)]).
2. A basis of Ho(M; pag+1(w)) is given by

(ix[w1(uw) @ T1], ..., i ]wi(u) @ T7]) .

In both cases, the vectors wj(u) are the ones given by Lemma 5.8, [T;] € Hao(Tj;Z) is a

fundamental class of OM, and i, is the map induced in homology by the inclusion i: OM —
M.
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Proof. Proposition 4.5 shows that the two assertions are true for u = 0. The result then
follows proceeding as in the proof of Proposition 5.6. ]

It makes sense therefore to consider 7(M; pox11(uy/q); 105}), the Reidemeister torsion
of M with respect to the representation paj1(up/q) and the bases in homology associated
to the family of non-trivial cycles {6;} given by the Proposition 5.10. We want to get a
surgery formula for 7(M; pag11(up/q); {0})- It turns out that it is easier to work with the
bases given by the following lemma.

Lemma 5.11. For sufficiently large (p,q), a basis of Hi(M; pax11(uyp/q)) is given by,

( 2/ w1 (upq) ® (prar + qibr)], - i/ Nwi(upyq) ® (pag + lel)]) ; (6)

/

where i¥'? is the map induced is the inclusion i: M — M,y

Proof. This is a Mayer-Vietoris argument as in Lemma 5.7. We have the decomposition

l
M, =MUN, with N = | JN(v;),
j=1

where {N(v;)} is a collection of disjoint tubular neighbourhoods of the core geodesics 7;
added in the Dehn filling. By compactness, M, is Pty /q)—acyclic. The Mayer-Vietoris
exact sequence then gives an isomorphism

H. (OM;; pn(upq)) = Hi(M; pn(uyyq)) @ Ho(N; pn(uyq))-

The group H.(T}; C) is isomorphic to Ha(T}; pn(up/q)) via tensorization w;(u,/,) @ — (this
is the homological counterpart of Lemma 5.8). The same isomorphism also holds true
for N(v;) =~ 7;. Since [pja; + q;b;] € Hi(N(v;);Z) is zero by construction, the vectors
described in (6) must be linearly independent. O

The surgery formula is now easily obtained.

Lemma 5.12. Let v1,...,7 be the core geodesics added on the (p,q)-Dehn filling Myq
and A, /q be the complex-length function of My,,q. Then we have

k1
T(Myygs Po1) = T(M: ot (), {pjag + 45 3) T [T (1409 — 1)(e=3%ra0) — 1)
j=1l:i=1

Proof. This is again a Mayer-Vietoris argument. With the same notation as in the pre-
ceding proof, we have M, ,, = M U N. The formula for the torsion is

T(My g3 ot )7 (OM; it 1) = 7(M: oy {pjag + b DT (N3 ol )7 (Mo,

where 7(H.) is the torsion of the Mayer-Vietoris complex computed using the bases that
has been chosen to compute the involved torsions in the decomposition. To compute the
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torgions we choose bases in homology as follows. For H,(7}; pgéil), we take in degree 0,
[Pr(up)q) @ 0j], where 0 is a generator of Ho(Tj; Z), in degree 1, [Py (uy/q) ® (pjaj +4q;b;)],
and in degree 2, [PJ(u Up/q) @ Tjl. For Hi(N(v5); p2£+1) we take in degree 0, [P} (uy/q) ®
i2(0j)], and in degree 1, [P (Up)q) @i2,4(7)], where ig . is the map induced by the inclusion
iz: OM = ON — N, and v € H1(0M;Z) is such that i1 .(v) € Hi(M; pagy1(up)q)) is zero
(notice that such a curve always exists and ia.(y) € HY(D? x S';Z) is homologous to
the core geodesic). Respect to these bases, we have 7(H.) = 1, since the isomorphism
11, + 12 » appearing in the Mayer-Vietoris sequence is represented by the identity matrix.
On the other hand, the torsion of 9M is +1, as it is an even-dimensional manifold. Thus
we have

l
T(Myyg; P 1) = 7(M; ol Apsas + as0:1) T (v it ).
j=1
Finally, a straightforward computation gives

k

VJvPQkH H ( M0 ) (e_m”/qw") - 1) .

Let us normalize torsions in the formula of Lemma 5.12. Thus we get:

(M P2k+1(up/q> {p]aj +qu } U iA ; —J i
M IApsq(vi) _ 1 Apsavi) 1Y .
7—2k+1( p/q) (M,pg( p/q)v{p]aj —|-qu } H : (6 P/q ) (e D/4q )

Let us focus on the quotient of torsions appearing in the right hand side of the above
equation. We shall write down a formula relating the torsion of M with respect to the
basis {a;} and {p;ja; + ¢;b;}. To that end, let Aoy i1(p, ) be the change of basis matrix
from the basis {[w;(u,/,) @ a;]} to {[w;(uy/e) @ (pja; + q;b;)]}. Then the change of basis
formula for the torsion yields:

T(M; pak+1(upsq), {pja; + q;bs}) det Aok y1(p, @) = 7(M; pagt1 (upyq)s {a;})-
This equation implies

T(M; par1(upsg), {pja; + qsb5}) — 7(M; paria(upsg), {a;})  det As(p, q)

L paltysg) (o0 + 0t} O paCiyra) () A€t Ao
On one hand, working as in in Proposition 5.6, it can be checked that
Lim 7 (M; pog1 (u) {a}) = 7(M; p2x41(0), {a}) = 7(M; p2rr1, {as})-
Hence,
T(M; por1 (upyq)s {a53) Tonas (M), ®)

im
(p,q)—o0 T(M; p3(up/q); {aj})
On the other hand, we have the following result.

27



Lemma 5.13. For any k > 3,

det Aoy 1(p, q)

im =1.
(p,q)—o00 det A3 (pu Q)

Proof. We have
Azir1(p, q) = diag(p) + diag(q) Bar+1(uy/q),

where Bajy1(u) is the change of basis matrix from the basis {[w;(u) ® a;]} to the basis
{[wj(u) ® b;]}. Working as in Proposition 5.6, it can be checked that Bgj1(u) depends
analytically on u. Note that at u = 0 we have

Boy+1(0) = diag(cshape(bi, a1), .. ., cshape(by, ar)).

Let us write P = diag(p), @ = diag(q) and C' = Bgy11(0). Notice that C' is independent
of k. The lemma will follow easily once we have proved the following equality:

. det(P + QC) -1
(pa)—oo det(P + QBoky1(upg))
We have,
det(P + QC) B det(Q™'P + C)

det(P + Qng+1(up/q)) - det(Q_IP + ngH(up/q))
Let us put D = Q'P + C and E(uy/q) = Bakt1(up/q) — C. Then we have

det(P + QC) B det D
det(P + QBak+1(up)q)) det(D + Eot1(up/q))
1

det(Id +D =1 Eop i1 (upyq))
If D = (dj;) then we have
|d;j| = |pj/aj + cshape(a;, b;)| > |Im cshape(aj, b;)| > 0.
Therefore, the entries of the diagonal matrix D~! are bounded, and hence

. -1 : —1
(p,LI)IEwD EQkH(up/q) - (p}Jl)rgooD (B%H(up/q) B BQkH(O)) =0

O

Finally, taking limits in Equation (7), and using Equation (8) and Lemma 5.13, we
get:

- 7(M; pary1(up/q), {Pjas + qibi})
(p,q)—o00 T(Mv p3(up/q); {p]a'] + qu]})

Just for future references, we summarize the preceding results in the following lemma.

= Targ1(M).
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Lemma 5.14. With the above notation, for k > 1 we have

k1
det As(p, q) 7(M; par41 Up/q {a;}) i 2
7_ M _ ) @‘7 p/q 71)_ e —JIAp/q 'Yl) 1
21 p/q) det Aop11(p,q) T(M;p3(u p/q {aj} HH W ’

j=21i=1
Moreover,
i det Ao 1(p, q) ~ 1
(p,q)—0c0 detA3(pa )
(M5 pag1(upq)s 1ai})
W pleh 155 Tor1(M).

