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Abstract

We face the well-posedness of linear transport Cauchy problems

ot

C{Ler Vu+cu=f (0,T)xR",
u(0,-) =up € L™ R™,

under borderline integrability assumptions on the divergence of the velocity field b. For lecl vector

fields b satisfying 1201 t)‘ € L'(0,T; L") + L'(0,T; L) and

Tz
divb € L™ 4+ Ex L
P log”L )’

we prove existence and uniqueness of weak solutions when v = 1. Moreover, optimality is shown by
providing examples of non-uniqueness for every 7 > 1. Stability questions and further extensions

to the BV setting are also addressed.

1 Introduction

In this paper, we are concerned with the well-posedness (ill-posedness) of the Cauchy problem of the

transport equation

@—l-b Vu=0 (0,T)xR",
ot (1)
u(0,-) = uo R™.

Here b € L(0, T WIOC) or b € LY(0,T; BVioe), and ug € L. A function u € L*(0,T; Ll ) is called a

weak solution to (1) if for each ¢ € C*°([0,T] x R™) with compact support in [0,7") x R™ it holds that

// dacdt /uoga dxf/ / udiv(bp)dxdt = 0.

We also say that the problem (1) is well posed in L*(0,T'; L*°) if weak solutions exists and are unique,

for any u € L*°.

The classical method of characteristics describes, under enough smoothness of the velocity field b, the

unique solution to (1) as the composition u(t,z) = uo(X (¢, x)), where X (¢, x) is the unique solution to
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the ODE p
— X(t,z) = =b(t, X (¢, x)),
S X(t,) = —b(t, X (t,)) o
X(0,z2) = z.
When there is no smoothness, solutions of (2) are more delicate to understand. In the seminal
work [DPL89], DiPerna and Lions showed that for b € L'(0,T; W\!) satisfying

loc
|b(t, )|
1+ |z

€ L0, T; L) + L'(0,T; L™), (3)

and
divb € L*(0,T; L>),

the problem (1) is well-posed in L*(0,T; L°°). Moreover, the solution is renormalizable, i.e., for each

B € CHR), B(u) is the unique weak solution to the Cauchy problem

%,ﬁ(u)er-VB(u):O (0,T) x R™, @

B(u)(0,-) = Bluo) R™.
Since that, the problem has been found many applications and has been generalized into different set-
tings, let us mention a few below. In a breakthrough paper, Ambrosio [Am04] extended the renormal-
ization property to the setting of bounded variation (or BV) vector fields. Cipriano—Cruzeiro [CiCr05]
found nice solutions of (2) for vector fields with exponentially integrable divergence in the setting of
Euclidean spaces equipped with Gauss measures. Recently, Mucha [Mul0] established well-posedness
for (1) with divergence of the velocity field in BM O with compact support. For more applications and
generalizations, we refer to [ACFS09, AF09, CCR06, CDL08, CL02, FL.10, Sul4] and references therein.

Our primary goal in this paper is to understand to which extent the condition divb € L*(0,T; L>) can
be relaxed so that the initial value problem (1) remains being well-posed in L>°(0,7; L>°). As it was

already shown by DiPerna-Lions, the assumption
divb € L*(0,T; L), for some g € (1,00) (5)

is not sufficient to guarantee uniqueness of solutions X () of (2). As a consequence, uniqueness also
fails for (1) under (5). However, there is still some room left between L? and L, e.g., BMO or even

spaces of (sub-)exponentially integrable functions.

Mucha [Mul0] recently obtained well-posedness of (1) in L°°(0,T; L*°) for V[/li)’c1 vector fields b such
[b(t,2)] .
that ‘Tt € L0, T; LY,

divb € L'(0,T; BMO), and supp(divb) C B(0, R) for some R > 0. (6)

Subko [Sul4] further generalized Mucha’s result by replacing I/Vli)c1 by the local class BV, of vector
fields with compactly supported BM O divergence. A natural question arises here: is the restriction on
the support of div b necessary? At the first sight, one may wonder whether well-posedness holds true if
divb € L'(0,T; BMO) without any further restriction on the support. We do not know if this is true.



By using the John-Nirenberg inequality from [JNG61], one sees that BMO functions are locally expo-

nentially integrable. Thus, assumption (6) easily gives that
divb € L*(0,T;Exp L),

where Exp L denotes the Orlicz space of globally exponentially integrable functions (see Section 2 for a
definition). Nevertheless, it is worth recalling here that no restriction on the support of div b is needed
to get well-posedness if global boundedness is assumed for the divergence, namely divb € L'(0, T; L>).

Therefore, it seems reasonable to investigate if the condition
divb € L*(0,T; L>) + L*(0,T; Exp L)

suffices to get well-posedness. Our first result gives a positive answer to this question. Indeed, we prove

that an Orlicz space even larger than Exp L is sufficient for our purpose.

Theorem 1. Let T > 0. Assume that b € L'(0,T; W,-!) satisfying (3) and

loc

L
divb e LY0,T; L)+ L' (0, T; E — ).
ivbe L' (0,T; )+ (0, ;Exp <10gL)> (7)

Then for each ug € L™ there exists a unique weak solution u € L% (0,T; L) of the transport prob-

lem (1).

See Section 2 for the precise definition of the Orlicz space Exp(ﬁ).

Remark 2. The conclusion of Theorem 1 still holds if we add reaction and source terms. Namely, in

Theorem 1 the same conclusion holds if we replace (1) by

% +b-Vut+cu=f (0,7)xR"
U(O,'):UO Rn’

provided that ¢, f € LY(0,T;L>), and b € L'(0,T; Wlicl) satisfies (3) and (7). The proof works

similarly.

Remark 3. One can still strengthen the borderline a bit more. More precisely, well-posedness still
holds if b € L*(0,T;W,-!) satisfies (3) and, at the same time, (7) is replaced by the less restrictive

loc

condition

L

divb e L'(0,T;L>) + L' | 0,T;E
v (0,75 L%) + XD log L loglogL ... log---log L
~—_———

k
The proof follows similarly to that of Theorem 1.

At this point, it might bring some light reminding the chain of strict inclusions

L L
ExpL C E — E
Xp L C Xp(logL>C Xp log L loglog L ... log---log L
N—

k
In particular, the first one explains the following corollary, which unifies DiPerna—Lions and Mucha’s

results.



Corollary 4. Let T > 0. Assume that b € L'(0,T; W2} satisfies (3) and

loc
divb € L*(0,T; L) + L'(0,T;Exp L).

Then for each uy € L, there exists a unique weak solution u € L*(0,T; L) of the Cauchy prob-
lem (1).

