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Abstract

We perform an asymptotic analysis of general particle systems arising in collective
behavior in the limit of large self-propulsion and friction forces. These asymptotics impose
a fixed speed in the limit, and thus a reduction of the dynamics to a sphere in the velocity
variables. The limit models are obtained by averaging with respect to the fast dynamics.
We can include all typical effects in the applications: short-range repulsion, long-range
attraction, and alignment. For instance, we can rigorously show that the Cucker-Smale
model is reduced to the Vicsek model without noise in this asymptotic limit. Finally, a
formal expansion based on the reduced dynamics allows us to treat the case of diffusion.
This technique follows closely the gyroaverage method used when studying the magnetic
confinement of charged particles. The main new mathematical difficulty is to deal with

measure solutions in this expansion procedure.
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1 Introduction

This paper is devoted to continuum models for the dynamics of systems involving living
organisms such as flocks of birds, school of fish, swarms of insects, myxobacteria... The
individuals of these groups are able to organize in the absence of a leader, even when starting
from disordered configurations [37]. Several minimal models describing such self-organizing
phenomenon have been derived [38, 28, 19]. Most of these models include three basic effects:
short-range repulsion, long-range attraction, and reorientation or alignment, in various ways,
see [33] and particular applications to birds [32] and fish [1, 2].

We first focus on populations of individuals driven by self-propelling forces and pairwise
attractive and repulsive interaction [34, 25]. We consider self-propelled particles with Rayleigh

friction [17, 16, 11, 14], leading to the Vlasov equation in d = 2,3 dimensions:
1
O fs+v-Vof+a(t,x) V,f°+ gdivv{f‘e(a — B} =0, (t,z,v) e Ry xR xR? (1)

where f& = f¢(t,z,v) > 0 represents the particle density in the phase space (z,v) € R? x R?

at any time ¢t € R, a® stands for the acceleration
G’E(t") = _VIU*pE(tv')v p€(t’) = fE(t7'7v) dUa
Rd

and U is the pairwise interaction potential modelling the repelling and attractive effects.
Here, the propulsion and friction forces coefficients o = = > 0, 5° = g > ( are scaled in
such a way that for ¢ — 0 particles will tend to move with asymptotic speed \/% . These
models have been shown to produce complicated dynamics and patterns such as mills, double
mills, flocks and clumps, see [25]. Assuming that all individuals move with constant speed
also leads to spatial aggregation, patterns, and collective motion [21, 26].

Another source of models arises from introducing alignment at the modelling stage. A
popular choice in the last years to include this effect is the Cucker-Smale reorientation pro-
cedure [20]. Each individual in the group adjust their relative velocity by averaging with
all the others. This velocity averaging is weighted in such a way that closer individuals in
space have more influence than further ones. The continuum kinetic version of them leads to

Vlasov-like models of the form (1) in which the acceleration is of the form
aa(t7 ) =—Hx fa(tr ) ’

where * stands for the (z,v)-convolution, abusing a bit on the notation, with the nonneg-
ative interaction kernel H : R?** — R%. 1In the original Cucker-Smale work, the interac-

tion is modelled by H(z,v) = h(x)v, with the weight function h being a decreasing radial



nonnegative function. We refer to the extensive literature in this model for further details
[31, 29, 12, 13, 35].
In this work, we will consider the Vlasov equation (1) where the acceleration includes the

three basic effects discussed above, and then takes the form:
at(t,") = =V Uxp°(t,-) — H* f°(t,-). (2)

We will assume that the interaction potential U & C’g(Rd), U bounded continuous with
bounded continuous derivatives up to second order, and H(z,v) = h(z)v with h € C}(R?)
and nonnegative. Under these assumptions the model (1)-(2) can be rigorously derived as a
mean-field limit [36, 9, 24, 10, 3] from the particle systems introduced in [25, 20].

We will first study in detail the linear problem, assuming that the acceleration a = a(t, x)
is a given global-in-time bounded smooth field. We investigate the regime € ~\, 0, that is
the case when the propulsion and friction forces dominate the potential interaction between

particles. At least formally we have

fo=ftefWrtr® (3)

where
divy { f(e = Blv|*)v} = 0 (4)
A f + dive(fv) + divy(fa(t, z)) + dive{fO(a = Blv|*)v} =0, (5)

up to first order. Therefore, to characterize the zeroth order term in the expansion we need
naturally to work with solutions whose support lies on the sphere of radius r := \/m
denoted by rS with S = {v € R?: |v| = 1}. In turn, we need to work with measure solutions
to (4) which makes natural to set as functional space the set of nonnegative bounded Radon
measures on R? x R? denoted by M (R? x RY). We will be looking at solutions to (1)
which are typically continuous curves in the space M;(Rd X Rd) with a suitable notion
of continuity to be discussed later on. We will denote by f°(¢,z,v)d(z,v) the integration
against the measure solution f(¢,x,v) of (1) at time ¢t. For the sake of clarity, this is done
independently of being the measure f¢(t) absolutely continuous with respect to Lebesgue or

not, i.e., having a L!(R? x RY) density or not.

Proposition 1.1 Assume that (1 + |v|?)F € M (R?). Then F is a solution to (4) if and
only if supp F C {0} UrS.

The condition (4) appears as a constraint, satisfied at any time ¢ € R;.. The time evolution

of the dominant term f in the Ansatz (3) will come by eliminating the multiplier f() in (5),



provided that f verifies the constraint (4). In other words we are allowed to use those test

functions ) (z, v) which remove the contribution of the term div,{f™" (a — B|v|?)v} i.e.,

/ (= Blv[*)v - Voo f(l)(t,a:, v)d(z,v) = 0.
R

dyRd
Therefore we need to investigate the invariants of the field (o — S|v|?)v - V,,. The admissible
test functions are mainly those depending on x and v/|v|,v # 0. The characteristic flow
(s,v) = V(s;v) associated to é(a — Blv]*)v - V,

Y = Lo BV PIV(si), V(05) =

will play a crucial role in our study. It will be analyzed in detail in Section 3. Notice that the
elements of {0} UrS are the equilibria of (o — S8|v|*)v - V,. It is easily seen that the jacobian
of this field

do{(a = BluP)v} = (a = Bl ) —2Bv@ v
is negative on rS, saying that rS are stable equilibria. The point 0 is unstable, 9,{(a —
BJv|?)v} =0 = ad. When € \, 0 the solutions (f¢). concentrate on R? x ({0} UrS), leading to
a limit curve of measures even if (f€). were smooth solutions. We can characterize the limit
curve as solution of certain PDE whenever our initial measure does not charge the unstable

point 0.

Theorem 1.1 Assume thata € L®(Ry; WHe(R?), (1+|v]?) fi* € M, (RYxR9), supp f"C
{(z,v) : || > rg > 0}. Then (f°). converges weakly * in L=(Ry; My(R? x RY)) towards the
solution of the problem
. . VRV
Orf + divy(fo) + divy, {f <I_v|2) a} =0 (6)
div, { f (e = Blv|*)v} =0 (7)
with initial data f(0) = <fin> defined by
in v in
$e) () oyl = [ v (ard)) e o).
R xRd R x R4 v
for all ¢ € CO(R? x RY).
In the rest, we will refer to < fi“> as the projected measure on the sphere of radius r
corresponding to f™. Let us point out that the previous result can be equivalently written

in spherical coordinates by saying that f(¢,z,w) is the measure solution to the evolution

equation on (z,w) € RY x 7S given by
1
Ouf + divy(fw) + divy, {f (I— T2(w®w)> a} =0.
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These results for the linear problem, when a(t, z,v) is given, can be generalized to the non-
linear counterparts where a(t, z) is given by (2). The main result of this work is (see Section

2 for the definition of Py):

Theorem 1.2 Assume that U € CZ(RY), H(x,v) = h(z)v with h € C}(RY) nonnegative,
e PR x RY), supp f* € {(z,v) : |z| < Lo,ro < |v] < Ro} with 0 < 1y <r < Ry < oo.
Then for all § > 0, the sequence (f). converges in C ([0, 00); P1(RYxR?)) towards the measure

solution f(t,z,w) on (z,w) € R x rS of the problem

Ouf + dive(fw) — dive {f <1— :2(w®w)) (VmU*p—i-H*f)} ~0 (8)

with initial data f(0) = <fi“>. Moreover, if the initial data f™ is already compactly supported
on Br, x rS, then the convergence holds in C(Ry;P;(R? x RY)).

Let us mention that the evolution problem (8) on R? x rS was also proposed in the
literature as the continuum version [23] of the Vicsek model [38, 18] without diffusion for the
particular choice U = 0 and H(z,v) = h(x)v with h(x) some local averaging kernel. The
original model in [38, 18] also includes noise at the particle level and was derived as the mean
filed limit of some stochastic particle systems in [4]. In fact, previous particle systems have
also been studied with noise in [3] for the mean-field limit, in [30] for studying some properties
of the Cucker-Smale model with noise, and in [22, 27] for analyzing the phase transition in
the Vicsek model.

