REGULARITY OF C! AND LIPSCHITZ DOMAINS IN TERMS OF
THE BEURLING TRANSFORM

XAVIER TOLSA

ABSTRACT. Let Q C C be a bounded C' domain, or a Lipschitz domain “flat
enough”, and consider the Beurling transform of xq:
.o —1 1
BXQ(Z) il_% ™ LGQ,zw>6 (Z - w)2
Using a priori estimates, in this paper we solve the following free boundary prob-
lem: if Bxq belongs to the Sobolev space W*P(Q) for 0 < o < 1,1 < p < o0
such that ap > 1, then the outward unit normal N on 92 is in the Besov space
By ;1/ P(9€)). The converse statement, proved previously by Cruz and Tolsa, also
holds. So we have

B(xa) € W*P(Q) <«= N e By, '?(0Q).

Together with recent results by Cruz, Mateu and Orobitg, from the preceding
equivalence one infers that the Beurling transform is bounded in W?(Q) if and

dm(w).

only if the outward unit normal N belongs to B;‘,;l/ P(6Q), assuming that ap > 2.

1. INTRODUCTION

In this paper we show that the boundedness of the Beurling transform in the
Sobolev spaces W*P(), with 0 < o« < 1 and 1 < p < oo such that ap > 1,
characterizes the Besov smoothness of the boundary 912, whenever Q is a C! domain,
or a Lipschitz domain “flat enough”. This can be considered as a free boundary
problem.

The Beurling transform of a function f : C — C, with f € LP for some 1 < p < oo,
is defined by

Bf(2) :nm_l/l_ ) (Zf_(%dm(w).

It is known that this limit exist a.e. The Beurling transform plays an essential role
in the theory of quasiconformal mappings in the plane, because it intertwines the 0
and O derivatives. Indeed, in the sense of distributions, one has

B(0f) = 0f.
Let © C C be a bounded domain (open and connected). We say that Q C C
is a (0, R)-Lipschitz domain if for each z € 02 there exists a Lipschitz function
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A: R — R with slope ||A’|| < d such that, after a suitable rotation,
QN B(z,R) = {(z,y) € B(z,R): y > A(z)}.

If we do not care about the constants 0 and R, then we just say that ) is a Lipschitz
domain. If in this definition we assume the function A to be of class C!, then we
say that Q is a C! domain.

In [CT] it has been shown that for any Lipschitz domain 2 and 0 < o < 1 and
1 < p < oo such that ap > 1, if the outward unit normal is in the Besov space
Bg;l/p(E)Q), then B(xgq) belongs to the Sobolev space W?(Q2). More precisely, the
following estimate has been proved:

(1.1) HB(XQ)HWG»P(Q) <c ||NHB;;1/P(69)>

where N stands for the outward normal unitary vector on 99, W*?(Q) is a homo-

geneous sobolev space on 2, and B;f ;1/ P(99)) is a homogeneous Besov space on 9.
See the next section for the precise definition of Sobolev and Besov spaces, as well
as their homogeneous versions. The constant ¢ in (1.1) may depend on p and on the
Lipschitz character of ©, i.e. on 6 and on H'(9Q)/R (here H' stands for the length
or 1-dimensional Hausdorff measure). Observe that, by the L boundedness of the
Beurling transform,

IB(xe) lwan@) < ¢ (m(Q)Y? + | B(xa) o))

Thus (1.1) guaranties that B(xq) € WP(Q) whenever N € Bap/?(992).
Our main result is a (partial) converse to (1.1):

Theorem 1.1. Let 2 C C be a (d, R)-Lipschitz domain and 0 < o« < 1 and 1 < p <
oo such that ap > 1. If § = 6(p) > 0 is small enough, then

(1.2) HNHBﬁgl/P(aQ) < c|B(xo)llar@ + cHH(OQ) 2P,
where ¢ depends on § and p.

Some remarks are in order. Notice first that C' domains are (§, R)-Lipschitz
domains for every 6 > 0 and an appropriate R = R(J). So the theorem applies to
all C' domains. Then, by combining the results from [CT] with Theorem 1.1, one
infers that, for a C! domain Q and a, p as above,

(1.3) B(xq) € W*P(Q) <= N € B:,'7(09).
Let us remark that the inequality
IVl g1y < I BOE sy
fails in general. Indeed, when 2 is an open ball it turns out that B(xq) vanishes
identically on Q. So || B(xa)llyans@q) = 0, while HNHB;;l/p(ag) # 0, because N is not
constant.

Recall that the Besov spaces Bp, ;1/ P appear naturally in the context of Sobolev
spaces. Indeed, a well known theorem of Gagliardo [Ga] asserts that the traces of
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the functions from W'?(Q) on 9 coincide with the functions from By (092),
whenever € is a Lipschitz domain. An analogous result holds for 0 < a < 1. So,
by this result theorem with (1.3), one deduces that B(xq) € W*P(Q) if and only
if N is the trace of some (vectorial) function from W*?(Q), which looks a rather
surprising statement at first sight.

Our motivation for the characterization of those domains such that By € W*P()
arises from the results of Cruz, Mateu and Orobitg in [CMO]. In this paper the
authors study the smoothness of quasiconformal mappings when the Beltrami co-
efficient belongs to W*P(Q), for some fixed 1 < p < oo and 0 < a < 1. As an
important step in their arguments, they prove following kind of T'1 theorem:

Theorem ([CMO)). Let Q C C be a bounded C**¢ domain, for some € > 0, and let
0O<a<landl <p < oo besuch that ap > 2. Then, the Beurling transform is
bounded in W*P(Q) if and only if B(xq) € W*P(Q).

As a corollary of the preceding result and Theorem 1.1 we obtain the following.

Corollary 1.2. Let Q) C C be a Lipschitz domain and let 0 < a <1 and 1 < p < o0
be such that ap > 2. Then, the Beurling transform is bounded in W*P(QQ) if and

only if the outward unit normal of Q) is in the Besov space B;ii;”p(a(z).

Observe that the fact that N € By, ;1/ P(9€) implies that the local parameteriza-
tions of the boundary can be taken from Bj5""/?(R) C C!*¢(R) because ap > 2, and
thus the theorem from Cruz-Mateu-Orobitg applies. For more details, see Lemma
3.1 below.

On the other hand, it is worth mentioning that the boundedness of the Beurling
transform in the Lipschitz spaces Lip.(Q) for domains  of class C'*¢ has been
studied in [MOV], [LV], and [De], because of the applications to quasiconformal
mappings and PDE’s.

We will prove Theorem 1.1 by reducing it to the case of the so called special
Lipschitz domain, where €2 is the open set lying above a Lipschitz graph. That is,
given a Lipschitz function A : R — R, one sets

(1.4) Q={(r,y) €C: y>Ax)}.
In this situation, we will show the following:

Theorem 1.3. Let A : R — R be a Lipschitz function with compact support and
consider the special Lipschitz domain §) defined in (1.4). For 0 < a < 1 and

1 < p < oo be such that ap > 1, there exists § = d(a, p) > 0 small enough such if
|A ||oo <6, then

(1.5) HAHB;;WW < ¢ B(xa)ller@):
with ¢ depending on o, p.

Above, B,l,z;a_l/ P and W*?(Q) stand for homogeneous Besov and Sobolev spaces,
on R and on 2, respectively.
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Let us remark that the converse inequality
(1.6) 1B(xa)llyian o) < (0) [|All grea-are

also holds for special Lipschitz domains, without the smallness assumption on d.
This has been shown in [CT]. Notice, in particular, that (1.6) shows that Byxgq is
constant in €Q if this is a half plane. Of course, this can be proved without appealing
to (1.6), in a much more elementary way. This property plays a key role in the
arguments in [CT] and also in the ones of the present paper.

It is easy to check that

(1.7) HAHB;EQ—UP ~ HNHB;;W’(QQ)’

where, as above, N(z) stands for the outward unitary normal at z. So (1.5) is
analogous to (1.2). For the detailed arguments, see Lemma 3.1 below.

We will prove Theorem 1.3 by means of a Fourier type estimate. To this end, we
will need to approximate the Lipschitz graph by lines at many different scales. We
will estimate the errors in the approximation in terms of the so called 5; coefficients.
Given an interval / C R and a function f € L} . one sets

locy

(1.8) Bi(f, 1) = irplf E(lj) /31 |f(33)€<_[)ﬂ($)| dr,

where the infimum is taken over all the affine functions p : R — R. The coefficients
B1’s (and other variants f,, Bx,...) appeared first in the works of Jones [Jo] and
David and Semmes [DS1] on quantitative rectifiability. They have become a useful
tool in problems which involve geometric measure theory and multi-scale analysis.
See [DS2], [Lé], [MT], [Tol], or [To2], for example, besides the aforementioned refer-
ences. In the present paper we will use the (3;’s to measure the Besov smoothness of
the boundary of Lipschitz domains, by means of a characterization of Besov spaces
in terms of f;’s due to Dorronsoro [Do].

