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Abstract

Consider a Lipschitz domain  and a measurable function u supported in Q with ||u||; . <
1. Then the derivatives of a quasiconformal solution of the Beltrami equation df = pudf
inherit the Sobolev regularity W™?(Q) of the Beltrami coefficient u as long as  is regular
enough. The condition obtained is that the outward unit normal vector N of the boundary of
the domain is in the trace space, that is, N € Byp,"/?(99).

In this part we prove that this geometric condition implies that the Beurling transform
Bf = fp.v.# x f satisfies that Bxo € W™P(Q).

1 Introduction

Let 1 € L™ supported in a certain ball B C C with k := ||u[| ;- <1 and consider K := }=%. We
say that f is a K-quasiregular solution to the Beltrami equation

Of = pof (1.1)

with Beltrami coefficient p if f € Wlt)f , that is, if f and V f are square integrable functions in any
compact subset of C, and 9f(z) = u(z)9f(z) for almost every z € C. Such a function f is said
to be a K-quasiconformal mapping if it is a homeomorphism of the complex plane. If, moreover,
f(2) =2+ O(%) as 2 — oo, then we say that f is the principal solution to (1.1).

Given a compactly supported Beltrami coefficient u, the existence and uniqueness of the prin-
cipal solution is granted by the measurable Riemann mapping Theorem (see [AIM09, Theorem
5.1.2], for instance). The principal solution can be given by means of the Cauchy and the Beurling
transforms. For g € LP its Cauchy transform is defined as

T z—w

1
Cyg(z) :=— / Mdm(w) for all z € C,
and its Beurling transform, as

—1
Bg(z) := lim / ‘ %dm(m) for almost every z € C.
w—z|>e

The Beurling transform is a bounded operator in L? for 1 < p < oo and for g € W1P(C) we have
that B(dg) = dg. Given a ball B, the Cauchy transform sends functions in LP(B) and vanishing
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in the complement of B to W1P(C). Furthermore, the operator I — uB is invertible in L? and, if
we call
hi=(I—puB) 'y, (1.2)

then
f(z) =Ch(z) + = (1.3)

is the principal solution of (1.1) because df = h and 0f = Bh + 1.

A natural question is to what spaces h belongs. The key point to answer that question is
inverting the operator (I — uBB) in some space. Astala showed in [Ast94] that h € LP for 1 + k <
p < 14+1/k (in fact, since h is also compactly supported, one can say the same for every 1 < p < 1+k
even though (I — uBB) may not be invertible in L? for that values of p, as shown by Astala, Iwaniec
and Saksman in [AIS01]). Clop et al. in [CFM*09] and Cruz, Mateu and Orobitg in [CMO13]
proved that if 4 belongs to the Sobolev space W*P(C) (in the Bessel potential sense when s ¢ N)
with sp > 2 then also h € W*P(C). One also finds some results in the same spirit for the critical
case sp = 2 and the subcritical case sp < 2 in [CFMT09] and [CFR10], but here the space to which
h belongs is slightly worse than the space to which p belongs, that is, either some integrability or
some smoothness is lost.

When it comes to dealing with a Lipschitz domain 2 with supp(u) C €, Mateu, Orobitg and
Verdera showed in [MOV09] that, if the parameterizations of the boundary of  are in C1¢ with
0 < e < 1, then for every 0 < ¢ < ¢ one has that

€ C™(Q) = heC®(Q). (1.4)

Furthermore, the principal solution to (1.1) is bilipschitz in that case. They allow the domain
to have a finite number of holes with tangent boundaries. In [CF12], Giovanna Citti and Fausto
Ferrari proved that, if one does not allow this situation, then (1.4) holds for o = . In [CMO13]
the authors study also the Sobolev spaces to conclude that for the same kind of domains, when
0<o<e<landl<p<oowith op > 2 one has that

pEWTP(Q) = heWr(Q). (1.5)

A key point is proving the boundedness of the Beurling transform in W2?(Q2). To do so, the
authors note that Bxq € WP(Q) by means of some results from [MOV09] and then they prove
a T'(1) theorem that grants the boundedness of B in W?(Q) if Bxq € WP(Q). The other key
point is the invertibility of I — uB8 in WP(Q), which is shown using Fredholm theory.

Cruz and Tolsa proved in [CT12] that for 0 < s < 1, 1 < p < oo with sp > 1, if the outward

unit normal vector N is in the Besov space B;;l/p(a(z) then Bxo € W*P(Q). This condition
is necessary for Lipschitz domains with small Lipschitz constant (see [Toll3]). Moreover, being
N € B;;l/p(aﬂ) implies the parameterizations of the boundary of € to be in Bf,;;l_l/p and, for
sp > 2, the parameterizations are in C'*~2/? by the Sobolev Embeding Theorem. In that situation,
one can use the 7'(1) result in [CMO13] to deduce the boundedness of the Beurling transform in
W#P(Q). However, their result on quasiconformal mappings only allows to infer that for every
2/p < o0 < s—2/p we have that (1.5) holds. Note that the condition 2/p < o < s—2/p may be too
restrictive (when sp = 3, for instance, we can’t deduce (1.5) for any o because s—2/p = 1/p < 2/p).

The goal of this paper and its sequel is to prove that for s € N, (1.5) holds for o = s as long as
p> 2.

Theorem 1.1 (See [Pralb]). Let n € N, let Q be a bounded domain with outward unit normal

vector N in Bﬁ;l/p(aQ) for some 2 < p < oo and let p € W™P(Q) with ||pll,« =k < 1 and

supp(p) C Q. Then, the principal solution f to (1.1) is in the Sobolev space W™1P(Q).



Note that this theorem only deals with the natural values of s, but the restrictions ¢ < s —2/p
and s < 1 are eliminated. For n = 1 the author expects this to be a sharp result in view of the
result in [Tol13].

The proof is divided in two steps. In this article we perform the first one, that is, we prove
that the Beurling transform is bounded in W™?(§). To do so we will see that if N € B;ﬁ;l/P(aQ),
then Bxq € W™P(Q), in the same spirit of [CT12]. In the present paper, however, the proof
will be slightly more tricky since we will need to approximate the boundary of the domain by
polynomials instead of straight lines. The derivative of the Beurling transform of the characteristic
function of a half-plane is zero (see [CT12]), but the derivative of the Beurling transform of the
characteristic function of a domain bounded by a polynomial of degree greater than one is not
zero anymore. Using the T'(P) Theorem of [PT15] this will suffice to see the boundedness of the
Beurling transform.

Theorem 1.2. Considerp > 2, andn € N and let ) be a Lipschitz domain with N € B;j;l/p(aﬂ)‘
Then, for every f € W™P(Q) we have that

HB(XQJ[)Hwn,p(Q) < CHNHB;;UP(@Q) Hf”wmp(g)v
where C depends on p, n, diam(QQ) and the Lipschitz character of the domain.

In [Pral5], the sequel of the present article, we will face the invertibility of (I — uB)(xq-) in
WP (Q) and we will complete the proof of Theorem 1.1.

The plan of the paper is the following. In Section 2 some preliminary assumptions are stated.
Subsection 2.1 explains the notation to be used and recalls some well-known facts. In Subsection
2.2 one finds the definition of some generalized S-coefficients related to Jones and David-Semmes’
celebrated betas. In Subsection 2.3 the definition of the Besov spaces B, ,, is given along with some
related well-known facts and an equivalent norm in terms of the generalized -coefficients using a
result by Dorronsoro in [Dor85]. Subsection 2.4 is about some operators related to the Beurling
transform, providing a standard notation for the whole article.