1m
(p.a)—soo  T(M; p3(up/q), {aj})

Proof of Proposition 5.1. By Lemma 5.14, the result is reduced to prove that the set of
cluster points of the following net

l
H H e])‘p/q (v) _ 1)(e —3Apsq(vi) _ 1)

(P:9)EAM

is [0, 4("7_1)1], which may be proved in the same way as in the even-dimensional case (see
Proposition 5.4). O

6 Complex-length spectrum

The aim of this section is to prove the continuity of the complex-length spectrum in a
sense that we shall precise.

6.1 Closed geodesics in a hyperbolic manifold

Although the material of this subsection is well known, we think it is worth reviewing it
for the sake of completeness.

Let M be an oriented, complete, hyperbolic 3-manifold, and Holy; be its holonomy
representation. Let us consider C(M) the set of closed (constant-speed) geodesics in M
up to orientation-preserving reparametrisation. We will describe C(M) as the following
quotient set,

C(M)={p: S' = M | ¢ is a geodesic} /S'.

The action of S* on a closed geodesic is given by translation on the parameter. We are
interpreting S' as R/Z. If k € Z and ¢: S* — M is a closed geodesic, k¢ will denote the
closed geodesic t — @(kt).

Definition. A closed geodesic ¢ is said to be prime if ¢ # ki for any k£ > 1 and any
closed geodesic 9 (i.e. ¢ is prime if it traces its image exactly once). A class [¢] € C(M)
is said to be prime if ¢ is prime. The set of prime classes of C(M) will be denoted by

PC(M).
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We will also need the group theoretic definition of primality.

Definition. Let G be a group. An element g € G is said to be prime if g # hF for all
h € G and k > 1 (note that we are excluding the identity from this definition). If C(G)
denotes the set of conjugacy classes of G, then [g] € C(G) is said to be prime if g is prime.

The identification between the set C (w1 (M, p)) of conjugacy classes of 71 (M, p) and
loops in M up to free homotopy yields a natural map

Y: C(M) = C(m1(M,p)).
Let HypC(m1 (M, p)) be the set of hyperbolic conjugacy classes of w1 (M, p), that is,

HypC(m1 (M, p)) = {[7] € C(m1(M,p)) | Holps(7) is of hyperbolic type} .

The following result is well known, and is easily deduced from the fact that an isometry
of H? of hyperbolic type has exactly one axis.

Proposition 6.1. The natural map ¢: C(M) — C(mw1(M,p)) is a bijection onto the set
HypC(m1 (M, p)). Moreover, [p] € C(M) is prime if and only if so is ¥([¢]).

It is useful to endow the set C(M) with the (quotient) supremum metric. More explic-
itly, if [p1], [p2] € C(M) then its distance is defined by

d([p1]; [p2]) = min max {d(p1(t + s), 2())} -
seSt test
The following observation is an immediate consequence of the previous proposition, and
will be used quite often in the subsequent subsections.

Proposition 6.2. Let [¢], [¢'] be two distinct elements of C(M), and let m be the minimum
of the injectivity radius at p. Then d([¢], [¢]) > m.

Proof. Assume that d([¢], [¢']) = m’ < m. With suitable parametrisations, we have that
for all t € S, d(p(t),¢'(t)) < m'. By the hypothesis on the injectivity radius, there
exists a unique minimizing geodesic joining () and ¢'(t). Therefore, we can define a free
homotopy from ¢ to ¢, which contradicts Proposition 6.1. O

This subsection ends with an estimate on the growth of the number of closed geodesics
in function of their length. The following estimate, though not the best possible (see for
instance [Mar69], [CK02]), has the advantage of being explicit. Its proof is very close to
the proof of Lemma 5.3 in [CK02].

Lemma 6.3. Let M be a complete hyperbolic 3-manifold. For a compact domain K C M
define
P (t) = #{p € C(M) | (SN K #0,1(p) <t}

e8 diam K

Then, Pk (t) < Ce*, with C = w7
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Proof. Let M = H?/T', with I' a subgroup of Isom H?, and let 7: H®> — M denote the
covering projection. Pick a point p € H? with 7(p) € K and consider the Dirichlet domain
centred at p:

D(p) = {x € H? | d(,~(p)) < d(x,p), Vy €T}.

The intersection K = D(p) N« (K) is a fundamental domain for K, which means that

= H(K) = | (K),
yel

Vol(v (K) Ny (K)) =0, forall v; # 5 €T

Moreover, diam K < 2diam K and Vol K = Vol K. Now let ¢ € C(M) intersecting
K. Then there exists an isometry v € T’ of hyperbolic type representing ¢ whose axis
intersects K. We claim that

Y(K) C B(p,4diam K + I(¢)).

To prove this inclusion, we pick a point ¢ € K that lies in the axis of ~. For any ¢ € K,

d(p,~(q")) < d(p,q) + d(q,7(q)) + d(v(q),7(¢')) < 4diam K + d(q,~(q))

and d(q,v(q)) = (), which proves the claim. Hence, for any geodesic contributing to
Pk (t), there is a hyperbolic isometry whose axis is a lift of this geodesic and such that

v(K) C B(p,4diam K + t). In addition, Vol(y1(K) Ny (K)) = 0, for all v # v € T.
Thus we get the inequality:

Pk (t) Vol K = P (t) Vol K < Vol By(4diam K + t) < meddiam K42t

We have used that the volume of a ball of radius R in H? is less than me?E. O

6.2 Complex-length spectrum

Any closed geodesic ¢ € C(M) has attached two geometric invariants: its length and
its geometric torsion. Recall that the geometric torsion of ¢ is defined as the oriented
angle between an orthogonal vector to ¢ and the parallel transport of it along ¢. In
terms of the holonomy representation, these two invariants are the translation distance
and the rotational part of the corresponding hyperbolic isometry. More explicitly, if [y] €
HypC(m1(M,p)), then

eM?2 0
Holps(y) ~ [( 0 M2 )] € PSL(2,C), Re(A) >0,

Re()) is the length of the corresponding closed geodesic, and Im()\) its geometric torsion.
The parameter X is called the complex length of ~, and it is only well defined up to 2mi.
We will regard this as a function

A C(M) — C/(2mi)
e = Ap) =1(p) +itorsion(p).

To avoid the 27i indeterminacy, we will work with the exponential of this map.
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Definition. The (prime) complez-length spectrum of M, denoted as psp, M, is the measure
on C defined by
Hsp M = Z (56)\(%7)7
©EPC(M)
where 6, is the Dirac measure centered at z. In other words, s, M is the image measure
of the counting measure in PC(M) under the exponential of the complex-length function.
The (prime) length spectrum of M, denoted as jug, M, is the measure on R defined by

psp M= D by
EPC(M)

Thus we have:
#{p € PC(M) | a <l(p) <b} =pspM{z € C|e” < |2| < €.

Remark. The prime complex-length spectrum is usually regarded as a collection of num-
bers and multiplicities. This is of course equivalent to the definition made above; however,
we think that some of the results that we will present in what follows are better expressed
in these terms.

The following properties of g, M are immediately implied by Lemma 6.3 and the fact
that a closed geodesic cannot be contained in a cusp.

Proposition 6.4. Assume that M has finite volume. The following assertions then hold:

1. The measure us, M is locally finite with discrete support. In particular, it is a Radon
measure on the complex plane.

2. Let Ni,...,Nj be cusps of M in such a way that K = M \ J;<;<, N; is compact.
Then for all R > 1,
,USPM(“Z‘ < R}) < CuR?,
8 diam K

where Cyp = 755570

Next we want to analyse the complex-length spectrum as a map
M — pp M.

The domain of this map will be the set M of all (isometry classes of) oriented, complete,
hyperbolic 3-manifolds of finite volume. This set is naturally endowed with the geometric
topology, which is briefly discussed in next subsection. On the other hand, the target of
this map will be M(C \ D), the vector space of C-valued Radon measures defined on the
complementary of the closed unit disk D. We will endow M (C \ D) with the topology of
the weak convergence. Thus a sequence {u,} converges weakly to u in M(C\ D) if for
every continuous function f with compact support contained in C\ D, we have:

tim [ fEdua() = [ fE)dute).

=00 Jlz1>1 |z|>1

The aim of the rest of this subsection is essentially to prove that this map is continuous.
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Theorem 6.5. The map psp: M — M(C\ D) is continuous.

