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Abstract

In this article, we consider the stochastic wave and heat equations on R with non-
vanishing initial conditions, driven by a Gaussian noise which is white in time and
behaves in space like a fractional Brownian motion of index H, with 1/4 < H < 1/2.
We assume that the diffusion coefficient is given by an affine function o(x) = ax+9,
and the initial value functions are bounded and Holder continuous of order H. We
prove the existence and uniqueness of the mild solution for both equations. We show
that the solution is L?(£2)-continuous and its p-th moments are uniformly bounded,
for any p > 2.
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1 Introduction

In this article, we consider the stochastic wave equation:

g;j(t,x) = g;;(t,x) +o(u(t,z))X(t,z), tel0,T], z€R

u(0,z) = wug(x), (SWE)
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and the stochastic heat equation:

du 1 0%u -
E(tax) = 5 @(t,l’) +U(U(t,$))X(t, x)v te [OvT]a reR

u(0,z) = wup(x)

(SHE)

where o(x) = ax + b is an affine function and X denotes the formal derivative of a
spatially homogeneous Gaussian noise X, which is white in time and behaves in space like
a fractional Brownian motion (fBm) with index H € (1/4,1/2). The precise definition of
X is given in Section 2.1 below. The initial value functions uy and vy are bounded and
Holder continuous of order H.

We denote by Gy(x) the fundamental solution of the wave (respectively heat) equation,
that is

1
Gi(z) = 51{|w‘<t} for the wave equation,
1 |z|? .
Gyi(z) = 2nt) 12 exp (== for the heat equation.
s

The goal of the present article is to prove the following result.

Theorem 1.1. Equation (SWE) (respectively (SHE) ) has a unique solution u = {u(t, z);
t € [0,T],z € R}, which is L*()-continuous and satisfies, for any p > 2,

sup  FElu(t,z)]P < oo
(t,z)€0,T]xR

and
2/p

(Elus,y) — u(s, 2)I?)

t
sup / G? (v—y — dy dzds < oo. 1
#,x)e[0,T)xR Jo JR2 sl ) ly — z[>—2H W

In particular, Theorem 1.1 covers the case of equation (SWE) with o(z) = z, up(z) = b
and vy = 0, and equation (SHE) with o(z) = x and ug(x) = b, which are known in the
literature as the Hyperbolic Anderson Model (HAM), respectively the Parabolic Anderson
Model (PAM). In fact, the solution @ of (PAM) can be written as & = u+b, where u is the
solution to (SHE) with o(x) = x + b and ug = 0. Equation (PAM) plays a major role in
the study of the KPZ equation in physics, via the Hopf-Cole transformation. Its discrete
form was studied in [7]. One possible method for studying equations (HAM) and (PAM)
is based on the idea that the solution can be expressed as a series of multiple stochastic
integrals with respect to X. This method was used in references [22, 23, 24, 4] in the case
of the heat equation, and in references [14, 13, 3] in the case of the wave equation. This
approach is particularly useful when the noise behaves in time like a fBm, and martingale
techniques cannot be applied. We do not pursue this approach here. Instead, we will
use the classical method of Picard iterations, our main efforts being dedicated to showing
that the Picard iteration sequence is well-defined and converges (in a certain space).

The concept of solution is defined as follows. We say that a random field v =
{u(t,z);t € [0,T],x € R} is a (mild) solution of (SWE) (respectively (SHE)), if u is



predictable and for any (¢,z) € [0,7] € R

u(t,z) = w(t,x) —i—/o /RGt_s(:Jc —y)o(u(s,y)) X(ds,dy) a.s. (2)

where the stochastic integral is interpreted in the sense explained in Section 2.2 below,
and w = {w(t,z);t € [0, T],z € R} is the solution of the homogeneous wave (respectively
heat) equation with the same initial conditions as in (SWE) (respectively (SHE)), namely:

L[t 1
w(t,x) = 5 / vo(y)dy + 5 <uo(x + 1)+ up(x — t)) for the wave equation,
r—t

w(t,x) = / Gi(z — y)up(y)dy for the heat equation.
R

This problem has a very rich history, since stochastic partial differential equations
(SPDESs) driven by a spatially homogeneous Gaussian noise have been studied intensively
in the past fifteen years. We recall that a spatially homogeneous Gaussian noise is a
zero-mean Gaussian process X = {X;(p);t > 0, € D(R?)} with covariance