The plan of the paper is the following. In Section 2, some preliminary notation and
background is introduced. In particular, several characterizations of Besov spaces
are described. In Section 3 we prove some auxiliary lemmas which will be used later.
Theorem 1.3 is proved in Section 4, and then this is used in Section 5 to deduce
Theorem 1.1. In the final Section 6 we show that Theorems 1.1 and 1.3 also hold
replacing the We® seminorm of Byq by the B;‘,p(Q) one, for 0 < o < 1.

2. PRELIMINARIES

2.1. Basic notation. As usual, in the paper the letter ‘¢’ stands for an absolute
constant which may change its value at different occurrences. On the other hand,
constants with subscripts, such as ¢y, retain their values at different occurrences.
The notation A < B means that there is a fixed positive constant ¢ such that
A <¢B. So A= B is equivalent to A < B < A.

The notation I(z,r) stands for an interval in R with center x and radius r.
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2.2. Dyadic and Whitney cubes. By a cube in R" we mean a cube with edges
parallel to the axes. Most of the cubes in our paper will be dyadic cubes, which are
assumed to be half open-closed. The collection of all dyadic cubes is denoted by
D(R™). They are called intervals for n = 1 and squares for n = 2. The side length
of a cube @) is written as £(()), and its center as zg. The lattice of dyadic cubes of
side length 277 is denoted by D;(R"). Also, given a > 0 and any cube @, we denote
by a @ the cube concentric with ¢ with side length a £(Q).

Recall that any open subset 2 C R™ can be decomposed in the so called Whitney

cubes, as follows:
Q=]
k=1

where @)y are disjoint dyadic cubes (the “Whitney cubes”) such that for some con-
stants r > 20 and Dy > 1 the following holds,

(i) 5Qk C €.
(11) T’Qk N Qe 75 g.
(ili) For each cube Qy, there are at most Dy squares Q; such that 5Q,N5Q); # @.
Moreover, for such squares Qx, @Q;, we have $0(Qy) < 0(Q;) < 24(Qy).

We will denote by W(Q2) the family {Qy}x of Whitney cubes of Q.

If Q C C is a Lipschitz domain, then 0f is a chord arc curve. Recall that a chord
arc curve is just the bilipschitz image of a circumference. Then one can define a
family D(092) of “dyadic” arcs which play the same role as the dyadic intervals in R:
for each j € Z such that 277 < H!(9Q), D;(0N) is a partition of O into pairwise
disjoint arcs of length = 277, and D(9Q) = |J; D;(9Q). As in the case of D(R"), two
arcs from D(0N) either are disjoint or one contains the other. The construction of
D(09) easy: take an arc length parameterization S*(0,79) — 9, consider a dyadic
family of arcs of S'(0,7g), and then let D(92) be the image of the dyadic arcs from
Sl (0, ’I"()) .

Sometimes, the arcs from D(02) will be called dyadic “cubes”, because of the
analogy with D(R™).

If Q is a special Lipschitz domain, that is, Q = {(z,y) € C: y > A(z)}, where
A : R — R is a Lipschitz function, there exists an analogous family D(9€2). In this
case, setting T'(z) = (z, A(x)), one can take D(02) = T(D(R)), for instance.

If Q is either a Lipschitz or a special Lipschitz domain, to each @ € W(2) we
assign a cube ¢(Q) € D(0N) such that ¢(Q) N pQ # @ and diam(p(Q)) ~ £(Q).
So there exists some big constant M depending on the parameters of the Whitney
decomposition and on the chord arc constant of 02 such that

H(Q)CMQ, and  QCB(z, M{¢(Q))) forall z € $(Q).
From this fact, it easily follows that there exists some constant ¢y such that for every
Q € W(Q),
#{P DN : P=0¢(Q)} <ca.
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2.3. Sobolev spaces. Recall that for an open domain €2 C R®, 1 < p < oo, and a
positive integer m, the Sobolev space W™P({2) consists of the functions f € L ()

such that
1/p
I\wawm):( > ||Daf||mm> < 00,

0<|al<m
where D f is the a-th derivative of f, in the sense of distributions. The homogeneous
Sobolev seminorm WP is defined by

1/p
himoer = (5 107

|a|l=m

For a non integer 0 < o < 1, one sets

@)~ f)P )%
2.1 D“fxz( EAS7 A AC.71 Ny SO I
(2.) @ = ([ F i anw)
and then
1/p
[f lwer o) = (Hinp(Q) + IIDD‘inp(Q)) :
The homogeneous Sobolev seminorm WP () equals

[ F ey = 1D fllLe@).

2.4. Besov spaces. In this section we review some basic results concerning Besov
spaces. We only consider the 1-dimensional case, and pay special attention to the
homogeneous Besov spaces BO‘ , with 0 < a < 1.

Consider a radial C* functlon 1 : R — R whose Fourier transform 7] is supported
in the annulus A(0,1/2,3/2), such that setting n(z) = ny—+ () = 28 n(2¥ x),

(2.2) D m(€) =1 forall £ #0.

keZ

Then, for f € L}, (R), 1 < p,q < oo, and a > 0, one defines the seminorm

1/q
i, = (z 2« fHZ) |

keZ
and the norm

1£llsg, = If 1l + 1£1 g2-1rm-

The homogeneous Besov space B”‘ = B”‘ ,(R) consists of the functions such that
(¥l By, < 00, while the functions i m the Be&ov space By = By (R) are those such
that H f s, < oo. If one chooses a function different from 7 which satisfies the
same propertles as n above, then one obtains an equivalent seminorm and norm,
respectively. Let us remark that the seminorm || - |5, s a norm if one considers
functions modulo polynomials.
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For any function f and any h > 0, denote Ay(f)(xz) = f(x + h) — f(x). For
1<p,g<ooand 0 <« <1,it turns out that

= 1ARHIG
(2.3) 171, ~ /0 1200 oy,

assuming f to be compactly supported, say. Otherwise the comparability is true
modulo polynomials, that is, above we should replace ||Ax(f)l, by

inf {|A(f +p)llg-

p polynomial

See [Tr, p. 242], for instance. Analogous characterizations hold for Besov spaces
with regularity o > 1. In this case it is necessary to use differences of higher order.
Observe that, for p = ¢ and 0 < a < 1, one has

o) A o P
(2.4) Hpra // |h’;p+1 dhdxx/ dedy,

for f with compact support. These results motivate the definition of the ng—
seminorm over a chord arc curve. If T is such a curve and f € L'(H!|T'), then one

defines T
p 1
1= [ e o)

The same definition apphes if T is a Lipschitz graph, say. If v : S*(0,7) — T or
v : R — T'is a bilipschitz parameterization of I' (such as the arc length parameteri-
zation), clearly we have

||f||Bg7q(r) ~ | f 07’|Bg’q(51(0,r)))

for f compactly supported.
Concerning the Besov spaces of regularity 1 < a < 2, let us remark that, for
f € LZOC(R)

(2.5) (TR P P[Py

where f’ is the distributional derivative of f. Further we will use the following
characterization in terms of the coefficients 5y defined in (1.8), due to Dorronsoro
[Do, Theorems 1 and 2]. For 0 < a < 2 and 1 < p, ¢ < 0o, one has:

0 . dh 1/q
I£sg, = ([~ ey )

Again, this comparability should be understood modulo polynomials, unless f is
compactly supported, say. In the case p = ¢, an equivalent statement is the following:

it ~ (2 (28 )™

I€D(R)

For other indices o > 2, there are analogous results which involve approximation
by polynomials of a fixed degree instead of affine functions. Let us remark that the
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coefficients S (f,I) are not introduced in [Do|, and instead a different notation is
used.

3. AUXILIARY LEMMAS
3.1. About Besov spaces.

Lemma 3.1. Let A: R — R be a Lipschitz function with ||A’||« < ¢o and T C C its
graph. Denote by No(x) the unit normal of I' at (z, A(x)) (whose vertical component
is negative, say), which is defined a.e. Then,

(3.1) |AR(A) ()] & |ARNo ()],
with constants depending on cy. Thus, for 1 < p < oo and 0 < o < 1,
(3.2 1Al = 14, ~ [ Noll g

with constants depending on o and p, and also on ¢y in the second estimate.

Above, we set
||N0”B§‘,p = HNOJHB]‘;’]D + ||N0,2Hl?gm7

where Ny ;, © = 1,2, are the components of Ny.
For the proof, see [CT].

