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ABSTRACT. We prove a characterization of some LP-Sobolev spaces in-
volving the quadratic symmetrization of the Calderén commutator ker-
nel, which is related to a square function with differences of difference
quotients. An endpoint weak type estimate is established for functions
in homogeneous Hardy-Sobolev spaces H.. We also use a local ver-
sion of this square function to characterize pointwise differentiability for
functions in the Zygmund class.

1. INTRODUCTION

In this paper we give a characterization of Sobolev spaces on the real line
by a square function which appears in some proofs of the L?-boundedness of
the first Calderén commutator [22] and the Cauchy integral on a Lipschitz
or chord arc curve [10], [22]. Moreover, a local version of this square function
can be used to describe the set of points where a given function is pointwise
differentiable.

Our square function acts on functions on the real line and involves the
difference of two difference quotients with increments s and ¢. Define

e

This square function is a rough relative of the more standard Marcinkiewicz
square function associated with second differences,

o0 T o T . 9
(2) Gaf(x):</0 |flx+2t) — 2f (x + 1) + f(z)| dt)l/z’

t1+2a

which was introduced for a = 1 by Marcinkiewicz to investigate questions
about pointwise differentiability (see [17]). In §3 we prove that for a > 0
and f € L?(R) there is a pointwise majorization

(3) Gaf(z) < C(a)Saf().

We shall prove sharp results on mapping properties of S, when acting
in LP-Sobolev spaces. Our starting point is the identity ||S1f|l2 = ¢||f']|2.
proved in [10] by an application of Plancherel’s theorem. We aim for an
analogous characterizations of other homogeneous Sobolev spaces H%, with
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p # 2 and suitable «. It is proved in §4 that such a characterization is limited
to the range 1/2 < o < 3/2. Recall that, for 1 < p < oo, the (semi)-norm
on HY, is given by || D°f| p, where D® denotes the Riesz derivative operator
of order «; it is defined by 5079(5) = [£]*g(&), at least for Schwartz functions
whose Fourier transform is compactly supported in R\ {0}. Of course D
is the inverse of the Riesz potential operator I* = D™, given for 0 < o < 1
by I¢f = v(a) - (f * |z|*~'), with y(a) a constant, and defined for other a
by analytic continuation. The space H?, consists of all distributions which
are Riesz potentials of order o of LP functions. See [15], [16], [20], [21] for
more on these spaces.

Theorem 1.1. Let 1 <p < oo, 1/2 <a <3/2. Then

ID°f | o) = [|SafllLr(r) -
Here the implicit constants depend only on p and .

In contrast we have the larger range max{1/p — 1/2,0} < a < 2 in the
known equivalence ||Df||, ~ |G f||, for the Marcinkiewicz square function,
see [19].

The proof of Theorem 1.1 is immediately reduced to the equivalence

1oy = [1Sa(D™f) |l Lo () -

It is natural to ask whether this result extends to p = 1 in the sense of a
characterization for the homogeneous Hardy-Sobolev spaces HE. The vector-
valued operator associated with f — S, (D®f) can be viewed as a rough
singular integral in the spirit of [4]. It turns out that the upper H' — L!
bounds fail; this is in contrast to a positive result for the Marcinkiewicz
square function, namely ||Go(D™%f)||1 S || fllgr for 1/2 < a < 2. See e.g.
20, §3.5.3]. The following H' — L' endpoint result for f — S*(D~f) is
optimal in the sense that L cannot be replaced by a Lorentz space L4
with ¢ < 0o, see §4.3.

Theorem 1.2. Let 1./2 < a < 3/2. Then for all f in the homogeneous
Hardy-Sobolev space H: and all X > 0,
meas({z : Sof(x) > A}) < Co XD || g1

The statement above for o« = 1 can be restated in terms of the first
derivative, using the Hilbert transform.

Corollary 1.3. (i) For f € LP, 1 <p < oo, |Sifllp = [If'llp-
(ii) If ' € H' then meas({z : S1f(z) > A\}) < CA7Y|f/|| -
In §4.4 we show that the condition f' € H' in the second part of Corollary

1.3 cannot be replaced by f’ € L', and formulate a related open question
for the Riesz derivatives.

We shall also consider a local version of the square function S; in order to
study pointwise differentiability. Recall that a bounded function f: R — R
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is in the Zygmund class A, (also known as the homogeneous Besov space
B2 if there exists a constant ¢ = ¢(f) > 0 such that

|f(x+h)+ flx—h)—2f(x)| <c|h|, z,h € R.

The infimum of the constants ¢ satisfying the above inequality is denoted by
Il flla,. Functions in the Zygmund class may be nowhere differentiable. For
example, the Weierstrass function f(z) = >_>° ;b " cos(b"x), where b > 1,
is nowhere differentiable and belongs to A,. It turns out that a local version
of S7 characterizes the almost everywhere differentiability of functions in
the Zygmund class, very much in the spirit of a classical theorem of Stein
and Zygmund [18] which uses a local version of the Marcinkiewicz square

function G1. Our result reads as follows.

Theorem 1.4. Let f : R — R belong to the Zygmund class A.. Then the
set of points x € R such that

// ‘f(x—i-s)—f(x)_f(x—l—t)—f(m)2 dsdt
[t +sl<1 s t |5 — ¢

< 00

coincides, except possibly for a set of Lebesque measure zero, with the set of
points where f is differentiable.

In view of the pointwise inequality G1f < S1f the main point of Theorem
1.4 is that almost everywhere the pointwise differentiability for functions in
the Zygmund class implies the finiteness of the rough square function. For
general functions in L120c this implication fails, see §9.1.2. Theorem 1.4 will
be obtained as a simple consequence of a more general result formulated as
Theorem 9.3.

This paper. In §2 we discuss the connection with quadratic symmetriza-
tions of Calderén commutators and with the Cauchy integral. In §3 we prove
a generalization of the pointwise majorization result (3). In §4 we briefly
discuss necessary conditions for Theorems 1.1 and 1.2. In §5 we prove the
lower bound in Theorem 1.1, namely, ||Df|, S [[Safllp, 1 < p < co. In
86 we discuss basic decompositions of our operators and prove some refined
L? bounds that are crucial for the proofs of Theorems 1.1 and 1.2. In §7
we prove the endpoint Theorem 1.2. In §8 we quickly discuss various ap-
proaches to Theorem 1.1 via interpolation arguments. In §9 we state and
prove the results on pointwise differentiability.

2. RELATION WITH CALDERON COMMUTATORS

For suitable functions A : R — C consider the first Calderén commutator
Ca whose Schwartz kernel K4 is given by

Ka(z,y) = p.v.w.

Calderén [2] proved the L?(R) boundedness of C4 for Lipschitz functions A;
subsequently many other proofs were discovered. Here we are motivated by
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the proof in [22] which uses a symmetrization technique based on the three
term quadratic symmetrization

(4) Sym[Ka](z,y,2)
= Kalz,y)Ka(z, 2)) + Kaly, 2)Ka(y, z) + Ka(z, 2)Ka(z,y),
which is well defined as a function on
G={(z,y,2)) ERXxRxR: x#y, x#z y+#=z}
We have the following elementary but crucial identity ([22]).
Lemma 2.1. For (z,y,2) € G,

1 Ay) — A(z)  A(z) — A(x)\2
z—y)2( yy—x  z—x >

(5) Sym[lCA](:U,y,z) = (

Proof. We use the notation Dy, := A(a) — A(b). For all (z,y, z) we compute
(z —y)*(x — 2)*(y — 2)* Sym[K 4] (2, y, )
=(y — z)QDmme +(z— :c)ZDyszm + (z — y)QszDzy
:xQDyz(Dyz - Dzw) + y2sz(Dzy - Da:y) + Zszy(sz - Dyz)
—2yzDyy Dy, — 222Dy, Dy — 20yD 1 Dy

and using Dy.— Dy = Dgp, we see that (z—y)?(z—2)%(y—2)? Sym[K 4] (z, y, 2)
is equal to