In the case of noise, getting accurate control on the particle paths of the solutions is a
complicated issue and thus, we are not able to show the corresponding rigorous results to
Theorems 1.1 and 1.2. Nevertheless, we will present a simplified formalism, which allows
us to handle more complicated problems to formally get the expected limit equations. This
approach was borrowed from the framework of the magnetic confinement, where leading order
charged particle densities have to be computed after smoothing out the fluctuations which
correspond to the fast motion of particles around the magnetic lines [5, 6, 7, 8]. We apply

this method to the following (linear or nonlinear) problem
1
Ouf* + dive{ frv} + dive{f*a} + —div,{f*(a - Blu v} = A, f° (9)

with initial data f(0) = f™ where the acceleration a € L®(R,;W1>®(R%)) and f" €
M (R? x RY). By applying the projection operator (-) to (9), we will show that the limiting

equation for the evolution of f(t,z,w) on (z,w) € R x rS is given by
1
Ouf + divg(fw) + div,, {f (I—Tz(w®w)) a} =A,f (10)

)



where A, is the Laplace-Beltrami operator on rS.

Our paper is organized as follows. In Section 2 we investigate the stability of the char-
acteristic flows associated to the perturbed fields v - Vy 4+ a -V, + %(a — Blv|?)v - V,. The
first limit result for the linear problem (cf. Theorem 1.1) is derived rigorously in Section 3.
Section 4 is devoted to the proof of the main Theorem 1.2. The new formalism to deal with
the treatment of diffusion models is presented in Section 5. The computations to show that
these models correspond to the Vicsek models, written in spherical coordinates, are presented

in the Appendix A.

2 Measure solutions

2.1 Preliminaries on mass transportation metrics and notations

We recall some notations and result about mass transportation distances that we will use in
the sequel. For more details the reader can refer to [39, 15].

We denote by P;(R?) the space of probability measures on R? with finite first moment.
We introduce the so-called Monge-Kantorovich-Rubinstein distance in Py(R?) defined by

Wi(£,9) =sup {| [ o(@(0) ~ g0 au] o € Lin( Lin(e) < 1

where Lip(R?) denotes the set of Lipschitz functions on R? and Lip(¢) the Lipschitz constant
of a function ¢. Denoting by A the set of transference plans between the measures f and
g, i.e., probability measures in the product space R% x R? with first and second marginals f

and g respectively
1) = [ w2 g0) = [ nlo.2)ay
Rd Rd
then we have

Wit = ot { [ slatns) i)

TEA
by Kantorovich duality. P;(RY) endowed with this distance is a complete metric space. Its

properties are summarized below, see[39)].
Proposition 2.1 The following properties of the distance W1 hold:

1) Optimal transference plan: The infimum in the definition of the distance Wy is
achieved. Any joint probability measure w, satisfying:

W1(f,g)=/

Rax

= 2l dm(y, 2
R



is called an optimal transference plan and it is generically non unique for the Wi-

distance.

2) Convergence of measures: Given {fi}r>1 and f in P1(R?), the following two as-

sertions are equivalent:

a) Wi(fx, f) tends to O as k goes to infinity.

b) fi tends to f weakly * as measures as k goes to infinity and

sup/ |v| fr(v)dv — 0 as R — +o0.
k>1J >R

Let us point out that if the sequence of measures is supported on a common compact set,
then the convergence in Wj-sense is equivalent to standard weak-x convergence for bounded
Radon measures.

Finally, let us remark that all the models considered in this paper preserve the total mass.
After normalization we can consider only solutions with total mass 1 and therefore use the
Monge-Kantorovich-Rubinstein distance in P;(R% x RY). From now on we assume that the

initial conditions has total mass 1.

2.2 Estimates on Characteristics

In this section we investigate the linear Vlasov problem
1
Orfe + div{fv} + div,{f°a} + gdivv{f‘s(a — Blv*v} =0, (t,z,v) € Ry x RT x R (11)

fe(0) = ™ (12)

where a € L®(Ry; WH*(R?)) and f € M (R? x R?).

Definition 2.1 Assume that a € L®(Ry; Wh®(R?) and fi* € M (R? x RY). We say
that f& € L®(Ry; My(R? x RY)) is a measure solution of (11)-(12) if for any test function
¢ € CHR, x R? x RY) we have
1
/ (40 Vo +a-Vy+ 2 — Blo2)o-Valof(t,z,0) d(z, v) dt
Ry JRIXRE €

—i—/R ©(0,z,v) f(x,v)d(z,v) = 0.

dyRd
We introduce the characteristics of the field v-V, +a -V, + %(a — Blv|*)v -V,

dxs . dve
ds = V=), ds

= als, X°()) + (o= BV



X(s=0)=uz, Vi(s=0)=no.

We will prove that (X¢,V¢) are well defined for any (s, z,v) € Ry x R? x R%. Indeed, on any
interval [0, 7] on which (X¢, V¢) is well defined we get a bound
sup {[X°(s)| + [V=(s)[} < +oo
s€[0,7
implying that the characteristics are global in positive time. For that we write

LAV _ e e o L -
5 T = als, X)) V() + (0 = BVE(s)P)VE(s) (13)

and then, we get the differential inequality

dlv5|2
ds

2
< 2|lallz= V= (s)] + Z(a = BIVE(s)P)VE(s)?
for all s € [0,T7], so that
sup |VE(s)| < 400, sup |X°(s)| <|z|+T sup |V°(s)| < +o0.
s€[0,T] s€[0,T s€[0,T
Once constructed the characteristics, it is easily seen how to obtain a measure solution for

the Vlasov problem (11)-(12). It reduces to push forward the initial measure along the

characteristics, see [10] for instance.

Proposition 2.2 For any t € Ry we denote by f°(t) the measure given by

P(z,0) (¢ z,0) d(z,0) = P((X5,VE) (80, 2,0)) f7 (2, 0) d(z,0), (14)

Re xRd RIxRE
for all ¢ € CO(R? x RY). Then the application t — f(t), denoted fP#(X= VE)(t;0,-,-) is
the unique measure solution of (11), (12), belongs to C(Ry; My(R? x R?)) and satisfies
/ fet,z,v)d(z,v) = / o (x,v)d(z,v),t € Ry
NN Ré xRd

Proof. The arguments are straightforward and are left to the reader. We only justify
that f¢ € C(Ry; My(R? x R?)) meaning that for any ¢ € C?(R? x R?) the application
t = Jrayga(z,v) f(t,,v) d(z,v) is continuous. Choose 1) € C2(R? x R?). Then, for any

0 < t; <ty we have

¢(xa U)fe(t% Z, ’U) d(.%', ’U) - ¢($, v)fe(tla Z, ’U) d(.%', U)
RIx R4 RaxRd
- / (X5, Vo) (tai 2, 0)) — (o)) F5(01, 2, 0) d(a, ).
RadxRd



Taking into account that (X<, V¢) are locally bounded (in time, position, velocity) it is easily

seen that for any compact set K C R? x R? there is a constant C(K) such that
| X € (ta; t1, x,0) — x| + [VE(to; tr, z,v) —v| < [t2 — 41 |C(K), (x,v) € K.

Our conclusion follows easily using the uniform continuity of ¢ and that | f¢(t1)||m, =
| £™[|pm,- Notice also that the equality (14) holds true for any bounded continuous func-
tion . J
We intend to study the behavior of (f¢). when € becomes small. This will require a more

detailed analysis of the characteristic flows (X, V¢). The behavior of these characteristics

depends on the roots of functions like A + %(a — Bp?)p, with pe Ry, A€ R.

Proposition 2.3 Assume that A < 0 and 0 < & < 2ar/(|A|3v/3). Then the equation
Xe(p) :=eA+ (a— Bp*)p = 0 has two zeros on R, denoted p5(A), p5(A), satisfying

r

0<p]< <ps<r
P1 \/g P2
and
& £ A
lim&—u, 1im7r p2:u
eN\o € « eN\0 £ 2a

where r = \/a/B.

Proof. It is easily seen that the function \° increases on [0,7/v/3] and decreases on
[r/\/3, 4+o00[ with change of sign on [0,7/4/3] and [r/+/3,7]. We can prove that (p5)e, (p5)- are
monotone with respect to ¢ > 0. Take 0 < ¢ < & < 2ar/(]A|3v/3) and observe that \* > )°.

In particular we have

implying p < p5, since \¥ is strictly increasing on [0,7/+/3]. Similarly we have
N¥(p3) < A°(p3) =0 < X (p3)

and thus p§ > p§, since A® is strictly decreasing on [r/v/3,7]. Passing to the limit in A*(p) =
0,k € {1,2} it follows easily that

lim p§ =0, lim p5=r.
limpf =0, limpf=r

Moreover we can write

d 2 . [a — B(pi)Q]pﬁ . €A
- — — ]. — _]. —
@ dp{(a ﬁp )P}\p 0 EI\III%) ,Oi el\rl% Pi



and
d o= B(p3)%r5 -
20 = —{(a — Bp? = lim — 222
! dp{(a Bo7)p}p= L R e

saying that

pL_ AL s 1Al
0 € 200

The case A > 0 can be treated is a similar way and we obtain

Proposition 2.4 Assume that A > 0 and € > 0. Then the equation X(p) = €A + (o —
Bp?)p =0 has one zero on Ry, denoted p§(A), satisfying

. p5—r A
S [T B e
Ps =T X0 & 20

Using the sign of the function p — €||al|L= + (o — Bp?)p we obtain the following bound for

the kinetic energy.