Remark. If we consider the space M(C \ D) instead of M(C), then the above theorem
is no longer true. For instance, let M € M be a one-cusped manifold, and M, , be the
manifold obtained by a hyperbolic (p, ¢)-Dehn filling. Then {M,/,}, ) converges to M as
(p,q) goes to infinity. However, the sequence of the corresponding measures do not even
converge. To see this, let +¢,/, be the two (oriented) core prime geodesics added in the
Dehn filling. Then the length of ¢, /, goes to zero, and the geometric torsion is dense in
R/2nZ, which implies that this sequence of measures does not converge. Restricting our
attention to M (C\ D) we avoid these phenomena. Nevertheless, this bad behaviour is the
worst that can happen; this is expressed in the following result.

Theorem 6.6. Let M € M with k > 0 cusps, and {M,} be a sequence converging to M
i M. Assume that the number of cusps of M, is eventually constant and is equal to .
Then the sequence of real-length spectrum measures {jusp My} converges weakly in M(R)
to the measure

asp M + 2(k —1)do.

Theorem 6.5 and Theorem 6.6 will be proved in Section 6.4 after having discussed the
geometric topology.

6.3 The geometric topology

Most of the material in this subsection is based on [CEMO6].

Let M be the set of (isometry classes of) oriented, complete, hyperbolic 3-manifolds
of finite volume and with a baseframe. Thus an element of MF is a pair (M, E), where
F is an orthonormal frame based at some point p in the oriented hyperbolic 3-manifold
M of finite volume.

Remark. Our notation differs from [CEMO06], where MF is defined without the finite
volume restriction.

If we fix a base frame on hyperbolic space H?, then the holonomy representation of
a member of MF is unambiguously defined (i.e. not only up to conjugation). Therefore,
MF is in one-to-one correspondence with the set of discrete torsion-free subgroups of
PSL(2, C) with finite co-volume. The latter set is endowed with the geometric topology.
We recall its definition in the general context of Lie groups, see [Thul.

Definition. A sequence {I',} of closed subgroups of a Lie group G converges geometrically
to a group I if the following conditions are satisfied:

1. Each v € T is the limit of a sequence {~,}, with 7, € T',.
2. The limit of every convergent sequence {7y}, with 7,, € I'y;, is in I' (n; is an

increasing sequence of natural numbers).
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Two related spaces are MB and M. The former is obtained by forgetting the frame,
but retaining the basepoint, and the latter by forgetting both the frame and the basepoint.
Both sets are endowed with the quotient topology given by the corresponding forgetful
maps.

The following results are well known, and will play an important role in the following
subsections. See [CEMO6] for a proof.

Lemma 6.7. Let injp(M,p) be the infimum of the injectivity radius on the ball Br(p) C
M. Then for any R > 0 the map injp: MB — (0,00) is continuous.

Lemma 6.8. Let ¢ > 0 smaller than the Margulis constant. Let {My} be a sequence
converging to M in M. Then there exists a uniform bound on the diameter of the thick

parts {Mn,[e,oo)}'

Theorem 6.9 (Jorgensen). The map Vol: M — R that assigns to each manifold its
volume is continuous.

The following theorem due to Thurston describes how a non-trivial convergence se-
quence in M is. We recall that we are assuming that all manifolds have finite volume.

Theorem 6.10 (Thurston). Let {M,} be a sequence converging to M in M. Assume
that {M,} is not eventually constant, and that M has k cusps. Then M, is obtained by

hyperbolic Dehn surgery My, . 1q1 ....oen/aiom > WitR p%,n + qzn — 00, as N — 0.

Corollary 6.11. Let {(M,, E,)} be a sequence converging to (M, E) in MF. Then, for
n large enough, we have a commutative diagram,

m1(M,p) —"— PSL(2; C)

i

7'(_1(]\4napn)

Moreover, the sequence of representations {pn} converges to Holys both algebraically (that
is, for all o € mw(M,p) the sequence {pn(c)} converges to Holp(0)), and geometri-
cally (that is, the sequence of discrete groups {pn(m1(M,p))} converges geometrically to

Holps (71 (M, p))).

It can be proved that if a sequence {(M,,, p,)} converges to (M, p) in MB, then it also
converges to (M, p) in the pointed Hausdorff-Gromov sense, see [CEMO06].

Next we want to give the following ad hoc definition concerning the convergence of
geodesics.

Definition. With the above notation, we will say that a sequence of parametrised closed
geodesics {py: [0,1] — M,} converges to ¢: [0,1] — M if for all n there is a lift of ¢,
(with respect to the covering map )

Gn: [0,1] — H3,
such that the sequence of maps {@,} converges pointwise to a lift of ¢ (with respect to

the covering map ).
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Remark. The above definition coincides with the more general (and natural) definition
of convergence of maps {f,: X, — Y}, where {X,,} and {Y,,} are sequences of compact
metric space converging in the Hausdorff-Gromov sense to X and Y respectively, see
[GP91].

With the above definition, it is quite obvious that the limit of parametrised closed
geodesics is also a geodesic whose length is the limit of the lengths of the converging
geodesics.

Definition. We will say that a sequence {¢,} of closed geodesics, with ¢, € C(M,),
converges to ¢ € C(M) if for all n we can choose parametrisations of ¢, converging to a
parametrisation of ¢ (in the sense of the above definition).

Again the following result holds in a more general context, see [GP91]. Tts proof in
our case is quite obvious.

Theorem 6.12 (Ascoli-Arzela, Grove-Petersen.). Let R > 0 and {¢,} be a sequence of
closed geodesics with ¢, C Br(pn) C (My,prn). If there exists a common upper bound on
the lengths of {¢n}, then {¢n} has a converging subsequence.

6.4 Proof of the continuity

In this subsection we want to prove the continuity of the complex-length spectrum as a
map from M to M(C\ D). An obvious observation is that we can assume that this map is
defined from MF to M(C\ D), since the topology of M is the quotient topology coming
from the forgetful map MF — M.

Hereafter {(M,, E,)} will denote a sequence converging to {(M, E)} in MF. In order
to simplify notation, we will write p, and jio for pusp, M, and pgp, M, respectively. We
want to prove that the sequence of measures {ju,} converges to ps in M(C\ D). Our
first task is to translate this into geometrical terms.

Recall from last subsection, Corollary 6.11, that we have a commutative diagram,

m (M, p) —— PSL(2; C)

HO]]Wn

7"'I(A]\Jnvpn)

Furthermore, the sequence of representations {p,} converges both algebraically and geo-
metrically to Holy,.

Let o € m1(M,p) be a hyperbolic element. The algebraic convergence of {p,} implies
that py (o) is also of hyperbolic type for large n (it follows for instance from the fact that
the set of hyperbolic isometries is open in PSL(2, C)). As a consequence, for large n, the
conjugacy class of i (o) defines a closed geodesic in M,,; moreover, the complex length of
pn(0) is close to that of Holy/ (o).
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Let 0 < a < b. Then, for large n, the map 7: m(M,p) — w1 (My,p,) gives a well
defined map

tapn: {p € C(M) [a <I(p) <b} = {p € C(My) | a <I(p) <b}.

Lemma 6.13. Assume that for all 0 < a < b not in the real-length spectrum of M there
exists N(a,b) such that for all n > N(a,b) the map tqp.p s a bijection when restricted to
prime geodesics. Then {u,} converges weakly to .

Proof. For two real numbers a < b put Dy = {z € C | e* < [2| < €’}. Let f be a
continuous function with compact support contained in the exterior of the unit disk. Take
1 < a < b such that supp f C D, p, with both a and b not in the real length spectrum of
M. Let A={¢1,...,9r} be the set of prime closed geodesics in M with complex length
in Dgp. Therefore, we have

(@)ool / F(2)dpioo )=Zf(/\(%))-

|z|>1

By hypothesis, for n > N(a,b), we have

[ s / FEim(2) = 3™ FOuliman(90))

|z|>1 Dqap i=1

where )\, is the complex-length function of M,,. The algebraic convergence implies
lim Ap(tn,ab(i)) = Algi),
n—oo

and the continuity of f gives

lim f(2)dpn(z) = f(2)dpoo(2).
=00 Jz|>1 |z|>1
Hence, u,, converges weakly to fioo. ]

Next we want to prove that the hypothesis of the above lemma is satisfied. Hereafter,
a and b will denote two fixed positive real numbers not in the length spectrum of M with
a < b. We will write ¢,, instead of 14 .

