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ABSTRACT. In this paper we obtain precise estimates for the L? norm of the s-dimensional
Riesz transforms on very general measures supported on Cantor sets in R?, with d—1 < s < d.
From these estimates we infer that, for the so called uniformly disconnected compact sets,
the capacity ~s associated with the Riesz kernel z/ |£E|S+1 is comparable to the capacity
C%(d_s)% from non-linear potential theory.

1. INTRODUCTION

In this paper we provide estimates from below for the L? norm of the s-dimensional Riesz
transform of measures supported on very general Cantor sets in R?, for s € (d — 1,d).
The bounds obtained are written in terms of the densities of the cubes appearing in the
construction of the Cantor sets. Our estimates allow us to establish an equivalence between
the capacity 75 associated with the s-dimensional Riesz kernel and the capacity C% (d—s),3

from non-linear potential theory for the so called uniformly disconnected compact sets.

In this paper we combine some of the techniques of previous works on the subject by Mateu
and Tolsa [8], [15], with others from Eiderman, Nazarov, Tolsa, and Volberg [4], [9]. The
general case for arbitrary compact sets still remains open.

To state our results precisely, we need to introduce some notation. For 0 < s < d and

r € R%\ {0}, we denote
T

) =

and we let R® be the associated Riesz transform, so that for a measure p in R? and = € RY,

Reu(z) = / K*(z — y) du(y),

whenever the integral makes sense. To avoid delicate issues with convergence, we will work
with the truncated Riesz transform

Riu(w)=/|_ N K*(z —y) du(y).

We say that R*u is bounded in L?(y) if the truncated Riesz transforms R2yu are bounded in
L?(p) uniformly in e.

We now construct the Cantor sets F that we will study, by the following algorithm. Let
Q" c R? be a compact set. Take now disjoint closed subsets Q1,.. .,Q}Vl C QY and set
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E = vazll Q}. In the general step k of the construction, we are given a family of closed
sets Q]f, ceey Q’ka. Then for each set Qf we take a finite family of closed sets Q?H, j € IQ?’

contained in Qf and we denote
Ch(QF) ={Q Yjery,

(the notation Ch(Q¥) stands for “children” of Q¥). Renumbering these cubes if necessary, we
set

Ny
@ty Y= Jcn@.
j=1

Then we denote
Ngi1

o

EBe=J @, E=()Ex
i=1 k=1

so that E is a compact set. The sets Qf in this construction will be called “cubes”, al-

though they need not be “true” cubes. The side length of Q¥ is £(Q¥) := diam(QF). In this

construction we assume that, for all 4, k,

1 1
(1.1) S Q) <UQFT) < S Q) for QFF € Ch(QY),
and the separation condition
(12) dist(Q5 1, Q5H) > cup €(QF)  for all Q1 Q51 € Ch(QY),

for some fixed constant cgep > 0. These conditions guaranty that F is a totally disconnected
set. In particular, we infer that
dist(QF, B\ QF) > ¢ €(Q}).

Notice that we allow the family of children of Q¥ to be formed by a single cube Q;?H. On the
other hand, the assumptions (1.1) and (1.2) imply that the number of children is bounded
above uniformly.

We denote by D the family of all the cubes Qf” in the construction above. That is,
D = {Q}} 1<k<oo-
1<i< Ny
Given a measure u supported on E and a cube Q € D, we consider the s-dimensional density
of pon Q:

1(Q)
0,(Q) = :
We can now state our main result.

Theorem 1.1. Let s € (d — 1,d). Let pu be a finite Borel measure supported on the Cantor
set E C R? described above. Suppose that

sup ©,,(Q) < 1.
QeD

Then,
(1.3) IRl = 3 OLQ)? Q).

QeD
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where the comparability constant depends only on s, d and cgep.

We remark that the estimate from above

is already known for any 0 < s < d due to the work of

Eiderman, Nazarov and Volberg [3] (extending previous arguments by Mateu, Prat and
Verdera [7] for the case 0 < s < 1). So the novelty lies in the converse inequality. This is
a very delicate estimate, in particular because we are not in the realm where the notion of
Menger curvature is useful, namely the case 0 < s < 1.

In the case 0 < s < 1, Mateu, Prat and Verdera [7] have shown that (1.3) holds for any
arbitrary compact set F (with D being the family of all dyadic cubes). Mateu and Tolsa
[8] have studied the general case 0 < s < d when p is the probability measure on a Cantor
set in which the densities of the cubes in the construction decrease with side length. This
unnecessary restriction is removed by Tolsa in [15]. The Cantor sets considered in [8] and
[15] are some kind of high-dimensional variants of the well known 1/4 planar Cantor set. The
advantage of these Cantor sets is that, in a given stage k of the construction, all the cubes Qf
have the same side lengths and densities. In this paper, we go a step forward by considering
much more general Cantor sets and measures where we no longer have the aforementioned
properties. On the down side, we have to restrict ourselves to d — 1 < s < d due to the use
of a maximum principle for the s-dimensional Riesz transforms which, apparently, fails for
s<d-—1.

Theorem 1.1 can also be understood as a refined quantitative version of the results of
Prat [12], Vihtild [17] and Eiderman, Nazarov and Volberg [4], in the particular case of the
preceding Cantor sets. In these works it is shown that, given F' ¢ R? with 0 < H*(F) < oo
and p = H?®|r, the s-dimensional Riesz transform with respect to p is unbounded in L?(p),
in the cases 0 < s < 1 [12]; s € (0,d) \ Z, u with positive lower s-dimensional density [17];
and for d — 1 < s < d, p with zero lower s-dimensional density [4]. Finally, there is another
quantitative result worth mentioning in the work of Jaye, Nazarov and Volberg [6] that relates
the boundedness of the fractional s-dimensional Riesz transform d — 1 < s < d with a weak
type estimate for a Wolff potential of exponential type.

Theorem 1.1 has an important collorary regarding the capacities v, and C% (d—s).3" To

present the corollary we need some extra definitions. Given a compact set F C R%, the
capacity s of I’ is defined by

Vs(F) = sup [(T', 1),
where the supremum runs over all distributions 7" supported on F such that || R*(T")|| e (ray <
1.
Denote by Y(F') the family of measures p supported on F' such that u(B(z,r)) < r™ for
all z € R? and r > 0. It turns out that

7s(F) = sup{u(F) : p € B(F), |R*pll72(,) < u(F)}.

This was first shown for s = 1,d = 2 by Tolsa [14], and it was extended to the case s =d — 1
by Volberg [18], and to the other values of s and d by Prat [13].

Now we turn to non linear potential theory. Given a > 0 and 1 < p < oo with 0 < ap < d,
the capacity C"a,p of F C R% is defined as

Cop(F) = sup u(F)?,
I
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where the supremum is taken over all positive measures p supported on F' such that
1
Io () () :/’m_y’d_adﬂ(ﬂﬁ)

satisfies ||Io(p)||,r < 1, where as usual p’ =p/(p — 1).
We are interested in the characterization of C, 4, in terms of Wolff potentials. Consider

Wy (@) = | °°(M<B<w>>>d

r2—ap r
A classical theorem of Wolfl establishes
(1.4) Cop(F) ~ sup u(F),
o

where the supremum is taken over all measures y supported on F such that [ W& ,(z)du <
w(F) (see [1, Chapter 4], for instance).

Finally we wish to remark that the class of Cantor sets E considered in Theorem 1.1
coincides with the class of compact uniformly disconnected sets. According to [2, p.156], a
set ' C R? is called uniformly disconnected if there exists a constant c¢g > 0 so that for
each x € F and r > 0 one can find a closed (with respect to F') subset A C F such that
A C B(z,r), A D Fn B(z,cp'r), and dist(4, F \ A) > cz'r. One can check that any
uniformly disconnected set can be constructed as one of the Cantor sets E considered in
Theorem 1.1, for a suitable separation constant csp, and replacing the constants 1/8 and 1/3
in (1.1) by others if necessary. Conversely, it is immediate that any such set E is uniformly
disconnected.

We are now ready to formulate the corollary to Theorem 1.1.

Corollary 1.2. Let F C R% be compact and uniformly disconnected, with constant cp, and
letd—1<s<d. Then
(1.5) Vs(F) ~ C%(dfs)’%(F),

with the comparability constant depending only on d, s, and cp.

The estimate (1.5) was proved by Mateu, Prat and Verdera when 0 < s < 1 in [7]. By
using the upper estimate in the inequality (1.3), Eiderman, Nazarov and Volberg [3], showed
that for all indices 0 < s < d

VS(F) 2 C.%(d—s)

for any compact set F C R% Tt is known that the opposite inequality is false when s is
integer, see [3]. On the other hand, in the works of Tolsa and Mateu [8] and [15] mentioned
above, it is shown that the comparability (1.5) holds for the Cantor sets studied in these
papers for 0 < s < d. Although our corollary extends the result to a more general family of
compact sets when d — 1 < s < d, the general case when 0 < s < d is non integer and F' is a
general compact set remains open.

From Theorem 1.1 it follows easily that the comparability vs(F) ~ C% (d-s),3 (E) holds

3(F)7

2

for the Cantor sets defined above, with the constant in the comparability depending only
on d, s, and the separation constant cgp. Indeed, recall that one just has to show that



RIESZ TRANSFORMS ON UNIFORMLY DISCONNECTED SETS 5

' (d_s)%(E). To this end, take p € X(F) with HRSMHLQ(M < wu(E) such that
w(E). Then, by Theorem 1.1,

DA R R ullZ2 () < 1(E).
QeD

It is easy to check that the above sum on the left had side is comparable to [ Wg (d—s).3 (x) dp.
3 ’2

So one infers that vs(E) S C%(d78)7%(E), as wished.

In order to prove Theorem 1.1 we will consider a stopping time argument. The stopping
conditions will take into account the oscillations of the densities on the different cubes from D
and the possible large values of the s-dimensional Riesz transform on each cube. In this way
we will split D into different families of cubes, which we will call “trees”, following an approach
similar to the one in [15]. One the main differences of the present work with respect to the
latter reference is that, in some key steps, our work paper implements a variational argument
borrowed from work of Eiderman, Nazarov, Volberg [4] and Nazarov, Tolsa and Volberg [9],
suitably adapted to our setting. This variational argument requires the s-dimensional Riesz
transforms to satisfy the maximum principle mentioned above.

The paper is organized as follows. Section 2 contains the basic background. Section 3 is
devoted to the description of the stopping time argument and the properties associated to it.
In Section 4 we prove that the sizes of trees obtained by the stopping time argument must be
small. We will use a touching point argument for this purpose, where fact that s is fractional
will play an important role. In Section 5 we describe four relevant families of enlarged trees
and we start analysing the easier ones. Section 6 contains some Fourier analysis that will be
necessary for the development of Section 7. The analysis of the most difficult family of trees
is included in Section 7. And at last, Section 8 puts together all the estimates obtained in
previous sections to provide the proof of the Main Theorem 1.1.

2. PRELIMINARIES

2.1. About cubes, trees. Below, to simplify notation we will write R, K and © instead of
R?, K* and ©y, respectively.
Notice that if we replace the cubes @ € D by

Q\ = {x c RY . dist(ac,Q) < %Ocsep Z(Q)}v

the separation condition (1.2) still holds with a slightly worse constant. Analogously, (1.1)
is still satisfied, possibly after modifying sultably the constants 1/8 and 1 / 3. The advantage
of Q over () is that the Lebesgue measure of Q is comparable to dlam(Q) , which is not
guaranteed for ). To avoid some technicalities, in the proof of Theorem 1.1 we will assume
that the original cubes Q € D satisfy £4(Q) ~ £(Q)¢, where £¢ stands for the Lebesgue
measure on R%. Moreover, we will assume that the separation constant Csep does not exceed
1/10, say.

For j > 0, we denote by D; the family of cubes of generation j that appear in the con-
struction of £, and we set D = J;5, D;j. We assume that p(Q) > 0 for all Q € D. Otherwise
we eliminate @) from the construction of E. If R € D;, we denote by Dy (R) the family of the
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cubes from Djj which are contained in R. Notice that if @ € Dy(R), then
¢
8h < 2L <37k,

Given a cube ) € D, for any constant a > 1 we denote

aQ = {z € R? : dist(z,Q) < (a — 1) £(Q)}.
Also, we set
wQ= > Few)
PeD:POQ

So p(Q) should be understood as a smoothened version of ©(Q). Also, given @, R € D with
Q C R, we set

4Q)
R) = ——=O(P).
p(Q, R) > ) (P)
PeD:QCPCR
We say that a cube @ is p-doubling (with constant cgp) if

(2.1) p(Q) < car O(Q).
Given a family of cubes 7 C D, we denote
=2 0@ u(@
QeT

So Theorem 1.1 asserts that HRMHLQ( ~ o(D).

Lemma 2.1. Suppose that cq, is big enough, depending on a,s,d. Let Qo,Q1,...,Qn be a
family of cubes from D such that Q; is son of Qj—1 for 1 < j < n. Suppose that Q; is not
p-doubling for 1 < j <n. Then

(22) 0(Q;) <277/ p(Qo).
Proof. For 1 < j < n, the fact that Q; is not p-doubling implies that

O(Qj-k) + 4Q;) (Qo))

Cdb

£ Qg— 1Qo)”

We will prove (2.2) by induction on j. For j = 0 this is in an immediate consequence of the
definition of p(@). Suppose that (2.2) holds for 0 < h < j, with 7 <n—1, and let us consider
the case j + 1. From (2.3) and the induction hypothesis we get

L 0(Q41) 0(Qj11)
0(Qj+1) < ( (Qj+1) +,;€(Qj+1 3 O(Qj+1-k) + Qo) P(Qo)

(2.3) 0(Q;) < — (
cdb

.

