SOFT OPERATORS IN C*-ALGEBRAS

HANNES THIEL AND EDUARD VILALTA

ABSTRACT. We say that a C*-algebra is soft if it has no nonzero unital quo-
tients, and we connect this property to the Hjelmborg-Rgrdam condition for
stability and to property (S) of Ortega-Perera-Rgrdam. We further say that
an operator in a C*-algebra is soft if its associated hereditary subalgebra is,
and we provide useful spectral characterizations of this concept.

Of particular interest are C*-algebras that have an abundance of soft el-
ements in the sense that every hereditary subalgebra contains an almost full
soft element. We show that this property is implied by the Global Glimm
Property, and that every C*-algebra with an abundance of soft elements is
nowhere scattered. This sheds new light on the long-standing Global Glimm
Problem of whether every nowhere scattered C*-algebra has the Global Glimm
Property.

1. INTRODUCTION

A recurring property in the study of non-simple C*-algebras that ensures suf-
ficient noncommutativity is the notion of having no nonzero elementary ideal-
quotients; see, for example, [ER06, RT17, APRT22]. Given the stark contrast
between such C*-algebras and those that are scattered (as defined by Jensen in
[Jen77]), the property was termed nowhere scatteredness in [TV21Db].

Despite this notion being the natural substitute for simplicity in a variety of
scenarios, one oftens finds oneself working with the more technical condition of
having the Global Glimm Property. This property, introduced by Kirchberg and
Rgrdam in [KRO2], implies nowhere scatteredness and, in fact, it is known that
both notions agree for a wide class of C*-algebras. However, whether these two
conditions are the same in general remains an open problem, known as the Global
Glimm Problem; see [TV22b, Section 1] for an overview on the subject. In essence,
and as in many other problems in operator algebras, the Global Glimm Problem
asks if a natural condition and its more useful (albeit more technical) strengthening
coincide.

A new approach to attacking this problem was developed in [TV22b], where the
statement of the Global Glimm Problem was reformulated in terms of the Cuntz
semigroup, a powerful invariant for C*-algebras introduced by Cuntz in [Cun76]
and later studied more abstractly by Coward, Elliott, and Ivanescu in [CEIOS].
The theory of Cuntz semigroups, which was further developed in [APT18, APT20a,
APT20b, APT20c, APRT21], has seen many important applications in the structure
and classification of C*-algebras; see, for example, [Tom08, Rob12, Win12, RT17,
Thi20b, APRT22]. For a recent introduction to the theory we refer to [GP23].

In order to exploit the approach from [TV22b], it becomes imperative to deepen
our understanding of the Global Glimm Property. In this paper, we do so by
characterizing the property in terms of soft elements.
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Definition A (3.1). Given a C*-algebra A, we say that a positive element a € A
is soft if no monzero quotient of aAa is unital.

This definition is in analogy to the notion of having a soft Cuntz class, as intro-
duced in [APT18], and draws inspiration from the characterization of stability for
purely infinite C*-algebras obtained in [KR00, Theorem 4.24]: A o-unital, purely
infinite C*-algebra is stable if and only if none of its nonzero quotients is unital. In
fact, despite never having a name, the notion of softness appears throughout the
literature. For example, one could restate part of [BGSW22, Theorem B] by saying
that a separable, nuclear O.-stable C*-algebra has finite decomposition rank if and
only if every positive element in A is soft.

We begin our investigation by first developing the basic theory of softness for C*-
algebras, where we say that a C*-algebra is soft if it has no nonzero, unital quotient;
see Definition 2.1. We relate this property to the Hjelmborg-Rgrdam condition for
stability and to property (S) of Ortega-Perera-Rgrdam; see Proposition 2.14. We
then give a spectral characterization of softness:

Proposition B (3.6). A positive element a in a C*-algebra A is soft if and only if
for every closed ideal I C A, either a € I or the spectrum of a+1 € A/I has 0 as
a limit point.

Section 4 is devoted to the introduction of three tailored definitions of softness for
Cuntz classes, which we call functional, weak, and strong softness; see Definition 4.2.
Strong softness implies weak softness, which in turn implies functional softness, and
all three notions agree in Cuntz semigroups of residually stably finite C*-algebras;
see Proposition 4.5. In that case, softness of an element in the C*-algebra can be
characterized in terms of its Cuntz class:

Proposition C (4.16). Let A be a residually stably finite C*-algebra. Then an
element a € Ay is soft if and only if its Cuntz class [a] € Cu(A) is strongly soft
(equivalently: weakly soft, functionally soft).

In order to connect the Global Glimm Problem to soft operators, we introduce
the notion of abundance of soft elements for a C*-algebra A, which means that for
every a € Ay and € > 0 there exists a positive, soft operator b in the hereditary
sub-C*-algebra aAa such that the cut-down (a—¢), is in the closed ideal generated
by b; see Definition 5.2. This definition is in the same spirit as the Global Glimm
Property, which one could phrase as an ‘abundance of nilpotent elements’; see
[TV22b, Theorem 3.6]. (We recall the definition of the Global Glimm Property at
the beginning of Section 7.)

Although not every nilpotent element is soft, it is nevertheless true that the
Global Glimm Property implies an abundance of soft elements; see Proposition 7.7.
We also show that having an abundance of soft elements implies nowhere scattered-
ness (Proposition 7.4), which therefore breaks the Global Glimm Problem into two
subquestions; see Question 7.8.

We introduce in Definition 5.2 the notion of having an abundance of strongly soft
elements for Cuntz semigroups. Using that soft operators have strongly soft Cuntz
classes, it follows that C*-algebras with an abundance of soft elements have scaled
Cuntz semigroups with an abundance of soft elements. We show that the converse
also holds (Theorem 5.14), although it remains unclear if every strongly soft Cuntz
class can be realized by a soft element (Question 4.17).

Our notion of abundance of soft elements has close connections with the 2-
splitting property, which was introduced by Kirchberg and Rgrdam in [KR15]
to study when central sequence algebras have characters. In Theorem 5.14, we
show that a C*-algebra has an abundance of soft elements if and only if it has the
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hereditary 2-splitting property (see Definition 5.7), a natural strengthening of the
2-splitting property.

Using these characterizations, we provide a new description of the Global Glimm
Property:

Theorem D (7.14). A C*-algebra has the Global Glimm Property if and only if it
has and abundance of soft elements and its Cuntz semigroup is ideal-filtered.

In upcoming work with Asadi-Vasfi, [AVTV23], we will exploit the abundance
of soft elements to find bounds for some numerical C*-algebraic invariants, such as
the radius of comparison and the Cuntz covering dimension introduced in [TV22a].

2. SOFT C*-ALGEBRAS

In this section, we introduce the notion of softness for C*-algebras; see Defini-
tion 2.1. We provide useful characterizations of softness in Proposition 2.9, and we
relate it to the Hjelmborg-Rgrdam condition for stability and to property (S) of
Ortega-Perera-Rgrdam; see Proposition 2.14.

We also prove basic permanence properties: Softness passes to ideals, quotients
and extensions (Proposition 2.16), to tensor products (Proposition 2.19) and to
inductive limits (Proposition 2.18).

Definition 2.1. We say that a C*-algebra A is soft if for every proper, closed ideal
I C A the quotient A/T is nonunital.

Remark 2.2. Our notion of softness for C*-algebras is not related to that introduced
by Farsi in [Far02]. The latter is defined in terms of soft polynomial relations. Our
terminology is inspired by the close connection to soft elements in Cuntz semi-
groups (see Proposition 4.16) and is therefore ultimately based on the notion of
soft intervals introduced by Goodearl and Handelman in [GHS82]; see also [APT1S,
Section 5.3].

The next result follows immediately from the definition. It is, in some sense, the
C*-algebraic analog of [APT18, Proposition 5.3.16].

Proposition 2.3. A simple C*-algebra is either unital or soft.
Notation 2.4. Let A be a C*-algebra. The annihilator of a € A} is
Ann(a) ;= {z € A:za = azx =0}.

We write Anny(a) whenever we want to stress that the annihilator is considered
inside the algebra A. Note that Ann(a) is a hereditary sub-C*-algebra of A.
Ifa,b € Ay, then:
e we write a < b if b acts as a unit on a, that is, if a = ab;
e we write a <1 b to mean that a belongs to the closed ideal generated by b,
that is, if @ € sSpanAbA.
e we write a L bif ab=0.

Lemma 2.5. Let m: A — B be a surjective *-homomorphism between C*-algebras,
and let a,b € AL satisfy a < b. Then Anng(w(b)) C m(Anny(a)).

Proof. By adjoining a unit to A if necessary, we may assume that A is unital. Let
z € Anng(m(b)). Lift  to obtain y € A with w(y) = z. Set z := (1-b)y(1—b) € A.
Then 7(z) = x. Further, using that a < b, we have a(1 —b) = (1 — b)a = 0, and
therefore z € Anng(a). O

Lemma 2.6. Let A be a C*-algebra, let B C A be a soft sub-C*-algebra, and let
p € B be a projection. Then Ann(p) is full in A.
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Proof. Let I denote the closed ideal of A generated by the annihilator Ann 4 (p), and
let m: A — A/I denote the quotient map. Since p < p, we can apply Lemma 2.5
at the first step to obtain

Anny,p(7(p)) € m(Anna(p)) € 7(1) = {0}

Hence, the projection m(p) has zero annihilator in A/I. Assuming 7(p) # 0, it
follows that 7(p) is the unit of A/I and, thus, of 7(B). This contradicts the softness
of B and shows that 7(p) = 0, which implies A/I = {0} and so I = A. O

Notation 2.7. Following the notation from [BK19], we set
A= {a€A+:a<<bforsomeb€A+}.

The (nonclosed) ideal of A generated by A. is called the Pedersen ideal — it is
the minimal dense ideal of A; see [Bla06, Theorem I1.5.2.4].

Note that A, is denoted by F(A) in [OPR12] and [HRWO07]. We do not use this
notation to avoid confusion with the central sequence algebra of A. In [Bla06], A.
is denoted by A

Lemma 2.8. Let A be a C*-algebra, let B C A be a soft sub-C*-algebra, and let
a € B.. Then Ann(a) is full in A.

Proof. Let I denote the closed ideal of A generated by Anny(a). We will show that
I = A. Choose b € By such that a < b. Let f,g: R — [0,1] be given by

0, t e (—o0, 3] 0, té€(—o0,0]
flt)y=<2t—1, tel[i,1] and g(t)=42t, te(0,1]
1, t € [l,00), 1, tel[i o0).

Then a < f(b) < g(b).

Let J denote the closed ideal generated by g(b) — f(b), and let 7;: A — A/J
denote the quotient map. Note that g(b) — f(b) € Anny(a). Thus, J C I.

Then 7;(f (b)) < 75(g(b)) = ws(f(b)), which shows that 7 ;(f(b)) is a projection.
Using that B is soft, it easily follows that 7 ;(B) is soft as well. Then, by Lemma 2.6,
the annihilator of 7;(f (b)) in A/J is full. Since a <« f(b), we can apply Lemma 2.5
to obtain

Anngy(mr(f(0)) € mr(Anna(a)).
It follows that 7;(I) = A/J. Combined with J C I, we get I = A. O

The next result is similar to the Hjelmborg-Rgrdam characterization of stability
from [HR9S].

Proposition 2.9. Let A be a C*-algebra. Then the following are equivalent:
(1) A is soft;
(2) for every a € A, the algebra Ann(a) is full in A;
(8) for every a € A., there exist b€ Ay witha L b and a < b;
(4) for every a € Ay and € > 0 there exist b,c € A with |ja—b| <e, b L,
and b<c.

