GENERALIZED INVARIANTS OF REFLECTION GROUPS IN
RANK TWO
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1. INTRODUCTION

The invariant theory of finite reflection groups (also called pseudoreflection groups)
in positive characteristic dividing the order of the group displays a series of phenomena
which do not appear when the order of the group is a unit in the base field. Some
of these phenomena are not yet well understood. Generalized invariants and stable
invariants are two of these phenomena. They were defined by Kac in 1985 ([11]) based
on work of Demazure in 1973 ([9]), to provide a purely Weyl group explanation of the
mod p cohomology of the compact connected Lie groups. If the order of the reflection
group W is prime to p, then both generalized and stable invariants coincide with the
standard polynomial invariants of W, but if this non-modularity condition fails, the
generalized invariants and the stable invariants seem to be very hard to compute and
they are only known in a few trivial cases. For instance, neither the generalized nor
the stable invariants of the general linear group over a finite field are known and it
has been conjectured that they are trivial, in the sense that they coincide with the
ordinary invariants, i.e. the Dickson invariants.

In this paper we compute the generalized and the stable invariants of all reflection
subgroups of GLy(F,) of order divisible by p. Our results support the conjecture
above. In a final section, we review the appearance of these rank two reflection groups
in topology, as mod p reductions of Weyl groups of some families of topological groups,
like Lie groups, Kac-Moody groups or p-compact groups.

2. PRELIMINARIES AND NOTATIONS

Most of what we need in this paper can be found in the introduction to [16], but we
include it here for completeness and in order to fix the notations that we will be using
along the paper. The twin books [19] and [6] are excellent references for anything
that is stated here without a proof.

An element 0 € GL,(F,) is a reflection if o — 1 has rank 1. Some authors call
this a pseudoreflection and reserve the word reflection for the case in which o is
diagonalizable and 02 = 1. We call zy,...,x, the standard basis of the F,-vector
space I, and then we consider the linear action of GL,(FF,) on the polynomial ring
P, :=F,[zy,...,z,]. Some authors consider the dual action. If G is any subgroup
of GL,(F,), then the polynomials in P, invariant under all ¢ € G form the ring of
invariants P®. If this ring of invariants is a polynomial ring, then the group G is
generated by reflections and P, is a free PS-module of rank equal to |G|. If a group
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G C GL,(F,) is generated by reflections we say that G is a reflection group, but we
have to keep in mind that being a reflection group is not an intrinsic property of a
group, but a property of a representation of this group.

The ring of coinvariants of G C GL,(F,) is the quotient of P, by the ideal J;(G)
generated by the elements in P¢ of positive degree.

(P)a = Pu/Ji(G) = F, @pc P,.

If P¢ is a polynomial algebra, then (P,)q is an algebra with Poincaré duality. The
ring of coinvariants inherits an action of G and if |G| is prime to p, then (P,)q
coincides with the regular representation of G. In particular, (P, )¢ has no invariants
of positive degree. However, when p divides the order of G, the ring (P,)s can have
invariants of positive degree and we van inductively define a chain of ideals of P,

JI(G) € L(G) € -+

as follows:
AO = Pn, A= (Ai—l)G'7 Jl(G) = Ker{P” — AZ}

We can also consider the ideal Jo(G) := U;J;(G) which is called the ideal of stable
invariants of G. As we said before, if the order of GG is prime to p, all these ideals
coincide with the ideal J;(G) of ordinary invariants of G. We also refer to the sequence
{J:(G)}32, as the sequence of ideals of stable invariants of G.

The ring of invariants of a reflection group of order prime to p is a polynomial
algebra, but this fails if we do not assume that |G| is prime to p. Hence, one can
ask about which reflection groups in GL,(F,) have polynomial rings of invariants.
The work of Kemper-Malle ([14]) provides a complete list of all irreducible groups in
GL, (F, ) with polynomial rings of invariants, for all values of n, p, r.

Given a reflection ¢ € GL,(F,), Demazure ([9]) and Kac-Peterson ([12], [11])
defined an F,-linear operator A, : P, — P, of degree —1 as follows. Chose a non
zero vector v, in the image of ¢ — 1, then

Vo

These operators are well defined up to a non zero multiplicative constant. They
behave as twisted derivations

Aq(fg) = As(f)g +a(f)As(g)

and play an important role in understanding the cohomology of classifying spaces of
compact connected Lie groups (and, more in general, Kac-Moody groups) at torsion
primes (see [11] and [17]). These operators were used by Kac-Peterson to define the
ideal of generalized invariants I(S) of a set of reflections S C GL,,(F,). We say that
a polynomial f € P, of positive degree k is a generalized invariant with respect to S
if for any sequence {o1,..., 0} of elements of S we have that

AUl"'Aak(f) =0.