Remark 3.2. As mentioned in Subsection 2.4, from the characterization of Besov
spaces in terms of differences, it turns out that if v : R — T' is an arc length
parameterization of the Lipschitz graph I', and N(z) stands for the unit normal at
z € T' (with a suitable orientation), then

IN 1l gaorie = [ Nollgovm = [N

55 o Py
for 0 < a<1and 1< p< oo such that ap > 1.

Recall that for a Lipschitz domain €2, whose boundary has an arc length parame-
terization 7 : S1(0,7r¢) — 9Q (with 27ry = H'(99)), if N(z) stands for the outward

unit normal at z € 92, we also have

||N||B;;,;1/P(ag) ~ [N o 7”1’33,;1/"(51(0,700))'
In (1.8) we defined the coefficients 3 associated to a function f. Now we introduce
an analogous notion replacing f by a chord arc curve I' (which may be the boundary
of a Lipschitz domain). Given P € D(I"), we set

) 1 dist(xz, L) 4
(3.3) BT P) = inf oo /3P @),
where the infimum is taken over all the lines L C C.
Next lemma is a direct consequence of the previous results and the characteriza-
tion of homogeneous Besov spaces in terms of the 8;’s from Dorronsoro. For the
detailed proof, see [CT].
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Lemma 3.3. Let Q be a Lipschitz domain. Suppose that the outward unit normal
satisfies N € ng(asz), for some 1 <p<oo,0<a<1. Then,

Bl(aﬂap) ? 1 1-o
> (f(P)“ UP) SNy ooy + cH (D)7,
PeD(R)
with ¢ depending on H'(9Q))/R

Lemma 3.4. Consider functions o, f :R >R andlet 1 <p < oo and 0 < a < 1.

We have
|90Ah
11, 5 [ R anao + o, 151

Proof. Recall that
p > |Ah Sof
(3.4 lesly, =~ [[ S e

To prove the lemma, we just use that
An(e [)(@) = @(x) Ap(f)(x) + f(z + h) An(e)(2).
Then, plugging this identity into (3.4) the lemma follows easily. O

Lemma 3.5. Let A : R — R be a Lipscthitz function supported on an interval I.
For1<p<ooand (< a <1, we have

1Ally S 14l ()=,
with a constant depending on o and p.
Proof. Denote ¢ = ¢(I). We set
(3.5)

o p
I, ~ [ [Bal 2 A,

]Ax+h A(x) // A(x + h) — A(z)|P
dh d dhdzx.
//o<h<z hovtl v h>¢ her+l !

For the first integral on the right side we use fact that the integrand vanishes unless
x € 31 and the Lipschitz condition |A(x 4+ h) — A(x)| < ||A||h:

A( h) p hP
0<h<t hep wvesr Jn<e BOP

=3l Al [ WO dh A, e,
0<h<t
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Concerning the last integral in (3.5), we use again the fact that A is supported
on I and the estimate |A(x + h) — A(x)| < [|A||

p
// |A(x 4+ h) — A(z)| dh d
hst hocerl

1 1
< || AP 7 (/ / dhdx+/ / dhdx) ~ || A e,
14 vel Juse hoPt vel—h Jpse hOPH 14

O
3.2. About the Beurling transform of yq. Let 2 C C be an open set. If € has
finite Lebesgue measure, then

(3.6) Byo(z )—hm_l/ ) (ng(w) dm ().

e—=0 T Z—w)

Otherwise, B(xq) is a BMO function and, thus, it is defined modulo constants.
Actually, a possible way to assign a precise value to B(xq)(z) is the following:

60 B =l [ (e ) e )

e—=0 T (ZO w)

where 2 is some fixed point, with zy & €, for example. It is easy to check that the
preceding principal value integral exists for all z € C.
Moreover the following results hold:

Lemma 3.6. Let Q C C be an open set. The function B(xq) is analytic in C\ 09
and moreover, for every z € C\ 09,

2 1
(38) OB =2 [ s valw) dm(u),
T J|z—w|>¢ (Z - w)g
for 0 < e < dist(z, 092).
When € has infinite measure, saying that B(xgq) is analytic in C\ 92 means that

the function defined in (3.7) is analytic for each choice of z;. Notice that, in any
case, the derivative 0B(xq) is independent of z.

Lemma 3.7. Let I1 C C be a half plane. Then OB(xn) = 0 in C\OIL. Equivalently,
for all z ¢ 011 and 0 < € < dist(z, OII), we have

/I— > (z—lw)?’XH(w) dm(w) = 0.

For the proofs of the preceding two lemmas, see [CT], for example. By using very
similar arguments, for any z € C\ 02, one gets
—6 1
(39 PEOE) == [ e a(w) dm(w)
|z—w|>e (Z - w)4

s

for 0 < e < dist(z,00). The details are left for the reader.
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Lemma 3.8. Let Q) be either a Lipschitz or a special Lipschitz domain. For all
w e C\ I and all € with 0 < e < dist(w, 0N2), we have

(3.10) OB (xo)(w) = - /d Q(w_lz)gdf.

T om
Proof. In sense of distributions, we have
-1 1
0B(xq) =—20 (p.v. — % XQ).
T z
Suppose that first that €2 is bounded. Then we have
1 1
(3.11) PV 3 ¥ X0 = P.V. 5 * oxa,
It turns out that, in the sense of distributions,
dva = —% dz|09.
Indeed, given ¢ € C(RR?),

(Oxaq, ¢>——/3wdm——;/ @ dz,
Q o0

which proves our claim.
So we deduce that

1
0B = —
(Xa) o
in the sense of distributions. From the first identity in (3.10), it is clear 0B(xq) is
analytic in C \ 99. So the identity above holds pointwise in C \ 9.

1
p.v. — * dzZ| 08,
z

For a special a Lipschitz domain we have to be a little careful, because both p.v. -
z
and xq are distributions with non compact support, and so the identity (3.11) is
not clear.
Consider the upper half plane II = {(x,y) : y > 0}. Since B(xn) is constant in

C\R, 9B(xn) =0in C\ R, and so

-1 1 ,
aB(XQ) = aB(XQ - XH) = 7 0 <p.V- ; * (XQ — XH)> in C \ R.

Now, observe that yo — xr has compact support, because the Lipschitz function A
has compact support, and thus

<p.v. le * (xo — XH)) = p.v. ;2 * 0(xa — X1)-
In the sense of distributions,
Oxa = —% dz|0Q and Oxnm = —% dz|o1l.
As a consequence,
i

1
0B(xa — xu) = o p.v. = x (dz| Q2 — dz|O11).
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Therefore,
) 1
0B (xq) = 21 pv. 25 + (4@ — dz[oM) in C\R.
T
Taking into account that dz|0Il = dz|dII and, by Cauchy’s formula,

1
/ ————dz=0 forallwe C\R,
ont (w — 2)

we deduce that

OB (xa)(w) Z/dQ(ledE for all w € C\ (RU0N).

T om —2)
Since 0B(xq) is analytic in C\ 09, the identity above holds for all w € C\ 9Q. O
The following result is a straightforward consequence of the preceding lemma.

Lemma 3.9. Let Q = {(x,y) € C:y = A(x)} be a special Lipschitz domain (with
A Lipschitz and compactly supported). Then we have

OB (xq)(w) = i‘[R o Zjl(f))_ )2 dx, for all w & 9.

Proof. By Cauchy’s formula, it follows that

1
——dz = 0.
/89 (w — 2)?

From this fact and the preceding lemma, we infer that

1 1
3.12 0B =— | — (dz —dz).
(312) (o)) = 5= [ s 5=
The boundary 02 can be parameterized by {z + iA(z) : © € R}. Then we have
dz = (1 +1A'(z)) dr and thus dz — dz = —2iA’(z) dx. Plugging this identity into
(3.12), one concludes the lemma. O

Lemma 3.10. Let Q C C be either a Lipschitz or a special Lipschitz domain. Then,
for all z € Q with Q € W(R2), Then,

(3.13) 0Bxa(2)] S Y

RED(9Q):RO¢(Q)

Bi(R) 1
(R) T dam(Q)’

and

(3.14) 0°Bxa(2)| < >

RED(9Q):RO¢(Q)

Proof. The estimate (3.13) has been proved in [CT] (see equation (5.2) there). The
proof of the inequality (3.14) is very similar. For completeness, we sketch the
arguments. We may assume that £(c10(Q)) < g, with &9 > 0 small enough,

for some fixed absolute constant ¢, > 10, say. Indeed, from (3.9) it turns out

Bi(R) 1
((R)? * diam(£2)2°
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that |0?Byxa(z)| < ¢/€(Q)?, by choosing ¢ = ((Q) there, and so (3.14) holds if
B1(cap(Q)) > €o, with some constant depending on &.