The proof of Theorem 1 will be built upon the renormalization property by DiPerna-Lions [DPL89] and
properties of Orlicz spaces. A key ingredient is an a priori estimate by using the backward equation,
which shows that if u € L*°(0,7; L) is a solution of (1) with the initial value ug = 0, then u €
L*°(0,T;L? N L*). See Proposition 15 below. Indeed, the idea behind this is a kind of multiplicative
property. That is, if uy,us € L*(0,T; L™) satisfy

Ou; .
5; +b-Vu; +c;u=0in (0,7) x R,
then the pointwise multiplication u;ug solves
0
% +b-V(ugug) + (c1 + ¢2) (uruz) =0 in (0,7) x R™.

See Proposition 19 below for the details.

Notice that our assumption (7) on the divergence is too weak to guarantee the well-posedness of the
transport equation in the LP case for finite values of p. To explain this, let us assume for a while that
b generates a flow X (t) = X (¢, x) through the ODE (2). Boundedness of divb guarantees that the im-
age X (t)ym of Lebesgue measure m is absolutely continuous and has bounded density (see [DPL89]). If
div b is not bounded, but only (sub)-exponentially integrable, then one may still expect X (¢)ym << m,

but boundedness of density might be lost. Thus no control on LP norms is expected if p € [1, 00).

At this point it is worth mentioning that the existence and uniqueness of such a flow X (t) is not an easy

issue in our context. Nevertheless, if one assumes % € LY0,T; L) and divb € L'(0,T; L) +
L'(0,T;Exp L), then a unique flow can be obtained as a consequence of the results from [CiCr05]. We

will come back to the flow issue in a forthcoming paper.

We have the following quantitative estimate in LP N L™ case under assumption (7). For an easier
formulation in the case divb € L*(0,T; L>=) 4+ L'(0,T; Exp L), see Corollary 17.

Theorem 5. Let T,M > 0 and 1 < p < co. Suppose that b € L'(0,T; W' satisfies (3) and (7).

loc

There exists € > 0 such that, for every ug € LP N L™ with ||uo||r~ < M and ||uol|}, < €, the transport

problem (1) has a unique solution u and moreover

1 1 r
log log log (7) — logloglog <7) < 166/ B(s) ds,
l[ull o< (0,7;9) l[uoll e 0

where divb = By + Bs and (t) = || B1(t, ')HExp(ﬁ) + || Ba(t, )| -

Relying on Ambrosio’s seminal result [Am04], Theorem 1 admits an extension to the setting of bounded

variation (BV') vector fields.



Theorem 6. Let T > 0. Assume that b € L*(0,T; BVioe) satisfying (3) and (7). Then for every

ug € L there exists a unique weak solution u € L>=(0,T; L>) of the transport problem (1).

Concerning the optimality of (7) in Theorem 1, and after re-analyzing an example from [DPL89,
Section 4.1], we can show that the condition
00 e} : 1 L
be L*°(0,T;L>*), and divbe L' (0,T;Exp | —— for some v > 1
log” L

is not sufficient to guarantee uniqueness.

Theorem 7. Let T > 0. Given v € (1,00), there exists a vector field b € L*(0,T; Wl‘l), that satisfies

loc
L
0o . T oo : 1 .
be L>*(0,T;L>®), and divbe L (07T,Exp(long>)7

such that for each uy € C°(R™) the Cauchy problem (1) admits infinitely many weak solutions u €
L>(0,T; L>).

The proof is based on DiPerna—Lions’ example [DPL89, Section 4.1]. The key point is the construction

of an explicit smooth function vanishing exactly at the points of the one third Cantor set.

Remark 8. Similar examples to that in Theorem 7 can be found in the setting of Remark 3, with a
small modification on the smooth function g (see Step 2 of the proof). More precisely, given vy € (1,00)
and k € {2,3,...}, one can find a vector field b € L*(0,T; W,b!) satisfying (3) and such that

loc

L
(log L) (loglog L) ... (log---log L)Y '
———

k

divbe L' | 0,T; Exp

for which the Cauchy problem (1) admits, for every uy € C°(R™), infinitely many weak solutions
u € L>(0,T; L>).

Remark 9. In the context of Corollary 4, and arguing again as in the proof of Theorem 7, one can
show that the condition divb € L'(0,T;ExpL) cannot be replaced by divb € L'(0,T;Exp(L'/)) if
v > 1.

Remark 10. The example of Theorem 7 admits a further generalization to the setting of the Euclidean

space when equipped with Gaussian measure dvy,. Namely, one can show that the assumption
exp{C|b| + C(| div., b))*} € L*(0,T; L* (v,)) for some ac € (0,1)

does not imply uniqueness of the flow, and therefore uniqueness for (1) also fails. See [CiCr05, AF09,
FL10].

The paper is organized as follows. In Section 2 we recall some basic aspects of Orlicz spaces, and prove
some technical estimates. In Section 3 we prove Theorem 1. Section 4 is devoted to stability results.
In Section 5, we prove Theorem 6. In the last section we prove Theorem 7. Throughout the paper,
we denote by C positive constants which are independent of the main parameters, but which may vary

from line to line.



2 Orlicz spaces

We will need to use some Orlicz spaces and their duals. For the reader’s convenience, we recall here

some definitions. See the monograph [RR91] for the general theory of Orlicz spaces. Let
P :[0,00) — [0, 00),

be an increasing homeomorphism onto [0,00), so that P(0) = 0 and lim;_, . P(t) = oo. The Orlicz

space LT is the set of measurable functions f for which the Luxembourg norm

||f|\LP:mf{A>o;/np<@) dxgl}

is finite. In this paper we will be mainly interested in two particular families of Orlicz spaces. Given

r,s > 0, the first family corresponds to
P(t)=t (log+ t)T (log+ log'kt)S ,

where logtt = max{1,logt}. The obtained L¥ spaces are known as Zygmund spaces, and will be
denoted from now on by Llog" L loglog® L. The second family is at the upper borderline. For v > 0
we set

Pt) = exp{ t > 0. (8)

t
f} 1
(log™ )Y
Then we will denote the obtained LT by Exp(log%). If v =0 or v = 1, we then simply write Exp L
and Exp(ﬁ), respectively. Note that 0 < < 75 implies Exp L C Exp(logﬁ) C Exp(logﬁ). Also,

let us observe that compactly supported BM O functions belong to Exp L. Similarly, we will denote by

L
E
*P 1 log L loglogL ... (log---log L)
——
k
the Orlicz space corresponding to
Pt)=e ! t>0
= X 3 = .
P (log™* t) (log™ log™* t)... (log™ ---log™ )
—_—
k

The following technical lemma will be needed at Section 3.