Section 3 is devoted to prove Theorem 1.2. The first step is to study the case of unbounded
domains whose boundary can be expressed as the graph of a Lipschitz function. Subsection 3.1
contains the outline of the proof, reducing it to two lemmas. The first one studies the relation with
the (§-coefficients and is proven in Subsection 3.2. The second one, proven in Subsection 3.3, is
about the case where the domain is bounded by the graph of a polynomial, and here one finds the
exponential behavior of the bounds for the iterates of the Beurling transform, which entangles the
more subtle details of the proof. Finally, in Subsections 3.4 and 3.5 one finds a more quantitative
version of Theorem 1.2 for bounded Lipschitz domains using a localization principle and the T(P)
Theorem.

2 Preliminaries

2.1 Some notation and well-known facts

On inequalities: When comparing two quantities ;1 and xo that depend on some parameters
D1, --.,p; we will write
Ty < Cvp,,',l,...,p,',J T2

if the constant C'pil,,_.,pij depends on p;,,...,p;;- We will also write x; ,§pll7,__7p1j xo for short, or
simply x; < @9 if the dependence is clear from the context or if the constants are universal. We

may omit some of these variables for the sake of simplicity. The notation Ropiy iy L2 will
mean that x; va_“’p,

)

T9 and xo gph’._wpi] T1.



On polynomials: We write P"(R?) for the vector space of real polynomials of degree smaller
or equal than n with d real variables. If it is clear from the context we will just write P™. For any
set U C RY we will write P™(U) for the vector space of polynomials in P™ restricted to U.

On sets: Given two sets A and B, their symmetric difference is AAB := (AU B) \ (AN B).
Given x € R? and r > 0, we write B(z,7) or B,(x) for the open ball centered at x with radius
r and Q(z,r) for the open cube centered at = with sides parallel to the axis and side-length 2r.
Given any cube @, we write £(Q) for its side-length, and 7@ will stand for the cube with the same
center but enlarged by a factor r. We will use the same notation for balls and one dimensional
cubes, that is, intervals.

At some point we need to use intervals in R?: given z,y € R?, we call the interval with endpoints
x and y

[z,y] ={(1 -t)x+ty:t€0,1]}.

We may use the “open” interval |z, y[:= [z, y] \ {z, y}.
We call domain an open and connected subset of R?.

Definition 2.1. Given n > 1, we say that Q C C is a (§, R) — C"~ b1 domain if given any z € 0,
there exists a function A, € C"~VY(R) such that

HAS)HL < for every 0 < j < n, (2.1)

S Rt
and, possibly after a translation that sends z to the origin and a rotation that brings the tangent
at z to the real line, we have that

QNQO,R)={z+iy:y> A, (x)}.

In casen = 1 the assumption of the tangent is removed (we say that Q is a (6, R)-Lipschitz domain).
We call window such a cube.

On measure theory: We denote the d- dimensional Lebesgue measure in R? by my, or simply
m when the dimension is clear from the context. At some point we use m also to denote a natural
number. We will write dz for the form dx + i dy and analogously dz = dx — i dy, where z =z +1iy.
Thus, when integrating a function with respect to the Lebesgue measure of a variable z we will
always use dm(z) to avoid confusion, or simply dm.

On indices: In this text Ny stands for the natural numbers including 0. Otherwise we will
write N. We will make wide use of the multiindex notation for exponents and derivatives. For
a € Z4 its modulus is |a| = Z?zl || and its factorial is a! = H;-izl a;!. Given two multiindices
a,v € Z4 we write o < v if o <~ for every i. We say a < « if, in addition, o # «. Furthermore,

we write
<a> ._ﬁ (a) T sty faeNfand U<y <a,
v) i1 \Vi 0 otherwise.
For z € R? and a € Z? we write 2 = [[2". Given any ¢ € C> (infintitely many times
differentiable with compact support in R%) and « € Ng we write D% = % .

At some point we will use also use roman letter for multiindices, and then, to avoid confusion,
we will use the vector notation f, f, .

On complex notation For z = x + iy € C we write Re (z) := = and Im(z) := y. Note that
the symbol i will be used also widely as a index for summations without risk of confusion. The
multiindex notation will change slightly: for z € C and « € Z? we write 2 1= 2%17%2,

We also adopt the traditional Wirtinger notation for derivatives, that is, given any ¢ € C2°,
then

_ 99
0z

06(2) = 52(2) = 200~ 10,0)(2)
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and
Fo(2) = 92() = (016 +10,0)(2),

Thus, given any ¢ € C° and o € N2, we write D¢ = 919" }.
On Sobolev spaces: For any open set U, every distribution f € D'(U) and o € N¢, the
distributional derivative D f is the distribution defined by

(D& f,0) := (=1)|*l(f, D¢) for every ¢ € C=°(U).

Abusing notation we will write D® instead of Dg; if it is clear from the context. If the distribution
is regular, that is, if it coincides with an L}, function acting on D(U), then we say that D& f is a
weak derivative of f in U. We write [V" f| =3, [D*f].

Given numbers n € N, 1 < p < 0o an open set U C R? and an L}OC(U) function f, we say
that f is in the Sobolev space W™P(U) of smoothness n and order of integrability p if f has weak
derivatives D& f € LP for every o € N with || < n. When § is a Lipschitz domain, we will use
the norm

1 lwar) = 1F o) + 1V Fll ooy

which is equivalent to considering also the fewer order derivatives, that is,

£ lwnniy = 1 oy + 2 1D Fllioe (2.2)

la<n
(see [Tri78, Theorem 4.2.4]) or, if Q is an extension domain,

HfHWﬂvP(Q) ~ F:g‘lﬂfzf ||F||Wn,p(]Rd)-
From [Jon81], we know that uniform domains (and in particular, Lipschitz domains) are Sobolev
extension domains for any indices n € N and 1 < p < co. One can find deeper results in that sense
in [Shv10] and [KRZ15].

The reader can consider n € N and 1 < p < 0o to be two given numbers along the whole text.
At some point the restriction 2 < p will be needed.

On finite diferences: Given a function f : @ ¢ R* — C and two values z, h € R? such that
[,z + h] C , we call

ALF(@) = Anf(@) = fla+h) — f(@).

Moreover, for any natural number i > 2 we define the iterated difference

L F() = AL G+ by — AL () = 30 (-1) <J>f( T i)

Jj=0

whenever [z, z 4 ih] C €.

On Whitney coverings: Given a domain (), we say that a collection of open dyadic cubes
W is a Whitney covering of 2 if they are disjoint, the union of the cubes and their boundaries is
Q, there exists a constant Cyy such that

two neighbor cubes Q and R (i.e., QN R # 0) satisfy £(Q) < 2¢(R), and the family {20Q}ge)y has
finite superposition. The existence of such a covering is granted for any open set different from R?
and in particular for any domain as long as Cyy is big enough (see [Ste70, Chapter 1] for instance).



On the Leibniz rule: The Leibniz formula (see [Eva98, Section 5.2.3]) says that given a
domain Q C R?, a function f € W™P(Q2) and a multiindex a € N&, if ¢ € C°(Q2), then ¢ - f €
Wm™P(£2) and

Do)=Y (3) DY$D 7 f. (2.3)

Y<a

On Green’s formula: The Green Theorem can be written in terms of complex derivatives
(see [AIMO09, Theorem 2.9.1]). Let Q be a bounded Lipschitz domain. If f,g € WH1(Q) N C(Q),
then )

/ (8f +dg) dm = = ( fydz— | g(2) dz) . (2.4)
Q 2 \Joo o9

On the Rolle Theorem: We state here also a Complex Rolle Theorem for holomorphic

functions [EJ92, Theorem 2.1] that will be a cornerstone of Section 3.3.

