FOLIATIONS AND WEBS INDUCING GALOIS
COVERINGS

A. BELTRAN, M. FALLA LUZA, D. MARIN AND M. NICOLAU

ABSTRACT. Motivated by a previous work of Cerveau and Déserti, we
introduce the notion of Galois holomorphic foliation on the complex
projective space as those whose Gauss map is a Galois covering when
restricted to an appropriate Zariski open subset. First, we establish gen-
eral criteria assuring that a rational map between projective manifolds
of the same dimension defines a Galois covering. Then, these criteria are
used to characterize Galois foliations on P? belonging to certain classes,
which include homogeneous foliations. We also give a geometric char-
acterization of Galois foliations in terms of their inflection divisor and
their singularities.

1. INTRODUCTION

In this article we introduce the notion of Galois holomorphic foliation on
the complex projective space. Our main objective is to establish general
criteria characterizing those foliations that are Galois.

Focusing on the two dimensional case considered in [9], let F be a holo-
morphic foliation in the complex projective plane P?. The degree deg F of
the foliation is the number of tangencies of F with a generic line of P? and
the Gauss map Gr : P? --» P? of the foliation, sending z € P? into the
tangent line of F at x, is a well defined rational map whose indeterminacy
points are just the singularities of the foliation. If the foliation is non de-
generated then the restriction of Gr to a suitable Zariski open subset W of
IP? is a covering map of order deg F > 0.

The determination of finite subgroups of the Cremona group Bir(IP?) of
birational transformations of P2 is a classical topic, nevertheless it continues
to be an active field of current research (cf. [2, 14]). In [9], Cerveau and
Deserti addressed the problem of finding non-trivial birational deck trans-
formations of the covering associated to a foliation F, that is, birational
maps T : P2 - P2 fulfilling Gr o 7 = Gr. Their aim was to construct
periodic elements of Bir(P?) in an effective way. In particular they associ-
ated a birational involution to each quadratic foliation and trivolutions to
certain classes of cubic foliations. In all these cases the restriction of Gr
to the Zariski open set W is necessarily a Galois covering. It is therefore a
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natural question to determine the Galois foliations of P?, that is those folia-
tions in P? whose Gauss map defines a Galois covering. This is the original
purpose of this article. We will see that for every Galois foliation the deck
transformations of its Gauss map are birational. This fact provides non-
trivial parametric realizations of the symmetry groups of regular polyhedra
into the Cremona group (cf. Remark 5.22).

We also prove that the set G4 of Galois foliations of degree d on P? is a
quasi-projective variety. This raises the question of describing its irreducible
components in geometric terms. This problem is of similar nature to the
study of the irreducible components of the space of codimension one folia-
tions on P™ for n > 3 (cf. [10]) and the study of the irreducible components
of the space of flat webs (cf. [26]).

We are specially concerned with the problem of characterizing Galois
foliations on P? in terms of geometric elements of F. More precisely, in
terms of the singular set, the set of inflection points and the generic polar
curve, i.e. the preimage by the Gauss map Gr of a generic line in P2. For
instance, one of the results that we obtain on this question is the following
(cf. Corollary 5.13):

Theorem A. Let F be a degree d foliation on P?. Assume that the following
assertions are satisfied:

(1) at an inflection point p, the tangency order of the leaf through p with
its tangent line attains its maximum d;
(2) for each singular point s of F the following trichotomy holds:
e s is a non-degenerate radial singularity of order d, or
e the generic polar of F has a single branch at s with multiplicity d, or
e s is a non-radial singularity and each branch at s of the generic polar
curve of F is smooth.

Then Gr is Galois with cyclic deck transformation group. Moreover, when
d is prime the converse is also true.

With the main purpose of studying Galois foliations, we first consider
the more general setting of arbitrary rational maps G: X --+ Y between
complex projective manifolds of the same dimension. Our first result is the
following (cf. Theorem 3.11).

Theorem B. Let G: X --3 Y be a dominant rational map between complex
connected projective manifolds of the same dimension and let d be its degree.
There is a proper Zariski closed subset Ag of Y such that, if we denote
Yy = Y\Ag and X\ = G 1(Y,), then G is defined on Xy, the morphism
Glx,: Xan — Ya is a covering map of degree d and the following property
is fulfilled: for every connected and locally path connected subset V' C Y
inducing an epimorphism (V) — m1(Ya) the map G|y: U — V, where
U = G V), is a d-sheeted covering, its monodromy group is independent
of V C Y and every deck transformation of G|y extends to a birational map

of X.

As a consequence, the deck transformation group of any of these cover-
ings coincides with the group of birational transformations of X defined as
Deck(G) = {r € Bir(X) | Go7T = G}. We say that the rational map G is
Galois if Deck(G) acts transitively on the generic fibre.
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The problem of deciding if the rational map G: X --» Y is Galois is
simpler for curves since a dominant rational map between algebraic curves
is just a branched covering. Hence we are led to reduce the question to the
one-dimensional case. We carry out this reduction in different ways along
Subsection 3.2. In particular we obtain the following reduction. Using
Bertini’s theorem and a version of Lefschetz’s hyperplane theorem due to
Hamm and Lé, we know that there are smooth hyperplane curves (X C X
and /¥ C Y such that the natural maps m (¢3) — 71(Xa) and m(£}) —
71(Yy) are epimorphisms, where ¢ = (X\G71(Ag) and ¢} = ¢¥\Ag. We
denote by p: G*(Xp) = XA Xy, Xao — Xa the pull-back covering. In this
situation we prove (cf. Theorem 3.16):

Theorem C. The following assertions are equivalent:

(1) the rational map G: X --» Y is Galois,
(2) the restricted covering G~1((}) — £} is Galois,
(3) the restricted pull-back covering p~(£X) — ¢ is trivial.

A branched covering G: C — C’ between Riemann surfaces is said to be
of regular type if for any given z € C” all the points in G~!(x) have the same
ramification index. If the branched covering is Galois then it is necessarily
of regular type but the converse is not true except for particular cases which
include C = P'. A dominant rational map G: X --» Y between projective
manifolds of the same dimension is also a branched covering, in the sense of
[31], outside a suitable Zariski closed subset of X. In this general case one
can also define in a natural way the notion of being of regular type, which
takes into account the behavior of the map at the indeterminacy locus. The
precise definition is given in Subsection 3.4. Using Theorem C we obtain
the following result (cf. Theorem 3.33) which states that, for a concrete
rational selfmap of P", being Galois could be decided just by studying its
ramification and indeterminacy loci.

Theorem D. A dominant rational map G: P --» P" is Galois if and only
if it is of regular type.

Whereas the pull-back by a dominant rational map of a (singular) folia-
tion, or a web, is always well defined, their push-forward is not. Nevertheless
we show that if G: X --» Y is a dominant rational map of degree d between
projective manifolds of the same dimension and if F is a codimension one
holomorphic foliation on X, which is in general position with respect to G,
then there is a uniquely defined d-web G, F on Y such that, on Yy, G, F is
given by the superposition of the d local foliations defined by the covering
map G|x, (cf. Proposition 4.6). The precise definition of foliation in general
position with respect to a rational map is given in subsection 4.1.

For a given web W on an projective manifold Y there is a naturally
associated projective manifold 7y, endowed with a foliation Cyy in general
position with respect to a surjective morphism my : Zyy — Y such that the
web W is the direct image of the foliation Cyy. It is shown that the birational
type of the triple (Zyy, Cyy, myy) is unique (cf. Theorem 4.8). This property
allows us to define Galois webs as those whose associated morphism myy is
a Galois rational map and we prove that every finite group can be realized
as the monodromy group of a Galois web (cf. Theorem 4.14).
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Recall that a d-web is called totally decomposable if it is the superposition
of d global foliations. A characterization of the property for G of being
Galois in terms of foliations in the source space X is given by the following
statement (cf. Theorem 4.12).

Theorem E. Let G: X --» Y be a given dominant rational map between
projective manifolds of the same dimension and let F be a codimension one
foliation on X which is in general position with respect to G. Then G is
Galois if and only if the web G*G,F on X is totally decomposable.

We apply this result to the case of the Gauss map of a foliation on the
projective space obtaining an explicit family of Galois foliations in each
dimension and degree (cf. Proposition 4.20). The construction of these
examples are in the spirit of generalizing the goals and methods of [9] to
foliations in arbitrary dimension.

We turn back now to the original motivation of this article, that is the
characterization of Galois foliations F in the complex projective plane. In
an affine chart, F is defined by a vector field X = A(x,y)0, + B(x,y)0y,
where A and B are polynomials. In this situation, Theorem D is equivalent
to say that F is Galois if and only if the polynomial in ¢

B A(:p7 ) Ax-i-tA(:E, ), —|—tB(ZE, )
P(z,y,t) —det< B(J;,Z) Béx%—tA(%Z)?z'i‘tB(va); )

decomposes totally over the field C(z,y). This criterium, already stated in
[9], implies that Galois property defines a Zariski closed set inside the space
of degree d foliations. It can be used to determine if a given class of foliations
is Galois or not, as the following example shows (cf. Example 5.7).

Example F. The vector fields
(aud + po)d, + (yu® + 5018, + (M + po?) (28, + yd,)

determine a family of degree d Galois foliations on P? with cyclic monodromy
group, where (o, v, \), (83,0, 1) € C® are linearly independent vectors and
u,v € Clz,y] are C-linearly independent polynomials with degu,degv < 1.

Then we use Theorem D to give a geometric characterization of Galois
foliations on P? in terms of its inflection divisor Zz, its singular locus ¥ 7
and the generic polar curve of F (cf. Theorems 5.11 and 5.12 for the explicit
statement) implying in particular Theorem A.

In subsection 5.3 we treat the case of homogeneous foliations in P2. That
is, those foliations whose coefficients A and B are homogeneous polynomials
of a same degree d. Such a foliation F is invariant by the flow associated
to the radial vector field and it turns out that in order to decide if F is
Galois we can perform a dimensional reduction in the following way. Let P?
be the manifold obtained by blowing up the origin of C?> C P2, which is a
singularity of the foliation. Then the lift 5}- to P2 of the Gauss map of the
foliation is defined on the the exceptional divisor £ = P!, Moreover 5;
maps E onto a copy of P! and we prove that the homogeneous foliation F is
Galois if and only if the restricted morphism G 7lg: P! — P! is Galois. Then
we can use the classification of the Galois ramified coverings of P! by itself,
that goes back to Klein (cf. Theorem 3.36). The left-right equivalence
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between rational functions on P! preserve Galois property and translates
into a natural action of PSLa(C) x PSLs(C) on the space of homogeneous
foliations. We obtain the following result (cf. Theorem 5.17).

Theorem G. The homogeneous Galois foliations of degree d consists of the
orbits by the left-right action of PSLa(C) x PSLy(C) of the following ones:
(1) 290, + y?0, for every d,

(2) (2" +y™)%0, + (2™ — y™)?0, if d = 2n is even,

(3) (z* + 2iv32%y? + y*)20, + (2* — 2iv/32%y? + y*)39, if d = 12,

(4) (2% + 1oty + y8)30, + (zy(zt — y*))19, if d = 24,

(5) (22022821595 4+494210y10 422825y 15 +420)39, + (2y(2'0+112%y5 —y10))59, if d = 60.

In fact, foliations in Example F are deformations of those in the orbit
of 249, + y%9, in the above theorem. Analogous deformations (cf. Defini-
tion 5.20) can be considered for the remaining orbits.

More generally, we consider foliations in P? admitting a continuous group
of automorphisms. In this more general setting we prove that there is a
non-constant morphism G:P! - P!, of the same degree than G, so that
Deck(G) ~ Deck(QA). In particular, F is Galois if and only if G is Galois (cf.
Corollary 5.25).

Concerning the problem of describing the irreducible components of the
space G4 of degree d Galois foliations, we consider a discrete numeric invari-
ant, the genus of the polar curve, that is shown to be generically constant
along each component (cf. Proposition 5.5). We also introduce a combi-
natorial invariant, the branching type of the foliation (cf. Definitions 3.22
and 3.29), that we also expect to be generically constant along the irreducible
components of Gy. Finally, with the help of an algebraic manipulator we
show that Gg3 is reducible (Proposition 5.33), answering partially a question
raised in [9].

This article is organized as follows. In Section 2 we collect the basic prop-
erties of Galois coverings that will be used in the sequel. Section 3 is devoted
to the general properties of rational maps between projective manifolds of
the same dimension focusing on those that are Galois. In particular we prove
Theorems B, C and D. In Section 4 we describe the behavior of a foliation
or a web under a rational map and we prove Theorem E. In the last section
we apply the above results to the Gauss map of a planar foliation, giving
concrete examples of Galois foliations on P? and proving Theorems A and G.

Acknowledgements. The authors wish to thank J.V. Pereira and T. Fas-
sarella for fruitful conversations. The first and second authors thank the
Departament de Matematiques de la Universitat Autonoma de Barcelona
for their hospitality and support.

2. GALOIS COVERINGS

Let w : E — B be a d-sheet covering over a connected and locally path
connected topological space B. Fix a base point pg € B and its fibre
F = o Y(po) = {p1,...,pq}. We consider its deck transformation group
D={r:ESE: wor = w} acting on the left on F by restriction.
In fact, the restriction map is a monomorphism D < &(F), where &(F)
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is the permutation group of F. We also consider the monodromy anti-
representation i : m(B,py) — S(F') of w defined by f([y])(p) = Fp(1) for
each p € F, where 7,(t) is a path in E starting at 7,(0) = p and project-
ing onto v = w(7,). The anti-morphism f defines a right action of the
fundamental group of B on F. We define the monodromy representation
w: m(B,po) — S(F) as the morphism v — u(y) = ja(y~!). Its image
subgroup, denoted by M, is called the monodromy group of ww. It is clear
that if E is connected then the action of D is free and the action of M
is transitive. Consequently, if E is connected then |D| < d and |M| > d.
Identifying F' ~ {1,...,d} we can consider both D and M as subgroups of
the symmetric group &.

It is well known (see for instance [15, Théoreme 4.6.8]) that the covari-
ant functor from the category of coverings over B into the category of left
m1(B, po)-sets, which sends a covering over B to its fibre F' over py endowed
with the left action given by the monodromy representation, is an equiv-
alence of categories. Indeed, for every left 71 (B, po)-set F, coming from a
morphism p : w1 (B, pyo) — S(F), we can consider the suspension covering
E = B x u F'— B whose monodromy representation is p. On the other
hand, if a map o between the fibres over py of two coverings F; and Fs
over B is equivariant with respect their monodromy representations (i.e.
o(u1(y)(p)) = p2(y)(o(p))) then we can extend o to a morphism FEy — Fy
of covering maps over B by means of the classical lifting path method. This
allows to characterize the image of D inside G(F') as the permutations com-
muting with all the elements of the monodromy group as F. Cukierman
states in [12]:

Proposition 2.1. Let w : E — B be a covering with fibre F, deck trans-
formation group D — &(F') and monodromy group M C &(F). Then D is
the centralizer Z(M) of M in S(F).

Remark 2.2. In general, there are no inclusion between the subgroups
D and M. In fact, it follows from Proposition 2.1 that their intersection
DNM=Z(M)NM = C(M) is the centre of M. Thus, M C D if and only
if M is abelian. In addition, if the covering w is finite and E is connected
then M is abelian if and only if M = D because |D| < degw < |M]|.

Given a connected and locally path connected space B’ and a continuous
map f : B’ — B the pull-back covering of w : F — B by f is defined
as w : B = f*E = Exp B = (wx f)"Y(Ap) — B/, where Ap is the
diagonal of B x B and @’ is the restriction of the second projection onto B’.
The map f’ : E xp B’ — FE induced by the first projection is a bijection
when it is restricted to a fibre of @’. Thus, given a point p) € f~1(po),
we can canonically identify the fibre @'~1(p)) with w™1(py) = F via f.
Then the monodromy representation of @’ : E/ — B’ is the composition
po fi: m(B,py) — m(B,po) — S(F). In particular, the monodromy
group M’ of @' is a subgroup of the monodromy group M of w. Let D (resp.
D') be the deck transformation group of @ (resp. @’). There is a natural
monomorphism D < D’ given by 7+ 7/, where 7/(e,b') = (7(e), ). On the
other hand, if E' and E’ are connected and f'(p)) = p1 then w/ (71 (E’, p})) =
[N (@ (m (B, pr))).-
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Proposition 2.3. With the notations introduced above, if f. : m(B') —
m1(B) is a epimorphism then

(a) M' =M,

(b) D and D' are canonically isomorphic,

(¢) if E and E'" are connected then f. : m(E') — m1(E) is an epimorphism.

Proof. The first assertion is clear, the second one is a consequence of Propo-
sition 2.1 and the last one follows by noting that wy o f. = f, o @, and by

applying f. to the equality @’ (71(E’,p})) = fi (@ (m1(E,p1))). O

Remark 2.4. The total space of the pull-back @’ : E/ — B’ of a connected
covering w : £ — B by a continuous map f : B’ — B is not necessarily
connected. In particular, if we take B’ = F and f = w then there are
natural bijections

D~ {E| € my(E') |w|IE6 is bijective} ~ Fix(M'),

where D is the deck transformation group of w, M’ is the monodromy
group of @’ and Fix(M') = {p € F|Vm' € M', m'(p) = p}. Indeed, for
each connected component Fj of E' := w*E such that o gy 18 bijective there
is a section 0 : E — E| C E' C E x E that we can write as o(p) = (p, 7(p)).
Then 7 : F — FE is a deck transformation of w. On the other hand, the
map F x D — w*E defined by (p,7) — (p,7(p)) is always injective.

Remark 2.5. With the precedent notations, if £ and E' = f*E are con-
nected, w is finite and f, : 71 (E’) — m(F) is an epimorphism then D
and D’ are canonically isomorphic. Indeed, the monodromy groups of w*E
and w™*E’ coincide. We conclude by noting that the natural morphism
D — D' is injective and |D| = |D’| < oo by Remark 2.4.

The following result is a compilation of well-known facts (see for instance
[27, §I11.B] and [25, §I1.2]) and some additional remarks.

Theorem 2.6. For a connected d-sheet covering w : E — B the following
assertions are equivalent:

(1) the pull-back covering w*E = ExpFE — E is trivial (i.e. a product),
(2) w.(mi(E,p1)) = ker p (or equivalently, w.(m1(E,p1)) C ker ),

(8) wi(m(E,p1)) is a normal subgroup of w1 (B, po),

(4) D acts transitively on the fibre,

(5) |D| > d (or equivalently, |D| = d),

(6) M acts freely on the fibre,

(7) | M| < d (or equivalently, |M| =d),

(8) the groups D and M are isomorphic,

(9) @ induces an homeomorphism E/D = B.