(6a) °Dy, +y>D2, + 2°D3, — 2ayDy. Dy, — 202Dgy Dy — 2y2Dys Dy
Now it turns out that this expression is also equal to
(6b) ((z = 2) Dy, — (y — )D.))”.
Indeed the last display equals
(2 —2)°Djy + (y — 2)°D%, — 2(2 — 2)(y — ) Dya Do
=2*D}. +y°D?, — 22yDy.D.r + R

where R = —sz(sz — Dy2D.y) — 22y(D2, — Dyy D) — 22 (Dyy — Dsy)?.
Now use Dy, — D, = D,. and conclude that (6a) and (6b) coincide. This
yields the asserted formula. g

Using Lemma 2.1 the result of Theorem 1.1 can now be written in terms
of the quadratic symmetrization:

Corollary 2.2. For 1 <p<oo, 1/2 < a < 3/2,

AP A [Sym[Ka](,y, 2)| p/2
D AH§~/(/ [ — 22 dydz) dx.
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As mentioned before, for & = 1, p = 2 the equivalence of norms becomes
an identity (noted in [10]). Indeed (5) and a Fourier transform calculation
using Plancherel’s theorem yield

@[] swmla e dyds = [ (4@ P

This argument can also be applied to the cases 1/2 < o < 3/2. In [22] it
is explained how (7) can be used to prove the L? boundedness of C4 when
A is Lipschitz: one checks the assumptions of the T'(1) theorem of David
and Journé. In fact, the T'(1) can be bypassed by a simple argument, which
reduces matters to the H' — BMO duality.

Moreover, in [22] it is shown that the action of the Cauchy-integral op-
erator for the Lipschitz graph on characteristic functions of intervals is ma-
jorized by the action of the first Calderén commutator. The argument uses
crucially the concept of Menger curvature which is controlled by Sym[K 4].
To be specific, the Menger curvature function associated to the graph 3(z) =
(z, A(z)) is defined by (R(z,y,2)) ! where R(z,y, z) is the radius of the cir-
cle through the points 3(x), 3(y), 3(z) (the Menger curvature is zero if the
three points lie on a straight line). The crucial identity is

1 B 4 area (T (x,y, 2))
R(z,y,z)  13(y) —3(0)ll5(z) —3()ll3(z) —5(2)]
where T (z,y, z) is the triangle with vertices 3(x), 3(y), 3(z). The identity
implies, after using |3(a) — 3(b)| > |a — b| and (5), the inequality

1

See [10], [22] for more on the proof of the L? boundedness of the Cauchy
integral operator based on Menger curvature. We do not emphasize Menger
curvature in this paper since, while the inequality (8) is efficient when A is

a Lipschitz function (as then |3(a) — 3(b) = |a — b]), it may be wasteful for
the Sobolev classes of functions we are interested here.

< 2[Sym[Ka(z,y, 2)|"*.

3. COMPARISON WITH MARCINKIEWICZ TYPE SQUARE FUNCTIONS

Given f € L?(R) and m € R, consider the following square functions
defined for z € R by

[ fatmt) — f@) - f@)R d 2

(9) Gamf(x) = (/R‘ mt ¢ ‘ |t|20‘*1) '

The square function S, can be recovered from the G, ,, using the identity
dm

10 saf:ﬂ:z/ Gon f ()

(10) @ =2 GamfeP T

which follows by the change of variables s = mt for |s| > |¢|, and symmetry
considerations. Conversely, the next lemma shows a pointwise domination
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of Gom f in terms of S, f, for every m > 1. For m = 2 we have

Gonf(@) = G211

for the Marcinkiewicz square function G, f and thus recover the pointwise
inequality (3) stated in the introduction.

Lemma 3.1. Let o > 0. Then for m > 1, there exists a constant Cq y such
that for all f € L*(R)

Gamf(x) < ComSaf(z), v €R.
Proof. Fix s € R and m > 1. We have
G f (2 <2/ ’f x+mt> [@)  fl+mtfs)— f(x)]2 dt

a mt/s |t[2a-1

flx+mt/s)— f(x) flz+t)— f(z))2 dt
+2/ mt/s a t |t[2a—1"

The change of variable mt/s = u shows that the first term is equal to
2(s/m)?>722G, s f(z)?. Hence

Gamf(2)? < 2(s/m)*7**Gas f (2)* + 2Ga s f ().
Observe that the interval [1,m] is invariant under the change of variable
s — m/s. Integrating with respect to the measure ds/s yields

G f (2)* log m = / G (2?2

ds
s

< 2/m [(S/m)Q_Zaga sf( ) + ga m/sf( ) ]
2 2a

= 2/ ga sf m2—2a + 1)%
5 ds

< 2Aa,m/1 Ga,sf(x) -1

where Aqm = Supj<,cm((s/m)?2* + 1)s7'(s — 1)@ is clearly finite for
a > 0. Now by the identity (10) we obtain

Agm\1/2
Gan (@) < (o) Suf (). 0

4. NECESSARY CONDITIONS

We show that our characterization fails to extend to the Hardy-Sobolev
spaces (corresponding to p = 1) and that the condition 1/2 < a@ < 3/2 in
Theorem 1.1 is necessary. In what follows we use the notation

(11) Asf(z) = f(z+5) = f(x)

for the difference operator with increment s.
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4.1. The condition o > 1/2. Suppose that 0 < a < 1/2. Consider f € C°
with vanishing moments up to order 2, with the property that f(z) =1 for
x € [0,1] and f is supported in (—=3/2,3/2). Then f € H} for p > 1. Notice
that

sTIAf(x) —t 1A f(z) = —s +t Hforz € [0,1], t € [3,2], s > 4,
and thus, for z € [0,1],

1 0 1/2
Suf(z) > 4(/ |s—2|_2°‘ds> — o0, ifa<1/2.

=4

Thus we need to have a > 1/2.

4.2. The condition o < 3/2. Let f € C2° with vanishing moments up to
order 2 and satisfying f(x) = 22 for |x| < 4. As above, f € Hb for p > 1.
Now

sTIAGf(z) —t71A f(z) = /1 f(x+us) — f'(x + ut)du
0

so that sT'A f(z) —t 7 Auf(x) = s —tif 2] <1, |s+t| <1, |s—t| <1,
and we get

1/2
Saf(x) > ( ﬁs—t<1 |s — |22 dsdt) , for |z| < 1.
|s+t\§1

Hence, if a > 3/2 then S, f(x) = oo for |z| < 1 which shows the necessity
of the condition o < 3/2.

4.3. Failure of the strong type Hardy space bound. We show that for func-
tions in the homogeneous Hardy-Sobolev spaces H} the square-function S, f
may fail to be in L', or even in any Lorentz space L7 with ¢ < oc.

Let f be an odd smooth function with compact support in (—2,2) such
that f(y) = 1 for y € [1/2,1]. Using dyadic frequency decompositions one
can show that D f € Hl(]R) for « > 0. Let x > 2. We then have

Agf(z)=1 if —z+1/2<s<-—-z+1,
Afle)=—1 if —z—-1<t<—z-1/2.

Hence, by (1) we get for z > 2,

—z+1 —z—1/2 |S_1 —|—t_1‘2 1/2 1
> L -
Saf(@) 2 Us:ﬁm/t e ) 2 5

=—x—1

v

and thus S, f ¢ LM(R) for ¢ < oo.
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4.4. Failure of a weak type (1,1) bound. We prove the statement given after
Corollary 1.3 and show that there is a sequence of functions f; such that
[£ill1 = O(1) and the S f; are unbounded in LY.

Define fj(z) = 0 for z < 0, fj(z) = jz, for 0 <z < j7! and fj(z) =1
for x > j~! so that f;j is a regularized version of the Heaviside function. We
have fi = jljo ;-1) so that [|fi[[1 = 1.