E[Xi(9)Xs(¢)] = (t As) T %)),

where D(R?) is the set of infinitely differentiable functions on R? with compact sup-
port, T' is a non-negative-definite tempered distribution on R? and v (z) = ¢(—x). By
the Bochner-Schwartz theorem, there exists a tempered measure y on R? whose Fourier
transform in S’(R) is I'. Here we denote by S’(R) the space of tempered distributions on
R. Therefore,

EXi(p)Xo(P)]l = (tAs) [ Fo(§)Fp(&)u(ds). (3)

Ra
Since its covariance is invariant under translations, the noise can be viewed as a stationary
random distribution, in the sense introduced by It6 in [25] (see Section 2.1 below for the
precise definition).
Due to difficulties in the construction of the stochastic integral with respect to X,
most of the results related to the study of SPDEs with this type of noise were obtained
under the following assumption:

Assumption A. T is given by a non-negative-definite tempered measure (or in particular,
I is given by a non-negative locally integrable function f).

In the presence of this assumption, is is known that a general class of SPDEs with
non-vanishing initial conditions (which includes the wave equation in dimension d < 3
and the heat equation in any dimension) have random field solutions (see, e.g., [40, 8, 11,
29, 10, 15]. Various properties of the solution, like Holder continuity of the sample paths
or smoothness of the law, have been investigated by many authors (see, e.g., [5, 28, 37,
34, 30, 36, 16]). Concerning the spectral measure p, in all above-mentioned references it

is assumed that .
———u(d€) < oo. 4
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On the other hand, as far as the semigroup approach to SPDEs is concerned, we remark
that Peszat and Zabczyk [33] (see also [32]) obtained the existence and uniqueness of a
function-space valued solution to the stochastic wave equation (with d < 3) and stochastic
heat equation (in any dimension) under condition (4) and the following:

Assumption B. There exists a constant C' > 0 such that I' + C)\g is a non-negative
measure, where \q is the Lebesque measure on R?.

In the case of the stochastic wave equation in any space dimension, the existence of
the solution has been studied in [31, 12, 9] using different approaches. More precisely,
in [31] the covariance T" is assumed to satisfy Assumption B, while in [12, 9] the authors
suppose that it fulfils Assumption A. On the other hand, in [12] the spectral measure p
satisfies (4), while in [31, 9] it satisfies

1
ilelﬂlg /Rd m#(df) < 0. (5)

Using arguments from [27], Peszat [31] showed that conditions (4) and (5) are equivalent,
if Assumption B holds.

In this article, we will assume that d = 1 and X is a spatially homogeneous Gaussian
noise with the same spectral measure p as the fBm of index H, i.e.

p(d€) = cule| 21 d, (6)
with .
= I'(2H +217)Tsm(7rH). 7)

We recall that the fBm with index H € (0,1) is a zero-mean Gaussian process B =
{B(x)}ser with covariance: (see e.g. Section 7.2.2 of [35])

MM@MMZAf%MQHmﬁM%) (®)

where F denotes the Fourier transform, and g is given by (6). The fBm with index
H = 1/2 coincides with the Brownian motion.

Note that the measure u given by (6) satisfies (4), for any H € (0,1). However,
condition (5) does not hold when H < 1/2 (see Appendix A). On the other hand, when
H > 1/2, the Fourier transform in S’(R) of p is the locally integrable function f(z) =
H(2H —1)|z|?" 72, which satisfies Assumption A above. But when H < 1/2, Assumption
A fails, as the Fourier transform of 1 in §’(R) is a genuine distribution I', which is obtained
by regularization: (see e.g. Chapter 1, Section 3 of [20])

() = HEH - 1) | (o) - p0))laP 2o ¢ € DR,
R
and coincides with (1/2)V”, where V" denotes the second distributional derivative of
V(z) = |z|* (see [26]). Therefore, the techniques used in the references mentioned above
cannot be applied in the case H < 1/2.



The first step in the study of SPDEs is to develop a stochastic integral with respect
to the noise. Since the trajectories of the fBm are a-Holder continuous with o < H, the
fBm with index H < 1/2 has “rougher” sample paths than the Brownian motion. For this
reason, we expect more restrictive conditions for integration with respect to a Gaussian
noise which behaves in space like a fBm with H < 1/2, compared to the “smoother” case
H>1/2.