So suppose that £1(cs¢(Q)) < go, with gy very small. In this case, L is very close
to 0 near ¢(()), and then one infers that dist(z, Lg) ~ £(Q)). Denote by Il the
half plane whose boundary is Lg and contains z. Take 0 < ¢ < dist(z, 0€2). Since
(Z1XB(0,)) * X1, vanishes on Il 3 z (because 9 Bxq(z) = 0), we have

6
|0”Bxa(z)| = )( XB(0,e)° ) * (X — x11p)(2)] < |Z7|2 * XA, (2)-

For each n > 0, let B,, be a ball centered at w’ € ¢(Q) with
diam(B,) = 2"diam(¢(Q)) ~ 2™(Q),

and set also B_; = @. For some ng such that diam(Q2) ~ diam(B,,), similarly to
[CT], we have

67 67
]z\4 XQAHQ Z ‘ E XBnn(QAHQ)(Z) + W * XBJC\,Q(QAHQ)(Z)

c
m(B, N (QAII —_—.
Z 14 2”@ Al @)+ diam(€2)?
By Lemma 4.3 from [CT], we have
m(B, N (QAIlp)) < ¢ > 31 (P)diam(R)?,
PeD(09Q):¢(Q)CPCR

where R € D(012) is some cube containing ¢(Q)) such that ¢(R) ~ diam(B,,). Then
we obtain

6T 1 2 ¢

ReD(00): PeD(09):
R>¢(Q) #(Q)CPCR
1 c
= P
¢ E: huP) z: (R)E T dam(Q)?

PeD(9Q): ReD(99):
Po¢(Q) ROP

o 3 Gpp G

dlam(Q)27
PeD(aQ)
P2¢(Q)
which proves (3.14). O

Since Byxq is analytic in €2, it is clear that

1Bl i)~ [ 10BxaP di.
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On the other hand, for 0 < a < 1, we set || Bxallyyes(q) = [[D*Bxallrr(o), with D*f
defined in (2.1). The following lemma relates D*Bxq to dBxq, and it will play a
key role for the proof of Theorems 1.1 and 1.3 in the case 0 < a < 1.

Lemma 3.11. Let 0 < o <1 and 1 < p < o0 be such that ap > 1. For 0 <0 <1,
if Q is either a Lipschitz domain or a special Lipschitz domain, we have
(3.16)

B0 By 2 6 10BX0 () dist(z 007 dm(z) —es 8NNl

where the constant ¢ depends on p and .

Notice that the integral on the right side is multiplied by 6P~°F while || N ||p o~ 1/350)

by 6*~°P_ The fact that for § < 1 we have §?P~P < P~ will be 1mportant for
the proof of Theorems 1.1 and 1.3.

Proof. For x € Q € W(Q2), we have

(317) Daf( ) |f( ) (y)‘Q dm(y) > / |f(l’) — f(y)‘Q dm(y)
ly—z|<64(Q)

Q |.T _ |2+2a |.T _ y|2+2a

Let f be analytic in €2, such as Bxq. For x € Q € W(Q2) and y € Q such that

| =yl < 06(Q),
we have
) = @) = F @)y = )] < 5 sup 17"(w)] =,
Thus,
318 2Af) - [ 2 @) -0 - sup | )l ol

Plugging this estimate into (3.17) yields

D fap = [ L p@)P dmy)

_al<o0@) [T — y[*

—/‘ 2 — P2 sup |/ (w)] dm(y)
ly—z|<04(Q) we3Q

> 92720{6(Q)272a |f’(x)|2 — 094,20%(@)472@ sup |f”(w)|2'
we3Q

Therefore, since £(Q) ~ dist(z, 092),
1D fllToy 2 6" a”/ |f'(z)|P dist(z, 0Q)P~P dm(x)

—c0 ST UQ)F sup |f (w)]”

QeW(Q) we3Q
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Hence, to prove (3.16) it is enough to show that, for f = Byaq,

(3.19) Si= 30 UQHT sup |f"(w)]” S NI,
QeW(Q) wesQ

Now, from Lemma 3.10, it turns out that for all w € 3Q, with @ € W(Q)

2 < 61 (R) 1
#*Bra(w)] S D, (R Tam()?
ReD(9Q):ROH(Q)

Then we infer the term S in (3.19) satisfies
. R\ m(Q)
< 0(0)2+2p—ap Pl .
S5 ) UQ) ( 2 (R®2) T dam@y
QeEW(Q) RED(992):RO$(Q)

The last term on the right side is bounded by diam(2)>=°?. For the first one we use
Cauchy-Schwarz, and then we get

(B atit) <2 ) 5 )

RED(8Q):RRO$(Q) RED(8Q):ROH(Q) ReD(9Q):RO(Q)

a 1/p(dQ)

)
Br(R)P 1
S i FRP T TGQT

RED(89):RD(Q)
Thus,

> (> Y

RED(IQ):RO$(Q)

S Y Y s te@pre

QEW Q) PeD(0Q):PD¢(Q)
B Bu(P)” 3/2+2p—ap
= 3 APy > Q) :
PeD(99) QEW(Q):6(Q)CP
Notice that

Z £(¢(Q))3/2+2p—ap < Z g(@)3/2+2p—ap < E(P)3/2+2p—ap7

QEW(Q):p(Q)CP QeD(09):QCP
because 3/2 + 2p — ap > 1. Hence,

> E(Q)Z“”‘“”(RED(Z %%@)pi > APy ep)er.

QEW(D) 9Q):R2¢(Q) PeD(09)

Therefore,

p
S5 5 () (P + @ S N,
PeD(99Q)
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by Lemma 3.3, as wished.

The arguments for special Lipschitz domains are analogous, and even easier.
Roughly speaking, the only difference is that the terms above which involve diam(€2)
do not appear. ]

4. THE MAIN LEMMA AND THE PROOF OF THEOREM 1.3
The main result of this section is the following.

Lemma 4.1 (Main Lemma). Let Q C C be a special §-Lipschitz domain. Let
l<p<ooand 0 < a<1 besuch that ap > 1. If § is small enough, then

(4.1) / |0Bxa(2)[" dist(z,0Q)" " dm(z) 2 [|[N H”a 1
Q (09)

Before worrying about the proof of the preceding result we show that this yields
Theorem 1.3 as an easy consequence.

Proof of Theorem 1.3. In the case o = 1, it is clear that
/ |0Bxq(2)|P dist(z, Q)PP dm(z) ~ ||BXQH€-VLP(Q),
Q

and thus the theorem is a straightforward consequence of (4.1). For 0 < o < 1, we
need to use Lemma 3.11 too. Indeed, if # is chosen small enough, from the Main
Lemma, we will have

“fﬂ%m>mmumwwmwww%wwaww

where ¢3 is the constant appearing in (3.16). Then Lemma 3.11 tells us that
(4.2) HB(XQ)HWM @ ~ > grop ‘aBXQ(z)V’ dist(z, OQ)P~P dm(z).
Together with the Main Lemma again this implies that
HB(XQ)H?}/a,p(Q) Z H Hp a— 1/p(3Q)
O
Notice also that from the Main Lemma, the inequality (4.2), and the fact that
1B sy S IVl g-175 00
proved in [CT], we deduce the following.

Corollary 4.2. Let Q2 C C be a special §-Lipschitz domain. Let 1 < p < oo and
0 < a <1 besuch that ap > 1. If 6 is small enough, then

1B O iy~ [ 9B x0 ()P dist(z, 00077 =) % [Ny



REGULARITY OF DOMAINS IN TERMS OF THE BEURLING TRANSFORM 17

The remaining of this section is devoted to the proof of the Main Lemma. First
some remarks abut notation and terminology: recall that in Subsection 2.2 to each
square () € W(Q) we assigned a cube ¢(Q) € D(092) with diameter and distance to
@ both comparable to £(Q). In the case of special Lipschitz domains the following
precise definition of ¢(Q) is very convenient. Given a square @ = (a,b] X (¢,d] €
W(Q2), we consider the arc

o(Q) ={(x,A(z)) : a <x <b}.

In particular, notice that ¢(Q) € D(99). Observe also that £(Q) = H'(¢(Q)) and
that

dist(Q, ¢(Q)) = (Q).
We denote

((6(Q)) = Q).
Moreover, given a > 1 and P € D(f2) of the form
P—{(z,A(x)) :w € I},
for some interval I C R, we let aP be the following arc from 0f:
P ={(z,A(z)) : x € al}.