Let now —3/4 < z < —1/2. Then fj(z) = 0 and fj(x +s) = 1 if
—x 4 1/j < s <1, moreover fj(z+1t) =0 for j=! <t < —z. We thus get,
for j > 100,

Sufe) > ( / 1_x+j1 572 /1 /_:(s — )2t ds)” ’

1
> c(/ ((s+a)™ = (s=57H)7) ds)m > (logj — C)"*,

,1-+j—1

Hence for large j and small ¢

meas{x : S1fj(x) > cy/logj} > 1/4
which shows ||S1fj||L1,oo/HfJ,'||1 2 logj.
Open problem: It would be interesting to explore what happens if the or-
dinary derivative f’ is replaced by the Riesz-derivative D'f. More gener-
ally, does the weak type (1,1) inequality ||Safllz1.0c S ||Df||r1 hold for
1/2<a<3/2?

5. LOWER BOUNDS

It is our objective to prove the converse estimate

(12) 1fllp < CapllSa(D™)lp

for 1 < p < oco. There is no restriction on « in this part of the proof.

First consider the function p(s) = s~!(e® — 1) and observe that

1

p(s) = plt) = 5t = s) + B(s,1)

where |E(s,t)] < C(|s| + |t|)|s — t| for |s], [t] < 1. Let
R.={(s,t):e<s<2e,¢e/10<|s—t| <e/b};

then for sufficiently small ¢ > 0 the function

eit£—1 o
]R|// ; )]3—t\ dsdt

is smooth on [—4, —1/4] U [1/4, 4] and moreover

m(€)] > Coa >0, 1/4< [ <4.
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Let ¢ be supported in (1/2,2) such that >, ., ¢(27%(|¢[)) = 1 for all
& #0. Let ¢ € C* be supported in (1/4,4) such that ¢ = 1 on [1/2,2].
Then & — @(|¢])/m(§) is a C2° function with support in {§ : 1/4 < || < 4}.

Define three operators Ly, My, Ek o by

Lef(€) = (27 e fLe)

o —k

Mf() = (( ‘5'))f<5>
Toaf(€) = 32 M2 e T ).

These convolution operators make sense for Hilbert-space valued functions.
Below we shall use the following

Lemma 5.1. Let 1 < p < 0.
(i) For {fr} € LP(£?)

| e, <l (iae) ™,
(ii) For {fi} € LP(£?)

(5 wne) ™, < (),

(iii) Let H be a Hilbert space. For F € LP(H) we have

H (Z |Ek,aF|3{)1/2Hp < CpallFll o)

kEZ

Proof. These are straightforward applications of the standard theory of
singular convolution operators for Hilbert-space valued functions, see [1],
[16]. O

Proof of (12). Define Ly, as above and Ly similarly, with ¢ replaced by @.
We then have

~

= Zka = Z kakikf = Z LkMka}"fl[m(Q*k.) !

ke kEZ k€L
By (i), (ii) of Lemma (5.1) we have
~ ~ 2\ 1/
171 < | (X s ime A1) |

keZ

<\(Slag [, metrasa )™,

p
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where T}, " is defined by

—

- o (iSRG _ it _
T'f() = 32~ Ieh

B = [IER 13

o B i27R)E _q GiTM0E 1\ Daf(e)
_ o—k k kienaf€ _
= 252 Heh @ He)* (s i) s i)

We apply the Cauchy-Schwarz inequality on R, and get

It < | (2 g, 1mi‘spasae) )

Change variables s = 2Fv, t = 2Fw so that the last inequality becomes

£l
< H ’R‘//Q " Lka U(D_:{)Q;‘;U_IAW(D_QJC)]‘2dvdw>1/2Hp.

We replace for each k the domain of integration 27 ¥R, by the entire R x R
and then apply part (iii) of Lemma 5.1 (with the Hilbert space H = L?(R x
R)). We thus see that || f||, is bounded by (a constant times)

a —a 2
e z//M Erale D) A g )|
o a2
//RX]R -(;)_U}Pa w(D f)‘ dvdw>1/2Hp

which completes the proof of (12). O

<C7p7

6. L? BOUNDS

As mentioned before the equivalence

(13) 15a(P™f)ll2 = callfll2

has been proved for o = 1 in [10]; a straightforward modification of the proof
also applies to the case o € (1/2,3/2). In this section we further break up
Sa (D~ f) and obtain improved bounds for the pieces, which are useful for
the proof of Theorems 1.1 and 1.2.

Let H be the Hilbert space of square-integrable functions on R x R. Fix
a € (1/2,3/2). We define a convolution operator 7' mapping Schwartz
functions on R to H-valued functions on the real line, by

sTIAD O (z) — t L ADf (2)
|s — ]

(14)  Tf(x,s,t) = for |s| > |t],

and
Tf(z,s,t) =0 for |s] < [t].
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The inequality ||So(D™%f)|l, S |1 fllp holds for all Schwartz functions f if
and only if 7" maps LP(R) to LP(R;#). For the estimates below we may
assume that f is a Schwartz function whose Fourier transform is compactly
supported in R\ {0}.

We introduce finer decompositions by dividing up the (s, t) parameter set.
Forn,l € Z,l <n —2, set

ay LT < S T < < )
9 hH-1 |5 _ 4| < 9=k HY
and note that
(16) Yl = for I > n + 3.
Alsofor £ € Z, { <n — 2, let
(A7) WPE = {(s,) : 27K < |s| < 27kl gmhHTl g < om kbl

Then, for every k € Z,

n+2 n—2 :
1 if |t < s,
> (X s+ 3T el {o if [t] > |s].
n€Z l=—oo {=—o00

We also observe
(18) Vil = o7 hypt it = okt

__In what follows we denote by ¢ a real valued Schwartz function so that
P(€) # 0 for < |¢] <4 and ¢ vanishes to order 100 at the origin. We may
choose 9 so that

(19) supp(v)) C {x : |z < 1/2}.

We remark that this assumption is not needed in the present section, nor in
the proof of Theorem 1.1 discussed in §8.2. However it is quite convenient
in the proof of the endpoint bound of Theorem 1.2.

Set b, = 2F1)(2%-). Define an operator Py by
(20) Pef =i f.

We introduce a decomposition of the operator 7'. Let ¢ € C2° supported

in {€:1/2 < [¢] < 2} so that > 5 p(27%¢) = 1 for all £ # 0. We then
decompose

Tf(& 5,1)
—k i€s _ ict
N (o ke @(2A5) 1 e 1 e 1\ ~
k%w( ¢) (2—k‘€’)a(¢(2—k§))2 2ka|s — ] ( S t ) (5)
and hence
(21) Tf(x,s,t) =Y PTyLypf(x,s,t)

keZ
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where

p(275¢)

22 Lif(€) = - 1
(22) kf(§) (2%'5’)&@(27%))2]‘(5)
and
(23)

1 Pef(z+s) — Pof(z) Puf(z+1t) - Pf(x)
1; t) = _
kf (@5, t) 2ka|s — t| < s t )
when [t| < |s| (and Ty f(x, s,t) = 0 otherwise). We also set, for [t| < |s],
1 Ppf(xz+s) — Puf(2)
2ka|s — t| s
1 Pef(z+1) — Ppf(x)
2ka| _ t|a t

)

(24a) Tiaf(x,s,t) =

(24b) Tiof(x,s,t) =
so that Tk = Tk71 — Tk72.
We shall repeatedly use the following scaling lemma.

Lemma 6.1. Let g be a Schwartz function on R. For k € Z and Q C R?,
(25)

£) ) 1/2
/ |Thg(x, s,t)|? dsdt // Tolg(27%)] (252, v, w)| dvdw) .
2kQ)

Proof. The left hand side is equal to
// ’Pk:g(iﬂ +5) = Prg(x)  DPrg(z+1t) — Peg(a)2  dsdt )1/2
t‘QO‘

t 22ka|g —
B Prg(x+27%0) — Prg(x)  Prg(z+27%w) — Prg(z) 12 dvdw \1/2
B //Qm a w \v—w|20‘)
and the assertion follows from Pyg(z) = Pyg(27)](2%2). O

Our proof of L? boundedness involves the following elementary estimates.