Proposition 2.5 Assume that a € L>®(Ry; WH(RY)), (1 + [v?)f™ € M (R? x RY) and

let us denote by f¢ the unique measure solution of (11), (12). Then we have

Proof. We know that

/ [o2£° (-, 2, 0) d(z, v)
R xRd

< / (65 + [ol2) /™ (2, 0) d(z, v).

Lo(Ry)  JRIxRY

d 2 2 ,
IV < 2lall= VI + Z(a = BVEOPIVEO” = ZVEOIE(VE@)D, € Ry

By comparison with the solutions of the autonomous differential equation associated to the

righthand side, we easily deduce that
[VE(t:0,2,0)| < max{|v], p3(llall=)}
for any T € Ry, (z,v) € R? x R%, This yields the following bound for the kinetic energy

/ |v|2fE(T,x,v)d(x,v):/ VE(T:0, 2, 0) 2™ (2, v) d(, v)
R R

dwRd dyRd

< [ P 0 a0,

[

The object of the next result is to establish the stability of V¢ around |v| = r. We will
show that the characteristics starting at points with velocities inside an annulus of length

proportional to € around the sphere rS get trapped there for all positive times for small e.

10



Proposition 2.6 Assume that ¢||a|| L~ <2ar/(3v/3) and that p5(—||a| =) <|v| < p5(||lal|L=)-

Then, for any (t,z) € Ry x R we have
pa(—=llallze) < [V (0, 2,0)| < p3([lal|Lee).
Proof. As in previous proof, we know that
d €12 2 € £ €(F
SV < AVEOPEVE@D, e Ry

By comparison with the constant solution p§ to the autonomous differential equation as-
sociated to the righthand side, we get that sup,cg, [V°(;0,2,0)[ < p5. Assume now that
there is 7' > 0 such that [VE(T)| < p5 and we are done if we find a contradiction. Since
[VE(0)| = |v] > p5, we can assume that min,cpo 7y [VE(t)| > pf > 0 by time continuity. Take

now t € [0,7] a minimum point of ¢t — [V4(¢)| on [0,7]. Obviously ¢ > 0 since
(VE@) < [VE(T)] < p3 < vl = [VE(0)].

By estimating from below in (13) and using that ¢ is a minimum point of ¢ — |Ve(¢)| > 0 on

[0, 7], we obtain

02 L@l = ol + CZAVORVOI_ X(VD)
But the function A* has negative sign on [0, p7]U[p5,+00|. Since we know that min,e(o | V*(t)[>
p7, it remains that
i (V0] = V<) = /s

which contradicts the assumption |V&(T')| < p5. 7

Let us see now what happens when the initial velocity is outside [p5(—||a| <), p5(||a| )]
In particular we prove that if initially v # 0, then V¢(¢),t € Ry remains away from 0. We
actually show that the characteristics starting away from zero speed but inside the sphere S
will increase their speed with respect to its initial value while those starting with a speed out-

side the sphere S will decrease their speed with respect to its initial value, all for sufficiently

small €.

Proposition 2.7 Consider e > 0 such that €||a|| 1~ < 2ar/(3v/3).
1. Assume that p5(—|lal|=) < |[v| < p§(—|lal|r=). Then for any (t,z) € R% x R? we have
pi(=llallzee) < |vf < V(5 0,2, )| < p3(llallze).

2. Assume that p5(||al|p) < |v|]. Then for any (t,z) € R% x R? we have

pa(=llallzee) < [VE(5 0,2, 0)] < fo].

11



Proof. 1. Notice that if |[VE(T';0, z,v)| = p§ for some T > 0, then we deduce by Proposition
2.6 that p5 < |[VE(t)| < p§ for any ¢t > T and thus |[V(£;0,z,v)| > p§ > |v|,t > T. It remains
to establish our statement for intervals [0, 7] such that |V(t)| < p§ for any ¢ € [0,7]. We
are done if we prove that t — |V¢(¢)| is strictly increasing on [0, T]. For any 7 €]0,T] let us
denote by ¢ a maximum point of ¢ — |[V(¢)| > 0 on [0, 7]. If £ € [0, 7[ we have %|Vs(f)| <0

and thus

(a=BIVEOP)IV@ _ X(V=@D)

d -
0> —|VE(t)| > — oo
> ZIVE@ 2 —lallze + -

By construction |Ve(t)| < p§ and moreover,
V(@) = max |VF| = [v| > pi,
[0,7]

and thus, A\°(|[V=(¢)|) > 0 for all ¢t € [0,T]. Consequently, we infer that ¢ — |V¢(t)] is strictly

increasing on [0, 7] since

>0.

%H/—e(t)‘ > _lafl + (a - 5|V5(;)|2)|V6(t)| _ /\5(|V:(t)|)
Therefore we have ¢ = 7 saying that |Ve(7)| > |v| for any 7 € [0,T].

2. As before, it is sufficient to work on intervals [0, 7] such that [V=(¢)| > p5(]lallz=) for
any ¢t € [0,7]. We are done if we prove that t — |V=(t)| is strictly decreasing on [0,7]. We

have for any t € [0, 7

<0

(@ = BIVEOIVED] _ X (V@)

d .
t < oo
dt“ ( )| = HaHL -

where for the last inequality we have used |V¢(t)| > p5,t € [0,T]. 7

3 The limit model

We investigate now the stability of the family (f¢). when £ becomes small. After extrac-
tion of a sequence (gg)r converging to 0 we can assume that (f€#); converges weakly * in

L®(Ry; My(R4 x R?)), meaning that

lim A+Adx]§(t,x,v)f Bt z,v)d(x,v) dt = /R+/Rdxﬂg§1(t,x,v)f(t,x,v)d(x,v) dt

k—+o00
for any ¢ € L'(R4; C?(R?xR?)). Using the weak formulation of (11)-(12) with test functions
n(t)e(x,v), n € CHRy), ¢ € CHR? x RY) one gets

/ (1O + 1(t)0 - Vap + 1(B)a - Vo) 5 (t,2,0) d(z, 0) dt
R, JRIxRY

i — ZAVE £k
+5k /M/Rdxﬂgd(t)(a Blv|*)v - Vo (t, z,v) d(x,v) dt

- / n(0) (e, v) " (x, v) d(z, v).
R

dxRd

12



Multiplying by e; and passing to the limit for k¥ — 400 yields
[ [, a0t = 8lPyo- upfta,0) o) de =0
R JRIXRI
and therefore one gets for any ¢ € R, and ¢ € C}(R? x R9)

[ o= BlePye- Ve (t..0)d(w,0) =0,
Rex R4

Under the hypothesis (1 + |v|?) f* € M (R? x R?) we deduce by Proposition 2.5 that (1 +
[v|2) f(t) € My (R? x RY) and therefore, applying the (z,v) version of Proposition 1.1 (whose

proof is detailed in the sequel), we obtain
supp f(t) c R x ({0} UrS), teRy,.

The proof of Proposition 1.1 is based on the resolution of the adjoint problem
—(a =Bl Vip =(v), veR?

for any smooth righthand side ¢ with compact support in ({0} U rS).

Proof. (of Proposition 1.1) It is easily seen that for any F € M; (R?xR?), supp F' C {0}uUrS

and any ¢ € C}(R?) we have

/Rd(Oé — B|U|2)’U . vap(y)F(U) dv =0

saying that div,{F(a — B|v|*)v} = 0. Assume now that div,{F(a — BJv|?)v} = 0 for some
F € M (R?xR%) and let us prove that supp F' C {0}UrS. We introduce the flow V = V(s;v)

given by
Y — (0= BV(s )P Wlsiv), V(Os) = v, (15)
o]

(a—Blol*)v -V, (”) = (a— Blv]?) (1 - “fl’;’) S

[0l [l

A direct computation shows that are left invariant

and therefore

V(s;v) = \V(s;v)||2—|, v #0.
Multiplying (15) by V(s;v)/|V(s;v)| yields
d e (o V2 V(s
V= (= BV(s0)) V(s v)l

whose solution is given by

re®s

|’U| 2(p2 2
VP =1+

V(s;v)| =

13



Finally one gets

re®s

= U,
VIPE =D+

with S(v) = —00 if 0 < |v| < 7 and S(v) = 5 In (1 r ) < 0 if |v| > r. Notice that the

- P

V(S, U) S G]S(’U), +OO[

characteristics V(+;v) are well defined on R for any v € R? and we have

lim V(s;v):ri if v#0, lig_n V(s;v) =0 ifv=0
S——+00

s——+00 |’U‘

and

lim [V(s)|=0if0< |v| <r, lim [V(s)|=rif jv|=7r lim [V(s)|=4oo if || >
5N\ (v) 5™ (v) sN\S(v)

Let us consider a C! function 1 = ¢(v) with compact support in ¢({0} UrS). We intend to

construct a bounded C! function ¢ = ¢(v) such that
—(a = Blv)?)v - Voo = ¥(v), veRL
Obviously, if such a function exists, we may assume that ¢(0) = 0. Motivated by the equality
d
V(s )} =v(V(siv)), 0<fof<r, —c0<s<0
and since we know that lim,_,_ V(s;v) = 0 for any 0 < |v| < r, we define

0
p(v) = —/7 Y(V(r;v))dr, 0< |v| <. (16)

Let us check that the function ¢ in (16) is well defined and is C* in |v| < 7. The key point
is that v has compact support in ({0} UrS) and therefore there are 0 < 11 < re <r <13 <
r4 < 400 such that supp ) C {v € R? : v <|v| <} U{v € R? : 13 < |u| < 1y} Tt is
easily seen that 7 — |V(7;v)| is strictly increasing for any 0 < |v| < r. Therefore, for any

[v| <71 we have [V(r;0)] < [V(0;0)| = |v] <71, 7 <0, implying that

0
o(v) = —[ W(V(r0)) dr =0, 0< [v] <r1.