When properties (1)-(8) are satisfied we say that the covering w is Galois.
In this case D ~ M ~ 71(B,po)/ws(m1(E,p1)).

Proof. First, recall that a covering is trivial if and only if its monodromy is
trivial. Thus, (1) and (2) are equivalent because the monodromy p o w, of
w*E is trivial if and only if @, (7 (E,p1)) C ker u. The general scheme of
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the proof is the following;:

(1) v (2) obvious (3) (27, 11IB2] (4) [zg 1111;123(25]] (9)
[27, IIIB4}W [27, IHBﬁ]ﬂ \
(6) M transitive (7) |D|<d (8) |M|>d (5)

[(5) = (4)]: f D = {r1,...,74} and p1 € @ !(po) then {Tj(pl)};lzl has
cardinal d because D acts freely.

[(7) = (6)]: Since M = {o1,...,04} acts transitively on {1,...,d}, for each
i €{1,...,d} there is a unique o; € M such that o;(1) = i. Without loss of
generality we can assume that j = i. If o%(¢) = ¢ then o} 0 0; = ;. Hence
o, = id and M acts freely on the fibre. O

From Remark 2.2 and Theorem 2.6 we immediately obtain the following:

Corollary 2.7. If w : E — B is a connected d-sheet covering with abelian
monodromy group M C &y then w is Galois. In particular, if M is cyclic
then M ~ Zq.

Obviously the converse of Corollary 2.7 is not true in general. Hence
part (b) of Theorem 3 in [38] asserting that the subgroups D and M coincide
if and only if w is Galois, is wrong. However, it becomes true when d is
prime thanks to Cauchy’s theorem:

Corollary 2.8. When deg w is prime, w is Galois if and only if M is cyclic.

Remark 2.9. Although it is customary to consider the Galois property only

for connected coverings there is a natural definition of non-connected Galois

covering w : E — B by requiring

(0) the existence of a connected Galois covering wy : Ey — B and a discrete
set C ~ mo(F) such that E ~ Ey x C' and w is the composition of the
first projection £ — Fy with wy.

It can be easily checked that condition (0) is equivalent to conditions (1)-(4)
in Theorem 2.6. Moreover, it implies (but if |C| > 1 it is not equivalent
to) the part of assertions (5)-(7) and (9) which are not in parenthesis. In
fact, under condition (0) we have D ~ &(C) & D%{l)cl so that |Dg| =
1Dg,[I€C|! > | D, ||C| = deg(w) and |Mp| = |Mpg,| = degwp = 9% <
degw, assuming that |C| > 1. Hence, in that case condition (8) does not
hold.

Using the above notion of non-connected Galois coverings we can state
the following result which will be used later.

Proposition 2.10. Let w : E — B be a covering, let B’ C B a connected
and locally path connected subset, set E' = w™'(B') C E and consider a
connected component E, of E'. Then the restrictions maps w' and w|, of w
to E' and E{, are coverings. If w is Galois then so are w' and w{, and there
are natural inclusions Dy — D < D’ between the deck transformations
groups D, D" and D{, of w, @' and wy, respectively.
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Proof. The first assertion is straightforward. Clearly, each 7 € D fulfills
7(E') = E', which implies that 715 € D', and if 7(Ey)NEy # 0 then 7(Ep) =
E{ and TE) € Dj. These considerations imply that if D acts transitively on
its fibre F' then D" and Dy, acts also transitively on its corresponding fibres
F'=F and Fj C F.

Given 7} € Dj, by the transitivity of D there is a unique 7 € D such
that 7(p) = 79(p). Then 7 = 73 and the correspondence 7y — 7 defines
the first inclusion. The second monomorphism is given by the restriction of
maps. Last isomorphism follows from Remark 2.9. O

3. GALOIS RATIONAL MAPS

In this section we consider dominant rational maps between projective
manifolds of the same dimension. The Gauss map associated to (non de-
generated) codimension one holomorphic foliations on P” provide examples
of that kind of maps, which are shown to be finite coverings when restricted
to suitable Zariski open subsets. The map is said to be of Galois type if
the finite covering is Galois and we address the problem of finding sufficient
conditions assuring that such a rational map has that property.

3.1. Dominant rational maps between complex projective mani-
folds. Let G : X --» Y be a rational map between complex projective
manifolds with indeterminacy locus ¥g C X. Since Y is projective, the
Zariski closed set g has codimension > 2. Consider the closed graph
I = {(z,6(x)) ]|z e X\Xg} € X xY and the restrictions px and py
to I' of the natural projections from X x Y onto X and Y respectively. A
desingularization of G is a commutative diagram

X
N
X A

where X is a projective manifold, G and [ are morphisms and [ is birational.
Without loss of generality we can always assume that § restricts to an
isomorphism from X \ 7!(Xg) onto X \ Xg. To give a desingularization of
G is equivalent to give a desingularization of T, i.e. a birational morphism
§: X — T. Indeed, from (5,5) we construct the morphism § := 3 x G :
):( — X x Y having image I' and from & we recover § := px o d and
G := py 0. We consider also the exceptional divisor £ := ~1(Xg) of 3
which contains 6~1(Sing(T")). For every subsets A C X and B C Y we
define the image G(A) = py (py'(A)) = G(B71(A)) C Y and the preimage
G (B) = px(py'(B)) = B(GY(B)) ¢ X. For every rational map f :
X --» Y with indeterminacy locus ¥y C X we define the following Zariski
closed sets:

Ay = {z € X\ X;|df, is not surjective} C X
Af = f(AfUEf)CY



10 A. BELTRAN, M. FALLA LUZA, D. MARIN AND M. NICOLAU

Going back to the original setup we note that
Ag = G(AgUZXg) =G(Ag\ Xg) UG(Eg)
= G(B7(Ag\ %g)) UG (B (Zg))
= G(A;\EUGE) =G(AzUE) = Az UG(E).
Assume from now on that G : X --» Y is dominant, i.e. it has dense image.
Since every projective morphism is closed we obtain that G is surjective.

Moreover, by applying Sard’s theorem to G : X = Y we deduce that the
Zariski closed set Ag is proper.

Remark 3.1. If ¥g = () or dim X = dimY then the Zariski closed subset
Ag C Y is proper. Indeed, dimG(€) < dim € < dim X.

Remark 3.2. The hypothesis that X and Y are non-singular projective
varieties is not restrictive. Indeed, if G’ : X’ --» Y’ is a rational map
between singular complex projective varieties then we can desingularize it
by taking birational morphisms 8x : X — X’ and By : Y — Y’ with X
and Y complex projective manifolds and we can consider the rational map
g .= B;l 0G' 0ofBx : X --» Y. On the other hand, the assumption that G
is dominant is not restrictive either because we can always replace Y by a
desingularization of the Zariski closure of G(X \ ¥g) in Y.

In the sequel we will use the following extension of Lefschetz’s hyperplane
theorem (cf. [22, Theorem 1.1.3(ii)]):

Theorem 3.3 (Hamm-Lé). Let X be a complex projective algebraic variety
inPN. Let Z be an algebraic subspace of X such that X \ Z is non singular.
Then there is an open dense set Q@ C PN of complex hyperplanes in PN
such that for any H € Q the space X \ Z has the homotopy type of a space
obtained from H N (X \ Z) by attaching cells of (real) dimension at least
equal to dimg X .

Definition 3.4. Let X be a complex projective n-manifold in PN . A generic
hyperplane curve (X of X is a curve on X obtained by intersection with
HyiN---NH,_1 where (Hy,...,H,_1) is a generic (n—1)-tuple of hyperplanes
in PN,

Notice that if X = P™ is linearly embedded in PV then ¢ is just a generic
line. We recall that, for n > 2, adjoining n-cells to a given topological space
preserves any system of generators of its fundamental group and that, by
Bertini’s theorem, a generic hyperplane section of a projective manifold is
smooth. By applying n — 1 times Theorem 3.3 we deduce the following:

Corollary 3.5. Let X be a complex n-dimensional projective manifold in PN .
Let Z be an algebraic subspace of X. Then there is a open dense subset
Q c (PV)"! such that for each (Hy,...,H, 1) € Q the hyperplane curve
X .= XNH N--NH,_q is smooth and the inclusion £~ \ZcCX\Z
induces an epimorphism m ((X\ Z) — m (X \ Z).

Corollary 3.6. Let X be a projective manifold, U C X an open Zariski
subset and A C X a closed Zariski subset. Then the inclusion U\ A C U
induces an epimorphism w1 (U \ A) = w1 (U).
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Proof. Applying Corollary 3.5 to the algebraic subspaces Z = X \ U and
Z = (X \U)UA of X we deduce that that the horizontal arrows of the
following commutative diagram are surjective

T (X NU\A) —= 711 (U\A)

| l

T (X N0) w1 (U).

The left vertical arrow is also surjective because ¢X is a complex curve and
XN (X\U)NA CXNA are finite sets. Hence the right vertical arrow
induced by the inclusion U \ A C U is also an epimorphism. ]

Let f: A — B be a smooth proper submersion where A and B are smooth
manifolds and B is connected. Then f defines a locally trivial fibration
with fibre a compact smooth manifold F' and, associated to it, there is a
monodromy representation that can be defined as follows. Let F' = f~1(bg)
be a fibre and let us fix a connection on A. Each loop in B with base point
by determines a diffeomorphism of F' which is constructed by the lifting
path method and whose isotopy class only depends on the homotopy class
of the loop. Thus, there is a well defined morphism m;(B) — M(F'), where
M(F) denotes the mapping class group of the fibre F. This morphism is
independent of the chosen connection and its image Mon(f) is called the
geometric monodromy group of the fibration. We will be mainly interested
in the case dim A = dim B. In that situation f is a covering map, F is
a finite set and M(F) is &(F), the group of permutations of F. For more
details on the definition and properties of the geometric monodromy we refer
to [16, §4.4].

In the sequel, given a rational map f: X --» Y and a subset A C Y, we
will use the following notations:

(2) Yy=Y\A, Xp:=f'(Ya) and fr:= fix,.
We recall a known result stated in a suitable form for our purposes.

Proposition 3.7. Let G : X --» Y be a dominant rational map between
projective manifolds and assume Y is connected and G(Xg) #Y . For every
proper Zariski closed set A C'Y containing Ag, the restriction Gp : Xy — Y
is a fiber bundle with a fibre F' of dimension dim X —dim Y. Moreover, the
monodromy group of Gn does not depend on A O Ag. It will denoted by
Mon(G).

Proof. Since the restriction By : f71(Xa) — X of B is an isomorphism
and G is proper, the map Gy = Go ﬁXl is a proper surjective submersion.
Ehresmann’s theorem asserts that G is a locally trivial fiber bundle. Con-
nectedness of Y implies that all the fibres are smoothly equivalent, say to F'.
Last assertion follows by applying Corollary 3.6 and Proposition 2.3. O
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Notice that the fibre F' of the fiber bundle G : Xy — Y} is not necessarily
connected. By applying Stein factorization theorem to the surjective mor-
phism G we obtain a commutative diagram of complex projective varieties

(3) XN

N

where v is a morphism with connected fibres, IV is an algebraic normal vari-
ety and p is a finite and surjective morphism, see [20, p. 213]. Consequently
pis a branched covering in the sense of [31]. Any surjective proper finite holo-
morphic map f: Z — W from a normal complex space Z onto a connected
complex manifold W is a finite branched covering of W (cf. Definition 1.1.1
and Example 1.1.2 in [31]). In fact, all the branched coverings appearing
in this article will be of that type. Notice also that Ny = p~!(Ya) is nat-
urally identified to (J,cy, wo(ggl(y)). The following proposition says that
the branched covering p : N — Y is canonically associated to G : X --+ Y.

Proposition 3.8. The branched covering p : N — Y associated to the ra-
tional map G : X --+'Y by the Stein factorization (8) of a desingularization
G of G does not depend on the choice of G.

Proof. Let G:X 5Yand G : X' = Y two desingularizations of G and
let G = pov and G’ = p/ o+ their Stein factorizations given by (3). Since
Na = Uyey, wo(ggl(y)) ~ N, the coverings ps and p, are equivalent. We
conclude that the branched coverings p: N — Y and p' : N/ — Y are also
equivalent by applying [31, Proposition 1.1.5]. O

From now on we will restrict our attention to the case dim X = dimY
and Y connected. In this situation, the fibre F' is finite of cardinal the
topological degree d of G (see [29, §5 Theorem A]), and the morphism ~ :
X — N is generically injective (because its generic fibre is 0-dimensional
and connected), hence birational.

Definition 3.9. Let G: X --» Y be a dominant rational map between pro-
jective manifolds of the same dimension. We define the group of birational
deck transformations of G as

Deck(G) := {7 € Bir(X)|Go T =G}.

Remark 3.10. Given birational maps a : X’ --+ X and b:Y --» Y, the
monodromy and deck transformation groups of the rational maps G : X --» Y
and G’ = boGoa : X’ --+ Y’ are canonically isomorphic. Indeed, conjugation
by a induces an isomorphism between the deck transformation groups and
the isomorphism between the monodromies follows from Proposition 3.7.

The main result of this section is the following.

Theorem 3.11. Let G : X --» Y be a rational dominant map between
complex projective manifolds of the same dimension. Assume that Y is
connected and denote by d the topological degree of G. Let A be a Zariski
closed set of Y containing Ag, let V' be a connected and locally path connected
subset of Yo and set U = G~Y (V). Then



FOLIATIONS AND WEBS INDUCING GALOIS COVERINGS 13

(1) the maps Gp : Xpo — Yp and pp : Ny — Ya are isomorphic d-sheeted
COVETings;

(2) the monodromy group Mon(G) of Gp does not depend on A D Ag and
coincides with the monodromy group of Gy if the inclusion V. C Yy
induces an epimorphism w1 (V) — w1 (Ya);

(3) if one of the following two conditions is fulfilled
(a) the natural morphism m (V) — m(Ya) is surjective,

(b) X and U are connected and the natural morphism w1 (U) — m1(Xy)
18 surjective,
then the restriction maps induce canonical isomorphisms

Deck(G) = Deck(Gx) = Deck(Gjp).

Proof. (1) By Proposition 3.7, the maps Ga and py are d-sheeted coverings.
Since Bp and yp are isomorphisms, we deduce that vy, o ﬁXl : XA — Ny is
an equivalence of coverings by the commutativity of diagram (3).

(2) The first part of the assertion also follows from Proposition 3.7. The
second part is a consequence of Proposition 2.3.

(3) The second isomorphism follows also from Proposition 2.3 and Re-
mark 2.5. To see the first isomorphism we use Remark 3.10 and part (1)
of the Theorem. It suffices to prove that the restriction map induces an
isomorphism Deck(p) = Deck(p). To see that we apply Riemann’s exten-
sion theorem, as in the proof of Proposition 1.1.5 of [31], which shows that
every deck transformation 7o : Np — Np of pp extends holomorphically
to N\ Sing(N). Then we use the normality of N to have a biholomorphic
extension to the whole V. O

Remark 3.12. The above proof shows that Deck(G) is naturally identified
with Deck(p) and that all the elements of Deck(p) are biholomorphisms
of N, where p : N — Y is the branched covering uniquely associated to
G: X --»> Y. In fact, the pair (IV, p) can be characterized as the minimal
birational model of (X, G) fulfilling the following properties:

(i) p and all the elements of Deck(p) are morphisms,
(ii) p is a branched covering.

Recall that a branched covering p : N — Y is called Galois if the group
Deck(p) acts transitively on every fibre (cf. [31, §1]). In view of the above
theorem we can give the following definition.

Definition 3.13. A dominant rational map G : X --» Y between connected
complex projective manifolds of the same dimension is said to be Galois if
its associated branched covering p: N — 'Y is Galois, or equivalently, if any
of its associated coverings Ga are Galois.

We recall that every finite group appears as the Galois group of a Galois
branched covering as it was proved by M. Namba in [32]. Notice however
that deciding the birational type of the source from those of target and the
Galois group is a difficult problem.

Theorem 3.14 (Namba). For every finite group G and every connected
complex projective manifold Y there exists a Galois branched covering p :
N — Y whose deck transformation group Deck(p) is isomorphic to G.



14 A. BELTRAN, M. FALLA LUZA, D. MARIN AND M. NICOLAU

3.2. Dimensional reduction. The aim of this subsection is to find criteria
to decide whether a rational map is Galois just by looking at its restriction
to an appropriate subvariety, the most interesting case being when the sub-
variety has dimension one, as a rational dominant map between connected
complex curves is just a non constant morphism or, equivalently, a branched
covering. We obtain several criteria of that type. They will be useful both,
from the theoretical point of view as well as in the applications, for deciding
whether the Gauss map of certain classes of foliations are Galois. Thus, we
want to relate the behavior of a rational map G : X --» Y, or more generally
a desingularization G : X — Y of it, with its restriction to some irreducible
subvariety.

Let V be an irreducible projective subvariety of X and set W = G (V) c
Y. Since V or W may be singular, according to Remark 3.2, we fix desin-
gularizations Sy : V — V and Bw : W — W of V and W and we consider
the rational dominant map GV = ﬁW o QW o Py : ——» W. Assume
that dimV = dim W. Notice that this condition does noAtv exclude the case
V C €. By applying Theorem 3.11 to the rational maps G and GV with

A=Az U Bw(Agy) UG(Sing(V)) U Sing(W)
we obtain a commutative diagram

G
Vi —2= Wi

o e

XAi)YA

where the horizontal arrows are coverings. Since G (Sing(V))USing(W) C A
we can identify VA ~ Vp C X A, WA ~ W C Y and Q A With the restriction
of gA to V. In this situation we have the following result.

Proposition 3.15. Let V C X be an irreducible projective subvariety.
(a) Assume that V ¢ Ag.
(i) If G is Galois then GV is Galois and Deck(G") < Deck(G).
(i) If GV is Galois, degGY = degG and the inclusion Wy C Yy in-
duces an epimorphism in the fundamental groups then G is Galois.
(b) Assume that V C Az and dim G(V)=dimV. If G is Galois then GV is
Galois.