FOQj41-k) + 3_j_1p(Qo)>

§<®(Qj+1) >3 kQ(_j_Hk)/ZP(Qo)+3_j_1p(Qo)>
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Since S, 37k o(=i—14+k)/2 < 9-7/2 e obtain
k=1 ~ )

L (0(Q41) + 029 p(Q0) + 37 p(Qu)
L (0(Qs11) + C27 (@)

O(Qj+1)

IN

IN

It is straightforward to check that yields ©(Q;+1) < 2-UH+D/2p(Qo) if cgp is big enough. O

For the rest of the paper we will fix ¢g, so that (2.2) holds.

Lemma 2.2. For a fizred Q € D, let J C D be a family of cubes contained in ) such that for
every P € J, every cube P' € D such that P C P' C Q is not p-doubling. Then

o(J) < 2p(Q)* n(Q)-

Proof. For j > 0, let J; be the subfamily of the cubes from J which are j generations below
Q. That is, P is from J; if it belongs to J and it is an j-th descendant of ). By the preceding
lemma, it turns out that

O(P) <2772 p(Q) if PcJj.
Taking also into account that the cubes from J; are pairwise disjoint, we get
o(J) <277p(@Q7% Y. puP) <277 p(Q) u(Q)-
PEJj:CQ

Therefore,

n

o(J) =Y o(J;) <> 27 p(Q)* m@) = 2p(Q)* W(Q),
7=0

J=0

where n is the maximum number of generations between () and the cubes belonging to J. 0O

2.2. The operators Dg. Given a cube () € D and a function f € L' (), we denote by mqf
the mean of f on @) with respect to u. That is, mgf = ﬁ J f du. Then we define

Dof= Y. xp(mpf—mqf).
PeCh(Q)

The functions Dq f, @ € D, are orthogonal, and it is well known that

1172 = D 11D I2(-

QeD
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2.3. About the Riesz transform. In the following lemma we collect a pair of useful esti-
mates about the Riesz transform.
Lemma 2.3. Let Q,R €D with Q C R, and x,y € Q. Then

(24) Rmen(@l S 3 )
€D:QCPCR

and

(25) Rixman)(e) ~ Rixma) )] S gt pQ. )
Also,

(2.6) [R(xmom) (@) = (m@(Ru) —mr(Ru))| S p(Q, R) + p(R).

Proof. The first and second inequalities follow by very standard methods, taking into account
the separation property (1.2). Regarding (2.6), by the antisymmetry of the Riesz transform,
we have

mqQ(Rp) — mr(Ru) = mq(R(xqer)) — mr(R(Xrep))
=mQ(R(xr\@)) + mo(R(xrent)) — mr(R(xrep))-
From the estimate (2.5), we deduce that for all 2’ € Q C R, 3y € R,
R(xrep)(2') = R(XRrep)(Y)] S P(R).
Averaging, we get
ImQ(R(xren)) — mr(R(xrep))| S p(R).
Analogously, for z € Q, we have
IR(xr\@)(x) —ma(R(xmq)| S P(Q,R).
Therefore,
IR(xm\@) (@) — (mo(Ru) — mr(Ru)| < [R(xr)(@) — mg(R(xmo))|
+ |mQ(R(xren)) — mr(R(xren))]
S p(Q, R) + p(R).
O

2.4. The operators. Let ® : R? — [0,00) be a 1-Lipschitz function. Below we will need to
work with the suppressed kernel
r—y

2.7 K. x, —
(2.7) o(z,y) (]x P+ (I)(x)q)(y))(s+1)/2

and the associated operator
Rov(x / Ko (x,y)dv(y),

for a signed measure v in R?. This kernel (or a variant of this) appeared for the first time in
the work of Nazarov, Treil and Volberg in connection with Vitushkin’s conjecture (see [18]).
For f € L} (1), one denotes Ro . f = Rao(f ).
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If ¢ =~ ®(x), then it follows that, for any signed measure v in R?,
(2.8) ’7?,51/(30) - R@I/(CL‘)‘ < sup

See Lemmas 5.4 and 5.5 in [16], for example.
The following result is an easy consequence of a T'b theorem of Nazarov, Treil and Volberg.
See Chapter 5 of [16], for example.

Theorem 2.4. Let p1 be a Radon measure in R? and let ® : RY — [0,00) be a 1-Lipschitz
function. Suppose that

(a) w(B(z,r)) <cor® for allr > ®(z), and

(b) SUPes (o) [Rep(x)] < 1.
Then Re,, is bounded in LP(p), for 1 < p < oo, with a bound on its norm depending only on
p, co and c1. In particular, R, is bounded in LP(u) on the set {x : ®(x) = 0}.

3. THE CORONA DECOMPOSITION

Recall that the starting cube from the construction of E is denoted by Q°. Below we
choose constants B > M > 1 > dg. For convenience we assume B to be a power of 2.
Given a cube @, we define its discrete density ©4(Q),

(3.1) 04(Q) =2,

where j € Z is such that 2/ < ©(Q) < 2/F1,
Given a cube R € D, we define families HDy(R), LDy(R) and BRy(R) of cubes from D
as follows:

e We say that a cube Q C D belongs to HDy(R) if it is contained in R, O4(Q) =
BO4(R) and has maximal side length. Recall that B is a power of 2.

e A cube ) C D belongs to LDy(R) if it is contained in R, O(Q) < dp O(R), it is not
contained in any cube from HDy(R), and has maximal side length.

e A cube Q C D belongs to BRy(R) if it is contained in R, it satisfies

ImqRu — mrRu| > M (6(R) +p(Q)),

it is not contained in any cube from H Dy(R)ULDy(R), and has maximal side length.

We consider a “doubling constant” ¢4, > 10 in (2.1). Then we denote by HD(R), LD(R)
and BR(R) the families of maximal, and thus disjoint, p-doubling cubes (with constant cgp)
which are contained in HDy(R), LDo(R) and BRy(R), respectively. We denote

Stopy(R) = HDo(R) U LDo(R) U BRy(R)

and
Stop(R) = HD(R) U LD(R) U BR(R).

For @ € Stopg(R), let Jg be the family of cubes from D which are contained in ) and are
not contained in any cube from Stop(R). Notice that, by Lemma 2.2,

(3-2) a(Jq) < ep(Q)” n(Q).
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For k > 1, we define Stop*(R) inductively: we set Stop'(R) = Stop(R), and for k > 1
a cube belongs to Stop®(R) if it belongs to Stop(Q) for some @ € Stop* !(R). Now we
construct the family Top C D as follows:

Top = {Ro} | Stop® (Ro).
k>1

Given a cube R € Top, we denote by Tree(R) (and Treep(R)) the family of cubes contained
in R which are not contained in any cube from Stop(R) (and Stop,(R), respectively). Observe
that the cubes from Stop(R) do not belong to Tree(R). Notice also that

D= U Tree(R).
ReTop
Moreover, the union is disjoint.
The following lemma is an easy consequence of our construction.
Lemma 3.1. For every R € Top, we have:

(a) R is p-doubling (with constant cgp).
(b) Every cube Q € Tree(R) satisfies ©(Q) < 2BO(R) and p(Q) < (2B + ca)O(R).

(c) Every cube Q € Treeg(R) satisfies
(33) maRp —moRu| < M (6(R) +p(Q)).
and
(3.4 R(xmem)(@)] <2M (O(R) +p(Q)  forall z € Q.

Proof. The statement (a) is an immediate consequence of the definition above.

Let us turn our attention to (b). The estimate ©(Q) < 2B ©O(R) is clear if Q € Treeg(R).
Otherwise, let Qg € Stopy(R) such that @ C Q. Reasoning by contradiction let us suppose
that ©(Q) > 2BO(R), and let Q" € D be a cube such that Q@ C Q" C Qo with ©(Q') >
2B ©(R) with maximal side length. Then, ©(P) < 2B O(R) for any P € Tree(R) such that
Q' CP.

wQ) =@+ Y gdew sy glew
P:Q'CPCR PDR
<0(Q) + e BOR) + p(R)

<O(Q) +20(Q) +canO(R) < (1+e2+ 1)O(Q).

Since B > 2, if we choose cg, > 2(1 4 ¢1), we get

p(Q") < carO(Q).

That is, @' is p-doubling, which implies either that @’ € Stop(R) or there exists another cube
Q" € Stop(R) which contains @’. This contradicts the fact that Q € Tree(R).
To prove that p(Q) < (2B + ¢g)O(R) we write

(35) W= ¥ glew Y e

P:QCPCR (P) PDR
< 2BO(R) + p(R) < 2BO(R) + ca» O(R).
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The estimate (3.3) in (c) is a direct consequence of the construction of Treey(R). On the
other hand, (3.4) follows from (3.3) and the inequality (2.6):
IR(xmou)(@)| < [mo(Ru) — mr(Ru)| +p(Q, R) + p(R)
< M (O(R) +p(Q))+p(Q) + cay O(R) < 2M (O(R) + p(Q)),
assuming that M > cgp. O

Lemma 3.2. Let R € Top. We have
(a) If Q € HDy(R), then Q is p-doubling with constant cqp. Thus HD(R) = HDy(R).
(b) If @ € BR(R), then

M
mQRu — mrRu| 2 — O(R),

assuming M > ccgp.
(c) If Q € LD(R), then

A
p(Q) < cd5™ B+ O(R).
We will assume that 6y << B~!, so that

(3.6) p(Q) <876(R) < LO(R) it Q< LD(R).

Remark 3.3. We will assume that M = C' B, where C' is some absolute constant such that
the statement in (b) of the preceding lemma holds.

Proof of Lemma 3.2. The proof of (a) is already implicit in the proof of part (b) from Lemma
3.1. Indeed, similarly to (3.5),

CEDY o)+ Y. (Do)
.QCPCR POR
< ¢y P:gggccR@(P) +p(R) < c20(Q) + car O(R)

< (c2+cay BTHO(Q) < car O(Q),

assuming cqp > 2co and B big enough in the last inequality.
For the proof of (b), we know that there exists Qo € BRy(R) such that @ C Q. The
following estimate follow from the definition of BRy(R):

ImQRu —mpRu| = [mqg,Ru — mrRu| — |moRu — mo, Ryl
> M (O(R) + p(Qo)) ~ImqRu — mg,Rul.

So it suffices to prove |mgoRu — mg,Ru| < p(Qo), since we will choose M > 1. From (2.4),
(2.6) and (2.2), we get

ImQRu — mo,Ru| < [moR(xg\om)| + ImeR(xqgi) — mqoR(xqs i)l

< 5(25)) (@)
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as wished.
Let us see (¢). Let Qg be the cube from LDy(R) that contains Q. Recall that ©(Q) <
d0 ©(R). Suppose that

0(Q) = TO(R),

for some constant 7 > Jy to be determined below. Consider the largest cube Q' € D with
Q C Q' C Qo such that ©(Q') > 7 O(R). Then it is immediate to check that

(3.7) 0(Q') ~ T O(R).

Indeed, it is enough to show that ©(Q') < 7O(R), since the opposite inequality is clear

~

from the choice on @Q’. To prove this, consider the parent Q” of ). From the fact that
(Q") ~ Q') we et

/ wQ) wQ") 1
s} = ~ O O(R
@)=t < i) ~e@) <o)
as wished.
We are going to show that p(Q’) < ¢©O(Q’). To this end we write
/ / 0(Q")
(3-8) p(Q) < p(Q', Qo) + 700) P(Qo).
Since O(P) < O(Q') for all P with Q' C P C Qy, it follows that
(3.9) p(Q', Qo) S O(Q).
On the other hand, using the fact that u(Q’) < u(Qo) we derive
N UQo)* £(Qo)*
C) © J O(R),
@) = Gl 60 <o ik o)
and so, taking int account that ©(Q') ~ 7 O(R) we deduce that ﬁ((g/); < %. Therefore,
0
recalling that p(Qo) < BO(R), we get
Q) "
fog Q) < % o).
Together with (3.8) and (3.9), this gives that
51/8
PQ@) $0(@)+ - Bem).
T

Choosing 7 = 55/(‘9“) B3/t " we get p(Q') < ¢O(Q'), as wished. So if the constant cg, has
been taken big enough, @’ is a p-doubling cube and then, by construction, Q@ = @Q’, and so
the statement (c) follows from (3.7). O

4. CONTROLLING THE SIZE OF THE TREES

The objective of this section consists in proving the following.
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Lemma 4.1. For every R € Top, we have
(4.1) S uQ) < (B, do, M) u(R).
QETreeo(R)
As a consequence,
(4.2) o(Tree(R)) < ¢(B, 5y, M) O(R)? u(R).
This result is an easy consequence of the next one.