It can be proved ([16], lemma 2.1) that the generalized invariants form an ideal
I(S) C P,. By definition, this ideal depends on the set S and not just on the reflection
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group G(S) generated by S. There is an interesting relation between generalized
invariants and stable invariants ([16], lemma 3.2)

S(G(S)) € I(S) € Jw(G(S))-

In general, these three ideals can be different. If the reflections in S are diagonalizable,
then 1(S) = J(G(S)). If the order of G(S) is prime to p, then ordinary, stable and
generalized invariants coincide.

As said before, for reflection groups of order divisible by p the ring of invariants
may fail to be a polynomial ring. However, a very interesting property of the ideal of
generalized invariants is given in the following theorem of Kac-Peterson ([12]): I(S)
is always generated by a regular sequence of length n.

In this paper we will be dealing with the case of GLy(F,) and we use the following
notations. P will be the polynomial ring on two generators P := F,[z,y]. ¢ will
denote a generator of F,*. We denote w,w’ € GLy(F,) the reflections

(10 , (1 1
w=1{1 1) «w=1y 1)

The operators associated to these two reflections (choosing v, = (0,1) and v, =
(1,0)) are denoted A and A, respectively. Diagonal matrices will we denoted this

way
D(a,b) = (8 2) .

There are some polynomials in P that will appear often and we fix here the notation
that we use for them.

0:=xy? — 2Py

1
dy = 5 (xpr - $p29>

1
dy = = (aPy" —a”yP)

o
i = 2P Py D= g ile=) s

dy, di are the well known Dickson polynomials and the polynomials v; will appear in
the computation of the stable invariants of the group SLy(IF,).

Since we are only considering homogeneous polynomials, we sometimes simplify
the notation by substituting the exponents of one of the variables by an asterisk. For
instance, we can write v; = '@~ — P~y 4 4,

3. REFLECTION GROUPS IN DIMENSION TWO AND THEIR INVARIANTS

The well known classification of subgroups of GLy(k) for a finite field k (see [21],
3.6) makes it easy to determine all reflection subgroups of GLs(F,). Let us introduce
the following subgroups of G Ly(F,).

e For each r[p—1let L" be the subgroup of all matrices A € GLy(F,) such that
A" has determinant 1. If » = 1, this is the special linear group SLy(F,); if
r = p — 1, this is the full linear group GLy(FF,). L" is a reflection group of

order 7p(p? — 1) generated by the reflections w, «’, D(CPI1 1),
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e For each r, s|p — 1 let U, ¢ be the subgroup of all upper triangular matrices

(g g) € GLy(F,)

such that o” = §° = 1. It is a reducible reflection group of order rsp generated
by the reflections w, D(Cp;1 1), D(1, CPQI). Uy is the cyclic group of order
p in its representation as a Sylow subgroup of GLo(F,). As abstract groups,
both U1 and U, o are isomorphic to the dihedral group of order 2p, but they
are not conjugate. These groups are considered in [19] (pages 128-129), [16]
and also in [3] and [2] where they appeared as mod p reductions of the (infinite)
Weyl groups of some Kac-Moody groups.

Theorem 3.1. Let G C GLy(F,) be a reflection group with |G| = 0(p). Up to
conjugation,

(1) G=U,; for somer,s|lp—1, or
(2) G =L" for some r|p—1.

Proof. The result is straightforward for p = 2 so we can assume p > 2. According to
Theorem 8.1 in [14], the table 8.2 in [14] lists all irreducible primitive reflection groups
in dimension two. The first entry in the list consists of groups G in characteristic p
such that SLy(IF,) <G. These are the groups L". The second entry consists of groups
G in characteristic 3 such that SLy(F5) <G. Since |SLy(F5)| = 120, none of these
groups can be a subgroup of GLs(F3). All other groups in the list are representations
over finite fields of the finite unitary reflection groups of dimension two in the list of
Shephard-Todd ([18]). All these groups have order prime to p. Hence, we only need
to check the imprimitive groups and the reducible groups.

Let 6,, denote a primitive m-th root of unity. The imprimitive reflection groups

are the groups
01 6:, 0\ . .
G(m,r):—<(1 0), (6” 6j>,2+j50(7“)>

for any m and any r|m. This group has order 2m?/r. The orthogonal groups O (F,)
and O, (F,) are particular cases of these groups. Notice that D(6,,,0,,') € G(m,r)
hence, if the group G(m, ) can be represented in GLo(F,) then 6, +6,.! € F,. Since
F,(0,) is an extension of F,(6,, + 6,,}) of degree < 2, if G(m,r) can be represented
in GLy(F,), then 6,, € F,2 and m|p* — 1. This shows that all imprimitive reflection
groups in G Ly(F,) have order prime to p.