Theorem 2.2. [see [EJ92]] Let f be a holomorphic function defined on an open convex set U C C.
Let a,b € U such that f(a) = f(b) =0 and a # b. Then there exists z in the segment ]a,b[ such
that Im(9f(z)) = 0.

On the Sobolev Embedding Theorem: We state a reduced version of the Sobolev Em-
bedding Theorem for Lipschitz domains (see [AF03, Theorem 4.12, Part II]). For each Lipschitz
domain Q C R? and every p > d, there is a continuous embedding of the Sobolev space WP ()

into the Holder space coy (Q). That is, writing

flz) = fy
lloniy = 1l oy + sup LED=IOL g g <1,
z,yel |$*y‘
zAyY

we have that for every f € WhHP(Q),
170 0s-g g < Coll ey (25)

On inequalities: We will use the Young’s Inequality. It states that for measurable functions
f and g, we have that

1 *gllLa <[ Fllz-llgll Lo (2.6)

+1 1 (see [Ste70, Appendix A2]).
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2.2 Some generalized betas

In [Dor85], Dorronsoro introduces a characterization of Besov spaces in terms of the mean oscilla-
tion of the functions on cubes, and he uses approximating polynomials to do so. If the polynomials
are of degree one, that is straight lines, this definition can be written in terms of a certain sum of
David-Semmes betas (see [CT12] for instance). Following the ideas of Dorronsoro in our case we
will use higher degree polynomials to approximate the Besov function that we want to consider,
giving rise to some generalized betas. The following proposition comes from [Dor85], where it is
not explicitly proven. We give a short proof of it for the sake of completeness.

Proposition 2.3. Given a locally integrable function f : R* = R and a cube Q C R?, there exists
a unique polynomial R f € P" which we will call approximating polynomial of f on Q, such that
given any multiindex v with |y| < n one has that

/ (RBf — f)a” =0. 27)
Q



Remark 2.4. In case of existence, the approximating polynomial verifies
1
sup [R5 f(0)| < Craioy [ |f]dm.
T€EQ ‘Q| Q

Proof. Indeed, since P" is a finite dimensional vectorial space, all the norms are equivalent. In
particular one can easily see that for any P € P™

1 2
P 200 ~ —|P .
[Pl (@) ‘Q|II I22(q)

Using the linearity of the integral in (2.7), one has

1 / ) 1
— [ |RBS] dm:—/R”f~fdm.
QlJg ¢ QI Jg ¢
Combining both facts one gets

HR fHLoo(Q) ~ |Q\ HR?QfHLOO(Q)Hf”Ll(Q
O

Proof of Proposition 2.3. By the Hilbert Projection Theorem, L?(Q) = P"(Q)® (P™(Q))*. Thus,
if f € L?(Q), we can write f = R}, of +(f —R{ f) satisfying (2.7).
For gcncral fe L', wecan dcﬁno a sequence of functions {f;};en C L?(Q) such that |f;]| < |f]

and f; 2%, f. By Remark 2.4 we have that the approximating polynomials R o/ are uniformly
bounded in @ by

1 1
u nf(r)] < — ldm — m.

Therefore there exists a Convergent subsequence of {R3fj}; in L1 (and in any other norm). We
call Rf)f the limit of one such partial. By the Dommated Convergence Theorem we get (2.7).
To see uniqueness, we observe that if we find two polynomials P; and P» satisfying (2.7), then

/ (P, — P,)P =0

Q

for any P € P™. In particular, if we take P = P; — P» we get that ||P; — P2||L2(Q) =0. O
Remark 2.5. Given P € P™, a cube Q and 1 < p < oo we have that

If - RS fHLp(Q) < Canpllf = Pllpog)s (2.8)

and given any cubes Q C @',
Hf R f”Lp(Q) < Cd”PHf RQ’fHLp(Qr)’ (2.9)
Proof. By means of the Triangle Inequality and (2.7), we have that for any P € P"
Hf R¢ fHLp(Q) <If- PHLP(Q) + HP - Raf”m(@) il P PHL"(Q) + HRTGL)(P - f)HLP(Q)'
Therefore, we use twice Holder’s Inequality and Remark 2.4 to get

H.f Rg fHLg 0 (Q) and Hf PHLP(Q) + ‘Q'l/pHRn P - f HLOC(Q)

|QI'/»
Nnd Hf PHLP(Q) + A ‘Q| ||P_ f”Ll(Q) < 2Hf _PHLP(Q)'
The inequality (2.9) is just a consequence of (2.8) replacing P by R%, f. O



Remark 2.6. In the one dimensional case, if f is continuous one can easily see that f — R7 f
has n+ 1 zeroes at least. Indeed, if it did not happen, one could find a polynomial P € P™ wzth a
simple zero at every point where f — R f changes its sign, and no more. Therefore, (f—RY f)
would have constant sign and, thus, the integral in (2.7) would not vanish (see Figure .1)

(f-RiHP

b - ————— -
b - ————- -

= I

Figure 2.1: If f — R2 o/ had only 2 zeroes, there would exist P € P? with [(f — R2 of)Pdm > 0.

Now we can define the generalized betas.

Definition 2.7. Let f : R — R be a locally integrable function and Q C R a cube. Then we

define
RTL
By (f,Q IQl/ 3Qf( 2l dm(z).

Remark 2.8. Taking into account (2.8), we can conclude that

o L[ @) - P@)
Bn(h Q) =~ ot [ ().

This can be seen as a generalization of David and Semmes 31 coefficient since By and 1 are
comparable as long as some Lipschitz condition is assumed on f.

2.3 Function spaces

Next we recall some definitions and results on the function spaces that we will use. For a complete
treatment we refer the reader to [Tri83] and [RS96].

Definition 2.9. Let ®(R?) be the collection of all the families U = {¥j}520 C O (R%) such that

supp 1/)0 C D(O7 2): (2 10)
suppyy; C D(0,274)\D(0,2771)  if j > 1, '

for all multiindex oo € N there exists a constant c, such that

CO{ .
D], < ilal for every 7 >0 (2.11)
and
[ee]
ij(m) =1 for every x € R%. (2.12)
§=0



Definition 2.10. Given any Schwartz function ¢ € S(R?) one defines its Fourier transform
FoQ) = [ e uadm(a).
R

One can extend this notion to the tempered distributions S(R?)" by duality.
Let se R, 1<p<00,1<qg< 00 and U e ®(R™). For any tempered distribution f € S'(R™)
we define the non-homogeneous Besov space

||f”gm = H{2SjF711/)ij}qu(Lp) = ||{25jHFileFfHLp}Hw (2.13)

and we call By, , C S’ to the set of tempered distributions such that this norm is finite.

These norms are equivalent for diferent choices of ¥. In general one works with radial 1); and
such that ©;41(z) = ¥;(x/2). Of course we will ommit ¥ in our notation since it plays no role.