Proof. Tt follows from Lemma 2.8 that (1) implies (2). To show that (2) implies (3),
assume that Ann(a) is full. This implies that a belongs to the closed ideal generated
by Ann(a), which allows us to choose a sequence (b,), in Ann(a); such that a
belongs to the closed ideal generated by {b, : n € N}. Set b := 3 Wb’L'
Then b belongs to Ann(a). Further, for each n, we have b,, < (2"]|b,|| + 1)b, which
implies that b,, belongs to the closed ideal generated by b. Consequently, a belongs

to the closed ideal generated by b.
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To show that (3) implies (4), assume that (3) holds, and let a € Ay and € > 0.
Set b:= (¢ — §)4+. Then b € A, and |ja —b|| = 5 < . Applying (3), we obtain
c€ Ay such that b L cand b<ec.

Finally, to show that (4) implies (1), assume that (4) holds and let T C A be a
proper closed ideal. To reach a contradiction, assume that A/I is unital. Choose
a € A, such that its image in A/ is the unit. Applying (4) with e = 1, we obtain
b,c € Ay such that |ja — b|| < 1 and b < ¢. It follows that the image of b in the
quotient A/I is at distance less than 1 to the unit, and is therefore strictly positive.
Thus, the image of ¢ in A/ is zero, that is, ¢ € I. We get b € I, which implies that
A/T = {0}. d

2.10. Given two positive elements a,b in a C*-algebra A, we say that a is Cuntz
subequivalent to b, written a 3 b, if there exists a sequence (ry,), in A such that
a = lim,, r,br}. Further, one says that a is Cuntz equivalent to b, and writes a ~ b,
ifa2bZa.

The Cuntz semigroup Cu(A) of a C*-algebra A is the quotient (A @ K)i/ ~
with the order induced by the Cuntz subequivalence and the addition induced by
addition of orthogonal elements; we refer to [APT11, APT18] for details.

We let QT(A) denote the cone of [0, co]-valued, lower-semicontinuous 2-quasi-
traces on (A ® K);. Each element [a] € Cu(A) induces a linear, lower semicontin-
uous map m: QT(A) — [0,00] by TCL\](T) = lim,, o 7(a/") for 7 € QT(A); see
[ERS11, Rob13, APRT21].

In [HR98], Hjelmborg and Rgrdam introduced a property for C*-algebras that
characterizes stability in the o-unital case. We will say that a C*-algebra has the
Hjelmborg-Rordam property if, for every a € A., there exists b € A, such that
a L b, and such that a = z*z and b = zz* for some = € A.

Proposition 2.11. A C*-algebra A has the Hjelmborg-Rordam property if and only
if for every a € A, there exists b € Ay such that a L b and [a] < [b] in Cu(A).

Proof. For every = € A, we have [z*z] = [z2*] in Cu(A). This shows the forward
implication.

Conversely, let a € A. and take ¢ > 0. By assumption, there exists b € A4 such
that @ L b and [a] < [b] in Cu(A). Thus, it follows from [Rer92, Proposition 2.4]
that there exists x € A satisfying

(a—¢); =2z*, and 2*z € bAb.

In particular, note that xz* and z*x are orthogonal. Applying [HR98, Proposi-
tion 2.2], we see that A has the Hjelmborg-Rgrdam property. d

For elements [a], [b] in a Cuntz semigroup, one writes [a] <s [0] if (n+1)[a] < n[b]
for some n € N. Following [OPR12, Definition 4.1], we say that a C*-algebra A has
property (S) if for every a € A. there exists b € A4 such that a L b and [a] <s [b]
in Cu(A).

Proposition 2.12. A C*-algebra A has property (S) if and only if for every a € A,
there exists b € AL such that a L b and [a] < [b].

Proof. Let [a], [b] in Cu(A). In general, one has that [a] <, [b] implies EL\] < TI)T
This shows the forward implication.

For the converse, let a € A.. Using an argument as in the proof of Lemma 2.8,
we can find b € A. such thgt\ a < b. Applying the assumption for b, we obtain
c € Ay such that b L ¢ and [b] < [c].

Note that [a] is way-below [b] in Cu(A), denoted [a] < [b]; see Paragraph 4.1
for details. This allows us to choose € > 0 such that [a] < [(b — ¢)4+]. Using that
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[(b—e)4] < [b], we can apply [Rob13, Lemma 2.2.5] to deduce that m is way-

— —

below 2[b] (and hence also 2[c]) in the semigroup of linear, lower-semicontinuous

functions QT(A) — [0, cc]. This allows us to choose § > 0 such that m <
2fc—o)4)-

Note that b+ (¢ — d) 4 belongs to A.. Applying the assumption again, we obtain
d € A, such that

—

b+(c—8)s Ld, and [0 +[(c—d)4] <[d,

where at the second inequality we have used that b L (¢ —§)4.

Then
—_— — —_— —_—

2[(b—e)+] < B+ [(b— e)+] < [B] +2[(c — 6)+] < [(c — )] + [d]-

Thus, m <s m + m Using at the first step that [a] < [(b—¢€)4]
and applying [APT18, Theorem 5.2.13], we get

[a] <s [(c=0)4]+[d] = [(c=0)4 +d].
Since a L (¢ — )4 + d, we see that (¢ — d)4 + d has the desired properties. O

Remark 2.13. For positive elements a and b in a C*-algebra, we have a < b if and
only if [a] < co[b] in Cu(A); see, for example, [APT18, Section 5.1].

Therefore, Propositions 2.11, 2.12 and 2.9 show that the Hjelmborg-Rgrdam
property, property (S), and softness for a C*-algebra A, can be characterized in
very similar ways: For every a € A, there exists b € A4 such that a L b and

e [a] <[] for the Hjelmborg-Rgrdam property;
o [a] < 0] for property (S);
e [a] < oo[b] for softness.

For elements [a], [b] in a Cuntz semigroup, we have the following implications:
<Pl = W< = [o<ooft)
This proves the next result.

Proposition 2.14. For every C*-algebra, the following implications hold:
Hjelmborg-Rordam property = property (S) = softness.

Proposition 2.15 ([OPR12, Proposition 4.5]). A separable C*-algebra has prop-
erty (S) if and only if it is soft and has no bounded quasitraces.

We now turn to permanence properties of softness. With view towards the close
connection between softness, the Global Glimm Property, and nowhere scattered-
ness discussed in Section 7, we remark that similar permanence properties hold
for nowhere scatteredness ([TV21b, Section 4]) and the Global Glimm Property
([TV22b, Section 3)).

Proposition 2.16. Let A be C*-algebra, and let I C A be a closed ideal. Then A
is soft if and only if I and A/I are soft.

Proof. Assume first that A is soft, and let I be a closed ideal of A. Clearly, A/I
is soft. To see that I is also soft, assume for the sake of contradiction that there
is a proper ideal J C I such that I/J is unital, with unit e € I/J. Then I/J is a
unital ideal of A/J, which implies that A/J decomposes as the direct sum of I/.J
and the ideal K := Anny,;(e). It follows that I/J = (A/J)/K is a proper, unital
quotient of A, a contradiction.

Now assume that I and A/I are soft. Arguing once again by contradiction,
assume that there exists a proper ideal J C A such that A/J is unital. Then,
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A/(I+ J) is isomorphic to a quotient of both A/I and A/J. Since A/I is soft and

A/J is unital, we get that A/(I 4+ J) is both soft and unital and thus A =1+ J.
It follows that A/J = I/(INJ). Using that I is soft, we see that A = J. This

contradicts the fact that J is proper. O

One says that a C*-algebra A is approzimated by a family (Ax)rea of sub-C*-
algebras Ay C A if for every finite collection aq,...,a, € A and € > 0 there exists
A€ A and by,...,b, € Ay such that ||la; —bj|| <ecforj=1,...,n.

Proposition 2.17. A C*-algebra is soft whenever it is approrimated by a family
of soft sub-C*-algebras.

Proof. Let A be a C*-algebra, and let Ay C A be soft sub-C*-algebras that approx-
imate A. To show that A is soft, we verify condition (4) in Proposition 2.9. Let
a€ Ay and € > 0. Choose A and a € Ay such that |la —a|| < §. Taking additional
care, we may assume a to be positive; see, for example, the arguments in the proof
of [TV21a, Proposition 3.7].

Using that Ay is soft, we can apply Proposition 2.9 to obtain b, ¢ € (A))4 such
that [|a —b|| < §, b L ¢, and b € sSpandycAy. Then

la—b|| < |la—al+|la—b|| <e, and bespandAycAy C spanAcA
which shows that b and ¢, viewed in A, have the desired properties. O
Proposition 2.18. Softness passes to inductive limits.

Proof. This follows from Propositions 2.16 and 2.17 as in the proof of [Thi21, Propo-
sition 2.4]. We include some details for the convenience of the reader. Let A be the
inductive limit of an inductive system of soft C*-algebras A;. For each j, consider
the natural map A; — A and its image B; C A. Since Bj; is a quotient of A;, it is
soft by Proposition 2.16. Now, using that A is approximated by the family B;, it
follows from Proposition 2.17 that A is soft. g

Proposition 2.19. Let A, B be C*-algebras. Then the following are equivalent:
(1) A or B is soft;
(2) The mazimal tensor product A @max B is soft;
(8) The tensor product A®,B is soft for some (equivalently: any) cross-norm o;
(4) The minimal tensor product A Qmuin B is soft.

Proof. For every cross-norm p, the tensor product A®, B is a quotient of A®max B,
and A ®min B is a quotient of A ®, B. Since softness passes to quotients by
Proposition 2.16, we see that (2) implies (3), and that (3) implies (4).

Let us show that (4) implies (1). To reach a contradiction, assume that neither A
nor B is soft. Then there are proper closed ideals I C A and J C B such that A/I
and B/J are unital. The quotient maps A — A/I and B — B/J induce a natural
surjective x-homomorphism A®min B = (A/I)®min(B/J) (see, for example, [Bla06,
11.9.6.6]). Since (A/I) @min (B/J) is unital, this shows that A @, B is not soft.

Finally, let us show that (1) implies (2). To reach a contradiction, assume that
A ®max B is not soft. Then there exists a #-representation 7: A ®max B — B(H) on
some Hilbert space H such that the identity 1 € B(H) is contained in the image of 7.
By [Bla06, Theorem 11.9.2.1] there exist unique x-representations m4: A — B(H)
and wp: B — B(H) such that m(a ® b) = ma(a)mp(b) = mp(b)ma(a) for all a € A
and b € B.

Choose approximate units (ay)x for A and (b,), for B. Then (ay ® b,)x,, is an
approximate unit for A®max B and it follows that m(ay®b,) converges to 1 € B(H)
in norm. Thus, by setting a := ay and b := b, for sufficiently large A and u, the
operator m(a ® b) is invertible. Using that m(a ® b) = ma(a)mp(b) = 7mp(b)wa(a),
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we deduce that 74 (a) and 7p(b) are invertible. This implies that 1 belongs to the
image of m4 and mp. Hence, ker(m4) and ker(np) are proper closed ideals of A
and B with unital quotients, showing that neither A nor B is soft. O

The next result shows that softness is a stable property.

Proposition 2.20. Let A be a C*-algebra, and let n > 1. Then A is soft if and
only if M, (A) is.

Proof. The forward implication follows directly from Proposition 2.19.