It was shown in [26] that the domain of the Wiener integral with respect to the fBm
of index H € (0,1) is the completion of D(R) with respect to the inner product

(0 P = / Fol&) Fo©u(de), (9)

and coincides with the space of distributions S € S’(R), whose Fourier transform FS
is a locally integrable function which satisfies [, |F.S(&)|*u(d§) < oo. The authors of
[6] have recently proved that a similar characterization can be given for the class of
stochastic integrands with respect to the space-time Gaussian noise X. Based on this
characterization, we give a new criterion for integrability with respect to X, which is
inherited from the theory of fractional Sobolev spaces, and constitutes the starting point
in the developments in the present article. In particular, this criterion supplies us with the
necessary tools for proving that the Picard iteration sequence is well-defined and converges
to the solution of equation (SWE) (or (SHE)). Furthermore, we remark that, because of
the above-mentioned techniques, the term in (1) comes into the picture in a quite natural
way when setting up the Picard scheme, and indeed has been crucial in order to prove
the uniqueness of the solution.

The restriction H > 1/4 arises from a technical condition that we need to impose on
the fundamental solution G, namely: (see Remark 3.2 below)

T
/ /IFGt(é)!2|£\2(1—2H>d§dt<oo.
0 R

An intuitive explanation is that if H < 1/4, the noise is so “rough” in space that the
Sobolev space methods of the present article cannot be applied.

This article is organized as follows. In Section 2, we collect all the preliminary results
about the noise and the stochastic integral, together with the new criterion for integrability
mentioned above. The proof of Theorem 1.1 is presented in Section 3. Each of these
sections is divided into several sub-sections, which are summarized at the beginning of
the section. Some auxiliary results are presented in Appendices A, B and C.

We conclude the introduction with few words about the notation. We denote by D(K)
the space of infinitely differentiable functions on R? with compact support contained in
an open set K. We denote by S(R) the class of rapidly decreasing infinitely differentiable
functions on R. The Fourier transform of a function ¢ € L'(RY) is defined by

Fo(€) = [ e mptada,

where £ -z = Zle &, is the Euclidean inner product in R?. We let B(R?) be the class
of Borel sets in R? and B, (R%) be the class of bounded Borel sets in R. We denote

>



by LZ(R?, 1) the space of complex-valued functions on R?, which are square-integrable
with respect to the measure . We denote by LZ(€2) the space of complex-valued square-
integrable random variables defined on ). The same notations without the subscript C
denote the corresponding subspaces consisting of real-valued elements.

2 The noise and the stochastic integral

This section is divided in three parts. In Section 2.1, we introduce the Gaussian noise
X, which can be viewed as a stationary random distribution, as in [2]. In Section 2.2, we
recall the construction of the stochastic integral with respect to X, following closely the
approach of [6]. We point out that the considerations in Sections 2.1 and 2.2 are indeed
valid for any H € (0,1) and in fact for any symmetric measure ;1 on R which satisfies
(4). In this case, the process {X(t,z)}.ecr (defined in Remark 2.1 below) is a Gaussisan
process with stationary increments and spectral measure tu. Finally, in Section 2.3 we
1

consider the case H € (0, 5) and we obtain a new criterion for integrability with respect

to X, using tools from the theory of fractional Sobolev spaces, borrowed from [18].

2.1 The noise

We let X = {X(p);p € D((0,00) x R)} be a zero-mean Gaussian process, defined on a
probability space (€2, F, P), with covariance:

Ewwmwm—Améfwumwwwxowwﬁ—w%w% (10)

for any ¢, € D((0,00) x R), where p is given by u(d€) = cg |E]*"21d¢ (see (6)) with
0 < H < 1. Note that in the space variable, X has the same covariance structure as the
fBm with index H (see (9)).

We denote by H the completion of D((0,00) x R) with respect to (-,-)%. The map
© — X () is an isometry from D((0,00) x R) to L*(2) which can be extended to H. We
use the notation:

X () :/OOO/R@(t,:c)X(dt,dx), o H.

The process X = {X(¢); p € D((0,00) xR)} is a (real) stationary random distribution,
a concept which was introduced by It6 in dimension one (see [25]), and generalized to
higher dimensions by Yaglom (see [39]). This means that the map ¢ — X (i) is linear
and continuous from D((0,00) x R) to L?(£2), and the covariance of X is invariant under
translations, i.e.