Proposition 2.11 (See [Tri83, Sections 2.3.3 and 2.7.1]). The following properties hold:

1. Let 1 < qo,q1 <0 and1 <p<oo,seR ande > 0. Then

ste s
BIMIO - BP,lh'

2. Given 1 <pg<p; <00 and —o00 < s1 < §¢9 < 0. Then,

d d
B ~C B}t ifso—— =8 — —. 2.14
Po;Po P1,P1 0 Do 1 ) ( )

If we set j € Z instead of j € N in Definition 2.9, then we get the homogeneous spaces of

tempered distributions (modulo polynomials) B;q. In particular, by [Tri92, Theorem 2.3.3] we
have that

1Ly, ~ Ufls; 17l forany f e 8" (2.15)

In the particular case of homogeneous Besov spaces with 1 < p,¢ < oo and s > 0, one can give
an equivalent definition in terms of differences of order M > [s] + 1:

AM qu h 7
£, ~ (/Rd 14271, |’;L|{,|JL T;jﬁ) : (2.16)

In [CT12] the authors point out that the seminorm of the homogeneous Besov space B;’q for
0 < s < 1 can be defined in terms of the approximating polynomials of degree 1 from the previous
section. In general, [Dor85, Theorem 1] together with (2.9) and Remark 2.8 can be used to prove
without much effort that for any s > 0 and n > [s],

7 1B QD \ )
155, ~ { | _ )

In the particular case when p = ¢, which is in fact the one we are interested on, via Fubini’s
Theorem one can conclude that

L (PelF QN
I, QZD( W) lal (2.17)



Consider the boundary of a Lipschitz domain 2 C C. When it comes to the Besov space
B; ,(09Q) we can just define it using the arc parameter of the curve, z : I — 9Q with |2'(t)| = 1
for all ¢. Then, if 1 < p,g < 0o and n — 1 < s < n, we define naturally the homogeneous Besov
norm on the boundary of Q) as

; _ [AR(f o)) \? dh
171, oy = [ ([ IEL2OE )" <R,

Note that since the domain is bounded, then I is a finite interval with length equal to the length of
the boundary of Q and we need to extend z perodically to R in order to have a sensible definition.

Lemma 2.12. Let Q be a (6, R) — C"~ b1 domain and consider R-windows {Qj};\i1 such that
{mgj} cover the boundary of Q with A; the parameterizations of the boundary associated

to each window with support in [-2R,2R]. Consider N : 0Q — R2 to be the unitary outward
normal vector. Then, for any 1 < p < 0o

By (45, )P M

ZZD Tyir 3 ZHA 1 isim S IV i oy + B SRINI 1m0
J S

with constants depending on n, p, 8, the length of the boundary H'(092) and M.

The proof of this lemma for n = 1 can be found in [CT12, Lemma 3.3]. The general case is
quite technical but uses the same tools, so we leave it to the reader. Note that M can be chosen

~ R0
to be M =~ —FR

2.4 Even Calderén-Zygmund convolution operators in the plane

Definition 2.13. Consider a function K : R\ {0} — C. For any f € L},, we define

loc

" f(y) = lim K(y — ) f(x) dm(z)
“70JRN\B. (2)
as long as the limit exists, for instance, when K is bounded away from 0, f € L' and y ¢ supp(f)
or when f = xu for an open set U with y € U, st(o)\B ,(0) Kdm =0 for everye >¢' >0 and K

is integrable at infinity. We say that K is the kernel of T¥.
In this paper we are interested in the case d = 2 in particular, where we can identify the
ambient space with the complex plane C so that we can use its complex structure. In this case,

for any multiindex v € Z2, we will consider KV(z) = 27 = 2M% and then we will put shortly
TV f:=TK" f, that is,
T7f(z) = lim (z —w)7 f(w) dm(w) (2.18)
e—0 C\B.(2)
as long as the limit exists.
For any operator T and any domain , we can consider Tof = xo T (xa f)-

Example 2.14. As the reader may have observed, the Beurling and the Cauchy transforms are
in that family of operators. Namely, when K(z) = 272, that is, for v = (=2,0), then %T"f is the
Beurling transform. The operator %T(*l’o) coincides with the Cauchy transform.

Consider the iterates of the Beurling transform B™ for m > 0. For every f € L? and z € C we
have

_E)mm

e e—0

f(r)dm(r) = (_lﬂT(*m*Lm*”f(z). (2.19)

|z—T|>e (Z - T)m+1 T

B™f(z)

10



That is, for v = (y1,7v2) with y1 + v2 = —2 and v1 < —2, the operator T7 is an iteration of the
Beurling transform modulo constant (see [AIMO09, Section 4.2]), and it maps LP(U) to itself for
every open set U. If yo < =2, then T is an iterate of the conjugate Beurling transform and it is
bounded in LP as well.

3 The characteristic function

3.1 The case of unbounded domains ) C C

Definition 3.1. Given § > 0 and R > 0, we say that @ = {z+iy € C : y > A(x)} is a
(6, R,n,p)-admissible domain with defining function A if

e The defining function A € B{,‘;l‘l/p nen-Lti
e We have A(0) =0 and, if n > 2, A’(0) = 0.

o We have Lipschitz bounds on on the function and its derivatives {|A(j)HLm < % for1 <
Jj<n.

We associate a Whitney covering W with appropriate constants to 2. The constants will be
fized along this section, depending on n and §.

In this Section we will prove the next result for the operators 77 defined in (2.18).

Theorem 3.2. Consider §,R,e > 0, p > 1 and a natural number n > 1. There exists a radius
pe < R such that for any (6, R, n, p)-admissible domain Q and any multiindex v € Z2 with v +72 =
—n —2 and v1 - v2 <0, we have that TV xq € LP(QN B(0, pe)). In particular, we have that

||T’YXQ||z]1p(QﬂB(0,pe)) < C|7|np (”AH%g—pl/erl + pf‘”p(l + 6)|’Y|p) s

where C depends on p, n and the Lipschitz character of Q).

L
EelE
1 CAY
¢ |-
7, I ]
P A9 9770577 N
| A A HHTH
SN LN AN A A D
AL AL AN AN
MRS 7 /710027104977
T P A A A A A AV A A
A e
}I}}}I VA ira.d par.
AT

Figure 3.1: Disposition in Theorem 3.2.
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Definition 3.3. Consider a given (8, R,n, p)-admissible domain with defining function A. Then,
for every interval I we have an approzimating polynomial RY; := RE; A, and

o) Jar (1)
We call

Q ={zr+iy:y>Ry(2)}
Let m: C — R be the vertical projection (to the real axis) and Q a cube in C. If m(Q) = I we will
write g == Q7.

Remark 3.4. Note that m sends dyadic cubes of C to dyadic intervals of R and, in particular,
any dyadic interval has a finite number of pre-images in the Whitney covering W of 0 uniformly
bounded by a constant depending on § and the Whitney constants of W.

Proof of Theorem 3.2. Assume that A is the defining function of €, that is, the graph of A coincides
with the boundary of Q. By (2.17) we have that

j : E(I) ~ H Hp —1/p+1>9
n—1 p

= (6(1) /P By

so it is enough to prove that

3 (%) (1) +p (1 +e)'”’) : (3.1)

HTWXQ”%"(QOB(O,PE)) < Chl™ (
IeD

We begin the proof by some basic observation. Let ji,jo € Z such that jo # j; + 1. Then, the
line integral

27
/ W’ dw = z/ 0121 gp = ¢ (3.2)
oD 0
so, as long as jo > 0, given 0 < € < 1 Green’s formula (2.4) says that
/ wh w2 dm(w) = L/ w2 dw = 0. (3.3)
D\B(0,¢) 2j2 JapuaB(o,e)

We may assume that v > 0. The case y; > 0 can be proven mutatis mutandis. Consider a
Whitney cube Q and z € B(0, p.) N Q. Then by (3.3) we have that

T xa(2)| = (3-4)

xaor (W) — xo(w
+/ Ixap (w) nfz( )Idm(w).
|z—w|>4(Q) lw — 2]

[ et dn(w)
[z—w|>0(Q)

<

/ (w — 2) xe () dm(w)
[z—w|>£(Q)

If we have taken appropriate Whitney constants, then we also have that £(Q) < dist(Q, 985) (see
Remark 2.4) and, thus, by (3.3) again, we have that

/ (w— Z)’YXQ& (w) dm(w) = T7xay (2). (3.5)
|z2—w|>£(Q)
We will see in Section 3.3 that the following claim holds.