The following lemma is an immediate consequence of the convergence of {(M,, E,)}
o (M,E).

Lemma 6.14. Let ¢ € C(M). Then the sequence of closed geodesics {tn(p)} converges to
Q.

Proposition 6.15. Let p1,09 € C(M). If v1 # 2 then, for n large enough, t,(v1) #
tn(p2)-
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Proof. We have d(¢1,p2) > 0. The above lemma then implies that for large n also

d(tn (1), tn(p2)) > 0.
]
Proposition 6.16. If ¢ € C(M) is prime, then, for n large enough, v,(v) is also prime.

Proof. Take R > 0 such that ¢,(¢) C Bgr(py) for all n. If the lemma were false, then (up
to a subsequence) for all n, v, (p) = k1), for some integer k,, > 2 and some 1, € PC(M,,).
By Lemma 6.7, the injectivity radius on Bgr(py,) is uniformly bounded from below away
from zero; hence, k, must be bounded from above. Therefore, (up to a subsequence) for
all n, t,(¢) = kb, for some fixed k > 2. The geodesics {¢,,} have bounded length and
are contained in Br(p,); hence, by Ascoli-Arzela (up to a subsequence) they converge to
a geodesic ¥ which satisfies ¢ = kv, contradicting the primality of ¢. O

These two preceding results imply that, for large n, ¢, gives an injective map
{p e PC(M) | a <l(p) <b} = {p € PC(My) | a <I(p) <b},

Next we want to prove that, for a larger n, this map is surjective. We will proceed by
contradiction using an Arzela-Ascoli argument. Before doing this, we need to prove that
we have a control on the set of prime closed geodesics in M,, whose lengths are in (a, b).
This is the content of the following result, which is just an application of the thick-thin
decomposition of a complete finite-volume hyperbolic manifold.

Lemma 6.17. There exists R > 0 such that for alln any prime closed geodesic in (M, py)
of length in (a,b) is contained in Br(pn)-

Proof. Let € > 0 be smaller than a/2 and the Margulis constant. If necessary, take a
smaller € > 0 to guarantee that p, € M, [ ). If ¢ is a closed geodesic in M, of length
I(p) > a, then ¢ must intersect the e-thick part M, [e,00) (otherwise ¢ would be the core
of a Margulis tube in M,, (), and the injectivity radius in that tube would be achieved
by the curve ¢, so a/2 < I(¢)/2 < €, which is absurd). The result then follows from the
fact that the diameter of M,, | ) is uniformly bounded on n. O

Lemma 6.18. There exists N such that for all n > N the following holds: if v, is a
prime closed geodesic in M, of length a < l(¢,) < b, then there exists a prime closed
geodesic in M of length a < (@) < b with @, = ty(p).

Proof. Assume that the lemma is false. Up to a subsequence, for all n there exists a prime
closed geodesic ¢, on M, with I(yy) € (a,b) such that p, # t,(¢), for all v € PC(M)
of length in (a,b). Take the R given by Lemma 6.17. By the continuity of the injectivity
radius, there exists a uniform lower bound € > 0 on the injectivity radius on Bgr(py).
Therefore, by Proposition 6.2, for all ) € PC(M) of length in (a,b),

d(Ln(w)a (Pn) > €.
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Up to a subsequence, {p,} converges to a closed geodesic ¢ in M. It is easily seen that
¢ must be prime. Since I(¢) € (a,b) (recall that a and b do not belong to the length
spectrum of M), the above inequality gives

d(tn (), on) > €.
It contradicts the fact that both {¢,} and {i,(¢)} converge to . O
Proof of Theorem 6.5. Propositions 6.15 and 6.16 prove that ¢, is injective, and Lemma

6.18 states that ¢, is surjective. Then Lemma 6.13 proves that {u,} converges to pico
weakly. O

It remains to prove Theorem 6.6. In order to do it, we can assume that M has k cusps,
and that the sequence {M,} converging to M in M is obtained by performing Dehn fillings
on ! (< k) fixed cusps of M. We must prove that the sequence of (real) length spectrum
measures {/usp My} converges in M(R) to

psp M+ 2(k — 1)50-

By Theorem 6.5, it is enough to prove that there exists § > 0 smaller than the length of
the shortest geodesic in M such that

nh—golo Hisp Mn([ov 6)) - 2(k - l)
In geometrical terms, it is equivalent to the following well known result.

Lemma 6.19. Let {+¢l, ... +¢L} be the core geodesics (oriented and prime) in M,
added on the Dehn filling. Let 55 be the length of the shortest geodesic in M, and § € (0, ds).
Then, for large m, the only prime closed geodesics in My, of length < & are the core
geodesics.

Proof. Take e > 0 smaller than both the Margulis constant and 6/2. Thus M) consists
only of cusps. Since I(¢},) goes to zero as n goes to infinity, for large n, all the geodesics
@l are in M (0,6)- Let T! be the Margulis tube corresponding to ¢!, and {Ct1, ... C*}
be the cusp components of M, o) corresponding to the non-deformed cusps. Let

Fo=T'U---UT,UCH U---UCk c M, g0

For large n, M, [ o0) is homeomorphic to M| ); in particular, M, o has k boundary
components. It implies that, for large n, F,, = M, (), and the result follows. O

We will need the following improvement of Theorem 6.5 in the following subsection.

Proposition 6.20. Let f: C — C be a continuous function with supp f not necessarily
compact but contained in C\ D. Assume that there exists € > 0, and K > 0 such that

K
£ < e

for all z € C. Then we have:



1. For any M € M,
/ 1|f(z)|d,uSpM(z) < o0.
z|>

2. If {M,,} converges to M in M, then

i [ S Ma() = [ fE)d e M),

=00 Jz>1 |z|>1

Proof. Let § be the Margulis constant. Then for all M € M any prime closed geodesic in
M of length > 24 intersects the thick part M5 ). Let M € M, and put p = psp M. Fix
R > 1. By Lemma 6.3, we have

p({e® < |z| < R}) < CR?,

where C' = Ww Then we have
- VOIJVI[JYOO) : ’
oo
[ itee = Y | ) ldu(2)
|z|>R 0 ¥ R2F<|z|<R2k+1
= K
< Taredu(z
kZ_o/R2k<|z|<R2k+1 |z|2te )
< —_ du(z
kZ:O(RQk)HE R2k<|z|< R2k+1 (=)
= K
S Z (70(R2k+1)2

R2k)2+5
k=0

KC X 2262 ygC 1 c’
—_— p = 1 = -,
Re = 2k(2+ ) Re 1— = Re

where C’ is a constant depending only on C, K, and €. The first assertion is then proved.
Now let {M,} be a sequence converging to M in M. Let us put p, = psp My. Since
both diam M, (5 ) and Vol M,, are uniformly bounded on n, the first assertion implies

that there exists a constant C” such that for all n
1

C
[ Gl e) <

Thus we have

/ £(2) (dpin(z) du(z))‘

IN

/ F()(dpn(2) — dp(2))
1<|z|<R

" /lM £(2) (dpinz) - du(z))‘

CII+C/
TR

IN

/ () (dpn(2) — dp(2))
1<|z|<R
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Theorem 6.5 shows that

. '+’
Tim /W FE)dan(z) — du(z))| < ToEE

Since R is arbitrary and independent of both C' and C”, the left hand side of the above
equation must vanish. This proves the proposition. O

6.5 Spin-complex-length spectrum

Let (M,n) be an spin complete hyperbolic 3-manifold, and consider its holonomy repre-
sentation,
HOl(M,n) LT (M, p) — SL(27 C)

If v € w1 (M, p) is of hyperbolic type then,

eM? 0
Hol(M,n)(’)/) ~ ( 0 N2 ) € SL(2,C), Re(A) > 0.

The spin complex length of « is by definition the parameter A\ € C/{4wi). Hence, in
contrast to the usual complex length, e*/2 is well defined (we have a well defined sign
given by the lift of the holonomy). We propose the following definition.

Definition. The (prime) spin-complex-length spectrum of (M, n) is defined by

pop(Mym) = > Sriorses
pEPC(M)

where J, is the Dirac measure centered at x.
Remark. The image measure of ps,(M,n) under the function z + 22 is pgp M.