Lemma 6.2. Leta>b>0. Then

(i)
1.3 .
. az2b2™¢ ifa <1,
e —112 dodr \1/2 N _
= ‘ |a—7‘|2a> S ?b? ifb<1<a,
|o|~|7|~a T2h2 if1<b<a.
|o—7|~b

(it) Let a > v and Qo := {(0,7) : |7| < |0]/2, |T| = 7, |o| = a}. Then
fora>1

..
..

N

’y%a_a min{a%, a_%} ,

e — 112 dodr )1/2
’201

lo— 1

e — 112 dodr )1/2

|o — 7]2

N

a2 ~“min{y%,7"3}.
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Moreover, if a <1 then

a

iT 12 1/2
e 1 dodr )/ 57%%

T |o — 7]2

Proof. This follows readily from

ia_l iT_l _
(26) ¢ _ ¢ ‘ _le=Tl <10
o T 1+ |o|+|7|
and
1 . .
(27) ‘ < Cmin{l,r " }. O
r

Proposition 6.3. Let 1/2 < a < 3/2. Then the following estimates hold.

(i)
1/2 1/2
< 2
(28a) //\ S BTifils t)\ asdt) || e (S2158) 7
keZ: k
(s;tyevp!

25 9l(3-0) ifn<0,1<n+2,

—n/2 l(§—a) - > <

with ey = 2 242 ifn>0,1<2,

9-n/29-Ua=3)  ifn>0,0<1<n+2,
0 ifl >n+2.

(ii) Let n >0 and £ <n —2. Then

(28b) H //‘ Z PyTi fu(- s t)\ dsdt> /2H2

(s, t)ew” *

2

N 9t/29—na min{gfn/{ 2n/2} H (Z !fk|2> 1/2 H
k

and
2 1/2
(28c¢) '
c) //‘ Z Pka,sz(,S,t)‘ dsdt) H2
kEeZ:
(s,tyewm*

Sz bming % 27 (3 77),
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Moreover, for n <0,

(284) H(//‘ ICEZZ: Pkafk(.7S,t)rdsdt>1/2”2

(s,t)EWZ’Z
sz (Sine)

Proof. Note that for fixed n, [ the sets V"’l, k € Z are disjoint and, similarly,

for fixed n, ¢ the sets W,?’K, k € Z are disjoint. Hence [[|Y,---|?dsdt =
[ > |-+ |Pdsdt. Thus, if one then interchanges sums and integrals and
uses the uniform L? boundedness of the operators Pj one can reduce the
proofs to showing uniform estimates for the individual operators T}, (or T} 1,

Tk2), involving the sets V,?’l, W,T’Z. By Lemma 6.1 this is reduced to use
estimates for the operator Ty (or Ty 1, To,2), involving localizations to the

sets VSL’Z, Wg@’e. Let
m(&,s) = P(&)s ("€~ 1).

All estimates in proposition 6.3 follow via Plancherel’s theorem from the
following set (29) of inequalities. First, with ¢, ; as in (28a),

(29a) P (//Vg’l Im(&;s) = m(g’t)’st dt)m < Cny -

|s — t]2

Next,

1/2
(29h) Sup // Im(&, 5) d dt>/ < 9297 ma pin{97/2 on/2)

nl ‘8_t|204

2 1/2
(29¢) sup // [m(&OF dt) / < 97n(@=3) min{2~4/2, 24/2),

nl |S—t|2a ~

and (for€+2<n<0)
(29d) up // } i) = mE O dt)/ < on(3—)os

|s—t|20‘

N~

We want to deduce (2 ) from Lemma 6.2. In view of the crucial cancellation
property of 1) we have
€I

(30) 96| < On i

for all N. Now by a change of variables

(//Q \m(E,‘i):tT‘ZCES,t)\QdS dt>1/'2
T // e —112 dodr )1/2

T |o — ]2




15

Hence, by Lemma 6.2 and (30),

( //V |m(§a|~z):t7|”';£§,t)|2dsdt)1/ ’

(2n1¢]) 12 (24 ¢])3/2 if 27¢) < 1,1<n+2,
(2n|E)) 712 (2g))32mefane] > 1, 2Y¢| < 1,
@)1 2 2 e met? i 2n|g] > 1,0 <1< n+2,

which implies (29a). The estimates (29b), (29¢), (29d) follow in a similar
way from Lemma 6.2 and (30). O

|§’a+2 .
A+ DY

We finally note for further reference that summing the various estimates
in Proposition 6.3 together with an application of the Littlewood-Paley in-
equality (in L?) yields the bound [|[TF s < [|F || 12(3¢)-

7. THE H! — LY* BOUND

We shall follow the method outlined in [14] which has its root in work
by M. Christ [4]. We use a variant of the atomic decomposition which also
takes our operator T into account (by using the decomposition (21) and
incorporating the Riesz potential operator in the atoms). The approach here
is based on the square-function characterization by Chang and Fefferman [3]
(in the one-parameter dilation setting). See also [13] for an early application
to endpoint estimates, and [14] for many more references.

7.1. Preliminaries. Let Py, Ty, Ly as in (20), (23), (22). We plan to use
the decomposition (21). We consider the nontangential version of the Peetre
maximal operators

(31) My f(x) = sup |Lif(z+h)l
|h|<2-k

and the square function defined by

(32) sf(@) = (X mr@P) "

kEZ
Then (Peetre [11])

(33) 1S Al < 1 -

Let Jx be the set of dyadic intervals of length 27% (i.e. each interval is of
the form [n27%, (n 4 1)27%) for some n € Z). For pu € Z let

Ou = {z: |6 (x)| > 2}
and let 3’,; be the set of dyadic intervals of length 27% with the property that
|JNO,| > |J]/2 and |J N Oyqa| < |J]/2.
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Clearly if &f € L' then every dyadic interval belongs to exactly one of the
sets J}.. We then have ([3])

(34) 33 I Lifl3 S 2% meas(O,).

kEZ Je3t

For completeness we include the argument for (34). The relevant fact is that
|Lif(z)| < My f(2) for all z, 2z € J, for each J € Jy. Let
={z: Myrlo, > 107"}
where My, stands for the Hardy-Littlewood maximal operator. Then
meas(0;,) < meas(O,,)

and we have Uy Ujcge J C O Now

S LR Y 2 / M f () P

1
keZ Jegh keZ je3i J\o#*

< 2/ Z 1My f ()% dx < 22“+2meas((9:) < 02*meas(0,,)
A
which establishes (34).
Now we assign to each dyadic interval J another dyadic interval I(.J)
containing J. If J € Jj then clearly J C O}. Let I(J) be the maximal
dyadic interval containing J which is contained in Oj,. Set

I
W)= > Lif(x)ly(x).

Jegh

I(J)=I
We write L(I) = L if the length of a dyadic interval I is 2¥. Also we let
T" be the collection of all dyadic intervwhich are maximal and contained in
(’);. By the maximality condition the intervals in Z# have disjoint interior.
For future reference we note that if J € J} and I(J) = I then L(I)+k > 0.

Set, for I € T+,

(35) = (2 Y L)

k—i—LIE:I)zO e
We have
1/2 1/2

S < (X 1) (X k)

IezH Iezn IezH

S0V (2202 S 240,
and hence
(36) SO My £ 0240 SIS FI S 1l

WEZ IETH pEZ
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which is equivalent to

/
(37) S () S

WEZ IETH keZ

7.2. Proof of the H' — LY* inequality. Fix A > 0. We claim that

(38) meas({z e R: [Tf(z,", Nr2wey > 10A}) S A7 Z Z |I|1/2’ym[
pEZ I€TH

which implies the desired bound, by (36).