12



Claim 3.5. There exists a radius p. (depending on 6, R, n and €) such that for every z € B(0, p.)

with z € Q € W, we have that

(14 )l
pe
The last term in (3.4) will bring the beta coefficients into play. Recall that we defined the

symmetric difference of two sets A; and Ay as AjAAs := (A1 U Az) \ (A1 N Ay). For our choice of

the Whitney constants we have that @ C Q27 N €2 so

T xap (2)| Sn (3.6)

IXap (W) — xa(w) 1
/ Q 2 | dm(w) = / T dm(w). (3.7)
|z—w|>£(Q) lw — 2] QB AQ lw — 2|
Next we split the domain of integration in vertical strips. Namely, if we call S; = {w € C :

|Re (w — 2)| < 274(Q)} for j >0 and S_; = 0, we have that

1 > 1
———dm(w) = / T dm(w)
/QgAQ |w — z|n+2 Z (@pA)NS;\S;_1 [w— 2|72

=0

> 1

2 @ Q)
We will see in Section 3.2 the following.
Claim 3.6. We have

n Bm) . n
(@A) NS <, Y SEEL Q)" (3.9)
405
IeD
m(Q)CIC2'm(Q)

Summing up, plugging (3.5) and (3.6) in the first term of the right-hand side of (3.4) and
plugging (3.7), (3.8) and (3.9) in the other term, we get

= B(n)(I) 1 n+1 1 (1 + 6)‘7‘
T <, E E — L (20 - .
el j=0 I€D Z(I)"A( @) (276(Q))"+2 - pe
m(Q)CIC2/w(Q)

Reordering and computing,

B (1) 1 (1+eh Buy() | (1+¢)N
Txa(2)| Sn Y D : <D . (3.10)
= ) = 2(Q) pe = ) pe
m(Q)CI 1C27(Q) m(Q)CI

Raising to power p, integrating in ) and adding we get that for p. small enough

P
B (D) A+
1T X0l arm0nn S X 1R X Fihe +
Qew IeD Pe
QNB(0,pc)#0 m(Q)CI
p
B (1) .
S el X G| A Trasat G
QEW 1e€D
QNB(0,p)#£0 m(Q)CI

13



Regarding the double sum, we use Holder Inequality to find that

Js

p o7
Bny) Bny (1)
ool X G| <X e Z 81_# z
Qew IED Qew IeD IeD oI)z
Qr’]B(O,pe)yéw T(Q)CI m(Q)CI m(Q)CI
Beny(I)
S DR Y ( <;1) (3.12)
QeW IeD 2
m(Q)CI
P
Bn 3 Bn 1
<2< <;> 5 f(Q)zst<<if)l) ),
IeD Qew rep \L(I)"
m(Q)CI

where the constant in the last inequality depends on the maximum number of Whitney cubes that
can be projected to a given interval, depending only on § and n.

Thus, by (3.11) and (3.12) we have proven (3.1) when v > 0. The case y2 < 0 can be proven
analogously. O

3.2 The interstitial region

Proof of Claim 3.6. Recall that we have a point z € Q € W, and a vertical strip S; = {w € C:
|Re (w — 2)| < 274(Q)} for a certain j € Ng. For j = 0 the proof is quite simple. Assume j > 0.
Let Jo = m(Q), r = 27714(Q). Let J;_1 be the dyadic interval of length r containing Jo. Then it
is enough to see that

P 1

(5,20 08 <n D0 By gy W= e (3.13)
IeD
JoCICJj71
We write N = j — 1 for the sake of clarity. Then,
Re (z)+r
|(Q5,A2) N S| = / |A =Ry, |dma (3.14)
Re (z)—r

s/ |A7R;,N\dm1+/ RL,. — R, |dmy = [0+ 2
3JN 3JN

Trivially,
= By (IN)U(TN)?. (3.15)

To deal with the second term, we consider the chain of dyadic intervals
JoC--CJpy CJpy1 C--- CJn,

with 0 < k < N and £(J;) = 2°4(Jy). We use the Triangle Inequality in the chain of intervals:

N-1 N-1
S Z / ‘Rng+1 - Rng‘dml = Z HRQJ)CJA - Rg«]k:
k=0 V3N k=0

For any polynomial P(x) = Z:’:l a;z’ of degree n and any interval J centered at 0, using the
linear map ¢ that sends the interval (—1,1) to J as a change of coordinates, we have that

1PN L1y = UDIP 0 Dl 11,1y

(3.16)

LY3JIN)
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and using the fact that all norms in a finite dimensional vector space are equivalent (in particular
the L1(—1,1) norm and the sum of coefficients) we have that

1Pl 1 gy o €0T) D E(T) fas]
i=1

By the same token, for any kg € N,

n

HPHL1(2,€OJ) =, Qkog(J) Z (Qkoé(J))l |az| Sn Qko(nJrl) HPHLl(J)

i=1
Fix 0 <k < N. Then,

, ((Jn)" !

HRngH - Rz, L1 (370) Sn || R, — Riy, L1(3Jk)W7

with constants depending only on n. Thus, by Remark 2.5

Rs,.. - R S (B i) + B () L2 gz )
341 3k || 1 Bay) " (m)\Jk+1 (n)\“k 0(Jy,) 1 k) .
Thus, combining (3.14), (3.15), (3.16) and (3.17) we get (3.13). O

3.3 Domain bounded by a polynomial graph

We will consider only very “flat” polynomials. Let us see what we can say about their coefficients.

Lemma 3.7. Letn > 2, A € C"~11(R) with A(0) =0, A/(0) =0, |[AD)||, . < 5= forj < n and

consider two intervals J C I = [—R, R]. Then we have the following bounds for the approzimating
polynomial P = R;A in the interval I:

. 3n=ig
(@) ;
HP HLm(I) = Ri-1 forj < mn.
Furthermore, if p >0 and J C [—p, p], then
3n6p2 3n715p
HPHLOC(—/J,p) < T and ||P/||L°°(—p,p) < T (318)
Proof. By Remark 2.6 we know that there are at least n + 1 common points 73, -+ ,70 € 3J for

A and P, that is, A(7)) = P(7}) for every j. By the Mean Value Theorem, there are n common

1, € 3J for their derivatives. By induction we find points 7§ -+ -7 _, € 3J where

the k-th derivatives coincide for 0 < k < n—1, that is, A(’“)(T]’-“) = P(’“)(T]'?) for every 0 < j < n—k.
Note that the polynomial derivative P which is in fact a constant, coincides with the differ-
ential quotient of P(*~1) evaluated at any pair of points. In particular given = € R, for the points

701 and 777! we have that

points 7'017 cee LT

n—1 n—1 n—1 n—1 n—1 -1 n—1 -1
‘Pm)(x)‘_‘ﬂ )~ P )_’A< (gl —ACDEE 5
T(’;l— _ Tin—l T(’)!L—l o Tin_l - Rn-1

Now we argue by induction again. Assume that ||P(-7+1)||Lm(1) < 3n7I71§/RJ for a certain
j < n—1. Consider z € I and, by the Mean Value Theorem, we have a point { such that
|PU) () — PO ()| = |[PUD(€)||x — 73|. Thus, since PU) (7)) = AU)(7]) we have that

3n—i=l§ ) 3n=i§
< 2 =

R+

[P ()| < [PUFD(©)||e — 73| + 4D (3)] Ri Ri-1 RiLC

15



We have not used yet the fact that A’(0) = A(0) = 0. Let us fix p < R and assume that

p
I C [—p,p]. Then for z € [—p, p], we can write P'(z) = P'(x) — P'(r}) + A'(7) — A’(0), so

37L726 5 37L716p
|P'(2)] < ||P”||Lo<>(1)|37*7'01|+HA”||LO<>(1)|7'01| < TQP+EP§ R
By the same token,
3n715p 3n6p2
[P(@)| < NPl oo ([ pop |7 = 0|+ HA/HL‘X’([fp,p])ng‘ < R 2p+dp < .