Lemma 11. If f € Llog Lloglog L and g € Exp(ﬁ) then fg € L' and

Tog L

/, [f(@)g(x)| dz < 2| f]| L10g L 10g 108 L |9/l mxp( -2
Moreover, if f € L N Llog Lloglog L then

||fHLlongoglogL

< 2| ]l (log<e+ 1) + \log(nfnLl)\) (10g10g<ee+ 1) + \logllog(IIfHLl)ll)-



Proof. We refer to [RR91, p. 17] for the Holder inequality. Towards the second estimate, we start by
noting that if f € Llog Lloglog L then f € L' and || f||z1 < | fll£10g L1oglog - By setting M = || f|| Lo,

A= [IFllz+ [log(e + M) + [log(|| f[| 1)} [log log(e® + M) + [log | log([| ]| )1}

and calling
E={zeR": [f(z)] <eA},

[ g (L) s (1121
<t [ e [ A g (L2 g (L)

|f ()] (e—i—M) e+ M
§e+/ log loglog | ——— | dx
R\E A 1 1fllx

| f(2)|log [log(e® + M) + |log || || 1]
set /R"\E | f]lz+ [loglog(e® + M) + [log | log(|| f[|z+)Il] -

Notice that for x > e and y > 0, it holds that

we see that

log(z +y) < 2logz + 2[log y|,

which implies that

[ g (MY g (ML) g,

< €+/ 2|f(z)| [loglog(e® + M) + [log(| log || f[| £+ D]
- r\E [[fllr floglog(e® + M) + [log [log(|| f{| 1)

dx < 2e.

Therefore, we see that

[ () (1)

< / ‘J;Ei)‘ log™ <|f(;)|) log™ log™* (Lf)‘) do <1,

which gives the desired estimate. O

3 Existence and Uniqueness

The main goal of this section is proving Theorem 1. To this end, we will first prove existence and
uniqueness when the initial data is in L N L? for some p € [1,00) (see Proposition 14 below). Later
on, we will use this fact to show in Proposition 15 that any weak solution v € L°°(0,T’; L) to (1) with
vanishing initial data uo = 0 is indeed uniformly square summable, i.e. v € L>(0,T; L?). These two

steps will make the proof of Theorem 1 almost automatic.

We start with an existence result for initial data in LP N L, p € [1,00), which holds under much

milder assumptions on div b.



Proposition 12. Let p € [1,00) and b € L*(0,T; W2!) be such that

loc
divb € L*(0,T; L) + L' (0, T; L™).

Assume also that ¢ € LY(0,T; L>®). Then for every ug € L N LP, there is a weak solution u €
L>(0,T; LP N L*°) to the transport problem

%—i—b-Vu—l—cuzO (0,7) x R™,
u(0,-) = ug R™.

Proof. We will follow the usual method of regularization. Let 0 < peCZ®(R™) be such that [, p(x) dz=

1. For each € > 0, set pe(z) = Z-p(x/€), and be = b* pe, cc = €% pe, Up,e = Up * pe. Since
divb € LY(0,T; L") + L* (0, T; L>),

we have for each ¢ > 0,
div b, = (divd) * p. € L*(0,T; L>).

Therefore, b. and c. satisfy the requirements from DiPerna-Lions [DPL89, Proposition 2.1, Theo-
rem 2.2]. Since ug, € LP N L, it follows that there exists a unique solution u. € L*°(0,T; L? N L)
to the transport equation

Oue

E—l—bé-VUE—I—ceuE:O (07T)><Rn7

ue(0,) = ug e R™.

Moreover, we can bound u. in L>(0,T; L>) as

T
el Lo 0,10y < lluo,el| L= exp {/ llce()]l Lo dt}
0

T
< |luo|| L exp{/ lle(®)]l L= dt} =: M.
0

Therefore, by extracting a subsequence, {ex}r, we know that u., converges to some u in the weak-x
topology of L*(0,T; L>).

(9)

Now, the smoothness allows us to say that

Oluc|?

ot

+ be - V]uelP + pee|uel? = 0.

But we also know that [p, div(be|uc|?)dz = 0, since be|uc|? € WL, Thus, integrating on R™ we get

that
0

—/ |uelP do — / |te|P div be d +/ peelue|? dz = 0. (10)
Our assumptions on divb allow us to decompose divb = By + Bs, where By € L'(0,7T;L') and
By € LY(0,T; L™). By letting By, = By * p. and Bz = Ba * pe, we get from (10) that

T

T
e (D)% < llucly + M / |Buellpdt + / 1Bae — peellz~llucllZ dt.
0 0




We then see that

T T
|Ue(T)||1£p§{||Uo|’ip+M” / |Bl||L1dt} cxp{ / |Bz—pc|mdt}, (11)
0 0

ie., {uc} is uniformly bounded in L°°(0,T; L?). Hence, there exists a subsequence of {ex}x, {ex, }x;,
such that Uy, weakly converges to some 4 € L*°(0,T;LP), if p > 1. For p = 1, notice that, since
{ue} € L*°(0,T; L) with a uniform upper bound independent of €, {u.} is weakly relative compact in
L>(0,T; Li,,). Therefore, there exists a subsequence of {ex }r, {€x, }x,, such that Ue,, weakly converges
to some % € L>(0,T; L'). By using a duality argument, it is easy to see that u = @ a.e., which is the

required solution. Moreover, from (9) and (11), we see that

T
[l os 0.7:2) < ol exp {/ le(®)ll 2o dt}7 (12)
0

and

T T
|u||’zm<o,T;Lp>S{||uo||£p+Mp / |Bl||udt}exp{ / |||szc|||mdt}, (13)

which completes the proof. O
The following commutator estimate is a special case of DiPerna-Lions [DPL89, Theorem 2.1].

Lemma 13 (DiPerna—Lions). Let u € L>(0,T; L) be a solution to the transport equation

%+b~Vu+cu=0 (0,T7) x R™,
u(0,-) = uo R™.
Here b € L'(0,T; W) and ¢ € LY 0,T;LL,). Let 0 < p € CP(R™) satisfy [p, pde = 1, and

pe(z) =€ "p(x/e). Then, uc = u* p, satisfies

Oue
ot

where re — 0 in LY(0,T; LL ) as e — 0.

loc

+b-Vue + cue =7,

Lemma 13 above allows us to prove uniqueness when the initial value is in LP N L*°.

Proposition 14. Let p € [1,00) and assume that b € L'(0,T; W' satisfies (3) and (7). Assume

loc

also that ¢ € L*(0,T; L>). Then, for every up € L= N LP the Cauchy problem

% +b-Vut+cu=0 (0,7)xR",
u(0,+) = ug R™,

admits a unique weak solution u € L>(0,T; LP N L*).

Proof. Since Exp(ﬁ) C LP for every p € [1,00), we know by Proposition 12 that there exists a

weak solution v € L*°(0,T; LP N L*). In order to get uniqueness, it suffices to assume that uy = 0,



because the equation is linear. We start by regularizing the Cauchy problem as in Lemma 13 so we get

a regularized problem

Ou,
ot
ue(0,) =0 R".