Conversely, assume that M, (A) is soft. Thus, using Proposition 2.19, we know
that either M, (C) or A is soft. Since M, (C) is not soft, we must have A soft, as
desired. 0

Question 2.21. Does softness satisfy the Lowenheim-Skolem condition? Here, a
property P of C*-algebras is said to satisfy the Léwenheim-Skolem condition if
for every C*-algebra A satisfying P, there exists a o-complete, cofinal subset of
separable sub-C*-algebras of A that each satisfy P; see [TV21b, Section 4] for
further details.

3. SOFT OPERATORS

In this section, we introduce and study the notion of softness for operators in
C*-algebras; see Definition 3.1. We will see in Section 5 that this concept is closely
related to the notion of softness for elements in a Cuntz semigroup.

Definition 3.1. We say that an element z in C*-algebra A is soft if the hereditary
sub-C*-algebra z* Az is soft.

The next result shows that we could equivalently use xAx* instead of x*Ax
in the above definition. We give further characterizations of softness for positive
operators in Proposition 3.6 below.

Proposition 3.2. Let A be a C*-algebra, and x € A. Then the following are
equivalent:

(1) The element x is soft.
(2) The element x* is soft.
(8) The element x*x is soft.
(4) The element xx* is soft.

Proof. By [Bla06, Proposition 11.3.4.2], we have z*Axz = x*zAxz*x. This shows
that (1) and (3) are equivalent, and similarly that (2) and (4) are equivalent. The
equivalence of (1) and (2) follows using that z* Az and x Ax* are isomorphic. Indeed,
if x = v|z| is the polar decomposition of x in A**, then a — vav* is a well-defined
isomorphism z* Az — zAz*; see also [ORT11, Lemma 4.2]. O

Remark 3.3. The property of softness for operators depends on the containing C*-
algebra. For example, if a is a strictly positive element in a simple, non-unital
C*-algebra A, then a is soft in A since aAa = A, which is soft by Proposition 2.3,
while a is not soft as an element of the commutative C*-algebra C*(a).

Following Robert, [Rob16], we say that a C*-algebra is projectionless if none of
its quotients contains a nonzero projection.

Proposition 3.4. A C*-algebra A is projectionless if and only if every element of
A is soft.
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Proof. Let A be a C*-algebra. Assume first that A is projectionless. Given any
hereditary sub-C*-algebra B C A, and a closed ideal I C B, let J be the closed ideal
of A generated by I. Then the quotient B/I is naturally isomorphic to a hereditary
sub-C*-algebra of A/J. Since A/J contains no nonzero projections, B/I cannot be
unital and nonzero. This shows that every hereditary sub-C*-algebra of A is soft,
and hence so is every element of A.

Conversely, assume that A is not projectionless. Choose a closed ideal I C A
and a nonzero projection p € A/I. Pick a positive lift a € A of p. Then a is not
soft since aAa has the nonzero, unital quotient p(A/I)p. O

Notation 3.5. Given ¢ > 0, we let g.: R — R be the continuous function given by

0, ift € (—00,0)U e, 0)
g:(t) = S t, ift €0, 5]
e—t, iftel[5, ¢

The equivalence of (1) and (3) in the next result is analogous to Bosa’s charac-
terization of stable elements; see [Bos22, Lemma 2.3].

Proposition 3.6. Let A be a C*-algebra, and a € Ay. Then the following are
equivalent:

(1) The element a is soft.

(2) For every closed ideal I C A, either a € I or the spectrum of a+ 1 € A/l
has 0 as a limit point.

(8) We have a < g-(a) for every e > 0.

(4) For every e > 0 there exists b € aAay withb 1 (a—e)y and a < b.

Proof. Let us show that (1) implies (2). Assuming that a is soft, let I C A be a
closed ideal such that a ¢ I. To reach a contradiction, assume that 0 is isolated
in the spectrum of a + I. Then the characteristic function of (0, 00) is continuous
on the spectrum of a 4+ I, and applying functional calculus we obtain a projection
in A/I that generates the same hereditary sub-C*-algebra as a + I. Thus, aAa has
a nonzero, unital quotient, which is the desired contradiction.

Let us show that (2) implies (3). Assuming (2), let € > 0. Set I := Spandg.(a)A.
Then the spectrum of a+ I is contained in {0} U[e, 00). By assumption, this implies
that a € I, and thus a < g:(a).

It is clear that (3) implies (4). To show that (4) implies (1), let I C aAa be
a proper closed ideal, and let m: aAa — aAa/I be the quotient map. To reach a
contradiction, assume that aAa/I is unital and aAa/I # {0}. Since a is strictly
positive, m(a) is invertible in aAa/I, and we obtain € > 0 such that the spectrum
of m(a) is contained in [e, 00).

Applying the assumption for 5, we obtain a full element b € aAay such that
bl (a—5)4. Wehave 7((a—5)4) = (m(a) — §)+, whose spectrum is contained in
[§,00). Thus, m((a—§)) is strictly positive in aAa/I, which implies that 7(b) = 0,
a contradiction. ]

A completely positive map between C*-algebras is said to have order-zero if it
preserves zero-products among positive elements. By [GT22, Corollary 4.8], the
class of completely positive, order zero maps can equivalently be described as the
class of positive, zero-product preserving maps.

It remains unclear if one can remove the positivity assumption for the soft ele-
ment in the next result; see Question 3.9.

Proposition 3.7. Let p: A — B be a completely positive, order-zero map between
C*-algebras, and let a € Ay be soft. Then p(a) is soft.
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Proof. We use the characterization of softness from Proposition 3.6(4). So let € > 0.
We need to find a positive element b € p(a)By(a) orthogonal to (p(a) — €)1 and
such that ¢(a) < b.

Using that a is soft, and applying Proposition 3.6(3), we see that a < g.(a). Set
b := ¢(g:(a)). We have g-(a) < a, and therefore b = p(g.(a)) < ¢(a), and thus
b € p(a)By(a).

Further, we have g.(a) L (a — €)4, and since ¢ preserves orthogonality among
positive elements, we see that b L ¢((a — £)4+). As noted in the proof of [APT18,
Proposition 2.2.7], we have (p(a) — )+ < ¢((a — €)), which implies that b is
orthogonal to (p(a) — ).

Let z,y € Ay with x <y. Then [2] < oofy] in Cu(A), and since ¢ naturally
induces a generalized Cu-morphism Cu(A4) — Cu(B) by [WZ09, Corollary 4.5] (see
also [APT18, 3.2.5]), we obtain that [p(x)] < co[p(y)] in Cu(B), whence ¢(z)<p(y).
Applying this argument for a < g-(a), we deduce that ¢(a) < b, which shows that
b has the desired properties. O

Applying the above result for the quotient map by a closed ideal, we get:

Proposition 3.8. Let I C A be a closed ideal in a C*-algebra A, and let a € A
be soft. Then a+1 € A/I is soft.

Question 3.9. Let ¢: A — B be a completely positive, order-zero map between
C*-algebras. Given a (not necessarily positive) soft element = € A, is p(z) soft?

4. SHADES OF SOFTNESS IN CU-SEMIGROUPS

In this section, we introduce the concepts of strong softness, weak softness and
functional softness for elements in Cu-semigroups; see Definition 4.2. (We recall the
definition of Cu-semigroups in Paragraph 4.1 below.) We show that every strongly
soft element is weakly soft, and that every weakly soft element is functionally
soft. For residually stably finite Cu-semigroups, we prove that these three notions
coincide; see Proposition 4.5.

Functionally soft elements were first considered in [APT18, Definition 5.3.1],
where they are just called ‘soft’ elements. Strongly soft elements were implicitly
also considered in [APT18, Section 5.3]. We use the term ‘functionally soft’ to
clarify the difference with the other notions.

We analyze the relation between soft elements in a C*-algebra and (strongly)
soft elements in its Cuntz semigroup in Proposition 4.16. In particular, in a stably
finite C*-algebra, a positive element is soft if and only if its Cuntz class is.

4.1. Given two elements z,y in a partially ordered monoid where suprema of in-
creasing sequences exist, recall that we write x < y if, for every increasing sequence
(2n)n such that y < sup,, zn, there exists n € N such that z < z,.

Following [CEIO08], one says that a partially ordered, commutative monoid S is
a Cu-semigroup if it satisfies the conditions below:

(O1) Every increasing sequence in S has a supremum.
(O2) Every element in S can be written as the supremum of a <-increasing
sequence.
(03) Given o/, z,y',y € S with 2/ < z and ¥’ < y, one has 2’ + 3/ < = + y.
(O4) Given two increasing sequences (Zp)n, (Yn)n in S, one has sup,, (z, +yn) =
sup,, Tn + sSup,, Yn.
As shown in [CEI08], the Cuntz semigroup Cu(A) of any C*-algebra A is a Cu-
semigroup. Further, it was subsequently shown in [APT18], [Rob13] and [APRT21]
respectively that Cu(A) also satisfies the following properties:
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(05) Given o/, z,y',y,z € S such that 2’ < z, ¥y’ < y and x+y < z, there exists

ceSwithe' +c<z<z+candy <c.

(06) Given 2/, z,y,2z € S such that 2/ < x < y + 2, there exist elements e, f

such that e < z,y, f <z,zand 2/ < e+ f.
(O7) Given o', x,y',y,z € S such that 2’ < z < z and 3y < y < z, there exists
w € S satisfying 2/, ¢y < w < z,x +y.

We will often use the equivalent formulation of (O6) that for 2’ < x < y1+...+yn
delivers eq,...,e, such that ' < e; + ... + e, and such that e; < z,y; for
all j. Similarly, we will also use an equivalent formulation of (O7) where for given
v L axj < zforj=1,...,n there exists w € S satisfying 2} < w < z,x1+...+ .

Recently, an additional property that the Cuntz semigroup of every C*-algebra
satisfies, termed (O8), has been uncovered; see [TV21b, Theorem 7.4].

Definition 4.2. Let S be a Cu-semigroup, and let x € S. We say that x is strongly
soft if for every z’ € S satisfying 2’ < z there exists t € S such that

2 +t<z, and 2’ < oot.

We say that x is weakly soft if for every o’ € S satisfying 2/ < z there exists
n>1and ty,...,t, € 5 such that

¥+t <z forj=1,...,n, and 2’ <it1+...+ 1.

We say that x is functionally soft if for every z’ € S satisfying 2’ < z there
exists n > 1 such that

(n+ 1)z’ < na.

Remark 4.3. In [APT18, Definition 5.3.1], an element z in a Cu-semigroup S is
defined to be ‘soft’ if for every o’ € S satisfying 2’ < x there exists n € N such that
(n+1)z’ < nz. Note that x is ‘soft’ in this sense if and only if  is functionally soft
in the sense of Definition 4.2. Indeed, the backward implication is clear. Conversely,
if z is ‘soft’ and 2’ < x, then choose z” satisfying 2’ <« 2" <« z. Applying the
definition we get n such that (n 4+ 1)z” < nz, and thus (n + 1)z’ < nz.

The notions from Definition 4.2 are closely related to the concept of pure noncom-
pactness introduced in [ERS11], and its generalization weak pure noncompactness
from [APT18]. After recalling the definitions, we will see how these notions are
related. We refer to [APT18, Section 5.1] for details on ideals and quotients of
Cu-semigroups.

Definition 4.4. Let S be a Cu-semigroup, and let € S. One says that x is purely
noncompact if for every ideal I C S such that the image x; of = in the quotient
S/1I is compact, we have 2x; = x7.