Proof. Part (a) follows from Propositions 2.10 and 2.3 and Theorem 3.11.
Assume now that the hypothesis in (b) are fulfilled. In particular, the re-
striction 4, : V' — (V) C N is birational. It follows, using Remark 3.12,
that V is not contained in the indeterminacy locus Y, of any deck trans-
formation 7 : X --» X of G. Then each element 7 € Deck(G) such that
7(V\3;) NV # @ determines a birational map V --» V inducing an ele-
ment in Deck(GY). Since Deck(G) acts transitively on the generic fibre of
G then, by continuity, it also acts transitively on a fibre over G (V). Hence
Deck(GY) acts also transitively on its fibre. O
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A particular situation in which the precedent result applies to a one-
dimensional covering §V is to take V = 571(0) for some curve C C Y. In
fact, thanks to Corollary 3.5 there are generic hyperplane curves (X C X
and ¢¥ CY such that

(YN GTHA) » m(X\GTHA) and m(07\A) - m (Y \A).
We use the conventions introduced in (2), namely YA = Y \ A and X =
G~1(Ya), and we denote Ef\( = X N X, and EX = 0¥ NYar. Let pa :

Gr(Xa) = XA xy, Xao — Xa be the pull-back covering of G by Gp and
consider their corresponding restrictions to ¢§ and ¢} :

a0} =GR (Xn) —= Xy =G, (£)

| pAl g lgA |t

i« Xy —2=Y) o).

By applying Proposition 2.3 and Theorem 2.6 we immediately obtain the
following characterizations:

Theorem 3.16. Let (X C X and /¥ C Y be generic hyperplane curves.
Then the restriction map Deck(Ga) — Deck(GY) is an isomorphism and the
following assertions are equivalent

(1) the rational map G: X --+Y is Galois;
2) the restricted covering G% : Gy 10X ) — X is Galois;
A A A A
3) the restricted pull-back covering p§ Cpa LX) = X s trivial.
A A A A

Proposition 3.17. The restricted covering gf; extends to a uniquely deter-
mined branched covering G¢ Sé — 0¥ between compact Riemann surfaces.
Moreover, the topological type of the covering G' does not depend on the

choice of the generic hyperplane curve £¥ C Y, once we fix an embedding
Y c PV,

Proof. The fact that the covering gﬁ extends to a uniquely determined
branched covering G/, is well known. In fact, Sé is the normalization of
the Zariski closure of QXI(KX). To see the second part, we consider the
Grassmannian Z = G _,.1(PY) and its subset

Zy ={z € Z|zNY is a smooth curve},

which contains a Zariski open subset of Z by Bertini’s theorem. We also
consider the incidence variety V = {(y,2) € Y x Z |y € z} and we denote by
¢¥ 1V =Y and ¢ : V — Z the natural projections. Set W = X xy V ~
(G xidz)"1(V) C X x Z and denote by ¢ : W — X the natural projection.
Although V and W can have singularities, using Remarks 3.1 and 3.2 we
can apply Proposition 3.7 to the rational map G¥ : X xy V --» V and the
morphisms ¢%, ¢¥ and ¢ defined above. In fact, we can choose compatible
closed sets A in the different spaces so that the arrows in the following
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commutative diagram are well defined

Wa xy, £ —= 0 = (q¥) " (20) — {20}

l gV A
Wha = Va o Zp
ax i qu
XA o Ya,

and the following conditions are fulfilled: Z)y C Zy, the restrictions qf\( , qX
and qf are locally trivial fiber bundles and QX and Gp are finite coverings.
Notice that

Wi xy, £y = {(x,9,20) |y = Ga() € 20} =~ G, (¢X).

Vv
It is easy to check that the composition Wy &> VA q—A> Z is a fiber bundle
trivializing on the same open subsets U; C Z, that qf : VA — Zp. Fix
20,21 € Zp and choose a path z; C Z, joining them. Trivializing simultane-
ously both fiber bundles over the interval [0, 1] we obtain homeomorphisms
€:20NYA S 21NYy and y - QX1(30 NYy) = ggl(zl N Yy) making commu-
tative the diagram

Gy (20N Yy) —= Gy (21N Y))

gxl igx
3

2o NYa z1 NY4.

Hence the coverings QX and Q}\ have the same topological type. O

Remark 3.18. The genus of the compact Riemann surface Sé depends on
the embedding Y < P but it is a well defined invariant in the case Y = P,
which is the case for instance for the Gauss map of a foliation on P™.

For certain rational maps, the property of being Galois can be checked
by looking at its restriction to a curve that is not generic. The following
example exhibits a class of rational maps in which Proposition 3.15 can be
applied to a subvariety V' contained in the exceptional divisor € C X. This
example will be used in Subsection 5.3.

Example 3.19. Let A, B € Cy[z,y] be coprime homogeneous polynomials
of degree d and let u,v € Cy[z,y] be linear polynomials, not both zero.
Define C = uA + vB and consider the rational map G : P? --» P? given by
G(z,y,2]) = [A(z,y)z, B(z,y)z,C(z,y)]. The topological degree of G is d
because, for generic [a,b,c] € P2, the system of equations {% =2, g = %}
is equivalent to {% = g, au + by = c} whose solutions are the intersection
points of the set aB — bA = 0, consisting in d lines through the point
O = 10,0, 1], with the straight line au + bv = ¢, which generically does not
contains O. On the other hand, it is easy to see that the image of the line
z =0 by G is the point O’ = [0, 0, 1] in the target. The indeterminacy points
of G are {C(z,y) = 0,z = 0} and {A(z,y) = B(x,y) = 0} = {O}. It can
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be easily checked that we obtain a desingularization ( : P2 — P2 of G by
blowing up once each one of these points. In fact, in the affine charts (¢, x) of
P2 corresponding to z = 1, y = tx and a = 1 in the target P?, the morphism

G =Gof: P2 — P?is written as G(t, ) = (f(t), zg(t)), where f(t) = Ag 8
and g(t) = g&g Since det(dG)(t,z) = f'(t)g(t) # 0, the divisor Ag consists
in the strict transform of a finite number of lines through O and the line
z = 0. Since the image by G of a line through O is a line through O’, we
deduce that Ay = G (A §) consists in a finite number of lines through O" and
a finite number of points in the line ¢ = 0. Let V C P? be the exceptional
divisor over O which in the chart (¢,z) has equation x = 0. Its image
W =GV V) by G(t, z) = [A(1,t), B(1,1), C(1,1)] is just the line ¢ = 0. Thus,
in this case GV = Q|V and the set A = Az UAgy U G(Sing(V)) U Sing(W) =
Ag. In addition, the inclusion W\ A C P? \A~ induces an epimorphism
of fundamental groups. Finally, thanks to the hypothesis ged(A4,B) =1
we have deg §|V = d. By applying Proposition 3.15 we deduce that G is

Galois if and only if the morphism Q~W : P! — P! given by g‘v(x,y) =
[A(z,y), B(z,y)] is Galois. O

Another situation in which we can made a dimensional reduction is the
following. Let G : X --» Y, f: X --» X, g:Y —--» Yand G: X — Y be
dominant rational maps between connected complex projective manifolds
such that the following diagrams commutes

(4) x Iy
S
X 9.y

Assume further that dimX = dimY > dimX = dimf/, that f, ¢ have
generic connected fibres, and that the topological degrees of G and G coin-
cide. Then one has

Proposition 3.20. Under the above hypothesis, there is a natural isomor-
phism between Deck(G) and Deck((j). In particular, G is Galois if and only
ng 1s Galois.

Proof. The hypothesis deg G = deg Gis equivalent to say that the restriction
of G to a generic fibre of f is injective. Hence the rational map fxG : X --»
X xYis generically injective. Its image is contained in X X3 Y thanks to
the commutativity of diagram (4). By Proposition 3.7 and Theorem 3.11 we
can choose compatible closed sets A in each space so that the restrictions
fa: Xpa — )/(:A and gy : YA — ?A are well defined locally trivial fibrations
with connected fibres and Gy : XA — Y) and Q\A : X’A — }A/A are finite
coverings of the same degree. Hence the map fp x Gy : Xp — )?A X9, YA
is surjective and we conclude that f x G is a birational map. Consider the
morphism ¢ : Deck(G) — Deck(G) given by 7 — (fxG) Lo(7xidy )o(f X G).
In order to conclude the proof, it suffices to construct the inverse map ¢~
Deck(G) — Deck(G). We will see that if 7 € Bir(X) satisfies G o7 = G then
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7 sends a generic fibre F of f into another generic fibre F’ of f, inducing a
birational map 7 : X --» X. Let q € X bea generic point and let pg,p1 € F
be two points in the fibre of f over ¢q. Since F' is connected we can choose
a path p; joining pg and p; inside F'. Then

G(f(r(pe))) = 9(G(7(pr))) € 9(G(F)) = 9(G) ={G(9)} C Y.
Since G is finite and f(7(p¢)) is connected we deduce that f(7(p;)) consists in
a single point of X that we define as 7(q). Tt is clear that for = Tof. Taking
a local holomorphic section o : VcX —- X of f, we see that 7= foroo

is holomorphic on the Zariski open set U consisting in the image by f of its
generic fibres. Since G o7 = G on U, we have that T € Deck(g|ﬁ). The fact

that 7 extends to a birational map 7 : X --» X follows from assertion (3) in
Theorem 3.11. Direct computations show that the map 7 — 7 is the inverse

-~

of ¢ : Deck(G) — Deck(G). d

As an application, we discuss a particular case that will be used in Sec-
tion 5.

Example 3.21. Let X be a holomorphic vector field on P? and let us
consider its associated one-parameter group {¢;} C Aut(P?) and the cor-
responding dual one-parameter group {¢;} C Aut(P?). Assume that the
foliation defined by X has a rational first integral f : P? --» P!, One
can see that the foliation defined by {gﬁt} also admits a rational first integral
f: P2 -5 PL. In fact, we can choose f and f with connected fibres. Assume
now that G : P? -—» P? is a rational map satisfying the relation

(5) Godr=¢d10G.

Then G sends orbits of ¢; into orbits of ¢, and, since f and f have connected
fibres, there exists a uniquely defined holomorphic map G : P! — P! such
that é o f = foG. Moreover, G and 3 have the same topological degree.

Indeed, the restriction of G to a generic fibre of f is injective because if p is
generic then

G(é1,(p) = G(¢1,(p)) = S1,-12(G(p)) = G(p)-

This implies that (ﬁtl_tQ = idp» and consequently ¢y, 4, = idp2. Hence the

hypothesis of Proposition 3.20 are satisfied. Then Deck(G) ~ Deck(G) and
G : P2 -5 P? is Galois if and only if G : P! — P! is Galois. |

3.3. Branched coverings. Let N be a normal projective variety and let
Y be a projective manifold of the same dimension. Let p : N — Y be a
surjective finite morphism. Then p is a branched covering in the sense of
[31] (cf. loc. cit. Definition 1.1.1 and Example 1.1.2). The ramification
locus A, C N and the branching locus A, C Y of p are

A, = {det(dp) =0} and A, =p(Ay).
Notice that A, has a natural divisor structure. The normal form of p at a
generic point of an irreducible component D = {z = 0} of A, is given by
p(z,w) = (2", w) (see [31, Theorem 1.1.8]). The positive integer r is constant
along D\ p~!(Sing(A,)) (see [31, Corollary 1.1.13]), and it is called the ram-
ification index op of p along D. Notice that det(dp)(z,w) = 2P~ tu(z, w)
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with «(0,w) # 0. Consequently, we can write down the divisor structure of
the ramification locus as A, = > (op —1)D. We define the ramification
index of an irreducible component D of p~!(A,) which is not contained in
A, as op = 1.

We fix an embedding Y € PV in order to consider the generic hyperplane
curve ¥ C Y and we define the degree of a hypersurface C C Y as the
intersection product degC' := C - Y. Notice that this definition of degC'
depends on the embedding Y C PV.

Definition 3.22. Let {Cj}icr be the set of irreducible components of A,
and let {Dij};?i:l denote the set of irreducible components of p~1(C;). We

define the branching type B, and the extended branched type B/}L of p as
the unordered sequences

Bp = [(QD“; ey QD“%)]Z'EI and B;_ = [(deg Ci; QD“, ey gDiki )]iEI-
We say that the branching type of p is regular if it has the form B, =

[(0i)d/o,lict, where o; divides d = deg p and (0;) stands for a sequence of k
times ;. We say that the branching type of p is extremal if it has the form

B, = [(d)1,. .. (d)1].

Proposition 3.23. Let p: N — Y be a branched covering of degree d. For
a generic choice of a hyperplane curve £ C 'Y, the curve Sﬁ = p H¥) is
smooth and its genus g(Sﬁ) is given by the formula

(6) 2 - 2¢(5)) = (2 —29(0))d — Zdeg & Z(QDU - 1),

depending only on the extended branching type B;r and the genus g(¢) of €.

Notice that the restriction of p to Sﬁ is the one-dimensional branched
covering p : Sf; — £ associated to p considered in Proposition 3.17.

Proof. To show the smoothness of Sﬁ, let us consider the codimension > 2
subvariety Z = Sing(A,) of Y, which contains p(Sing(A,)) U p(Sing(N))
thanks to [31, Corollary 1.1.10]. By applying n — 2 times Bertini’s theorem,
we can choose Hi, ..., H,_s hyperplanes in PV such that SY := Y N H; N
-+ N Hy_9 is a smooth surface. Consider the (non necessarily irreducible)
curve CY .= A, N SY. Now, again by Bertini’s theorem, we can choose a
generic hyperplane H,,_; in PV avoiding the set of isolated points ZNSY =
ZNH N---NH,_s and such that the curve ¢ := SY N H,,_; is smooth and
H,_1 meets CV transversely in regular points (cf. [23, Theorem 17.16 and
Exercice 14.6]). Using the normal form p(z,w) = (22, w) at a generic point
of A, we conclude that p~!(¢) is smooth.

For such a choice of the hyperplane curve ¢, it cuts each irreducible com-
ponent C; of A, in deg C; different points. The genus g(Sﬁ) of Sf; can be com-
puted from the extended branching type B;r of p by the Riemann-Hurwitz
formula. ([l

In the context of Riemann surfaces, there is the notion of branched cov-
ering of regular type (see for instance [25, §I16]). That notion makes sense
in our more general setting as follows:
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Definition 3.24. A branched covering p is of regular type if its branching
type is regular, or equivalently, if its ramification indices are constant along
each fibre (over the generic points of A, ).

Here, for a generic point of A, it is meant a point belonging to a dense
Zariski open subset A,® of A,. In fact, we can take Ay® = A, \ Sing(A,)
because p(Sing(A,)) C Sing(A,) by [31, Corollary 1.1.10].

Remark 3.25. A branched covering p of prime degree d is of regular type
if and only if B, is extremal, i.e. op = d for each irreducible component
D cCA,.

Clearly, if p is Galois then p is of regular type. The converse is not true
in general (even in the case of Riemann surfaces, see [25, I1§6 Example 14]).
In [21, Lemma 1] L. Greenberg shows that if the source N is a connected
and simply connected Riemann surface (for instance if N = P!) then regular
type implies Galois. In [38] it is claimed that if the target Y is P! the above
implication also holds but unfortunately this is not true as the following
counter-example shows.

3
Example 3.26. Let Yy = P!\ |J D; be the complement of four disjoint open
i=0

disks in P! with boundaries v; and let u : 71 (Yo) ~ Z[y1] * Z[y2] * Z[y3] — &4
be the morphism given by p(v1) = (1234), p(vy2) = (12)(34) and u(y3) =
(14)(23). Define py : Ny = Yo Xu {1,2,3,4} — Yp to be the suspension
covering associated to p which is not Galois because the monodromy group
M = Imp has order 8 > 4. Notice that [y]~! = [y17273] & (1432). It is
clear that py'(v;) = &; is a circle and pojs; s a 4 : 1 map for i = 0,1; on
the other hand, if 4 = 2,3 then py*(y;) = & Ud; are two disjoint circles
and Pojst is a 2 : 1 map. Consequently, we can glue disks A;, i = 0,1,

and A;-t, 1 = 2,3, to Ny in order to obtain a compact Riemann surface N
and a branched covering p : N — P! extending py with branched points
1 . . . +  + . .
90,41,92,93 € P and ramification points pg,p1,p5,p3 € N with ramifi-
cation indices 4,4,2,2 respectively. Hence B, = [(2)2,(2)2, (4)1, (4)1] and
consequently p is a degree 4 branched covering of regular type. Riemann-

Hurwitz formula implies that N has genus 2. O

Remark 3.27. Let p: N — Y be a connected branched covering of degree
< 3. Then p is Galois if and only if it is of regular type. Indeed, if degp < 2
then p is always Galois and there is nothing to prove. If degp = 3 and p is
of regular type then its monodromy group M is contained in the alternate
group Az = {Id, (123), (132)} so that |M| < 3 and we apply Condition (7)
in Theorem 2.6. Consequently, Example 3.26 has the minimal degree 4 for
a regular type non-Galois branched covering. On the other hand, Riemann-
Hurwitz formula implies that the minimal genus is also 2. This implies in
particular that every regular type branched covering of degree 4 from the
torus to the sphere is Galois.

In the following result the difference between Galois coverings and cover-
ings of regular type is enlightened.



FOLIATIONS AND WEBS INDUCING GALOIS COVERINGS 21

Proposition 3.28. Let p: N — Y be a finite branched covering and let

(N xy N), = N xy N be the normalization of the fibered product N xy N.

Then the compositionp : (N xy N), — N xy N — N is a branched covering

and

(a) p is of regular type if and only if p is unramified;

(b) p is Galois if and only if p is trivial, i.e. the restriction of p to each
irreducible component of (N Xy N), is an isomorphism.

Proof. Notice that property (a) can be checked locally in Y. Let Ny :=
LJi_; D < N be the preimage by p of a polydisk Yy := D™ < Y such that
{0} x D""! = A, N Y, and the restriction p; of p to the polydisk D? writes
as pi(zi,u) = (x;",u). Then
T
No Xy Ng = |_| {(xi,u,y;,v) € D2"|x;” = y;Lj, u=v} = N Xy N
i,j=1

is the preimage in N xy N of Ny — N by the projection N xy N — N.
The preimage Py of Ny by p is nothing more than the normalization of
No xy Ng. If n; = nj for all ¢,5 = 1,...,r then Py is a disjoint union
of polydisks {z; = (Fy;} x D", over which p(z;,y;,u) = (z;,u) is an
isomorphism, where ( is a primitive n;-root of the unity. This shows that if
p is of regular type then p is unramified. To prove the converse, assume that
n; # n;. Then {(x;,y;) € D? |z = y;”} x D"~! decomposes as k branches
of type x?; = C’y;lj, and where n; = njk, n; = nk, ged(nj,n}) = 1 and (' is
a primitive k-root of the unity. The normalization morphism of each branch
takes the form D" 5 (z,w) — (z"é',z";, w). Hence the restriction of p to the
normalization of this branch writes as p(z,w) = (2", w) which ramifies if
n; > 1. Finally, if n; # n; there is always a connected component of the
preimage of {0} x D"~ with n} > 1.