+b-Vuec+cue =r. (0,7) x R™,

Also, re — 0 as € — 0 in the L*(0,T; L], ) sense, by Lemma 13. Now, for each R > 0, let 15 € C2°(R")

be a cutoff function, so that
0 <¢gr <1, Yr(x) =1 whenever |z| < R,
c
Yr(z) = 0 whenever |z] > 2R, and |Viygr(z)| < =

By noticing that
dt |ue|pr dr + / b- V‘uelp'wR dx + / pc|ue|pd}R dx = / Tep|ue|p71¢R d.I‘, (15)
Rﬁ. R’Il

and integrating over time, we see that for every t < T

[ el vnde

¢ t t
= / / (divb — pc) |ue|Pyr deds + / / b-Vig|u|P deds + / / replucP Mg dr ds.
0 n 0 n 0 Rn

By Lemma 13 and dominated convergence theorem, letting e — 0 yields

t t
/n lu(t,)|P Yrdx = /0 /Rn (divd — pc) |ul? g dz ds —i—/o /Rn b- Vg |ulP dzds. (16)

Using the assumption (3) on b, and the facts |u|P € L°°(0,T; L' N L>) and |Vt¢r| < C/R, one obtains

lim b Vibrlul? dods| < lim 5D e g as| o,
R—o00 n BO2R\BO,R) 1T |T]
which kills the second term on the right hand side of (16). For the first term, write
divb = B1 + BQ,
where By € L1(0,T; Exp(lOgL)) and By € L1(0,T; L>°). Letting R — oo in (16) yields
¢
/ lu(t, 2)[P dz < / / [ div b| + plef]|ul? dz ds
R7 0o Jrr
¢ t
S/ / | B1||ul? da:ds—i—/ | B2| —i—chLoo/ |u|P dx ds. (17)
0o Jrr 0 Rn

Recall that B; € LY(0,T; Exp(lo 7)) C L*(0,T; LP) for each p € [1,00). This, together with u €
L°(0,T; LP N L*°), further implies that there exists 77 > 0, such that

/ |u(t, z)|P dz < exp {fexp {e + Hu”Loo(O’T;Loo)}} (18)
]Rn

10



for each t € (0,71). For convenience, in what follows we denote by a(t), S1(t), B2(t) the quantities
[ult, e 1Bl L

Tog L
estimate of Lemma 11, we find that

[ 1Blul? do < 2B g
R™

y and ||| Ba| 4+ pel| L=, respectively. Denote [|u|| o (0,7;z) by M. From the first

yIHulPl[ L 10g L1oglog L.- (19)

Tog L

By the second estimate of Lemma 11, the factor |||u|?|| L 10g L 1og log £ is bounded by

261 Bl ) 20) (ot + 20) + g o)) 1ogtonte” + M) + o (o]} ). 20

Notice that by (18) we have

1
log(e + 1) < flog(a(8)| = loz 75
and )
loglog(e® + M) < [log (| log a(t)[)| = loglog o)
a
for t € (0,74). This fact, together with the inequalities (16), (19) and (20), gives
1
) < 166/ B1(s)a(s)log —— loglog —— + Ba2(s)a(s)ds
( ) a(s)
) ) (21)
< 166/ B(s)a(s)log —— loglog —— ds,
a(s) a(s)

where we denote by ((s) the quantity 81(s) + B2(s). We will now use a Gronwall type argument. For

each s € (0,7, let
1 S
a*(s) = exp {fexp {exp {logloglog - — 166/ B(s) ds}}} ,
€ 0

where € > 0 is chosen small enough so that

1 T
a*(T) = exp {—exp {exp {logloglog6 - 16@/0 B(s) ds}}} <exp{—exp{e+ M}}.

From the definition, we see that a* is Lipschitz continuous and increasing on [0, 7). Moreover, for every
t € [0,T] it holds that

1 1
log log ds.
a*(s) a*(s)

Also, we see from (18) that a(t) takes values on [0, exp{—e®*M) if ¢t € (0,T}), and the function s
s|log s|| log(|log s|)| is increasing on that interval. From this, the definition of o* and (21), we conclude
that for each ¢t € [0,T1],

0 <a(t) < a*(t) <exp {—exp {exp {logloglogi - 166/0 B(s) ds}}} .

By letting € — 0, we conclude that a(t) = 0 for each ¢t € (0,7}], which means

—e+16e/5 s) log

u(t,z) =0 in (0,77) x R™

The proof is therefore completed. O

11



We now give in the following proposition an apriori estimate for solutions u € L*(0,T; L*°) to the
transport equation subject to a vanishing initial value. This estimate is the key of the proof of Theo-

rem 1.

Proposition 15. Let T > 0, and assume that b € L'(0,T; Wl’l) satisfies (3) and

loc
divb € L*(0,T; L' N L?) + L' (0, T; L™).

Let u € L*(0,T; L™) be a weak solution of

%M.wzo (0,T) x R™,

u(0,-) =0 R™.
Then u € L*°(0,T; L?).

Proof. Once more, we write divb = B; + By, where now B; € L'(0,T; L' N L?) and B, € L'(0,T; L>).
Let us begin with the following backward transport problem
ov

E—&—va—i—Bgv:O (O,To)XRn,

U(TU7 ) = XK ’U,(To, ) an
where Ty € (0,T], and xx is the characteristic function of an arbitrary compact set K C R™. By
Proposition 12, we see that this problem admits a solution v € L>(0, Tp; L N L), because certainly
X u(Tp, ) belongs to L' N L. Now we regularize both backward and forward problems with the help
of a mollifier 0 < p € C3°(R™), and obtain two regularized problems,

Oﬂgj; +b-Vue=ry (0,T)xR",
uc(0,-) =0 R™,
and
O0v,

It +b- V'Ue + B2 Ve = Ty,e (OvTO) X Rn’

UE(T()? ) = (XK U(To, )) * Pe an

where ue = U * pe, Ve = v * pe, and Ty ¢, Ty e converge to 0 in the L1(0,T; Li

loc
Choose now ¥ € C3°(R™) with g =1 on B(0, R), suppyr C B(0,2R) and |Vyr| < C/R. Then we

multiply the first equation by ve1r, and integrate over time and space. We conclude that

To n
0:/ / <8u6+b~Vu5—ru5>v5wRdxdt
0 R at ’

_ / we(To, @) (xx w(To, ) * pe () ¥r(2) da

) sense, see Lemma 13.