One says that = is weakly purely noncompact if for every ideal I C S such that x
is compact, there exists n € N such that (n + 1)z = nay.

We will say that a Cu-semigroup S is stably finite if for all x,y € S with z4+y < x
we have y = 0. Note that this is more restrictive than the definition in [APT18],
although both notions agree if S is simple. Further, we will say that S is residually
stably finite if every quotient of S is stably finite.

A stably finite C*-algebra has a stably finite Cuntz semigroup, and a residually
stably finite C*-algebra has a residually stably finite Cuntz semigroup.

Proposition 4.5. Let S be a Cu-semigroup, and let x € S. If x is strongly soft,
then x is weakly soft, which in turn implies that x is functionally soft and purely
noncompact. Further, x is weakly purely noncompact whenever it is purely noncom-
pact or functionally soft.
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If S satisfies (05), then x is functionally soft if and only if x is weakly purely
noncompact. If S satisfies (05) and is residually stably finite, then all notions from
Definitions 4.2 and 4.4 are equivalent.

The implications are shown in the following diagram:

x s strongly soft
2z

P =
(05),RSF(  x is weakly soft ———==>x 1is purely noncompact

N\ s M/
x is functionally soft —=> x is weakly purely noncompact
< _ 7 =

Proof. Tt is easy to see that strong softness implies weak softness, and that pure
noncompactness implies weak pure noncompactness.

To show that weak softness implies functional softness, assume that x is weakly
soft, and let 2’ € S satisfy ' < x. We obtain n > 1 and t4,...,t, € S such that

¥+t forj=1,...,n, and 2’ <t1+...+ln.

Then
(n+ 1) <naz' +t+...+t, < na.

To show that weak softness implies pure noncompactness, assume that z is
weakly soft, and let I C S be an ideal such that 7(z) < 7(z), where 7: S — S/I de-
notes the quotient map. Using that 7 preserves suprema of increasing sequences, we
obtain z’ € S such that ' < z and w(x) < w(a’), which then implies w(x) = 7 (a’).
By Definition 4.2, we obtain n > 1 and #1,...,t, € S such that

¥4tz forj=1,...,n, and 2’ <t1+...+ 1y
For each j, we get w(z) + m(t;) = n(z), and therefore
2r(x) = w(x) + (@) < w(x) + 7(ty) + ... + 7(tn) = n(x),

as required.

It was shown in [APT18, Proposition 5.3.5] that functional softness implies weak
pure noncompactness and that the converse implication holds if S satisfies (O5).

Lastly, assume that S satisfies (O5) and is residually stably finite, and that z
is functionally soft. In this case, it was shown in [APT18, Lemma 5.3.8] that z is
strongly soft. Note that a stronger notion of stable finiteness is used in [APT18],
but for the argument in [APT18, Lemma 5.3.8] the weaker notion defined above
suffices. For convenience, we include the short argument.

To verify that x is strongly soft, let 2’ € S satisfy 2’ < . Choose y',y € S such
that 2/ < ¢/ < y < z.

Since z is functionally soft, we obtain n € N such that (n+ 1)y < nz. Applying
(05) for ¥ <« y < x, we obtain t € S such that

Yy +t<ax<y+t

Let I := {s € S : s < oot} be the ideal generated by ¢, and let 7: S — S/I
denote the quotient map. Then 7(z) < 7(y), and therefore

nr(z) + 7(z) = (n+ Dr(x) < (n+ D7(y) < nw(x).

Using that S/I is stably finite, we get m(2) = 0 and, consequently, < oot.
Using that 7/ < x < oot, we can choose t' € S such that ¢/ < ¢t and 2’ < ocot’.
Since ' < y" and t' < t, we have 2’ +t' < y' +t < x, which shows that ¢’ has the
desired properties. g
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Recall that a Cu-semigroup is said to satisfy weak cancellation if for all elements
x,y,z with x + 2z < y+ z we have x < y. It is easy to check that weak cancellation
passes to quotients and implies stably finiteness. Hence, every weakly cancellative
Cu-semigroup is residually stably finite.

It was shown in [RW10, Theorem 4.3] that the Cuntz semigroups of stable rank
one C*-algebras always satisfy weak cancellation.

Corollary 4.6. Let A be a residually stably finite C*-algebra. (For example, a
C*-algebra with stable rank one.) Then for elements in Cu(A), all notions from
Definitions 4.2 and 4.4 are equivalent.

Proposition 4.7. Let S be a Cu-semigroup, and let x € S be compact. Then x is
strongly soft if and only if x is weakly soft, if and only if x is purely noncompact,
if and only if 2x = x.

Further, x is functionally soft if and only if x is weakly purely noncompact, if
and only if there exists n € N such that (n+ 1)x = na.

Proof. If 2x = x, then x is easily seen to be strongly soft. In general, strong
softness implies weak softness, which in turn implies pure noncompactness, by
Proposition 4.5. Further, if = is purely noncompact and compact, then 2z = = by
definition.

Similarly, if (n + 1)z = nz for some n, then z is easily seen to be functionally
soft, which in turn implies that z is weakly purely noncompact by Proposition 4.5.
Further, if z is weakly purely noncompact and compact, then (n 4+ 1)z = nz for
some n by definition. a

Ezample 4.8. Given k > 1, let Ey, = {0,1,2, ..., k, 00}, where the order is algebraic
and the sum of two elements x,y is z+y if x +y < k or co otherwise. Then E} is a
Cu-semigroup that satisfies (O5); see [APT18, Paragraph 5.1.16] for more details.

The element x := 1 is compact and satisfies (k 4+ 2)x = co = (k + 1)z, but not
2z = x. Therefore, = is functionally soft and weakly purely noncompact, but it is
neither strongly soft, nor weakly soft, nor purely noncompact.

Ezample 4.9. Rordam showed in [Rer03] that there exist unital C*-algebras A such
that the unit of A is finite, while the unit of M3(A) is properly infinite. This
implies that in Cu(A) the class [14] of the unit of A is a compact element satisfying
3[14] = 2[14] # [14]. By Proposition 4.7, [1 4] is functionally soft and weakly purely
noncompact, but it is neither strongly soft, nor weakly soft, nor purely noncompact.

Example 4.9 shows that the lower downwards implications in Proposition 4.5
cannot be reversed for elements in Cuntz semigroups. The situation for the other
implications is unclear.

Question 4.10. For elements in the Cuntz semigroup of a C*-algebra, does weak
softness imply strong softness? Does pure noncompactness imply weak softness?

Example 4.11. Let S be a Cu-semigroup. An element x € S is idempotent if
2z = z. One says that S is idempotent if each of its elements is. It is easy to see
that idempotent elements are strongly soft. Thus, every element in an idempotent
Cu-semigroup is strongly soft.

Given a C*-algebra A, it was noted in [APT18, Section 7.2] that Cu(A) is idem-
potent if (and only if) A is purely infinite. Thus, every element in the Cuntz
semigroup of a purely infinite C*-algebras is strongly soft.

A C*-algebra A is said to be weakly purely infinite if there exists n € N such
that (n+1)ax = nx for every x € Cu(A). Such elements are functionally soft. Thus,
Cuntz semigroups of weakly purely infinite C*-algebras satisfy that every element
is functionally soft.
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It is an open problem if every weakly purely infinite C*-algebra is purely infinite;
see [KR02, Question 9.5].

The next result provides a method of building strongly soft elements in Cu-semi-
groups.

Lemma 4.12. Let S be a Cu-semigroup, and let (y), be a sequence in S such
that y, < ooypy1 for each n > 0. Then the element Zf:o Yn s strongly soft.

Proof. To verify that y :== > 2y, is strongly soft, let ¢’ € S be such that y’ < y.
It follows that there exists some m € N such that y' < > 1 yn.
Using that y,, < coy,+1 for each n, we obtain

m m m
n=0 n=1 n=2
and, therefore, ¢y < c0Ym11-
Let t € S be such that ¢ < y;,+1 and 3y’ < oot. Then,

yl +t < (Z y7L> + y7n+1 S Y, and y, < OOt:

n=0

as desired. O

Proposition 4.13. Let S be a Cu-semigroup, and let x € S. Then the following
are equivalent:

(1) The element x is strongly soft.

(2) For every x' € S satisfying ¥’ < x there exists a strongly soft elementt € S

such that
'+t <z < oot.
(8) For every 2’ € S satisfying ¥’ < x there exists t € S such that
2 +t<x, and x < oot.

Proof. Tt is clear that (2) implies (3). To show that (1) implies (2), assume that x
is strongly soft. Choose a <-increasing sequence (), with supremum z and such
that zg = 2’. We inductively find y,, and ¢, such that

Yn +ln L Yngy1 K2, Yo K Ot,, and Ty K Yny1

for all n > 0. We start by setting yo := xo. Since z is strongly soft, we obtain
to € S such that yo + tp < = and yg < ootg. Now let n > 0 and assume that we
have chosen y; and tj for all k£ < n. Then, using that y,, +t, < x and z,41 < =z,
we choose y,+1 < x such that

Yn + t, K Yn+1, and Tp+1 < Ynt1-

Since x is strongly soft, we obtain t,4+1 € S such that y,4+1 + 41 < x and
Yn+1 K 00ty 41, which finishes the induction argument.
For each n > 0, we have

n
JJO—I—Ztk:y0+to+t1—|—...+tn§y1+t1+...+tn < S Ypr <
k=0

Setting ¢ := ZZO:() tr, it is clear that o’ +t < x < oot. Further, it follows from
Lemma 4.12 that ¢ is strongly soft.

To show that (3) implies (1), assume that x satisfies (3), and let 2’ € S satisfy
x' < x. Choose 2" € S such that ¢’ < =" < x. Applying (3) to " < x, we obtain
t € S such that

2/ +t<z, and z’ < oot.
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Using that ' < x”, we can choose t' € S such that
' < oot/, and t <t
which implies that ' + ¢/ < x, as desired. O
The next result is the analog of [APT18, Theorem 5.3.11] for strongly soft ele-
ments.

Theorem 4.14. Let S be a Cu-semigroup, and let Ssofy denote the set of strongly
soft elements in S. Then:

(1) The set Ssot 18 a submonoid of S that is closed under suprema of increasing
sequences.

(2) Ssott is absorbing in the following sense: if x,y € S satisfy x < ooy and y
is strongly soft, then so is © + y.

Proof. To show that Sy is closed under addition, let x,y € Sgos. To verify that
x + y is strongly soft, let w € S satisfy w < z 4 y. Choose z/,y’ € S such that

w<r' +y, <z, and ¥y <y.
Since = and y are strongly soft, we obtain r, s € S such that
4r<z, ¥ <<oor, ¥y +s<y, and y <K oos.
Then
wH(r+s) <z’ +y+r+s<r+y, and w<a +y < oo(r+s).

Using that 0 is strongly soft, it follows that Ssof is a submonoid.

To see that Ssof is closed under suprema of increasing sequences, let (z,), be
an increasing sequence in S, and set « := sup,, x,,. To verify that z is strongly
soft, let 2’ € S satisfy 2’ <« x. We obtain n € N such that 2’ < z,. Since xz,, is
strongly soft, we get r € S such that

2 +r <, and z’ < oor.

Then ' +r < x and 2’ < ocor, as desired.

Let us now prove (2). Thus, let z,y € S satisfy z < ooy, and assume that y
is strongly soft. We verify condition (3) of Proposition 4.13 for x +y. Let w € S
satisfy w < x + y, and choose 3’ € S such that

w<Lr+y, and ¥y <y.
Since y is strongly soft, we can apply Proposition 4.13 to obtain r € S such that
y +r <y < oor.
Using that < ooy at the third step, we get
wtr<z+y +r<z+y < ooy < oor,
as desired. a
The next result is the Cu-version of Proposition 3.7.