Let G be a reducible reflection subgroup of GLy(F,) and assume that G is a sub-
group of the group of upper triangular matrices in GLy(F,).

If (8‘ 2) is a reflection, then « = 1 or § = 1. Since p divides the order of G, all
upper unitriangular matrices are in G. Observe that

(6 )0 3)-6Y)
o 7)) -6
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Hence, if G is generated by reflections

G = <<(1) g) (0@ ’u1j>,i:1,...,n,j:1,...,m>

then D(a;,1), D(1,06;),w € G, i=1,...,n,j=1,...,m. Let r be the order of the
subgroup of F,* generated by aj,...,a, and let s be the subgroup of F," generated
by Bi,...,Bm. Then, it is clear that G = U, . U

The ring of invariants of the general linear group is the well known Dickson Algebra
([6], [19]). In the case of dimension two,

P = F [dy, do], |di| = p* —p, |do| = p* — 1.
Notice that dy = §P~'. The invariants of the groups L" for r|p—1 are also well known:
PL" =TF,[d,,d"].
The invariants of the reducible reflection groups U, s are as follows.

Proposition 3.2. The invariants of U, s form a polynomial algebra with generators
x" and (yP — xP~ly)s.

Proof. Tt is trivial to check that 2" and (y? —xP~1y)* are invariant under the generators
of U,s. Since the Jacobian of these two polynomials does not vanish, we can use
proposition 16 in [13] to conclude that

PP =Fyla”, (y" — 2" 'y)’].

4. BASES FOR RINGS OF COINVARIANTS

In this section we obtain explicit bases of P over P for each reflection group
G C GLy(F,). We first state some useful identities involving the polynomials dy, dy, J,
which will play an important role in the computations in this paper. The proofs are
easy, either by a direct computation or using induction, and we omit the details.

Proposition 4.1. Assume p > 2. Then

) d ZP 2P Diy (=1 (p—i)

)yt =y tdy — dy.

) o _p”—yrdl—mp T ) L 1(5’“f0rany0<r<p—1

) dy = o' P 4 yP* P — gLy — 530 Qkx*ykp -

) Leti >p, j > 1 and let a,b > 0 be integers such that i = a(p — 1) + b and
0<b<p—1. Then

(1

(2
(3
(4
(5

zlyl = 2by* 4 (0).
(6) Let 0 <r <p—1and j > r. Then any monomial x'y’ can be written as an
F,-linear combination
rp—1
'yl = Z As 2°y* + (07).

s=0
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Let r|p — 1. Define

10K i rp—1 o

Q" =<'y’ , 9 U< 'y’
0<yj<p —p+r—1

Notice that |Q"| = rp(p? — 1) = |L"|. As suggested by the definition above, it is

useful to imagine 2" as consisting of two blocks: a first block which contains all

monomials which divide pr—lyp2_p+r_1 and a second block with all monomials 'y’
forrp<i<p*—p—1,0<j <r—1. This second block only appears if r < p — 1.

Proposition 4.2. Q" is a P*" -basis for P.

0<j<r—1

7w§i§ﬁ—p—1}

Proof. It is enough to prove that the monomials in Q" generate P as a PY -module.
We prove this by induction on the degree. Let f be a polynomial of degree n and
write n = a(p? — p) + b with a,b > 0 and 0 < b < p? — p. Then it is clear that we
can write f = Adjz® + yf’ for some A € F,, f' € P. By induction, we can write
' =3 hia; for some h; € P o; € Q" Tt is clear that for any a € Q" we have
ya € 7, except in the following two cases:
(1) o= aly?’PHr=1 0 <i<rp—1.
In this case, formula (3) in 4.1 tells us that yo = a'y?” " = dyaiy" — 6" h for
some h € P. By induction, h is in PL" (") and so is ya.
2 a=ay L r<p-—1,mp<i<p’—p-L
In this case, we use 4.1(6) to write the monomial z'y" as
rp—1
Ty = Z As °y* + 0" h.
s=0
Then, we can apply induction on h to finish the proof.
O

The case r = p — 1 of this result was known since the work of Campbell et al. ([8])
who computed a basis for the coinvariants of the group GL,(F,) for any n.
The case of the reducible groups U, s is similar but easier.