Lemma 4.3. Let Q be as in Theorem 1.3. Consider a square Q € W(SQ) and denote
by Lo a line that minimizes 51(p(Q)). Let y = ggo(x) the affine map defining Lg.
Then, for any w € 3Q we have

‘Im <aBXQ(w) _ 1/R Alw) dm)‘ <es Y AP

T (z +igo(r) —w) PeD(89):PD¢(Q) 4P)

Proof. Let w, @, Lg, go be as in the statement above. By the preceding lemma,

(4.3) Im (aBXQ(w) ! /R A'x) dw)

T Jr (x+igg(x) —w)?

= [ <<x+z'A<1x> —F TG —w)?) Ao d

Denoting w = a + ib, we have

(4.4)

1 1
o ((az +iA(r) —w)? (@ +igox) — w>2>
_ e—a) ( Alx) b B go(x) = b ) |
(@ — a2+ (A2) = 0)2)*  ((z —a)* + (golz) — b)2)’
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We write the expression on the right inside the big parentheses as follows:
(A() —b) — (go(z) — )
(¢ = a)? + (A() = b))

1 1
z)—b 2 2
+ (el =) <((:E —a)?+ (A(2) = 0)?)"  ((z —a)? + (gq(x) —b)?) )
=T+ T5.

The first term equals

Az) — go(z)
|z + iA(z) — w|*

Concerning T3, we have
1 1

(r—a)? + (Ax) = b)2)* (- a)? + (gqlz) — b)?)
_ [2( = @)* + (ga(x) = )* + (A(x) = 1)*] [(ga(x) — b)* = (A(x) — b)?]
((z — a)2 + (A(z) — b)2)” ((z — @) + (go(x) — b)2)”
20— ) + (go(@) = 1) + (A(x) = )] [g0() + A(z) — 20] [gq(x) — Alx)]
((z — a)2 + (A(2) = b)2)* (= — a)? + (gq(x) — b)?)

Notice now that

(z — a)’ + (gq(2) = b)* = (z — a)* + (A(z) — )*.
This follows easily from the fact that A is a Lipschitz graph with small slope and
so we can assume that the slope of gg is small and bounded independently of .
Then, from the last calculation, we obtain

<A@ —0@] _ 14G) - (o)
Y (@ —a)?+ (A@x) —b)2)° o tiAl) —w]?
From (4.3), (4.4), (4.5), the last estimate, and the fact that [|A’||, < ¢, we deduce
that
(4.6)

==

) o) )
S0 R[w+iA(:r)—w|3d '

Now we wish to estimate the last integral in (4.6). To this end, we set

A@) — go@)] dist(x, L) |
60 i 52/ s Q)P
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Consider R € D(092) such that R D ¢(Q). Let Lg be a line that minimizes (;(R).
Then, as shown in [CT],

disty(Lg N B(a,5¢(R)), Lr N B(a,5((R))) < ¢ Z B1(P)U(R),
PeD(002):QCPCR
where disty stands for the Hausdorff distance. As a consequence, for x € 3R,
dist(z, L) = dist(z, Lo N B(a, 50(R))) < dist(z, Lg) + > B1(P) ((R).
PeD(00Q):QCPCR
Plugging this estimate into (4.7), we get

A gal0l gy [ Al
P1(3R)

B _ 3 ~ ’
R |2+ iA(z) — w RED(09):RO6(Q) 4

<Y [ EEtes Y%

~ 3
ReD(89): Y P1(3R) UR) ReD(99): PeD(9): UR)
RDO$(Q) R2¢(Q) ¢>(Q)CPCR

1 1P
JONNDIE SN

RED(9Q): PeD(9Q): PeD(9Q)
RD¢(Q) ¢(Q)CPCR P2¢(Q)
Together with (4.6), this proves the lemma. O

Lemma 4.4. Let ) be as in Theorem 1.3 and gg as in Lemma 4.5. We have

w3 [ o (omxate) 1 [ e )

QEW(Q)
< co” ||A\|”

p

(@) dm(w)

1+o¢ 1/p*

Proof. From Lemma 4.3 we infer that

2 Jalim (a0 s =an )

ser > | % D aope

((P)
QEW(Q) \ PED(92):P26(Q)

p

(Q)P dm(w)

QEW(Q)

By Cauchy-Schwartz we have

() <2 ) (L)

PED(0Q):P>6(Q) 0D P>6(Q) 09):Po(Q) L(P)>"

Bi(P)P 1
=¢ 2 ((P)P=2 L(p(Q))1/?

PeD(092):PDO¢(Q)
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Thus,

Zﬂ)( 3 51 ) orrs Y% fl) - (G(Q))¥/2 P

QEW(Q) “\PeD(8Q): QEW(Q) PED(9Q):
PD¢(Q) PD¢(Q)

- ¥ BN Y us@pr

pepon) ¢ (P)P~= QEW(9Q):
H(Q)CP

Notice that
Y Ue@)rr<e Y 0Q)YH < cu(pyrer,

QEW(Q):¢(Q)CP QeD(60):QCP
and so, the left side of (4.8) is bounded above by
Bi(P)P
p
co Z g(P)ap—2 :
PeD(09)
Observe now that the last sum can be written as

> i 2 (iyer)

PeD(9Q) PeD(59)

and so

By [Do, Theorems 1 and 2], this is comparable to HAH’;;T_W HNHpa ps
’ O

we are done.

As a corollary of the preceding lemma, using the finite overlapping of the squares
{3Q}gew ), we deduce that

(4.9)
/|8BXQ(w)|pdiSt(w’aQ)pap dm(w) 2 / [Im(9Bx)[P6(Q)"*" dm(w)
’ QeW(Q)
A’(z) p B
2 d Vi p=ap g
= oS 30 | Jr (33 + ng(x) _ w)2 € (Q) m(w)
Al(z) > P 3
I 0B : d OV g
Qewm>/ ‘ ) ( ol / o+ iga() —wp )] Q7T dmw)
Al(x) P )
dx!| (O~ —coP|lA p'1+a—1p-
- Qew(@) /3 R (ZL" +’ng(x) — w)Z x (Q) m(w) c ” HBp,p ,

We will prove below that

/?,Q Alm<<x+iggi§—w>2> o

p

U dm(w) Z 1A rsae-

QEW(Q)
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Together with (4.9), this will yield the Main Lemma 4.1, by taking ¢ small enough.
For a given w = a + bi € Q and Q € W(Q2) with 3Q > w, we have

- 1 o 2x - a)(gq(r) —b)
(4.10) ! (@: +igglx) — w>2) ((z — a)2 + (go(w) — 0)2)*

Now we denote

sq(w) = b= ggla).
Observe that sg(w) ~ dist(w, Lg) ~ dist(w, 092). Now, for some number [0g| < 0,
9o(r) = bo(z — a) + gg(a) = bo(z — a) + b — sg(w).

Writing 6 instead of 6 and s instead of sg(w) to simplify notation, the expression
in (4.10) equals

aay e 0lfea) 2 s feep
((x —a)? + (0(x — a) — 5)?) (1+6?) [(x_a_lizz) +(1+892H

Notice that, with the change of variables y = x —a, t = s/(1 +6?), the denominator

2
in the last fraction can be written as [(y — 61)? + tQ} , while the numerator equals

1+ 6ty —0y> =t —0*t)(y—0t)+0[t> — (y—01)*].
So the last fraction on the right side of (4.11) equals
(t=0")(y—0t)  , t*=(y—01)°
[(y—&t)2+t2]2 [(y—@t)Q—i-tQ]Q.

From (4.10), (4.11), and (4.12), using that |0] < ||A[|x < 6 < 1 and recalling
that 6 depends on ) > w, but not on z, we obtain

Alm<<x+ig2i§—w>2) o

(4.12)

S (r—a— 2, .
/ 1+6 ( - > 1+98) — A (.Z') dz‘
w[(z—a-) + (52) ]
s 2 0s \2
vl —\r—a— 5 ,
/ (1+9 ) g(s 5 119 )2 5 A(:l'f) de'
w[(z—a-5) + (52)]

= Il(wa Q) - 6512(w7 Q)
Therefore,

(4.13)
A(x
QEW(Q) /3Q /le <(a; +¢9ng§ — w)2> dx

> Y /3@11(w,Q)p€(Q)p_apdm(w)—cép

QEW(Q)

>

)

p

(Q)P dm(w)

> /3@ I(w, Q)PLQ)P " dm(w).