Lemma 4.15. Let p: S — T be a generalized Cu-morphism between Cu-semi-
groups, and let x € S. If x is (functionally, weakly, strongly) soft, then so is v(x).
Proof. Sety := ¢(x). Assuming that z is strongly soft, we apply Proposition 4.13(3)
to verify that y is soft. Let y € T satisfy 3/ < y. Using that ¢ preserves suprema
of increasing sequences, we obtain ' € S such that ' < z and ¢y < ¢(z’). By
Proposition 4.13, we obtain ¢ € S such that 2’ +t < 2 < cot. Then

Y +(t) <o) +ot) = p(a’ +1) < p(x) =y < p(oot) = cop(t),

which shows that ¢(t) has the desired properties.
Similarly, one shows that functional and weak softness pass from x to y. |
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A projection p in a C*-algebra A is said to be properly infinite if p S p JpH 0
in Mg (A)

Note that, whenever A is residually stably finite, Proposition 4.16 below says
that a € Ay is soft if and only if no Cuntz representative of a + I is a nonzero
projection; see [BC09, Theorem 3.5]. Thus, under these assumptions, one can
understand softness as a generalization of pure positivity, as defined in [PT07,
Definition 2.1].

Proposition 4.16. Let A be a C*-algebra, and let a € A4. Consider the following
statements:

(1) The element a is soft.

(2) The class [a] € Cu(A) is strongly soft.

(8) For every closed ideal I C A, either a € I, or the spectrum sp(a+ I) has 0
as a limit point, or the characteristic function x of (0,00) is continuous
on sp(a) and the corresponding projection p := x(a) is properly infinite;

Then the implications ‘(1)=(2)=(3)" hold. If A is residually stably finite, then the
implication ‘(8)= (1)’ holds and so (1)-(3) are equivalent in this case.

Proof. To show that (1) implies (2), set z := [a] € Cu(4), and let 2’ € Cu(A)
satisfy 2/ < z. Then, there exists ¢ > 0 satisfying 2’ < [(a — €)4+] < z. Using
Proposition 3.6, we obtain b € aAa, orthogonal to (a—¢), such that a € sSpanAbA.
Setting t := [b] in Cu(A), one gets

4+t <z < oot

Now it follows from Proposition 4.13 that z = [a] is strongly soft.

To show that (2) implies (3), let I C A be a closed ideal. Then Cu([) is naturally
an ideal in Cu(A) such that Cu(A/I) is canonically isomorphic to Cu(A)/ Cu(I);
see [CRS10] and [APT18, Section 5.1]. The class [a + I] € Cu(A/I) corresponds to
the image of [a] under the quotient map Cu(A4) — Cu(A)/ Cu(I). By Lemma 4.15,
[a + I] is strongly soft.

Thus, without loss of generality, we may assume that a is nonzero and I = {0}.
We may also assume that 0 is isolated in the spectrum o(a), which implies that
there exists ¢ > 0 with o(a) C {0} U [¢,00). This implies that x is continuous
on o(a). Applying functional calculus, we obtain a projection p := x(a), which
satisfies [p] = [a]. We have [p] < [p], and therefore [p] = 2[p] by Proposition 4.7.
This implies that p& p is Cuntz subequivalent, and thus also Murray-von Neumann
subequivalent, to p. Hence, p is a properly infinite projection.

Finally, if A is residually stably finite, then no quotient of A contains a nonzero,
properly infinite projection, which shows that (3) implies (1) by Proposition 3.6. O

Question 4.17. Let A be a stable C*-algebra, and let 2 € Cu(A) be strongly soft.
Does there exist a soft element a € Ay with z = [a]?

5. ABUNDANCE OF SOFT ELEMENTS

In this section, we study C*-algebras and Cu-semigroups with an abundance
of soft elements, a notion introduced in Definition 5.2 below. We have shown in
Proposition 4.16 that soft elements in C*-algebras have a (strongly) soft Cuntz
class, and this readily implies that if a stable C*-algebra has an abundance of soft
elements, then so does the associated Cuntz semigroup. The main result of this
section shows that the converse also holds; see Theorem 5.14.

For nonstable C*-algebras, we have to consider scaled Cu-semigroups. A scale
in a Cu-semigroup S is a subset ¥ C S that is closed under suprema of increas-
ing sequences, that is downward-hereditary, and that generates S as an ideal; see
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[APT20c, Definition 4.1]. In this case, the pair (S,X) is called a scaled Cu-semi-
group.
Given a C*-algebra A, the naturally associated scale ¥4 C Cu(A) is
Y4 ={z € Cu(A):z < [a] for some a € Ay };
see [APT20c, 4.2] and [TV22b, Lemma 3.3(2)].

Given elements a and b in a C*-algebra, recall that we write a <b if a belongs to
the closed ideal generated by b. We will use analogous notation in Cu-semigroups.

Notation 5.1. Given elements x and y in a Cu-semigroup S, we write x <y if
belongs to the ideal of S generated by y, that is, if z < ooy.

Definition 5.2. We say that a C*-algebra A has an abundance of soft elements if
for every a € A, and every € > 0 there exists a positive, soft element b € aAa such
that (a —e)4 < b.

We say that a scaled Cu-semigroup (S,%) has an abundance of strongly soft
elements if for every z’, x € ¥ satisfying 2’ < x there exists a strongly soft element
y € S such that 2’ <y < z.

Remark 5.3. Let S be a Cu-semigroup, which we consider as a scaled Cu-semigroup
with trivial scale 3 = S. In this case, Definition 5.2 says that S has an abundance
of strongly soft elements if for every z’,x € S satisfying ' < x there exists a
strongly soft element y € S such that 2/ <ty < z.

We start with basic properties of the relation <1 for Cu-semigroups.
Lemma 5.4. Let S be a Cu-semigroup, and let ', x,y € S satisfy ¢’ < x < y.
Then:

(1) There exists y' € S such that 2’ <y’ < y.
(2) If S satisfies (06) and (O7), then there exists z € S such that z < y and
<z <.

Proof. Statement (1) is clear. To verify (2), assume that S satisfies (06) and (O7).
Pick 2" € S such that 2’ < 2" < . Then 2’ < x < ooy, and we obtain n € N
such that =" < ny.

It follows from (O6), applied for 2’ < 2" < ny = y + ...+ y, that there exist
€1,...,e, € S such that

¥ <er+...4e, and e <z yforj=1,...,n
Choose ¢/ € S such that
¥ <el+...+el, and e;- Lejforj=1,...,n
It follows from (O7), applied for e} < ej <y, that there exists z € S such that
e&,...,e'n <z<wy,e1+...+en.
Then
¥ <<el+...+e, <nz, and z<e;+...+e, <na’,

and therefore 2’ <1z < . O

Next, we show a useful consequence of having an abundance of soft elements in

a Cu-semigroup; see Proposition 5.6. In preparation, we first prove the following
lemma.

Lemma 5.5. Let (S,X) be a scaled Cu-semigroup with an abundance of strongly
soft elements. Then for every strongly soft element v € ¥ and every ¥’ € S with
' < x, there exists a strongly soft element y € S with ¥’ < y < x.
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Proof. We adapt the proof of [APT18, Proposition 5.3.18]. Choose 2/, z € S with
' € 2/ < z < z. Since z is strongly soft, we know by Proposition 4.13 that there
exists ¢ € S such that

z+t <z < oot
Take t' € S such that
' <«<t, and 2z < oot’.

Since t < z € X, we have t € ¥. Using that (S,X) has an abundance of soft
elements, we obtain a strongly soft element u € S such that

 qu<kt.
Set y := 2z’ + u. Then
<< 4+u=y, and y=2+u<z+t <.

Further, using that 2z’ < oot’ < oow, it follows from Theorem 4.14 that y = 2’ + u
is strongly soft. O

As defined in [TV21a, Definition 4.1], recall that a submonoid 7" of a Cu-semi-
group S is a sub-Cu-semigroup of S if it is closed under suprema of increasing
sequences and is such that, for every x € T and 2’ € S with 2’ < z, there exists
y € T such that 2/ < y < x.

Proposition 5.6. Let S be a Cu-semigroup with an abundance of strongly soft
elements. Then the set Ssofy 0f strongly soft elements in S forms a sub-Cu-semi-
group of S.

Proof. By Theorem 4.14, Syos is a submonoid of S that is closed under suprema
of increasing sequences. Further, by Lemma 5.5, for all x € Syo; and 2’ € S with
2’ < x, there exists y € Ssop such that 2/ < y < x. d

In [KR15, Definition 5.1], Kirchberg and Rgrdam define a C*-algebra A to have
the 2-splitting property if there exist full elements a,b € Ay with @ L b. They
only apply their definition to unital C*-algebras. We propose below a notion that
considers the 2-splitting property for all hereditary sub-C*-algebras, and that also
allows for a small ‘error’ (which is only relevant for nonunital subalgebras).

Definition 5.7. We say that a C*-algebra A has the hereditary 2-splitting property
if for every a € A, and every £ > 0 there exist positive elements b, c € aAa such
that b L ¢ and (a —€)4 < b, c.

We say that a scaled Cu-semigroup (5, X) has the hereditary 2-splitting property
if for every z’, x € ¥ satisfying 2/ < z there exist y, z € S such that y + z < z, and
' <y, z.

We first show that in Cu-semigroups satisfying (O5)-(0O7) (which always hold
in Cuntz semigroups of C*-algebras), one can ensure that in the definition of the
hereditary 2-splitting property at least one of the ‘splitting’ elements generates an
ideal that not only contains z’ but even x.

Lemma 5.8. Let (S,%) be a scaled Cu-semigroup satisfying (05)-(07) and with
the hereditary 2-splitting property. Let x',x € ¥ be such that ' < x. Then there
exist y,z € ¥ such that

y+z<z, 2y, and x <z
Proof. Choose x1,x2,z3 € S such that
L LTy K 23 L T
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Using the hereditary 2-splitting property for z3 < x, we obtain s,t € S such
that
s+t<zxz, and x3<s,t.
Applying Lemma 5.4(2) for 21 < 22 < s, we obtain s’ such that
2148 <xo, and s <s.
Applying Lemma 5.4(1) for 2’ < 1 <8’ and for 5 < z3 <1 ¢, we obtain s” and
t’ such that
2 <s’ «s, and zy <t < t.
Using (05) for s’ +¢ <z, and s < §', and ¢/ < t, we obtain ¢ € S such that

s'"+ec<z<s4+¢ and t' <c

We have s’ <tzo <t/ < ¢, and therefore © < c. Further, 2’ <1 s”’. This shows that
y := s and z := ¢ have the desired properties. O

Theorem 5.9. Let (S,%) be a scaled Cu-semigroup satisfying (05)-(07). Then
the following are equivalent:

(1) For every x € X there exists a strongly soft y € S such that x <y < x.
(2) (S,X) has an abundance of strongly soft elements, that is, for every z',x €
Y with ' < x, there exists a strongly soft y € S with ' <y < z.
(8) (S,X) has the 2-splitting property, that is, for every «',x € ¥ with ¢’ < x,
there exists y,z € S withy+ z <z and ' <y, 2.
Proof. Tt is clear that (1) implies (2). Using Proposition 4.13, we see that (2)
implies (3).
To prove that (3) implies (1), let x € ¥. We need to find a strongly soft y € S
with y <z <y.
Choose a <-increasing sequence (), with supremum z. We will inductively
find elements z, € S for n > 0 and y, € S for n > 1 such that
Yn+1 + Zn+1 < Zn, Tyl LYnt1, and z < Zn

for all n € N.
To begin, set zp := x. Now, let n > 0, and assume that we have chosen z,.
Using Lemma 5.4(1) for z,+1 < = < z,, we obtain z/, such that
Tpy1 < z; < Zp.
Applying Lemma 5.8 for 2], < 2z, we obtain Y41, 2n+1 such that
Yn+1 + Zn+41 S Zny Z;L < Yn+1, and Zn < Zn41-

Then 41 < 2, < Ynt1 and x < 2z, < zp41, as desired.