Proposition 4.3. For any r,s|p — 1 the monomials
e i={2"y|0<i<r—1,0<j<ps—1}
form a basis of P over PUrs.

Proof. Again, it is enough to show that these monomials generate P over PV, Recall
from 3.2 that the ring of invariants of U, s is generated by z” and p = (y? — P~ 'y)*.
If f is any polynomial, we can write f = A\p%y® + xh for some a > 0, 0 < b < ps,
h € P. By induction on the degree, the polynomial A is in the span of I'; ;. Then, for
any a € I', s we have za € T, 5, except for the case of a = 2" 'y for 0 < j < ps, but
in this case za = 2"y’ € PUr+(T,,). O

In all these cases, the ring of coinvariants is a Poincaré duality algebra. The
fundamental class p is x”’_lypz_p”_l for the group L" and z"~'yP*~! for the group
Ups.
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5. IDEALS OF STABLE INVARIANTS

In this section we compute the sequence of ideals of stable invariants of the reflection
groups in GLy(F,). We start with the harder case of the groups L". Fist, we need
to compute the invariants of L" acting on the coinvariant algebra Pr.. The following
lemma on binomial coefficients modulo p will be used in the proofs in this section.

Lemma 5.1. Let 0 <t <p, 1 <k <p. Then

% <Z i(f(p__l)l)> = (1)’ mod p.

t=0

Proof. We need a well known fact on the computation of binomial coefficients modulo
a prime (see [20], lemma 2.6). If a = > a;p', b = > b;p® are the base p series for the

integers a and b, then
a a;
(b) = H <b> mod p.

Using this fact we can proceed as follows. If ¢ < k then

kz_i (i f-(f(;—l)n) - Z <i i(tp(p_—l)l)> " ki (i Jli(f(p_—l)l)>

t=0 t=0 t=i+1

i k—1
k—1 —k E—1 —k
EZ( t ><Z;—t> > <t—1>< ii—t>'
=0 t=it+1 p
The first term is equal to (*;") = (—1)?(p) and the second term vanishes because
p+1i—t>p— k. Notice that the same argument holds for ¢ > k. O

Theorem 5.2. Let A be the elements of positive degree in the coinvariant algebra P
and let AY" denote the F,-vector space of L"-invariant elements of A. Then
(1) If r > 1, then AL = 0.
(2) If r =1, then AY" is generated by the following elements:
(a) The fundamental class p = aP~1y?" P,
(b) The elements ~; fori=2,...,p— 1.

Proof. The case of p = 2 can be easily worked out directly (see example 1.10 in [16]),
so we assume that p > 2. In proposition 4.2 we have found an F)-basis Q" for Pr- so
an element in Pp- of degree n can be uniquely written as
i+j=n
f = Z >\ij Iiyj.

ziyieQr

p—1
P

The matrices D((L;l, 1), D(1,¢7 ), D(¢,¢71) € L™ act diagonally on the elements
of the basis 2". Hence, if f is invariant then the coefficients A;; must vanish except
when i, j = 0(r) and 2i = n (p — 1). Lets call this “sparseness”.

Recall that we are considering the basis 0" as formed by two blocks. Then, we
can distinguish two cases for an hypothetical invariant f, depending if f contains
monomials from both of the blocks (this is only possible if » < p — 1) or it only
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contains monomials from the first block. Let us consider first the case in which there
is no monomial from the second block of €2". Then,

rp—1

i=ko

where kg = max{0,n—p*+p—r+1}. In the extreme case ko = rp—1, f is a multiple
of the fundamental class y = 2™ 1y?°~P*"=! which can only be an invariant if r = 1.
In this case, this fundamentals class p of the Poincaré duality algebra of coinvariants
of L' is indeed invariant under the action of L' because any element g € L' must
transform the fundamental class p into some multiple of itself x(g)u, where y is a
character of L'. But L' = SLy(F,) has no non trivial characters.

Assume ko < rp—1. Using 4.1(3) we see that y* = 0 in A whenever k > p?> —p+r.
If we assume that f is invariant under w, we get

S (o =EE (o - B (E () o

i=ko j=0 i=ko j=ko Jj=ko \ i=j

Since all monomials here belong to the basis €27, their coefficients must agree with
the coefficients in f and we get a system of linear equations for the coefficients \;:

rp—1

Z(j))\]—O, i:k’o,...,rp—Q.
1

j=it+1

The last equation gives A,,_1 = 0 and we can prove recursively that A\; = 0 for ¢ > 0
by noticing that ¢ = 0 (p) and \; # 0 imply 7 = 0 (pr) which is not possible.
Hence, f must be a multiple of y™. If y™ were invariant under ( % §) then

yn —a" e <d1,(5r> C <d1,(5>

If n < p? — p = |dy|, then this is not possible because § is divisible by x. Assume
n > p? — p. This implies n = p® — p. Using 4.1(4) we deduce

2yp2—p _ xp—lyp2—2p+1 € (dy, )

which is not possible since these two monomials are in Q! which is a basis of P over
PL =T,[d,,d].