To n (9
—/ / [u ( 5;6 b Vo, + v, divb> VR +ucveh - Vibg + 1 vetbp | dodt
0 R

- / Ty, )Ty ) # pe(a)bn(a) do
To
- / / [(ueveBl + VeTuy,e + ugTy,e) wR + ueveb . V’wR} dx dt.
O n

12



Notice that u, € L%(0,T; L), v, € L>(0,T; L* N L*>) for each € > 0, and 7y,¢,7pc — 0 as € — 0 in
LY(0,T;LL ) by Lemma 13. Letting ¢ — 0 in the above equality yields that

loc

To
/uQ(TOJ:)XK(x)d;R(;r)de/ / luv Byt + [uv|[b - Vibr| da dt.
n 0 R’Il

Using the fact lﬁ—’l?l € LY0,T; LY + LY(0,T; L*°), uv € L>=(0,T; L' N L*°), and letting R — oo, yields

T
/ u?(Ty, x)xx (z) de < / / |uv By | dz dt. (22)
Rn 0 n

Denote by M, M the quantities el oo (0,70; o0y and || B1llz1 (0,71 + | B1ll 10,1512y, Tespectively. Since

v is a solution to the transport equation, by using (13), we see that

To To
0117 0.7:22) < {|u(T0,-)XK||%2 +M2/ / IBlldxdt}exp{2/ | Ba|| o dt}.
0 R 0

By this, the fact Ty € (0, 7], and using the Holder inequality, we get from (22) that

To To
/ (T, )y (x) do < M/ / (0| Bu| da dt < M/ ol 2 |1 By = dt
n O n O

To To
SM (/ ||BIHL2 dt) exp{/ ”BQHLoo dt}
0 0

To 1/2
X {|U(T07')XK||%2 +M2/ / |B1|d;tdt}
0 Ru
~ T N\ 1/2
< MM exp / (| Ba|| o dt {Hu(TO,)XKHLQ +M(M) }
0

An application of the Young inequality gives us that

/n Wy, )k () do < 2002 (12 + (31)?) exp {2/0T 1Ba | dt} ,

where the right hand side is independent of K and Ty. By using the Fatou Lemma, we can finally

conclude that
T
el oria2) < 2M (M) + (M)?) exp {2/ | B2 | dt} ,
0
i.e., u € L>=(0,T; L?), which completes the proof. O
We can now complete the proof of Theorem 1.

Proof of Theorem 1. By [DPL89, Proposition 2.1], we know that there exists a weak solution u €
L>(0,T; L*). Let us prove uniqueness. Suppose that u € L>°(0,T’; L>) is a solution to the equation

%er-w:o (0,T) x R™,
u(0,-) =0 R™.

13



Notice that, since divb € L'(0, T} Exp(ﬁ)) + LY(0,T; L*°), we have
divb € L*(0,T; L* N L?) + L*(0,T; L™).

By Proposition 15, we see that u € L>(0,T;L?), and so u € L>®(0,T; L?> N L>°). Then since divb €
LY(0,T; Exp(logL)) + L1(0,T; L), we can apply Proposition 14 and obtain that such weak solution
u € L>®(0,T; L? N L) is unique. It is obvious that v = 0 is such a unique weak solution. The proof is

completed. O

4 Stability

In this section, we prove Theorem 5, and provide some stability result for the transport equation for

vector fields having exponentially integrable divergence.

Theorem 16. Let T > 0. Assume that b € LY(0,T;W,:') satisfies (3) and (7). Suppose that ug € L>®

loc

and {uf}, € L™ have uniform upper bound in L>°, and uf —ug — 0 as k — oo in LP. Let u, uk €
L>°(0,T; L) be the solutions of the transport equation

%—&—b-Vu:Oin (0,T) x R",

subject to the initial values ug, ulg, respectively. Then

ufF —u — 0, inL%(0,T;LP)

as k — oo.

Proof. Step 1. Let v§ = uf — ug, and v* = u* — u for each k. Denote by
M = k _ k _
= sup gz = sup [lug — uofr=-

Notice that v* is the unique solution in L>(0,T; L>) of

k
%er-wk:o (0,T) x R,

v*(0,-) = vf R™.

On the other hand, by Proposition 14, there exists a unique solution &% € L°°(0, T; L? N L), since v €
LP N L. By the uniqueness, we see that v* = 9¥ € L>°(0,T; L>), and hence, v* € L>(0,T; L? N L*>°).
Write divb = By + Bs, where By € L'(0,T; Exp(ﬁ)) and By € LY(0,7;L*). Then, from the
estimates (12) and (13) of Proposition 12, we see that

10" || Lo (0,75 10) < N0l < M, (23)

T T
|v’€|’zw<o,w><{||v§||’zp+Mp / ||Bl||L1dt}exp{ / |Bz||mdt}. (24)

14
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For each R > 0, let ¥ € C°(R™) be as in (14). Arguing as in (16) we see that

t1 t1
/ (0" ()P — [* (o)) d = / / divh - [o¥Pyr da ds + / / b- Vibr|o*P da ds,

b(t,z)

for any 0 < ty < t; < T. For the second term above, we use |[v*|P € L>(0,T; L' N L>) and Tzl €
LY(0,T; LY) + L' (0,T; L>) to see that
1 p b

lim / / b Vipr|vF P drds| < Jim / / 1b(s, )|| FIP dx ds| = 0.

R—oo | )y Jrn to JBO2RN\BO,R 1+]7]
Thus, with the help of (16) we get that

okl < kol + [ v das
(25)

< o (1), / / By |[o* [P de ds + / 1Ball o 124112, ds

Notice that By € L'(0,T; Exp(ize)) € L'(0,T; L"), and By € L'(0,T; L>). This, together with (24),
(23) and the fact that |[vf||L» — 0, further implies that there exist i, K1 e Nand 0 =Ty < Ty < -+ <
T; < T;+1 = T such that

Tj+1 , Tj+1 X 1 v
[ [ rdsds e [ Bl 1ot ds < G exp(-et ), (26)
T Rn T

for each 0 < j < i and k > K;. For convenience, in what follows we denote by ax(t), 51(t), B2(t)
the quantities |[v*(¢,-)[|%,, | B1(t, Migxp( 2y and || Ba(t,-)|| L, respectively. Denote also 31 (t) + Ba(t)

by B(2). b

Step 2. Let us introduce a continuous function as, for each s € (0,77,

a*(s) = exp {— exp {exp {10glog log 1 16e /S B(s) ds}}} ,
€ 0

where € > 0 is small enough so that

* 1 r 1 e+ M
a*(T) = exp { —exp ¢ exp « logloglog P 166/ B(s)ds < 3 exp(—eftM).
0

From the definition, we see that a* is Lipschitz smooth and increasing on [0, T].

Step 3. Using again that ||vf| 1> — 0, we find that there exists K. > K; such that
ax(0) = [[vg|2, < e, whenever k > K..
Using this fact, and equations (25) and (26), we conclude that

T Th
t><e+/ /|Bl||vk\pdxds+/ 1Ba o 10*|2, ds
0 ™ 0
(

< exp(—e™™M),

15



for each ¢ € (0,Ty]. Therefore, if t € (0,71] and k > K, we have

1
[e33 (t)

log(e + M) < |log ax(t)] = log

and

1
loglog(e® + M) < |log(|log ax(t)])] = loglog ——.
a(t)

By using the first part of Lemma 11, we find for ¢ € (0,731] and k& > K, that

Tog L

/IR | Bul[v*P dz < 2||Billgyp( ) 1017l L 10g L1og 1og £
n

< e Bilpxp( L,y @k (t) [log(e + M) + [log ax(t)]] [log log(e® + M) + |log | log(ax(t)]]]

Tog

oz ak(t) log (ﬁ) loglog (ﬁ) )

which together with (25) yields

< 166”31 HExp(

t
u(t) < 166 | 51 (s)a () log 08108 s+ Aals)n(s) ds + o,

t 1 1
< 16e s)ag(s) lo loglo ds + e.
<160 | B(s)an(s)log 5 Towlor —

Notice that by the definition of a*(¢), we find that

t
af(t) =e+ 16e/0 Bls)a’(s)log oz*l(S) oglog a*l(s) o

Then for each t € [0,T1] and k > K., by the fact ay(t) < e~¢, and the function on t|logt||log(]logt|)|
is increasing on [0, e~¢], we see that
0 < ag(t) < a™(t).