Lemma 4.2. There are constants 6,1 > 0 depending on B, M,dy such the following holds.
Given R € Top, for any R' € Tree(R), let S(R') denote the subfamily of the cubes Q €
Stopy(R) which are contained in R’ and satisfy €(Q) > §4(R'). Then, S(R') is non-empty

" u( U Q>>W(R’)-

QES(R)

Proof of Lemma 4.1 using Lemma 4.2. The estimate (4.1) follows by applying the preceding
result iteratively. Indeed, for each & > 0 denote by Ay the collection of the cubes R’ €
Treep(R) such that

S*TL(R) < U(R') < 68 U(R)

and have maximal side length. Notice that this is a pairwise disjoint family. From Lemma
4.2 it follows that for, any R’ € A,

u(R’ n U Q) < (1 —n) uR).
Q€Ag+2: QCR
Summing over all R’ € A; we obtain

u( U Q)s(l—w(u Q>.

QEAL 2 QeAL

By iterating this estimate we get

u( U @) < (1 m)*D72 (R),

QEA
and thus
D@ <e® ) D w@) <ed) Y (1 —n)FI2u(R) < o(d,n) p(R),
QETreep(R) k>0 Qe A k>0

which yields (4.1).
The inequality (4.2) follows from (3.2), Lemma 3.1 (b) and the fact that

o(Treeg(R)) < B*O(R)> Y u(Q) < B*¢(B, M,mg) O(R)* u(R).
QETreeg(R)
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To prove Lemma 4.2 we need to introduce some notation. In the situation of the lemma,
given @ € Treeg(R) and an integer N > 1, we denote

FN(Q) = Treeg(R) N Dn(Q)
and we consider the set

Fn(Q) = U P.

PeFn(Q)

Also, we consider the following families of cubes, for Ng > N > 1,

Ing(Q) = {P € Treeo(R) : P C Q, u(P 1 Fiy (Q)) < iu(P)}
and
fN,NO(Q) = {P € Fn(Q) : PP' € In,(Q) such that P’ D P}.

Then we denote

Fyvw@= |J P=Fn@\ |J P

PEFN, Ny (Q) Pelny(Q)

Lemma 4.3. Let Ny > N > 1 be integers. Let Q) € Treeg(R) be such that u(Fn,(Q)) >
5 1(Q). Then,

(FN, N (Q)) > 1 Fivg,nv (@) > — 11(Q).

Proof. The first inequality is trivial. To prove the second one, denote by I, N, (@) the subfamily
of maximal cubes from Iy, (Q). Notice that

Fny( @\ Fnom(@c  |J P

PETNO(Q)

Since the cubes from I, N, (@) are disjoint, we have

pFn(@\ Frono(@) € Y w(Fx@nP) <5 Y ulP) < (@)

Peln, (Q) PEln,(Q)

Therefore,

1 FNo o (@) = 1(Fg (@) = 1(Fng (@) \ Fivg, 3o (Q)) > 5 (@) — Q) =1 @)

Lemma 4.4. Let N > 1. Let R’ € Treeog(R) be such that Fx(R') # @. Then there exists an
open ball B C %DR’ which satisfies

BR/ﬂFN(R/):Q and aBR/ﬂFN(R/)#Q.
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Proof. Let Q;, i = 1,...,m be the sons of R’. By the separation condition (1.2), we know
that there exists some constant 7 > 0 such that

dist <Q1, U Qi) > 74(Q1).
=2

Thus (1 + 7)Q1 \ Q1 does not intersect any cube from D(R’) different from R’. So we may
take an open ball By contained in R’ N ((1+4 7)Q1 \ Q1) with r(By) ~ £(Q1) ~ {(R'), which
clearly satisfies By N Fiy(R') = @.

Let 21 be a point from Fy(R') which is closest to the center zy of By. We move By keeping
its center in the segment [zg,x1] till its boundary touches Fy(R'), and then we call it Bpr.
Assuming r < ¢(R’)/20, it follows that Br C 2R’ O

Given a hyperplane H C R? z € H, r > 0 and 0 < o < 1/2, we consider the cone
X(z,H, o) = {y e R?: dist(y, H) < a|z — y|}.
For 0 < r; < ry, we also set

X(z,H,a,r1,m2) = {y eRY: dist(y, H) < a|x — y|, 11 < |z —y| <rs}.

Lemma 4.5. Let R’ € Treeo(R), P € Fy(R'), and x € P. Given 0 < a < 1/2, there exists
mo = mo(a) > 1 such that for all v > £(P) and m > my,

w(X(z, H, a, %E(P), )N Fun(R)) <c3B aSTi=dps,

Proof. We assume for simplicity that « = 0. It is clear that we may also assume that
r < diam R'. For k>0, let rp = (1 — oz)k r and consider the closed annulus

A = A0, Trr1, ),
so that
X(0,H,a,r11,71%) = A N X (0, H, a, 0, 7).
Let ng be the largest integer such that r,, < ;5¢(P). We set

no—1

p(X(0,H,a, {5L(P),r) N Frun(R)) < Y (X (0, Hy i1, 7%) N Frun (R))).
k=0
We are going to estimate each summand on the right side. To this end, consider the (d —1)-

dimensional annulus Ay N H. This can be covered by a family of closed balls Bf ey Bﬁk of
radius a1y, centered in A, N H with

To prove this notice that the (d — 1)-dimensional volume of Ay N H is comparable to
(rk - rk+1) rg_Z =ary
while the one of Bf NHisc (a rk)d_l for each i. So

d—1
ary 1

)d—l - ad—2"

ne ~
" (am
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We claim now that

n
(4.3) X(0,H, o, rpq1,m) C | 3B
=1

Indeed, given y € X(0,H,a,ri11,7k), let 3y be its orthogonal projection on H, so that

ly — /| = dist(y, H). Take now

1 ‘y’ /
/]

Observe that ¥’ € H and |y"| = |y|, and so v € H N X (0, H, a, 741, 7). Also, we have

Yy
W~ = Iy (1 - |'y'|) )

Y

Therefore,
=y <ly—y|+ ¥ —y"| <2y —y| =2dist(y, H) < 2ary.

As a consequence, if ¢’ € Bf, then dist(y, Bf) < 21"(B£“) and so y € ?)Bi.l“7 which proves our
claim.
Next we are going to check that

u(3BF N Fun(R)) < cBO(R)r(BF)* = cBO(R) o’ (1 — a)™ .
for all 0 < k < ng and 1 < i < ng. To this end notice that for these indices k, 7,

« «
It P > —N /
recalling that P € Fy(R') in the last inequality. On the other hand, if 4 (3BFNF,,n (R')) # 0,
then there exists some cube @ € F,n(R') which intersects 3BF and we have

(4.5) 0Q) < 27N u(R).

If my is big enough and m > my, from (4.4) and (4.5) we infer that £(Q) < r(BF). Thus there
exists some ancestor @’ of @ such that 3BF C (1 + cs)Q’ which satisfies £(Q') ~ r(BF).
In particular, either Q" € Treeg(R) or @' contains R and £(Q') ~ ¢(R). In any case (using
that R is p-doubling in the second one), we deduce that u(Q') < ¢ BO(R)£(Q')*. So, by the
separation property (1.2)

1(3BF N Fun(R)) < p((1 4 csep)@') = 1(Q") S BO(R) U(Q')* = BO(R) r(Bf)*,

as wished.
From the latter estimate we infer that (3BF N F,n(R)) S BO(R) a® (1 — a)** r® for all
i, k. Together with (4.3) and the fact that n; ~ o>~%, this implies that

u(X(O,H,a, Tht1,Tk) N FmN(R’)) <B @(R)a2+5_d (1- a)Sk re.

As a consequence,

(4.4) r(BY) =ary > ar, > a(l—a)r, 1>

no—1

n(X(0,H,a, %K(P), r)NFun(R')) S BO(R)r® o?ts—d Z (1—a)*
k=0

BO(R)r®a2ts—d

~ 1+s—d ,.s
e g ~ BO(R)a re.
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By

Br

FIGURE 1. The hyperplane H, the balls Bg/, By, the cone X, and the regions
Vi and V.

Lemma 4.6. Suppose that N and mg are big enough, depending on &g and B, and let Ny be
such that Ny > mo N. Given R’ € Treeg(R), let Br: be an open ball centered at some point
from R' with r(Bg/) > ¢ Y(R') such that

Br N FN(R,) =@ and OBgr N ﬁN,No(R/) 75 .
Let P € Fyny(R') be such that PN OBgr # @. We have
(4.6) R (i, (e p) (@)] 2 C1(B,60) O(R) N for all w € P.
Proof. Using Lemma 2.3, it is easy to check that it is enough to prove the estimate (4.6) for
x € PNOBg.
Let a be a parameter to be chosen later in the proof. Let H be the hyperplane which is
tangent to OBp at 2. For simplicity we assume that H = {2 € R?: 24 = 0} and we suppose

that Bp is contained in the half plane {y € R?: y; < 0}. Consider the cone X, = X (z, H, )
and let V, = R\ X,. Also set

Vi={yeR:yw>ale—yl}, Vi={yeR":y<-alr—yl}
so that V,, = V;F UV, . Let By be an open ball centered at x such that By NV, C Bg/ with
radius comparable to r(Bpg/) with some constant depending on «. See Figure 1.
Write
(4.7) IR(XFy, (r\PI)(@)] = [R(X(BorFny (RY\PI) ()] = IR(XFy, (R)\Bo 1) ()]

We can bound the second term on the right hand side using the size condition on the fractional
Riesz transform:

(4.8) IR (X, (R)\BoH) ()] < 1(R)

< c¢(a)BO(R).
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We focus on the term |R(X(BOQFNO(R/))\pu)(x)|. We will use that (BoNFy, (R))NV,F =2

by the construction of By, and that x4 —yg > 0 in V. Denoting by R% the d-th component
of R, we have

Rd(XBO\PH)(ﬂf) = RY ( X(BonFn, (R/)\p)mv+ﬂ)(x) +Rd(X(BomFNO(R/)\p)mV(;M)(x)
+ R (x X(BonFy (R)\P)NXa ) (T)
> R (X(BOQFNO(R/)\p)mv;ﬂ)(iﬁ) - ‘Rd(X(BomFNO(R’)\P)mXaN)(x)‘

Td — Yd |Tq — Yl
/ s+1 d'u(y) _/ s+1 d:u(y)
BoNFn, (R)NVy \P |z —y| BoNFn, (RHNXo\P |z — |
(0% (6
/ T du(y) — / T du(y)
BoNFn, (R)NVa \P |z —y BoNFn, (R)NXa\P |z — y|

«Q (6%
/ T—dp(y) — 2/ T du(y)
BoﬂFNO (RH\P |z -y BoNFny (RHNXa\P |z —yl

1I).

We will study each of (I) and (I/) in turn. First, we will bound (II) from above. To
this end let Py € D be the smallest cube such that 1.1F, contains By. It is clear that
{(Py) =~ r(Byp). Given any @Q € D, Q' stands for the parent of ). Using Lemma 4.5 then we
get

(o4

(4.9) (I1) <2 dp(y)

Q:PCQCPy /(Ql\Q)ﬁFNO(R’)mXQ |z —y|*
1 /
<o ¥ o p((Q"\ Q) N Fy(R) N Xa)

Q:PCQCP (@)
B @(R) a2+sfd£(Q1)s
<c 5
o ch;g P (Q)

~ BO(R)a**4ny

where ng = #{Q € D: P C Q € Fy}. Notice that in the third inequality we assumed mg(«)
big enough, so that the assumptions of Lemma 4.5 are satisfied.

We now look for a lower bound for (I). First we fix a integer ko to be chosen later in the
proof, depending on B and &y. For j > 1, we denote by P7, the j-th ancestor of P in the
Cantor construction. Then we have

(4.10) ) > Z / —du(y)

PRo(E+D\ PRok)Fy, (RY) |z —y|*

. Z a/‘L Pko(k+1) N FN (Rl) \ Pk’ok)
Pko(k—i-l)) ’

where n; is the largest integer such that Pko(m1+1) « By
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To estimate p(PR*+) 0 Fy (R') \ P¥*) from below notice that PR*+1) ¢ Iy (R,
because otherwise P & Fy n,(R'). This tells us that

W(PREH) () By (R)) > %M(Pko(k-kl)) > %50@(1%) (PR,
Taking into account that
M(Pkok) < BO(R) E(Pkok)s < BO(R) 2 ko K(Pko(kJrl))S,
we deduce that for kg big enough, depending on B and &y,
p(PROED ) By (R)) = 2 (PR,
and thus

p(PROD) 0 Fy (R \ PR) >
Plugging this estimate into (4.10) we obtain
(I) > c(ko,00) L O(R) ny.
Taking into account that n; ~ ng/ko, we get
(I) > ¢(B, 50) "t aO(R) ng.
Together with the upper bound we found for (II), this gives
Rd(XBo\pu)(x) > [C(B, (50)71 o — cBa2+s*d]®(R) ng.

For a small enough depending on B and g, the first factor on the right side is positive, and
then we get Rd(XBO\p,u)(a:) > (60, B)"'O(R)ng. This implies (4.6), taking into account that
no is comparable to N (with some constant that may depend on «, and so on §p and B). O

p(PREHD 0 By (RY) > = 89 O(R) €(Prot+D),

ol

Lemma 4.7. Let M’ > M be some large constant. Suppose that Ny is a sufficiently large
integer, depending on B and M'. For all R’ € Treeg(R), one of the two following conditions
holds:
(a) The union of the cubes from Stopy(R) which belong to |
larger that p(R')/4.
(b) There exists a family of pairwise disjoint cubes T (R') C UjV:OIH Fj.no (R') with

;V:Ofl D;(R') has p-measure

3 /
(4.11) (U P)z g
PeT(R)
such that, for each P € T(R'),
(4.12) ’R(XFNO(R/)\P/.L)(QT)’ > M O(R) forallz e P.