The conclusion so far is that the only invariants in A which do not involve mono-
mials from the second block of Q" are the scalar multiples of 1 = :cp_lyp2_p for r = 1.
Let us investigate now under which conditions a polynomial involving monomials
from the second block of Q" can be L"-invariant. By sparseness, the only mono-
mial from the second block that can appear is 2" for n = 0(p — 1). Assume that
f= Z;ﬁgl i oyt 2™ is L'-invariant with rp < n < p?> — p — 1. We must have
r<p—1andn =0(p—1). Hence, n > rp. Consider the invariance of f under
w. We have wz™ = 2™ + nz" 'y +--- and if r > 1, then 4.1(6) shows that the term
2" 1y cannot cancel with any other term. This implies that n = 0 (p) which is not
possible because n = 0 (p — 1) and n < p? — p.
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Hence, from now on we only need to investigate the case of r = 1. Assume there is
an invariant of the form

f= Z)\ zy" " 2", for p < n < p* —p.

By sparseness, we know that n=0(p—1)and A\; = 0 except whenever 2i =0 (p—1).
Hence,

f=Xy"+X\ x%ynf%l + Ag Py P g
Let us investigate the action of w on z™. Let n = k(p — 1) for some k =2,...,p — 1.
In the following computation we use proposition 4.1(5) and lemma 5.1:

p—1 p—1 n-1
wr" =y" +a" + Z (7 'y + Z Z () "y

=1 ==l
p—1 p—2 n-—1
i=1 s=1 Ej(:f,l) i=0 (1)
o1 ' p—2 k-1 k—2

=y 2"+ (DY + Corelp1) 7Y+ D () 70"
i1 s=1 t=1 t=1
p—2 k-1 A

=y +a" +ZZ z+tp 1) -
i=1 t=0

_y+x+z zznz

Thus, if wf = f we can compare the coefficients of ¥y and zy" ! in f and wf to
get \; =0, A\ = —1 and so f = A\gy" — 2P~ 1y" P+ + 2" If we compute the action
of (% §) on f we see that if f is invariant then g = 1. The conclusion is that
the invariants of positive degree in A for » = 1 are contained in the [F,-span of the
polynomials +; for i =2,...,p— 1.

To finish the proof we have to prove that the polynomials v; are invariant elements
in the coinvariant algebra A. This follows immediately from the computation of wf
above and the (easier) computation of the action of (% }) on each ~;. O

This last theorem settles the computation of the ideal of stable invariants of the
groups L" for r > 1. Since the ring of coinvariants of these groups has no invariants
of positive degree, the ideal of stable invariants coincides with the ideal of ordinary
invariants.

When r = 1 the situation is very different. To compute the stable invariants we
need to investigate the quotient () of the ring of coinvariants P;:1 by the ideal of its
invariants of positive degree, as computed in theorem 5.2.

Proposition 5.3. Let Q) := P/(dy,0, 1,72, -+ ,Yp—1). Then
(1) @ = P/{dy, 0,7, 2" 'y*72).
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(2) @ has an F,-basis as follows

N 4 i+j#3p—3

(3) @Q has no L'-invariants of positive degree.

}u{xﬂpéz'gzp—s}.

Proof. To see that © generates @), we will show that the monomials in Q! — © vanish
or become redundant in Q. Notice that v, = 22~ 4 ¢2=1) _ zp=1yr=1 hence
2P0 = gp=lyp=l _ 4201 in Q. On the other hand, zy, = 2?~' + (d;,d) by
4.1(5) and so ! = 0 in Q. By the same argument, y**~! = 0 in Q. Finally,
vy = 3P~ — gP=12=1) 4 930=1) hence 2P~ 1y*P~Y = 0 in @Q and we have seen that
© generates @ and this also shows part (1) of the proposition.