This together with the fact that o*(¢) is increasing on [0, 71] implies
1
0<ai(t) <a*(Th) < 5 exp{—exp{e+ M}}.

Step 4. We can now iterate the approach to get the desired estimates. By the choice of T; (see (26))
and Step 3, we see that for each t € (T1,T3] and k > K.,

Ts T>
on(t) < ax(Th) + / / B[0P de ds + / 1Ball e [0]12, ds
Tl n

Th

< exp{—exp{e+ M}}.

Hence, for all t € (0,T»] and k > K., we have

a(t) < 16e B () (s) log ﬁ() loglog ﬁ 1 Ba(s)a(s) ds + / ot ) do

T
1 1
< 16e s)ag(s)lo loglo ds + ay(0),
| B(s)o(s) 8 on(s) 818 o s k(0)

and, by the definition of a*,

t
a*(t) =e+ 166/0 Bls)a”(s)log a*l(S) toglog 0*1(5) o

16



Therefore, the proof of Step 3 works well for (0, 73], and hence, we see that
0 < ag(t) < a*(t)

for all t € (0,7»] and k > K. Repeating this argument ¢ — 1 times more, we can conclude that for all
t € (0,7] and k > K, it holds

1 T
||Uk||1£oo(07T;Lp) <a*(T) =exp {— exp {exp {log log log P 166/0 B(s) dS} }} ) (27)

which gives the desired estimate, and completes the proof. O
We next prove Theorem 5.

Proof of Theorem 5. Let € > 0 be chosen small enough such that

1 r 1
exp{ —exp | exp < logloglog — — 32e s)ds —exp {— exp{e .
{ { {1g1g1g6 32/06(>d}}}<2 {~expfe + M)}

Then by (27), we know that if ||ug||r» < € and |Jug||re < M, then the solution u satisfies

1 T

Ul|? e 7y < €Xp < —exp ] exp ] logloglog = — 16e B(s)ds ,

L= (0,T;LP) e 0
1 T
ull? g e < €Xp L —exp 4 exp ] logloglog ———— — 16e B(s)ds . 28
Lo (0,T;LP)
o Feoller > Jo
Notice that

1 T
exp{exp {exp{logloglogW — 166/0 B(s) ds}}}
r

1 T 1
<exp{ —exp{ exp logloglog — — 32¢ s)ds —exp {—exp{e )
< { { {lglglg6 32/O B(s)d }}}<2 { {e+ M}}

Therefore, by considering the backward equation and using the estimate (27) again, we obtain

1 T
Hunioo(o,T;Lp) < exp { exp {GXP {loglog log W - 166/ B(s) ds} }} )
Lp 0

which implies that

1 T
lluoll¥» < expq —exp { exp < logloglog —F—— — 16@/ B(s)ds :
”uHLoo(o,T;Lp) 0

Combining this and (28) we get the desired estimate and complete the proof. O

and hence,

Similarly, by considering vector fields with exponentially integrable divergence, we arrive at the following

quantitative estimate. Since the proof is rather identical to the above theorem, we will skip the proof.
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Corollary 17. Let T,M >0 and 1 < p < oo. Suppose that b € L'(0,T; Wl’l) satisfies (3) and

loc
divb € L*(0,T; L) + L*(0,T; Exp L).

Then there exists € > 0 with the following property: if ug € LP N L™ satisfies ||ugllpe < M and

lluoll}» < €, then the problem (1) has exactly one weak solution u satisfying

1
log log 0 —loglog ——

”uHLoo 0.T:LP HUOHLP
(0,T;LP)

T
< 166/ B(s)ds,
0

where divb = By + By and B(t) = || B1(t, - )|exp . + | B2(t, )| e -

5 Extension to BV vector fields

In this section, we shall prove Theorem 6. Let us begin by recalling the renormalization result of

Ambrosio [Am04]. An L' function is said to belong to BV if its first order distributional derivatives are

1

ive function whose first order distributional

finite Radon measures. By a BVj, function we mean any L

derivatives are locally finite Radon measures. See [AFP00] fore more on BV functions.

Theorem 18 (Ambrosio). Let u € L*(0,T; L) be a solution of the Cauchy problem

%+b~Vu+cu=0 (0,T7) x R™,
u(0,-) = uo R™.

Here b € L*(0,T; BVioe) with divb € LY(0,T;LL ) and ¢ € L*(0,T; L ). Then, for each 8 € C*(R)

loc loc

the composition B(u) is a weak solution to the transport problem

%@*b'Vﬂ(U)‘FCUﬁ/(U):O (0,T) x R™,
Bu)(0,-) = Buo) R™.
Proof. See the proof of [Am04, Theorem 3.5]; see also [Cr09)]. O

As explained in the introduction, the following result is a kind of multiplicative property for solutions

of the transport equation.

Proposition 19. Let T >0, b € L1(0,T; BVio.) with divb € L1(0,T; LL ), and ¢1,co € LY(0,T; LL ).

loc loc

Suppose that u,v € L>®(0,T; L) are solutions of the transport equation

%+b-Vu+ciuZOin (0,T) x R,

1 = 1,2, respectively. Then, the pointwise multiplication uv is a solution of

%+5'VU+clu+02u:0m (0,7) x R™.

18



Proof. Let 0 < p € C°(R™) be an even function, such that [, pdz = 1. For each ¢ > 0, set
pe(x) = e "p(x/€e). We can use p to mollify both equations, and obtain that

0 e
u(;;p +b-Vux*p.+cu*pe =re, and
0 e
vEp +b'vv*pe+02v*pe:367
ot
where
re=b-Vus*p.— (b Vu) % pc+c1uxpe — (c1u) * pe
and

Se=b-Vuxpe— (b-Vv)*pc+cav*pe — (ca0)e.
Therefore, we see that

O(u * pev * pe)

ot +b'v(u*peU*Pe)+(01+02)u*PeU*pe:U*Pere'i‘U*PeSe-

Since u,v € L*(0,T; L*), by using the commutator estimate from [Am04, Theorem 3.2], we see that

for each compact set K C R"”,

T
limsup/ / |V % pere + uk pe S| dx dt < oo.
0 JK

e—0

Letting ¢ — 0, we obtain that % +b-V(uv) + (e1 + c2) uv is a signed measure with finite total
variation in (0,7) x K. Then arguing as Step 2 and Step 3 of the proof of [Am04, Tehorem 3.5], we

see that uv is a solution of

0 (uv)
ot
The proof is completed. O

+b-V(uv)+ (1 +c2)uv =0.