The first step is the definition of an exceptional set £. Given any I, u
with p € Z, I € 3", we assign an integer x(u,I) (depending on ), defined
as

K, I) = max{L(I), >(u, I)}
where the “stopping time” >(u, I) is given by
(39) 5(u, I) = inf{r € Z: 2" > \7HI|Y %y, 1 }.

For any I, u satisfying L(I) < k(u,I) let €, be the interval of length
26(mI)+5 - concentric with I and let

E= |J  éur
p, I IE€TH
L(1)<r(p.1)
For any I with #(u, I) > L(I), we have 2°(+:)=1 < \=1|1|1/2y ;. Thus
(40)  meas(e) s Yo 2D N Py SAT f
L L(I)<w(p,I) Lp
Hence in order to prove (38) we only need to show
(41) meas(z € EC ¢ |Tf(x, ) pame) > 100} S AT 112, 1.
ol
By Minkowski’s inequality we have

T f(2,-)|L2me) = //’Z Z Pkab”’ :ESt)} dsdt)

wl —k<L(I

1/2

(42) A
< Z )+ Ve(@) + Wae (@) + Vi(z) + Wau(2) + Wi(z)
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where

(43a) Uy (= //’ Z Z Z Pkab (:I:,S)t)’stdt)l/Q7

€<n+2 k:(s,t) GV IEI“

—k+n<L(I)
1/2

(43b) Us(x //] ooy Y AT st)‘ dsdt) ",

’I’L<2 k tGWnI'U‘IIGIM
() k(D)

(430)
1/2
N //‘ > X > BT (s t)‘ dsdt) 7
£g>2 k:(s,t)ewit ’;iﬁff{])
(43d
2 1/2
//’ Z Z Z Pka,zbZ’I(x,s,t)‘ dsdt)
n>2 n,L I IeTH
k SEW llﬁ;+£<€L(I)
and
(44a
2 1/2
//‘ Z > > PkabZ’I(:r,s,t)‘ dsdt) ,
n>max{Ol 2} (St)evl?l [/géu
L(I)<—k4+n<r(u,I)
(44b)
2 1/2
Wae(@ //‘ Z Z Z Pka,zbg’I(x,s,t)) dsdt) ,
n>mar>b(7{€(:) 0+2) k(s W Iléé:u
N 7 L(I)<—k+t<n(p,])
Furthermore
(45a
2 1/2
- //‘ Z > Z PkabZ’I(x,s,t)‘ dsdt) ,
n>max{0l 2} (St)evnl IGI”
k(p,I)<—k+n
(45b)
W //‘ Z Z Z Py Tyt (z,s t)’zds dt)1/2
* Al 39
n,l: s m,L
anax{O,é-{-Q}k( H)EWK IeIl‘

r(p, 1) <—k+0
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and finally
_<//‘ Z Z Z PyTy bl (:L‘st)‘ dsdt)/
anax’{('),Z—i—Z} hils ) EW;” ‘ IGIH
L(I)<—k+n

The quantity on the left hand side of (41) is not greater than

4
Zmeas(x c &l Ui(z) > A} + meas(z € L. Wi(x) > A}
i=1

+ meas(z € e Vi(x) > A} + meas(z € L. Wa(x) > A}
+ meas(x € L. Ve(x) > A} + meas(z € et Wae(z) > A}

The terms Vg and W ¢ are supported in £ and are thus irrelevant for the es-
timate (41). Thus (41) follows, by Tshebyshev’s inequality, from the bounds

4
(47) SO S S,
i=1 w,
(48) VA3 S A 11 Py
w,d
(49) W3 S A 1Yy,
w,d
(50) Wil S 1Y,
w,d

Proof of (47). For (s,t) € V,?’l and —k +n < L(I) the function = —
P Tyby, ’I(a:, s,t) is supported in a tenfold expansion I* of I. We use Minkowski’s
inequality for the n,l, u, I sums, and then Cauchy-Schwarz on I* to get

s 3 S|(ff1 5 amslcsof )],

k:(s,t)evp!
1<nt2 f IGI” —kj—n<L(I)
DY Z e S R o) )[asar)”
l<n+2 IeZM k:(st)evy”

—k+n<L(I)
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Denote by ¢, the constants defined in (28a). Then >, 37, o cn1 < 0.
Now we apply (28a) to get

s 3 o S (X )

k:—k<L(I
1<n+2 IeZH <L(I)

/
<o i)

w,I: k:—k<L(I)
Ielr

We apply a similar argument to estimate the L' norms of Uy, U3, Uy. For Us
we get

|Vall < Z > (J[I = raacsofasa)”
ey
1/2
<Zm”2( S L))
k:—k<L(I)
IEI“

where we used (28d). By (28b)

1Uslly < Z ne Y //H S BTt (s, t) H dsdt)

e 222 _Scfniva(nj)l
1/2
<ZW( S llE)
k:—k<L(I)
IEI“

and, by (28c),

s S S ([ X A csofasa)”

,I: 22 . n,l
E
< 1/2 w12\ /2
Zur (> I'l)
k:—k<L(I)
IEI“

Finally we use ), Hb’; 1
proof of (47).

H2 = ’yu) in all estimates above to complete the
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Proof of (48). We have, by Minkowski integral inequality,

Vi(z) < //l - Z PT}b (xst)‘dsdt>/2

:(s,t) EV"Z

n>max{01 2} ( I)quk+
K(p,1)< n
o 2 1/2
© T () T e
1
nzma?c{O,lfQ} r(p {)€<Iuk+n

and so, by Fubini,

wles X (S]]

n,l: k k w, [ 1€TH

2 1/2
S BT (s, t)H2 ds dt) .

n>max{0,/—2} k(p,I)<—k+n
By (28a),
HV*HQ S Zrnin{2—l(oz—l/2)7 2l(3/2—a)} Z 2—n/2
l n>max{0,/—3}
SO DS
k w,l: 1€t 2
K(p,I)<—k+n
For fixed k,
Iz wl-lT X e,
1 IETH: =
w(p,I)<—k+n k(s I)< k+n [(J)
_Z Z Z H]IJLk’fHQ

[EI“ Jeﬁ“

because each dyadic interval of length 27% is contained in exactly one fam-
ily 3%, and for fixed p the intervals in Z# have disjoint interior. Now, since
1/2 < a<3/2, we can sum in [ and obtain

||m||%s(22”(2 > Y )’

7>0 wIIETH  Jeyt
s D)<—k+n (=1

S 2 e Y L]

k #’I; JGJZ
Iezr I(J)=I
< 22 D S 2y =
Jegh

IEI‘“ I(J)ZI
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and hence
Va3 < > 2kD=nlwhy2 )
w, [ T€TH
(51) < 2 L(I)—k(u,I) .2
SY X ke Y 2 V2]
Y Ie1H IeT#
w(p,1)=L(I) w(p,1)>L(T)

If k(p,I) = L(I) then >(u,I) < L(I) and by definition of >(u,I) we then
have 260 > 2%(l) > \=11|1/2y, ;. Thus 7, 1 < |I|'/?)\. Therefore

(52a) E Var<A E T2,
rezr: Iezn
w(D=L(1)

If k(p, I) > L(I) then k(p,I) = 3(u,I) and thus 2=#0D < \I|~ 1/27“1,
again by the definition of >(u, I). Hence

(52b) > 2BDTslDy2 NS Yy,
Iezr Iezr
K(u,I)>L(I)

Now combining (51) with (52a), (52b) completes the proof of (48).

Proof of (49). This proof follows the lines of that of (48). Notice that the
conditions ¢ > k(u,I) +k > L(I) + k imply that £ > 0. Now

WZ,*(x) S
s 2 1/2
S Z /I PTiobf! (e, 5,1)| s it
n,e k uIIeI“
n>max{0,/+2} w,I)<—k+20
and so
[Wasll2 <
2 1/2
> (X > B! dede) T
Wn,l ’ 2
n,l k k w, [ 1eTH
n>max{0,0+2} K(p,I)<—k+¢
By (28c¢)
2
LR SERESD W ol I SR )
n>0 >0 wl:IETH
K, d) <—k+L
PR DD VIS I2Lef5
>0 pII€TH eyt

w(p D) <=k+L1(1)=1
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which implies

5 D> 2D N L fl S Y 2R
kI

ez I ez

and this expression has been already estimated by CA - /|1 [1/2~, 1, by (51),
(52a) and (52b). This finishes the proof of (49).