O

Now we can prove Claim 3.5. Recall that we want to find a radius p;,; < R depending on €
such that every point z contained in a Whitney cube Q C B(0, p;n:) satisfies (3.6), that is,

(1+ )l

T xag (2)] S
Pint

bl

where v € {(—j1,J2) : J1,J2 € Ng and j; — jo = n + 2} (recall that we assumed that v > 0).

According to the previous lemma, when n > 2 we are dealing with a domain Q¢ whose boundary
n

is the graph of a polynomial P(z) = ijo ajz’ such that

39p?
Jaol = |P(0)] < =—Fnt,
n—1 X
a1| = 0 < —F an
P/ 3 Rép'm,t d
|PU0)  3"Is .
la;| = i < R for2<j<n. (3.19)

We call Qp :={z +iy:y > P(z)} to such a domain. Note that (3.18) implies that for p;,: small
enough the polynomial P is “flat”, namely |P(z)| < 2t for |z| < pipg.

One can think of the “exterior” radius pe,: below as a geometric version of €, namely pe,: =
(£/16)2. Further, we can assume that pe.; < R.

Proposition 3.8. Consider two real numbers 6, R > 0 and n > 2. For peyt small enough, there
exists 0 < pint < Pext depending also onn, § and R such that for all j1, jo € No with j1 —ja = n+2,
all P € P™ such that, if n > 2, P satisfies (3.19), all z € Q(0, pint) NQAp and 0 < e < dist(z,00p)

we have
— )2
/ M dm(w)
Qp\B(z,e) (2 —w)7

with C,, depending only on n.
If P € P!, that is, if n = 1, then for all j1,jo € Ny with j; — jo = 3 we have that

/Q @ dm(w) = 0.

pP\B(z,¢) (Z - w)]l

< Gn (1 + 16p1/2>j2 , (3.20)

exrt

int

Proof. First consider n = 1. In that case, {lp is a half plane. By rotation and dilation, we
can assume Qp = R} := {w = x + iy : y > 0}. Note that (zw)™

GowyiT

is infinitely many times
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Qp

Qewt

Figure 3.2: Disposition in Proposition 3.8.

differentiable with respect to w in any ring centered in z. Then we can apply Green’s formula (2.4)
and use the decay at infinity of the integrand and (3.2) to see that for € > 0 small enough

Z — )3 — )3 — )13
/ wdm(w)zcjl/(zwi),_ldmzcjl/%dw
R3\B(z,¢) (Z - w)]l R (Z — w)Jl R (Z — w)]l

— )4
=cj, / % dm(w). (3.21)
R3\B(ze) (Z - w)]l

When j; = 3 the last constant is zero. By induction, all these integrals equal zero.

So we can assume n > 2. Consider a given pe,: > 0. We define the interval I := [—pest, Pext],
the exterior window Qezt = Q(0, pest), and the interior window Qint := Q(0, pint). Note that
(3.19) implies that for pe,+ small enough, the set {x+i P(x) : & € I} C Qeyt, that is, the boundary
0Qp, intersects the vertical sides of the window Q.,; but does not intersect the horizontal ones.
The same can be said for the sides of Q-

Fix z € Qi and e < dist(z,09). Splitting the domain of integration in two regions we get

— )2 — )2 )2
/ M dm(w) = / M dm(w) +/ M dm(w).
Qp\B(z,) (Z - w)h Qp\Qext (Z - w)jl QpNQext\B(2,6) (Z - w)]l
(3.22)
We bound the non-local part trivially by taking absolute values and using polar coordinates.

Choosing pint < pext/2, we have that

1 > 1 ! 2 201=52=2
/ —————dm(w) < / / dmg 27rdr = - T (3.23)
Q 0

— — , N
P\Qewe 12 — w72 pegt TI1TI2 J1 = J2 = 2 (pewt) 17272

2

where dm, stands for the Lebesgue length measure. Note that j; — jo — 2 = n.
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To bound the local part, we can apply Green’s Theorem again and we get

M/Q G0 ) = _/IMIEWW

( PAQuai\B(z,e) (2 —w)it (z —w) 1

~ )iz
QpN9Q.,, (27— W)
)2
+/ (271”.)_1%. (3.24)
90pNQe,; (2 — w)T

The first term in the right-hand side of (3.24) is zero by (3.2). For the second term we note
that z € Q;nt, and every w in the integration domain is in 9Qcyt, 80 |2 — W| > pext — Pint. Thus,

1 1
S S— — 6peut. 3.25
/Qpﬁagm |z — wlir=d2=1 |Peat — Pinglir—32=1 (3.25)

Summing up, by (3.22), (3.23), (3.24) and (3.25), since pi,; < 25, we get that

— )2 = )iz
/ G0 )| < / (zzw) — dw| + Cn (3.26)
Qp\B(ze) (2 —w) 00pNQ.n, (2 — )7 Pext

with C,, depending only on n.
It remains to bound the first term in the right-hand side of (3.26). We begin by using the
change of coordinates w = x + i P(x) to get a real variable integral:

[ [0 o
o I

OpNQu,, (2 —w)it—1 (z = (x+iP(x)))!

Note that the denominator on the right-hand side never vanishes because z ¢ 9Qp. Now we take
a closer look to the fraction in order to take as much advantage of cancellation as we can, namely
Z—(z—iP))? (F—2z+2iP@)+(z—(x +1iP(x))))”
(z = (@ +iP(x))=t (z = (& +i P(x)))r
J2

B J2 5 2 % P2V (2 — (2 + i P(x)))i2—i—i1+1
_ (j)<z +2i P(2)(z — (¢ +i P(x)) 29+

J

= (3.28)

=0

205\ (=2iIm(2) + 2i P(x))?

2 \i) =i P@) e
Next, we complexify the right-hand side of (3.28) so that we have a holomorphic function in a

certain neighborhood of I to be able to change the integration path. To do this change we need a

key observation. If 7 € Qcu¢, then |7| < V2pest and by (3.19) writing § = 30 we have that

N in 2
|P'(7)| < |an| + 2las||7]| +--- <& (pRt .