With the aid of Theorem 18, we next outline the proof of Theorem 6, which is similar to that of
Theorem 1.

Proof of Theorem 6. The proof of existence is rather standard, and is similar to that of Proposition 12,
which will be omitted. Uniqueness follows by combining the following steps which are analogues of
Propositions 12, 14 and 15.

Step 1. In this step, we show that if p € [1,00) and ¢ € L'(0,T; L>), then for each ug € L= N LP

there is a unique weak solution u € L*(0,T; L? N L*°) of the transport problem

%—&—b-VU—l—cu:O (0,7) x R™,
u(0,+) = ug R™.

The proof of existence is the same as that of Proposition 12.
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Step 2. In this step, we show that, if ¢ € L'(0,T; L>), then for each ug € L2 N L, there is at

most one weak solution u € L®(0,T; L2 N L*) to the transport problem

%—l-b-Vu—i—cu:O (0,7) x R™,
u(0,+) = ug R™.

For uniqueness, let us suppose the initial value ug = 0. For each R > 0, let g € C2°(R") be a cut-off

function as in (14). By using Theorem 18 and integrating over time and space, we see that

t ¢
/ |u(t7x)|21/)R(m)da::/ / (divb—pec) \u|2¢Rd:rds+/ / b- Vg |u)? dz ds.
n 0 n 0 n

Then the rest proof is the same as that of Proposition 14.

Step 3. In this step, we show that if u € L*°(0,7T; L*°) is a solution to the transport equation

%—i—b'VUZO (O,T) x R™,
u(Ov):O R™,

then w € L>=(0,T; L?). To this end, we write div b = By + By, where B; € L(0, T} Exp(ﬁ)) and

By € LY(0,T; L>). Now, we consider the following backward transport equation, given as
ov

5 to Vet Bw=0 (0.7) xR,

v(To,") = xk uw(To,") R",
where Ty € (0,7], and K is an arbitrary compact subset in R™. By Step 1, we see that the above
admits a solution v € L>(0, Ty, L' N L*°), since xx u(Ty, -) belongs to L' N L>°. By Proposition 19, we
know that the product u v satisfies
d(uv)
ot
For each R > 0, let ¢ g € C2°(R™) be a cut-off function as before in (14). Then we deduce that

0= /OTO / . (a(gtv)

To
= / uw(To, )% x i (2) Yr(x) d;z:+/ / (uvpg By —uv g, divb —uvb- Vipg) dedt
R’Il O n

+b-V(uv)+Byuv=01in (0,T) x R™.

+b-V(uv) +Bguv> Yrdrdt

To
=/ w(To, 2) Xk (x) Yr(z) dx—/ / (uvipr Bi +uvb- Vi) dzdt,
Rn 0 n

which implies that

To
/ W2(Th, ) () () dz < / / luv Byt + [uvllb - Vibr| da dt.
n 0 n
Once more, the rest of the proof is the same of Proposition 15.
Step 4. In this step, we finish the proof of the theorem. If v € L*°(0,7T; L) is a solution of (1)

with initial value ug = 0, then from Step 3 we know that u € L>(0,T; L? N L>). Using Step 2, we sce

that such a solution w must be zero, which completes the proof. O
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6 Counterexamples

In this section, we give the proof of Theorem 7, i.e., we wish to show that the condition
. 1 L
divbe L (0, T;Exp | —=— for some v > 1
log” L

is not enough to guarantee the uniqueness. We only give the example in R?, which easily can be gen-

eralized to higher dimensions.

Let us begin with recalling an example from DiPerna-Lions [DPL89]. Let K be a Cantor set in [0, 1],
let g € C*°(R) be such that 0 < g < 1 on R, and g(z) = 0 if and only if € K. For all 2 € R, we set

fa) = / ") dr.

Since 0 < g(x) < 1 at points € R\ K, we see that f is a C°> homeomorphism from R into itself.

Denote by M the set of atom-free, nonnegative, finite measures on K. For any measure m € M,
the equation
fm(z+m([KN[0,2]])) = f(z), zeR

defines a function f,,, : R — R. One now sets
b(z) = (1, f(fH(22))), Va=(11,22) €R®.

It follows from [DPL89] that, for every fixed m € M, the function

Xon(t,x) = (21 +t, frn(t + [ 1 (22))), VEER, x=(x1,29) €R?,
satisfies
%Xm(t7 x) = b(Xpm(t, x)).
We proceed now to prove Theorem 7.
Proof of Theorem 7. We divide the proof into the following three steps. Based on the example of

DiPerna-Lions [DPL89], the main point left is to construct an explicit smooth function g.

Step 1: A minor modification of DiPerna—Lions’ vector field [DPL89]. We start with K,
f and f,, as introduced above. Let ¢ € C°(R) be such that 0 < ¢ < 1 and supp ¢ C [—1,2], which

equals one on [0,1]. We choose the vector field b as

b(x) = (0,¢(x1) f'(fH(22))), @ = (w1,22) € R
As g € C®(R) and 0 < g < 1, it follows readily that b € L'(0,T; W,>' (R?)) and

loc

b(x)| € L>=(0,T; L>=(R?)).
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For each m € M, let
Xm(tax) = (xlafm(t¢l(x)+f7;1(x2)))v tER, .T:(Il,l’g) eRz-

Then we see that

%Xm(t,x) = (0, ¢(1) f (t01(2) + fr" (22))) = (0, 6((Xin)1) 1 (' ((Xim)2))-

From [DPL89], we know that, for each t € R,

Fr(f () = £1(f7H (1)),

which, together with the above equality, yields that

Him(t @) = (0, (X)) f'(f 71 ((Kin)2)) = B(Xin)-

Hence, the vector field b generates infinitely many flows. It is easy to show that, for each uy € C3°(R?)
and m € M, the function

U (8, ) = o (X (E, x))

is a solution to the transport problem with initial data ug.

Step 2: Construction of the function g. In order to check the integrability of div b, we need
to describe g explicitly. To do this, we now fix K to be a one third Cantor set on [0, 1]. By {Cj, }JQZ1
we denote the collection of open sets removed in the k-th generation, and {y; }?:11 be their centers.

For each ij we associate it with a smooth function as

_ S )
Yy, () = P { P {exp { Gamz ~ @) }}} 2 € Cly;

0 .Z'GR\ij.

We next choose the function for (—oo,0) and (1,00) as

eXp{—eXp {eXp{x%}}} x € (—00,0);
g1(x) := exp{—exp {exp{ﬁ}}} x € (1, 00);
0 x € R\ [0,1].