E[X(mhp) X (mne)] = E[X ()X (¢)] for any h € Ry xR,

where (7,¢0)(t,x) = @(t + hy,x + ho) and h = (hy, hy). By Theorem 3 of [39], X has the
spectral representation:

szééfmeWhﬁxwemﬂwwR%
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where M = {M(A); A € B,(R?)} is a Gaussian complex random measure on R? with
zero-mean and control measure I1(dr, d§) = %dru(df ), i.e.

E[M(A)M(B)] =TI(AN B) for any A, B € B,(R?).

Note that we have denoted by B,(R?) the set of bounded Borel sets of R?.
For any t > 0 and ¢ € D(R), we denote X;(¢) = X(194¢). This is well-defined, since
Lo,y € H (see page 1128 of [2]). Moreover,

X,(p) = / Fol)My(de),

where {M;(A); A € B,(R)} is a Gaussian complex random measure on R with zero-mean
and control measure tu, given by

1 — efirt
) = [ =SS Mrde). (1)
R2
The process M = {M;(A);t > 0, A € By(R)} is a martingale measure (as defined in [40],
but with complex values), with respect to the filtration

Fi=0{X.(p);s€[0,t],0 € DR)} VN, t>0

(see Appendix B). Here we denote by N the class of P-negligible sets in F. As we
will show in the next section, the martingale measure M plays an important role in the
construction of the stochastic integral with respect to X.

For any ¢ € L& (R, i), we can define the integral M;(¢) := [ ¢(§)M,(d€) as an element
in L4(Q2), by approximation with simple functions. For any s,t > 0 and ¢,v € LA(R, p),

EM/(6)ML(0)] = (t A 5) / (& DE)n(de). (12)

Hence, X;(¢) = My (F) for any ¢ € D(R). For any s < t and ¢, € D(R),

E[X, () X.(4)] = (t A 8) / Fol ) FH@u(de).

Remark 2.1. A random field {X (¢,z); ¢ > 0,2 € R} can be naturally associated to our
noise X. In fact, using an approximation argument it can be shown that for any ¢ > 0
and x € R, one has l(O,t}x(O,x] € H and X(t,x) = X(l(o,t]x(o,x]) = f]R .7:1(0@] (f)Mt(df)
(this follows from [2, Thm 3.10]). The process {X(¢,z); t > 0,2 € R} has wide-sense
stationary increments (in the sense of [6]), with covariance

E[X(t,2)X(s,5)] = (t A 5) / Flioay( F L) (©) plde)

(see Theorem 2.7 of [6]). Finally, we observe that, for any fixed ¢ > 0, the process
{Xi(¢); ¢ € D(R)} can be identified with the distributional derivative 0, of {X (¢, z)}.er,
which is consistent with the developments in Section 2.2 of [26].



2.2 The stochastic integral

In this section, we construct the stochastic integral with respect to X. This construc-
tion is essentially the same as the one described in Section 4 of [6], where the authors
develop an integral with respect to the random field {X(¢,z); ¢ > 0,2 € R} defined in
Remark 2.1. However, we have chosen to focus more on the stationary random distribu-
tion X = {X(¢);¢ € D((0,00) x R)}, so that our presentation is fully consistent with
the mathematical framework in the theory of SPDEs (see, e.g., [10, 33]). As already
mentioned, here we still consider that H € (0, 1).

Note that for any interval (x,y] C R, we can define the random variable

Xt((x?y}) = X(l(O,t]x(z,y]) = /R-’rl(z,y](g)Mt(dg) (13)

However, in general, for an arbitrary set A € By(R), X;(A) can not be defined by the
relation X;(A) := X (1(ogxa), since 1gyxa may not be in H. (Theorem 3.10 of [2] can
only be applied for sets A for which [, [F14(€)|*u(d€) < o). Precisely, this is the case
whenever H < % Therefore, in the general setting, the stochastic integral with respect
to X cannot be constructed using the approach of [10].

The construction of the integral with respect to X will be based on the random
variables X;((x,y]) given above. The properties of this integral are obtained indirectly,
using its relationship with the integral with respect to M. The integrals with respect to
M which will appear below are defined as in Walsh’s lecture notes [40]. We assume that
the reader is familiar with such kind of stochastic integrals.