The results obtained for the length spectrum in the previous subsections extend in a
natural way for the spin-complex-length spectrum, and their proofs will be omitted. To
do that we must consider the space MSF of spin-hyperbolic manifolds with a baseframe.
In this case we have the identification between MSF and the space of discrete torsion-free
subgroups of SL(2, C) with finite co-volume. We topologize MSF in such a way that this
identification becomes a homeomorphism. The quotient spaces MSB and MS are then
defined as in the non-spin case.

Theorem 6.21. The map psp: MS — M(C\ D) is continuous.

As in the non-spin case, we can improve the continuity in the following sense. Notice
that the condition on the decay at infinity must be replaced, since the measure of the ball
Bpr(0) C C under the measure psp (M, 1) is equal to the measure of the ball Bg2(0) under
the measure pug, M.
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Proposition 6.22. Let f: C — C be a continuous function with support contained in
|z| > 1. Assume that there exists € > 0, and K > 0 such that

K

for all |z| > 1. If {(Mp,n,)} converges to (M,n) in MS, then
[ 5@, [ 18 < .
|z|>1 |z|>1

and

lim f(2)dpn(z) = f(2)du(z).

=0 Jlz1>1 |z|>1

Where p = MSp(Mv n) and p, = ,usp(Mm Nn)-

7 Asymptotic behavior

The aim of this section is to establish the asymptotic behavior of the n-dimensional hy-
perbolic Reidemeister torsion. More concretely, we will prove the following result.

Theorem 7.1. Let M be a connected, complete, hyperbolic 3-manifold of finite volume.

Then
lim log [Tok+1(M)| _VOI(M).

k—oo  (2k+1)2 47

In addition, if 1 is an acyclic spin structure on M, then

- log [T (M) Vol(A)
k—o0 (2]{7)2 47 ’

For a compact manifold, the above result is due to Miiller, see [Miil]. In this case, we
can consider 7,(M;n) for all n (i.e. there is no need to consider the normalized torsion

Tn(M,n)).

Theorem 7.2 (W. Miiller, [Mill]). Let (M,n) be a connected spin-hyperbolic 3-manifold.

Then we have:
L log| ru(Min)| __ Vol(M)

n—o0 n2 47

The proof given by Miiller is based on the fact that the Reidemeister torsion coincides
with the Ray-Singer analytic torsion for a compact manifold. Since a priori the Ray-Singer
torsion is not even defined for non-compact manifolds, it seems difficult to adapt Miiller’s
proof to the non-compact case. Nevertheless, Miiller’s techniques are still powerful in
the non-compact case, and will play a crucial role in our proof of Theorem 7.1. Roughly
speaking, our approach will consist in approximating the cusp manifold M by compact
manifolds obtained by hyperbolic Dehn filling; then we will apply Miiller’s theorem to
these compact manifolds and the surgery formulas for the torsion stated in Section 5. The
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continuity of the (spin-)complex-length spectrum established in Section 6 will allow us to
handle this limit process.

The distribution of this section is as follows. The first subsection is an exposition of
the notions concerning the Ray-Singer analytic torsion and Ruelle zeta functions that will
be needed in the subsequent subsections; that subsection ends with Wotzke’s theorem in
dimension three, which gives the relationship between Ruelle zeta functions and the Rei-
demeister torsion invariants that we are studying. In the second subsection, we will state
the theorem by Miiller from which he deduces the asymptotic behaviour for the compact
case. That theorem establishes a formula for the Ray-Singer analytic torsion, which will
be the essential ingredient for the proof of Theorem 7.1 given in the last subsection.

7.1 Ruelle zeta functions

Let M be a differentiable closed n-manifold with a Riemannian metric g. Let us assume
that we have an acyclic orthogonal (or unitary) representation of the fundamental group

p: mM — O(n).

The analytic Ray-Singer torsion T'(M;p), introduced by Ray and Singer in the seminal
paper [RST71], is a certain weighted alternating product of regularized determinants of the
Laplacians

AT QUM E,) — QUM; E,).

A theorem proved in [RS71] states that the Ray-Singer torsion is independent of the chosen
metric. Hence, it is usually denoted simply as T'(M; p), without making reference to the
metric g.

In the paper mentioned above, Ray and Singer conjectured that the Reidemeister
torsion 7(M;p) agrees with the analytic torsion T(M;p). This conjecture was proved
independently by Cheeger and Miiller in [Che79] and [Miil78] respectively. In [Miil93],
Miiller extended the definition of the analytic torsion to unimodular representations

p: mM — SL(n, C).

As in the orthogonal case, this definition requires a Riemannian metric, but, in con-
trast to the orthogonal case, this new analytic torsion is only metric independent for odd
dimensions. In that paper, Miiller also proved that both the analytic torsion and the
Reidemeister torsion agree for an odd dimensional closed manifold.

An important part of this story concerns the relation between the Ray-Singer torsion
and Ruelle zeta functions for a compact negatively curved manifold M. Since it will play
a crucial role in the proof of our main theorem, we will spend the rest of this subsection
to explain it.

Let T be a torsion free co-compact subgroup of Isom™ H", and let M = H"/T be the
corresponding hyperbolic manifold. The classical Ruelle zeta function associated to M is

formally defined as
R(s) = H (1- 6_51(7)),

[v]ePC(T)
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where [(y) is the length of the prime oriented closed geodesic defined by the prime con-
jugacy class [y] of I'. The region of convergence of R(s) can be determined using the
asymptotic behaviour of the number of closed geodesics of length less or equal than a
given value. To that end, define P(t) as

P(t) = #{ 1] € PC(T) | 1(7) < t}.

Margulis studied the function P(t) for a closed manifold of negative curvature in [Mar69].
Among other things, he proved that

P(t)

oo eht /ht v
where h is the topological entropy of the geodesic flow. The topological entropy of a
hyperbolic manifold of dimension n is h = n — 1. Using Margulis’ result, the region of
convergence of R(s) is easily seen to be

{s€C|Re(s)>n—1}.

In [Fri86], Fried gave the following generalization on the definition of the Ruelle zeta
function. Given an orthogonal representation p: w1 (M) — O(d), which need not to be
acyclic, the twisted Ruelle zeta function associated to p is defined as

R,(s) = H det (Id - p(’y)eiSl('y)) .
hylePC(T)

The region of convergence of R,(s) is the same as the one of the classical Ruelle zeta func-
tion (here we are using that p is an orthogonal representation). In that same paper, Fried
proved that R,(s) has a meromorphic extension to the whole complex plane; moreover,
if p is acyclic, then R,(s) is regular at s = 0 and |R,(0)| = T(M;p)? (if p is not acyclic,
R,(s) can have a pole at s = 0, and T'(M; p)? is equal to the leading term of the Laurent
expansion of R,(s) at the origin).

In a posterior paper [Fri95], Fried proved that for a general representation p: m M —
GL(d; C) the twisted Ruelle zeta function R,(s) has also a meromorphic extension to the
whole plane. However, he was not able to prove its relationship with the Ray-Singer ana-
lytic torsion. Nevertheless, three years later U. Brocker proved in his thesis a similar result
for representations of the fundamental group that are restrictions of finite-dimensional irre-
ducible representations of Isom™ H" = SOg(n, 1), see [Bré98]. According to Miiller [Miil],
the methods used by Brocker are based on elaborate computations which are difficult to
verify. Nonetheless, this problem has been overcome by Wotzke in his thesis [Wot08]. The
following subsection is dedicated to state Wotzke’s Theorem in dimension 3.

7.2 Wotzke’s Theorem

Let (M, n) be a connected, closed, spin-hyperbolic 3-manifold. If T" is the image of 71 (M, p)
under the Holyy,), then
(M,n) =T\ SL(2; C)/SU(2).
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Let p be a real finite-dimensional representation of SL(2; C), regarded as a real Lie group.
Denote by 6 the Cartan involution of SL(2; C) with respect to SU(2), and put pg = po 6.
Let E, — M be the flat vector bundle associated to p. Introduce some metric on E,, and
consider the Laplacians AY: Q"(M; E,) — Q" (M; E,).

Theorem 7.3 (Wotzke,[Wot08]). With the above notation, the following assertions hold:

1. If pg is not isomorphic to p, then R,(s) is reqular at s =0 and

|R,(0)| = T(M;p)>.