Let us see now that the elements in © are linearly independent in (). Since © C Q!
and Q' is a basis of P/(dy,d), it is enough to show that a linear combination

p—1

i=n—2p+2
in degree n with 2p—1 < n < 3p—3 such that f+ gy2 € (dy, ) for some g of positive

degree must have all coefficients A\; =0, n—2p+2 <i <p—1. Let g = Zf:o i ciyh

fork=n—2p+2,1 <k <p—2. From 4.1(5), we get the following identities modulo
<d1, (5>

k k k
frgn=F+d w2y = a4y paty
=0 =0 =0
k—1 k

k
= fHma” + > ey = pgat Tyt =Y ey Yty
=0 =1 1=0

k—1
= [ ma" + Yty
=0

-1 k-1

)\i xiynfi + xk+2p72 + Z L Iiynfi.
=0

I
s

[
B

All monomials in the last term above are in Q! and so they are linearly independent
modulo (c, d). Hence, f + g7, € (dq,6) implies \; =0 for k <i <p—1.
Notice that if p = 3 we have 2P~ '¢y**=2 € (d;,d,7,) and so

Q = P/<d175772> fOI'p = 3.
To prove that there are no L'-invariants of positive degree in () we proceed in a

i, n—1

similar way as in the proof of 5.2. Suppose there is an invariant f = Z]i’:—; A 'y
in degree n for 2p — 2 < n < 3p — 3. Then

IS (e £ (E0) -

i=k s=0 s=k i=s
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Then, as in the proof of 5.2, wf = f in Q implies \; = 0for k+1 <i <p—1and fis
a scalar multiple of the monomial 2%4?’~2 which is not invariant under D(¢,¢7Y). O

The computation of the stable invariants of the groups L" is done:
Theorem 5.4. The sequence of ideals of stable invariants of the reflection groups L"
is as follows:
(1) If r > 1 then Joo(L") = J1(L") = (dy,0").
(2) Joo(L') = Jo(LY) = (dv, 6,70, 2 y?~2) 2 Ji(L') = (dy, 0). O

Let us consider now the decomposable groups U, for r, s|p — 1. In proposition 3.2
we have computed the ideal of ordinary invariants of these groups

J1(Ups) = (2", (7 — 2" 1y)*) = (@",y*P).

Theorem 5.5. The sequence of ideals of stable invariants of the reflection groups U,
s as follows:

(1) If r > 1 then J(U,s) = J1(U,5) = (2", y?).

(2) Joo(Urs) = J2(Urs) = (@,y°) 2 Ji(Urs) = (2,y™).

Proof. It is obvious that the ring of coinvariants has a monomial basis consisting of the
divisors of 2" 'y*?~!. Invariance under the matrices D((P~1/7 1) and D(1,®=1/%)

implies that an invariant of positive degree must be a multiple of y* fori = 1,...,p—1.
If » > 1 none of these monomials is invariant under w’ while all of them are invariant
if r = 1. This computes J5(U, ) and the theorem follows. O

Some particular cases of this theorem were considered in [16].

6. IDEALS OF GENERALIZED INVARIANTS

In this section we compute the ideal of generalized invariants for any set of reflec-
tions S C GLy(F,). The computation of the ideal of generalized invariants is trivial
in those cases in which the stable invariants of the group G(S) coincide with the
ordinary invariants of G(S) and this happens, in particular, if the order of G(S) is
prime to p. Hence, theorems 3.1, 5.4 and 5.5 imply that in the case of rank two the
computation of the generalized invariants is only relevant for those sets of reflections
S which generate one of the groups L', U, for slp — 1.

Theorem 6.1. Let S be a set of reflections generating U, 5 for some r,s|p—1. Then

1(S) = {(rcr, y*?)  if r > 1 or S contains an element of order p;

(x,y®) otherwise.

Proof. We can assume r = 1. We have
<x’y5'p> = Jl(Ul,s) C [(8) C Joo(Ul,s) = <x7y8>'

Hence, I(S) = (z,y*) for some k with s < k < sp. This value of k is characterized
by the fact that

AL (y¥) € (2) for any a € S.
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It is not difficult to compute the values of A, (y*) modulo z for any reflection o € Uy 4

. eyt 4 (2) fora=(§1), A#0
Aa(y") = {ﬁ’“lly Ly (z) fora=(§3),8+#0,1

If s =1 then we are dealing with the cyclic group of order p and S contains only
powers of w’. In this case it is easy to conclude that I(S) = (z,y”). Assume s > 1

and let
S—{(é 2>z—ln}

We have that s is the L.c.m. of the orders of all §; and so s|k by the computation
above. If S also contains a reflection of order p then p|k and k = ps. The theorem
follows. O

In the case of the groups L" we obtain that the generalized invariants coincide with
the ordinary invariants.

Theorem 6.2. Let S be a set of reflections generating L™. Then I(S) = J1(L") =
(dy,0m).