QEW(Q)
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Lemma 4.5. Under the assumptions and notation above,

[e’e) 1 d
/ L(w, QPUQ) dm(w) 2 / J5 1 gy Al 2

Qew() 3
where
322 —1
¥ = g
and P, (z) =t "t x). Moreover,
(4.14) / 7 g AL 2 A
0 PP

Proof. Fix a square @ € W(Q), and set Q = (ai,as] x (b1, bs]. Recall that, for
w=a-+1ib € 3Q,

Il(waQ) =

/]R g ne (T —a— 1) A(z)de),

2 272
v—a—ip) + (5) ]

where s = sg(w) = b — gg(a), and 0 = 0 is the slope of the affine line defined by
9o, which approximates 02 N p;(3Q). For ¢t > 0, consider the kernel

tx

Ki(x) = EENTE

Observe that

o2 1462
We have
az-‘ré t2+Z(Q) 05 p
/ Ii(w, Q)P dm(w / K o A (J:+1 92>‘ dt dzx.
3Q a-0Q) Ju-e@ ' ' +

Observe now that, assuming § small enough, for each = € p;(3Q) we have

ta+4(Q) Os \ P t2+(Q Os \|P
/ K e (2 =20 dt:/ ‘K cag + A (w4 )t
n—e@ | 1+6 Q) | Trrer 146

/t2+2Z(Q) Os NP
> ‘KtAa *A<x+ )‘ dt.
h-10Q) o 1+62
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Also, it follows easily that

/a2+£(Q) ta+34(Q) ‘ 0s P
Kt A(a)*A (l‘+ )’ dt dx
a—0Q) Jt—30Q) 1 1+62

ta+s E(Q)
/ / | Ko aay) * A (z)|" dt da
t1=50(Q)

> / / ‘Kt_A(x) x A (.%‘)’p dt dz.
al tl

As a consequence,

(4.15)
Z / Li(w, Q)PUQ)" " dm(w Z // |Kt,A($) x A (2) [P~ dt dw
QEW(Q) QEW(Q) (@)

= // | Ki—ag@) * A ()|~ dt da
(z,t)eQ

:/ / |Ky x A () |77 dt da.
z€R JO

Notice now that K;* A’ = (K;)' x A. Tt is easy to check that (K;) = —t=21;, and
then the first inequality claimed in the lemma follows just writing

1 1

| Ky A () [P 1707 = [0 %y x A ()" -

To prove (4.14), first we calculate the Fourier transform of ;. Notice that K; =
c(P,)’, where P, is the Poisson kernel and ¢ is some absolute constant. So,

(4.16) (&) = ct?¢ e 2t
Consider a radial C* function n whose Fourier transform is supported in the
annulus A(0,1/2,3/2), and setting ng)(z) = no-+(z) = 28 n(2F z),

(4.17) S Tw€ =1 forall¢£0.

kez
Then we have

1A rame & Sl « Alln,
keZ
Notice now that there exists some Schwartz function 7 such that n = ¢*7. Indeed,
we only have to take
n(¢)

O =

so that 7 € C. Similarly, for any s € [1,2], we take some Schwartz function 7°
such that

n =1, *xT1°.
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Then, for every k € Z and every s € [1, 2], we have
Nk * A =1 * Ty x A,
where 75, (z) = 2F7°(2"2). Thus,
1700 * Allp < I3[l 925+ Allp < ¢ [[ha-r + Allp,

where we took into account that ||75_.||; = ||7°[[; < ¢ for some constant independent
of s. Then we deduce

1A a1 S D 25092, A2 forall s € [1,2].

keZ

As a consequence, by Fubini and a change of variables,

a—1 ds
PUANEDS / 204Dy Al 2

keZ

—Z/

keZ

2— k+1

dt o dt
204D Al [ oAl T
0
This proves the lemma. O
Lemma 4.6. Under the assumptions and notation above,
19 4 dt
| nw.@ra@rrant < [ 18 Al g,
Qew(e) 739 0
where Yy is as in Lemma 4.5.

Proof. The arguments are quite similar to the ones for Lemma 4.5. Consider ) €
W(Q), and set @Q = (ay, as] x (b1, be]. Recall that, for w = a + ib € 3Q),

/ (ﬁ) _g(x_za_ 1+s(92)2 _A(x) da
(v —a- )+ (5e)]

where s = sg(w) = b — gg(a), and 6 = 0 is the slope of the affine line defined by
gg- For t > 0, consider the kernel

]é(lU,C?)ZZ

)

t2—-$2
@2+ o

A (mi}%
and so

a2 +6(Q)  pt2+€(Q Os »
/ L(w, Q)P dm(w / x A’ (x+ 2)’ dt dz.
3Q a1—6Q) Jt0Q) Tz 1+

Ji(x) =

Now we have

bw.Q) =]/,
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Then, assuming ¢ small enough, for each = € p;(3Q) we have

ta+4(Q) s » t24-4(Q) Os
Tt (e ) = [ i (s 20)
/t ‘ R R s @) tmoqe) * AT

lfz(Q) 1+02 1 + 02
t2+30(Q)
<)
tr%f(Q)

Jt Aal)*A <

p

dt

Os \|P
Jt—A(al) * Al <$ + w)‘ dt.

Also, it follows easily that

/az +4(Q) /t2+§€(Q)
a1—£(Q) Jt1—-34(Q)

Qz)rdtdx

ax+26(Q)  ptats @(Q)
/ thA(al) x A’ (z) ‘p dt dx

1-20(Q) Jt1—-34(Q)
a2+20(Q) t2+2é(Q)
< / / thA(z) x A’ (x) ‘p dt dz.
a1—20Q) Jt1—20(Q)
As a consequence,

(4.18)

/ L(w, QPUQP ™ dm(w) < Y / / iy # A ()] 77 dt da

Qew(q) /3@ QEW(Q) (z,t)e5Q

~ // ‘Jt—A(q;) x A (:L’) ‘p PP dt dx
(z,t)eQ

//}Jt*A’ )| 7P dt da.
z€R

We denote gpt = tQ(Jt) so that J;x A" = (J;)'x A =t"2 ¢, % A. Moreover, it turns
out that o;(x) =t 1p(t71x), where ¢ = ;. Then we have

dt
(4.19) / / [T A ()] 87 a”dtdm-/ 7717 g Allp -
z€R 0

To calculate the Fourier transform of ¢, notice that Jy(z) = ¢(Q;)'(x), where @
is the conjugated Poisson kernel and c is some absolute constant. So,

:]\t(g) — Cf Sgn(g)ef%rt\ﬂ —c |£| 6727rt|§|7
and
Gi(&) = ct?e €| e 2l

So, recalling (4.16), it turns out that ¢;(§) = ¢ sgn(§) 1@(5) That is, ¢, is the
Hilbert transform of v;, modulo a constant factor. Thus, denoting by H the Hilbert
transform,

[l e * AHp = c||H (1 * A)Hp < cljihy A||p,
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and so, by (4.19),

/ / | e A () [" 477 dit dw < c/ ¢~ 4, % Alp—
zeR JO 0

and the lemma follows. O

Proof of the Main Lemma 4.1. By (4.13) and Lemmas 4.5 and 4.6, assuming §
small enough, we get

J

p

A (Q dm(uw)

e (@ +igo(z) —w) dv

2
QEW(Q)

21— C5p)/ [ AH”* 2 1Al Lrat/p-
0
Together with (4.9), this implies that
’aBXQ(Z)‘p diSt(zv aQ)p_apdm(Z) 2 HAHP 1+a—1/p — CépHAHp- 1+a—1/p 2 HA”p T+a—1/p>
9] BP,P Bpap Bp’p

for 6 small enough again. O

5. THE PROOF OF THEOREM 1.1
Let © C C be a bounded domain which is (9, R)-Lipschitz. We have to show that

(5.1) INT ooy S IBO@ Gy + H (O

To this end we will prove:

Lemma 5.1. Let Q C C be a (8, R)-Lipschitz domain. Let1 < p < oo and0 < a <1
be such that ap > 1. If § is small enough, then

52 [Ny S [ 10BXa() dist(2, 00077 dim(z) + H) (2607

Let us show first that this result yields Theorem 1.1 as an easy consequence.

Proof of Theorem 1.1. In the case a = 1, it is clear that (5.1) follows from (5.2).
So assume that 0 < o < 1. In this case, if # is chosen small enough, from Lemma 5.1,
we have

ep“p<H1<asz>“p+ |anQ<z>|pdist<z,aﬂ>papdm(z)) 220 O IN,
Q

a 1/p(8ﬂ)
where c3 appears in (3.16). Then, by Lemma 3.11,
(5.3)
oP— P H (89)2 P HB(XQ)HWQP = 6P~ [ |0Bxq(2)|P dist(z, 0Q2)P~? dm(z).
Q

Together with Lemma 5.1 again this gives (5.1). O
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Suppose that €2 is simply connected. Consider and arc length parameterization of
99 given by v : S1(0,79) — 0%, where 27rg = H'(0€). Recall that, for a function
f:5%0,rg) > Rand 0 < a<1land 1< p< oo,

» _ |[f(s) = FOI” o
||f” 30 (S1(0,r0)) ap+1 s at.
(=7 (0 (s.)€81(0,10) xS (0,r0) |5 —

Then, taking into account that HN07||Ba ~1/2(51(0,r0)) HN||Ba ~1/2 (9 (5.2) is equiv-
alent to
N — N(y(@))]P
] INAE) = NGO,
(5,£)€S8 (0,r0) xS (0,0) |s — t]or

< / 0Ba(2)]? dist(z, 0Q)7~° dm(=) + H' (9)°".
Q

We will use the following notation: given a > 1 and a small arc I C S'(0,ry),
we denote by al the arc of S'(0,7) with the same mid point as I and length
lal)=al(l).