For any v with r; < |v| < 7y there are 71 < 0 < 7 such that [V(71;0)| =11 <12 = [V(12;0)].
The time interval between 71 and 7 comes easily by writing

& V()
(o= BY(N)P)IV(7)]

T2 dp
T2| + |71 =T2—71=/ T Aoy
[l +Im] n (@=Bp%)p

=1

implying that

14



From the equality

/dJTUdT—/z//Tv /’l/JT’U

T2 d
()] < 7] 9]l co g/ ﬁ

Assume now that r9 < |v| < 7. There is 75 > 0 such that v = V(7y; ’I’gm) and therefore

0 0 v
—[ Y(V(r;v)) dr = —/ ¢(V(T+TQ;T2W)) dr

—To

_ e (T+Tg,7"2 )dr = — / P(V(7572 |)) g0(7‘2|Z>'

we deduce that
[l co- (17)

In particular, the restriction of ¢ on 79 < |v| < r satisfies the same bound as in (17)

T2 d
eI < [ = ilon, 2 < lol <

It is easily seen that ¢ is C! on 0 < |v| < r. For that it is sufficient to consider r1 < |v| < ro.

Notice that

v _ |V(T; ’U)| (I _ V(T; U) ® V(T; U) (1 _ 6—2(17))

ETAAR A 2
and therefore the gradient of ¢ remains bounded on r1 < |v]| < 7o

0t
Vapl) = [ So(r0)Te(V(rv)) dr

T1

since on the interval 7 € [11,0] we have |V(7;v)| € [r1,|v|] C [r1,re]. Taking now as definition

p(v) =9 <r2|vv|> ;

we obtain a bounded C! function on |v| < r satisfying

for [v| =7

T2 d
(o BloP)o- Vup = (v), [p(v)] < / P |lleo, [o] <.

T (Oé - IBPQ)p

We proceed similarly in order to extend the above function for |v| > r. We have for any s > 0

—o(V(s:v)) + o(v) = /0 YV 0) dr, o] > 1

As limy_, 400 V(s50) = rﬁ we must take

w(v)_sggloo{ (5:0) /1/) 10) dT}_ <r|)—|— 0+Oow(V(T;v))dT, | > 1.

Clearly, for any |v| > r the function 7 — |V(7;v)| is strictly decreasing. Therefore, for any

0=+ (1) = (o)

15
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since [V(1;v)| < |v| < r3 and v(V(r;v)) = 0, 7 > 0. If r3 < |v| < ry let us consider
T4 < 0 < 73 such that |V(73;v)| = r3 < r4 = [V(74;v)|. The time interval between 74 and 73
is given by

T3 d,O
|7'3|+\7'4|:Tg—74:/ < +o0,

T4 (Oé - /sz)p
and therefore one gets for r3 < |v| <1y

(o)l < 'w <||> ] ¥

<\t L ) e (12)

Consider now |v| > r4. There is 74 > 0 such that T4ﬁ = V(74; v) implying that

()
o (P )+ [T e dr=o (r ) 4 [ e
(i) ('m)

0 |v]
v
=@ <T4> .
|v]

We deduce that the restriction of ¢ on {v : |v| > r4} satisfies the same bound as in (18).

"S(V(riv)) dr
0

+00

v +oo
Y(V(r;0)) dr = ¢ <r|v|> + Y(V(r;v)) dr

T4

)) dr

Moreover the function ¢ is C! on {v : |v| > r}, with bounded derivatives. Indeed, it is

sufficient to consider only the case r3 < |v| < ry4, observing that

r VRV v (ERT)Y
Voole) = 2 (1= 250 ) Vg () + | e tmo) V(i) ar

73 d
V(r;0)| € [ra, [ol] C [ra, ra], 7 € [0, 73], [7a] + |7 =/ L

— < 400
re (a—=Bp%)p

By construction we have —(a — B[v|?)v - Vy = ¥(v), |v] > 7.

Consider a C' decreasing function on R, such that X|[o,1] =1, X[2,400] = 0. We know that

/Rd(a = Blvf*)v -V, {s@(v)x <|UR|>} F(v)dv=0, R>0,

saying that

/Rdx ('Z') (@ — Blo|?)v - Vo F(v)dv+ /Rd(a _ ﬁ|v|2)<p(v)%|x' (2') F(o)do =0,

Since ¢ and 1) = —(a — B|v|*)v - V¢ are bounded and F has finite mass and kinetic energy,
we can pass to the limit for R — 400, using the dominated convergence theorem. We obtain

for any C! function v, with compact support in ¢({0} U rS)

/ Y(w)F(v)dv = —/ (o — Blv[*)v - Voo F(v) dv = 0.
Rd Rd

Actually the previous equality holds true for any continuous function ¢ with compact support

in ({0} UrS), since [pqF(v) dv < 400, so that supp F C {0} UrS. O
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In order to obtain stability for (f°¢); we need to avoid the unstable equilibrium v = 0. For
that we assume that the initial support is away from zero speed: there is rg > 0 (eventually

small, let us say ro < r) such that
supp f € {(z,v) e REx R? : |v| > rg}. (19)
Proposition 3.1 Under the hypothesis (19) we have for any € > 0 small enough
supp fE(t) C {(z,v) e R x R? : |v| > o}, t€R,.

Proof. Take ¢ > 0 such that €||a||p~ < 2ar/(3v/3) and p5(—|a|| 1) < ro. For any continu-

ous function 1) = ¢ (z,v) with compact support in R? x {v : |v| < ro} we have

Y(z,0) f(t,z,v)d(z,v) = Y(XE(t;0,2,v), VE(E; 0, , v))fin(x, v)d(z,v)
Ré xR RéxRd
= Ja Rsﬁ(.X “(t;0,z,v), VE(t; 0, z, v))l{‘UETO} fin(a:, v)d(z,v).

But for any |v| > rg > pj we know by Proposition 2.7 that |VE(¢;0,z,v)| > |v| > r, implying

that ¥(X¢(t), VE(t)) = 0. Therefore one gets fRded W(x,v) fE(t, z,v)d(z,v) = 0 saying that

supp f(t) C {(z,v) : [v] > ro}. O

We are ready now to establish the model satisfied by the limit measure f. The idea is to

use the weak formulation of (11), (12) with test functions which are constant along the flow

of (a— Blv|?)v - V,, in order to get rid of the term in % These functions are those depending
v v

on z and Ok Surely, the invariants To] have no continuous extensions in v = 0, but we will

see that we can use it, since our measures f¢ vanish around v = 0.

Proof. (of Theorem 1.1) We already know that f satisfies (7). Actually, since supp f*(¢) C
{(z,v) : |v] > ro},t € Ry,e > 0, we deduce that supp f(t) C {(z,v) : |v| > 1o} and finally
supp f(t) € R*x7S,t € R,. We have to establish (6) and find the initial data. Consider a C'*
decreasing function x on Ry such that x| 1] = 1, X[2,400] = 0. For any n = n(t) € C2(R,),

0 = p(z,v) € CHR? x R?) we construct the test function

o(t, z,v) = n(t) [1 “x (%{;")} 0 <m|z|> .

Notice that 6 is C* and 6 = 0 for |v| < 2. When applying the weak formulation of (11)-(12)

with 6, the term in % vanishes. Indeed, we can write

i/ﬂh/ﬂwgd(t)(a — Bl -V, { [1 ~x @?ﬂ 0 <x7’|z|> } Fo(t 2, v)d(z, v) dt
_ i/& n(®) /UM (a=Blo)v- Vs {(p <x r|z|> } (2, v) d(x, v) dt = 0,

17



For the term containing 0,0 we obtain the following limit when k& — +o00

TF .= / 00 f*(t, x,v)d(z,v) dt — 00 f(t,z,v)d(x,v) dt
R, JRIxRY R, JRIxRE

:/R+n’(t) /U|>T0Lp <m|“|> £t 2,0) d(z, v) dt
:/]R+ /v| ( v|>f(t,x,v)d(x,v) dt

= ! x,v ,x,v)d(z,v) dt
L] e seavdey

= /R O (np) f(t, z,v) d(z,v) dt.

RdxRd

Similarly, one gets

TQ.—// v -V 0fk(t, z,v)d(z,v dt—)// vV 0f(t,z,v)d(x,v) dt
R4 JRExR4 Ry JRIxRI

/R+/Rded )f(tx,0)d(w, v) dt.