2. Assume that p o 0 is isomorphic to p. If p is not trivial, then the order h, at s =0
of R,(s) is given by
3
hy, =2 Z(—l)q dim ker A?,
q=1
and for the trivial representation we have h, = 4 — 2dimH'(M;R). The leading
term of the Laurent expansion of R,(s) at s = 0 is given by

T(M; p)*she.

Remark. The Cartan involution of the real Lie algebra s[(2; C) is given by 0(X) = ~X'
It can be checked that a complex representation p of SL(2; C) is not equivalent to p o 6.

7.3 Miiller’s Theorem

Let us retain the same notation as in the previous subsection; in particular, M will be
assumed to be closed. For n > 0, let p, be the n-dimensional canonical representation of

(M, n),
pn: T (M,p) 2T — SL(n; C).

Miiller’s theorem on the equivalence of the Reidemeister torsion and the Ray-Singer
analytic torsion implies that

T(M; pny) = [ 7(M; pn)|-

Let us denote by R,(s) the Ruelle zeta function associated to the representation py,.
Wotzke’s Theorem gives
| Rp, (0)] = [ 7(M; pu) .

Following [Miil], the Ruelle zeta function R, (s) can be expressed in terms of the following
related Ruelle zeta functions,

Ri(s)= [ (1—on(y)e ),

[v]ePC(T)
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where oy (7y) is defined by

O'k('Y) _ ekiIrn AX)/2 eki&('y)/Q,

with 6(~y) the geometric spin torsion of the closed geodesic defined by ~. A straightforward
computation then shows that

By (5) = [ Ru-asls = (/2= R).

k=0

The following theorem by Miiller relates the Reidemeister torsion, Ruelle zeta functions
and the volume of the manifold M.

Remark. Miiller uses in [Mil] the notation 7, to designate the representation coming
from the nth symmetric power, so his 7, is our pp41.

Theorem 7.4 (Miiller [Miil]). Let (M, n) be a closed spin-hyperbolic 3-manifold, and for
m > 3 let py, be its m-dimensional canonical representation. Then we have the following
equations,

7(M; pam+1) m )
og 7(M; ps) kg og | Rax (k)| ﬂ_VO (m(m+1)—6),
-1
(M, n; pam) e ) . 2
log | o | = 22108 | Baky (B o )= Vol M(m” —4
og T(M,n;m) ; Og | {12k +1 + 2 - o (m )

Miiller then deduces Theorem 7.2 from the following lemma, [Miil].

Lemma 7.5. For a closed spin-hyperbolic 3-dimensional manifold (M,n) there exists a
constant C > 0, depending only on the manifold M, such that for all m > 3, we have

m m—1
> flog|Ra(k)|| < C, Y |log
k=3 k=2

1
Ropy1 <k+ 2) H < C.

7.4 The noncompact case

Let (M,n) be a compactly approximable spin-hyperbolic 3-manifolds of finite volume. In
this subsection we want to prove that Theorem 7.1 holds for (M, n) as well. We will do
this by proving that Theorem 7.4 holds also for (M, 7).

The definition of the Ruelle zeta function R, for (M,n) is obvious if we define it in
terms of prime closed geodesics; more concretely, we define

R, (s) = H det (Id - pn(go)e_Sl(@)> :
EPC(M)
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Of course, it makes sense also to define

B = [ (1-oulo)e?).

EPC(M)

The function R,, (s) is related to the functions R(s, oy) in the same way as in the compact
case. The estimations concerning the growth of closed geodesics in M imply that R(s, oy)
converges for Re(s) > 2. More accurate estimations will probably allow to conclude that
the region of convergence of R(s,oy) is exactly that half-plane. Therefore, the region of
convergence of R, (s) contains the half-plane Re(s) > 2+ n/2.

It is worth noticing that the following equation holds.

Lemma 7.6. For k > 3 we have:

log

R, (’;)\ - /Izl>llog|1z—'f|dusp<M,n><z>. o)

With the same notation as in Section 5, we have the following formula.

Lemma 7.7. Let (p,q) € Ay, and A = {£0p /45> £, /q,} be the prime oriented
core geodesics in M, added in the Dehn filling. For an integer m > 3, we have

l m—1
(M| (m—2)(m+2) i
log 127/q - _lewﬂ/q) VOI( P/q)(m —4)+ Z Bgléip
T(M;p4'") i=1 k=2
where
Bf/q = Z log ‘1 — efj)‘p/q(ﬂo)/Q"
«pEPC(MP/Q)\A

Proof. For the sake of simplicity we will prove it only for one-cusped manifolds. The
surgery formula given by Lemma 5.7, yields

T( /qap2m - —(L4K)N(
log P em/ Z Og‘( (wp/q)_l) (e (2+ ) Sﬂp/q)_l)’.
(M; ph)) k=
It follows that,
p/q m—

7(Myyq: ) T(M
r(Mp/q;pi/%(M;pé’/q

log

S L0 1) 08|

Since M,,/, is compact, Miiller’s Theorem 7.9 gives

(Mg Por) | 1
log Lf,/q Z R’Q’é‘il <k+ 2) - —Vol( M,,,)(m? — 4).
/q,p4 ) k=2
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From these last two equations, we get

T(M; Pi/q) = p/q 1 1 2
—log | ————| = Z log | Ryt | K+ 5 )| — =Vol(M,/,)(m* —4)
7(M; o) k=2 2 T
m—1

_ log ‘e(%ﬂc)x(sop/q) _ 1‘ ‘e—(§+k)x(¢p/q) 4]

Using the expression

1 -
log |RY (k + 5) = log|1 - ekt N ena) 2 4 gRIa

the above equation is written as

tog | T80 | N 1= enht2 o)
og|l———— 0g
- M;pZ/Q) P |e(%+k)/\(¢p/q) _ 1He—(%+k)/\(%’p/q) —1

A=

m—1
Vol(Myg)(m? —4) + > By .
k=2

We have,

‘1 — 6_(k+%))‘(@p/q) |2

|e(%+k)>‘(50p/q) — 1”@7(%+k)>\(¢p/q) _ 1|

= e_(%'i'k) ReXep/q)

Hence, summing up the terms, we get

’”flog< 1= DG >:<m2><m+2>

l
|e(%+k))‘(50p/q) _ 1||€7(%+k)>‘(tpp/q) _ ]_| 2 (gop/q)?

k=2

and the lemma follows. O
Lemma 7.8. With the same notation as in the preceding lemma, for k > 5 we have

w(3)]

Moreover, the following series is absolutely convergent

- k
Zlog Ry, <2> ‘ .
k=5

Proof. Let § be the length of the shortest closed geodesic in M. By Lemma 6.19, for (p, q)
large enough, the only prime closed geodesics on M,,/, whose lengths are less than §/2 are
the core geodesics A = {+¢, /q,,- -, ET¥p,/q }- In that case,

Bi/q = Z log ‘1 - e_kA(‘p)/Ql = / log|1 — z_k|d,up/q(z).
PEPC(M,,)\A l2[>e/4

lim Bg/q = log
(p,g)—o0
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where ji,/, = pisp(Mp;q,Mp/q). Now we want to apply Proposition 6.22. We shall show
that for large |z| we have

\1og|1—z*’“||§§;, for k > 5, (10)

where C is some constant. First notice that for w € C with |w| < 1 the following inequality
holds
log |1 — w|| < —log |1 — |w]|.

On the other hand, for |w| small enough,
—log 1 — [w]] ~ |w].

Inequality (10) then follows easily from the last two inequalities. Therefore, we can use
Proposition 6.22 to conclude that
k
m(3)]
Finally, if pn = psp(M, 1), we have

o k/‘ o
S flog i ()| = X[ w4 Hlance)
k=5 k=5 7 121>22

lim Bz/q = log
(p,g)—o0

log

C

< —rdu(z)

§/|z|>e‘5/2 |Z|k

c 1

= ————du(z

/|:/:|>e5/2 |Z|5 1- ﬁ )

C 1
< — ——du(z) < oo,
— 1-—ed2 z|>es/2 |2 Hz)
the last integral being finite by Proposition 6.22. O

Finally, letting (p, q) go to infinity in the equation of Lemma 7.7, using the continuity
of the complex-length spectrum, the continuity of the volume, and the fact that the lengths
of the core geodesics ap; /q 20 to zero, we deduce the following generalization of Theorem 7.4
for even dimensions n. In the following theorem we have also included the odd dimensional
case, as its proof is handled in a similar way.