The main step for the proof of Lemma 5.1 consists of next lemma.

Lemma 5.2. Suppose that 2 is simply connected. Under the assumptions and no-
tation above, consider an arc I C S*(0,7y) with ((I) < R/4 and denote by sy, sy the
end points of 21. Let a = 6'/24(I). Then, for 0 < § < 1 small enough we have

p
/ / ~ NOOW 4 g < / OB xa(2)] dist(z, 09)7 % dm(2)
sel QNB(z1,4¢(1))

|5 — t|or
SR

— P
+Z / / (6D = NOOW 1+ ooy el
=7 J1s—s:|<7a JteS1(0,r0) Is—t]ap

Proof. Denote by s; the mid point of I and set z; = 7(s;). Let A : R — R be the
Lipschitz function whose graph I" coincides with 9Q on B(z;, R), so that QNB(z;, R)
lies above I, after a suitable rotation. Notice that v(61) C B(zs, R), since {(I) =
H(y(I)) < R/4. Let J C R be the interval such that {(z, A(z)) : z € J} = ~(I),
so that {(z, A(x)) : x € 5J} C y(61) C B(zs, R). Observe that

v(1.11) C {(z, A(z)) : x € 1.1J}.
It also immediate to check that ¢(1) ~ ¢(J). Moreover, translating I' slightly if
necessary, we may assume that one of the endpoints of v(I) lies on the horizontal

coordinate axis. Notice that then, since ||A||« < d, by the mean value theorem, it
turns out that

(5.6) |[A(x)] S d(J) for all x € 5J.

Moreover, we Will assume that A is defined in the whole of R and that || A/, < 64(J)
and || 4] <
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Denote z; = v(s;), for i = 1,2 (recall that s;, sy are the end points of 27). Also,
let x; be such that z; = (x;, A(z;)). Assume that z; < z5. Let ¢ : R — R be a
C*> function which equals 1 on [z1,xs] and vanishes on R\ [z1 — a, x5 + a], with
€' lse < 1/a (vecall that a = 6Y24(1) ~ 6Y/2¢(J)). Observe that, since we are
assuming 0 to be very small,

(21 —a,x9 +a] C 3J
We consider the auxiliary Lipschitz function A= ¢ A and its graph T. Let
Q={(z,y) €C: y> Ax)},

and denote by N(z) the outward unit normal at (z, A(z)) € I. By Corollary 4.2,
we have

HNHBWW ~ / |0Bxg(2)[P dist(z, 0P~ dm(z).
D,p o
Indeed, using (5.6),
1A Noo < 14 loo + 1€ llo0 X3 Allo0 < 6 + EMU) SO0+~ Y2

and thus the assumption on the small slope of the Lipschitz function in Theorem
1.3 holds for § small enough.
On the other hand, since N coincides with N on ~(1.11 )

N( )P — N(y(t)|?
N N(z) - N |d$dy>// —NGOF 4 g
(w,y)ER? \x y! P sel |5 t|op

tel.1l

Therefore, to prove the lemma it is enough to show that [5|0Bxg|Pdist (-, Q)PP dm
is bounded above by the right side of (5.5).
Consider the rectangle

V = [z1 — 2a, 2 + 2a] X [—a,al.

To estimate ||3B(XQ)HLP @ e write

(5.7)

/~ 0B dist (-, 99 dm < /~ 0B dist(-, 90~ dm
Q o\

+ / |0B(xg)[Pdist(-, 9Q)"~F dm
QNV\(B(x1,4a)UB(x2,4a))

i / |0B(xg)[Pdist(-, 9Q)P~P dm.
ﬁﬂ(B(l‘lAa)UB(sza))

Let us deal with the first integral on the right side. To this end, consider the upper
half plane IT = {(z,y) € C: y > 0}. Recall that 0Bx(z) = 0 for z € II. Therefore,
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for z € \ V' C 1, using the first identity in (3.10),
[0B(xa)(2)| = [0B(xa)(2) — 9B(xn)(z)|

0 2
- / 1 dm(w) < m(IIAQ) < L)
mag |z — wl dist(z, TIAQ)? ™ dist(z, IAQ)3

It is easy to check that if z ¢ V, then dist(z, IIAQ) > a. Using also the fact that
dist(z, IIAQ) ~ |z — z/| for |z — z;| > 44(J), we obtain

(5.8)
~ SP 0(J)%P
[ omoaasicotperans [ SO gy
NG B(zrde(J)) @
D 2p
+/ o) g(J)S ‘Z—Z]’p_apdm(Z)
C\B(era0(0)) |7 — 21[%F

< P g(J)3p+2—ap P g(J)2p
~ a3p K(J)2p+ap72

~ 5P Y(T)Fr.
Let us turn our attention to the second integral on the right side of (5.7) now. In
this case, using that
QNV\ (B(x1,4a) U B(xs,4a)) = QN V \ (B(z1,4a) U Bz, 4a)),
we write

/~ 10B(xg)[Pdist(-, 0Q)P~F dm
QNV\(B(x1,4a)UB(x2,4a))

S / 0B (xa)|Pdist(-, 9P~ dm
QNB(z7,40(1))

+ / |0B(xa) — 0B(xg)|Fdist(-, Q)PP dm.
V\(B(z1,4a)UB(z2,4a))

We estimate the last integral arguing as above. Observe that for z € V'\ (B(z1,4a)U
B(x,4a)), we have dist(z, QAQ) 2 a. Then we have

0B (x0)(2) — 9B(xz)(2)| < /

QAQ |Z - w|3

g/ 1 )< L
| a

z—w|>c"la |Z - ’LU’3

dm(w)

As a consequence, since dist(z, 8(2) SaforzeV,

/ 0B (xa) — OB (xg)P? dist(-, 0P~ dm

V\(B(z1,4a)UB(z2,4a))

< / o < atlJ) §(=ap)/2 p(y2-0p,
V\(B(z1,4a)UB(z2,4a)) @F a?
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and thus, taking into account also that dist(z,d) = dist(z,9) in the domain of
integration,

(5.9) / 0B (xa) Pdist(-, 9P~ dm
V\(B(z1,4a)UB(z2,4a))

<

~

/ 0B (xa)|Pdist(-, DQ)P~P dm + §1-P)/2 ()2
V\(B(z1,4a)UB(z2,4a))

- / 0B (xa) [Pdist(-, 92)P~°F dm + 60—/ ((1)*~%.
QNB(z1,40(I))

It remains to estimate the last integral in (5.7). First we deal with the integral
on B(zq,4a). Let 1) : R — R be a C* function such that 0 < ¢ < 1 which equals 1
in [z —ba, x1 4+ 5a] and vanishes in R\ [z1 — 6a, 21 + 64, with ||¢)'||o < ¢/a. Denote
Ay =19vA=1¢pA and set

Qo ={(z,y) € C: y > Ao(z)}.
Then we have

(5.10)
/~ 10B(xg)| dist(-, )P~ dm < [ |0B(xq, ) |Pdist(-, 9Q)P~7 dm
QNB(z1,4a)

QNB(x1,4a)

e[ Bl - B, 0
QNB(z1,4a)

Since A coincides with A in [z1 — ba, x1 + bal, it turns out that, for z € B(xy,4a),
dist(z, Q0AQ) 2 a, and thus

|aB(XQo)(Z)—aB(X§)(z)| S/ 1 dm(w) S/ 1

Qo0AQ |Z - w|3 z—w|Za |Z - U)|3

1
d < -
m(w) % -
Therefore, using that dist(-,9Q) < a on B(zy,4a),
(5.11)

/ 0B (xa,) — OB(xg)[Pdist(-, 9277 dm <
B(z1,4a)

aP=opP q?