For the term containing a - V6 notice that on the set |v| > ¢ we have

=5 ()} w0 (1-55) 0 (o)

and therefore we obtain

T3 ._/Hh/RdX%dVHfE (t,z,v)d(z,v dt—>/R+/RdX]§dV@fta:v)d(:c,v)dt
VRV
—/R+ n(t) /U|>T0v (I_|v|2> a- (Vyp) <x,r|v|> ft,xz,v)d(z,v) dt
/ / < 5 )a Vo(ne)f(t, z,v)d(z,v) di.
Ry JRIxRA v

For treating the term involving the initial condition, we write
Ti= [ 0a0 0w = [ a0 (5.0 l) e e
Rdx R4 R xR |v]

:=A n(0)e(z,v) (™ (z,0) d(z, v).

dwRd
Passing to the limit for k — 400 in the weak formulation T + T¥ + T + T) = 0 yields the

problem

Ouf + diva{fu} + div, {f (I - “f;;’) a} —0, £(0)={(f™

as desired. O
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Remark 3.1 The constraint (7) is propagated by the evolution equation (6). This comes by
the fact that the flow (X,V') associated to the field v-V, + (I — %) a -V, leaves invariant
RY x rS. Indeed, if (X,V) solves

X vy W_(; VBV o+,
ds = V(). ds < [V (s)|? > (5, X(s))

X(s;0,z,v) =z, V(s;0,2,v) =v#0

then
1d V(s) ® V(s)
V(8P = T - 2L X -V(s)=0
VR = (1= YR o x) v
saying that |V (s;0,z,v)| = |v| for any (s,z) € Ry x RL. In particular, for any continuous

function 1 = (x,v) with compact support in (R% x rS) we have

Yz, v)f(s,z,0)d(z,v) = (X (550, 2,0),V(s;0,2,0)) (f*) (z,v) d(z,v)
R4xRd Rd x R4
- ol w(X(S;O,.’L','U),V(S;O,I,U)) <fin> (.’L’,’U) d(JI,’U) =0

since supp <fin> C RIxrS. Therefore for any s € Ry we have supp f(s) C R? x rS implying
that div,{f(s)(a — Blv[*)v} = 0,5 € R,.

Remark 3.2 By the uniqueness of the solution for (6) with initial data <fi“>, we deduce
that all the family (f¢). converges weakly x in L™ (R ; My(RY x RY)).

4 The non linear problem

Up to now we considered the stability of the linear problems (11)-(12) for a given smooth

field a = a(t,z) € L® (R, ; WH°(R?)). We concentrate now on the non linear problem
1
O f* + divg{fev} + divy{f°a"} + g{f‘z(a — Blv)v} =0, (t,z,v) e Ry x RTxR?  (20)

with a® = =V, U * p° — H x f¢. The well posedness of the non linear equation (20) comes by
fixed point arguments in suitable spaces of measures, and it has been discussed in [10, 4] in

the measure solution framework. We summarize next the properties of the solutions (f¢)e>0.

Proposition 4.1 Assume h € CH(R?),U € CZ(R?) and (1 + |[v*) f* € M (R? x R?). For
all € > 0, there is a unique solution (f¢,a%) € C(Ry;P1(R? x RY)) x L®(Ry; WHe(RY)) to

O ff +divy{fv} +div,{fa®} + %divv{fs(a — B} =0, (t,z,v) e Ry x R x R? (21)
a® =-V,Ux | fSdv— Hx*f® H(xz,v)=h(z)v (22)
R4
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with initial data f(0) = fI°, satisfying the uniform bounds
sup / [ f2(t, z,v) d(z,v) < +o0
e>0,teRy JRIXRA

sup [|a®|| oo (r;poo (ray) =1 A < 400, Sup [|Vaa®|| poo(r ;o0 (raey) =t A1 < 4o00.
e>0 e>0

Moreover, if the initial condition satisfies
supp f* c {(z,v) e RTx R? : |z| < Lo, 7o < |v] < Ry}
for some Lg > 0,0 < rg <1 < Ry < 400, then for any € > 0 small enough we have
supp f5(t) € {(z,v) e R x R? : |z| < Lo+ tRo, 70 < |v] < R}, t € Ry.

Proof. Here, we only justify the uniform bounds in ¢, the rest is a direct application of the
results in [10, 4]. The divergence form of (21) guarantees the mass conservation
[, reeoden=[ e deo, ek,
R4 xR R xR4
Notice that the term —div,{fH % f¢} balances the momentum
/ vdiv, {f*H % f¢} d(z,v) = / h(z —2) (v — o) fe(t, 2", 0") fE (¢, z,0) d(2/, 0" )d(x,v) = 0
R2d R4d
and decreases the kinetic energy

/ lv2div, {fEH * f¢} d(z,v) = 2/ h(z — 2" (v —v) - vfe(t, 2, v") f(t, z,v) d(2/,v")d(z,v)
R2d R

4d

=— | h(x—a)w =V Pft o W) fE(t ) d(a, ) d(z, v).
RAd

In particular, as [v[2f € M (R? x RY), then the kinetic energy [p.q [v|2f°(t, z,v) d(z,v)
remains bounded, uniformly in time ¢ € Ry and € > 0. Indeed, using the continuity equation

one gets

/RdedU (VU xp) fe(t, z,v) d(z,v) = ;(i/Rd (U % p° (1)) (2)p5 (¢, ) dz

[v|?

and after multiplying (21) by 5~ together with (22), we obtain

d 2 Uxpf 1
dt/Rdx]Rd <|112| + »;p >f8(t,x,v) d(z,v) — /RdX (afof? = B[N f2(t, z,v) d(z,v)

S Rd
1

= —f/ h(z — o) |v — o' 2 fE(t, 2, 0) fE(t, x,v) d(a’,v")d(z,v) <0. (23)
2 R4d

Consider now ¢¢ a maximum point on [0,7],T > 0, of the total energy

We(t):/ (W+U*p5>f5(t,x,v) d(z,v), te€0,T].

R xRdA 2 2
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If t° = 0 then it is easily seen that for any ¢ € [0, 7]
2
Bﬂi € Lgﬁrin in
[t 0) d(z,v) < [, v) d(@, ) + |U]| e S d(z,v) )
RixRd 2 RixRd 2 R xR
If t €]0, 7] then £W*(¢) > 0 implying from (23) by moment interpolation in v that

sup / (1 + |o|H fe(t8, z,v) d(z,v) < 400
e>0,7>0 JRd xRd

and thus the inequality We(t) < We(t%),t € [0,T] yields
[v]?

sup /R ﬁf‘g(t,xm) d(z,v) < sup / —— (1%, z,v) d(=,v)

€>0,t€[0,T] JRE xR 2 e>0,T>0 JR4xRd 2
2
0l ([, ) <o
RaxR4

Therefore the kinetic energy remains bounded on [0, 7], uniformly with respect to ¢ > 0,
and the bound does not depend on 1" > 0. The uniform bounds for a® come immediately by

convolution with V,U and H, thanks to the uniform estimate

sup / [v|fE(t, x,v) < +o0.
e>0,teRy JRIXRY

We analyze the support of (f€)s~0. Take £ > 0 small enough such that eA < 2ar/ (3\/5) and
pi(—A) < ro, p5(A) < Ry. By Proposition 3.1 we already know that

supp f7(t) C {(z,v) € R xR : [u| > ro}, t € Ry

For any continuous function 1 = ¢ (z,v) with compact support in R x {v € R? : |v| > Ry}

we have
Y@, v) f(t 2, v) d(w,v) = Y(XE(L), VE() (2, 0) d(z,v)
R xR4 RAxRA
- Rd R(}Z)(Xe(t)’VE(t))l{roélv\SRo}fin(xyU) d(z,v).

We distinguish several cases:
1. If rp < |v] < p5(—A) we deduce by Proposition 2.7 that |v] < [VE(t;0,z,v)] < p5(A) <
Ry, teRy,e>0.

2. If p5(—A) < |v| < p5(A) we obtain by Proposition 2.6 that p5(—A) < |VE(t;0,z,v)| <
p5(A) < Rg, te R4, e>0.

3. If p5(A) < |v] < Ry one gets thanks to Proposition 2.7 p5(—A) < |VE(t;0,2,v)| <
lv] < Ro.

In all cases (X¢,V®)(t;0,x,v) remains outside the support of ¢, implying that

Y(x,v)f5(t, z,v) d(x,v) = 0.
R xR4
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Thus for any t € Ry and € > 0 small enough one gets
supp fE(t) C {(z,v) e R x R? : 7y < |v] < Ro}.