Proof. As said before, we just need to consider the case of L'. We know that
<(57 d1> = Jl(Ll) g I(S) g JOO(LI) - <57 727$p_1y2p_27d1>'

We also know that I(S) is generated by a regular sequence of two polynomials, hence
for each generating set of reflections & we can find a polynomial f(S) such that

I(S) = (6, £(S5))-
It is clear that |f(S)| < |di| = p(p — 1) and the theorem is proven if we show that
|f(S)] = p(p —1). On the other hand, f(S) € (8,79, 2P 'y**=% d;) — (J) hence
|f(S)| > 2p — 2. Also, f(S) has the property that

AL(f(S)) € (0) for any a € S.

Let f be any polynomial of degree n with 2(p — 1) < n < p? — p. Using the base

Q! we can write
p—1

=M+ Nay" + (5).
=0
Let us investigate the action of the operator A associated to the reflection w on f

modulo (§). We have
_)\n <>x]y +Z)\ Z()x@%— J)
n—1 n ‘ p—2 p—1 i ‘
=\, (j)x]y*+z Z (j))\ix]y*+ (9)
=0 =

Checking the coefficient of 2"~ in the formulas above we get that if A(f) € () then
nA, = 0.
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Let us first consider the case in which A\, = 0. Then, A(f) € (J) yields a system

of linear equations
p—1 i
> <,>>\i:0, j=0,...,p—2
J

i=j+1
which has only the trivial solution \; =0,i=1,...,p — 1. Hence, f = Ao y™.
If A\, # 0 then n = mp with 2 < m < p — 1. Notice that

(I’p yP) mp - m 3 *
mp _ p
A(x™P) = = E P

-1 m—1
m ; m
=y + <Z )x“’y* =yt <Z )a:y +(0).
=1 i

Hence, taking A, = 1 we have

A(f) = m (Mo + 5 ( > (J)A) Py (o)

i=0 \j=i+1

and A(f) € (9) yields a system of linear equations like before

p—1 . m .

 (h- 0

PtV 0 j=m,...,p—2.
It is not difficult to find the unique solution of these equations which is \,, = —1,
AN=00<1 7é m.

The conclusion so far is that the only polynomials modulo (J) in degree n with
2(p — 1) < n < p* — p such that A(f) € (d) are the scalar multiples of y™ and
B = 2™ 4+ Ay™? — :I:mym(pfl)

for 2 <m < p—1 and any \.

Recall that A is the operator associated to the reflection w’. Checking the coefficient
of 2"71 it is clear that A(y") & (§). Let us investigate if A(h,,) € (§) for some value
of m. We have

m—2

_ mp—1 p—1, % g%
A(hy) = Az +AmaP ™y +)\Z< +1>xy

r=0

If we use 4.1(5) to write A(h,,) in the basis Q! we see that the coefficient of z™y* is

equal to .
Z(HJ )>E_1 (®)

(by lemma 5.1) hence A(h,,) ¢ (5).
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All the arguments so far prove that if S contains the reflections w and «’, then
we can choose f(S) = d; and the theorem is proven in this case. The general case
follows easily. Since S generates L' = SLy(F,), up to a conjugation in GLy(F,) we
can assume that S contains w and some other reflection v = (} }). Notice that o' is
equal to some power of o. Then, lemma 2.4 in [16] gives

1(S) = I(SU{w'}) = (5, dy).
(|

In these results we find examples of the following two phenomena (already noted
in [12] and [16]):

(1) The ideal of generalized invariants I(S) depends on the set of reflections S,
not just on the reflection group G(S) they generate.

(2) The ideal of generalized invariants I(S) can be strictly smaller than the ideal
of stable invariants Jo.(G(S)).

In particular, 7, is a stable invariant for L' but it is not a generalized invariant for
any set of generating reflections of L'. We finish this section providing an explicit
sequence of length 2p — 2 of A-operators which does not vanish on v5. The follow-
ing result contains also some computations of these operators which may be useful
elsewhere.

Proposition 6.3. Let A and A be as before. Then
(1) The following recurrence formula holds for i > 1, j > 0:

O e T

k=0

tions w and w'.