To prove assertion (b) denote by pp : Npo — Y, the (maximal) restricted
unramified covering induced by p : N — Y. Since N \ N, has real codimen-
sion two, the number of irreducible components of (N xy N), coincide with
the number of connected components of Ny Xy, Na. We conclude by using
the characterization (1) in Theorem 2.6. O

3.4. Rational maps of regular type. Let G : X --+ Y be a rational
dominant map between connected complex projective manifolds of the same
dimension. We fix a desingularization 5 X =Y of G as in Subsection 3.1
and its Stein factorization (3). Recall that N and p are uniquely determined

by G (cf. Proposition 3.8). Since det(dG) = det(dp o) det(dy), we have the
following equality of divisors Az = 7*A, 4+ A,. It follows that
Ap=p(A,) CG(Az) =As CAg=AzUG(E) CY.

For a given irreducible component D of Az there are two possibilities:

(a) D is not included in A,. In that case v is a local biholomorphism at a
generic point of D. Consequently, as p is a branched covering, there are
local coordinates (z,w) such that D = {z = 0} and G(z,w) = (2F, w)
with £ > 1. We say that D is a ramification component of G with
ramification index gp := k. Notice that dim G(D) = dim D.
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(b) D is a component of A,. In that case, dim G(D) < dim D and we say
that D is a contracting component of G.

Definition 3.29. We define the ramification divisor Rz = > p(0p — 1)D
where D ranges the ramification components of Ag. It coincides with the
strict transform of A, by ~y. For each o > 1 we define the reduced (or empty)

hypersurface R% =U D C X, so that we can write

op=¢0

L — _ 0
(7) Rg= (e~ 1RE.
o>1
The contracting divisor ofg is the divisor defined as Cg: = Ag:— Rg, which

s supported on the contracting components of G. The branching type of
G is defined as the branching type of p. In particular, we say that G is of
regular type if p is of regular type.

Notice that Az \ A, is included in G (Cz) which has codimension greater
than 1.

Remark 3.30. Since « is birational, if f = 0 is a local reduced equation
of an irreducible component D C Rg~ then we can compute the ramification

index op of p along (D) directly from G by writing det(dg) = fop—ly with
J not dividing u. Notice that these ramification indices may include some
ones corresponding to components of Rg C X that are contracted by 5.

We are interested in deciding if a rational map G : X --» Y is of regular
type just by looking at geometric elements contained in X and not in X.
With that purpose we introduce the following algebraic subsets of X:

RE =7 (Ré \E)

and Eg C ¥g which is the union of the irreducible components S of ~g such
that 8~1(5) \ Cgz C Rg. In other words, all the ramification components of
B71(S) share the same ramification index g if and only if S C Eg.

Let us consider the following condition on G:
Hypothesis 3.31. For every irredzicible components S of ¥g and D and
D" of B~1(S)\ Cg we have G(D) = G(D').

We will see in Section 5 that this hypothesis is always fulfilled by the

Gauss map associated to foliations on P?.

Proposition 3.32. Let G : X --+» Y be a dominant rational map between
projective manifolds of the same dimension and consider the following as-
sertions:

(1) G is of regqular type,
(2) for each generic point y € A, there is o|d, 0 > 1, such that

G'(y) c RE\Cg,
(3) for each generic point y € A, there is o|d, 0 > 1, such that
G (y) =BG () € (RE\ Tg) ULE.
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Then (1) and (2) are equivalent and are implied by (3). In addition, if G
satisfies Hypothesis 3.31 then the three assertions are equivalent.

Proof. By definition, the branched covering p is of regular type if and only if
for generic y € A, there is g|d, o > 1, such that p~1(y) C RS = 'y(R%). This
is equivalent to assertion (1) because if y € A, is generic then y € A,\ G (C3)
and v is an isomorphism outside Cg.

On the other hand, from assertion (3) we deduce that, for y € A, \ G (C3)
and 7 € G~(y), the point B(Z) belongs either to RE\ Xg or to X. In both

- ox

cases T € Rg \ Cg. -

Finally, from assertion (2) we deduce that, for generic y € A, \ G(Cg)
and 7 € G~ 1(y), the point Z belongs either to 671(738 \ ¥g) or to an irre-
ducible component D C 371(S) having ramification index o, where S is an
irreducible component of ¥g. Hypothesis 3.31 implies that for every irre-
ducible component D" of 3~1(S) \ C5 there is 2’ € D’ such that G(z') = y
and consequently ops = 0. Hence 5(Z) € S C Zg. O

The following result can be considered a generalization of [21, Lemma 1]
to arbitrary dimension:

Theorem 3.33. Let G : X --» Y be a dominant rational map between
connected complex projective manifolds of the same dimension. Assume that
X admits a rational generic hyperplane curve £X ~ P! (for instance if X =
P™). Then, G is of reqular type if and only if G is Galois.

Proof. Consider the following commutative diagram.

X\ R Na
Ba
X, i Vi
X— |- N
\ \
8
X g Y

Let X C X be a rational generic hyperplane curve. Since 85 and v, are iso-
morphisms, the curve £ := 5 (Bxl(ﬁf\()) is isomorphic to £ := (XN X, and
its closure £V in N is a rational (maybe singular) curve. Moreover, by Corol-
lary 3.5, the natural inclusion induces an epimorphism 7 (¢)) ~ 71 (¢5) —
m1(X7) = w1 (Np). If G is of regular type then p: (N xy N), — N is an un-
ramified covering by Proposition 3.28(a). Let py : (N xy N), xn £ — ¢
be the pull-back covering of p by the composition ¢ — ¢~ < N of the
normalization of /¥ and the inclusion of ¢V into N. Since the base space
¢ = P! of py is simply connected we deduce that p, is the trivial cov-
ering (i.e. a product). By Lemma 2.3 be deduce that the covering pj :



24 A. BELTRAN, M. FALLA LUZA, D. MARIN AND M. NICOLAU

(N xy N)p — Ny is also trivial. From Proposition 3.28(b) we conclude
that pp : Ny — Yy is Galois. Hence G is also Galois because Deck(py) =~
Deck(p) =~ Deck(G). O

The above result, Remark 3.25 and Corollary 2.8 imply the following.

Corollary 3.34. Let G : P* --» Y be a dominant rational map with topo-
logical degree d. If all the ramification indices of p are equal to d then G is
Galois with cyclic monodromy group. When d is prime the converse is also
true. More precisely, if G is Galois then all the ramification indices of p are
equal to d and the monodromy group is cyclic.

However there are examples of cyclic Galois rational maps whose ramifi-
cation indices are less than its degree:

Example 3.35. If G; : X; --+ Y, are Galois rational maps of degree d; > 1
with cyclic monodromy group, ¢ = 1,2, and ged(di,d2) = 1 then G :=
G1xGs : X1 x X5 --» Y1 xY3 is Galois and Deck(G) ~ Deck(G; ) ®Deck(Gs) ~
Zq, ® ZLq, ~ Zq with d = deg G = dy1dz but the ramification indices of G are
< max(dy, d2) < d. O

3.5. Galois rational maps from the projective line into itself. The
simplest situation to test Galois property for rational maps is the case where
the source and the target are both the Riemann sphere. In this section we
recall the classification of the rational maps G : P! — P! which define Galois
coverings. This classification, used in what follows, provides the normal
form of the Galois rational maps as well as their corresponding branching
types. If we regard P! as the unit sphere S?, then the deck transformation
group of G is conjugate to a finite subgroup of the group SO3 = PSUs, which
is the maximal compact subgroup of PSLy(C) and whose finite subgroups
are well-known: cyclic, dihedral, tetrahedral, octahedral and icosahedral.
In fact, for each finite subgroup G of PSLg(C) there is a Galois branched
covering G : P! — P! whose deck transformation group (also called Galois
group) is just G. More precisely, the following classification goes back to
Klein [24, Chapter IV], see also [36, Theorem 3.6.2, pp. 43-44 and 65-66)
for a modern exposition:

Theorem 3.36. Let G : P! — P! pe a degree d Galois rational map with
deck transformation group G. Then G (resp. G) is left-right-equivalent (resp.
conjugated) to one of the rational functions (resp. triangular subgroups of
SO3 C PSL2(C)) appearing in Table 1, where

T(p,a,r) = (0,7]0? =71 = (07) = 1), Gu=re, ¢= L

and

Gc,(2)=2", Gp, =

3
(2" +1)2 Gr(z) = 22420322 +1
azn 0 7T A —2i322+1)

(2% + 1424 +1)3
10824(24 — 1)4 7

(229 — 228215 + 494210 4 2282° +1)3

Go(2) = —172825(210 1 1125 — 1)5

Gi(z) =
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| | d] G | Bg | G [o(2) | 7(2)
Cyclic n | Go, [(n)1, (n)1] Cn,=T(1,n,n) z Cnz
Dihedral | 2n | Gp, | [(2)n, (2)n: (n)2] | Dn=T(2,2,n)| 1 Lo
Tetrahedral | 12 | Gr | [(2)6,(3)4,(3)4] | A4 =T(2,3,3) | —=z £t

o—2 | (6=2)Cs

(2,3,3)
Octahedral | 24 | Go | [(2)12,(3)s, (4)6) 54 =T(2,3,4) | 2L zti
( ) pz+1 pz+1

Icosahedral | 60 | Gr | [(2)30, (3)20, (5)12] =T7(2,3,5

TaBLE 1. Klein’s classification of Galois rational functions on P!.

4. FOLIATIONS AND WEBS

Given a codimension one holomorphic foliation F on the projective space
P its associated Gauss map Gr induces a well defined web Leg F on the
dual space P™ which is called the Legendre transform of F provided that Gz
is dominant. In this section we study the direct image of foliations and webs
by more general rational maps. In particular we deduce that the foliation
F is Galois, which means that the Gauss map Gr is Galois, if and only the
web G Leg F is totally decomposable. This criterion will be the starting
point of the discussion of Galois foliations on the projective plane carried
out in Section 5.

In order to give a precise meaning to the direct image of a foliation (or
more generally a web) we introduce a definition of a web with multiplicities
that generalizes the usual notion of web given for instance in [35, §1.3.1 and

§1.3.3].

Definition 4.1. For a positive integer k, a codimension one k-web (with

multiplicities) W on a complex manifold Y is given by an open cover {V;}

of Y and k-symmetric forms w; € Symkﬂ%/(Vi) subject to the conditions

(a) for each non-empty intersection V; N'V; there exists a non-vanishing
function g;; € O3 (V; NVj) such that w; = gijw;;

(b) the zero set Sing(w;) of w; has codimension at least two;

(c) the germ of w; at every generic point of V; is a product of k germs of
integrable 1-forms w;, a=1,.... k.

If the 1-forms w;q are two by two not collinear at the generic point of V;,

we say that W is reduced. In that case, the subset of Y where the non-

collinearity condition fails is called the discriminant of W and it is denoted

by A(W). The singular set Xy of W is defined by Xy N'V; = Sing(w;) and

it is contained in A(W).

The usual definition of web is that of reduced web in our terminology.
Notice that for k& = 1 we recover the usual definition of (singular) codi-
mension one foliation F (see [4, 6]). In that case A(F) = Xz is just the
singular set of F. For arbitrary k > 2, a reduced k-web always looks like
locally as the superposition of k foliations, but not necessarily globally. If
this is the case we say that the web is totally decomposable. In fact, there
is a monodromy representation py : T (Y \ AW)) — & of W which de-
termines the irreducible subwebs of W and whose triviality is equivalent to
the total decomposability of W (see [35, §1.3.3 and §1.3.4]). In the reduced
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case, condition (c) allows us to define the tangent set T, )V of W at a point
y € U; \A(W) as the union of the k different kernels at y of the linear factors
of w;(y).

Remark 4.2. Notice that the functions {g;;} form a cocycle with values
in O determining a line bundle L — Y. The collection {w;} defines an
element in HO(Y, Symkﬂ%/ ® L) which can be interpreted as a meromorphic
k-symmetric form w on Y by setting w = % = %, once we fix a meromorphic
section of L, i.e. a collection of meromorphic functions f; on V; fulfilling
fi = gijfj- The set Py(Y) of meromorphic k-symmetric forms on Y can be
identified with the space of degree & homogeneous polynomials in n = dimY’
variables over the field C(Y) of meromorphic functions on Y. Hence we
can consider the prime decomposition w = [[, ws* of w in Py(Y). Each
prime factor w, defines a reduced (and irreducible) web W, on Y such that
W is the superposition of the webs W, with multiplicities e,. We define
the reduction Weq of W as the reduced web given by the superposition of
the webs W, (without multiplicities), which is defined by the meromorphic
symmetric form w’ = [], wa. We denote W = K, V5 and Wieq = KW,
We define the discriminant of W as A(W) = A(W,ed) and the tangent set
of W at a generic point y € Y as T, W = Ty Wieq.

4.1. Inverse and direct image of foliations and webs. Let G : X --»
Y be a dominant rational map between complex projective manifolds and
let Gy : U — Y be its restriction to the dense Zariski open subset U =
X \ ¥g, where ¥g is the indeterminacy locus of G. Let W be a k-web
(with multiplicities) on Y given as in Definition 4.1. As Gy is a morphism
we can consider the open cover {U; = Qal(Vi)} of U and the pull-back
n; = Grw; € Symkﬂb(Ui) of the k-symmetric forms w;. Since dG # 0 the
symmetric forms 7; do not vanish identically and we can write them as
n; = fin, with f; € Oy (U;) and codim(Sing(n})) > 2. Thus, the collection
{U;,n;} defines a k-web W on U (with the same multiplicities as W). Since
the indeterminacy set Xg of G has codimension > 2, an application of Levi’s
extension theorem (see for instance [6, Remarque 2.17]) allows us to extend
W' to a k-web G*W on X, which is called the inverse image (or pull-back)
of W by G.

Remark 4.3. One can define a notion of web on a singular projective variety
X as a web on its smooth part X \ Sing(X) having the property that it
extends to a global web on any of the desingularizations of X (see [35,
§1.4.3]). It turns out that if G : X --» Y is a dominant rational map from
a complex projective singular variety X into a projective complex manifold
Y endowed with a web W then the pull-back G*WW defines a web on the
smooth part of X which extends to any desingularization ¢ : X — X of X
by means of (G o §)*W.

From now on we will suppose that dim X = dim Y and that Y is connected
and we denote by d the topological degree of G : X --» Y. Let F be a
holomorphic foliation on X of codimension 1. In Proposition 4.6 below we
prove that the direct image G.F of the foliation F by such a rational map G
is a well-defined d-web (with multiplicities) on Y. In order to decide whether
the web G,F is reduced we introduce the following definition.



FOLIATIONS AND WEBS INDUCING GALOIS COVERINGS 27

Definition 4.4. We say that a holomorphic foliation F on X is in general
position with respect to a rational dominant map G : X --» Y, or that F
is G-general, if for generic y € Y the set of tangent spaces {dG,(T,F)|x €
G Y(y)} has exactly deg G elements.

Clearly, the set of G-general foliations is open. The following result shows
that it is non-empty.

Proposition 4.5. For every dominant rational map G : X --+ Y between
projective manifolds of the same dimension n > 2 there exists a codimension
one G-general foliation on X.

Proof. Fix yy € Y \ Ag and consider the fibre G~1(yo) = {x1,...,24} C
X. Let us fix an embedding X C PV and let us consider an affine chart
AN < PN containing the points x;, i = 1,...,d. There exists a linear
projection f : AN — A? such that p; = f(x;) are pairwise different points
and kerdf,, + T, X = Ty,AN. Let f : X --» P2 be the restriction of f
to X. Consider the codimension two subspaces ¢; := dG,, (ker df,;) C T, Y.
For each j = 1,...,d, we fix pairwise different codimension one subspaces
h; of T,,Y containing ¢;. Consider the one-dimensional subspaces r; =
dfz; (dg;y_l(hj)) C T,,P2. We fix affine coordinates (u,v) on A% C P? such
that p; = (uj,v;) with u; # u; if i # j and r; has equation v = aju + b;
with a;,b; € C. Let p(u) be a polynomial such that p(u;) = a;. The vector
field 0, + p(u)9, defines a foliation Fy on P? such that T,;Fo = rj. Then
F = f*Fo is a G-general foliation on X because d¥,, (ij]:) = h; C Ty, Y
are pairwise different subspaces. O

Proposition 4.6. Let G : X --» Y be a dominant rational map of de-

gree d between projective manifolds of the same dimension and let F be

a codimension one holomorphic foliation on X. There is a unique d-web

(with multiplicities) G.JF on'Y, called the direct image of F by G, such that

TyG«F = Ul( dG. (T, F) C T,Y for genericy € Y. Moreover, if F is
z€G~1(y)

G-general then the web G.F is reduced.

Proof. We follow the ideas sketched in [35, §1.3.2]. Let G : X — Y be a
desingularization of G. Using the notations introduced in Subsection 3.4,
we fix an open set V' C Y \ Az such that G YV) = |_|‘,in:1 Unm, Glu,, is
bijective onto V and there are holomorphic 1-forms wy, on U,, defining F.
Then wy := anzl(g\ﬁi)*wm is an element of Sym?Q!,. These d-symmetric
forms differ by a non-vanishing multiplicative function in each non-empty
intersection. Hence they define a d-web (with multiplicities) Wy on Y\ Ag.

In order to extend Wy to the generic point of A, C Ag we we will use
the local normal form of the branched covering p : N — Y given by the
Stein factorization (3) of G. Let y € A, be a generic point and let V C Y
be a neighborhood of y such that G=1(V) = |_|§:1 Uj, Glu; (z,w) = (2%, w)
and F|y, is defined by the holomorphic 1-form w; = a;(z, w)dz+b;(z, w)dw.
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Then
, k& a1 1 a1
o =111 (( Grw)zti s+ by (o c;,w>d“’> |
j=li=1 &

is a univalued meromorphic d-symmetric form on V', where (; is a primitive
oj-root of unity. Multiplying w{, by a suitable meromophic function on V" we
obtain a holomorphic d-symmetric form wy on V' with codim(Sing(wy)) > 2.
These symmetric forms define an extension of Wy to Y \ G (Cg)-

Finally as G (Cz) has codimension > 2, we can extend Wy to the whole
Y by using the standard argument based on Levi’s extension theorem for
meromorphic functions (see again [6, Remarque 2.17]).