Consider § € C'(R) non decreasing, verifying 6(u) = 0 if u < 0, #(u) > 0 if u > 0. Applying
the weak formulation of (21)-(22) with the test function 6(|z| — Lo — tRo) yields
[ 8el - Lo-tRo)f(t0) dlavo) = [ 0(1a] = Lo)f(a0) d(a,)
Rd xR RixR4

+/Ot/Rd 9/(|$‘_L0_8R0) (U'x_Ro) fE(S,.T,’U) d(x71))ds§0

xRd |LL‘|

implying that supp f¢(¢) C {(z,v) € RE x R?: |z| < Lo + tRo},t € R O

The uniform bound for the total mass allows us to extract a sequence (gx)r C R con-
vergent to 0 such that (f*); converges weakly % in L>(Ry; My(R? x R?)). The treatment
of the non linear term requires a little bit more, that is convergence in C'(R,;P;(R? x R%))
or at least in C([0, +oo[; P1(R? x R%)) for any § > 0. The key argument for establishing that

is emphasized by the lemma

Lemma 4.1 Consider € > 0 small enough.
1. For any (v,v) € RY x R with ro < |v] < p§(—A) — &, the first time t5 = t5(z,v) such that
[VE(t5;0,x,v)| = p5(—A) — € satisfies

3 r—17T
< —1 .
1= 2808 n( e )

2. For any (ﬁC,’U) e R x R? with pg(A) +e< |1;| < Ry, the first time t§ = tg(x,v) such that
[Ve(t5;0,2,v)| = p§(A) + ¢ satisfies

€ Ry—r
€< .
t2_26r21n( € )

Proof. 1. During the time [0,¢]] the velocity modulus |V¢(¢)| remains in [rg, p5(—A) — €] C

[p5(—A), p5(—A)] and we can write for any ¢ € [0, ¢5]

d|ve| d|ve|
dt dt _
A+ (a - AVEOR) VEO] - as(t, X°(t)) - ety + L = BIVE@P) [VE(D)]

£

since —eA + (a — Bu?)u is positive for u € [pi(—A), p5(—A)]. Integrating with respect to
t € [0,t5] yields

(o0 < /ﬁ%(—A)—S du _ 8//)3(—A)—5 du
&) =€ o] —eA+ (a—pu)u = "/, —eA+ (a— Bud)u’
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Recall that p5(—A) is one of the roots of u — —eA + (o — fu?)u and therefore a direct

computation lead to
—eA+(a—pu®)u=B(p5—u)[u’+upi+(p3)* —r?] = 2615 (p5—u), u € [ro, p5], € small enough
implying that

€ P2t du € p5 — 1o € r—rg
© < = In =2 < 1 .
(@) < 2012 /TO p5—u 20k n( € > 282 n< €

2. During the time [0, t5] the velocity modulus |V¢()| remains in [p§(A)+e, Ro] C [p5(A), +00]

and we can write for any ¢ € [0, 5]

2 s
> =1
eA+ (a—=BIVE@)?) IVE()] ™ as(t, Xe(t)) - lgzgg‘ +ia—plvE)?) (Ve

since €A + (o — Bu?)u is negative for u € [p§(A), +oo[. Integrating with respect to t € [0, t5]

. p5(A)+e du p5(A)+e du
t < < .
2(@v) < e /U| eA+ (a— Bu)u — E/RO eA+ (a— Bu?)u

yields

By direct computation we obtain
eA+(a—pu®)u = —B(u—p5)[u +up§+(05)* =12 < =282 (u—p5), u > p5, € small enough

implying that

Ro d — E —
t5(x,v) < c / Yo o = r5 < ‘I Fo—r .
2812 pite U= P§ 2312 € 23712 €

We intend to apply Arzela-Ascoli theorem in C(R; P;(R?x R?)) in order to extract a conver-
gent sequence (%) with limg_, 1 e = 0. We need to establish the uniform equicontinuity

of the family (f¢)z>0. The argument below is essentially similar to arguments in [10].

Proposition 4.2 1. If the initial data is well prepared i.e., supp f C {(z,v) € R x R? :

|z| < Lo, |v| =1} then there is a constant C' (not depending on t € Ry, e > 0) such that
Wi (fe(t), f°(s)) < Clt —s|, t,s e Ry,e > 0.

2. If supp f* € {(x,v) e RExR? : |z| < Lo, < |v| < Ro} then there is a constant C (not

depending on t € Ry, e > 0) such that for any 6 > 0 we can find &5 satisfying

Wi(fo(t), f5(s) < Clt —s|, t,5>8, 0<e < es.
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Proof. 1. Consider ¢ = ¢(z,v) a Lipschitz function on R? x R? with Lip(¢) < 1. For any

t,s € Ry, e > 0 we have

o (X5, VE®) = o(X5(s), VE($) ™ (@, v)d(x, v)

< [ (X0 = X+ VA = Vg P 0)

/ S(F2() — f2(s))d(z, v)
R

dwRd

Thanks to Proposition 2.6 we have for any (7,z,v) € Ry x R% x rS

p5(—A)—r < [VE(T;0, 2,0)| — 7 < p3(A) —r

9 S S

and it is easily seen, integrating the system of characteristics between s and ¢, that

t
|X(t;0,2,v) — X°(5;0,2,v)| = / VE(r;0,2,v) dr

< R0|t — S|

and

|V5(t;0,$,’0)—VE(S;O,I,U” < c

e {AM(HRO)R()M <p§<A) - r—p~5<—A>>}.

/ {te x5+ 2= BIVE(r)P el

9 5

Our conclusion comes immediately by Propositions 2.3, 2.4.

2. Consider § > 0 and &5 small enough such that 555 In (") < §, 555 In (8=7) < § for

2pr2 € > 2612 €

0 < & < g5. For any Lipschitz function ¢ with Lip(¢) < 1 and any ¢, s > 0 we have

/ S(F () F2(5)) d(z, )
R

dyRd

S/ {1X°() =X () |+ V) =V ()} ro<iof<roy /1 d(z, ).
R

dwRd

For any (7,7) € Ry x R, p5(—A) — e < |v] < p§(A) + & we have by Propositions 2.6, 2.7
p3(=A) —e < [VE(r;0,2,0)] < p5(A) +e.

The same conclusion holds true for any 7 > &, x € R? and |v| € [ro, p5(—A)—e[U]p5(A)+e, Ro),
thanks to Lemma 4.1, since § > max{tj(x,v),t5(x,v)} (after a time ¢, the velocity modulus
|[VE(7;0,z,v)| is already in the set {w : p5(—A) — e < |w| < p§(A) +¢}). Our statement
follows as before, integrating the system of characteristics between s and t. 7

Applying Arzela-Ascoli theorem, we deduce that there is a sequence (g); C R%, convergent

to 0 such that

lim Wi (f®*(¢), f(t)) = 0 uniformly for ¢t € [0,7], T >0

k——+o00

for some f € C(Ry;Pi(RE x RY)) if supp f" C {(z,v) € R? x R? : |z| < Lo, |v| = r} and

lim Wi (f%*(t), f(t)) = 0 uniformly for ¢t € [6,T], T > >0

k—+o00
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for some f € C(R%; P1(R? x RY)) if supp ™ C {(z,v) € RExR? : |z| < Lo, 7o < |v] < Ro}.
It is easily seen that if the initial condition is well prepared then there is a constant C cf.
Proposition 4.2 such that Wi (f(t), f(s)) < C|t — s|, t,s € Ry. The same is true for not
prepared initial conditions f*. Take § > 0 and e5 as in Proposition 4.2. For any 0 < € < €
we have Wi(fe(t), f¢(s)) < C|t — s|, t,s > o. For k large enough we have ¢, < &5 and
therefore W1 (f(t), f*(s)) < C|t — s|, t,s > . Passing to the limit as k¥ goes to infinity
yields Wi (f(¢), f(s)) < C|t — s|, t,s > 6. Since the constant C' does not depend on § one
gets
Wi(f(t), f(s) <Clt—sl|, t,s>0.

In particular we deduce that f has a limit as ¢ goes to 0 since (P;(R? x R?), W) is a complete
metric space and therefore we can extend f by continuity at ¢t = 0. The extended function,

still denoted by f, belongs to C(R.;P;(R? x R%)) and satisfies
Wl(f(t)7 f($>) < C|t - S‘, t,s € R+'

The above convergence allows us to handle the non linear terms. We use the following

standard argument [24, 10].

Lemma 4.2 Consider f,g € P1(R? x R?) compactly supported supp f Usupp g C {(x,v) €
RYx RY : |z| < L, |v| < R}, and let us consider
ar =—V,Ux fdv—Hxf, ag:—VwU*/ gdv— H *g.
R4 Rd

Then we have
1/2
lag = gl < {IV2U e + (IhlF + AR2VoAIE<) "} WS, 9)
where By stands for the closed ball in R of center 0 and radius R.

Proof. Take 7 to be a optimal transportation plan between f and g. Then for any x € R?

we have, using the marginals of 7

((VaU x f)(2) = (VU % g) (@) =

/R V. U(x — ) {f( ) — gla, o)} d(a, o))

dwRd

/ / [VoU(z — 2') =V, U(z — 2")]dr (2, v, 2" v")
RixRYR

dxRd

< ||V U||Loo/ / — 2| dm(2’, 0, 2", 0")
R4 xRRY Rded

< V32Ul L= Wi(f, 9)-
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The estimate for H x f — H % g follows similarly observing that on the support of 7, which is

included in {(2/,v',2",v") € R4 . |v/| < R,|v"| < R} we have

h(z = ) (v =) = h(z = 2") (v = 0")|
< I|h(z — 2" =)+ |h(z —2') — h(x — 2")| |[v — "

< (|h]2 + ARV oh|3) 2 (J2! — )7 + [ — o) 2.

We are ready now to prove Theorem 1.2.

Proof. (of Theorem 1.2) The arguments are the same as those in the proof of Theorem 1.1
except for the treatment of the non linear terms. We only concentrate on it. Consider (f¢*)
with limg_, 400 € = 0 such that limy_, o Wi(f%*(¢), f(t)) = 0 uniformly for ¢t € [0,T],7 > 0
if supp f* € {(z,v) : |z| < Lo, |v| = r} and limy_s oo Wi (f5*(t), f(t)) = 0 uniformly for
t € [6,T],T > 6 > 0 if supp f* C {(z,v) : |z| < Lo,r0 < |v] < Ry} for some function
f € CR;P1(R? x RY)). Thanks to Proposition 1.1 we deduce (for both prepared or not
initial data) that
supp f(t) € {(z,v) e REx R? : |v| =71}, t>0.