Proof. Suppose that (a) does not hold. This means that

p(Fro(R)) = 2 ().

To show that (b) holds we choose Ny = 2n N, where n and N are some big integers to be
fixed below. In particular, we will require n > mg, where mo = mo(B, dp) is as in Lemma
4.6. Also we will assume that N is big enough so that the same lemma holds and, moreover,

C1(B,5y) N > 3M’,
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where C1(B, do) is the constant in (4.6).
We define 7 (R’) as the subfamily of cubes P from UNOJrl Fj Ny (R') such that

I R(X Fny (R)\PH)(@)] = M'O(R) forallz e P

and moreover have maximal side length. To prove (4.11) we define an auxiliary family
Tauz(R') of pairwise disjoint cubes from Uj\fzol N, (R') by a repeated application of a touch-

ing point argument, as follows. We will inductively construct families ’Euz( N, j=1,...,n
In the case j = 1, by Lemma 4.4, there exists a ball Bp/ contained in 190R' , with radius
> ¢~ {(R') which satisfies

BR/ﬂFN(R,) =g and 8BR/ﬂFN(R,) * O
Let P € Fy(R') be such that 0Br N P # &. We set
Taua(R') = {P}.

Assume now that 7;1ux(R’ )., Touz(R') have already been defined and let us construct
TaN(R). For each Q € F (R’ ) which intersects Fiv, (R’) and is not contained in any cube
from 7.} (RHU...U 7;%( ), consider a ball B contained in 4 Q, with radius > ¢~ £(Q)

auxr
which satisfies

BQﬂFN(Q) =g and 8BQQFN(Q) #+ .
Let Py € Fn(Q) C F(j41)n(R') be such that 0Bg N Pg # @. We set
Tadz (R') = {Pg}q,

where @) ranges over all the cubes described above. Notice that the cubes from Tgu.(R') =
Tr (RYU...UTn (R are pairwise disjoint, by construction.
We claim that if my is sufficiently big, then

(4.13) iU P) > (R)).
10
PeTauz(R")

To check this, observe first that there is some constant § > 0 depending on N, B and dg such
that

1(Pg) = op(Q),
for @ and Py as in the previous paragraph. Indeed, ¢(Pg) > 8~ N¢(Q), and thus

u(PQ) = 60 L(P)°O(R) > 876, £(Q)° O(R) > 8~ "6 B~ u(Q) =: 6 u(Q).
Then, from the above construction, it turns out that

(U P) o[- (U U ol

PeTda(R) k=1 PeTk, (R
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Summing this estimate over 1 < j < n, we obtain

(U P)zanﬂ(FN0<R'>>—6iu<]U U r)

PeTaux(R) Jj=1 “k=1PeTk  (R)
zaanNO(R’))—énu( U P>.
PeTaua(R)
Thus,
on
ﬂ( U P)ZMMFNO(R’)).
PeTquaz(R)

So, if n is big enough, the claim (4.13) follows.
To prove (4.11), denote now by To(R') the subfamily of the cubes @ € Tqus(R') which

contain some cube P € Fi, n,(R'). Notice that such cubes @ belong to F;y n,(R’) for some
Jj€[l,n]. Soif Q € Tauz(R')\ To(R'), then

supp 11N Q C Fivg (R') \ Fvg v (R').
Together with Lemma 4.3 this yields
u( U Q> < u(Fo (R') \ Fivg, v (R'))
Q€Taua (R)\To(R)

1(Fn (R)).

N

1
< ilFny(R) = (R <
Thus,

u< U Q)=u< U Q)—u< U Q>

QeTo(R) Q€Taua (1) Q€Taua (R)\To (')
9 3 3
> — / —_ = / = — / .
> (P () = 5 (P (R) = o (g ()

On the other hand, from the construction above and Lemma 4.6, it turns out that for each
P e To(R') N Fjn(R'), with 1 < j < n, there exists some cube P’ € Treeg(R') N F;_1)n(R')
with P C P’ C R such that

‘R<XP’QFNO(R/)\P:LL)($)‘ Z 3M/ G(R) fOI' all x € P.

Indeed, DOtice that P (S fNJVO_(j_l)N(P/) because P c %(R/) and we have
No—(j —1)N > No —nN =nN >mqg N,

so that the assumptions in Lemma 4.6 hold.
We distinguish now two cases. First, if

IR (X iy, (i) (2)] < 2M'O(R)  for all w € P,
then

IR(X Py, (r\PI)(@)] Z [R(XPAEy, (R)\PH)(Z)] = [R(XEy, (R)\P1) (7))
> M ©O(R) forallzeP,
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so that P belongs to T(R’). In the second case, if
]R(XFNO(R/)\p/u)(:B)] >2M'©O(R) for some z € P,
then we deduce that, for all y € P,
IR(XFy, (r\P 1) (Y)] = 2M"O(R) — cp(P') > 2M'O(R) — C(B) O(R) > M'O(R),

assuming that M’ is big enough. So P' € T(R'), and thus P C Uger(p) Q- Then we infer

that
u( U P)Zu( U P)ZQSOM(R')-

PET(R')

Lemma 4.8. We have
HR(XR’\FNO(R’)N)HL2(;LLFNO(R’)) < C(B,M)O(R) M(R/)l/z-

Proof. We will use the technique of the suppressed kernels of Nazarov, Treil and Volberg.
Consider the set
H= |J 1+ )@
QEStopy(R)

For x € RY, denote ®(z) = dist(x, H®). Observe that ® is a 1-Lipschitz function, and if = €
Q € Stopy(R), then ®(z) ~ £(Q). Recall that every Q' € Treeg(R) satisfies ©(Q') < BO(R).
Then it easily follows that all the balls B(z,r) with x € R, ®(x) < r < {(R), such that

w(B(x,r)) > C3 BO(R)r*

are contained in H if C3 is some sufficiently big constant.

For x,y € R? we consider the kernel Kg(z,y) defined in (2.7) and, given the measure
o = p|R, we consider the operator Re,. By (3.4) we know that given € R, for all
Q' € Treep(R) U Stopg(R) such that z € @, ‘R(XR\Q/IU)(x)‘ < C(B,M)©(R). Using the
separation condition (1.2), then we infer that

|Reo(x)] < C(B,M)O(R) for x € Q' € Stopy(R) and for all € > ¢~ 14(Q).
And also
|R.o(z)| < C(B,M)O(R) forz e @ € R\ Stopy(R) and for all £ > 0.

Notice that if  belongs to some stopping cube ) from Stop,(R), then ®(z) =~ (Q). As a
consequence, it follows that

sup |Reo(z)| < C(B,M)O(R) forz e R.
e>®(x)

By Theorem 2.4 we deduce that Re, is bounded in L?(c), with its norm not exceeding
C(B,M)©(R). Therefore,

(4.14) HR<I>,JXR/\FN(R/) HLQ(U\_FN(R’)) <c(B,M)O(R) M(R/)lm-
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To estimate ||R(XR/\FNO(RI)J)||L2(ULFN0(R,))’ observe that if y € supp o N R"\ Fn,(R') and
x € supp o N Fy,(R'), then y belongs to some cube @ € Stopy(R), while z ¢ Q. Then it
follows that

[z =yl 2 (B(z) + 2(y))-
So,

B(z,r)N Fy, (R
R a0 < Ren g ) )]+ sap MLl

< [Rao(XrA\Fyy (r)) (2)] + C(B) O(R).

Together with (4.14) this implies that

IR(Xrn oy (RO L2 (0w () < C(B, M) O(R) p(R')"/2.

Proof of Lemma 4.2. If the condition (a) from Lemma 4.7 holds we are done. Otherwise,
we consider the family 7(R’) in the statement (b) of that lemma and we set

G = U P.
PeT(R)

By Lemma 4.8, there exists some constant ¢5 = ¢5(B, M) such that the set

V = {2 € Fn(R) : [R(XR\Ey, (r)1) (2)] > csO(R) }

satisfies
1
u(V) < gM(R/)-
Then,
G\V)> (&= D) u(r) = L ()
a =\~ g T g Hu)

Moreover, for z € G\ V, if we denote by P, the cube from 7 (R’) that contains x,

RO\ P, 1) ()] = [R(X Fy, (rr)\Po 1) (2)] = ROXRAFy, (r1) 1) (2) = (M — ¢3) O(R).

From Lemma 2.3 we deduce that

Imp, R — mpRu| > [R(xr\p, 1) ()] — cp(Pr) — cp(R')
> (M'—c5 —cB)O(R) > 3M O(R),

assuming M’ big enough in the last inequality. However, since R, P, € Treey(R), we have
]msz,u — mR/R/J,’ < |mpm’R,U/ - mRRul + |mRR,u - mR/Ru] < QMG(R),

which is a contradiction. Thus (a) from Lemma 4.7 holds. O
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5. TYPES OF TREES

Consider a collection of cubes A C D. We denote
a(A) =) 0(Q)’uQ).
QeA

So Theorem 1.1 consists in proving that
HRMH%?(H) ~o(D),

under the assumption that

sup ©(Q) < 1.
QeD

For the proof we need to consider different types of trees. We say that T is a simple tree if
it is of the form 7 = Tree(R), with R € Top, (defined in Section 3). Given a small constant
dw > 0, we say that a simple tree T = Tree(R), R € Top, is of type W (wonderful) if

(5.1) u( U

QEBR(R)

If T is not of type W, we say that it is of type NW.
Let A > 10 to be fixed below. For the reader’s convenience, let us remark that we will
choose

> > ow p(R).

0o, 0w < 1 <K M < AL B.

For instance, we may choose A = BY190 We say that a simple tree T is of type Io (increasing
o) if it is type NW and
o(Stop(R)) > Ao({R}).

We say that 7 is of type Do (decreasing o) if it is of type NW and
o(Stop(R)) < A~ o({R}).
On the other hand, we say that 7 is of type So (stable o) if it is of type NW and
A o({R}) < a(Stop(R)) < Ao({R}).

Our analysis is going to need more complex trees, in fact, we will use three families of trees:
the family of maximal decreasing trees M Dec, the family of large wonderful trees denoted
by LW and the family of tame increasing trees T'Inc. Let us describe these three families in
turn.

(1) Given a Do simple tree 7 = Tree(R) we construct an M Dec — enlarged tree T
iteratively as follows. We set

(5.2) Ti:i=Tu |J Tree(P)

PeStop(T)
Tree(P) is Do

We also define the stopping collection of the new tree as

(5.3) Stop(T1) := {P € Stop(T) : Tree(P) is not Do} U U Stop(P),

PeStop(T)
Tree(P) is Do
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where Stop(T) = Stop(R). In general, for an integer k > 2, we define
Th = Teq U U Tree(P),

PeStop(Ti—1)
Tree(P) is Do

and
Stop(Tk) := {P € Stop(Ti—1) : Tree(P) isnot Do} U | ] Stop(P).

PeStop(Ti—1)
Tree(P) is Do

Our M Dec — enlarged tree T will be the maximal union of Do trees, that is,

(5.4) T=UT

k>1

(2) Given a simple tree 7 = Tree(R) that is either Io or So, the following algorithm will
return the desired LW or TInc tree. We first define the tree 75 as

(5.5) To:=TU U Tree(P).
(R)

PeHD

We define the stopping collection of the new tree ’7~'2 as
Stop(72) := (Stop(T) \ HD(R))U | J  Stop(P).
PeHD(R)

The collections of HD, LD and BR cubes are, respectively,

HDy:=HD(T):== |J HD(P),
PcHD(R)
LDy:= |J LD(P) and BRy:= |J BR(P).
PcHD(R) PeHD(R)

In general, for an integer k£ > 2, if 7~7€_1 has already been defined and moreover the following
two conditions hold:

o(Stop(Tn,)) > Ao(Stop(Tny-1))  and  p(BRx,) < Sjypu(HDny1),

then we define
T = Ti—1 U U Tree(P),
PeHD;_,

and

Stop(7x) := {P € Stop(Te—1) \ HDr_1}U | Stop(P).

PeHDy_1
Moreover, we denote
HD,:= |J HD(P), LDy:= |J LD(P) and BRy:= |J BR(P).
PeHDy,_1 PeHDy_1 PeHDy,_

We stop the algorithm when we reach one of the following conditions:
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(56) N(BRNo) > 5{/[/M(HDNO*1)

for certain Ny > 2, in which case we say that 7-No belongs to the LW family and we
say that Ny is its order.
(b) Or if

(5.7) o (Stop(Tny)) < Ao (Stop(Tw-1))

for certain Ny > 2. The boundedness of densities ensures that such condition must
be reached at some Ny. Then Ty, belongs to the T'Inc family and we say that Ny is
its order.

The starting cube R in the construction of a tree T of type M Dec, TInc, LW, or W is
called root of T, and we write R = Root(7T).

We say that the trees of type M Dec, T'Inc, LW, and W are maximal trees. Note that the
trees of type W are simple. Maximal trees of type M Dec can be simple or non-simple. On
the other hand, trees of type T'Inc and LW are non-simple.