Last assertion is clear from the above construction. ]

Remark 4.7. Notice that if £ is a leaf of F then G(£) is a leaf of G, .F, i.e.
T,G(L) C T,W for generic y € G(L).

It turns out that every reduced web W is the direct image of a canonical
foliation Cyy. More precisely, we have the following result.

Theorem 4.8. For every reduced web W on'Y there is a complex projective
manifold Zyy of the same dimension as Y, a surjective morphism my :
Zw —'Y and a my-general foliation Cyy on Zyy such that (mw).Cywy = W
and fulfilling the following universal property:
For every dominant rational map G : X --» Y with dim X = dimY and
every foliation F on X such that (GoJF )red = W there exists a unique rational
map GZ + X --» Zy such that G = my o GZ and GZF = C§,,, with e =
deg GZ:
(Zw,Cw)
g7 7 l
W

(X, F) Lo (Y, W),

Moreover, if F is G-general then GZ is birational. In particular, the triple
(Zw, Cw, mw) 1s unique modulo birational transformations.

In addition, the discriminant A(W) of W is contained in the set Ay, of
critical values of my and the monodromy representation fir,, of my is the
composition

(Y \ Aryy) —=m (Y \ A(WV))

luw
Hyp,
Gy
of the epimorphism induced by the inclusion Y \ Ar,, CY \ A(W) and the

monodromy representation py of W. In particular, the monodromy groups
of W and my coincide.

This result allows us to define the direct image G.W of a reduced web
W on X by a dominant rational map G : X --» Y with dim X = dimY by
setting G.W = (G o mw)Cwy.
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The proof of Theorem 4.8 is based on Proposition 4.9 below. We recall
that the manifold 7Y has a canonical 1-form « whose exterior differential
da defines its usual symplectic structure. The kernel of the 1-form « induces
a canonical contact distribution Cy on PT*Y.

Proposition 4.9. For every holomorphic codimension one d-web W on a
projective manifold Y of dimension n, the Zariski closure of

{(y;[]) e PT*Y [y & A(W), kern C TV}

is a projective subvariety Zyy C PT*Y of dimension n such that the restric-
tion of the contact distribution Cy of PT*Y to Zyy is integrable and induces
a foliation Cyy on Zy. Moreover, the restriction of the natural projection
m: PT*Y — Y to Zy is a dominant morphism my : Zyw — Y satisfying
the following properties:

(1) the topological degree of my is d, Cyy is my-general and the direct
image of Cyy by myy is W,

(2) the set of critical values A, of Ty contains the discriminant A(W)
of W,

(3) the restriction my, : Zw \ myy (Aw) = X \ Ay of my is a d-sheeted
covering whose monodromy representation is the composition of the
morphism m (Y \ Ar,,) = (Y \ AOW)) induced by the inclusion
and the monodromy representation of W.

This statement follows from [33] and [7] in the 2-dimensional case, and
from [8] and [35, §1.3.2] in the general case.

Proof of Theorem 4.8. The existence of the triple (Zy,Cyy,my) in Theo-
rem 4.8 follows by desingularizing the corresponding objects in Proposi-
tion 4.9. In order to prove the existence of the factorization G% we consider
the well-defined dominant rational map

PTG : PT*X --» PT*Y
(z,[n) = (G(x),[nodg;"]),

preserving the contact structures. Since (Gi«F)red = W, the restriction GZ
of PT*G to Zr C PT*X has image Zyy C PT*Y. Hence GZ : Zr --» Zyy is
a dominant rational map projecting geometrically the foliation Cx onto Cyy.
Consequently Q_*ZCJ.- = (5, where e = deg GZ. We define GZ := GZ o 77}_.1 :
X --s Zyy which satisfies the desired properties. Notice that if F is G-
general then GZ is generically injective and consequently GZ is birational.

The uniqueness of the rational factorization GZ follows from the fact that
Cyy is my-general. Indeed, if there were two different rational maps QZ-Z :
(X,F) --» (Zw,Cw) fulfilling G = my o GZ and GZF = Cyi, with e; =
deg QZ-Z, then, for a generic point * € X we would have 21 = GZ(x) #
GZ(z) = 29 and dmyw (T, Cyw) = dmw(T.,Cw) = dG(T,F) contradicting the
fact that Cyy is my-general.

The remaining properties are consequence of Proposition 4.9. O

Remark 4.10. If F is G-general then the irreducible subwebs of G.F are
in one to one correspondence with the irreducible components of X. On the
other hand, it can be checked that F is not G-general if and only if there

exists a rational factorization of G : X -Z» Z -T5 Y with dego > 1 and a
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foliation C on Z such that F = ¢*C. Since degG = (dego)(degm), in the
case that deg G is prime, every not G-general foliation on X is the pull-back
by G of a foliation on Y.

Remark 4.11. For every reduced web W on Y the pull-back 7y, contains
the totally decomposable subweb X cpeck(m, )7 Cyy thanks to Remark 4.7.

For a given dominant rational map G : X --+ Y between connected com-
plex projective manifolds of the same dimension let us consider the following
commutative diagram

Xxy X 1o>X
P g
Y Y
X dmy.

Fix a foliation F on X. Since X xy X = G*X, the projections p and G
are locally equivalent and consequently F is G-general if and only if the
foliation ¢*F on the (possibly singular) variety X xy X is p-general (cf.
Remark 4.3). From the commutativity of the above diagram we obtain
the following equality of reduced webs p.q¢*F = G*G,F, provided F is G-
general. From Theorem 4.8, Remark 2.4, Theorem 3.11 and Remark 4.11
we immediately obtain the following result.

Theorem 4.12. Let G : X --» Y be a dominant rational map between
connected complex projective manifolds of the same dimension and let F
be a G-general foliation on X. Then the triple (Zw,Cw, ) associated to
the reduced web W = G*G,F is birationally equivalent to (X xy X,q¢*F,p)
and ¥ cpeck(g)T"F is the mazimal totally decomposable subweb of G*G..F.
In particular, G is Galois if and only if for every (resp. some) G-general
codimension one foliation F on X, the web G*G.F is totally decomposable
and, in that case, G*G.F coincides with the superposition of the foliations
T*F with T € Deck(G) C Bir(X).

Definition 4.13. A reduced web W on a connected complex projective man-
ifold Y is called Galois if the universal projection my : Zyy — Y is a Galois
rational map.

Theorem 4.14. For every finite group G and every connected complex pro-
jective manifold Y there is a Galois |G|-web with monodromy group isomor-
phic to G.

Proof. By Theorem 3.14 (M. Namba) there is a Galois branched covering
p: N — Y with monodromy group isomorphic to G. Let § : X — N be a
desingularization of the normal variety N and set G = pod : X — Y. By
Proposition 4.5 there exists a G-general foliation F on X. Then W = G, F is
a web with (Zyy, myy) birationally equivalent to (X, G) so that its monodromy
group is isomorphic to G. U
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4.2. Foliations and webs on the projective space. The rest of this
section is devoted to treat the case X = P". In that case PT*X can be
canonically identified with the incidence variety

V={(p,h) eP" xB" : pe h} c P" x P,

where h (resp. p) is the hyperplane in P (resp. I@’”) corresponding to
the point h € P" (resp. p € P"). By symmetry V is also canonically
isomorphic to PT*P". Moreover, the contact distributions C of PT*P" and
PT*P" coincide under the identification with V and

(8) Clpny = dn (T h) = di™(Th p) C Typ)V,

where 7 and 7 are the restrictions to V of the natural projections onto P"
and P".

For each reduced web W on P" the universal projection myy : Zyy — P"
is birationally equivalent to the restriction of m to the (possibly singular)
subvariety Zyy C V ~ PT*P™ considered in Proposition 4.9. Let 7y be the
restriction of 7 to Zyy C V. Thanks to formula (8) we see that Cyy is in
general position with respect to the projections my and 7y, whenever they
are dominant maps.

Definition 4.15. _We say that a reduced web on P" is non-degenerate if the
map Tty + Zy — P" is dominant. In that case we can consider the reduced
web Leg W := (7w )«Cw on P™ which is called the Legendre transform of W.

From now on all the webs considered will be reduced. To every web W
on P we can associate its characteristic numbers d;(W), i =0,...,n — 1,
which can be defined (see [35, §1.4.1]) as the number of pairs (p, h) € P xP*
such that p € ¢; C h C P" and T,h C T,W, for a given generic linear i-plane
P? ~ ¢; C P". Notice that do(WW) counts the number of leaves of YW through
a generic point of P, that is W is a do()V)-web. The integer d; (W) counts
the number of points of a generic line ¢; where the web has a leaf with
tangent space containing ¢1, i.e. the degree of WW. The integer d,,—1(W)
counts the number of points where the leaves of W are tangent to a generic
hyperplane. If W is non-degenerate we have d;(LegW) = d,,—1_;(W) for
eachi=0,...,n— 1, see [35, §1.4.3] for more details.

For a foliation F on P™ we have that do(F) = 1 and d,,—1(F) is just the
topological degree of its Gauss map Gz : P" --» P" defined by Gx(p) = T,F,
where the tangent space T),F of F at a regular point p of F is thought as
a hyperplane of P". Indeed, we have Gr = 7 o 7'(';—1. In the case n = 2 the
topological degree of F coincides with its usual degree, i.e. the number of
tangency points of the leaves of F with a generic line.

Remark 4.16. The classification of degenerate foliations, i.e. foliations
whose Gauss map is not dominant, is known in dimension n < 4: for n = 2
they are of degree zero, i.e. pencils of lines, for n = 3 see [10] and [18] for
n = 4.

Definition 4.17. A non-degenerate codimension one foliation F on P™ is
said Galois if the web Leg F is Galois or equivalently the Gauss map Gr is
Galois.
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From Theorem 4.12 we obtain:

Corollary 4.18. A non-degenerate codimension one foliation F on P" is
Galois if and only if the web GrLegF is totally decomposable. In that case,
GrLegF is the superposition of the foliations T*F with T € Deck(Gr).

Example 4.19. Every foliation F on P" with d,_1(F) € {1,2} is Galois
because its Gauss map Gr induces a covering of degree d,,—1(F) < 2. Notice
that, if n > 3, there are examples of such foliations with dy(F) > 2. For
instance, for each v > 2 consider the exceptional foliation &, on P? (cf. [5])
given in the affine chart (x,y, z) by the integrable 1-form 15, 1x, (dz AdyAdz),
where

S, =20, +vydy + (1 — v +1?)20,
X, =0, + VI”_lﬁ'y +(1-v+ VQ)y”_laz.
We have that di(€,) = v and do(€,) = v — 1. Then, foliations & and &

are Galois but &, is not, as it can be checked by computing explicitly the
divisor Rgg4 and applying Proposition 3.32. O

We construct now a family of Galois foliations on P" whose Galois char-

acter is checked by means of Corollary 4.18. Let (x1,...,2,) be an affine
n

chart of P" and let > A;(z)dz; be an integrable polynomial 1-form defin-
i=1

ing a foliation F on P™. Consider the affine chart (y1,...,yn) of P" such
n ~

that E xz;y; = 1 is an affine equation of ¥V C P™ x P". In these affine

charts the contact distribution of V is given by the kernel of the 1-form

Z yidr; = — Z x;dy; and the Gauss map Gr of F is written as
i=1 i=1

_ (Aulz)  An(x)
gf(xla"'awn)_(c(x)a"w C(fﬂ) )
where C(z) = Z z;Ai(z). The following result provides examples of Galois

foliations on ]P’” for each degree k > 1.

Proposition 4.20. For each n > 2 and k > 1 the foliation Fnr on P?

k+1

giwven in an affine chart by the polynomial first integral Z x; 7 is Galois

1=
with dy(Fp i) =k and dp—1(Fp i) = k™ L

n
Proof. With the precedent notations, A;(z) = z¥ and C(z) = > «¥*1. For
i=1

1=
generic y = (y1,...,Yn) € P", the tangency points between F,,; and the
hyperplane y are the solutions of the following system of equations:

() — S i1, -1, and 2 =C(x),
Yn
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that can be explicitly solved:

1
x; = x45(y) == — Zl+ , 1=1,...,n,
Z k(e
where ( is a primitive k-root of the unity, j = (j1,...,Jn-1) € Zz_l and

jn = 0. Then the k"~ !-symmetric form

I (3 mtan)

. —1 1
JELY i=

is rational and it defines the dual web Leg F, ; on P". Finally the pull-
back of Leg Fy, x by G := G, , is formally the symmetric product, varying
jE€ Zz_l, of the 1-forms

n

> G (@i (y)G" (dys)-

i=1

It suffices to notice that

.n
f¢h Yy aftt
=1
g*(ﬂiij(y)) =7
Z xlz+1<jé

=1

are rational functions in order to conclude by applying Corollary 4.18. [

)k—l

Remark 4.21. Tt can be checked that det(dGz, ,(x)) = % and
G({z; = 0}) = {y; = 0}. Consequently, the local monodromy of F, j
has order k. We can also compute explicitly all the elements of the deck
transformation group of g}-n’k

. n . n
x1<j1 Z mlz+1 xnC]n Z x§+1
=1 /=1 . .
i@, xn) = | —————— e T | JEZLE, jn=0.
Z x’;Jrl(]l Z xlerlCJé
/=1 /=1

We expect this group to be isomorphic to the abelian group szl. A par-
ticular case in which this assertion is true is for n = 3 and k£ = 2 because
Zo @ Zs is the only group of order 4 all whose elements have order 2.

Remark 4.22. Notice that birational geometry on P" is not well-behaved
with respect to the projective duality. More precisely, for any birational
map 7 € Deck(Gr) there exists a lift PT*7 preserving the subvariety Zr C
PT*P" ~ V defined in Proposition 4.9. However, in general there is no
rational map 7 : P ——» P" such that GroT =Gr = 7oGr. In general there
is no relation between LegF and Leg 7*F as the following example shows.
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Example 4.23. Let F be the degree 2 foliation on P? given by the vector

field (2% — x)0; + (y* — y)9y then its Gauss map Gr(x,y) = (ﬁ, ﬁ)

admits a birational involution 7(z,y) = (7”31@;:;7’), wﬁ;i;”) such that

Gror =Gr. Then GrLegF = FXRFL, Fis Galois and the foliation Ft :=
7*F is defined by the vector field (2% —z)(1+z—3y)0,+(y* —y)(1+y—3x)d,.
Thus F* has degree 3 and, using Proposition 5.1, it can be easily checked
that F= is not Galois. ]

5. GALOIS FOLIATIONS ON THE PROJECTIVE PLANE

The aim of this section is to understand the geometry of Galois folia-
tions on the complex projective plane. We begin by giving an algebraic
characterization of Galois foliations using the main result of Section 4. In
particular we deduce that the space Gy of degree d Galois foliations is a
quasi-projective variety. We also provide a characterization of Galois folia-
tions in terms of geometric elements naturally associated to them by using
results of Subsection 3.4. Finally we obtain a full characterization of homo-
geneous Galois foliations and we also exhibit examples of Galois foliations
with other symmetries.

5.1. Algebraic characterization of Galois foliations. Recall that a de-
gree d foliation F on P? is given by a 1-form on C3,

w = a(z,y,z)dz + b(z,y, 2)dy + c(z,y, 2)dz,

with a, b, c homogeneous polynomials of degree d+1 without common factors
and fulfilling w(R) = ax + by + cz = 0, where R = 20, + y0d, + 20, is the
radial vector field (see for instance [6, §9.1]). Thus, the space Fy of degree d
foliations on P? is a Zariski open subset of the projective space Fq = P(Uy),
where

(9) Ud = {((Lb, C) € Cd+1[m,y7z]@3|ax+by+cz = 0}

and Cy[z,y, z] is the vector space of degree d homogeneous polynomials
in x,y,z. The condition w(R) = 0 implies that the foliation can also be
defined by an homogeneous vector field Z = a0, + 0, + 70, of degree d on
C? fulfilling w = 1725(dx A dy A dz). In the affine chart z = 1, the foliation
F is defined by the polynomial 1-form

a(z,y, 1)dz + b(x,y,1)dy = —b(z, y)dz + a(x,y)dy + c(z,y) (zdy — ydz),

where a,b,¢ € Clx,y], dega,degb < d and ¢ is homogeneous of degree d.
It can be also defined by the vector field X = A(z,y)0, + B(x,y)0d, with
A =a+zc¢ and B = b+ yé. The line at infinity z = 0 is invariant by F if
and only if ¢ = 0. We deduce that Uy is isomorphic to the space of vector
fields

X = A(z,y)0, + B(z,y)0, = a(z,y)0, + b(x, Y)0y + ¢(x, y)(x0y + y0Oy)

with @, b,¢ € C[z,y], dega,degb < d and & homogeneous of degree d. The
relationship between the vector fields Z and X is given by the identities

El(.%’,y) = Ck(.%’,y, 1)7 b(xay) = 6(1',?;, 1) and E(.I’,y) = 77($ay7 1) The vec-
tor field X is said saturated if ged(A, B) = 1. This condition jointly with
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max(deg A, deg B) > d is equivalent to the condition ged(a,b,c) = 1 defin-
ing Fd. 5
We consider the Gauss map Gr : P2 --» P2 of F which is written as

g]:([xvya Z]) = [CL(JZ, Y, Z)? b($7y7 Z)7 C(xv Y, Z)]

in homogeneous coordinates. From now on the Gauss map of a foliation
F on P? will be denoted simply by G. A criterion to test if F is Galois
is Corollary 4.18 which can be reformulated in the following form, already
considered in [9] for the degree 3 case (cf. Proposition 5.2 loc. cit.):

Proposition 5.1. A foliation F on P? given by the polynomial vector field
X = A(z,y)0, + B(z,y)0y is Galois if and only if the polynomial
(10)
_ Alz,y) Az +tA(z,y),y +tB(z,y))
Pt =det (B B0 Ay B ) ) < Gl

decomposes totally over the field C(x,y). In fact, each one of its rational
roots t = t(x,y) € C(x,y) determines a birational deck transformation of G:

(z,y) = (z +t(z,y) A2, y),y + t(z,y)B(x,y)).

Besides its practical applications, this criterion allows us to prove the
following result.

Proposition 5.2. The set G4 of degree d Galois foliations is a Zariski closed
subset of Fy.