In order to proceed with the construction of the integral with respect to X, let us
denote by &, the set of (real) linear combinations of processes of the form

9w, t, ) = Y (@)L ()L (7), (14)

where 0 < a < b, Y is a R-valued bounded F,-measurable random variable, and u,v € R
with w < v. The subscript r in &, emphasizes the fact that a “rectangle” (of form (u,v))
is used in (14). If g € &, is of form (14), we define the stochastic integral of g with respect
to X by:
(g X)e = Y(Xeno((u, 0]) = Xina((u, v])).

This definition is extended by linearity to all processes in &.. The stochastic integral
(9 - X); can be expressed as an integral with respect to the martingale measure M, as
follows.

Lemma 2.2. For any g € &,, the variable (g - X); has the spectral representation:

t
9= [ [ Fols)e)atds,de) (15)
0o Jr
Proof: It is enough to assume that g is of form (14). The general case follows by linearity.

Using (13), it follows that (¢-X); = YV (M (V) — Mina(¢)), where ¢ := Fl, . € LE(R, ).
On the other hand, the process

CI)(OJ, l, 'I) = ]:g(w7 t, )(5) = Y(w)l(a,b] (t)w(é)

8



isin L&(M), but is not an elementary process. By approximating ¢ with a sequence (¢,,),
of simple functions, it can be shown that

/0 / B(s, )M (ds,dE) = Y (Mynp(t)) — Mina()).

The conclusion follows. O

Fix T' > 0. Similarly to [10], we let Py be the completion of &, with respect to || - ||o,
where

lol2 = E / / (Flt, )(E)Pu(de)dt.

In view of (15) and the isometry property of Walsh’s stochastic integral with respect to
M, the map g — {(g9 - X)¢}tejo.r) is an isometry between &, and a subspace of the space
of continuous square-integrable martingales (M;);cor) with My = 0, endowed with the
norm |M|| = {E(M2)}'/2. This map can be extended to Py. We denote the image of
g € Py under this map by

(g-X)t—/O /Rg(s,x)X(ds,d:U), te[0,T].

We now identify the elements of the space P,.

Definition 2.3. We say that a function S : Q x [0,7] — S’(R) is predictable if the map
(w,t) = S(w,t)(p) is predictable, for any ¢ € S(R?). We will denote by Payr, the
predictable o-field on €2 x R,..

Remark 2.4. If S: Q2 x [0,7] — S’(R) coincides with a function g : 2 x [0,7] x R — R
(ie. Sw,t)(¢) = Jpag(w,t,x)p(x)dz for all ¢ € S(R)) and g is predictable, then S is
predictable (in the sense of Definition 2.3). This follows by Fubini’s theorem.

Remark 2.5. If S : Qx[0,T] — &'(R?) is a predictable function such that FS(w,t,-) is a
function for all (w,t), then by Lemma 4.2 of [6], there exists a Poxr, X B(R)-measurable
function ® : 2 x [0,7] x R — C such that for all (w,?),

FS(w,t,-) (&) = P(w,t,&) for almost all £ € R.
Below we will work with ®(w,t,§), but we will write FS(w,t,-)(§).

We consider the set Ay of predictable functions S : Q x [0,7] — S’(R) such that
FS(w,t,-) is a locally integrable function for any (w,?) and

T

B[ [ 1FsteF s < o

0o Jr
The space Ax is endowed with the inner product

T e —

SiSa=E [ [ FSi(t)ORENOulde)dr.
0o Jr

We let [|S]|3, = (S,S)ax. We identify Sy and S if [|S1 — Sala = 0.

9



Theorem 2.6. The set Ax coincides with Py. For any S € Ax and t € [0,T1,

/Ssx (ds,dx)

and (S - X); admits the spectral representation:

/ /S s, x) X (ds,dx) / /]—"S M (ds,d¢) a.s. (17)

For any S € Ax, the predictable quadratic variation of S - X 1is:

p / 178 @ Putae)as (16)

(S - Xt—/ /yfs OPu(de)ds, e [0,T]. (18)

Proof: Clearly, (g9,h)o = (g9, h)a, for any g,h € &, where we have denoted by (-, -)g
the inner product associated with the norm || - ||o. By Theorem 4.3 of [6], we know that
& is dense in Ax, and Ax is complete. Hence, Py = Ax. Relation (17) follows by an
approximation argument, using Lemma 2.2 and the fact that &, is dense in Ax. Relation
(18) follows from (17). O

2.3 A criterion for integrability

In this section, we obtain a new criterion for integrability with respect to X, which plays
a crucial role in the present article. Here, we assume that H € (0, %)

Throughout this article, we say that a measurable function ¢ : R — R is tempered if
there exists a tempered distribution T, € S'(R) such that Ty = [, g(x)p(z)dz, for all
v € S(R).