5.1. Estimates for the trees of type W and LW. Throughout this section we will use
that the dyadic density ©4(Q) is constant for all cubes Q € HDy, for a fixed k € N and we
will denote such constant by ©(H Dy). In order to prove the desired estimates for trees of
type LW and T'Inc we need the following lemma:

Lemma 5.1. Let T € TIncU LW be of order Ny. Then

U(T) S C(A, B, (5(), 5W)U(HDNO—1)~

Proof. First, we observe that by Lemma 4.1,
_ No-1
o(T) < C(A,B,&) Y o(Stop(Ty) \ Stop(Ti_)),
k=0
where, by convenience, we set Stop(7;) = @. We will show that

(58) o(HDy) > - (Stop(T{) \ Stop(T}_y)

and that o(H Dy) increases geometrically. More precisely,

No—k
(5.9) o(HDy) < <A> o(HDn,-1),

with A > 1. From these estimates, the lemma follows trivially.
Let us prove (5.9). By iteration, it is enough to prove that for £ < Ny — 1

2
(5.10) o(HDy_1) < 1 o(HDy),
recalling that 2A‘i < 1. Since k < Ny — 1, by the definition of T'Inc and LW tree 7~’, we
have that o(Stop(7x)) > Ao (Stop(Tg—1)). Thus
(5.11) o(HDy,) + o(BRy) + o(LDy,) = o(Stop(T;) \ Stop(T,_1))
> (A —1)o(Stop(T;_1)) > (A —1)o(HDg_1).
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We also have
o(LDy) < 62 20(HDy_1)? n(LDy) < 2020(HDy_1)
and using the fact that all the BR cubes in our tree T have little mass, we obtain
o(BRy,) < 4B*©(HDy_1)*u(BRy) < 40}y B*0(HDy,_1),

assuming 0fy; < (2B)7%. So o(BRy) + o(LDy) < o(HDj_1). Together with (5.11), this
implies that

1
(5.12) o(BRy) +o(LDy) < 100 o(HDy,)
assuming A big enough, and again by (5.11), one deduces (5.8) and also (5.10). This concludes
the proof. 0

For the record, notice that from (5.8) and (5.11) it follows also that
1 A
(5.13) o(HDy) > - U(Stop(ﬁ)) > 3 a(Stop(T,_1)) for 2 <k < Ny—1,

assuming A big enough.

We are now ready to estimate W and LW trees.

Lemma 5.2. If T is of type W or LW, then
QeT

Proof. We prove the case of a LW tree of order Ny > 1, as the case of a W follows with
Ny =1.
We claim that it is enough to prove the following estimate:

(5.14) > > D IPp(RWF2 = C(A, B, 6o, M, 6w)o(H Dy, 1).
ReHDy,-1 QEBR(R) QCPCR
In fact, from (5.14) and Lemma 5.1 we see that
Yo IDeR G2 = D o> IPeRWTe
QeT REHDN,-1 QEBR(R) QCPCR
> C(A, B, 6y, M, dw)o(HDy,_1) > C(B, M, ,dw)o(T),

which gives exactly the desired estimate.
Let us proceed with the proof of (5.14):

> Yoo D PRI = Y. Y. Y. DRz

REHDy,-1 QEBR(R) QCPCR ReEHDy,-1 QEBR(R) QCPCR

For R, @ as in the last sum we have

o X De(Ra)| = [ma(Ru) — ma(Ru)| > - ©(R),

QCPCR
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by Lemma 3.2 (b). So we get

SIS DD DI I24¢0] RS SIS DI =IO DN(e)

REHDy,_1 QEBR(R) QCPCR REHDN, -1 QEBR(R)

M2
2 Z (%/VT@(HDNO—I)QM(R)
RGHDNO_l

M2
2 5{/1/70(HDN0*1)’

using the condition (5.6) in the second inequality. O

5.2. Initial estimates for T Inc trees. We want to prove the following.
Lemma 5.3. Let T be a TInc tree. Then

QET

The proof requires a deep analysis that will be mostly carried in section 7. We prove some
preliminary estimates below. Let us consider a T'Inc tree T of order Ny. By (5.13) and the
construction of T'Inc we have the following estimates:

A
(515) O’(HDNO_l) Z EO'(HDNO_Q)

and, using also (5.13),

1 1
(5.16) o(HDny-1) > o(Stop(Tx,-1)) = 94 (6(HDy,) + 0(BRy,) + 0(LDy,)).
Let G be the collection of those cubes R € HDp,_2 such that
A 1
(5.17) 50 () < Y oP)= 04 > o(L).
PGHDNO,p LGHDNOUBRNOULDNOZ
PCR LCR

Lemma 5.4. Let T be a TInc tree and G as above. We have
o(G) > C(B) o(HDx,1).
Proof. Let B= HDp,—2\ G. Let B; the collection of cubes R € HDp,_2 such that
A
(R)> > oP)

— 0
20
PEHDNO—lz
PCR

and set By = B\ Bi. Thus the cubes from By belong to HDp,_2 and satisfy

S P < 10%4 3 o(L).

PEHD -1 LEHDN,UBRN,ULD N,
PCR LCR
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From the definition of By and (5.15) we get

A A 1
< — < — < — .
REBl PEHDNO,1: RGBl
PCR

On the other hand, from the definition of By and (5.16),

D a(P)gmiAZ > o(L)

ReB2 PEHDN071: ReB2 LGHDNOUBRNOULDNOZ
PCR PCR
1 1
< 104 (U(HDNO) + o(BRny,) + O‘(LDNO)) < : o(HDn,_1).
Therefore,
3
> Y o(P)< 5o(HDy,),
REBPEHDN071:
PCR
and so

7
Y. Y. o(P)=5o(HDyy),
RGgPEHDNO,y

PCR

Observe now that each R € HDp,_2 (in particular each R € G) satisfies

> o(P)<cB’o(R).
PeHDy, _1:
PCR

So we deduce
1

1 Tc
Reg ReG PEHDny-1:
PCR

For the proof of Lemma 5.3, notice that by Lemmas 5.1 and 5.4 we have
o(T)<C(A,B)o(HDn,-1) < C(A,B)c(9).
We will show below that

(5.18) 0(G) < C(A, B, M, 80,5%) > > IDp(Rp) |32,
ReG PeT(R)

where T (R) is the tree formed by the cubes from 7 which are contained in R.

Observe that the proof of Lemma 5.3 is complete if we show (5.18). However the arguments
involved are very delicate and so it will be addressed in Section 7. We introduce some
necessary notation next.

We are going to define a tractable tree. The reader may think of it as a T Inc tree of order
2 that involves different constants in the stopping conditions.
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Definition 5.5. Let R € Top be a cube. We say that T is a tractable tree with root R if it
is a collection of cubes of the form

T := Tree(R) U U Tree(P)

PeHD(R)
satisfying the following conditions:
A
(5.19) %O'(R) <o(HD»),
(5.20) o(HDy U BRy U LD9) <10Ac(HDy),
(5.21) 0(BR1) < dwo(R) and o(BR2) < dwo(HDy),

where the notation above is analogous to the one for T'Inc trees, that is, HD; = HD(R),
LDy = LD(R) and BRy = BR(R), HDy = UPeHD(R) HD(P), LDy = UpeHD(R) LD(P)
and BRy = UpeHD(R) BR(P), Stop,(T) = HD1ULD;UBRy, and Stopy(T) = LD1UBR; U
HDy;U LDy U BR5.

Remark 5.6. Tractable trees are essentially T'Inc trees of order 2, in particular they satisfy
(5.22) a(Stop,(T)) 2 Ao (R)
(5.23) o(Stops(T)) S Ao(Stopy(T)).

Notice that given a TInc tree T and Q € G, then T(Q) is a tractable tree. We will study
tractable trees in Section 7.

6. SOME FOURIER CALCULUS AND A MAXIMUM PRINCIPLE

In this section we address some auxiliary questions which will be needed for the study of
the tractable trees in the next section. ¢

|£‘d—s+1 :

The Fourier transform of the kernel ac isc

Thus, if ¢ is a C*° function which
|$|s+1

is compactly supported in R%, the function v : R — R% whose Fourier transform is

Y(€) = clg|" T EB(E)
satisfies R (1) dL?) = ¢, where c is some appropriate constant. Notice that

RwLY@) = [ ol i)

where the dot stands for the scalar product in R%.

One can easily check that, although ¢ is not compactly supported, it quite well localized,
in the sense that it satisfies

C

6.1 < TP
(61) ¥ < 13 i
for0<a<d-s.

In the next section we will need to consider a C'* function ¢g which equals 1 on the ball
B(0,1) and vanishes out of B(0,1.1), say. Given a cube @) € D and some point zg € @ that
will be fixed below we denote g = g o Ty, where Ty is the affine map that maps B(0, 1)
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to B(zq, %csepﬁ(Q)). We also denote by 1 a vectorial function such that R(1q L) = ¢q.
That is,

vQ(€) = c " £ Bo(6).
It is straightforward to check that 1g = £(Q)*~%1y0 Ty, where v is given by R (g L) = .
Then it follows that

(6.2) [boll = Q)" |l o Tolli = CLU(Q)*,
where Cy = [[1)g]|1. Also from (6.1),

Cpa U(Q)*™? B Cpa L(Q)5H
(63) |¢Q(x)| < 1 +£(Q;0—d7a|$ _ ZQ|d+a - K(Q)dipa + |ZE _ ZQ|d+a

for0<a<d-s.

Lemma 6.1. Let v be a signed compactly supported Borel measure which is absolute contin-
uous with respect to Lebesque measure, and suppose that its density is an L function. Let
h:R? — R be an L™ vector field. Let 1 < r < oo and a > 0. If

|Rv(z)[" + R*(hv)(z) < a for all x € suppv,
then the same inequality hods in all R%. That is,
(6.4) |Rv(z)]" + R*(hv)(x) <a  for all x € RY,
where R* is the operator dual to R.

Almost the same arguments as the ones in [4, Section 17] can be applied to prove this
lemma. For the sake of completeness we give the detailed proof below.

Proof. We will use the fact that for any L vector field f, the maximum of R*(f v) is attained
in supp v if sup,cpa R*(f ) > 0. The fact that the maximum exists in this case is due to the
fact that R*(f v) is continuous in R? and vanishes at co. On the other hand, in [4] it is shown
that the maximum is attained on supp v if f v has a C*° density with respect to the Lebesgue
measure. However the same holds if the density is just L*° and compactly supported. This
can be deduced from a limiting argument that we omit.

Let us turn our attention to |Rv|" + R*(hv) now. Again this is a continuous function
vanishing at co and thus the maximum is attained if its supremum in R? is positive. To show
that this is attained in supp v we linearize the problem in the following way. First notice that
for any y € R and 1 < r < o0,

1 1 .
—lyl"= sup Ae,y) — 5 A\",
r A>0,e|=1 r

where 7 = r/(r — 1). This follows either from elementary methods or from the fact that
L A" is the Legendre transform of F(t) = 1¢7. Then we have

|Rv(x)|" + R*(hv)(x) = /\:)u‘p‘:1 r e, Rv(z)) — % L R*(hv)(x)

= sup —-R'(riev)(z)-— 1/ N+ R*(hv)(z)
A>0,le|=1 r
T /

= sup R (hv—rlev)(z)— 5 A".
A>0,]e|=1 r
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As mentioned above, for each A > 0 and each e with |e| = 1, the maximum of R*(hv—r Aev)
is attained in supp v if sup,cpe R*(hv—rAev)(x) > 0. Thus the maximum of |[Rv|"+R*(hv)
is attained in supp v whenever

(6.5) S;lﬂ@ |Rv(z)|" + R*(hv)(z) > 0.

The lemma is an immediate consequence of the this statement. Indeed, notice that when
proving (6.4) one can assume that (6.5) holds, since a > 0. O

7. THE TRACTABLE TREES

This section is devoted to the proof of the key estimate (5.18). In fact, this is a consequence
of the following lemma.

Lemma 7.1. Let T be a tractable tree and R its root. Then
o({R}) < C(A,B,M.8) ) IDo(Rpw)72(,-
QeT

Before turning to the arguments for the proof of the preceding result we show how Lemma
5.3 follows from this.

Proof of Lemma 5.3 using Lemma 7.1. Recall that we have to prove that, if 7 be a
TInc tree, then

o(T) < C(A, B, M,bo,61y) D _ I1Do(Rp) 72,
QeT
By Lemmas 5.1 and 5.4 we have

o(T) < C(A, B)o(HDy,_1) < C(A, B) o(G).

where G is the family of cubes from HDpy,_2 defined in (5.17). For R € G, it turns out that
T(R), the family of cubes from T contained in R, is a tractable tree. Thus, by Lemma 7.1
we have

o(G)=>_ o(R) <C(A,B,M,5) > > [Do(Ru)72(,

Reg ReG QeT(R)
< C(A,B,M,6) > [IDo(Ru)|72 (-
QET
[

We introduce now some additional notation. As in section 5, we use the notation O(H Dy)
for the dyadic density ©4(Q) constant for all cubes Q@ € HDy, k € N. We consider the
following approximating measure for u|R:

(7.1) =y E”d((?) £l P.
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Recall that, by assumption, £4(P) ~ ¢(P)?. 1In order to compare Riesz transforms with
respect to p and 7, it is convenient to introduce some coefficients ¢(-): for Q € T, we set

{(P P
W= ¥ Dip)g()sjl,
PeStopy(T) ’

where

D(P,Q) = £(P) + dist(P, Q) + £(Q).
Notice that the coefficients ¢(Q, T) depend on @ and on the cubes from Stopy (7).

Lemma 7.2. For every Q € T and x,2’ € Q,
R(xr\@1)(z) = R(xr\qm(z")| < p(Q,R) +q(Q,T).