Theorem 7.9. Let M be a complete hyperbolic 3-manifold of finite volume. Then for
m >3
Tom+1(M

)
o8 | == )

m
1
’ = log|Rox(k)| — — Vol M (m(m +1) = 6).
k=3
If in addition M is enriched with an acyclic spin structure, then for m > 3

log

7—2m(M7 77)‘ s
— | = 1
Ta(M,n) 2 log

1 1
Rojy1 (k: + 2) ‘ — = Vol M (m? — 4).
s
k=2
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The proof of Theorem 7.1 now follows easily.

Proof of Theorem 7.1. Theorem 7.9 and Lemma 7.8 imply that

. log|Tn(M,n)] Vol M
lim 5 — .
n—00 n 47T

8 Reidemeister torsion and length spectrum

The results of last section, especially Theorem 7.9, show that there is a close relation-
ship between the spin-complex-length spectrum of a complete, acyclic, spin-hyperbolic
3-manifold of finite volume (M, n) and its higher-dimensional Reidemeister torsion invari-
ants. In this section we want to focus on this question; more concretely, we want to study
at what extent the sequence {7,(M,n)} determines the spin-complex-length spectrum
of the manifold. The equivalence between these two invariants should be regarded as a
geometric interpretation of the information encoded in these invariants.

Definition. We will say that two (spin-)hyperbolic 3-manifolds are (spin-)isospectral if
the have the same prime (spin-)complex-length spectrum.

The notion of isospectrality, as stated in the above definition, is considered by C. Maclachlan
and A.W. Reid in [MRO3]. They prove the following theorem.

Theorem 8.1 (C. Maclachlan and A.W. Reid, [MRO03]). For any integer n > 2, there are
n isospectral non-isometric closed hyperbolic 3-manifolds.

As an immediate consequence of Theorem 8.1 and Wotzke’s Theorem 7.3, we get the
following result.

Theorem 8.2. For any integer n > 2, there are n non-isometric, closed, hyperbolic 3-
manifolds My, ..., M, such that for all k > 0,

|7'2k+1(Mi)| = |7’2k+1(Mj)|, fOT all i,j = 1,...,n.

Unfortunately, we will need to weaken the notion of isospectrality, and rather consider
isospectrality up to complex conjugation. Before giving its definition, let us make the fol-
lowing considerations. Let (M,n) be a spin-hyperbolic 3-manifold, and let (M,n) be the
corresponding spin manifold with the orientation reversed (here we are using the canonical
one-to-one correspondence between spin structures on M and M). The relationship be-
tween the spin-complex-length spectra of these two manifolds is easily established. Indeed
we have:

pp(Mym) = D S,
pePC(M)

Hsp (Mv 77) = Z 63@/2’
EPC(M)
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where \(p) is the spin-complex-length function of (M,n). Notice that ug,(M,n) is the
image measure of yi,(M,n) under the complex conjugation map.

Definition. We will say that two complete spin-hyperbolic 3-manifolds (My, ;) and
(My,m2) are spin isospectral up to complex conjugation if they have the same spin-complex-
length spectrum up to complex conjugation, that is,

prsp (M1, m1) + psp(My,m) = psp(Ma, m2) + prsp(Ma, 12).

The definition for “non-spin” manifolds is analogous.

Remark. The reason to consider isospectrality up to complex conjugation is essentially
that Wotzke’s Theorem 7.3 is an equality between the moduli of the Ruelle zeta function
and Reidemeister torsion; if we had also equality between the arguments, then there should
be no need to consider isospectrality up to complex conjugation.

Remark. If two complete spin-hyperbolic 3-manifolds are spin-isospectral up to complex
conjugation, then they have the same real length spectrum. The same holds true for
non-spin manifolds.

Theorem 8.3. Let (M1, m), (Ma,n2) be two complete spin acyclic hyperbolic 3-manifolds
of finite volume. Assume that there exists N > 4 such that for all n > N we have

| Tn(My,m)| = |To(Ma, 12)|-
Then the following assertions hold:

1. The spin manifolds (My1,m) and (Ma,n2) are spin-isospectral up to complex conju-
gation. In particular, they have the same real length spectrum.

2. The equality |Tn(My,m)| = |Tn(Ma,n2)| holds for all n > 4.

The proof of Theorem 8.3 will be given in Section 8.2. Before doing that, we need a
result on complex analysis which we prove in the following subsection.
8.1 A result on complex analysis

The aim of this subsection is to provide a proof of the following analytical result needed
to prove Theorem 8.3. We are indebted to J. Ortega-Cerda, N. Makarov, and A. Nicolau
for the proof of Proposition 8.6.

Proposition 8.4. Let i be a Radon complex-valued measure with compact support supp p
contained in the interior of the unit disk D. Assume that p satisfies the following condi-
tions:

1. C\ supp p is connected.

2. supp i has zero Lebesgue measure.
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3. There exists a positive integer N and a holomorphic function 1 on the open unit

disk with 1¥(0) = 0, ¢'(0) = 1 such that

P(=") _
/D ~—dp(z) = 0.

z

for alln > N.
Then = 0.

We will prove first the particular case of the above theorem given by taking ¢ = Id.
After this, we will show that if ¢ is any holomorphic function on the open unit disk with
¥(0) = 0 and ¢'(0) = 1, then for all N > 0 the linear span of {%}nZN is dense in the
space of holomorphic functions on the open unit disk endowed with the topology of the
uniform convergence on compact sets.

A way to prove Proposition 8.4 is to use the Cauchy transform. If i is a Radon complex-
valued measure compactly supported in the complex plane, then its Cauchy transform is

defined by
- du(z
1i(¢) = / k)
cz—¢
We will need only the following properties of the Cauchy transform, see [Gam69).

Proposition 8.5. Let C be the Riemann sphere. The Cauchy transform has the following
properties:

1. 1(¢) is analytic on C \ supp i and vanishes at infinity.
2. If i = 0 Lebesgue-almost everywhere, then p = 0.

With this result we can prove the following particular case of Proposition 8.4 mentioned
above.

Proposition 8.6. Let p be a Radon complez-valued measure compactly supported in the
complex plane that satisfies the following conditions:

1. C\ supp p is connected.

2. supp i has zero Lebesgue measure.

3. For alln >0, [5z"du(z) = 0.
Then pu = 0.

Proof. Let [1(¢) be the Cauchy transform of p. We know that i(¢) is analytic on a\supp 1
and vanishes at co. Take |(] large enough so that |2/{| < 1 for all z € supp . Then, we

have
o fdu() L fdps) 1 [
e = [ 242 - I I IGRL

n>0

o1



The last term being zero by hypothesis. Thus 7 is identically zero in a neighbourhood
of 0o, and hence it must be identically zero in C \ supp i, as C \ supp i is connected.
Since supp p has zero Lebesgue measure, we have i = 0 Lebesgue-almost everywhere.
Proposition 8.5 then implies that that u = 0, as we wanted to prove. ]

Now, to prove Proposition 8.4, it remains to prove the following result.

Proposition 8.7. Let H(D) be the space of holomorphic functions on the open unit disk
endowed with the topology of the uniform convergence on compact sets, and let ¢» € H(D)
such that ¥ (0) = 0 and ¢'(0) = 1. Then, for all N > 1, the linear span of

{wz(?]zj) }k>N

Remark. Since we have not been able to find this result in the literature we provide a
proof of it.

is dense in H(D).

In what follows, 1(z) will denote a fixed holomorphic function in H(D) such that
¥(0) = 0 and ¢’(0) = 1. Thus we have,

W(z)=z+ Zwkzk, for all z € D.
k>1

The fact that the linear span of the monomials {z"},>¢ is dense in H (D) implies that
Proposition 8.7 is equivalent to say that for all n > 0 there exists a sequence {a} };>n of

complex numbers such that
k
z
"= Z azw(N )’

z
k>N

with the right hand side converging uniformly on every compact set of D. Using the
power series expansion of ¢(z), the above equality yields a linear system with {a} }1>n as
unknowns. Since 1(0) = 0 and ¢/(0) = 1, this system is lower triangular with ones in the
diagonal, and hence it has a unique solution. The difficult point is to prove the convergence
of the corresponding sequence. Fortunately, we can proceed in a slightly different way.