3
2peat + 13 (2peat)® + -+ ) <1/2 (3.29)
if pegt is small enough. Thus, we have that Re (1 + i P'(7)) > % in Qe and, by the Complex
Rolle Theorem 2.2, we can conclude that 7 +— 7 4 ¢ P(7) is injective in Q... In particular,
z— (741 P(7)) has one zero at most in Q..¢, and this zero is not real because z ¢ 9Qp. Therefore,
since the real line divides Q.,; in two congruent open rectangles, there is one of them whose closure
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has a neighborhood containing no zeros of this function. We call this open rectangle R. Now, for
any j > 0 we have that 7 — % (1 -4 P'(7)) is holomorphic in R, so we can change

the path of integration and get

21 (P(z) — Im(2))’ L B 2(P(r) — Im(2))! . o
e e e L el W o ey U <T>>(d7- |
3.30

On the other hand, if |7| < v/2pest, then we have that
|P(7)| < laol + la1|7] + lag||7[* + las||7|* + - -- (3.31)

<2pm>3+---) < o2

~ (2 imy 1 1
S 6 (% =+ pRt 2peact + §(2pemt)2 + ﬁ
for peyt small enough. Then, taking absolute values inside the last integral in (3.30) and using

(3.29) and (3.31) we get

29| P(7) — 1 J 2 (22 1 pins)?
/ P) ~Im()P g pr(r)) | < §/ oot +0int)’ 117y (3.39)
or\1 |2 — (T +i P(7))|" 1+ 2 Jor\1 |2 — (7 + @ P(7)) [+

Finally, we have that for any 7 € 9R\ I C 0Qcut,

3
|2 — (1 +i PO)| 2 |7] = |2] = [P(0)] 2 peat = V20int — plar > P8~ 2pi (3.33)
2
for pes+ small enough. Using this fact we rewrite (3.32) as
2/|P(r) — Im(z))’ 3 20(p23 + pint)?
/ : el e i P(7)||dr| < = o o / |dr].  (3.34)
or\1 |2 — (T + i P(7))[+1+d 2 (pext/2 = 2pint)" 1 Jorar

Putting together (3.27), (3.28), (3.30) and (3.34) we can write

, ; i
/ G—w | 3 $° (3. okt o (]2) »
T N1 —_ 9 T o . ext
0pNQey: (2= W 2 (peat/2 = 2pint)" T g\ Pewt/2 = 20ime | \J

ji=

J2
_ 6pext (1 1. Pga/j + Pint )

(pemt/Q - met)"+1 Pe:ct/z - 2pint

and, choosing pin: = min{pwt/&pgﬁ}7

(z—w)’”» c, Lo\
w1 S 1+16 3.35
/BQPnQe:m, (Z - w)]171 W= Z_’L’t ( + peact) ) ( )

where the constant ), depends only on n.
Now, (3.26) together with (3.35) prove (3.20). O

Remark 3.9. Note that we have assumed y2 > 0 in the proof Theorem 3.2. When proving the case
Yo < 0, we would have to prove Proposition 3.8 with vy € {(j1,—j2) : j1,j2 € No and ja—j1 = n+2}.
The proof is analogous to the one shown above with slight modifications, and it is left to the reader
to complete the details.
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3.4 Bounded domains: a localization principle

We are going to follow a standard localization argument, so we will give a sketch, leaving some
details for the reader.

Let us start with some remarks. First we make some general observations on admissible do-
mains. In these first two remarks we assume n > 2 since the case n = 1 is simpler (there is no
need for rotations) and it is fully covered in [CT12].

Remark 3.10. If Q is a (0, R,n,p)-admissible domain with defining function A, then for every
T € 0N one can perform a translation of the domain that sends T to the origin and a rotation
in the same spirit of Definition 2.1, so that 0$) coincides with the graph of a new function A €
C" LY(R) in a certain ball B(0, R) with fized radius R (depending on § and R) with A(0) = 0,

A'(0) = 0, ’/T’ : < & and supp(A) C [-2R,2R]. One can see that ‘EHB S ||All s for
oo s p,p
s < n+ 1. Therefore A determines a (S, fi,n,p)-admissible domain Q with compactly supported
defining function (see Figure 3.10).
Consider y € Z? with y1+72 = —n—2 and vy1-v2 < 0. Note that xo(z) = Xg(2) for z € B(0, R).
For every z € QN B (07 %) we use the decomposition TV xq(z) =T xg(2) + T (xa — xg)(2):

Mo < g+ [ BEAE n(w) S Txg+ g B30)

Figure 3.3: Disposition in Remark 3.10 before the rotation and the translation.

Next we take a look at admissible domains with compact support.

Remark 3.11. Let Q be a (8, R,n, p)-admissible domain with defining function A supported in
I = [-2R,2R]. For a given € > 0 small enough, take p to be the radius p. from Theorem 3.2
associated to the parameters 6~, ﬁ,n,p of the previous remark. We assume p < E/Q

Since A is supported in I, we can cover the area close to the graph G = {z + i A(z) : x € I}
by a finite number of balls of radius p (see Figure 3.4). In each ball we can apply (3.36) for the
corresponding domain Q. Thus, given v € Z2 with 1 + 2 = —n — 2 and 71 - y2 < 0, writing
UG =U.eq B (2,2) and using Theorem 3.2 we have that

||T’7XQ||Z[),p(QmUpg) S C (||AHZ;+F171/P((’)Q) + (1 + 6)"Y|P) ,

with C depending on n, p, §, R and € (but not on |y|).

Finally, for z ¢ U,G we can use the same argument of (3.36) replacing the domain Q by the
half plane R3.. Namely,

T x(2)] < [T7xez (2)

1
—d .
* /mi fw =z )
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Q\Q(0,4(1 +5)R)

QN Q0.4(1 + 8)R)

UG

I

Figure 3.4: Decomposition of a (§, R, n, p)-admissible domain 2 with defining function A supported
in I = [-2R,2R] considered in Remark 3.11.

In that case, the first term is zero just by (3.21). Since A is compactly supported in [—2R,2R]
and it is Lipschitz with constant 0, the domain of integration of the second term is contained in
Q(0,2(14+96)R). Thus, when z € Q\Q(0,4(140)R) then |TVxq(z)| is bounded by a constant times
pf?%‘ When z € QN Q(0,4(1 4+ 0)R) \ U,G then |T7xq(z)| is bounded by pg Summing up, we
have a global bound

RZ
T30y < © (1A (40P 0 S AR+ (1 0P

with constants depending on n, p, §, R and e.

Now we turn to the case of bounded domains. First we note how differentiation works for
T’YXQ.

Remark 3.12. Consider a (6, R) — C~YY) domain Q and let us fix v € Z? with either v, > 0 or
72 >0, and « € NZ with modulus || = n. Then for z € Q we have

Crxa(z) ify=(n-1,-1) and a = (n,0)
DT (z) = ‘ orvy=(—1,n—1) and o = (0,n) ‘ .
0 if ag > v1 >0 or ag > v2 > 0 except in the previous case,

CyaTyd “1(z)  otherwise,
where D stands for the weak derivative in Q. The constants satisfy |Cy.o| S (|7] +n)™.

Proof. Let us assume that v > 0. If 77 > 0 as well, differenciating a polynomial under the integral
sign makes the proof trivial, so we assume y; < —1. Recall that we write w? = w"w”?. For every
z € Q choose ¢, := dist(z,09)/2. By (3.3), Green’s formula and (3.2) we get that

T z:/ szvdmw:#/ 2 — w)?TOD gy 3.37
@)= mwran) = gty [ o (337)

and we can differenciate under the integral sign.
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If 79 > ag, then we have

i 1)! - —1)!
D*Txq(z) = . (-1)™ ot D! (Entai—l) / (z —w) =D g,
2(y2 +1) (e —ag+ 1! (=71 —1)! 29

Since 73 — g > 0, we can apply (3.37) to v — « instead of v and, thus,

et = (o e St

If 75 +1 = a3 we must pay special attention. In that case differentiating under the integral
sign in (3.37) we get

; ! — — 1)
DT xq(z) = f(_l)m (12) (-1t ) / (z — w)v—a+(0,1) dw
2 (2= + D! (=1 Joo
1

=Cya /ag 7(2 e dw,

where |C, o] < (|7] +n)". If, moreover, y1 — a1 < —2, we can use (3.2) to write

1

QUOB(0,e,) (2 —w) Mt

D*TVxa(z) = Cy,a/ = OW/ 0dm(w) =0 (3.38)
] Q\9B(0,¢.)