Proof of (50). We now take advantage of the fact that the L? bounds for
Tj1 in (28b) are somewhat better then the corresponding bounds for T} o
n (28c). This allows us to invoque a straightforward L! estimate for W; as
opposed to the L2 arguments used for V, and W ,. We have

Wy

AT T s meaefea”]

L Hewnt mI:IeTr
n>max{0,/+2} ki(st)€ L(I)<—k+n

2 1/2
wl
s 23 5 () s of ),
n,t pI: k:L(I)—n<—k<L(I) ke
anaX{O 042} IEI“
Now observe that the expression inside || - - - ||; is supported in an interval of

length 27%+7+5 concentric with I. Hence, by the Cauchy-Schwarz inequality
and Fubini

Willr
YY)
w,l: LIfn<
anaX{O 42} IEI“ k<L
By (28b),
LATEIED DL D DD DR e [ A B
n,L: I L(I)—n<
n>max{0,0+2} Tet _k<L(I)
SDBE RS Z U2 2T
n>0 wd: —k<L(I

IeTH
and it follows easily that
Wil < 2 S 112,
po I€Tn

as claimed. O
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8. LP ESTIMATES

8.1. Proof of Theorem 1.1, via estimates on Hardy spaces. The lower bounds
have already been established in §5. For the upper bounds we need to distin-
guish the case 1 < p < 2 (for which the result is an immediate consequence
of what we have already proved) and the case 2 < p < oo.

8.1.1. The case 1 < p < 2. For the upper LP bounds we note that
(53) [Sa(P™*Nlir < Cpllfle, 1<p<2
follows by real interpolation ([7]) from the already proved bounds

D)l pree SN flars
D™z < N1 flr2-

[1Sa(
[15a(

8.1.2. The case 2 < p < oo. Consider the operator T acting on the H =
L?(R x R) valued functions F' by

-1 —« =1 —«
(54) TF(z) = // STTA_D YF(x,s,t) —t T A_D YF(x,s,1) ds dt
[tI<s]

|s —t[*

and observe that (53) for 2 < p < oo follows by duality from
(55) ITE|r < CpllFllpprgy, 1<p<2.
This can be deduced by real interpolation from
(56) ITFl2 S IFll L2
(which is equivalent to the case p = 2 of (53)) and
Theorem 8.1.
ITElree S IF 1230y
This result follows from

(57) meas({z : |[TF(x)] > A})
< % [(3 s / LoF(- +h,s,t)|2dsdt>1/2H1

keZ, |h‘§27k

where the L' norm on the right hand side involves a version of the maximal
square function &F in (32), but for H-valued functions F. More precisely,
in (31) one should replace the absolute value by the norm in H. Then
Peetre’s estimate (33) holds in this context. The proof of (57) will be omitted
since it is essentially the same as the proof of Theorem 1.2, with appropriate
notational modifications.
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8.2. An alternative approach to Theorem 1.1. There is an alternative (more
straightforward and direct, but not less lengthy) approach to Theorem 1.1
which bypasses Theorem 1.2.

To be specific we let ¢ be a C*° function supported in {£ : 1/2 < [£] < 2}
and let ® = F~1[¢]. Let Ky(x,s,t) be defined by

eit£ _ 1)

N is§_1
i€, 5.8) = 2785 — =27 jel) (—— - —

By Littlewood-Paley theory one reduces the proof of Theorem 1.1 to the
following LP inequalities for 1 < p < 2:

(S | s oa) "] < (i),
and
H <I;Z ’ //t|§|s /Kk( —¥,5,t)Fi(y,s,t)dy ds dt‘z) 1/2Hp
< CpH(Z// |Fk(',8,t)‘2d$ dt)lme,
k

One decomposes, for each k, the half plane {|t| < |s|} as a union of V:’l and

Wg’e, as in §6. One then aims to prove, for 1 < p < 2, that there is (p) > 0,
such that

s (5]

/Kk( — .8, t)fk(y)dyrds dt) 1/2Hp

< Cp27(|n|+|l|)s(p) H ( Z |fk|2) 1/2
k

9
p

/Kk( —y,s, t)fk(y)dy‘st dt) 1/2Hp

< Cp27(|n|+|l|)s(p) H ( Z |fk|2) 1/2
k

o (/[

)

and also the dual versions (with % = L?(R x R))

(59a) H(;Z)//V:J/Kk(-—y,s,t)Fk(y,s,t)dydsdt‘Q)l/zup

< Cp2~(InlFliD= () H ( 3 \Fk!%) 1/2
k

)
p
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(59Db) H(Z‘//Wn,[/[(k(-—y,s,t)Fk(y,s,t)dydsdt‘Q)l/sz

keZ
< 0,2~ (nl+M)e) H < 3 |F’f|"?“)1/2Hp‘
k

For p = 2 such estimates follow from §6. For p = 1 one proves slightly weaker
L' — LY inequalities, with constants O(1 + |n| + |I|) and O(1 + |n| + |¢]),
respectively. These follow if one checks the Hormander condition on the
kernel Ky, cf. [8] and [16], namely

(600) /W% >/

kEZ

1/2
Kp(z 4 h,s,t) — Ki(z, s,t)|ds dt) dx

S nl+ 1]

and
(60D) / (Z// |Ki(z + h, 5,t) — Ki(a,s t)|2dsdt)1/2dx
(2| >2h W}?’Z )9y )9y

keZ
S1+|n|+ 4.

In fact slightly better bounds than (60a), (60b) can be proved, but they
are not good enough to sum in all the parameters (n,1), (n,£), respectively.
Inequalities (60a), (60b) can be established by straightforward L' and L?
estimates used earlier; we shall not include the details. One can interpolate
the weak type (1,1) inequalities implied by (60a), (60b) and the improved
L? results to show the LP inequalities (58) and (59), and these yield a proof
of Theorem 1.1.

9. POINTWISE DIFFERENTIABILITY

Let f € L?(R). A classical result of Stein and Zygmund [18], [16, ch.
VIII] says that f is differentiable at almost every point x € R for which
there exists § = 0(z) > 0 such that

fla42t)— flx)  flaz+t)— f(=z)
(61) E\ug 5 — . < 00
and
fle o)~ f)  fletn) -~ f@)pd_
(62) /t|<a | 2t / i =%

Conversely, for almost every point x € R where f is differentiable there
exists d = d(x) > 0 such that (62) holds. Notice that (61) is the Zygmund
condition at x in disguise.

The purpose of this section is to discuss analogous results when the inte-
gral in (62) is replaced by local versions of S, f for a = 1, the square function
of the previous sections. We drop the subscript and write Sf = 51 f.
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9.1. Preliminary considerations.

9.1.1. Marcinkiewicz integrals. The following classical result on Marcinkiewicz
integrals is a crucial tool in proving results on pointwise differentiation.

Let F be a closed set of positive measure, and fix A > 0. Let

#+1 dist? (y, F)
A L )
I )(x) o /z—l |z — y|t+A W

Then one proves [16, p.15] that

(63) IMN(z) < oo for almost every z € F.

9.1.2. Pointwise comparison with a related square function. Given f € L*(R)
and m € R, consider the square functions @) f defined for x € R by

=[RS )

We shall use the identity

fle+mt) — f(z)  flz+t)— f(z)
mt t
:m—1<f(x+mt)—f(a:+t) f(x—i—t)—f(a;))

m

(64)

(m—1)t t

to show that Qf and Sf are equivalent.