The previous statement holds also true at ¢ = 0, by the continuity of f. The time evolution

for the limit f comes by using the particular test functions

o(t,z,v) =n(t) {1 X (i?)] 4 (w TIZ|>

with n € CL(R,), ¢ € C}(R? x R?). From now on we consider only the not prepared initial
data case (the other case is simpler). We recall the notation a® = =V, U * [pa f dv — H % f¢
and we introduce a = —V,U * [pq f dv — H % f. Since f satisfies the same bounds as (f*)e,

we deduce that ||al|p~ < A, ||Vzalp~ < A;. For any 6 > 0 we can write

-V, 0 d(z, v)dt‘

]Rdx]Rd

/R y R{gs’“ Vol [ —a- Vef}dxvdt‘
+ X

6 400
+ / / a- V0 fd(z,v)dt| + {a®% - V0 [ —a-V,0 f} d(m,v)dt'
0 JRExRE RexR?
+o0
§2A(5||VU0||CO/ fm (z,v) a’* —a)-V,0 1{\1)|<R0}f Fd(z, U)dt‘
R4 x Rded
+oo
a- Vb (f — f) d(z,v)dt|. (24)
RdxR?

We keep 6 > 0 fixed and we pass to the limit when k£ goes to infinity. Lemma 4.2 implies

that the second term in the last right hand side can be estimated as
0% —alle isy) = lages =gl (gixg) < CROWA(SH(0. (1)) 0 when k — foo
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uniformly for ¢ € [0, T], implying, for T large enough

+00

T
—a) - Vo0 % d(z,v)dt| < C(Ro)||9|cl/6 Wi (f*(t), f(t)) dt — 0

[v|[<Ro

when k goes to infinity. For the third term in the right hand side of (24) we use the weak *

convergence limy_, oo £ (t) = f(t) in M} (R? x RY) for any ¢ > 4, cf. Proposition 2.1

lim a-Vu0(f*(t) — f(t)) d(z,v) =0, t >4
k—+00 JRrdxRrd

and we conclude by the Lebesgue dominated convergence theorem

+oo
lim / a-V0(f*(t,z,v) — f(t,x,v)) d(xz,v)dt =0.
R

k——+o0 dyRd

Passing to the limit in (24) when & goes to infinity, we obtain

lim sup
k—+o00

/ {a™ -V, 0f* —a-V,0f)} d(:c,v)dt' < 245 Vibllco -
Ry

R xRd

Sending § to 0 we obtain that

lim / / a - V0 f* d(z,v)dt :/ / a-Vy0 fd(z,v)dt.
k=400 Jr, JREXRA R JRxRd

5 Diffusion models

We intend to introduce a formalism which will allow us to investigate in a simpler manner
the asymptotic behavior of (11) and (9). This method comes from gyrokinetic models in
plasma physics: when studying the magnetic confinement we are looking for averaged models
with respect to the fast motion of particles around the magnetic lines. The analysis relies
on the notion of gyro-average operator [6], which is a projection onto the space of slow
time depending functions. In other words, projecting means smoothing out the fluctuations
with respect to the fast time variable, corresponding to the high cyclotronic frequency. This
projection appears like a gyro-average operator. Here the arguments are developed at a
formal level.

We first introduce rigorously the projected measure on the sphere rS for general measures.
Let f € M, (R? x RY) be a non negative bounded measure on R? x R%. We denote by (f)
the measure corresponding to the linear application

P — Y(z,v) Ly—o f(z,v)d(z,v) + /R ) <x, TZ|> 1ozof(x,v)d(z,v),

R xR4 dxRd
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for all ¢ € CO(RY x RY), i.e.,

b(@,0) () (2, 0) d(z,v) = / 0@ 0) de ) + / K (w ||) F(@,v)d(@,0),

R4xRd

for all 1» € CY(R? x R?). Observe that (f) is a non negative bounded measure,

/Rded (f) (z,v)d(z,v) :/ fz,v)d(z,v),

R xR4

with supp (f) € R% x ({0} UrS). We have the following characterization.

Proposition 5.1 Assume that f is a non negative bounded measure on R? x R, Then f)

is the unique measure F satisfying supp F C R? x ({0} UrS),
[ o (er) e = [ v (o) oo, ve o =)
v#0 |U| v#£0 |U|
and F = f on R? x {0}.

Proof. The measure (f) defined before satisfies the above characterization. Indeed, supp (f)C
RY x ({0} UrS). Taking now 9 (z,v) = ¢(x)x(|v|/§) with ¢ € CO(R?) and 6§ > 0 one gets

/Rdef(x)X (|:;|> (f) (z,v)d(z,v) = /11—0 o(z) f(z,v)d(z,v)

o]

v RIS <5) F(@,0) d(z, )

Passing to the limit for § N\, 0 yields
| e @od@n = [ e de), oect®)

meaning that (f) = f on R? x {0}. Therefore one gets for any 1 € C?(R? x R%)

/U#O (0 (x, rﬁ) (f) (z,v)d(z,v) = . () (f) (z,0) d(z, v)

= ¢(m,v) <f> (l‘,’U) d(:l?,’U)

v#£0

- () (@, v) d(z, v) - / () (2, 0) d(z, )
R4 xR v=0

- () (@, v) d(z, v) - / 0f (2, 0)d(z,v)
R4 xRd v=0

_ /#Ow <xrz|> Fla,v)d(z, v).
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Conversely, let us check that the above characterization exactly defines the measure (f). For

any ¢ € CO(R? x R%) we have

Y(z,v)F(x,v)d(z,v) = /_0 YF (z,v)d(z,v) + YF(z,v)d(z,v)

R xR4 v#0
v

_ /v_oz/z(xm)f(m,v)d(w,v) +/U¢Ow (mr) F(z,v)d(x,v)

[l

_ / U@ S0 d() + / WY (”|Z|> f(@,0)d(@,0)

saying that F' = (f). O
By Proposition 5.1 it is clear that (-) leaves invariant the measures with support in
RIU({0}UrS). Consider f € M; (R? x R?). We say that div,{f(a—B|v|?)v} € My(RY xR?)

if and only if there is a constant C' > 0 such that

/]R (a = BluP)o - Voo f(z,v) d(w,v) < Clllz=, ¥ € Co(R? x RY).

dwRd

In this case there is a bounded measure p such that

- / (- BloPyo - Vo v)d@o) = | p e CHREx RY),
R

dxRd R xR4

By definition we take div,{f(a — B[v|?)v} = p. The main motivation for the construction of
the projection (-) is the following result.

Proposition 5.2 For any f € M (R? x RY) such that div,{f(a — B|v|?)v} € My(RY x RY)
we have {div,{f(a — BJv[*)v}) = 0.

Proof. Let us take div,{f(a — BJv|?)v} = p. We will check that the zero measure 0 satisfies

the characterization of (1) in Proposition 5.1. Clearly supp 0 = ) C R? x ({0} UrS). For any
o(x) € C%RY) we have

[ et a1 [ pton (B w0 dien

oN\0
— i [ el (") 1o~ o) (v d(aw) = 0
5\0 RA xR (5 (5 ’ ’

by dominated convergence, since

() B - oy

Therefore we deduce that div,{f(a—pB[v|?)v} = 0on R?x{0}. Consider now ¢ € C}(RYxR?)

< asup |x/(v)u| 4+ B0 sup |x ' (u)u?|.
u>0 u>0

and lets us compute

/U#)w <x,r|z|> p(z,v) d(z,v) = %ii% Rde’}/) <x,r|z|> <1 —X <|g|>> p(z,v) d(z, v)

—tim [y (x) X' (6') o~ 1o () ) = 0

N0 JRd xRd |v]
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since v - Vo {¢(z, 5 ol v)} = 0. By density, the same conclusion holds true for any ¢ € CO(R? x
R?) and thus <d1vv{f o — ﬂ|v|2)v}> =0. -

Remark 5.1 When f € M (R? x R?) does not charge R? x {0}, (f) is given by

supp (f) C R x 18, /ﬂ@b(ax rzl) <f>=/¢0w(x,r|;’|> f, ¥ COR x RY)

or equivalently
/ b (f) :/ " <x,r“> f, ¥ e COR® x RY). (25)
Ra x R4 v#0 |v]

Using Proposition 5.2 we can obtain, at least formally, the limit model satisfied by f =
limeo f¢. By (4) we know that supp f C R? x ({0} UrS). The time evolution of f comes
by eliminating f) in (5). For that it is sufficient to project on the subspace of the measures

satisfying the constraint (4), i.e., to apply (-).

(Ocf) + (dive{fv}) + (dive{fa}) = 0. (26)

It is easily seen that (9,f) = 0; (f) = 9;f since supp f C R% x ({0} US) and therefore
(f) = f. We need to compute the last two terms in (26). We show that

Proposition 5.3 Assume that a = a(x) is a bounded continuous field. Then we have the

following equalities
(div,{fv}) = div,{fv} if supp f C R? x ({0} UrS)

(divy{fa}) = div, {f <I - UST;) a} if supp f C R% x rS.