~ §(2en)/2 g(1)2ep,
aP

For the first integral on the right side of (5.10) we use the fact that QN B(z1, 4a) =
Qo N B(x1,4a), and moreover that dist(-,0Q) = dist(-, 0Q0) in QN B(x1,4a). Then,
by Corollary 4.2 applied to €2y, we get

(5.12)

/ |0B(xaq,)|Pdist(-, 8§)p_o‘p dm < |0B (xa,)|Pdist(, 0Q0)P = dm
ﬁﬂB(zlAa) Qo

5 ||A0H2;2a—l/p‘
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We have
513)  [ollggeve 144l gy < IwAggim + 1 (0) All gy

From Lemma 3.4, we deduce that

led AN N//IWAhA’ )I” dw+|l<ﬂ¢|l”a Sl A5

It is easy to check that Hgm[JHp T < a®>7°?. Indeed, this a straightforward con-

sequence of Lemma 3.5: since gow 1s supported on an interval with length < a and

1)l S 1/a,
vl e S @2 () oo S a7,

and so our last claim holds. Then we obtain

dh
G 1A S [ [ Wasanssa SA@P o do+ 07,

ap

We split the integral on the right side above as follows:

[ s [ ] s e = e
lo—z1|<6a J |h|<(I)/2 le—z1|<6a J |B|>£()/2 hep

For I, we use the rough estimate |A,A’'(x)| < 20, and then, using that ap > 1, we
get

L <2 / / A 1w < Pat(Iy = = o(8)0(T)o.
|z— z1|<6a h\>[ /2 hep

For I, recall that |A'(x y)| = |N(z,A(x)) — N(y, A(y))| for =,y € 5J, by
(3.1). Thus we get

A/
I — / / [A'(x) — A'()lP dy di
|lz—z1|<6a J |z—y|<L(I)/2 |3§'— |ap
N~ t)P
of [ Waeh-dowr,,
[s—s1|<Ta JteS(0,r0) |S - t‘ap

Therefore, from (5.14) we derive

(5.15)
— N(~())P
v Ay / 1) = NOOI 4y 45 -+ c(5) e(ry2-.
|s—s1|<Ta JteS1(0,r0) |8_t’

To estimate [|(¢1))' Al| 5o-1/» We use that (¢1)'A is a Lipschitz function supported
p,p

on [z — 6a, z1 + 6a] satisfying

1[(e0) Al'lloo < 1(01)" Alloo + [[(90) Alloe S
Then Lemma 3.5 tells us that
(5.16) 1) All oo S S a T [() A [lso S c(8) (1) FP.
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From (5.10), (5.11), (5.12), (5.13), (5.15), and (5.16), we get

(5.17)
/~ |0B(xg)|Pdist(-, Q) dm
QNB(z1,4a)
— N p
/ / (@)l dt ds + c(8)0(1)* .
|s—s1|<Ta Jt€S1(0,r0) 5 - t’ap

An analogous inequality holds the integral over B(zs,4a).
Plugging the estimates obtained in (5.8), (5.9) and (5.17) into (5.7), we get

10B(xg) dist (-, 02) '~} 0B (xa) Pdist(-, 9P~ dm

Lr(@) ™ /QHB(ZIAZ(I))

2 ING() = NGO -
" ; /|5—5i|<7a /tesl(O,rg) |5 — t|0¢p dtds + 6(5) E(I) )

which proves the lemma. ([l

Proof of Lemma 5.1. Suppose first that € is simply connected, and let v: S*(0,79)—
0 be an arc length parameterization of 0€2. We will prove (5.4).
Let I € S*(0,79) be an arc (1) < R/4. We set

[, WOENGOR gy [[INOED NGOy,

teS1(0,70) tel.1l

[N(y(s)) = N(»(&)]”
+// dsdt.

sel |3 — t|04p
teST(0,r9)\1.11

To estimate the last integral we use the fact that |s — ¢| 2 ¢(I) in the domain of
integration. Indeed, for s € I; we have

/ INGOD = NOOIF 4 ¢ | y
t teSt(

€S51(0,r0)\1.11 |s —t]|op 0,r0)\1.11 |s —tlor ™ g([)ap—r

From the last estimate and Lemma 5.2 we obtain

(5.18)
— N(~(t))|P
// 1 alg,y( ))‘ ds dt 5/ |8B(XQ)‘pdiSt(-7aQ)p70‘p dm
= (Oro) |8 — 1 QNB(zr,40(1))
- N p
/ / (’Y(t))| dtds + 0(5) g(])zfap7
i—1 Y |s—si|<7a JteS1(0,r0) ‘5 — t’ap

where sy, 55 are the end points of 21 and a = §'/2¢(1).
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Given u € S(0,rq), we denote by I, the arc of S(0,ry) with length R/4 whose
mid point is u. Now we average the inequality (5.18) over all the intervals I,
u € S'(0,79). By Fubini, we have

/u631 (0,70) // ’l)__tii,(,wt)) i ds dt du

tesl(o
A(s) = N(@)P R ,
1 /<> dsdt = TIN o,

|s — t]or
te€S1(0,r0)

Now we turn to the right side of (5.18). Concerning the first integral, we have

/ / |0B(xq)[Pdist(-, 0Q)P~*Pdm du
ueS(0,ro) Y QNB(z1,,4¢(1))

- [(/ :h(u)_wKuu?“) (0B (x0) (1) Plist (10, 0P~ din()

Taking into account that €2 is a Lipschitz domain, it follows that, for each w € C,
HYu: |y(u) —w| < R} < cR.
Thus,

/ / 0B (xo)Pdist (-, )PP dm du
ueS(0,r0) ¥ QNB(z1,,R)
< R/ |0B(xq)|Pdist(-, )P~ dm.
Q

Now we consider the second term on the right side of (5.18), for i = 1, say:

- N p
/ / / (5) l0)] dt ds du
u€St(0,r0) J|s—si|<7a Jt€S1(0,r0) \S—tlo‘?’

— N )P
—14a/ / (s)) (v(1))] dt ds
5€51(0,r0) Jt€51(0,r0) |s —t|o»

~ 6 RN oA},

op P(S1(0,r0))

Clearly, the integral of the last term of (5.18) over S1(0,7) equals c(8) R**Pry.
Then ﬁnally we deduce that

*HN Mgociro S R[0B(xe)dist(-, 09)' (|7,

(81(0,r0))

+51/2R||N07Hp —|—c(5)R2_°‘p7’0.

o 1 (S1(0r0))
Thus, if § is taken small enough, then

IV 0 o170 51 0,0y = 108 (xa)dist(-, 0) 17, q) + c(6) R0,
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and thus the theorem follows (in the case where 2 is simply connected).

If © is not simply connected, then 9 has a finite number of components (because
it is a Lipschitz domain). Arguing as above, one can show that (5.4) holds for the
arc length parameterization v of each component, and then we are done. O

6. THE BEURLING TRANSFORM IN B ()

Recall that for a Lipschitz or special Lipschitz domain and f € L} (), one sets

Hpr _ / |f(:r) - f(y>|p dx dy.

Bg,p(Q) B |LL’ _ y’ap-i-l
In [CT] it was shown that, for 0 < a < 1, the estimate (1.1) is also valid with
1B(xe)ll 5, (o) replacing || B(xa)llyierq)- That is,
(6.1) 1B )50 < €IVl gg1 0
One can also check that Theorems 1.1 and 1.3 also hold with ||B(xq)|| B2 ()

instead of || B(xq)llya.r(q)- So we have:

Theorem 6.1. Let 0 < o < 1 and 1 < p < oo such that ap > 1. Let Q C C be
either a (9, R)-Lipschitz domain or a 0-Lipschitz domain, and assume that § is small
enough. If € is a Lipschitz domain, then

HNHBq—l/p(aﬂ) <c HB(XQ)HB;AQ) + Hl(ag)—a+2/p’

p,p

and if it is a special Lipschitz domain,
IVl 170y < 1B 50
Observe that from (6.1), Theorem 6.1 and the analogous results involving W®?(Q)
one deduces that, under the assumptions of Theorem 6.1,
B(xa) € B2,(Q) <« B(xq) € W*P(Q).
Moreover, if €2 is a special Lipschitz domain,
I1B(xe)llsg @) = I1B(xa) s @)

The proof of Theorem 6.1 follows by arguments very similar to the ones for The-
orems 1.1 and 1.3. One can check that the key Lemma 3.11 also holds replacing
1Bt sy by 11B(x0)ll 5y (g Indeed, one writes

Bxa(z) — Bxal(y)[?
1Bl 0> [ Bra@) = BxaWl” 4, 4,
pp |x_y‘S£(Qx)

|z — ylortt

where @, is the square from W(Q) that contains z. Then, one uses the estimate
(3.18) and then argues as in the proof of the lemma for the W*?(Q) norm. Applying
this new version of Lemma 3.11 together with the Main Lemma 4.1 and Lemma 5.1,
Theorem 6.1 follows.
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