Proof. Let V,, be the vector subspace of C[z,y] of polynomials of degree
<m. Put§ = (d+1)?-1=(d+2)dand A :=6(d—-1) = (d+
2)d(d — 1) and let us consider the map p : Uy — V§Bd — Vfd given
by p(A0, + Boy) = (ai,... ad) where a; = a;(z,y) are determined by
the polynomial Px(z,y,t) = Z] Laj(z,y)t) given by formula (10). No-
tice that Pyx(x,y,t) = M2P(x,y,At), so that p(AX) = ¢x(p(X)), with
oa(ar, ... a5) = (Nay,..., % 2ay). Thus, p induces a rational map p :
Fy--» ]P’w(V&ed), where ]P’w(VA@d) is the weighted projective space associated
to the weights (3,...,d+2) in each direct summand Va of Vfd. Notice that
p is defined on the open set Fy C Fy.

Let q: V22D 5 V24 be the map defined by q(bi,c1, .- ., ba_1,¢4-1) =

d 4
(a1,...,aq) where > a;t/ =t [] (¢;t — b;). Notice that
j=1 =1

q(A1b1, Arer, ..o, Aa—1bg—1, Ada—1€a-1) <H/\> (b1, c1- -0, ba—1, Ca-1)

and q(b1,c1,...,b4-1,¢4-1) = (0,...,0) if and only if there is 1 <i < d—1
such that b; = ¢; = 0. Then q induces a morphism @ : (]P)(V(SQBQ))CI_1 — PV,
Let Z C VA@d and Z C P(Vfd) be the images of q and q respectively. Since
ﬁ is a morphism we deduce that Z is a Zariski closed subset. Denote by f :
R0} = POVEY, fu: VSN {0} = Py (V) and g = (V22 \ {0})" —
( (V(;@Q))d the natural projections. Notice that Z* := Z\ {0} is saturated
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d )
by the maps f and f,, because, if the polynomial P(t) = Zl a;t! decomposes
]:

d—1
ast [] (e;t —b;) with b;, ¢; € Vs, then the same property holds for AP(t) and
i=1

for A2P(\t).

From o g = f o q and the surjectivity of g we deduce that f(Z*) = Z.
Since Z* is saturated by f and f is surjective we deduce that Z* = f~1(Z)
is a Zariski closed set of V24 \ {0}. Then Z,, := f,,(Z*) is a Zariski closed

set of Pw(VEd) because Z* is saturated by f,. Finally, we deduce from
Proposition 5.1 that Gg = (P )" H(Zy) is a Zariski closed set of Fy. O

The first part of the following natural question was asked in [9, §6] for
the case d = 3:

Question 5.3. (1) Which is the number, dimension and type of the irre-
ducible components of G4 ?

(2) Is the branching type of the Gauss map of a degree d Galois foliation
generically constant along each irreducible component of G4 ?

(3) What are the elements of Gy \ Gq C Fg?

Recall that the polar curve of F with respect to p € P? is defined as
G1(p) = Tang(F, Ry), where R, is the radial vector field centered at p.
A generic polar of F is a polar curve of F with respect to a generic point
p € P2, We know by [30] that the generic polar of a degree d foliation is an
irreducible (and reduced) curve of degree d 4+ 1 and that its genus is gener-
ically constant. If the point p € P? is generic and ¢ = p C P? denotes its
dual line, then the composition of the normalization Sé — G71(¢) with the
restriction of G to G~ (¢) is the branched covering G : S§ — ¢ ~ P! consid-
ered in Proposition 3.17. The branching type of G is a numerical invariant
of F, which contains in particular the genus of Sé, cf. Proposition 3.23 and
Remark 3.18. In fact, Proposition 3.17 implies that the topological type of
the generic polar is constant. In [17] a stronger result is proved: the con-
stancy of the topological embedded type G~!(¢) C P? of the generic polar
of a foliation F on P2. The following statement gives a precise meaning to
the notion of generic in this situation that we will use in the sequel.

Lemma 5.4. If p does not belong to the dual curve Ag C P? of Ag C P?
then the polar curve of F with respect to p is irreducible and its genus does
not depend on p.

Proof. We follow the proof of Proposition 3.17 in the case X = P2, Y = P2,
N = 2 and G being the Gauss map of a foliation F on P2. In that situation

Z=2Zy =P2 =P V={(y,2) € P2 xP?|z € §}, W~ (G x idz)~ (V) and
GY ~ G x Idy restricted to (G x idz) (V). Hence
{det(dGY) = 0} C {(z,2) € P? x P?| det(dG,) =0, z € G(z)},

so that Z \ Zy C G(Ag) = Ag and consequently P2\ Ag C Z5. By Propo-
sition 3.17, the topological type of the desingularization of the polar curve
of F with respect to p € Z, is constant. On the other hand, if p ¢ Ag
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then the dual line p meets transversely Ag, the inclusion induces an epimor-
phism 7 (p\ Ag) — 71 (P?\ Ag) and consequently the monodromy group of
Gig-1(5\Ag) Is transitive. Then G~ 1(p\ Ag) is connected and hence G~1(p)
is irreducible. O

Thus, the map g : F; — ZT given by the genus of the generic polar of F
is well-defined. Since g(F) can be computed from the extended branching
type B;'_- of F by formula (6), the following result goes in the direction of an
affirmative answer to Question 5.3(2):

Proposition 5.5. The map g : Fg — Z71 is lower semi-continuous, i.e. the
sets {F € Fq|g(F) < e} are Zariski closed for all e € Zt. In particular,
the genus of the generic polar is generically constant along each irreducible
component of Gy and {F € Fq| g(F) = 0} is a Zariski closed set. Moreover,

{FeFq|g9(F) = @} is a dense Zariski open set.

Proof. Consider the rational map Gq : P2xFy --» P2xTF, given by G4(p, F) =
(Gr(p), F). Although for any given F € F,, the set Ag, is closed in P?
the union Uzcp, Agr x {F} in not necessarily a closed subset of P? x
4. Nevertheless, this union is contained in the Zariski closed set Dy :=
{det(dG,) = 0}, and therefore its image is contained in the Zariski closed set
Ly = Gq(Dy) C P2 xTF,. Since the fibre of L4 over F is a curve on P2, we de-
duce that L, is an hypersurface. Let h(x,y, z, F) = 0 be a reduced equation
of L4. Let L4 be the image of L4 by the rational map P? x Fy --» P2 x Fy
given by (¢, F) — ([%(Q); %Z(Q)a %(Q)]J‘—). Clearly, the fibre of £y over

F contains the dual curve Ax C P? of Az := Gr(Ag,) C P2. Thus, we can
consider the Zariski open set

Y= {(l. 8,7, [a.b.c]) € P? x Fu | [0, B,7] & Ao}
and the family of projective curves f : X — Y over Y given by

X = {([z,9,2); [0, 8,7, [a,b,c]) € P2 x V| (aa + Bb + y¢) (2, y, 2) = 0}

It can be easily checked that X is a non-singular hypersurface of P? x Y.
Since each fibre of f is a curve we have dim, X = dim (,) Y +dim, (f 7 (f(2)))
for every x € X. This condition, jointly with the smoothness of X and Y,
implies that the morphism f is flat, see [19, Corollary 3.20]. Then [13,
Proposition 2.4] asserts that the map sending y € Y to the geometric genus
of f=1(y) is lower semi-continuous. We conclude by noting that this map is
constant along the fibres of the second projection Y € P? x F; — Fy. Last
statement follows from [30, Proposition 6.2]. O

Remark 5.6. Let E; be the subset of F; consisting of foliations F with ex-
tremal extended branching type BE = [(c1;(d)1), ..., (cx; (d)1)]. By Corol-
lary 3.34, Eq C G4 and Eq = G4 when d is prime. Let E§ be the subset of
E4 defined by the equality ¢; + - -- 4+ ¢ = ¢. Then formula (6) shows that

. (c—2)(d—1)

Y|rs is constant and equal to ~—%5—.
Before going further with Question 5.3 let us present some explicit ex-
amples. As remarked in [9], every foliation of degree one or two on P? is
Galois but it follows from Proposition 5.1 that foliations of degree d > 3
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are generically non-Galois. The following example provides infinite families
of Galois foliations in each degree, and all of them have cyclic monodromy
group. That family contains as particular cases all the examples considered
in [9].

Example 5.7. For all linearly independent vectors (a,, \), (8,0, 1) € C?
and every C-linearly independent u,v € Clz,y] with degu,degv < 1, the
degree d foliation defined by the saturated vector field

(au® 4 Bvh)d; + (vul + 6v)d, + (M + p?) (20, + yd,)

is Galois with cyclic monodromy group and generic extremal extended branch-
ing type [(1;(d)1), (1;(d)1)]. In particular the genus of its generic polar is
always 0. Indeed, the slope of the vector field takes the form p(z,y) =
Y+wi+y(Atpw?)
a+pwi+z(A+pwd)’
tor field X = 0, + p(x,y)0, are the solutions of the equation p(x + t,y +
tp(z,y)) = p(x,y), which reduces to w(z +t,y+tp(z,y))* = w(z,y)?. Using
that degu,degv < 1, the last equation factorizes as the following d linear
equations in the variable t:

v

with w = 2. The roots of polynomial (10) for the vec-

(11) w(z +t,y + tp(z,y)) = CFw(z,y) with ¢ = e’d and k € {1,...,d}.

For each k € Z,4 the rational solution t = t;(z,y) € C(z,y) of (11) associated
to ¢* determines a deck transformation

Tk(may) = (1‘ —|—tk(m,y),y—f—tk(:ﬁ,y)p(ﬂc,y))

of the Gauss map G which satisfies the relation w(7y(z,y)) = CFw(x,y). If
Tk © T¢ = Tyn(k,¢) then

¢ = wo Ty 07y =W 0 Ty = (" *Ow

and consequently m(k,¢) = k + £ in the set Zy parametrizing the deck
transformation group of the foliation. Hence the monodromy group is also
cyclic. Finally, a simple but lengthy computation shows that the sets Ré
defined in Subsection 3.4 are empty if o # d and Rggl = {uv = 0}. Its image
by G consists in two straight lines, provided that {u = 0} and {v = 0}
are not invariant by the foliation, condition which holds generically. Last
statement follows from Remark 5.6 and Proposition 5.5. ]

Next example is a Galois foliation with non-cyclic monodromy group.

Example 5.8. An explicit computation of the polynomial defined in (10)
shows that the degree d = 2n foliation F defined by the vector field

(@" +y")? 0y + (" — y")?0,
is Galois. We will see in Subsection 5.3 that its monodromy group is the

dihedral group D,, of order 2n. Moreover, a straightforward computation
shows that RG = 0 if o ¢ {2,n},

RE = {(@" +y")(" —y") =0} and R = {ey=0},

so that its extended branching type is given by [(1;(2)n), (1;(2)r), (1; (n)2)]
and the genus of its generic polar is also 0. ]
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5.2. Geometric characterization of Galois foliations. We address now
the question of characterizing Galois foliations on P? in terms of geometric
elements naturally associated to the foliation. Let F be a foliation on P? of
degree d > 0 given by an homogeneous 1-form w = adx + bdy + cdz with
a,b,c € Cgy1]x,y, 2]. Recall that its Gauss map G : P? --» P? is written

G([z,y, 2]) = [a(z,y,2),b(x,y, 2), c(z,y, 2)]

in homogeneous coordinates. We will use Theorem 3.33 which states that a
foliation F on P2 is Galois if and only if its associated Gauss map G is of
regular type. Therefore, the geometric elements that we are led to consider
are the indeterminacy locus g of G, which is just the singular set X x of F,
and the set Ag that we denote Ar from now on, i.e.

Oza Oya O.a
Ar:={pecP2\Xz|det(dG,) =0} =4 | b 9yb 0.b |=0p C P
Ozc Oyc 0O,c

Recall that Ar = Ag has a natural divisor structure.

One can give a geometric interpretation to Ax as follows. Let us consider
the inflection locus Zx of the foliation F, which is the closure of the set of
points in P?\ ¥z where the leaves of F have a contact of order greater than
one with its tangent line. It is shown in [34] that Zr has a natural divisor
structure defined by the homogeneous equation

x y z
Flz,y,2)=| Z(x) Z(y) Z(z) |=0,
Z*(x) Z%(y) Z°(2)
of degree 3d, where Z(z,y,z) is an homogeneous vector field defining F.
Indeed, if ¢(t) = (x(¢),y(t),2(t)) is an integral curve of Z and ~(¢) =
(& M) is its projection to the affine chart (x,y) of P? then

z(t) 7 2(t)
o) ylt) =) o
FC@) = | &) yt) () | ==2(t)"det(v'(t),7"(1),
(1) y'(t) 2"()
whose vanishing characterize the inflection points of the curve ~(¢). Notice

also that, if F is defined by a vector field X = A(x,y)0, + B(x,y)0, in
the affine chart (x,y) and v(¢) = (z(t), y(¢)) is an integral curve of X, then

det(+/(t),7"(t)) = f(7(t)), where

A(z,y) B(z,
(12) fla,y) = X(fg(x,yy)) X(fé(fv:y?)J))

Consequently, f(z,y) =0 is an affine equation for Zr.

Lemma 5.9. If the foliation F is not degenerated, there is an equality of
divisors Tr = Ar.

Proof. Let Z = a0, + 0y + 70, be a degree d homogeneous vector field
defining F and set w = 1zipdx AdyAdz = adr+bdy+cdz. Then a = yy—2z0,
b= za —xv, ¢c = zf — ya and the equality of divisors follows from Euler
identity. O
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We can decompose Zr = Ii}r-“’ +I%, where the support of T}“’ consists in
the union of the invariant lines of F and the support of Z% is the closure
of the inflection points that are isolated along the leaves of F. For each
0 > 1 we consider the reduced (maybe empty) curves Ig- C P? defined by

the equality of divisors
¢ = (0—1)T%-
o>1

Remark 5.10. For each irreducible component D of Ij’T the ramification
index of G along D is p and it coincides with the tangency order between the
leaf of F through a generic point p of D and its tangent line T, F. Indeed,
the ramification index of G can be though as the number of local regular
preimages G'(¢') by G collapsing to p € G™!(q) as ¢ — ¢, that is, the
number of tangency points of order one collapsing to p.

In order to study the indeterminacy locus of G, we consider a composition
8 P2 — P2 of blow- ups centered at X r which desingularize G, i.e. such
that G = G o B8 P2 — P? is a well-defined morphism. For each s € ¥
we set & = B71(s). We denote £9°™ (resp. £:*M) the union of irreducible
components D of & such that §p := deg(G) > 0 (resp. op > 1). We also
set XM = {s € Xz | E*™ # 0}. We recall that op is the ramification index
of G along D and we notice that £4°™ = () and that £ c gdom,

As we pointed out at the beginning of Subsection 3.1, the morphism
0= BXQ P2 — P2xP?isa desingularization of the graph 'z C V C P2xP?
of G which is canonically identified with the variety Zr C PT*P? considered
in Proposition 4.9. Thus, if s € £ and 7 € &, then 6(F) = (3(F),G(Z)) € V
and s = 3(Z) belongs to the line G(Z) C P2, or equivalently G(%) € 3. Since
5(85) has positive dimension and it is contained in the line § we deduce
that QV(ES) = §. Hence Hypothesis 3.31 is satisfied by the Gauss map of
every foliation on P2. Keeping the notations used in Subsection 3.4, we
have that R = 7% and Xf consists of the singularities s € ¥z of F such
that each irreducible component of Egom has ramification index p. To unify
the notations we will denote ¥ by %%.

Using Theorem 3.33 and Proposition 3.32 we obtain the following char-
acterization of Galois foliations.

Theorem 5.11. A degree d foliation F on P? is Galois if and only if for
each generic { € A, C P? there is o|d, o0 > 1, such that Tang(F,{) C
(I3 \EFr)UES.

Remark 5.10 gives a clear geometric meaning to the curve Ig_-. It remains
to give a geometric characterization of the sets EQF. To this purpose, we
define the vanishing order of F at a point s € X r as

vs :=min{k > 1 : J*X #£0}
and the tangency order of F with a generic line passing through s € X x as
7o = min{k > v, : det(J*X, R,) # 0},

where X is a saturated vector field defining F, JfX is its k-jet at s and R,
is the radial vector field centered at s.
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Fix an affine chart (z,y) on P? such that the corresponding line at infinity
lso is not contained in the subset ]\g C P? and assume that F is given by
the vector field X = A(z,y)d, + B(z,y)d,. Let (p,q) the affine chart of P2
so that, in the affine chart (z,v,p, q) of P? x P2, the incidence variety V has
equation y = px +¢q. Hence (z,y,p) and (p, ¢, x) are affine charts of V where
the graph 'z C V of F has equations F'(z,y,p) := B(x,y)—pA(z,y) = 0 and
F(p,q,z) := B(x,pr+q)—pA(z, pr+q) = 0 respectively. The differential 1-
form dy—pdx = dg+xdp defines the contact distribution C on V inducing the
foliation Cx on I'z. Let mx and 7 be the restrictions to I'x of the natural
projections m and 7 from V onto P? and P? respectively. Notice that for each
s € ¥ we have 72! (s) = 771(s) C T'r and 72" (s) C Sing(I'#) if and only if
vs > 1. The foliation F = (7r).Cr and the web Leg F = (7 x).Cr are given
by the implicit differential equations F'(z,y, %) =0 and F(p,q, —j—g) =0
respectively. (For more details see [26, 3].)

Once the affine chart (z,y) is fixed, we can also interpret I'r C P? x P?
as a family of curves on P? over fo, ~ P!, whose fibers are the polar curves
of F with respect to the points [1,p,0] € ¢, because each of them is given
by the equation F(x,y,p) = 0, for fixed p.

Consider the normalization s : Iz — I'r of the graph I'r of . By
the universal property of the normalization there are birational morphisms
€:P2 5 I'% and x : T% — N such that the composition y o € is the
birational morphism v : P2 — N given by the Stein factorization (3) of the
chosen desingularization G : P2 — P2 of G = #r o 7r;1 : P2 ——s P2, These
maps make commutative the following diagram:

PPft.ry XN

| E |

P2 E T TEL P2,
In fact, for each s € ¥z the morphism £ (resp. x) collapses exactly each ir-
reducible component of &\ £4°™ (resp. each invariant line) to a point. This
implies that £ induces a canonical bijection between the sets of irreducible
components of the curves £4°™ and ﬁfl(ﬂ]__-l(s)). Moreover, the irreducible
components of m_l(ﬂ]f-l(s)) are in one-to-one correspondence with the local
irreducible components of 'z along 77;1(3). Notice also that every irre-
ducible component D of £4°™ intersects the strict transform of a generic po-
lar curve P in exactly p > 0 points and on the other hand PNEs = nggom.
Consequently the desingularization of the generic polar curve P coincides
with the desingularization 3 : P2 — P? of g, but in general it is different
from the reduction of singularities of F, cf. [11].