Lemma 9.1. There ezists a constant C > 0 such that
C'Qf(x) < Sf(x) <CQf(x), xR, felLl*R)

Proof. Fix u € R and N > 1. Since

fla+ut) = f(z)  fla+t) - f(z)
t

ulNt B

N z +ut) — f(z z+uw ) — f(z
_y S = f@) S ) — (=)

ult wi—1¢ ’

Ny et —j@) _ flatw ) - i@

wit w1t
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Hence, with G1 ,, as in (9),

.
Grun f( <NZ/’f‘r+“:;t flx)  fla+w™') — fz)2dt

w1t |¢]
- N gl,uf(m) .
Fix 0 < e < 1. We perform the change of variable m = u”V and then estimate
2N N-1
dm Nu

Gimf(z) —— = Q v f@) 5 du
Jro I 2 b O 1y

2 1 du N3 2 du
<N 2 < u 2_ 77
R T e (E Ll WL TV

A similar argument gives
_(1+€)N dm N3 —1—e du
2 < 2
Thus

dm dm
Gt @ T S [ Gl @l
/|m|22 1mf (@) (m—=1)2" Jicjm|<2 1mf (@) (m —1)?
By the identity (10) we get

dm
Sf(z)? ~ /1<|m|§2 Q1,mf($)2m

and the asserted equivalence follows immediately from the identity (64). O

9.1.3. An inequality for functions in the Zygmund class. For the proof of
Theorems 1.4 and 9.3 we need the following.

Lemma 9.2. Let f € A,. Then there is a constant C such that
. flatmt) = (@) e+~ I@)

sup sup
z€R [t|<1 mt t

< C|Iflla.lm = 1(1 +log(jm — 171))

for 1 <|m| <2.

Proof. We shall use that divided differences of functions in A* satisfy a mild
regularity property, namely

) fle )~ @) et s)— [
t s
for z,t,s € R with |s|/2 < [t| < |s|, see [5, Lemma 2]. This implies in

particular the easier version of (73) where the sup is just taken over m €
[—2,—1].

< C[[flla.
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Now if 1 < m < 2 we apply the crucial identity (64) to gain the factor
m — 1; we then see that it suffices to show, for any z,t € R and 1 < m < 2,

o [ferm=Sert) fa+)= i@

_ < 1+1

).

m—1

Let N be the positive integer satisfying 1 < 2¥(m — 1) < 2. Since

2k=1(m — 1)t 2k(m — 1)t

’f(:p +t+ 2 m = 1)) — fle+t)  fl+t+28m—1)t) — f(z+1)

is bounded by C||f]|a,, uniformly in z,t, k,m, we obtain, summing in k =
1,....N,

- S NSl

‘f(x+mt)—f(:c+t) flx+t+2N(m —1)t) — f(x+1t)
(m—1)t 2N (m — 1)t

This gives (67). O

9.2. Differentiability versus finiteness of a square-function: an example. We
shall consider for any § > 0 the local version Sj, s of S, defined by

(68) Sloc,6f(x)
_ // ‘f(x+t)—f($)_f($+s)—f(x)2 ds dt )1/2_
[t]+1s|<6

t s |s — t]?

We show that the finiteness of Sjoc 5 f(2) is generally not a necessary con-
dition for differentiability. Specifically we present an example of a function f
differentiable at almost every point of a set E of positive measure such that
for any § > 0,

Siocsf(x) =00, for ae. v € E.

Hence an analogue of the result of Stein and Zygmund in this context does
not hold without additional assumptions on the function f (such as for
example the Zygmund class condition in Theorem 1.4).

Let E C R be a closed set of positive Lebesgue measure without interior
points. Write R\E = UI;, where I; = (¢; — b;, ¢; + bj) are pairwise disjoint
open intervals. We denote by I]half = (¢; — bj/2,¢j + bj/2) the inner half of
I;. Let f: R — R satisfying

(69) |f(x)| < dist(z, E), z€R

and, for each j,

(70) / 5

2
du = oo for all y €

fly+u)— f(y)

u

half
et
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The change of variable s = mt and identity (70) gives

Sl%)c,éf(x)

[ [ (fetmosein e os@)
[t|<d J|m|>1 (m

-t t i
We apply now Stepanov’s Theorem ([16, VIII, Thm.3| or [9]). It says that f
is differentiable at almost every point in E if and only if f(zo+y)— f(xo) =
O(ly|) as |y| — 0 for almost every zy € E. Hence condition (69) implies
that f is differentiable at almost every point of E. Moreover (69) and the
Marcinkiewicz inequality (63) for A = 2 imply

2

t dt

/ (ﬂw—i_)) — < oo, forae x€kF.
It <5 t |t]

On the other hand, the change of variable (m — 1)t = u gives

Jrs o PRS2 o

! f(x+t+u)—f(x+t))2 dt
> o ( u i

Now, for fixed § > 0, for almost every x € E the interval (z — d,z + 9)
contains an interval I;. Here we use the assumption that F is a closed set
with no interior points. Hence there exists a set of points ¢t € (—4,9) of
positive measure such that z 4+ ¢ € I}“alf and condition (70) shows that the
last integral diverges. Hence Sioc 5 f(2) = oo for almost every z € E.

9.3. The main result on pointwise differentiability. We shall now consider
functions that are locally in the Zygmund class, i.e. satisfy condition (71)
below. This condition clearly holds when f is differentiable at =, but it is
substantially weaker.

Theorem 9.3. Let f € L2 (R).

loc
a) The function f is differentiable at almost every point x € R where the
following two conditions hold

fle+2h) = f(z) [flz+h)—fz)

71 lim sup — < 00
(7D h|—0 2h h
and there exists 6 = 6(x) > 0 such that
2
(72) // flx+s)—f(@) fla+t)—flx)|" ds dt2 ‘>
Jsl-+ltl<s s t |5 — 1]

b) For almost every point x € R where f is differentiable and

Jatmt)—f(z) _ flz+t)—f(z)
mt t

(73) limsup sup

. < o0,
t-0 1<fmi<z  |m —1(1+ |log i)
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there exists 0 = 0(x) > 0 such that

flats)—fa) fla+t)—f@)|* dsdt
74 _
( ) //I's|+t|<6

s t |s —t|?
Proof of Theorem 1.4. One direction is immediate by a) of Theorem 9.3.
For the other direction one needs to verify that condition (73) holds for any
f € A.. But this was proved in Lemma 9.2. O

< Q.

Proof of Theorem 9.3. (a) Given § > 0, let E = E° be the set of points
x € R for which

M

fla+t)— flz) flz+s)— f(z)
t S

and

o [F@ 20 = @) @+ = (@)
We show that for any fixed & > 0, the function f is differentiable at almost
every point of F®. We can assume that f vanishes outside an interval T
of length §. For z € E% NI we have Sf(z) < co and Lemma 3.1 gives
Gif(z) = 2G12f(z) < co. Now, the Stein-Zygmund result gives that f is
differentiable at almost every point of E® N 1. The assertion a) follows if we

consider the union Uj>1E1/j.

<6 L

(b) Given ¢ > 0, let E(J) be the set of points € R for which
[f(z+1) = fla)] <67l
holds for 0 < |¢| < ¢ and

flatmt)—f(x)  flzt+t)—f(z)
mt t
holds when 1 < |m| < 2, and 0 < |t| < §. It suffices to show that condi-
tion (74) holds for almost every point z € E(¢) for each given § (then one
takes the union U;E(1/5)) Without loss of generality we can assume that
E(0) is compact and that f vanishes outside an interval I of length 4.
Given € > 0, we prove that the set of all z € E(0) where (74) fails is of
measure less than e. We can find a compact set F' C E(9) with |[E(J)\F| < e
and a decomposition f = g+0b where g is Lipschitz on R and b vanishes on F'
([16, p. 248]). Moreover we can also assume that g and b vanish outside I*,
the double interval with the same center. Applying the L? inequality for Sg
we get Sg(z) < oo for almost every x € R. Hence we need to show that

< 5*1|m—1]|1+10gﬁ‘

Sb(z) < oo for almost every x € FN 1.