As a consequence, (26) yields the transport equation (6) obtained rigorously in Theorems 1.1

and 1.2.
Proof. For any 1 € C}(R? x R?) we have

vl (o) = [ vditsop+ | K (a:||> div,{ fo}

R4 xRd
o |v] v |v]
St [ o (B et [ (nri) (10 () )
— [v] - N (1 (1
=t [ v ()t [ oeve (e} (-0 () £

:/U_ v- Vb f — /75011 sz/z<x 7'| |>

. /R vVl = [ wdiva{fo)

dxRd RIxR
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saying that (div,{fv}) = div,{fv}. Assume now that supp f C R%xrS. It is easily seen that
div,(fa) does not charge R? x {0}. Indeed, for any ¢ € CO(R? x R?) we have by dominated

convergence

/ Pdivy(fa) = lim % <|U|> div,(fa)
v=0 s 0

NO JRdxRd
. |U| . vl , |U|
=1 Vo (=) F—1 = (B wr=o0.
T Y W((s U w2 G KA

Therefore we can use (25)

o (v, (fa) = [ X (m M) diva(fa)

Rex R4

L v v .

= [0 (5)) ¢ (o) vt

_ _ l)><_®> . ( )

= L2 (5) i (=557 ) = o (g ) 5
_ 1,/ |v\ v v

188 o (5) oo (507 )

:7/ (]@)a.vvwf: qﬁdivv{f(Iqwg);])a}.

w0 |v] Rd xR [v]

[

We investigate now the limit when ¢ N\, 0 of the diffusion model (9). We are done if we
compute (A, f) for a non negative bounded measure with support contained in R? x rS. As
before we can check that A, f does not charge R? x {0} and therefore, thanks to (25), we

obtain after some computations

— v _ v 2(md o od
RdeJ”<A“f>‘/U¢O¢<“’”’T|v|)A”f /#oA”{w (5””“|v|>}f’ ¥ € Co(RORE). (27)

Lemma 5.1 For any function ¢ € C%(R%\ {0}) and any r > 0 we have
2 v Vo (r%)
A, {cp <Tv>} = (r) (I— 1)®2v> 0% <7’v) —QL—zH, v # 0.
|v] [v] |v] |v] [v] [v]

Combining (27), Lemma 5.1 and the fact that supp f C R? x rS we obtain

(@, ) (A f) = / y [(I - ﬁ;’) 02 (2, v) — 2”V|‘T§””’)] f

RdxR4
. . X
= Y(x,v)div, {dlvv {f (I — W)} + 2f;}|2} .

R4 xRd

We deduce the formula

: . VU v
(Ay f) = divy, {dlvv [f <I_ |U2>} +2f|v|2}
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for any f satisfying supp f C R? x rS and the limit of the Vicsek model (9) when £ \, 0

becomes

O f + divy(fv) + divy, {f <I— Uf{;) a} = divy, {divv {f <I— Uf{;)] +2f|:|2} (28)

with the initial condition f(0) = (f™), as stated in (10).

A Spherical coordinates and the Laplace-Beltrami operator

In this appendix, we show the computations to relate the equations written in original vari-
ables (z,v) to the equations in spherical coordinates (z,w). Our limit densities have their
support contained in R? x 7S and thus reduce to measures on R? x rS. For example, let us

consider the measure on R? x rS still denoted by f, given by

b)) o) = [ X <x||) F,0) d(z,0)

R xrS
for any function ¢ € CO(R¥xrS). In particular, to any f € M; (R?xR?) not charging Rx {0}

it corresponds (f) € M; (R x RY), with supp (f) C R? x rS, whose characterization is

0(o.) () (.0) d(o) = [ K (m) f,v)d(z,v).

R x7rS Ul
We intend to write the previous limit models (in Theorems 1.1, 1.2, and (28)) in spherical

coordinates.

Proposition A.1 Assume that f € M;(]Rd x RY), supp f C RY x S and let us denote by

F e M;(Rd x 1S) its corresponding measure on R% x rS. Therefore we have
1
(divy(fv)) = divy(Fw), (divy(fa)) = div, {F (I — ﬁ(w ®w)> a} , (Ayf) = ALF.

Proof. Thanks to Proposition 5.3 we have for any ¢ € C}(R? x rS)

[ e i) = [ K (mv) vt = - | R <x|v|> ;
v v
= —‘/Ur;éo T‘m . Vﬂb <$7TM> f = — /RdXTéu . vxw(iEW)F
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and thus (div,(fv)) = div,(Fw). Similarly we can write

Y(x,w) (divy(fa)) P <:r,r > (divy(fa)) (d(x,v))
U;EO

RexrS

Y x,r >dlvv{f<lzw®2v>a}
v7é0 v

[ (2o (1= 22 v ()
-/ |v( o )\ ) VT )

_ I v®v> <I v®'u> . < v>
/v¢o< 0P o ) V)
/ (I—w@w) (I—w@w))VM/)(w,w)F
RaxrS

= / ( —w@ >a Vb (z
R xr

wlewiv, {F (1- (w@w)> }

RixrS

and therefore
1
(divy(fa)) = divy, {F <I - —(w ®w)> a} .
T
Here div,, stands for the divergence along rS (notice that (I — T%(w ® w)) a is a tangent field
of S) and V,, = (I — T%(w ® w)) V, is the gradient along rS. For the last assertion we appeal

to the following well known result asserting that the Laplace-Beltrami operator coincides with

the Laplacian of the degree zero homogeneous extension, see also [4].

Proposition A.2 Consider ¢ = o(w) a C? function on rS and we denote by ® = ®(v) its

degree zero homogeneous extension on R\ {0}

B(v) = <1"Z|) )

Therefore we have for any w € rS
App(w) = Ay®(w).

Let us come back to the proof of Proposition A.1. For any ¢ € C2(R? x rS) we introduce
its degree zero homogeneous extension ¥ (z,v) = (fv r \vl) Thanks to Proposition A.2 we
can write

v
s O = [ ot )@= [ veoss= [ s
RidxrS v#£0 "U| v#£0 v#£0

= Az, v)f = Ay (z,w)F = (x,w)ALF

[v|=r RaxrS RexrS

meaning that (A, f) = A F. 7
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For the sake of completeness, we finally write the equations in spherical coordinates in
R3. We introduce the spherical coordinates w = r(cos # cos ¢, cos § sin ¢, sin #) with the angle

variables (0, ) €] — w/2,7/2[x[0, 27|, and the orthogonal basis of the tangent space to rS
eg = (—sinf cos ¢, —sinfsin p, cos ), e, = (— cosfsin g, cosf cos ¢, 0)

with |eg| =1, |e,| = cos@. For any smooth function u on 7S we have

(9 _1

1
—— = —Opu ey + ——=—=0,u e
cos2f r rcos2@ ¥ ¥

Vou= (Vou-egeg + (Vou-ey)

and for any smooth tangent field £ = §peq + {,e, We have

r | cosf

div,¢ = ! { ! (&g cosB) + &p@,} :

The coordinates of the tangent field ¢ := F (I — T%(w ®w))aare {§ =& eg = Fag, & =

§ep —
cos2 0

Fa, and we obtain

(dive(fa)) = dive, {F <1 - TiQ(w ® w)> a} 1 {Colseag(Fag cos ) + Bw(Fagp)} .

T

The spherical Laplacian is given by

. 1 1 0 [cosf 0 1
AwF_leN(vwF)_T{COSG@@( , 89F>+&0<7M6@F>}

= 1{ L a(cos@39F)+182F}.

72 | cos 0 06 cos2f ¥
Proposition A.3 The limit transport equation obtained in (28) for R3 is

Op(Fag cosb)

1
&gF—i—w-VwF—i-{
r cos 6

1 1 0 1
+8¢(F(Z<p)} = ﬁ {(3()3989((:089 aQF) + m Q%F} .

We recall here the proof of Proposition A.2. It is a consequence of a more general result.

Proposition A.4 Let us consider a function ¢ = @(v) € C*(R%), d > 2 which writes in

polar coordinates o(v) = @(p, o), p=|v| >0, o= ﬁ € S. Therefore for any v # 0 we have

1 0 1 v
App(v) = ———(pN7189,6) + =Agp(p,0), p=v|>0, 0 =—.
o(v) 5 —18,)(” »P) = o(p,a), p= vl o

Proof. Consider a smooth function ¢ = 1(v) € C? with compact support in R\ {0}, which

writes in polar coordinates ¢ (v) = ¥ (p,0), p=|v| >0, o= |%‘ € S. We have
9% 0P N
Fi =Vyp-0, Voo =(Vyp-0)og+ (T —-0®0)Vyp= 8—(; 0+ Vi—pop
and ~ -
Vo Vb= (Vb )0 + (1 =09 0) Vb = 5o 0+ Viumpel
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Integrating by parts yields

- [ v vt de/vMymwm—/‘/ 0500 5V iy dap¥ L dp
Ry JSN-1 3/) 3/)
~ Nil ~
SN-1 JRr, P Ry P SN-1

1 0 1 N
:—Aﬂ@{w¢8<Nla>+wa}®

and therefore

1 0 1 v
Avp(v) = 75 (0V719,0) + 5 A0G(p,0), p=1Iv| >0, 0=
! pN=1op e ]
[
Proof. (of Proposition A.2) The degree zero homogeneous extension ®(v) = ( B ‘> does

not depend on the polar radius ®(v) = ®(0) = p(w = r0), 0 = ﬁ Thanks to Proposition
A4, we deduce A, P = A o= chp Taking p = r, which means v = ro = w we obtain
AP (w) = Ayp(w), we TS. O
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