By [37, Corollaire p. 80], the restriction of s : Iz — I'r to the preimage
by k of the polar curve T'x N {p = po} coincide with its normalization
for generic pg € C. Fix s € Y r and assume we have chosen the affine
chart (x,y) so that s = (0,0) and that x is not a factor of an equation
defining the tangent cone of the polar curve F(z,y,p) = 0 at s. The local
irreducible components of I'x at (0,0, pg) are in canonical bijection with the
branches of the polar curve F(x,y,pg) = 0. Moreover, for each branch ~,,
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of F(z,y,po) = 0 at s there are local coordinates (¢,p) € (C?,0) on I'} such
that
(7 on)(tp) = (. 3 es(p)t?)
jzm

is a simultaneous Puiseux parametrization of the corresponding branches -,
of the polar curves F'(z,y,p) =0 at s. Here m stands for the multiplicity
of 7, at s for generic p. Notice that the the sum of the multiplicities m of
the different branches of F(z,y,po) at s is the multiplicity of F(x,y,po) at
s and it coincides with the vanishing order v, of the vector field X at s.

Since for generic pg € C, the birational morphisms x and £ are local bi-
holomorphisms at the points (0,pg) and £71(0,pg) respectively, for each
irreducible component D of E;lom, the ramification index of G along D
coincides with the ramification index along {(D) = {t = 0} of the map
frok: 'y — P2, which is written as

(7rom)(t.p) = (p D (5(0) = Pt )-

jzm

Theorem 5.12. Let F be a degree d foliation on P? and let us fix s € X r.
Then s € Eg_- if and only if either,

e 7, = vg and each branch of the generic polar at s has multiplicity o, or
e T, > U, Ts — Vs + 1 = 0 and each branch of the generic polar at s, whose
strict transform does not meet the exceptional divisor of the first blow up
of s, has multiplicity o.
Moreover,
(1) s € X%2™ if and only if 7 > v, or T, = vs and the generic polar of F
has a singular branch at s;
(2) s € L if and only if (vs,7s) = (1,d) or vs = d and the generic polar of
F has a single branch at s.

Proof. Set v = v, and 7 = 7, and consider an irreducible component D
of 5;10”’. With the notations introduced above, we have that op is the
ramification index of 7r o k along £(D) = {t = 0}. If ¢,(p) #Z p then
op = m. If ¢, (p) = p then y—pz divides the polynomial B, (z,y)—pA.(z, y).
This implies that A, = zC,_1 and B, = yC),_; for some homogeneous
polynomial C,_1(x,y) of degree v — 1. Consequently (y — px)? does not
divide By (z,y)—pAu(z,y) = (y—px)Cy—1(x,y) and there is a unique branch
vp of F(x,y,p) = 0 at s, tangent to y = px, which is necessarily non-singular
at s. Hence the strict transform of 7, meets the exceptional divisor Dy of
the first blow up of s and consequently D = D,. Consider the chart (¢, z)
around Dy = {x = 0} given by y = tz. Then g(t,m) = (p(t,x),z(t—p(t,z)))

with p(t,z) = ﬁg’g; We write
X = A8, +Bdy=(Cp 14+ Cr )R+ X, + -+ X4+ C4R,

where X is not collinear with the radial vector field R. Consequently,

pt,z) = &Vt(Cpy 1 (1,t)+2Cy (L) +- 42T "V TLC o) +a™Br (1) ++a® 1B, (10)
’ 2V (Cpy_1 (1,t)+aCy (L) ++aT Y HIC o) +aT Ar (1,t)+-+ad 1A, 1 (1,0)

EH o pe (1) +
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with pT*V(t) ;é Oa q(ta LL') = —$T7V+1p7—7y(t) + .- and

A\ 1+ xT_for—l/(w +oee —pfr_V(t)xT_lH_l +o
det(dg) - (7_ _ l/)pr,,(t)mT_V_l + ... _(7_ — v+ 1)pT,V(t)LBT_V 4+ .

= —(r—v+1Dp—,®)™ "V +---

Hence, in that case we have pp, = 7 — v + 1 by Remark 3.30. We deduce
the following dichotomy:

e If vy = 7, then gp is the multiplicity m of the branch of the generic polar
whose strict transform meets D.

e If g < 7, then there are two possibilities: D = Dg and D # Dg. In the
first case opp = 75 — Vs + 1 and in the second one op is the multiplicity m
of the branch of the generic polar whose strict transform meets D.

First part of the statement follows from these assertions.

By [30, Proposition 5.2] the generic polar curve of a foliation on P? is
(globally) irreducible. Consider the (necessarily reduced) local prime fac-
torization of F(x,y,p) = [[i_; fi(x,y,p) in Opz; for generic p € C. Now
assertions (1) and (2) follow easily from the facts that m; = ordsf; and

> oMy = Vs O

Corollary 5.13. Let F be a degree d foliation on P%. If the following
conditions are satisfied

(1) at an isolated inflection point p along a leaf L of F, the tangency order
of L with its tangent line T, L attains its maximum d;
(2) for each s € Xx the following trichotomy holds:
e v,=1and s =d, or
e v; = d and the generic polar of F has a single branch at s, or
e v; =75 and each branch at s of the generic polar of F is smooth;

then F is Galois with cyclic monodromy group. The converse is also true
when d is prime.

Proof. Assertion (1) is equivalent to the equality Z% = (d — 1)Z% by Re-
mark 5.10. The two first possibilities in assertion (2) are equivalent to
s € X4 and the third one to s ¢ X%2™, so that assertion (2) is equivalent to
the equality Y32 = Eg_-. We conclude by applying Corollary 3.34. ]

Remark 5.14. It is worth noting that, if F € E; C G4 with d > 3 then
I% = (d — 1)I%, which implies that 7BV # () when d # 4. Indeed, if
Tr =T% then 3d = (d—1)k and (k, 3) = £(d,d — 1) for some ¢ € Z, because
ged(d,d — 1) = 1. Hence £ = 1 and d = 4. On the other hand, Example 5.8
provides a family of homogeneous Galois foliations of degree d = 2n for
which I}_I % I}i_-. Finally, the hypothesis ¥ = Ed]_- cannot be removed
from Corollary 5.13 because the foliation F defined by the vector field

22(z 4 3y)0, + 12 (y + 32)0,

is convex, i.e. T8 = (), but it is not Galois. In fact, F has singular points
at infinity [1,0,0], [0,1,0], [1,—1,0] and [1,1,0], all of them with vanishing
order v = 1, and with tangency orders 7 = 2, 2, 3 and 1 respectively.



44 A. BELTRAN, M. FALLA LUZA, D. MARIN AND M. NICOLAU

We know from Corollary 4.18 that F is Galois if and only if G*Leg F is
totally decomposable. Let us point out the close relationship between the
ramification index of G along a component D of Rg and the local (resp.
semi-local) decomposability of the web Leg F at the generic point of (resp.
along) the component G(D) of A, = A(Leg F) C P2.

Let D be an irreducible component of Rg~ and let Up be a tubular neigh-
borhood of D. By Lemma 4.6, the direct image Wp := CL(]T]UD) is an

irreducible ppdp-web on the tubular neighborhood g(UD) of g~(D) C A,

Let C' be an irreducible component of A, and let V& be a tubular neighbor-
hood of C. Then Leg Fly, = KpWp, where D ranges the set of irreducible
components of 5*1(0). Let p € C be a generic point of C' C A, and let
Vp be a small neighborhood of p. Then, for each irreducible component D
of G-1(C), we have Whply, = @?21)/\%, where W{) is an irreducible gp-web
on V.

In the case C' = 5 with s = (0,0) € ¥ we have that F(p,0,z) = 2™u(p, z)
with u(p,0) £ 0. This implies that, in a tubular neighborhood V; of the
dual line 5 C P? of s, we can decompose Leg Fly, = WY K WfliTs where
A(WIV) = 5 is totally invariant by W™ and WY _ is transverse to §. In
fact, WiV = XMpcgaomWp. Hence

(13) S Spop =i

DCEdom

Remark 5.15. If F is a Galois foliation of degree d and s € ¥%*™ with
Ts < d then there must exist an irreducible component C C I}? such that
G(C\ Xr) = 5. Indeed, we know from the hypothesis s € ¥%*™ and for-
mula (13) that there is 1 < ¢ < 7, < d such that s € X%. Taking a line
¢ C P? such that /N X7 = {s} we see that Tang(F,¢) must contain points
in Z% \ ¥ thanks to Theorem 5.11.

Example 5.16. Another illustrative example is given by the family of Fer-
mat foliations introduced in [26]. They are defined by the vector fields
(x4 — ex)0, + (y? — ey)9y with £ # 0. All of them are convex, i.e. T = §),
but they have radial singularities s € ¥ with vanishing order vy = 1 and
tangency order 7, = 2. From Remark 5.15 we deduce that Fermat foliations
of degree d > 2 are not Galois. However, their degenerations z¢0, + ydﬁy,
obtained by taking ¢ = 0, are Galois, as we have seen in Example 5.7. 0O

5.3. Homogeneous Galois foliations and their deformations. In [9]
the authors are interested in describing the algebraic set Gs of degree three
Galois foliations. Due to the difficulty of problem in its full generality, they
focus on the homogeneous case, for which they dispose of a particularly
simple generic normal form depending only on 4 complex parameters:

dx+)\@+udy—dx+ydy—ad$:

14 Fo: —
(14) aAp " Y y—x Y —ox

0,

with Auv(1 + A + g+ v)a(a — 1) # 0. They prove some partial results
about the set 7 of (a; A, i, ) € C* such that the foliation Foxpu,y admits a
birational trivolution 7 : P? --» P? fullfilling GoT = G, where G is the Gauss
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map of the foliation. Namely, in [9, Theorem 5.17 and Proposition 5.18] it
is stated that the point (—1;1,1,1) € T admits a neighborhood U such that
T NU is a smooth surface and the intersection of 7 with the hyperplane
a = —1 consists in two irreducible curves meeting at (—1;1,1,1). This
subsection is devoted to describe completely the set of homogeneous Galois
foliations of arbitrary degree as well as its geometry.

Let Hy be the set of degree d homogeneous foliations given by satu-
rated vector fields A(z,y)0, + B(z,y)0,. It is a Zariski open subset of
P(Cy[x, y]¥2) ~ P24+1. The left-right actions of PSLy(C) on the set of ra-
tional functions induce a natural action ¢ of PSLy(C) x PSLy(C) on Hy by
means of

o([aj], [Biz)s [A1, A2]) = [B11 AT + B12A4T, Bo1 AT + [22AT],
where
A (2, y) = Ai(a1 + a12y, a217 + a2y).
It is easy to see that the Gauss map of a homogeneous foliation F defined
by X = A(z,y)0; + B(x,y)9, in the affine charts (z,y) on P? and (a,b)
on P? corresponding to the line ay — bx = 1, takes the form
Ga.y) = < A(f’ y) 7 B(f’ y) > 7
yA(z,y) — 2B(z,y) yA(z,y) — 2B(z,y)
which is precisely in the class of rational maps considered in Example 3.19,

with v = y and v = —z. By applying Proposition 3.15 and Theorem 3.36
we obtain the following classification result.

Theorem 5.17. The subset HyNGy of Hy is constructible and its irreducible
components consist of the orbits by ¢ : PSLy(C) x PSLy(C) x Hy — Hy of
the foliations

(1) 220, + y0, for every d,

(2) (™ +y")20, + (z" — y™)20, if d = 2n is even,

(3) (x* + 2iv322y? + y*)30, + (2t — 2iv322y% + y*)30, if d = 12,

(4) (2® + 142'y* + 4*)%0, + (zy(z* — y"))*9, if d = 24,

(5) (22022821595 +494210y10 422825y 15 +420)39, + (zy (210 +112%y5 —y10))59, Zfd = 60.
The closure of each orbit is an unirational variety. The first one is 5-
dimensional and the rest are 6-dimensional. FEach irreducible component
corresponds to a different Galois group according to Klein’s classification
given in Theorem 3.36.

Proof. Since PSLy(C) x PSLy(C) is an irreducible rational quasi-projective
variety, we deduce from Chevalley’s theorem (cf. [28, §2.6]) that each -
orbit is an irreducible constructible set and its closure is an unirational
variety, i.e. the closure of the image of a dominant rational map from a
projective space. The assertion about the dimension in (1) follows from an
explicit computation of the differential of the map ¢([ayj, By, [z%,37]) at
the identity, which is

[(B11 + and)z? + 2 yarad + Bray?, Bora® + v wasid + (Bao + anad)y).

Its kernel is a 1-dimensional subspace of sl3(C) X sl3(C). Analogous compu-
tations can be made in the cases (2)-(5). O

d—1
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Notice that, for each degree d, the first component of Hy N G, considered
in the above Theorem consists of the homogeneous foliations appearing in
Example 5.7 and the second one contains the foliations considered in Exam-
ple 5.8. In addition, we can write the deck transformations of G in terms of
T(z) € Deck(B(1, z)/A(1, z)) C PSLy(C) in the following way

A(z,y)y — B(z,y)x
(z,y)7(y/x) — B(z,y)

(15) r(wy) = o (1, 7(y/2).

Specializing the previous result to d = 3, the case considered in [9], we
deduce that the set H3NGs of homogeneous degree 3 Galois foliations is the
p-orbit of 230, +y38y, which has dimension 5 inside the 7-dimensional space
Hjs and it is saturated by the orbits of the linear group of GLy(C) C PSL3(C).

Corollary 5.18. The 4-dimensional slice S := {Fa;\ v} given by the nor-
mal form (14) is transverse to the GLa(C)-orbits and T = SN Gz is a
rational surface.

Proof. A computation shows that the subset
I :={(a, 8) € PSLy(C)? | (a, B) - [22,4°] € S}

is the graph of a morphism v : Us C PSLy(C) — PSLy(C), where Us is
a Zariski open set. The previous infinitesimal computation implies that
T =T -[23,43] C S has dimension two. Hence 7 is an unirational surface.
Since in dimension < 2, rational and unirational are equivalent concepts, we
conclude that 7 is a rational surface. O

The classification of homogeneous Galois foliations given by Theorem 5.17
can be used to obtain a negative test for proving that a given foliation on P2
is not Galois. It also provides (see Proposition 5.19 below) restrictions to
either the type of the singularities of Galois foliations or the finite subgroups
of Bir(P?) that can occur as Galois groups of foliations on P2, For a general
account on the finite subgroups of Bir(IP?) we refer to [14]. Notice that
Theorem 3.14 asserts that every finite group G occurs as the Galois group
of a Galois branched covering p : N — Y but it does not give any indication
about those that can be realized with rational total space IV.

Let F be a foliation on P2, for each singularity s € Y7 and each F-
invariant line ¢ C I_i;r-“’ we consider the homogeneous foliations F, and Fy
defined respectively by:

e F, is the saturation of the first non-zero jet of a vector field defining F
at s,

e F; is the saturation of the top degree homogeneous part of a vector field
defining F in the affine chart P2 \ /.

Notice F, and F; are homogeneous foliations on P2. Therefore, if they are
Galois their deck transformation group are of Klein type, that is, appearing
in the list given in Theorem 3.36. The relation between the foliations F, Fj
and Fy is given by the following statement.
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Proposition 5.19. Let F be a Galois foliation on P%. For each s € X7 and
¢ C I we have that

(1) if deg Fs > 0 the homogeneous foliation Fs is Galois; moreover if the
exceptional divisor Ds obtained blowing up once the point s is not a
ramification component then the Klein type deck transformation group
of Fs injects into the deck transformation group of F;

(2) if deg Fy = deg F then the homogeneous foliation Fy is also Galois.

Proof. We obtain assertion (1) by applying Proposition 3.15t0 V' = D, C P2
Assertion (2) follows from the fact that G4 is closed by noting that F, =
lim hlF, where he € PSL3(C) is given by h.(z,y) = (ez,ey) in the affine

E—00

chart P2\ /. O

In the case dy = deg Fy < deg F = d we are not able to assure that Fy
is Galois. Nevertheless F; belongs to Gg \ Gy C F; and we expect that
Fir € Gg,. An affirmative answer would help to describe an stratification
of G4 in terms of families of Galois foliations of lower degree (cf. Ques-
tion 5.3(3)).

Motivated by Theorem 5.17 and Example 5.7 we consider the following
family of deformations of a homogeneous foliation.

Definition 5.20. Let F € Hy be a homogeneous foliation given by a sat-
urated homogeneous vector field X = A(x,y)0, + B(x,y)0y. For every C-
linearly independent polynomials u,v € Clz,y] of degrees < 1, and every lin-
early independent vectors (a, 7, \), (8,6, 1) € C* we consider the extended
left-right deformation (ELR in short) of F as the family of foliations given
by the vector fields

(@A + BB)(u,v)0y + (YA + 6B)(u,v)0y + (AA + uB)(u,v)(z0; + y0y).

Proposition 5.21. If F is a Galois homogeneous foliation then every ele-
ment of its ELR-deformation is Galois with the same branching type that F.