Since g is Lipschitz on R we get

- o sy 192+ 8) = 9(0)
2€R |t|<6 It]

Sclv
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and since the Lipschitz space is contained in the Zygmund class we also have
by Lemma 9.2

t)—b t)—b
2€R [t|<6 mt t
for 1 <|m| <2.
Therefore the function b satisfies, for some positive constant A,

[b(z + 1) — b(2)|

(77) <A,
1t]<6 t]
and
[t|<8 mi t

forallz € Fand 1 < |m| < 2.

For the remainder of this proof implicit constants in inequalities of the
form < may depend on A.

Consider a Whitney decomposition of the open set I “\I N F, that is,
I'\I N F = U}, where {I;} are pairwise disjoint intervals with

1] < dist([;, TN F) < 4]I;].

Set I; = [aj,bj] and let z; = (a; + bj)/2 denote the center of I;. We let
I7 = (xj — |I;],z; + |1;|) denote the open double interval. By (63)

;| A
(79) le—xll“”] (z) < 00
J

for almost every x € I N F. The plan of the proof is to show that there
exists A > 0 such that
2 \I ‘1+>\
BLCHEN Zm7

for almost every x € F N I.
By part (a) of Lemma 9.1 we have Sb(x) ~ Qb(z). Write

L={meR:1<|m|<2}.
Then |Qb(x)|> < A(x) + B(x), where

b(z +t) — b(x) |* dt
R e
m—l—mt —b(x+t) dtd
-t 2]

We need to show that A ) < 00, B( ) < oo for almost every z € FN1I. In
what follows we will always assume ¢ € FN1I.
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Since bjp = 0, condition (77) gives that sup [b(x)| < |I;] and hence
z€l;

(80) /W%MR
1

Therefore
;[
<
/ |y—96|3 Zlﬂf —xf3

which by (79) is finite for almost every x € FN 1.
Now B(x) = C(x) + D(z) where

// a;—i—mt 2dt
F—x
x+mt)—b(x+t) 24t

(m—=1)t 1 |t
x‘/AFx m— 1)t [t]

For each m € L and j =1,2,... letI-(m):I]_

2
/Z/ (:c+mt) dt
te(F—z)NI; (m ‘t‘

Since bjp = 0, condition (77) gives that sup{|b(x +mt)| : t € I;(m)} < |I;].

Hence " J
m
0 [ Sk [ gy _dm
L ; ! ( te(F—xz)NI;(m) ’t’?)) (m - 1)2

Now for each t € F' — « we have t € I;(m) if and only if m € I;(t). Write
1; = (aj,bj). Then I;(t) = ((aj — )/t, (bj — x)/t) and
dm t t ‘Ij|
- = |t| .
Lo (m=12%"Jaj—z—t bj—z—t laj —x —t||bj —x — ¢

Since z +t € F we have that both |a; — (x + t)| and |b; — (z + )| are
comparable to |z; — (z + t)|. Then

m,

m.

[
5 (m =12~ |z; — (z +1)[*

Since x+t € F we have |x+t—x;| 2 |I;|. Moreover from m € I;(t), |m| < 2
and z € F we have |t| > |aj — z|/2 = | — xj|. Fubini’s Theorem gives

dt
< L?
) S 21l /ﬂzlz—m |z — (z+ )2t
J

lz+t—z; (2151

<Zi dt <3 |1
v e -l (@ + )2 ™ = |z — 2y

jat—a; 1211, 1% —

which by (79) is finite a.e. x € F.
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Next we estimate D(z). By Fubini’s Theorem,

Z/a]__x/‘ x+mt —bx—l—t‘d o ZE

bj—= b(z +
/ / et smery [T = ‘ dm\t\

bj—x — 2
/ / ’b(x+mt) b(ﬂz—l—t)’ dm@.
aj—x J{meL:x+mit¢F} (m - 1)t ’t|

Note that since {I;} are Whitney intervals, 2+t € I; and x+mt € F implies
that |m — 1| 2 |I;|/|z — «;|. Hence

bi—x 2 .
a t] |11

where

i~
Since b = 0 condition (77) gives that |b(z+1)| < |[;| for t € (a; —z,b; — 7).
We have [t| = |z — x| for any t € (aj —x,b; —x) because the I; are Whitney
intervals.
It follows that
|;?
Ej(x) S

~ e =

!I \
<
which by (79) is finite a.e. x € F.

and

Let us now estimate Fjj(x). Split Fj(z) = G;(x) + Hj(x ) where
aj—z J{meL: x—l—mtel*} ( - 1)t ‘t‘ ’
bj—w b(x +mt) — b(x
Hj(”“’):/ > o e iy
aj=T 4 {meL:x+mtel \I}}

Recall that I J* denotes the interval of double length centered at z;. Now,
the assumption (73) and identity (64) give that

‘b(x—i-mt) —blz+t) b(:r—l—t)
(m—1)t

Hence G(x) is bounded by a fixed multiple of

<l

b(x +t) — b(z) |2dt

bj—x bi—x
1 dt J -
/ / In? —— dm— +/ ATTHCABNE,
a;j—x meL: m—l—mtel* |’I7’L - 1| ’t| a;j—T 13 |t|
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Since {I;} are Whitney intervals, the fact that  +t € I; and x +mt € I
implies that |m — 1] < 5L 8o

lz—a;]

/ In2 1Ll e ]
{mEL:m—&—thI;} ’m - 1‘ ~ |fL‘ — l’j| |ZE — l’j|

and we deduce that

bj—x 2
1 dt I I;
/ / In?> —— dm— < 151 2ln2 151 .
aj—x {mEL:m+mt€I]’f} ‘m - 1| |t| ‘l’ - $j| |$ — CL‘j‘

Because {I;} are Whitney intervals || < |z — z;| and In?*(|I;|/|z — z;|) <
|z — a;|*/|1;]* for any a > 0, we deduce

bj—x 2—«
1 dt I;
/ lHQ P — dm N %
aj—x J{me€Lz+mtel;} ‘m - 1‘ |t| ‘iL‘ - ’
As before
[Pt o

aj—x t |t| ~ ‘il] - xj’?’ .

We obtain

ZG_ <Z ’1‘20‘
- i |z — a;]?~ |z — 22—’

where 0 < a < 1, which by (79) is ﬁmte a.e. x € F.

It remains to estimate H;(x) for x € F'N 1. Observe that |t| ~ |z — z;| if
t € (a; —x,b; —x). Since 1 < |m| < 2 if the set

Jp={me L:xz+mte L;\I;}

is nonempty we get that |z — x| ~ |z — x;|. Now we have

el ) ()
_ [t1|bx — ax| i
la, =z —t|lby —x —t] (v — 75)
Since b = 0, condition (77) gives |b(z +mt)| < [Ix| and |b(z +1)| S |I;] for
any t € (aj — x,b; —x) and m € J;. Now, Fubini’s Theorem gives

| b dt
Hj(x) S > (I + 1) =5 T

— . 2
k#j:|z—xp|=|lz—a;]| (xk xj) aj—x |t|

Denote by A(j) the set of indices k # j such that |z — zi| = |x — x;].
Since {I;} are Whitney intervals

~

5"

CAESARIATA
3 2 o —a P,
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and since ; )
Z (z ’_kL.)Q N m’

k() < g

we get
Z ’I]‘3|Ik| ‘I]‘Q
o P =~ (o)
We have
1| |15 ~ 2| |15
EE: E: — 2 (o — 1 222252 2: o2 — 202
o o Pa =) o 2 (o ;)2 - w)
and
Z |I]| 5 S L

At @ =)

Therefore 5 )
S Y mp ey S Gy
T weasy @k @)@ —wp)? Yo (@ - )
and so I8
I

zj:Hj(l‘) S z]: @17
which by (79) is finite a.e. x € F'. This finishes the proof. O
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