Ifgisa tempered function the Fourier transform of g in §’(R) is a tempered distribu-
tion, defined by Fg(¢ fn x)dx,¢ € S(R). When this distribution is a locally
integrable function, denoted also by ]-" g, we have

/R 9(2) Fo(x)dz = / Fo(©)p(E)de for all ¢ € S(R).

In this case, the function Fg is also tempered.
We begin with a deterministic result, related to the theory of fractional Sobolev spaces,
which indeed slightly improves Proposition 3.4 in [18].

Proposition 2.7. Let g : R — R be a tempered function whose Fourier transform in
S'(R) is a locally integrable function. For any 0 < H < 1/2,

- / Fo(&)PIe[ 21 de = Cy / 9(2) — g(u) Pl — o2 2dedy, (19)
R R2

when either one of the two integrals above is finite. Here cy is the constant given by (7)
and Cy = H(1 —2H)/2.

10



Proof: First, assume that the integral on right-hand side of (19) is finite. Then

lg(z+y) —g(y)]? _/
/ Z[2 dy)dz- A

1
o7

glz+)—g() |

B dz

L2(R)

]_-(9(2 +) - g(-)) ’

B

dz,

L2(R)

where we used Plancherel’s theorem for the last equality. The application of Plancherel’s
theorem is justified because the function g(z + -) — g(+) belongs to L*(R), for almost all
z € R. Since Fg is a tempered function, taking into account the definition and properties
of the Fourier transform of in §’'(R), we can infer that

(Fa(z+))(§) = e Fg(€) E-ae.,

and therefore, the last expression is equal to

e — 1) ['(2H + 1) sin( 7TH
oo [ [ oo P agas = TCEADIEID [ yeyprgp-onge

using Fubini’s theorem and Lemma C.2 (see Appendix C). This proves that the integral
on the left-hand side of (19) is finite. The constant which appears in front of the last
integral above is exactly cy/Chg.

When the integral on the left-hand side of (19) is finite, we can use the same argument
as above, but in reverse order. O]

Based on the previous result, we now identify a subset of Ax.

Theorem 2.8. Let S : Q2 x [0,7] x R — R be a predictable function, such that for almost
all (w,t) € Qx[0,T], S(w,t,-) is a tempered function whose Fourier transform FS(w,t,-)
in S'(R) s a locally integrable function. If

C’HE/ //\S t,x) — S(t,y)*|z — y|* 2dadydt < oo (20)

then S € Ax and E|(S - X)r|?> = I(T). Moreover, for any p > 2,

p/2
E|(S - X)r < 5,C?°E (/ //|sm S(ty)l — |2H‘2dxdydt> (21)

where z, is the constant in the Burkholder-Davis-Gundy inequality for continuous mar-
tingales.

Proof: Note that the function (w,?,z,y) — [S(w,t,z) = S(w,t,y)]*|z —y[* % is Poxr, X
B(R?)-measurable, due to the fact that

Paxr, xk C Paxr, % B(R).

11



By (20), there exists a set N € Poyr, with (P x Leb)(N) = 0 such that for all (w,t) € N,

/ / 1S(w, t,2) — S, t,9) Pl -y 2dady < oo.
R JR

We apply Proposition 2.7 to the function g = S(w,t,-) with (w,t) ¢ N. We obtain
that for any (w,t) € N.

cu [ 1FS(wt WOPIEFde = Cr [ [ [8(0rt,0) = S(ert,)Ple — o 2dady. (22
R R JR
For any (w,t) € Q x [0, 7], we identify the function S(w,t,-) with the distribution in
S'(R) induced by it. By Remark 2.4, S : Q x [0,7] — S’'(R) is predictable (in the sense
of Definition 2.3).
As in Remark 2.5, there exists a function ® : Qx[0,7]xR — C which is Poyxr, x B(R)-

measurable, such that for any (w,t), FS(w,t,-)(§) = ®(w,t,&) for almost all £ € R. Hence
for any (w,t) € Q x [0,77,

[ 17t 0O Pl e = [ [0, oPIgde (23
R R
From (22) and (23), it follows that for any (w,t) ¢ N,

cu /R B, 1, €) P2 d = O /R /R S(w,t,7) — S(w, ) Plw — y*Tdady.  (24)