Proof. For each P € Stopy(T) let zp € P be some fixed point. Taking into account that
w(P) = n(P) for each such cube, for x € Q, we get

R(xr\@ 1) (7) = R(xr\@ M ()

e

PeStopy (T

= Z / [K*(z —y) — K*(z — 2p)] du(y)
): PZQ

PeStopy (T
- Z / [K*(z —y) — K*(z — zp)] dn(y).
PeStops(T): PZQ
For x and y as in the preceding integrals we have
((P)

‘Ks(ag—y)—[{s(x—zp){ W

A

Then we deduce that

R(Xr\@ 1) (2) = R(xmem(z)| < q(@,T).
The lemma follows by combining this estimate with the fact that for z,z’ € P,

IR(xr\@ 1) () — R(xmg 1) (2)] S p(Q, R).

Lemma 7.3. For 1 <r < oo, we have

> aPTYuP)Ses Y, pPR) u(P).

PeStopy(T) PeStopy(T)

Proof. Let us consider the functions p and ¢ defined on R by p(z) := p(P,) and ¢(x) :=
q(Py, T), where P, is the cube in Stop,(7") that contains x. We want to prove ||¢||z» < ¢||p||L-.
Let us fix A > 0 and consider the set Qy := {x € R? : ¢(z) > A}. Take a Whitney
decomposition of Q) into a family of “true cubes” W (). In particular, we assume that the
cubes L € W(£2y) satisfy

dist(3L, R4\ Q) ~ ¢(L).
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We claim that there exists an absolute constant C' > 1 such that

(72)  p({xzeR: g(z) > CA}) < Z ,u({x €L: Z D(E?)g)Q) > A})
LeW () Qe%tcogi

We first show that the lemma follows from (7.2). By Chebychev, we deduce

u(le €RY: g(z) > CA}) < Z / > Mdu(x)

s+1
Lew (Q QEStop,( (Pw’ Q)
QC3L
LeW (2

By Fubini, the last double integral is bounded by

dp(z)
A “Py)/ua By ey

dp(x) dyu(z)
‘. d
/ er </621\Q (€(Py) + & —y)**! i /Py (U(Py) + |z — y\)8+1> n

QDPy

s/ ¥ Sf;” ) S [ pwduty)

3L Qep
Q2P

where Q! stands for the parent cube. Thus we get

M e B @) > AN £ 5 [ it

We use this estimate to get the desired result:

lally, < / Nz € RY: q(z) > OA})dA

/ P Q/m x)dp(z
- / p(@) /0 N2 dp(x)

~ [ aa@) du(o)

where 7’ is the dual exponent of r. So we obtain ||¢||z,. < ||pllL,, as wished.
We are only left with the proof of (7.2). For z € Qy, let L € W(2,) be such that = € L.
Take 2’ € 90, such that |x — 2/| = (L). As 2’ & Q,,

n_ m@)Q)
(7.3) q(z’) = QES%%QTW <A
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We split ¢(z) in two summands, the local part and the non-local one:

(@)4(Q) m(@)4(Q)
q(x) = R _MQAQ)
R L
QC3L Q3L

Observe that the local part is the one that appears on the right hand side of (7.2). Thus to
prove the claim it is enough to show that

(Q)(Q) n(Q)(Q)
(7.4) Yo B <oy Y AR
QEStop2TD(PI7Q) ! QGStopQTD(le’Q) i
QZ3L Q¢3L

where C); is some constant depending at most on d, s, and c,ep. We will then take C' := Cy;+1
in (7.2).

To prove (7.4), observe that the numerators are the same in both sides. So it suffices to
show that

(7.5) D(Py,Q) < CD(P,,Q) when Q ¢ 3L.

First notice that, by the separation condition (1.2), if P,y # @, then ¢(P,/) < cdist(Py, Q).
If P,y = @Q, then obviously ¢(P,/) = ¢(Q). So in any case

U(Py) < UQ) + cdist(Py, Q).
Then to obtain (7.5), it is enough to prove
(7.6) dist(Py, Q) < c(l(Py) + 4(Q) + dist(Py, Q))

Since
dist(P,r, Q) < dist(P,r, Py) + dist(Py, @) + ((Py),

it suffices to see that dist(P,, Py) < c({(Pr) + ¢(Q) + dist(P,, Q)). This follows from the
Whitney condition and the fact that Q) ¢ 3L:

dist(Py, Pp) < |z — 2| S (L) S dist(Py, Q) + 4(Q) + £(Py).
So holds (7.6) holds. This completes the proof of (7.4) and the claim (7.2). O

Observe that the estimates obtained in Lemmas 7.2 and 7.3 do not depend on the constants
A, B, M, &g or dy. In fact, they do not depend on the precise construction of the tree 7.

Lemma 7.4. For every k > 0, let HDY be the collection of cubes Q € T which satisfy
0(Q) > 2*6(HD,) and have mazximal side length. Denote

Hy = U Q and Hy, = U (14 fcsep) @,
QeHD! QeHD*

and let ®(x) = dist(z, H). Set O(HDY) = 2*Q(HD,). Then, for 1 < r < 0o, Ra, is
bounded in L"(n) with norm not exceeding c(r, M) ©(H D).

Proof. For 1 < r < oo, the boundedness of R, in L"(n) with norm < ©(H DY) follows from
the boundedness in L?(n). This is shown in [18] (see also Lemma 5.27 of [16]). So we only
have to deal with the case r = 2.
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Denote

F:ﬁku U (1+%Csep)Pa
PeStopy(T)

and consider the auxiliary function
U(zx) = dist(x, F°).

Notice that all the cubes @ € D such that ©(Q) > 2¥©(H D) are contained in F. Then,
arguing as in Lemma 4.8, it follows that Ry , is bounded in L?(p| R) with norm bounded by
CO(HDY), by an application of Theorem 2.4.

By approximation, we are going to show that Ry, is bounded in L?(n), with its norm not
exceeding CO(HDY). The first step consists in showing that Ry, is bounded from L?(n)
to L2(u| R) with norm not exceeding ¢ ©(H D¥). To this end, we consider the auxiliary tree
T" C T whose stopping cubes are given by the family of maximal cubes from H D¥UStop,(T),
which we denote by Stop(7”). That is, 7" is obtained from 7 after removing all the cubes
from D contained in HD¥. Given f € L?(n), we consider the function f € L2(u|R) which
vanishes out of R and is constantly equal to [, fdn/u(P) on each P € Stop(7T"”). So notice
that

/ fdn = / fdu  for all P € Stop(T").
P P

Since H]?HLZ(M) < |[fllz2@y), to prove the boundedness of Ry, from L%(n) to L*(u|R) with
norm not exceeding ¢ ©(H DY), it is enough to show that

7 /R Ru(fn) - Re(Fu)2du < COHDE? | 122(,-

Now we operate as in Lemma 7.2, and then for each x € Q € Stop(T”), taking into account
that fpfdn = fPfd,u, we get

Re(fn)(z) - Re(fp)(@) = Y </P Ky (x,y) [f(y) dn(y) — F(y) du(y)}>

PeStop(T")
= Y[ [Kulew) - Kaloz)] @) dn)
PeStopy(T") P
.S / (K () — Ku(z, 2p)] F(y) duy).
PeStopy(T) P

Since ¥(y) 2 ¢(P) for every y € P, we have

t(P)

‘K\p(x,y) - K\P(%ZP)} S |z — zp[st1 + £(P)s+1
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Then we deduce that
Ry (f n)(2)—Ru(f p)(@)|

S X e WWldn) + )] duto)]

PeStopy(T")

(P
S Y e W)

PeStopy(T")

To estimate the last integral we argue by duality. Given g € L¥’ (n),

[ X / g W) 9o da)

PeStops (

R ALL ([ ooty o) ) ant.

PeStops (
Using the fact that 77()\P) < uw(APNR) < CO(HDE) ((AP)* for every A > 1, by splitting the
domain of integration into annuli we infer that
t(P)
|z — zp|sTL + £(P)st1

where M, stands for the centered Hardy-Littlewood operator with respect to 1. So the left
side of (7.8) is bounded by

COHDY) > /If )| Myg(y) dn(y) S O(HDY) [|f ]l 2y I9llz2)-

PeStopy (T

(7.9) l9(@)ldn(z) S O DY) inf Myg(2),

Thus (7.7) is proved.
By duality we deduce now that Ry, is bounded from L?(u) to L%(n), with norm not
exceeding C ©(HDY). To prove the boundedness of Ry ,, in L?(n), we consider again f and

]‘~‘ as above. We claim that

/R\R\If(f n) — Ru(f p)|* dn < C O(HD})? 1£11Z2(

This follows by almost the same arguments as the ones above for the proof of (7.7). The
details are left for the reader.

Now we turn our attention to the operator Re. Given x € supp 7, notice that ®(x) # ¥(x)
only for the points x € Stop,(T) \ Hi. Indeed, for such points ®(x) = 0 while V(z) = (P,),
where P, is the cube from Stopy(7) which contains z. Now we just write

Raf ()] < Resyiieynonf @]+ [ ) ldn(y).

! Coept(F)/10.1 |2 —y|<caepl(Py)/10 1T — Y[°
The first term on the right is controlled by Ry f(z) and an error in terms of ©(H Df), using
(7.23). The last one also can be easily controlled since the separation condition (1.2) gives
that all y such that |x —y| < % Csepl(Py) satisfies y € P,. On P, the measure 7 is uniformly
distributed with respect to Lebesgue and one can use standard analysis to controll it by

My f(2)O(Py) < B*O(R) My f (). =
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Lemma 7.5. Let T be a tractable tree and n be the measure defined in (7.1). Then for
1 <r < oo Ry is bounded in L"(n) with norm not exceeding Co(B, M)O(R).

Proof. This result can be considered just as a particular case of Lemma 7.4. Indeed, take
k € Z such that 2B < 2* < 4B. Then it follows that the set Hj, in that lemma is empty,
and so ®(x) = 0. Thus R, is bounded in L"(n) with norm not exceeding c(M,r) O(HDY) <
Cy(M, B)O(R). O

Lemma 7.6. Let T be as above and set

(7.10) f(@) = R(xrep)(x) — mp(Rp).

For every 1 < r < oo there exists some constant ¢, > 0 such that
IR+ fll7rmy = er ©(HD1)" n(HD:1).

Proof. For a collection of cubes A C D and 1 < r < 0o, we denote

or(A) =) O(P)" u(P),

PeA

so that o(A) = 02(A).
For every k > 0, let H D} be the collection of cubes Q € 7 which satisfy ©(Q) > 2*©(H D)
and have maximal side length (this ensures that ©(Q) ~ 2*©(HD;)). Denote

H, = U Q.

QEHDY

Observe that Hy1 C Hy.
Let ko > 1 be such that o,(HD) is maximal. For [ > 1, we have

200t O (H D) n(Hyg41) ~ 0 (HDY™) < 0 (HDY) = 27O (H D1 ) ((Hy ).

Thus there exists some fixed [ (absolute constant) such that

n(Hko)'

N |

N(Hyo41) <

We consider the set
H = Hko \HkoJrlv
so that n(H) ~ n(Hy,). We also denote ©(H) = 2k0@(H D;). Notice that
(7.11) o.(HD;) < o,(HD™) ~ ©(H)" n(H).
Let zg € @ be such that
U(B(ZQ, %Csepg(Q))) ~ 77(@)7
with the comparability constant depending on c,,. Consider the functions ¢ and g defined

just above (6.1). Observe that supp pg C B(zg,0.11csepl(Q)). In the arguments below we
will need to work with the functions
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and

v= Y 0@Quq d= Y, Ol

QeH DO QeH DO
where ¢ and 1 have been defined in the preceding section. R(1) dL?) = ¢ and, by (6.2),
(712) i<Wl < Y. ©@)llvelh=C1 > O(Q)UQ)* = Cyn(HD) ~ n(H).
QeHDYO QeHDYO
Recalling (7.11), to prove the lemma it suffices to show that
IR+ fllzr () = er OCH) n(H).

We will argue by contradiction, following some ideas inspired by the techniques from [4] and
[9]. So suppose that

(7.13) IR0+ fllrey < AOH) n(H),
where A > 0 is some small constant to be fixed below. Consider the measures of the form
v =an, with a € L*(n), a > 0, and let F' be the functional
F) = [ R+ 417 dv -+ Afal ) O 0(2D).
Let
m = inf F(v),

where the infimum is taken over all the measures v = an, with a € L*(n), such that
v(H) = n(H). We call such measures admissible. Note that 7 is admissible, and thus

(7.14) m < F(n) < 2\O(H)" y(H),

by the assumption (7.13). This tells us that the infimum m is attained over the collection of
measures v = an with |la[[ e,y < 3. In particular, by taking weak * limits in L°°(n), this
guaranties the existence of a minimizer.