Otherwise, that is, if 72 + 1 = ag and 73 — a3 = —1, then @ = (0,n) and v = (—1,n — 1). This
implies that

1
DTV ya(z) = C /
= o w
with [Cy,| < (n — 1) Let us remark the fact that v = (—1,0) together with a = (0,1) is the case
of the d-derivative of the Cauchy transform, which is the identity.
Finally, if 75 < ag — 1, then differentiating (3.38) or (3.39) we get

dw = Cpxa(z), (3.39)

DT xq(z) =0.
One can argue analogously if v; > 0. O

Remark 3.13. IfQ is a (§, R) — =LY domain, by Definition 2.1 we have that for every z € 9L,
the parameterization A, of the boundary around z satisfies A,(0) =0 and A, (0) = 0. Multiplying
by an appropriate bump function, we can see that there is no loss of generality in assuming that
the parameterizations A, are compactly supported in [—2R,2R)] (possibly increasing the value for

5).

By the preceeding remarks, Lemma 2.12 and other standard arguments, one gets the following
theorem, which is the keystone of this paper.

Theorem 3.14. Let Q be a (5, R)-C™~ 1! domain with parameterizations in B;‘;l‘”p. Then, for
any v € Z2\ {(=1,=1)} with 1 + 2 = —2, we have that T"'xq € W™P(2) and, in particular, for
any € > 0, we have that

IV T xal gy S Crl™ (IN120 10 + L+ OPT).

P

where C, depends on p, n, §, R, the length of the boundary H'(0Q) and € but not on |v|.
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3.5 The case p > 2
From [PT15, Theorem 1.1], we have the following corollary.

Corollary. Let Q C C be a Lipschitz domain, let v € Z2\ (=1, 1) with v, + 72 = —2 and let
p > 2. Then the following statements are equivalent:

a) The truncated operator Tgy is bounded in W™P(2).
b) For every polynomial P of degree at most n — 1, we have that T3 (P) € W™P(Q).

We will use a quantitative version of this corollary. We state it below without proof. We refer
the reader to [PT15, pages 2965-2969] for the details.

Let us fix some notation. Given a multiindex A € N2, we write PMz) = zM7%2, that is,
Prz) = 2>

Corollary 3.15. Let Q C C be a Lipschitz domain, let v € Z2\ (=1, —1) with v1 + v2 = —2 and
let p > 2. Then

1973 iy S (1770 + Coll Koz + 3 U9 T3Py | Iy (3:40)
[Al<n

where we wrote ‘ ‘
1K lloz = sup [V/K,(2)]]z)F2.
i< eC

xn,

Using Theorem 3.14 and Corollary 3.15, we will prove the following theorem.

Theorem 3.16. Consider p > 2, n > 1 and let Q be a Lipschitz domain with parameterizations

n B;?;H/p. Then, for every ¢ > 0 there exists a constant C. such that for every multiindex
v € Z2\ {(=1,-1)} with 1 +v2 > —2, one has

TG g (@) s Wt #2220 (0) < Celny|rHrHnet? (HNHB;{;”"(BQ) +(1+ E)M) + diam(Q) 71722,
(3.41)

In particular, for every m € N we have that the iteration of the Beurling transform (B™)q is
bounded in W™P(Q), with norm

1B™ellynrysrymnery < Cem™** (IIN]

Bp=Vrgony F 1+ e)m) . (3.42)

Proof. Note that by (2.14), we have that B;,?;l‘l/” C B&f;‘”” and, since 1 — 2/p > 0, we
also have that B&f;{wp = C™12/P (see [Tri83, Section 2.5.7]) so © is in fact a (6, R)-C™ -
domain, where § and R depend on the size of the local parameterizations of the boundary and on
N1l gn-1/0(00) + H(092), and we can use Theorem 3.14.

First we study the case y; + 2 + 2 = 0. Consider a given v € Z2\{(~1, —1)} with v, +72 = —2.
Recall that Bm = CEDTmp(=m=Lm=1) py (219). The proof of the L boundedness of these

operators with norm smaller than Cm? can be found in [AIMO09, Section 4]. Thus,

T iam 1l
TN pr e = B oy S M= (3.43)
On the other hand, a short computation shows that
1Ky lloy = sup [VIK,(2)[[27F2 S ™, (3.44)

j<n,zeC
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with constant depending on n.

In order to use Corollary 3.15, it only remains to check the bounds for HD“T&P)‘HLP(Q) for
all multiindices o, A € N2 with |a] = n and |A\| < n. Using the binomial expansion w® =

z:u§>\(—1)|”| (’V\) (z —w)”2*"", we can write
A
Yy — T _ Yo A — 1\ Iv] A—vmpy+v
ToP(2) Ehg(l) (z — w) w” dm(w) Z (-1) <1/> 22 TVTT Y xa(2).
C\B:(2) G<v<A
Differentiating (and assuming that 0 € ) we find that
IVPToPAG)I S 27 D Y (1 + diam(Q)" VT xq(2)]
O<v<iJ=0
and, thus, by the equivalence of norms in the Sobolev space (2.2), we have that
P
n p n+|v +v +v P
VTP S0 3 ([Tl 1T el )
I<v<x

with constants depending on n, p and the diameter and the Sobolev embedding constant of {2. By
Remark 3.12, Theorem 3.14 and (3.43), we have that

IV TOPA ooy S Iv\”p(IINII’;g;Wm)+(1+e)IV\P)+ ST IT"xall} ) (345)

YSv<y+A y<v<y+A
The Young Inequality says that for all functions f € LP and g € L', [[f*gll;» < |Ifll0llgll1:-
Thus, since yoK, € L, for v < v < v+ A we have that
|1T& fll o < diam(€)" 22| £l (3.46)

and taking f = xa, [|T"xal}, < diam(Q)"—1pr+2,

Since p > 2, putting (3.40), (3.43), (3.44), (3.45) and (3.46) together, we get
IV T ey ooy S 11+ 1+ 0 (1N g 17m oy + (1 )
S 1" (Nl gyorrmgag + 1+ ),

with constants depending on n, p, d, the diameter of €2, its Sobolev embedding constant and ¢, but
not on 7. This proves (3.41) when v + v2 = —2 and (3.42) for every m > 0.

It remains to study the operators of homogeneity greater than —2. In that case we will see that
we can differentiate under the integral sign to recover the previous situation. Fix v € Z? such that
71 472 +2 > 0. By (3.46) we have that ||Tg, ||, < diam(€2)7**72+2| f|| .. Thus, to prove (3.41),
one only needs to see that for f € W™P(Q) one has

V722G ]y < Cetl™ (NI + (4977 [l

By (3.40) it is enough to check that for any v € N2 with |v| =1 + 72 + 2, one has

Cnxaf(z) ify=(v|-1,-1) and v = (||, 0)
= (-1 -1 dv=(0
D'T3(2) = o=kl andy = 0.1 | (3.47)
0 if v1 > 71 > 0 or vy > v > 0 except in the previous case,

Co,To " f(2) otherwise.
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To prove this statement, one can express the partial derivative as

BT 7(2) = tim T = FEIGE+ N —TH(f = F()()

lim ) + 0, Txa()f(2)

and use that f € C%¢ for a certain € > 0 by the Sobolev Embedding Theorem, allowing one to
apply the Dominated Convergence Theorem to differenciate under the integral sign. The same
happens for 9,. The details are left to the reader (see Remark 3.12). O
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