We now take the integral with respect to P(dw)dt. We obtain that

T
2 1-2H _
cyE /0 /R \FS(t, &) €| 2Hdedt = I(T) < oo. (25)

This proves that S € Ax. The fact that E|(S - X)r|* = I(T) follows from (16) and (25).
We now prove (21). By Burkholder-Davis-Gundy inequality,

E|(S - X)rl < 2, ({8 X)7%). (26)

By (18), we know that for almost all w € Q,
T
(- X)r(w) =cu [ [ 106wt )P ¢ et o7)
o Jr
Let F' be the set of (w, t)’s for which (24) does not holds, and F,, = {t € [0,T7]; (w,t) €
F}. Since (P x Leb)(F') = 0, by Fubini’s theorem, Leb(F,,) = 0 for almost all w. Hence,
there exists a set €y with P(€Qg) = 1 such that for all w € € fixed, equality (24) holds

for almost all ¢ € [0,T]. Taking the integral with respect to dt, we obtain that for any
w € €y,

T
- / / B, 1, )2 €12 dedt
0 R
T
_cH/ //\S(w,t,x)—S(w,t,y)|2]:p—y|2HZdazdydt. (28)
0 RJR

12



From (27) and (28), we infer that:

T
(S-X>T:CH/ //|S(t,ac)—S(t,y)|2\az—y|2H_2d1:dydt a.s.
o JrJr

Relation (21) follows, using(26). O

3 Proof of Theorem 1.1

This section is dedicated to the proof of Theorem 1.1. In particular, from now on, we
assume that H € (i, %) In Section 3.1, we gather some preliminary (deterministic) results
which are needed in the subsequent sections. Section 3.2 will be devoted to prove that
the sequence (u"),>o of Picard iterations is well-defined, for both equations (SWE) and
(SHE). In Section 3.3, we show that the sequence (u™),>o converges (in a certain Banach
space, which is defined below), and its limit is the desired solution. Moreover, we show
that the solution is unique. Finally, in Section 3.4, we state and prove an extension of
Gronwall’s lemma, which is of independent interest, and is used in Section 3.3.

3.1 Preliminary results

In this section, we give some estimates for various integrals containing the fundamental
solution G of the wave or heat equations. Recall that the Fourier transform of G is:

in(¢
FGi(&) = alU) for the wave equation,

€]

2
FGi(&) = exp <—t|§> for the heat equation.

Lemma 3.1. Let G be the fundamental solution of the wave or heat equation. Then, for
both equations, the integral

too) = [ [ 1FGUOF g e

converges if and only if o € (—1,1). When the integral converges, we have

1
Ar(a) = 27 C’ar T2~ for wave equation, (29)
-«
2 1
Ar(a) = 1 r (a ;— ) T2 for heat equation, (30)
-«
where
(1 — ) 'T(a)sin(ra/2) if a € (0,1)
Co=1 a(1-a) 'T(1+a)sin(ra/2) ifa € (—1,0)
/2 if a =0,

13



Proof: For the wave equation, we use Lemma C.1 with o/ =1 —«a € (0,2):

oo 1.2
/|}'Gt 2| €| de = /sm f‘f’ d§—2t1“/ T
€[>~ 0o xe

1 — cos(2
- / Lmcos@a) ), pagiagy,, (31)
0

2=

where the last integral converges if and only if & € (—1,1). Thus, we obtain (29). For
the heat equation,

2 « _ —t|E? | ¢ | _ o0 22
[1Fcioririe = [ettepde=2 [T e as
~(at1)/2p <a ;' 1> 7 (32)

using the change of variable y = tz2. The last integral converges if and only if o > —1.
Finally, the integral fOT t=(@+tD/2dt converges if and only if o < 1, whence we also deduce
(30). O

Remark 3.2. In the sequel, we will apply Lemma 3.1 with a = 2(1 —2H) (which imposes
the restriction H > 1/4), and also with o« =1 — 2H.

Lemma 3.3. Assume that 1/4 < H < 1/2. Let G be the fundamental solution of the
wave or heat equation. For any 0 <a <b< T, set

b
=//@4@/M@4@%Wm%&m.
a JR R

Fla,b) = C(b— a)* +1 for the wave equation
@0 = C(b—a)? =1 for the heat equation

where C > 0 is a constant depending on H, which is different for the two equations.