Next, we alter the elements ¥, so that they generate an increasing sequence of
ideals. Given n > 1, apply Lemma 5.4(2) for z,_; < 2, <y, to obtain y/, such
that

Tpo1 <Y, <z, and yl, < yy.

Set y == >0, yn. We get yl, <, <yl for every n > 1. Therefore, y is
strongly soft by Lemma 4.12.

For each n > 1, we have

it Yt Syt Yae Y 2
<yr+...F Y1tz <... <tz <z=2x
and therefore y = sup,, Z?Zl yg- < z. Further, for every n > 1, we have
Tn AYn <Y,

and, consequently, x = sup,, £, < y. |
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Remark 5.10. In Theorem 5.9, the implications ‘(1)=-(2)=(3)’ hold for arbitrary
Cu-semigroups. The assumptions (05)-(07) are only needed for the the implication
(1)«=(3)"

The following lemma is the C*-analogue of Lemma 4.12.

Lemma 5.11. Let A be a C*-algebra, and let (an)n, be a sequence of positive,
contractive, pairwise orthogonal elements in A. Assume that a, < any1 for every
n€N. Then a:=Y " 5=an is soft.
Proof. We verify condition (3) of Proposition 3.6. Let € > 0. Choose N € N such
that 2%, < e. For n > N, we have %an — ¢ < 0, and therefore (%nan —¢e)y =0.
Since the a,’s are pairwise orthogonal, we have

oo N

(a—e)t = Z(%an —&)+ = Z(%an — &)+
n=0 n=0
Set b= Y77\ 4 3=an. Then b L (a—e)y. For n > N +1, it is clear that

a, € spanAbA. For n < N, it follows from the assumption that a, € spanAbA.
This implies that a € spanAbA, as desired. a

The following lemma is the C*-analogue of Lemma 5.4.

Lemma 5.12. Let A be a C*-algebra, and let a,b € Ay satisfy a <b. Then:

(1) For every e > 0, there exists 6 > 0 such that (a —¢€)4+ < (b—6)+.
(2) For every e > 0, there exists ¢ € bAby such that (a —€)+ <c<a.

Proof. To prove (1), take e > 0. Using [Bla06, Corollary 11.5.2.13], let N € N and
rn € A for n =1,...,N be such that la — >-"_ r#br,| < e. Then, there exists
0 > 0 such that

N
a—Y rib—0)yra||<e
n=1

Applying [KR00, Lema 2.5(ii)], we obtain an element r € A such that (a—¢); =
Zgzl(rnr)*(b — 6)4(rnr), as required.

To prove (2), take ¢ > 0. Set I := spandaA. Then bAbN I generates I as a
closed ideal. Thus, using an approximate unit in bAb N I, we can find a positive
element ¢ € bAb N I such that a is at distance at most € from the ideal generated
by ¢. Using a similar argument as in (1), one can show that (a — €)4 < ¢. Thus, ¢
has the desired properties. |

Lemma 5.13. Let A be a C*-algebra, let a,c € Ay, let € > 0, and let (s,)n be a
sequence of strongly soft elements in Cu(A) such that [a] < 008, for all n, and

K Sy K 81 K 50 < ]
Then there exists a soft element b € cAc such that (a —¢)y < b.

Proof. For each n € N, using that s,+1 < s, and that s, is strongly soft, we obtain
tnt1 € Cu(A) such that

Sn+1 + tn+1 < Sp, and Sn+1 < OOtn+1-
Choose s7,,t7, .1 € Cu(A) such that
Sy K Spy  Spgl Ftngr KL 8y, by Ltpgr, and spyq <K ooth .

Next, we inductively choose ¢, € A4 forn € Nand d,, € A, for n > 1 such that
Cn+1,dnt1 are orthogonal elements in ¢, Ac,, and such that

sh < len] < spy, and t, < [dy] < tp.
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For n = 0, set ¢y := ¢. Now fix n € N and assume that we have already chosen
the elements cg,...,c, € A+ and dy,...,d, € Ay. Then

Spa1 K Sng1s by Ktpgr, and Sppq +tppr < s, < el

Applying [RR13, Lemma 2.3(ii)], we find orthogonal elements ¢,,+1 and dy41
in ¢, Ac,, such that

8;L+1 < [C»,H_l] < Sp41, and t/n+1 < [dn+1] < tn+17

which finishes the inductive argument.
Now choose a strictly decreasing sequence (), of positive numbers such that

< <7 <7 =¢€.
Given n > 1, we have
[a] < o0os,, < oot!, < oold,],
and therefore (@ — Yp41)+ < a < dp.

Using the equality (a —yn)+ = ((@ = Ynt1)+ — (Yn — Yn+1))+, and by applying
Lemma 5.12 (2), we obtain a positive element b,, in d,, Ad,, such that

(@ =)+ <bn < (a—Vnt1)+-

By construction, the elements by, bs, ... are pairwise orthogonal, and b,, < by,11
for each n > 1. Thus, the element b := > | mbk is soft by Lemma 5.11. Note

that, since each b,, is in cAc, we have b € cAc. Moreover, one gets
(a—¢)t = (a—0)+ Qb1 <D,
as desired. g

Theorem 5.14. Let A be a C*-algebra. Then the following are equivalent:

(1) A has an abundance of soft elements.

(2) A has the hereditary 2-splitting property.

(8) (Cu(A),X4) has an abundance of strongly soft elements.
(4) (Cu(A),X4) has the hereditary 2-splitting property.

Proof. To show that (1) implies (2), assume that A has an abundance of soft ele-
ments, and let ¢ € A, and € > 0. We need to find positive elements b, ¢ € aAa such
that b L c and (a — )4 < b, c. By assumption, there exists a soft element d € aAa
with (a — §)4 < d. Note that

(a—e)y=(la=5)+-%),-
We can therefore apply Lemma 5.12(1) to obtain ¢ > 0 such that
(a—e)s < (d—0)s.

Using that d is soft, we get from Proposition 3.6(3) a positive element ¢ € dAd
with ¢ L (d —0)+ and d <ec. Set b := (d —0)4. Then b and ¢ have the desired
properties.

Let us show that (2) implies (4). Let 2’2 € ¥4 with 2/ < . We need to find
y,z € Cu(A) with y+ 2z <z and 2/ <y, 2.

By [TV22b, Lemma 3.3(1)], we obtain a € A such that 2’ < [a] < z. Choose
€ > 0 such that ' < [(@a — €)4]. By assumption, we obtain orthogonal positive
elements b, ¢ € aAa with (a — )4 <b,c. Then y := [b] and z := [¢] have the desired
properties.

Since Cuntz semigroups of C*-algebras satisfy (O05)-(07), it follows from The-
orem 5.9 that (4) implies (3). Finally, to show that (3) implies (1), assume that
(Cu(A),X4) has an abundance of strongly soft elements and take a € A} and
£ > 0. We need to find a soft element b € aAa with (a —¢)4 < b.
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Using that (Cu(A), X 4) has an abundance of strongly soft elements for [a] € X 4
and [(a — £)4] < [a], we obtain a strongly soft sg € Cu(A) such that

3
[(a—§)4] <0 < [al.

Since [(a — 5)+] < [(a — §)4], we can choose s, € Cu(A) such that

l(a - %).] < sh < s0.

Applying Lemma 5.5 for s{; < so, we obtain a strongly soft s; € Cu(A) with
8p < s1 < so. Inductively, we obtain a sequence (sy,)y of strongly soft elements in
Cu(A) such that
K S K 81 K S0 < al,
and such that [(a — 22)4] <1 s{, < s, for all n.
Applying Lemma 5.13 (with £), we obtain a soft element b € aAa such that

[(a—e)s] =1[((a = F)+ — §)+] <b.

as desired. O

Corollary 5.15. A stable C*-algebra has an abundance of soft elements if and only
if its Cuntz semigroup has an abuncande of strongly soft elements.

Let A be a (nonstable) C*-algebra. If A® K has an abundance of soft elements,
then so does A. Using that Cu(A) = Cu(A®K), we deduce that A has an abundance
of soft elements whenever its Cuntz semigroup does. The converse remains unclear:

Question 5.16. Let A be a C*-algebra. If a A has an abundance of soft elements,
does its stabilization as well?

With view towards Theorem 5.14, the above question is equivalent to the follow-
ing: If A is a C*-algebra such that (Cu(A),X4) has an abundance of strongly soft
elements, does Cu(A) have an abundance of strongly soft elements? One can also
ask this question in the more abstract setting of scaled Cu-semigroups that satisfy
additional properties, like (05)-(08).

6. COMPLETELY SOFT ELEMENTS IN C*-ALGEBRAS

We introduce completely soft operators as those positive elements in a C*-algebra
whose every cut-down is soft; see Definition 6.1. We characterize these elements
by spectral properties; see Proposition 6.2. The main result of this section is The-
orem 6.10, where we show that a C*-algebra has an abundance of such elements
whenever it has an abundance of soft elements. To construct completely soft ele-
ments in a C*-algebra, we follow a strategy introduced in [Thi20a] and view positive
elements as suitable ‘paths’ of open projections.

Definition 6.1. We say that a positive element a in a C*-algebra is completely soft
if for every € > 0 the element (a — €)4 is soft.

Proposition 6.2. Let A be a C*-algebra, and a € A,. Then the following are
equivalent:
(1) The element a is completely soft.
(2) For every closed ideal I C A, the spectrum of a+1 € A/I is [0, ||a+ I]]].
(8) For every closed ideal I C A, the spectrum of a+ I € a/I is connected and
contains 0.

Proof. Let € > 0, let I C A be a closed ideal, and let 7;: A — A/I denote the
quotient map. Then (n7(a) — €); = 7mr((a — €)4). Using the spectral mapping
theorem (see, for example, [Bla06, Proposition I1.2.3.2]), we see that ¢ is contained
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in the closure of sp(mr(a)) N (¢, 00) if and only if 0 is not isolated in the spectrum
of (mr(a) —€)+.

By Proposition 3.6, a is completely soft if and only if for every ¢ > 0 and every
closed ideal I C A, the element 77((a — &) ) is either zero or 0 is not isolated in its
spectrum. Using the above considerations, this is in turn equivalent to (2), which
is easily seen to also be equivalent to (3). O

An immediate consequence of Proposition 6.2 is that images of completely soft
elements in quotients are again completely soft, which is analogous to Proposi-
tion 3.8. It remains unclear if the analog of Proposition 3.7 also holds:

Question 6.3. Let ¢: A — B be a completely positive, order-zero map between
C*-algebras. Given a completely soft element a € A, , is p(a) completely soft?