It is obvious that ¥y, g1 € C*>®(R). Now we set

2k—1

9@) =33 i, () + 1 (@),

k>1 j=1
It is readily seen that g is smooth on R, g(x) = 0 for each z € K and 0 < g < 1 for each z € R\ K.

Therefore, g satisfies the requirements from the example of DiPerna—~Lions [DPL89] as recalled above.

Step 3: divb € L'(0,T; Exp(log%ll)) whenever v > 1. Notice that, for 1 < 71 < 72 < o0,

it holds that
t t
ex —_— < ex e
P <(1og+ t)vz) =P <(1og+ t)w)
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for each ¢ > 0. Therefore, we only need to show that divb € L'(0,T; Exp(
to one. Let us fix v € (1, 2).

o =2+)) for each v > 1 close

Notice that the function ¢ W is not monotonic. Indeed, it is increasing on [0, e] and [e?, c0)
and decreasing on [e, e?]. However, it is not hard to see that if 0 < ¢ < s < oo, then

ot e s

(log* )7 = €7 (log™ s)y

A direct calculation shows that

7 9'(f(22)) 2
divd(z) = ¢(x , Vr=(z1,z2) € R".
0= ) T a)) (o)
Recall that ¢ € C°(R), 0 < ¢ <1, supp¢ C [—1,2], and ¢ =1 on [0, 1]. Therefore,
divb(z) =0, Vze (R\(-1,2) xR, (29)
and
/ ‘dwb ’
exp — —1| dx
R2 [long (‘Cdiv b(ac)DF
g (f " (x2))
- / ex ¢ ‘Wﬁ) Uz — 1| day do
e [0 Tog™ (|Cotan) 2z )] L
og" {|Co(1) g1y
C|o(x1)
:/ exp ‘ 5 ¢ — 1| g(t)day dt
[—1,2]xR [log (‘C (x 9 ) )}
I Cel=7y7 |2 (
< / 3 |exp 1| g(t)dt. (30)
R [log Cg (t)
By the above inequality, in order to show divb € L*(0,T; E (1ogL7 7)), it is sufficient to show that
i C’el ’Y’Y’Y ﬁ
/ exp g(t) dt < oo, (31)
R [log ‘C (t)
for some C > 0.
Claim 1: For A = (";31)2, one has
Ael=7yY %
g
exp . — 1] g(t)dt < 0. (32)
/R\[L?] [log+ (‘Ag—“) )F

g(t)

By symmetry of the function g on (—oo, —1) U (2,00) and the fact 0 < g < 1, we only need to show
that

1- LAG]

Ae ™17 ‘ o0

/ exp ; 5
A\ ()

— 1| dt < oo. (33)
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By noticing that

and

logJr (’

we conclude by using the Taylor expansion that

t)

Ael™ %W
/ P + (
—00,— g

(—o0,=1) [mg (‘Ag(

where A = 24e!~7~7 exp{e'*¢}. This implies (33) and hence, (32) holds.

Claim 2. If A is as above, then

/ exp
[_172]

Since 0 < g < 1, the above inequality will follow from

Notice that, for each x € Cy;,,

w\*m

g'(t)
4 g(t)

)
-1 dtg/ exp{}l] dt
) vy (—o0,—1) |: t3

and hence,

9'(z) _
= —exp{ exp T
g(z) @352

< exp {exp { T

Notice that the function

€7, then

__t
(log™ )7

A1 (AF 1
/, . z' t?ﬂdt*Z nosi—1 %
1)1 1 —
Aty |4
N SonNT [ 1| g(¢) dt < oo. (34)
Jog™ ([t
Ael=7y7 ﬁ
exp N FEINE g(t) dt < 0. (35)
(-1,2] [log ( A Fo) )}
1 exp 1 2(x — ykj)
CErS: A = | e — =y
! exp ! 5
P S iy B (g g
1 H 2 22
2 ([P i 2 (3% 2
_(I_ykj) (2-3F)2 _(I_ykj) 3 (7_1)
is increasing on (0, ) U (€7, 00) and decreasing on (e, e?). If A ‘gg((f))‘ <
Als x)
<e; (36)

)

oo




while for A% > €7, by the choice of A, we have

1ty :
(x) Aexp {exp{%}}exp{ 1 27 2} 3%( 321)2
( ) < m*(zfykj) m*(mfykj) Y

= 1 = . o T
2 —_——
{GXP { iz (@) } * ez (@)’ + log(Azx (—1)2 )}

1ty
2
<2 eXp{eXp{W (v ’2}}6XP{W‘<I‘7JW)Z}

3k 1 1 ki

! ! o
< 57 €XDp  exp exp

3¢ @arr — (7 — k) @z — (@ —uk,)?
< 1 exp { exp ! exp {2 32k(1 ’y)}
— 3k Wf(x,ykjy

1
p{exp{m(xykj)z}}. (37)

Combining (36) and (37), we deduce that for each z € Cy;,

e s/(z) S ey .
P 5 ¢ 9(x) <expqey 1 3| eXP | exP T 5
o (45 e

g9(z)
<exp{ey’}, (38)

oz" ([

<

w\»—x

since by assumption 1 < e!=79” < e. Indeed, from (37) and (38), we can further see that the function
1- o’ ()]
AT 5

[log+ (’AM )]“f g(m)

g(z)

exp

is smooth on Cikj, and equals 0 on the boundary of Cy;.

On the other hand, notice that for each x € [—1,0), it holds that

ron e R E R CE R e

If A‘gg/((%))‘ < €7, then

()
) <o

)

(x
g

o [




while for AM > e,
g(x)

Aelt=7y7 lg’ ()] 14y
exp 10\ o) <exp ety odenisen iz |,

[logJr (‘Agg/((f)) )r exp { % }
confoofon o {157}
1, x € (=21 0);
= Lo {eo forw {2 e 1+ 252} w e (o1, — )

confen{iren{ L1

since 1 < vy < 2. The above two inequalities imply that

Ae 1_777‘9/((735;‘ 4
exp [log (‘Ag(“) )F g(x) <exp {cxp{1+cxp{ﬁ}}},

g(x)

and, similarly, for each z € (1, 2],

Ael =7y lg’ ()] 4
exp 9(@) 5 ¢ 9(x) <exp {exp {1 + exp {7}}} .
[log+ (‘Ag’((w)) )} y-1
g\

Therefore, from these two estimates together with (38), we conclude that

Aet g exp{ev”}
dx <2C(y) + )
/[;1 . exp |:10g ()CQ (2) >i| g( ) X g]zl < 0

()
where C(y) = exp {exp{l + exp {%}}} This, together with (35), yields (34). Combining the
inequalities (32) and (34) yields

/ A )div B(m)‘
exp — 5 ¢ — 1| dr < oo,
R? [logJr (‘Adiv b(m)’)}
via (30) and (31), where A = ”;731)2 Therefore, the proof of the theorem is completed. O
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