Let v be an admissible measure such that m = F(r). We claim that

(7.15)  |[Ru(z) + f(@)[" + 7 R*(Rv + f)|Rv + fI""2v)(z) < CAY" ©(H)"  on suppwv.
Let us assume this for the moment. Observe that, by Lemma 2.3, for all x € suppr C R,
|f(@)] = [R(xrep)(2) — mr(Rp)| S p(R) £ O(R) = B~1©(HD1) < B~ O(H).
Then, using the inequality |o+ 8" < 277 (|a|” + |B|"), we infer that
Rv(z)[" + 2" ' R*((Rv + f)|Rv + f|"%v)(x)
<27 ([Ru() + f@)" + [ f(@)") + 277 R ((Rv + )Ry + fI"?v) (x)
<2 f@)" + CAO(H)
<C(BT+ N/ eH)

for x € suppv. It is easily checked that the function on the left side of this inequality is
continuous. Appealing then to the maximum principle in Lemma 6.1, with h = 2" 1r(Rv +
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)Ry + f|"=2, we infer the estimate above also holds out of suppv. Therefore, integrating
against ¢ dL? (recall that 1) is non-negative), we get
(7.16)

/|7zyym’p“dcd + 27"—%/73* (Rv + f)IRv + fI"2v) dL? < C(B™ + A" O(H)" |[9])1-

Next we estimate the second integral on the left side of the preceding inequality, which we
denote by I. For that purpose Wwe will also need the estimate

(7.17) [ IR deh) v 5 ey (),
that we will prove later. Using (7.17) we have

|| = ‘/(RV + ARy + fI" 2R dLY) dv

< </\Ru+frdy> ' </ |7z({£dcd)yrdy>r
< (No(H) y(m)) " (O(H) ()T = N eHY n(H),

where 1/ = r/(r — 1). From (7.16), the preceding estimate, and the fact that ||¢[|; < n(H),
we deduce that

(7.18) / IRy dL? < (B + AV ©(H) n(H).

To get a contradiction, note that by the construction of ¥ and ¢, we have
‘/Ruwdﬁd /R*(zpdﬁd) dv| = /gpdu = Y 0(Qv(Q) ~O(H)n(H).
QeH DO

On other hand, since || < v, by Holder’s inequality, (7.18), and (7.12),

~ 1/r » 1/r
‘/Ru@/}dﬁd < (/ \Ru!’"wdﬁd) (/wdcd) < (BT +/\1/T')1/T@(H)n(H),

which contradicts the previous estimate if B is big enough and A small enough. So to finish
the proof of the lemma it only remains to prove the estimates (7.17) and (7.15). This task is
carried out below. (]

Proof of (7.17). We have to show that

[ IR achy v < ey o).

Recall that B
b= 0(Q) el

k
QeHD;°

9= 90

k
Q€eHD,°

We consider now the function
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where gg = cg xq, with cg = O(Q) [ |vg|dLY/n(Q)?, so that

/gQ dn = 0(Q) / loldL?  for all Q € HDY.

Recalling that [|©(Q)vgll1 < n(Q), it follows that |cq| S 1 and |ggllziwm) < 1(Q).

The first step of our arguments consists in comparing R (¢ d£%)(z) to Re(z)(gn)(x), with
e(z) =4Q) ifr € Q € HD]fO, and e(x) = 0 otherwise. We will prove that, for each
Q € HD}

< 0(Q) UQ)**’
~ dist(xz, Q)P + £(Q)*

(7.19) IR(O(Q)[tbq| dLY)(x) — Ry (90 m)(2)

where [ is some positive absolute constant. The arguments to prove this estimate are similar
to the ones in Lemma 7.2 or (7.7), although the fact that 1)g may be not compactly supported
introduces some additional difficulties. So we will show the details.

Suppose first that dist(z, Q) < 2/4(Q) = 2 diam(Q). From (6.3), we obtain

0@y

dist(y,Q)|<46(Q) 1T — yI°

+0(Q)
< O(Q),

taking into account that |z — y| = |y — zg| > 4¢(Q) for the estimate of the last integral. On
the other hand, we also have

L’ (y)

0Q)**
dist(y,Q)|>46Q) 1T — YI* [y — 2@

IR(O(Q)lvgl dLY)(x)| £ O(Q)

‘d+o¢ dﬁd(y)

Reoy (90 1)(@)] < / !

ly—a|>20(Q) 1T — YI®

30 dn(w) < g7 allurcy < O(Q).

Thus (7.19) holds when dist(z, Q) < 24(Q).
Suppose now that dist(z,Q) > 2/4(Q). For such points, Ryq)(g9qn) () = R(ggn)(z).
Thus we can write

[R(O(Q)[vq| dL)(x) - 73()(9@77)( )]

/ K*(z — ) [0(Q)¢o()] dLy) — go(y) dn(y)]
_ / L / 4 /
ly—2q|>2]z—2q] La—zql<ly—2q|<2lz—2q| ly—zq|<ilz—2g]
=11+ Iy + Is.

To estimate I, notice that |y — x| = |y — zg| in the domain of integration. Also gg(y) =0
because |y — zg| > 2|z — zg| > 4¢(Q). So we have

< < 1
lz —yl* ~ |y — zql*
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and, by the estimate (6.3),

1
<0 S ac?
1] < O(Q) /y—zQ|>2|x—zQ| =20 [vq(y)| dL(y)
1 HQ) d 0(Q) {Q)™
<O dL < -2 ¥
~ (Q) /y—zQ|22|x—zQ| ’y - ZQ’s ‘y - ZQ‘CH_Q ( ) ~ ’.’E - ZQ’s+a

Let us turn our attention to I>. Again in the domain of integration we have gg(y) = 0
because |y — zg| > 3|z — zg| > €(Q). By the estimate (6.3) we get

1 (Q)e

Bl £6(Q) [ s —aci(y)
%|m—zQ|<|y—2Q\<2\x—zQ| |:E - y| |y - ZQ|dJr
- QU L - OQUQ)r
~ d+a s (y) ~ sta
|z — 2q ly—zq|<2le—zq| [T — Yl |z — 2q|

Finally we deal with I3. We write it as follows:

b= K-y - K- 20)] [0QWoWIL ) - goly) dn(y)]
ly—2q|<5lz—2q]

+ K — 20) / [0(Q) [ )] dL(y) — gq(y) dn(y)]

ly—2q|<5lz—20]
_.7Ja b
=g+ 1

To estimate I§ we use the smoothness
of the kernel K*, and then we get

_ 18
w0 ms [ A 0@ ) + sl dn),
y—2qlsglr—zq

where 0 < § < 1. Using (6.3), we obtain

— 25|8
/| < |me<@w@<y>|d5d<y>
Y—2Q|=351T—2Q

9@ / 1™y —2I°  ray,
T le = 2t gl ool Q)T + |y — 2o T+
The last integral is bounded by
sta+p3 Y s+a
¢ % Ll (y) +C % L’ (y).
y—zol<e@ HQ) y—zol>6Q) 1Y — Zq|

Both integrals are bounded by C ¢(Q)*#, assuming that § < « for the last one (for instance,
we may choose 8 = «/2). Thus,

0(Q) UQ)™**

|y_ZQ‘ﬁ d
————0(Q)|vYo(y)|dL(y) S ———F—.
/MK%MQ| 120 e@lugtl ety s SLAUT
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It remains now to estimate the integral involving the term gg(y) dn(y) in (7.20). We have

ly — 20/°
=90 (y) dn(y)
/|y—ZQ<;|x—ZQ| |z — 2q|**F

Q0@ _ 0@ UQ)™’

[z — 2P |z —zq|tP

1
< - B <
S = agltP /QE(Q) 90(y) dn(y) <

Concerning I3, since [ godn = 0(Q) [ [vg|dLY, we deduce that

=K'=z [ O(@) vig(y) 4L(y) - g0v) dn(y)
\y—ZQ|>%\x—ZQ|
= K%z ) / 0(Q) [to(y)| dL(y),
ly—zq|>3lz—2q]

taking into account that gg(y) = 0 for y in the integrals above. So by (6.3) we get
PO) (@)t L 0@ UQ)e
P e — 2l Jly—sgls Lomsol 1Y — 20l |z -zl

Gathering the estimates obtained for I, I and I3, since |z — zg| ~ dist(z, Q) +4(Q) (recall
that dist(x, @) > 24(Q)), we derive

L’ (y)

e / s+p
IR(O(Q)[vbg| dLY)(2) — Rewy (90 1) (2)| < dist(z., (g))éﬁﬁ 0(Q)=+8

as claimed. So we infer that

0(Q) £(Q)**F
Z dist

[ RG A @) = Reoam @l doto) < [ ( o G ) i)

k
QeHD°

We estimate the last integral by duality. Consider a function h € L™ (n). Then,

2(0)B
[ 3 g s ag @

ko
Q€HD]

Q)P
= ¥ Q) [ g art g Mo dle)

ko
QeHD;

For each @, using the fact that n(AQ) < CO(H) ¢{(AQ)® for every A > 1, as in (7.9) we obtain

/ {oy h(z)dn(z) < CO(H) inf M,h(y)
dist(z, Q)8 + £(Q)ere Y yeq M)

Therefore, the left side of (7.21) does not exceed
COH) Y. n(Q) inf Myh(y) S O(H) [ Myh(y) dn(y)
QeH DO Mo
S O(H) n(Hyg) " 1] oy S OCH) n(H) |[B]] 12 -
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So we deduce that
(7.22) / IR dLY)(z) = Ry (9n)(2)|" dn(z) < O(H) n(H) = O(H)" v(H).

The estimate (7.17) is a consequence of (7.22) and the fact that

/ Reey (9 7) (@) din(a) < O 5(H).

This inequality is easily derived from the L"(n) boundedness of the operator R ,, where ®
is the function defined in Lemma 7.4 (with k = kg). Indeed, notice that e(x) ~ ®(z) for all
x € suppn. Then, from (2.8), it follows that

1
(7.23)  [Rew(gm)(z)] S [Ra(gn)(z)| + 3;1()); " )Igldn,SIR@(gn)(w)H@(H)-

So we have

/IRs(a;)(gn)(w)lrdn(ﬂf) S Re(gmllzr )y + OH)" 19lr ()
S OH) |lgllzrq,) < ©H)" 1(Hy,) = O(H)" v(H).
O

Proof of (7.15). Let v = an be a minimizing measure for F'(v) as above, so that, in partic-
ular,

F(v) <2XO6(H)"n(H).
We have to show that
|Rv(x) + f(x)|" +rR* ((RV + HIRv + f‘r_Ql/) (x) <C P O(H)" on suppv.

Let zp € suppv and consider a ball B = B(xg,p), with p > 0 small. For 0 < ¢t < 1 we
construct a competing measure v; = as 1, where a; is defined as follows:
v(BNH)

v(H)
Notice that, for each 0 < ¢ < 1, a; is a non-negative function such that v4(H) = v(H).

Taking into account that

ar=1—txpla+t XH a.

v(BNH)

laellzoq < Nallzww +t = 75—

we deduce that

F(u) = / R+ 17 dvg + Nl =y © () 1 (H)

BNH ~
< [ 1Roict s n (el + o 25T Y ey ) = Fou
Since F(1y) = F(v) < F(y) < F(1) for t > 0, we infer that
1 d ~
.24 — F >
(7.24) J(B) dt (ve) - 0,
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with the derivative taken from the right. An easy computation gives

) BN r
__/B|Ru+f| v+ U0 /H|Ru+f| dv

—|—T/('R1/—|—f) Ry+f|r_2R<_XBV+ V(BﬂH)

v(H)
+ AW (BNH)O(H)".

d ~
%F(Vt)

t=0

XHI/> dv

So (7.24) is equivalent to

i v " dv _r v v r—2 v)dav

(125) o [ R+ 1 v s [(Re+ DRy + 72 R(xe0) d
v(BNH)

= (B)w(H)

To estimate the right side of the preceding inequality, first we use (7.14) to notice that

[/H |Rv+ f|" dv+r/(7€y+ ) IRv + fI" 2 R(xnv)dv + XO(H)" I/(H)],

(7.26) /H Rv + f|" dv < F(v) < AO(H)" v(H).

1/r 1/r
< </ |Rv + f|" dy> (/ IR(xuv)|" dv) .
We claim now that

(7.28) / | R(xuv)|"dv < CO(H)" v(H).

We set

(7.27)

/(RV + ) |Rv + fI" 2 R(xgv) dv

Assuming this to hold, (7.27) tells us that

< PV (O(H) v(H))"

/(RV + ) |[Rv + fI" 2 R(xgv) dv

SN OH) v(H),
recalling (7.14) for the last inequality. Thus the right side of (7.25) does not exceed
COMTOH) +AO(H)") S AT O(H)',

assuming that A < 1 for the last estimate.
Let us turn our attention to the left side of (7.25) now. We rewrite it as

1 ; , . N
o [ arans o [ R (R piRw )

Taking into account that the functions in the integrands are continuous on supp(v), letting
the radius p of B tend to 0, it turns out that the above expression converges to
|Rv(z0) + f(z0)|" + rR*((Rv + £)|Rv + f|" 2 v)(x0).
As a consequence, we derive
[Ru(zo) + f(zo)|” +rR*(Rv + IRy + "2 v) (o) S AV ©(H)",

as wished.
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It remains to prove (7.28). To this end, recall that H = Hy, \ Hy,4; for some [ > 1, and
consider the enlarged set

ﬁk(ﬁ_l = U (1+ Tlocsep)Qa
QeHDY™!
and the associated 1-Lipschitz function ®(z) = dist(z, R? \ H ko+1).- By Lemma 7.4, R, is

bounded in L"(n), with norm not greater than C ©(HD %) ~ ©(H). Since v = an with
lallLooy < 3, we infer that Re, is bounded in L"(v), also with norm not greater than

CO(H). As & vanishes in R\ Hy, .y, it follows that Ke(z,y) = (z —y)/|z — y|*T" for
y € suppr N H Cc R\ Hpy 4y, and thus
R(xnv) =Ro(xnv).
Therefore,
IRy = [Re(xav)|1ry S O(H)" v(H).
U

Let us remark that, from the conditions (5.23) and (5.21), assuming also that the constant
dw in (5.21) is small enough and following the proof of (5.10) we deduce that

(7.29) o(HDy) > + o(Stopy (7).