Proof. The polar curve P of the general element of the ELR-deformation
of F with respect to a generic point (a,b) € C* C P? is given by the affine
equation

z—a (aA+BB)(u,v)+x(AA+ uB)(u,v)

Fy) =1y 4 (A +6B)(u,v) + y(OA+ uB)(u,v) |~ "

Since u and v are C-linearly independent polynomials of degree < 1, from
the equation ¥ = w € P! we can express either y = yo(w) + y1(w)z or
z = zo(w) + z1(w)y, with z;(w), y;(w) € C(w). Without loss of generality
we can assume that we are in the first situation. From equation F'(z, yo(w)+
y1(w)x) = 0 we obtain an explicit rational parametrization 7 : P! — P given

by
2(w) = (M+puB)a+a A+ BB)yo+ (yA+6B)a+ (—aA — B)b
(At pB)a+aA+BB)yi + AN+ pB)b+ (YA+6B) |,

y(w) = yo(w) + y1(w)a(w)
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On the other hand, the pencil p of lines through p can be parametrized by
t € P! by means of g—:z = t. By composing Gp : P — p to the left by
7 : P! — P and to the right with the inverse of P' 5 p we obtain the

rational map P! — P! given by w gigi;ﬁg:Z;iggﬁi’g@%ﬂ), which is
right equivalent to the Galois rational map w — ﬁgzg because
a v oA
(y+0A) (B+ap) = (6 +bu)(a+aX)=| B 6 pu |#0
a b -1
if (a,b) € C? is generic. d

Remark 5.22. The family of vector fields considered in Example 5.7 con-
sists in the ELR-deformation of the homogeneous Galois foliation defined
by z%0, + ydé)y. One can also made explicit the ELR-deformation of each
homogeneous Galois foliation given in Theorem 5.17, obtaining, by using
formula (15), explicit parametric continuous deformations of faithful repre-
sentations of the triangular groups Cy,, Dy, A4, Sy and As into the Cremona
group Bir(P?), whose images are not contained in PSL3(C). For instance,
these considerations applied to the foliation 299, +y99, provide the following
family hog(z,y) = (Xas(®,y), Yas(z,y)) of order d elements of Bir(P?):

X (J) )7 (1/511(a11w+a12y)d+y,312(a21z+022y)d—m621(a11z+a12y)d—xﬁgg(a21z+a22y)d)$
ap\t Y CyBii(aniz+aizy) +CyBia(aziz+azy) —zh21 (cr1z+a12y) '~z Bz (a21a+azey)?

(yﬁn (e11z+a12y) HyBra(aziz+asy)—zfa1 (cr1z+a12y) —zBa2(ao1 $+a22y)d)fy
CyBri(ar1a+a12y)+CyPia(aziz+azy) —zf21 (a112+a12y)  — 222 (a212+0229) T

Yaﬂ(xv y) =

where ( is a d-root of the unity and a = [a4j], 8 = [B;;] € PSL2(C).

Remark 5.23. Every homogeneous foliations admits the infinitesimal sym-
metry R = x0, + y0d, but the general element of its ELR-deformation does
not admit R as infinitesimal symmetry any more. However, it can be checked
that the set of all ELR-deformations of every homogeneous foliation contains
the special subsets:

(a) {P(y)0y+Q(y)(x0,+ydy) | P,Q € Cly]}, obtained by taking u,v € C[y]
and a = 8 = 0 and admitting the infinitesimal symmetry z0,,

(b) {P(y)dz + Q(y)(x0z + ydy) | P,Q € Cly], obtained by taking u,v € C[y]
and v = § = 0 and admitting the infinitesimal symmetry y0,.

5.4. Foliations with continuous automorphism group. A natural class
of foliations on P? including homogeneous foliations is that of foliations F
with a continuous group of automorphisms Aut(F) C PSL3(C). After giving
a classification of foliations in that class we establish a general criterion to
decide whether they are Galois in terms of a suitable rational map P' — P!

Taking into account that every foliation of degree 1 or 2 is Galois, we can
assume that F has degree > 3. Let R € Lie(Aut(F)) C X(P?) ~ sl3(C) be a
non-trivial infinitesimal automorphism of F. There are four possible Jordan
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form types for the traceless matrix associated to R:

a 0 0 010
(a) 0 B 0 (b) 00 0
00 —(a+p) 00 0
010 11 0
(c) 00 1 (d) 01 0
00 0 00 —2

In the affine chart (z,y) the corresponding vector field R takes one of the
following normal forms:
(a) R = ax0, + fydy with a € C* and g € C,
(b) R = yO,,
(c) R=y0, + 0y,
(d) R=(z+y)0z +y0.
Let X = A(x,y)0, + B(x,y)0, be a saturated polynomial vector field
defining F. The fact that R € Lie(Aut(F)) translates into the relation

(16) LpX =¢X,

for some rational function € € C(z,y). Since the poles of € are contained in
the zeroes of the coeflicients of X and that vector field is saturated we see
that e € Clz,y]. Finally, using that deg R = 1 we deduce that ¢ must be
constant. The following result describes the foliations of degree > 2 having
a continuous automorphism group.

Proposition 5.24. Let X = A(x,y)0,+B(z,y)0, be a saturated polynomial
vector field of degree > 2 satisfying LrX = X for some R € X(P?) in the
precedent list (a)-(d) of normal forms and for e € C.

(a) If R = aw0y + Bydy then f/a € Q, so that we can assume that o, 3 € Z
are coprime, € € Za + 7 and

Aw,y)= Y aga'y and Blw,y)= Y bya'y
ai+fj=c+a ai+Bij=e+p

are quasi-homogenous polynomials of weights («, ).

(b) If R = y0, then € = 0 and X = P(y)0, + Q(y)(x0, + y0,) for some
coprime polynomials P, Q € Cly].

(¢c) If R = y0,+0, thene =0 and X = P(y*>—2z)(yd, +0y) + Q(y* —21)0,
for some coprime polynomials P, Q € C[z].

In addition,

(d) if R = (x + y)0x + y0y, relation LrX = X does not hold for any
saturated polynomial vector field X of degree > 2.

Proof. (a) Writing A =Y a;j2'y? and B =Y bjja'y, if LpX = eX then
(D aili+ 8 —a—e)a'y?) 0, + (3 bislai + 8 — B =)o’y ) 9, =0,

leading to the claimed form of A and B. It is not difficult to see that if
B/a & Q and deg X > 2 then X cannot be saturated.
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(b) If R = y0, then LrX —eX = (y0,A— B —cA)0, + (y9,B—¢B)9, =0
implies that B = e Q(y) € C[z,y]. Hence ¢ = 0 and B = Q e C[y).
From the d,-component of LpX — eX = 0 we obtain that 4 = 22 |

_ y
P(y) € Clz,y]. Thus, Q(y) = yQ(y) for some Q € Cly].
(c) If R =y0, + 0y then

LrX —eX = (y0, A+ 0yA — B —eA)dy + (y0, B + 9,B —eB)d, =0

implies that B = e*¥P(y? — 2x) and necessarily ¢ = 0. From the 0,-
component of LpX —eX = 0 we obtain that A(z,y) = yP(y — 2?) +
Q(y* — x) for some polynomials P, Q € Cl[z].

(d) fR=(x+y)0s+ydy and X = > -, X, with X,, = A,0, + B,0,
homogeneous of degree n, then the degree n homogeneous part of LrX —
eX is

0 = LpX,—eXp=((v+y)0:4, +y0yA, — (e +1)A, — B,)0 +
((z 4+ )0 B, + y0y By, — (e + 1) By) 0y
(Y0, Ap — (e +1—=n)A, — By)0y + (Y0, Bp, — (e + 1 —n)By,)0,.

As before, looking at the dy-component we deduce that if B;,, # 0 then
(e+1—n)z
By=e v Qy) € Clz,y]. Hence e =n —1 and B(y) = Q(y) = qy"

for some ¢ € C. Substituting B in the d,-component of LrX,, —eX,, we
easily deduce that A(z,y) = qoy™ ! + py" for some p € C. Since there
is at most one n € Z4 such that € =n — 1, we deduce that X = X,, =
y" " ((py + qx)9, + qud,) is not saturated because deg X =n > 2.

Ul

Let ¢; be the flow of homographic transformations of P? associated to
R and let ¢; be the dual flow on P? associated to the dual vector field
R. We consider on P? the affine chart (a,b) that parametrizes the lines
{ax+ by = 1}. We can check that, in the relevant cases (a), (b) and (c), the
corresponding flows and dual vector fields are the following:

(a) for R = azd,+Byd, we have R = —(aad,+Bbdy), ¢t(z,y) = (vet, yest)
and ¢¢(a,b) = (ae~, be=P);

(b) for R = yd, we have ¢(x,y) = (z + ty,y), ¢:(a,b) = (a,b — at) and
R = —ady;

(c) for R = yO, + 9, we have ¢(x,y) = (z + ty +2/2,y + 1), ¢(a,b) =

(1+btfat2/2’ 1+bl;:f;2/2) and R = —(abd, + (a + b?)dp).

Let ¢/ : V — V denote the flow induced by PT*¢; : PT*P? — PT*P? via
the identification V = {(p, ) € P? x P?|p € ¢} ~ PT*P2. The relation (16)
implies that (de¢),(X,) is collinear to X (¢:(p)) so that ¢ preserves the
graph I'r C V of the foliation F defined by X. The commutativity of the
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top faces of the diagram

I'r
e
I'r TF ir
TF i PQ g - ]P>2
Pt bt
P2 g ~ P2

implies that ¢; 0 G = G o ¢, which is relation (5) in Example 3.21.

Corollary 5.25. To every foliation F on P? admitting a continuous group
of automorphisms we can associate a non-constant morphism G : Pt — P!
so that Deck(G) ~ Deck(G). In particular, F is Galois <= G is Galois.

Proof. In cases (a), (b) and (c) the foliations defined by the vector fields R
and its dual R admit explicit primitive rational first integrals

p:P? -5 P! and p:P? -5 P!
respectively, and rational sections

o: P! -5 P? and 5 : Pt -5 P?

such that poo = pod = Idpi. It can be easily checked that, in the affine

charts considered above, these maps are given by

(a) p(z,y) = y*/2°, o(z) = (27,2°), pla,b) = b*/aP and 5(z) = (27,2°),
where v, 0 € Z satisfy Bézout’s relation ad — 8y =1,

(b) p(z,y) =y, 0(2) = (0,2), pla,b) = a and 5(z) = (2,0),

(¢) pla,y) = y* =22, 0(2) = (2/2,0), pla,b) = =5 and 6(2) = (2/2,0).

Moreover, the Gauss map of the foliation given by the vector field A(z, y)d,+

B(x,y)0y is written as

_ —B(a:,y) A(Ji,y)
G(my) = ( Cle,y) ' Clavy)

Thus we obtain explicit expressions for the map G = poG oo : P! — Pl

> , with C(z,y) = yA(z,y) — zB(z,y).

(a) G(2) = A(27,29)%(=B(27,29)) P C(27, )P,
A0\ . B(0,2) _ Q(2)
(17 (b) G(z) = T T0,2) — PR ,
5y Q(2)2—2P(2)? _ (Q()\"
© Gl =2 = (F3) -=

where A, B take the form given by Proposition 5.24 in each case. Conse-
quently, we are in the hypothesis of Example 3.21 and we can apply Propo-
sition 3.20 in order to conclude. O

Notice that all Galois foliations of this type have Galois group appearing in
Klein’s classification given by Theorem 3.36. This fact and Proposition 5.19
motivate the following natural question:
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Question 5.26. Are there Galois foliations on P? whose Galois group is
not of Klein type?

Remark 5.27. If we set & = § = 1 in case (a), we obtain the class of homo-
geneous foliations studied in Subsection 5.3. For every coprime homogeneous
polynomials A, B in two variables of the same degree, the homogeneous and
type (b) foliations on P? given respectively by the vector fields

A(z,y)0p + B(z,y)0y, and A(1l,y)0, — B(1,y)(x0y + ydy)

satisfy that the map G induced by their Gauss map is G = [A, B] : P! — P!
Moreover, in the homogeneous case we have G = [A,B] = §| Do Where Do
is the exceptional divisor obtained after blowing up once the origin, and we
recover Theorem 5.17 in an alternative way. On the other hand, as we have
already pointed out in Remark 5.23, cases (a) with 8 = 0 and (b) can be
thought as degenerations of homogeneous foliations.

Despite the criterion provided by Corollary 5.25 for deciding whether a
foliation with an infinitesimal symmetry is Galois and the explicit form of
the rational map Q\ given in (17), it is not easy to find new examples of
Galois foliations admitting such a symmetry. This is due to the difficulty of
recovering the coefficients A and B based only on the map Q\ However, we
can present some examples and partial results about the quasi-homogeneous
case (a) with 0 < o < .

First of all, notice that the degree d foliation F given by the vector field

20, + (y? + %),

belongs to the Galois family of Example 5.7 and that it is quasi-homogeneous
with weights @« = d — 1 and 8 = d. Moreover, it can be checked that the
foliation F is convex, i.e. Z%¥ = @, that 2™ = X = {[0,0,1],[0,1,0]} and
that Bf = [(1; (d)1), (1; (d)1))-

Secondly, thanks to Corollary 3.34 we can present two new explicit Galois
quasi-homogeneous foliations of degree d = 3.

Example 5.28. The foliation F given by the vector field

3

Xi=(y+2%)0 — 5

is quasi-homogeneous with weights a = 1 and 8 = 2. Using formula (12), it
can be easily checked that Z% = {2?(3y+22?)? = 0}. On the other hand, we
have that ¥ = {s1 = [0,0,1],s2 = [0,1,0]} with v5, = 75, =4 for i = 1,2.
It can be checked that the generic polar has ¢ smooth branches at s;, for
i =1,2. By applying Theorem 5.12 we deduce that X%*™ = (). Since G maps
2 =0 into p =0 and 3y + 222 = 0 into 3¢ — p? = 0, its extended branching
type is BE = [(1;(3)1), (2;(3)1)], so that F is Galois and the genus of its
generic polar is g = 1. (|

y

Example 5.29. The foliation F given by the vector field
1+iv3
2 )

is quasi-homogeneous with weights a« = 2 and g = 3. As before, it can
be checked that % = {(y* — %) = 0} and that, for each s € Ly =

Xo = yz0, + (Cy* +2%)9,, with (=
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{[0,0,1],[0,1,0]}, the generic polar has an ordinary double point at s. Hence
Y@m — () again by Theorem 5.12. Since G maps Z¥ into {q — &p® = 0} with
£ = 3_4764, the extended branching type of F is BE = [(3;(3)1)], so that the
foliation F is Galois and the genus of its generic polar is also g = 1. O

Let us finish this subsection by pointing out a special property fulfilled
by every quasi-homogeneous foliation F with weights o # 5. Namely, the
envelope of the family of the tangent lines of F along a fibre F = {y® —
2P = 0} of p(x,y) = z—; is another fibre F/ = {y® — /2% = 0} with
2= Pr(z) = (7‘1)05;(2/;70‘)57(1. If p € F\ {0} then T,F is tangent to
F’ at a uniquely determined point ¢ x(p) € F’. It can be checked that the
self-map v : P2 --» P? is rational. By construction it makes commutative
the following diagram

YF

P? > P2
P P
Y -~ \
pt Y7 pl .

Example 5.30. If F is given by the vector field zyd, + (by? + c23)9, then

2((b—1)y24ca3 —1)y2 43 -~ . 3
br(e,y) = (SHGEe) 2O and r(z) = 5. D

Let r : P2 x P2 —-» P2 be the rational map defined by considering the
line passing through two different points. Then Id x r : P2 x P2 —--» P2 x P2
is birational and (Id x r) o (Id x ¥r) = Id x G so that all the relevant
topological information of G is encoded by 1, which has the advantage of
being a self-map that can be naturally iterated.

Question 5.31. Which is the relationship between the Galois property of
a quasi-homogeneous foliation F on P2 and the dynamical behavior of its
associated rational self-maps Yr : P? -=» P2 and 5 : P! — P12

5.5. Reducibility of the space of degree 3 Galois foliations. Recall
that the vector space Us defined in (9) is isomorphic to the space of vector
fields X = A(z,y)0, + B(w,y)0, with A, B € Clz,y], A = a+az¢, B = b+yc,
dega,degb < 3 and ¢ homogeneous of degree 3 (see Subsection 5.1). The
projectivization F3 = P(Us) contains a Zariski open set that can be identified
to the space 3 of degree 3 foliations on P?. If X € Us is such a vector field
we will denote [X] € F3 the foliation defined by X. Let Gz C F3 be the
Zariski closed set of Galois degree 3 foliations.

In order to estimate the dimension of G3 we can compute an upper bound
of the dimension of the tangent space of Gs at a point [X] € Gs. To do that,
we note that Gs coincides with the set of foliations [X] € F3 such that the
t-discriminant Ax = a3 — 4ajag € C[z,y] of the polynomial Px (z,y,t)/t €
Clz,y,t] considered in (10), is a square, i.e. Ax = 6% with dx € Clz,y].
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Lemma 5.32. If [X] € G3 then Tix|F3 = Us/(X) and

de le=

Proof. Let V,, denote the space of polynomials in C[z,y] of degree < m.
Writing Py = ait + ast? + ast?, it is easy to check that a; € Vg, as € Vio
and a3 € V5, so that Ax € Vos. The map s : Vig — Vay given by § — 62
induces a morphism 5 : P(Vi2) — P(Va4) whose image S is Zariski closed.
Then the preimage S of S in Vay is also Zariski closed. Let fi,..., fr be
generators of the ideal I(S). Then fioA,..., froA is a system of equations
defining the preimage G35 of G3 in Us. Although we do not know whether
fi o A generate the ideal I(G3) we have

k

TxGs C [ )kerd(fio A)x
i=1

. d
Tix1Gs C {Y € Us|dx divides — *O(AX+EY) € C[m,y]} /(X)

k
d
{Y € U; ‘ £L:0AX+EY € Dker(dfi)Ax}

’ d%LZOAXJreY € TAXS} :

Consider A = 62 € S\ {0} C Vay with § € Vio\ {0} and T € TaVay = Vay.
Since, for v € T5Vi2 = Via, dss(y) = 26y # 0 if v #£ 0, it follows that S\ {0}
is smooth and consequently TAS = Imdss. Hence I' € TAS if and only
if § divides I'. We conclude by taking the quotient by the 1-dimensional
subspace (X) of TxG3. O

{YGUg

An explicit computation carried out with maple shows that dim 7jx,;G3 <9
and consequently dim C’ < 9 for each irreducible component C’ of G3 con-
taining the point [X3] € Gs. On the other hand, the family £ C F3
given in Example 5.7 for d = 3 is the image of an explicit morphism
@ : W c P! — F3. It can be checked that the rank of dy at the point
[, By, 0, A,y u,v] = [1,0,0,1,0,0,2,9] is 9 and consequently dim E > 9.
The following result is a very partial answer to Question 5.3(1) for d = 3.

Proposition 5.33. The Zariski closed set Gs of degree 3 Galois foliations
is reducible. More precisely, the foliation [X2] € Gs given in Example 5.29
and the family E C Gs given in Example 5.7 for d = 3, lie in different
irreducible components of Gs.

Proof. Let C be an irreducible component of Gg containing the irreducible
subset E C G3 and let C’ be an irreducible component of G3 containing the
point [Xs] € Gs. Proposition 5.5 implies that E' := {[X] € C" | g([X]) = 0}
is a Zariski closed set of C’. If C = C’ then 9 < dim F < dimC = dimC’' <9
contradicting that F is contained in the proper Zariski closed set E’ (cf.
Example 5.7). O
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