6.4. Let A be a C*-algebra. Recall that a projection p € A** is said to be open if
it is the weak™-limit of an increasing net in A, and denote by O(A) the set of all
open projections in A. The sub-C*-algebra pA**p N A is hereditary for every open
projection p and, conversely, every hereditary sub-C*-algebra of A is of this form
for some unique open projection of A; see [Ped79, p.77f].

As in [Thi20a, Section 2], we define the relation < on O(A) by setting p < ¢
if there exists a € A, such that p < a < ¢. That is, if there exists a € Ay such
that p = pa and a = aq. We say that p € O(A) is soft if the associated hereditary
sub-C*-algebra A, := pA*™*p N A is soft. We use supp(a) to denote the support
projection of any positive element a € A. Note that supp(a) belongs to O(A).

Following [Thi20a, Definition 2.4], we say that a map f: (—00,0] = O(A) is a
path if f(s) = sup{f(s’) : s’ < s} for all s € (—o0,0], and if f(s) < f(¢) whenever
s < tin (—o00,0].

Given a positive contraction a € A, the map f,: (—00,0] — O(A) given by
fa(t) :==supp((a +t)4) is a path with f,(—1) = 0. Conversely, by [Thi20a, Propo-
sition 2.6], every path f with f(—1) = 0 arises this way from a positive contraction.

Lemma 6.5. Let A be a C*-algebra that has an abundance of soft elements, let
p,q € O(A) satisfy p < q, and assume that q is soft. Then there exists r € O(A)
such that r is soft and p < r < q.

Proof. Given any € > 0, let f.: [0,00) — [0, 1] be the map that takes the value 0
in [0,£/2], 1 in [e,0), and is linear from £/2 to e.
Since p < g, there exists a € A4 such that p < a < ¢. Thus, one has

p < fi(a) < fij2(a) < fr/a(a) < q.

Using that fy,4(a) € Ag, it follows that there exists an element in (A,); that
acts as a unit for f;,2(a). By Proposition 2.9, we obtain a positive element d € 4,
with f1/2(a) <d L f1/2(a). Applying Lemma 5.12(1), we obtain 6 > 0 such that
(fi/2(a) = 3)+ < (d — ). Note that one has fi(a) < (f1/2(a) = 3)+-

Applying that A has an abundance of soft elements for (d— g)+ and % we obtain
a soft element e such that

(d=2): - g)Jr de, and e€ (d—3);A(d— )4,

and we may assume that e is contractive.
Then, one has

fi(a) < (fij2(a) = 3)+ <(d=08)+ = ((d—5)+ - §), <e
Further, using that fi(a) L e and fi(a) <e, it follows that fi(a) + e is soft
and, consequently, that the open projection r := supp(fi(a) + e) is also soft. Since

fi(a) + e is contractive, we have p < fi(a) < fi1(a) + e < supp(fi(a) + e) = r and
thus p < r.
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We also have e € (d — g)+A(d— g)+ and (d — %)+ < f5/2(d), and therefore
e K f5/2(d). We further have fi(a) < fi/2(a), and f1/2(a) L f5/2(d). This implies
that

fi(a) +e < fija(a) + f5/2(d).
Therefore,
r=supp(fi(a) +e) < fija(a) + f5/2(d) < g,
and thus r < q. a
In preparation for the proof of Lemma 6.7, we recall a result of Bice and

Koszmider from [BK19]. Following [BK19, Definition 2.1], we write a <. b for
positive elements a and b in a C*-algebra and € > 0 if ||a — ab|| < e.

Theorem 6.6 ([BK19, Corollary 4.2]). For all € > 0 there exists 6 > 0 such that
the following holds: If a,b, c,d are positive contractions in a C*-algebra A such that

eLb<Lsekd
then there exists a unitary u € A such that
vau* < d, and |ju—1| <e.
Given open projections p,q,7 € O(A) such that p,q < r, note that generally
there is no open projection r’ satisfying p,q < ' < r. However, by using results
from [BK19], we prove in Lemma 6.7 below that an approximate version of this

statement does hold.
We write p <. g if there exists a € A4 such that ||p — pa|| < e and a < q.

Lemma 6.7. Let p,q,r be open projections in a C*-algebra A such that p,q < .
Take € > 0. Then there exists v’ € O(A) such that p <1’ <1 and g <. 1'.

Proof. Using functional calculus, we find positive, contractive elements a’,a,b’,b
in A such that
p<d <a<r, and ¢g<bV <b<r

Fix 6 > 0 such that the statement in Theorem 6.6 is satisfied for £/3 and §, where
note that we may assume 0 < £/3. Using functional calculus and an approximate
unit in A,, we find positive, contractive elements ¢’,c € A such that

a<scd <e, and b<s5cd <ec.
Now, by Theorem 6.6, there exists a unitary u € A, such that
ua'u* < ¢, and ||1—ul < %
Then
o <ueu, and b <5 Kooy utcu,

and therefore b <. u*cu. Now r’ := supp(u*cu) has the desired properties. O

Lemma 6.8. Let A be a C*-algebra and let (p;); be a <-directed family of soft
open projections in A. Then the open projection sup; p; is soft.

Proof. Let p be the supremum of (p;);. Then,

ANpA™p=AnN Uij**pj
J
It follows that each A Np; A**p; is a sub-C*-algebra of A NpA**p, and that the
family (A Np;A**p;); approximates AN pA**p. Since each AN p;A**p; is soft, we
know from Proposition 2.17 that A N pA**p is soft. By definition, p is soft. g
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Theorem 6.9. Let A be a C*-algebra that has an abundance of soft elements, and
let a € Ay be soft. Then there exists a contractive, completely soft element b such
that aAa = bAb.

Proof. Set p(0) := supp(a). Let us first prove that there exists a sequence of soft
open projections p(—5+) € O(A) such that

supp((a — 5 )4) <12 p(—57) < P(—5a57) < p(0)

for each n > 1.

For n = 1, it follows from Lemma 6.5 applied for supp((a — )1) < p(0) that
one can find a soft open projection p(—%) with the required properties.

Now fix n € N and assume that we have found the projections p(— ) for each
k < n. Applying Lemma 6.7 for p(—5%),supp((a — 5ir)+) < p(0) and & = 5k~
we obtain r € O(A) such that

p(—Q%) <7 =<p(0), and supp((a— 271%)4-) <q/gnt1 T

Since r < p(0), it follows from Lemma 6.5 that there exists a soft open projection
p(—52r) such that 7 < p(—r) < p(0), as desired. In particular, note that
p(0) = sup,, p(—3+)-

Repeated application of the previous construction to each p(—%) allows us to
find soft open projections p(t) for every dyadic number ¢ € [—1,0] such that p(—1) =
0, and such that p(s) < p(t) whenever s < t.

We set r(—1) = 0 and

r(t) :=sup {p(s) : s € [~1,t) dyadic}.

for each ¢t € (—1,0].
Note that

r(0) < p(0), and r(0)> sx;pp(*g%) = p(0),

which implies r(0) = p(0). Further, each r(t) is soft by Lemma 6.8.

It follows that r: [—1,0] — O(A) is a path in the sense of [Thi20a, Definition 2.4].
By [Thi20a, Proposition 2.6], there is a unique positive element b € A, such that
supp((b + t)+) = r(t) for each t € [—1,0]. Since r(—1) = 0, the element b is
contractive. Further, since supp(b) = r(0) = p(0) = supp(a), we have aAa = bAb.

Finally, each cut-down of b is soft by construction, as desired. g

Recall from Definition 5.2 that we say that a C*-algebra A has an abundance
of soft elements if for every a € Ay and every ¢ > 0 there exists a positive, soft
element b € aAa such that (a — ), <1b. One could therefore phrase statement (2)
in the next result by saying that ‘A has an abundance of completely soft elements’.

Theorem 6.10. Let A be a C*-algebra. Then the following are equivalent:

(1) The C*-algebra A has an abundance of soft elements.
(2) For every a € Ay and e > 0 there exists a positive, completely soft element
b € aAa such that (a —e);+ <Qb.

Proof. 1t is clear that (2) implies (1). Conversely, assume that A has an abundance
of soft elements. To verify (2), take a € Ay and € > 0. Since A has an abundance of
soft elements, one can find a soft element ¢ € aAa, such that (a —¢) € spandcA.
By Theorem 6.9, there exists a compleltely soft element b € A, such that cAc =
bAb. This implies that b € ada, and (a —¢), € spanAbA, which shows (2). d
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7. SOFTNESS AND THE GLOBAL GLIMM PROPERTY

Following [KR02, Definition 4.12], we say that a C*-algebra A has the Global
Glimm Property if for every a € A, every ¢ > 0 and every k > 2 there exists
a #-homomorphism ¢: Cy(0,1] ® M) — aAa such that (a —€)+ is in the ideal
generated by the image of .

Every C*-algebra with the Global Glimm Property has no nonzero elementary
ideal-quotients (that is, it is nowhere scattered in the sense of [TV21b]). It is an
open problem, known as the Global Glimm Problem, to determine if every nowhere
scattered C*-algebra has the Global Glimm Property; see [TV22b].

We shed new light on this problem by proving that the Global Glimm Prop-
erty implies having an abundance of soft elements, which in turn implies nowhere
scatteredness; see Propositions 7.4 and 7.7. This decomposes the Global Glimm
Problem into two subproblems; see Question 7.8.

To prove these results, we use that nowhere scatteredness and the Global Glimm
Property of a C*-algebra A are reflected in divisibility properties (recalled in Para-
graph 7.1) of its Cuntz semigroup Cu(A). More precisely, A is nowhere scattered if
and only if Cu(A) is weakly (2,w)-divisible; see [TV21b, Theorem 8.9]. Further, A
has the Global Glimm Property if and only if Cu(A) is (2, w)-divisible; see [TV22Db,
Theorem 3.6].

This translates the Global Glimm Problem into a question about Cuntz semi-
groups: Does weak (2,w)-divisibility imply (2, w)-divisibility?

In [TV22b] we identified two conditions on a Cu-semigroup that precisely capture
when the desired implication of divisibility properties holds: ideal-fitlererdness and
property (V). More precisely, a Cu-semigroup satisfying (05)-(08) is (2, w)-divisible
if and only if it is weakly (2,w)-divisible, ideal-filtered and has property (V); see
[TV22b, Theorem 6.3]. Below, we give straightforward generalizations of ideal-
filteredness and property (V) to scaled Cu-semigroups (Definitions 7.9 and 7.10),
and we note that the main result of [TV22b] can be generalized to the scaled setting.

We show that an abundance of strongly soft elements implies property (V)
(Lemma 7.11), which implies that a Cu-semigroup satisfying (05)-(08) is (2,w)-
divisible if and only if it is ideal-filtered and has an abundance of strongly soft
elements; see Theorem 7.12. It follows that a C*-algebra has the Global Glimm
Property if and only if it has an abundance of soft elements and its scaled Cuntz
semigroup is ideal-filtered; see Theorem 7.14.

7.1. As defined in [RR13, Definition 5.1}, a Cu-semigroup S is said to be weakly
(2,w)-divisible if, for every pair ' < x in S, there exist finitely many elements
Y1,.-.,Yn € S such that 2’ <y, + ... +y, and 2y; < x for each j < n.

Similarly, one says that S is (2, w)-divisible if, whenever 2/ < z in S, then there
exists y € S and n € N such that 2y < z and 2’ < ny.

In [TV22b, Lemma 3.5], we showed that a Cu-semigroup satisfying (05)-(O7) is
(2,w)-divisible whenever all elements in a scale are. The next result shows that the
analog statement holds for weak (2, w)-divisibility.