Let us denote by H(Dpg) the space of holomorphic functions on the open disk of radius
R,

Dr={z€C||z| < R}.

We will work with the Bergman space on Dpg, which is defined by

A2(Dg) = {f e HDR) | [ 1F(2)PdAG) < oo} 7

Dgr

where dA(z) is the usual area measure, see [HKZ00] for details. It is well known that
A%(Dg) is a Hilbert space with respect to the following inner product (see [HKZ00]),

(f.9) = (2)9(2)dA(2).

f
Dr
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The reason to consider A%(Dg) instead of H(Dg) is due to the fact that it is a Hilbert
space (thus it is a priori easier to deal with), and to the fact that convergence in the former
implies convergence in the latter, as expressed by the following result (see [HKZ00]).

Proposition 8.8. If a sequence of functions {f,} in A%2(Dg) converges to f in A%(Dg),
then {fn} converges to f uniformly on each compact set of Dg.

For 0 < R < 1, consider the linear operator Ay: A?(Dg) — A?(Dg), with domain the
linear space of monomials, defined as follows:

a0 = 1,
Ap(z") = (") =2"+ Z@%—Z”j for n > 1.

Jj=2
The following result shows that A, is a bounded operator.

Proposition 8.9. For R < 1, let Ay, = I+ By. Then By: A*(Dg) — A%*(Dg) is Hilbert-
Schmidt. In particular, By is compact and Ay is bounded.

Proof. A basis of A?(Dp) is given by the following functions, which are just normalizations

of the monomials {*},
n+1l z
bn(z) = \/7Rn+1

To be Hilbert-Schmidt then means that

> (By(n), By(¢n)) < 00

n>0

In terms of the basis {¢,}, By is written as follows: By(¢o) = 0, and for n > 1,

n+1 1 i /nt1l 1 b nitl
By(én) = |/ — WZ%Z]_VTR”“Z%VWRJ Pnj
>2 i>2
_ [P L pnGi-1)y
B Z% nj+1 Oni-

Therefore,
ntl o, 2[¢;]? "
S (Bul6n) Bulow)) = 33l ooy < SO AGE S gy
n>0 n>15>2 J = 7 S
ZQW?P R2(1A27'1)1 < 72 2 2 ZW)]."QRQ]'.
= 1 — R2G-1 R(1-R?) & )

The last series is finite because it is exactly 7 times the square of the norm in A?(Dg) of
(¥(z) — z)/z. Indeed,

Y(z) - = || )
H = S W [ gy = 7 X s

A2(DRr)  j>1 j=1

RQ(JH)
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Corollary 8.10. For R < 1, the operator Ay: A*(Dg) — A*(Dg) is invertible.

Proof. We have Ay = I + By, with By, a compact operator. The matrix of the operator
Ay in the basis {¢,} is lower triangular, and has ones in the diagonal; hence, the kernel
of Ay is trivial, and the Fredholm alternative implies that A, is invertible. ]

Corollary 8.11. The linear span of {1,(z),v(2?),...} is dense in H(D).

Proof. Let us fix g(z) € H(D). Let 0 < R < 1. By the above corollary, there exists
fr(2) € A%2(Dg) such that Ay (fr) = g. Then we have

= Zan(R)z",

n>0

and the series ag(R) + >, 51 an(R)¥(2") converges to g in A%(Dg), so it converges uni-
formly to ¢ in every compact contained in Dp. Since fr(z) also belongs to A2(Dp:) for
all 0 < R’ < R, and is holomorphic, the coefficients a,(R) are independent of R, so
an(R) = an. Hence ag + )~ ant(2") converges to g in every compact set contained in
the unit disk, and this proves the result. ]

The proof of Proposition 8.7 now follows easily.

Proof of Proposition 8.7. Consider the following linear subspace of H(D)
Cn={¢ € H(D)|¢$P(0)=0,0<j<N-1}.

Since the derivative is continuous in H (D), Cy is closed in H(D). By the preceding
corollary, it follows that Cy is the closure of {1(2"),¥(2N¥*1),...}. On the other hand,
C is homeomorphic to H (D) via the linear map
H (D) — C N
$(z) = 2Ng(2).

Therefore, the closure of the linear span of {%}ka)}kz ~ is the whole H(D), as we wanted
to prove. n

8.2 Isospectrality and torsion

We start this subsection with the proof of Theorem 8.3.

Proof of Theorem 8.3. We can assume that N > 6. Let us put pu;

= psp(M;,m;) and
1; = psp(M;,m;i), for i = 1,2. From Theorem 7.9 we deduce that for k > 3

Tak+3(Mi) 2(k+1)
lo = log|R k+1)| — ——= Vol M;
& Tok+1(M;) gl %H( )
Tok+2(M;) 1 2k +1
log | 222"V = log |[RM: (K — Vol M;.
o8 Tk (M;) %8 o (Mg T
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By hypothesis, for all n > N, [T, (M1, m)| = |Tn(M2,m2)|. Then, by Theorem 7.1, we have
Vol M1 = Vol Ms. On the other hand, by Lemma 7.6, we have:

M, (TN g
R; <2>‘ —/ log |1 — 277 |du; (2).
|z|>1

Therefore, for all n > N + 1, we have

log

/ el == (2) = / log 1 — ="|djua(2). (11)
z|>1

[z|>1
On the other hand,
[ 2oglt st = [ oL M) + [ do(1- 2 dm(a)
[z|>1 [z]>1 [z]>1
1

Let v; be the image measure of u; + fi; under the map z + -. Then Equation (11) is
equivalent to,

/Z<1 log(1 — 2™)dv1(z) = / log(1 — 2™)dws(2),

|z|<1

for all n > N + 1. The measure v; is not Radon since any neighbourhood of the origin has
infinite measure. Nevertheless, by Proposition 6.22, 2°v; is finite. Hence, v = 2Nt (1) —1s)
is a Radon measure that satisfies

log(1 — 2™)
~/|Z|<1 wd’/(z) =0, foralln>N+1.

Now we can apply Proposition 8.4 with ¢ (z) = —log(1 — z) to conclude that v = 0, which
is equivalent to say that

M1+ g = p2 + .

The first part of the theorem is then proved. The second part is now easily deduced by
using the first part and Theorem 8.3. O

A similar proof shows that the following result holds.

Theorem 8.12. Let My and Ma be two complete hyperbolic 3-manifolds of finite volume.
Assume that there exists K > 2 such that for all k > K we have

| Tok+1(M1)| = [Taps1(M2)].
Then the following assertions hold:

1. The manifolds My and My are isospectral (as “non-spin” manifolds) up to complex
conjugation. In particular, they have the same real length spectrum.

2. The equality |Tok+1(M1)| = |Tokr1(Mz2)| holds for all k > 2.
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Proof of Theorem 8.12. The proof is the same as the proof of Theorem 8.3, but considering
only odd dimensional representations. O

Wotzke’s Theorem 7.3 and the above theorem yield the following result.

Theorem 8.13. Let (Mi,n1) and (Ma,n2) be two closed spin-hyperbolic 3-manifolds.
Then the following assertions are equivalent:

1. There exists N > 2 such that for alln > N,

| Tn(M1,m)| = | Tn(Ma, n2)].

2. The manifolds (M1, m) and (Ma,n2) are isospectral up to conjugation.

Proof. If the first assertion is true, then Theorem 8.3 implies that the two manifolds are
isospectral up to complex conjugation. In order to prove the converse, let us make the
following observation. Let (M,n) be a closed spin-hyperbolic 3-manifold. By definition,
the spin-complex-length spectrum of pi, (M, 1) determines the Ruelle zeta function RpMn (s),
and if we only know it up to conjugation, it determines the following function,

F(s) == RM (s)RM ().

By definition, for Re(s) > 2 + n/2, we have:

RPMR(Q = Rf)\g(s).

Since both right and left hand side of the above equation are meromorphic functions, the
above equality must hold for all s € C. By Wotzke’s Theorem 7.3, we get then:

Far(0) = RM(0)RY(0) = [RM (0)? = |7,(M, n)[*.

The proof that Assertion 2 implies Assertion 1 is now clear. ]
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