—
2
This estimate will be used below.

Lemma 7.7. Let T be a tractable tree and f as in (7.10). Then there exists some subset
G C UPEStOPQ(T) P satisfying

such that, for every x € G,
(7.30) [Ra() + ()| = CrAY" (p(Pe) + q(Pr, T)) + Cs(A, B) O(R),
where P, stands for the cube from Stopy(T) that contains x.

Proof. We distinguish two cases. In the first one we assume that

(7.31) o(Stop,(T)) < A~ o(Stop, (T)).

Then from Lemma 7.6 and (7.29) we infer that

(732) [Rn+ f3a( 2 OHD n(HDy) 2 o(HD1) > 5o
In the second case, (7.31) does not hold. Then, taking also into account that 7 is a

tractable tree, we have

(7.33) A7 o(Stop, (T)) < o(Stopy(T)) < Aa(Stopy(T)).
For a collection of cubes A C D and 1 < r < oo, we denote

or(A) =D O(P) u(P),

PeA

(Stop(T)) 2 5 o(Stopa(T)).
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so that o(A) = 02(A). Our next objective consists in showing that for some 1 < r < 2, the
following holds:

(7.34) IR0+ fllr @y 2 Aor(Stopy(T)).

Notice that this estimate coincides with (7.32) if we take r = 2.
To prove (7.34), notice that, by Lemma 7.6, choosing 1 < r < 2 and using (5.20), we get

(7.35) IR0+ fll7rop 2 ©(HD1)" p(HDn)
> O(HD,)"20¢(HD,)
> ATYO(HD,)" 2 o(HD>)
2—r
> At (ggggg) O(HDy)" u(HD)
= AT B> T O(HD,)" u(HD>).
We claim now that
(736) UT(HDZ) ~ UT(StOPZ (T))

Observe that (7.34) follows from the two preceding estimates if we assume B big enough so
that
ATIB*T > A,

From now on we assume that r = 3/2 say.
To prove the claim (7.36) we will show that

00 (LD1) + 0,(LDs) + 0, (BRy) + 0,(BR2) < o, (HDy).
Let us remark first that, from the estimates (7.33), (7.29) and (5.19), one easily deduces that
(7.36) holds in the case r = 2. Using (5.22) we have

o(HDs) 2 a(Stopy(T)) = A~ a(Stop, (T)) Z o ({R}).
Therefore,

0.(HDs) = O(HD>) 20(HD,) = ©(HDy)" 2c({R})

2 B0 O(R) 2 0({R)) = s on({R)).

Also, from (3.6) and the preceding estimate

T T

01 (LDy) + 0, (LDy) < 832 O(R)" j(R) + 83 B" O(R)" u(R)
<057 B ov({RY)

< 55% B2 5 (HD,).
On the other hand,
0.(BRy) + 0,(BRy) < ©(HD1)> " 0(BRy) + ©(HD3)* "0(BRy)
< O(HD1)* "6wB?*0(R) + ©(HD2)* "swBo(R)
< 2B%2 "5, B*O(R)> "o (R)
< by B 6 (HD,).
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From the last estimates, assuming that dy and oy are small enough, the claim (7.36) follows,
and thus the proof of (7.34) is finished.

Next we assume that either » = 2 or r = 3/2, and we will use that (7.34) holds in both
cases. First, note that from the first inequality in (7.35) one obtains

(7.37) IRn + fllr(yy 2 ©HD1) ~?o(HDy) ~ O(HD1)"? o(Stopy(T))
>O(HD,)"2A ' o({R}) ~ C(A, B,r) 0, ({R}).
Denote
@(37) = @(P:Jc)a p(.TU) :p(Pm)a Q(x) ZQ(PMT)>
where P, stands for the cube from Stop,(7) that contains 2. From Lemma 7.3 and the fact
that p(z) =~ O(x), we get
[atwr n) < o [ pordnte) < e [ ) dnte) = er o, (Stop(T)).

Then, by (7.34) and (7.37), we obtain
(7.38) IR0+ Flljey > Cs A / (() + a(x) + Ca(A, B, ) O(R)) dn(z),

where Cs is some absolute constant. We let G be the subset of the points z € Upegiop, (1) P
such that

Cs A

1/r
> ) (p(P:) + q(Ps, T) + Cs(A, B,r)O(R)).

R + 10)| = (

Note that
r Cs A r

; R+ fI"dn < ——= R(p(Px) +q(P;, T) + Ca(A, B)O(R))" dn.
Thus, from (7.38) we derive

L Rn+17in = S22 [ (P + a(PeT) + CulA BLr)O(R))"

> OB(Aa Bu T) @(R)T U(R)
On the other hand, by Hélder’s inequality,
1/2
[ Rat g < ( [ Ro+ 1 an) ey

By Lemma 7.5, R# is bounded in L?"(n) with norm not exceeding Co(B, M)O(R). Recalling
also that |f(z)] < p(R) < O(R) for all x € R, it follows that

Cs A

[ 1R+ g < Co DR 0(R).
By combining the last three estimates we obtain

O(R)" n(R) < C(A, B, M,r)(6(R)* n(R))"*n(@)"?,
which gives n(G) > Cs(A, B, M, r)n(R). O
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Proof of Lemma 7.1. Let G be the collection of the cubes P € Stopy(7) such that there
exists some z € P satisfying

(7.39) [Rn(x) + f(x)] > CrAY" (p(P) +q(P, T)) + Cs(A, B) O(R),
where C7, Cg are the constant implicit in (7.30). By the preceding lemma,
(U P)=n(U P) > ca . am = a5 u(r).
Peg Peg
It is easily checked that for z € P € G,
[R(xpn)(z)| < O(P) < p(P).
Further, by Lemma 7.2, for all z,y € P,
IR(xr\p 1) (@) = R(xr\pm)W)| < P(P) +a(P, T).
Then, for all y € P, by (7.39) and the preceding estimate,
[R(xpe 1)(y) — mr(Ru)| = IR(xr\p 1) (y) + f(y)]
> Cr AV [p(P) + q(P, T)] + Cs(A, B) O(R) — C (p(P) + (P, T))

Cr

> ?AI/TP(P) + 08(A7B) Q(R)a

assuming A big enough.
Recall now that by Lemma 2.3,

|R(xpep)(y) — mp(Ru)| < Cop(P).
Therefore, if A is big enough again,
C
|mp(Ru) — mpr(Rp)| > %Al/rp(P) + Cs(A, B) O(R) — Cop(P)
> Cs(A, B) O(R).

Since, for x € P € Stopy(T),

Y Do(Ry)(x) = mp(Ru) — mp(Rp),
QeT

we infer that

> IR > || DoRif* du

QeT QeT
> Cs(A, B)? O(R)* u(G) = C(A, B, M) O(R)” u(R).
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8. PROOF OF MAIN THEOREM
We now finish the proof of Theorem 1.1. We need to prove
o(D) S Y 1D(Ru)ll72(,-
QeD

First note that by stopping time arguments we can make a partition of D into disjoint maximal
trees, i.e. trees of type W, LW, M Dec and TInc. So we can write

o(D)=oc(W)+ o(LW) + o(MDec) + o(TInc),

where, abusing notation, we have identified W, LW, M Dec and TInc with the cubes con-
tained in the trees of type W, LW, M Dec and T'Inc, respectively.
We need the following series of lemmatas.

Lemma 8.1. Let Ty be the mazimal tree with root Q°. Then we have

(8.1) o(MDec\ Ty) < C(A,B,M,é)(c(W)+o(LW)+o(TInc)) if To € MDec,
and

(8.2) o(MDec) < C(A,B,M,é)(c(W)+o(LW)+o(TInc)) if To ¢ MDec.

Recall that QP is the largest cube from D. That is, it is the starting cube in the construction
of E.

Proof. We will prove (8.1), as (8.2) follows by an almost identical argument. Let 7 € M Dec
and let R = Root (7). We first note that

(8.3) o(T) < O(B, A)o(R)

To prove this we define So(7T) := {R}, and in general Si(7) is the collection of the cubes
from TopNT \ U?:é S; which are maximal. Since 7 € M Dec, then Tree(R') is Do for all
R’ € TopNT. Therefore, o(Stop(R')) < A7lo(R) and also o(Sp(T)) < A 1o (Sp_1(T)).
Iterating this estimate we get

o(Sp(T)) < A *a(R).
And now the proof of (8.3) follows easily using Lemma 4.1:
o(T)<d(B,6o, M) > o(R)<(B,6,M)) oS
R’ETop nT k=0
d(B,dy, M ZA o(R) < ¢(B,dy, M, A)o(R).
Next we observe that since R = Root(7) # Ro and T € M Dec, then there exists a tree

T’ € WULW UTInc such that R € Stop(7”). We use this fact together with (8.3) to finish
the proof of the lemma.
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o(MDec\To)= > o(T)

TeMDec\To

< d(B,6o, M, A) >

R=Root(T)
TeMDec\To

< C(Ba(SO:MvA)

T'eWULWUT Inc
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The second inequality follows from the fact that any cube @ € D satisfies O(Q) < O(Q!),

since the £(Q) ~ £(Q') where Q' is the parent cube of Q.

Lemma 8.2. Let Ty be the mazximal tree with Root(To) = Q°. If To € M Dec, then

(84) (7o) S IRpl 72,0

The proof of the Lemma 8.2 will require the following result, whose proof we postpone.

Lemma 8.3. Let Q° be a cube that contains the support of measure ju. Suppose there exist
cubes Qu, Qq C Q° such that dist(Qu, Qq) ~ £(Q%) and u(Qu) ~ 1(Qq) ~ n(Q°). Then

IRl 72 = Co(Q).
Proof of Lemma 8.2. Applying Lemma 4.2 to Q' := Q°, we deduce that there exist § and n

u( U Q>ZW(QO),

such that

QesS(QY)

where S(Q°) = {Q € Stopy(Q°) : 4(Q) > 66(Q")}. Let Q, € S(Q°) with maximal p

measure, then

(8.5) w(Qu) 2 6% p(Q°).

O

We now distinguish three possible cases. In the first one, let us suppose Q, € BR(Q").

Then part (b) of Lemma 3.2 and (8.5) gives

1D Rilzon(@)'7 2 [ 1DgrRpn

Z/ Imq, Ry — maoRpuldp
Qu

> T O(QN(Qu) > 5 e(Q)u@).

We use this estimate to get the desired result:

M2
IRAl2( = Do RulEa(, > —-0%n2o(@).

In the second case, let us assume Q,, € HD(Q"). We claim that (Q.) < 3u(Q). Suppose

that is not the case, then

#(S10p(@") = 7(Qu) > 2-0(Q°(Q).
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This contradicts the fact that the tree is o-decreasing. Therefore u(Q,) < 3u(Q°) and

obviously u(Q°\Q.) > %,u,(QO). Consider the cube Qg such that Qg C Q°\ Qu, £(Qq) = £(Q.)
and 1(Qq) is maximal. Then u(Qq) ~ p(Q°) with constant depending on § and by the

separation condition (1.2) dist(Qu, Qq) =~ £(Q.) ~ £(Q°) with constant also depending on §.
We see that the cubes @, Q4 verify the assumptions of Lemma 8.3, therefore we conclude

IRl 72 = Co(Q°).

The third case is very similar to the previous one. Let us now assume that Q, € LD(Q°),
then ©(Q,) < 600(Q"), which in particular gives that u(Q,) < dou(Q°). We now proceed as
in the second case to obtain the desired estimate. O

Proof of Lemma 8.3. By replacing @, and )4 by suitable descendants, we may assume that
(8.6) UQ°) ~ dist(Qu, Qa) > 2(£(Qu) + £(Qa))-

Let Ly be the shortest segment that joins the cubes @, and Q4 and let us call v a unit vector
parallel to the segment. Let Hy be the hyperplane that is perpendicular to L; and passes
through the middle point of L;. Then Hs divides Q° in two regions, D and U, so that by (8.6)
D contains @4 and U contains @)y, say. Let us denote by R" the singular integral operator
associated with the kernel K*(x — y) - u. By the antisymmetry of the kernel, we have

IRl 2y (D)2 > ’/ R“udu‘ '/ Riu( XU)dM‘

/u/Qd |x— ’erl dp(x)dp(y)

d ws
/ / d %Ci 5D, D) 3 ) )

_ dlSt(Qua Qd)
- g(QO)sH

From the above estimates the lemma follows. O

HQu(Qa) ~

Theorem 1.1 is an immediate consequence of the preceding results. Indeed, by Lemmas
8.1 and 8.2 we have

o(MDec) < C(A, B, M, &) (U(W) + o(LW) + o(TIne) + Hnuuig(m) :
Thus,
o(D) < C(A, B, M, &) (U(W) + o(LW) + o(TInc) + ||RM||§2(M)) .
By Lemmas 5.2 and 5.3 we know that

o(W)+o(LW)+o(TInc) < C(A, B, by, M, ow) Z ||DQ(RM)||%2(;L)
QeD
= C(A7B7507M7 5W) HRMH%2(H)’

and so we are done.
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