Lemma 7.2. Let (S,%) be a scaled Cu-semigroup satisfying (06) and assume that
every element in X is weakly (2,w)-divisible. Then S is weakly (2,w)-divisible.

Proof. To show that every element in S is weakly (2,w)-divisible, let ',z € S
satisfy o’ < . Pick 2" € S with 2’ < 2" < z. Since ¥ is a scale, there exist n and
Y1y--,Yn € X such that 2" < y; + ...+ y,. Applying (O6), we obtain 21,...,2,
such that

¥<z1+...+2, and z;<zforj=1,...,n.
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Pick 2} such that
¥ <2 +...+2, and z; Lzjforj=1,...,n

Each z; belongs to ¥ and is therefore weakly (2,w)-divisible. We thus obtain
elements v; 1, ...,v; n; such that

Z; S’Uj,1+---+’l)j7Nj, and QUch <z fOrk:1,...7Nj.

Then 2v; < z; < x for each j and k, and also
"D YED
J gk
This shows that the elements v; , have the desired properties. a

Next, we prove that a C*-algebra is nowhere scattered whenever it has an abun-
dance of strongly soft elements; see Proposition 7.4 below. In preparation for the
proof, we need the following lemma.

Lemma 7.3. Let S be a Cu-semigroup satisfying (0O6), and let x € S be weakly
soft. Then x is weakly (2,w)-divisible.

Proof. To verify that z is weakly (2,w)-divisible, let 2’ € S satisfy 2’ < z. Choose
z” € § such that 2/ <« 2” < . Since z is weakly soft, we obtain n > 1 and
t1,...,t, € S such that

2 +t<x, ..., 2 +t, <z, and 2’ <t +... .+,
Applying (06) to 2/ < 2" < t1 + ...+ t,, we obtain z1,...,2, € S such that
:c/<<zl+...+zn, 21 <<x//,t1, R zn<<$“,tn.

Then
2z; <<a:“—|—tj Lz

for each j =1,...,n. Thus, z1,...,z, have the desired properties. O

Proposition 7.4. Let (S,%) be a scaled Cu-semigroup satisfying (O6) that has an
abundance of strongly soft elements. Then S is weakly (2,w)-divisible.

Consequently, if a C*-algebra has an abundance of soft elements, then it is
nowhere scattered.

Proof. By Lemma 7.2, it suffices to verify that every element in ¥ is weakly (2,w)-
divisible. Let z’,z € ¥ satisfy 2’ < z. Pick 2”,2"" € S with 2/ < 2" < 2" < z.
Then there exists a strongly soft element y € S satisfying 2"’ <y <« z. Take y’ € S
with ¢ < y and 2”7 <3/. By Lemma 7.3, y is weakly (2,w)-divisible, which means
that we can find n and z, ..., 2, € S such that

Yy <z +...+2, and 2z;<yforj=1,...,n.

Using that 2’ < 2”7 <y/, we obtain N € N such that 2 < Ny’. Then the elements
with the desired properties are given by considering N copies of each of z1,..., z,.

For the second part of the statement, let A be a C*-algebra with an abundance
of soft elements. By Theorem 5.14, the scaled Cu-semigroup (Cu(A),¥4) has an
abundance of strongly soft elements. Since Cuntz semigroups of C*-algebras always
satisfy (O6), we can apply the above argument to deduce that Cu(A) is weakly
(2, w)-divisible. Hence, A is nowhere scattered by [TV21b, Theorem 8.9]. O

Proposition 7.7 below showcases the exact difference between having an abun-
dance of strongly soft elements and being (2,w)-divisible: In the first case, for
every element x one can find a strongly soft element y such that y < x < ooy
(Theorem 5.9). In the second case, y can be chosen such that 2y < z < ooy.
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In the proof of Lemma 7.6 below, we will apply the following useful consequence

of (05):

Lemma 7.5 ([TV22b, Lemma 2.2]). Let S be a Cu-semigroup satisfying (05), and
let ke N and 2’ x,2 € S satisfy 2’ < x and (k+ 1)z < z. Then there exists y € S
such that kx' +y < z < (k+ 1)y and 2’ < y.

Lemma 7.6. Let k € N, and let S be a (2,w)-divisible Cu-semigroup satisfying
(O5). Then, whenever (x,), is a <K-increasing sequence in S, there exists a se-
quence (Yn)n such that

o0
Z kyn <supx,, and Yp,Tpi1 <K 0OYnt1
n

n=0

for every n > 0.

Proof. We will use below that S is (k + 1,w)-divisible by [TV22b, Lemma 3.4].
Let (z,)n be a <-increasing sequence in S, and let x be its supremum. Using
induction on n, we will find elements y;,c; € S for j € N such that

kyji1+cjp S ¢ S00cip, Yy <6, and gy, 25400 < 00Yj41-

for all 7 > 0, and with kyp + co <z < (k4 1)co.
First, applying that S is (k + 1,w)-divisible for 2y < z, we find z € S such that

(k+1)z<z, and zg < ocoz.
Choose yp € S such that
Yo K 2z, and xzg <K 00Yp.
Then, it follows from Lemma 7.5 that there exists ¢y € S with
kyo+co <ax<(k+1)cy, and yy < o,

and it is readily checked that cg, yg satisfy the required conditions.
Now fix n € N and assume that we have found the elements y;,c; for every
j < n. In particular, we have z < oocg < 0o¢,,. Choose ¢, € S such that

e L eny Yo Ly and x4 < 00C,.
Applying that S is (k + 1,w)-divisible for ¢/, < ¢, one finds 2,41 € S such that
(k+1)2nt1 < cn, and ¢, < 00zp41-
Choose y,+1 € S such that
Ynt+1 K Znt1, and c;l < OOYp41-
Applying Lemma 7.5, we find ¢,41 € S with
kyni1+cny1 <en < (B+1D)cpgr, and ynp1 < cpya,

which finishes the inductive argument.
Finally, note that for every n € N, one has

kyo+ ...+ kyn <kyo+ ... +kyn tcn Shyo+ .+ kyn—1 +cn
S...Sky0+60§.1‘.

Taking supremum on n, we obtain the required result. a

Proposition 7.7. Let S be a (2,w)-divisible Cu-semigroup satisfying (05). Then
for every x € S and k € N there exists a strongly soft element y € S such that
ky <z < ooy. In particular, S has an abundance of strongly soft elements.

Consequently, if a C*-algebra has the Global Glimm Property, then it has an
abundance of soft elements.
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Proof. Let x € S and k € N, and let (x,), be a <-increasing sequence in S with
supremum z. Using Lemma 7.6, we find a sequence (y,,), such that

&S]
Z kyn S x, and Yny Tn+1 < OYn+1

n=0
for every n > 0.
Set y := ZZOZO Yn, Which satisfies ky < x by construction. Then, since we have
T, < 00y, < 00Y,

for each n, we deduce x < ocoy. Further, y is strongly soft by Lemma 4.12.

For the second part of the statement, let A be a C*-algebra with the Global
Glimm Property. Then Cu(A4) is (2,w)-divisible by [TV22b, Theorem 3.6]. Since
Cuntz semigroups of C*-algebras always satisfy (O5), we can apply the above argu-
ment to deduce that Cu(A) has an abundance of strongly soft elements. Hence, A
(and in fact, even A ® K) has an abundance of soft elements by Theorem 5.14. [

If a C*-algebra has the Global Glimm Property, then it has an abundance of
soft elements by Proposition 7.7; and if a C*-algebra has an abundance of soft
elements, then it is nowhere scattered by Proposition 7.4. Therefore, the Global
Glimm Problem, which asks if every nowhere scattered C*-algebra has the Global
Glimm Property, decomposes into the following subquestions:

Question 7.8. If a C*-algebra is nowhere scattered, does it have an abundance of
soft elements? If a C*-algebra has an abundance of soft elements, does it have the
Global Glimm Property?

In [TV22b, Definitions 4.1, 5.1], we defined ideal-filteredness and property (V)
for Cu-semigroups. We will use the following straightforward generalizations to
scaled Cu-semigroups.

Definition 7.9. We say that a scaled Cu-semigroup (.9, X) is ideal-filtered if for all
v,v € S and z,y € ¥ satisfying

VoK oox, 0y,
there exists z € S such that
v Kooz, and z < z,y.

Definition 7.10. We say that a scaled Cu-semigroup (S, X) has property (V) if,
given d}, dy,d}, da, ¢,z € ¥ such that

d/1<<d1, d/2 L ds, di,dy<<c, and cH+di,c+dy K,
there exist y, z € S satisfying
y+z<wz, and dj+d, < ooy, o0z

Lemma 7.11. Let (S, %) be a scaled Cu-semigroup with an abundance of strongly
soft elements. Then (S,%) has property (V).

Proof. Let d},dy,db,da, ¢,z € ¥ be such that
d/1<<d1, d/2 L ds, di,dy<<c, and c+di,c+dy K .
Choose 2", 2’ € S such that
<2 <z, and c+di,c+dy <.

Using that (S,3) has an abundance of strongly soft elements for z’ <« x, we
find a strongly soft element s € S with 2’ <<s < x. Choose y € S such that
Ay <K s <K .
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Since s is strongly soft, we know by Proposition 4.13 that there exists z € S
satisfying y + z < s < ooz. It is readily checked that the elements y, z have the
desired properties. O

Theorem 7.12. Let S be a Cu-semigroup satisfying (05)-(08). Then the following
are equivalent:
(1) S is (2,w)-divisible.
(2) Every element in ¥ is (2,w)-divisible.
(8) Every element in X is weakly (2,w)-divisible and (S,X) is ideal-filtered and
has property (V).
(4) (S,%) is ideal-filtered and for every x in S, there exists a strongly soft
element y € S such that 2y < z < coy;
(5) (S,%) is ideal-filtered and has an abundance of strongly soft elements.

Proof. By [TV22b, Lemma 3.5], (1) and (2) are equivalent.

The results and proofs of Section 6 in [TV22b] have straightforward generaliza-
tions to the scaled version of (weak) (2,w)-divisibility, ideal-filteredness, and prop-
erty (V). In particular, the scaled version of [TV22b, Theorem 6.3] shows that (2)
and (3) are equivalent.

Using Proposition 7.7, we see that (1) implies (4), and it is clear that (4) im-
plies (5). Finally, by Lemma 7.11 and Proposition 7.4, (5) implies (3). O

Corollary 7.13. Let S be a Cu-semigroup satisfying (05)-(08). Assume that
S = Ssos- Then S is (2,w)-divisible if and only if S is ideal-filtered.

Theorem 7.14. Let A be a C*-algebra. Then the following are equivalent:

(1) A has the Global Glimm Property.
(2) A has and abundance of soft elements and (Cu(A), X 4) is ideal-filtered.
(3) A has and abundance of soft elements and Cu(A) is ideal-filtered.

Proof. Let A be a C*-algebra. It follows from [TV22b, Theorem 3.6] that A has
the Global Glimm Property if and only if Cu(A) is (2,w)-divisible. Thus, [TV22b,
Theorem 6.3] together with Proposition 7.7 show that (1) implies (3), and it is clear
that (3) implies (2).

Using Theorem 7.12, we know that Cu(A) is (2, w)-divisible if and only if Cu(A)
has an abundance of strongly soft elements and (Cu(A),X4) is ideal-filtered. By
Theorem 5.14, A has an abundance of soft elements if and only if strongly soft
elements are abundant in (Cu(A), X 4). This shows that (2) implies (1), as desired.

]
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