Proof. The proof of each of these formulas is easy and can be left as an exercise. To
prove (1), decompose A* = A™'A. (2) and (3) follow immediately from (1) for j =0
and j = 1, respectively, plus induction. (4) is proven by induction on i. To prove (5),
write AP~2%72 = AP~2(2P2P~?) and use (3) and (4). (6) follows from (5) and (3).
(7) is then obvious from (6) and (2). O

7. MODULAR RANK TWO REFLECTION GROUPS IN TOPOLOGY

Real reflection groups appear in topology as Weyl groups of compact Lie groups
and reflection groups over I, appear as mod p reductions of these Weyl groups. Then,
the invariant theory of these groups is crucial in understanding the cohomology of
the compact Lie groups and the cohomology of their classifying spaces. Actually, the
theory of generalized invariants was invented (see [9] and [11]) in order to understand
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the mod p cohomology of the compact connected Lie groups. Furthermore, the family
of compact Lie groups has been extended in several directions (Kac-Moody groups
[15], p-compact groups [10], p-local finite groups [7]) and in each case, the invariant
theory of reflection groups over F, plays an important role in understanding the
properties of these objects, mainly its cohomology.

Let K be a compact connected Lie group or, more in general, a compact form of a
Kac-Moody group (in the sense of [15]), with maximal torus 7". Let M be the weight
lattice and let S = {s1,...,s,} be the reflections with respect to a set of simple
roots. S generates the Weyl group W of K and the symmetric algebra S(M) can
be identified to the cohomology of the classifying space BT. Choose a prime p and
denote M, the mod p reduction of M and W, C GL,(F,) the mod p reduction of the
Weyl group W, acting on M,,. There is a map

Y S(M,) =H*(BT;F,) — H*(K/T;F,).
Then, the kernel of this map coincides with the ideal of generalized invariants I(S):
Kery = I(S).

This fundamental result is due to Kac ([11], see also [17] and Theorem 6.1 in [15]).

Hence, some of the groups that we have investigated in the preceding sections
should appear as mod p reductions of Weyl groups. If the rank is two, then the Weyl
group is either cyclic of order two or dihedral. It is easy to check that among the
groups that we have considered in this paper (i.e. reflection groups in GLo(F,) of
order divisible by p), the only dihedral groups are GLy(F3) for p = 2, and Uy o, Us 1,
U, for any prime. Hence, these and the cyclic group U;; for p = 2, are the only
groups of order divisible by p that may appear as mod p reductions of Weyl groups.

It is not difficult to compute W), for all compact connected Lie groups of rank two.
We get groups or order divisible by p in the following cases:

[ SU(3) giVGS WQ = GLQ(FQ) and W3 = U271 with S = {( Bl %) (Bl ?)}

[ ) Sp(2) giVGS W2 = U171.

o Gy gives Wy = GLy(Fy) and W3 = Usp with S = {(§ ) (D)}

o PSp(2) gives Wy = GLy(Fy).

[ ] PSU(?)) giVQS W2 = GLQ(FQ) and Wg = ULQ with & = {((1) _11) (é _01>} The
case of this group at the prime 3 is the only case in which there is a discrepancy
between ordinary and generalized invariants. We have J; = (z,y°) while
I(8) = (x,1%).

[} U(Q) giVES W2 = Ul,l‘

We obtain all possible reflection groups, but only for very small primes. If we extend
our scope to rank two Kac-Moody groups, then these reflection groups appear as mod
p Weyl groups W), for all primes. For any pair of positive integers a,b with ab > 4,
let us denote K(a,b) the compact form of the simply connected Kac-Moody group
associated to the Cartan Matrix (Eb _2“). The groups K(a,b), their Weyl groups,
and the cohomology of the classifying spaces BK (a, b) were investigated in [3]. From
Propositions 7.1, 6.2 and 3.2 in [3] one deduces the following:

o K(a,b) gives W, = U5 for any prime p > 2 which divides a but not b.
o K(a,b) gives W, = Uy for any prime p > 2 which divides 4 — ab.
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e PK(a,b) gives W, = Uy 5 for any prime p > 2 such that p|4 —ab and p?® J4 — ab.

The identifications of these Weyl groups and their invariant theory was crucial in
the cohomological computations in [3].

The rank two reflection groups which are not dihedral groups (i.e. the groups L”
and U, for a > 2 or b > 2) could appear as mod p reductions W, of Weyl groups of
p-compact groups. The classification of all p-compact groups is available (see [4] and
[5]) and if we check all the cases of rank two we see that there is only one p-compact
group which realizes a modular rank two reflection group not considered above. The
relevant prime is p = 3 and the reflection group is GLy(F3). It turns out that this
reflection group is the group number 12 in the list of complex reflection groups ([18])
and it can be lifted to a 3-adic reflection group W. In 1984 Zabrodsky proved the
existence of a 3-compact group of rank two X2 having W as Weyl group ([22], see
also [1]). This completes the list of reflection groups in GLy(F,) of order divisible by
p that have appeared (so far) as mod p Weyl groups of compact Lie groups or other
topological groups generalizing compact Lie groups.
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