Then

Proof: Using (31) and (32) with v = 2(1 — 2H ), we see that

_ C(s —a)™=1  for the wave equation
2| ¢|2(1-2H) 70 _
/ FGsal©IIE] de = { C(s —a)*"=3/2 for the heat equation

where C' > 0 is a constant depending on H, which is different for the two equations. This
integral is finite because H > 1/4. On the other hand,

271t for the wave equation
2 _
/RGt(Z) dz = { 2m1/2¢=1/2 " for the heat equation (33)

Therefore, for the wave equation, we have:

b b—a
F(a, b) = 021/ (b — S)(S _ a)4H*1dS — 021/ (b —a— 7”) T4H71 dr
a 0
= 02_16(2,4H)(b . a)4H+17
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where S(a,b) = I'(a)'(b)/I'(a + b) is the beta function. For the heat equation,

b
F(a,b) = C’27r1/2/ (b— s)"V2(s — a)?H-3/2ds
1
= (2n 1/26( 2]—[_2) (b—a)QH*l’
using again the fact that H > 1/4. -

Lemma 3.4. Let G be the fundamental solution of the wave or heat equation. For any
€ (—1,1) and for any h € R,

T _ .
CTI|h|*=®  for the wave equation
o 2 «
/0 /R(l cos(Em) [FGUQIIE|" de dt < { C|h|*=*  for the heat equation,
where C' = [, (1 — cosn)n®2dn.

Proof: It is enough to consider the case h > 0. If h < 0, we use the fact that cos({h) =
cos(€|h]). For the wave equation, since sin?(¢|¢|) < 1,

t — h
/ / sin (2|£D |£|a déj dt S T/ C(;i(g ) df —_ CThl_a,
€] €T
using Lemma C.1 with o/ =1 — «. For the heat equation,
T 2 G_T‘ ¢
| [ costemn e g dear = [ (- costem) =g el < ot
0o Jr
using again Lemma C.1 and the fact that 1 — e TIE < 1. OJ
Lemma 3 5. Let G be the fundamental solution of the wave or heat equation. For any

€ (—1,1) and for any h € R

CT|h|*=®  for the wave equation
2 a
/ / FGrenly) = FGuly)I"|€]" de dt < { C|h|1=2)/2 " for the heat equation,

where C' is a constant depending on o (which is different for the two equations).

Proof: We suppose that A > 0. The case h < 0 is similar. For the wave equation, using
the fact that |sin((t + h)|¢]) — sin(¢[€])[* < Cmin(1, h|E|)?, we see that the integral is
smaller than

min(1, h|¢])? min(1, [n])?
[§1P~ [n|*=

using the change of variables n = h¢. For the heat equation, the integral is

1 — e tlél

t
/ / e oIl (1 — e7MIEP/2)2 | ge g = / (1— e el “ e dg
) " €]
S/ (1—<a’“5/2)2d€:h(1_a>/2/(1_€7’/2)2d777
R R

CT d¢ = CTh= dn < CT h*=°,
R R

S nf*=
using the change of variables n = h'/2¢. The last integral is seen to be finite using the
fact that 1 —e7"/2 < 52/2 for || < 1. 0

15



3.2 Picard iteration scheme

In this section, we show that the sequence (u"),>o of the Picard iterations is well-defined
and satisfies some properties. This sequence is defined iteratively. We set u°(¢, x) = w(t, r)
for any ¢ € [0,7] and « € R. For any n > 0 and for any (¢,2) € [0,T] x R, we let

" (t, ) = w(t, v) +/O /RGts(x —y)o(u"(s,y)) X(ds, dy), (34)

provided that the stochastic integral is well-defined, in the sense explained in Section 2.2
above. For the next result, the function o does not need to be affine. Recall that the
term w(t, z) corresponds to the contribution of the initial data, and explicit formulas for
it are given in the Introduction.

Theorem 3.6. Let o be an arbitrary Lipschitz function. Let p > 2 be fized. Then, for
any n >0,

u"(t,x) is well-defined for any (t,x) € [0,T] x R, )
sup  Eu"(t,z)]’ < oo, and
(t,z)€[0,T]xR (P)

2/p
: (Blu(s.5) = u"(s, )"
sup / G? (v —y) — o on dydzds < oo
0 JR? ly — 2|

(t,2)€[0,T]xR

7/

and, for any h € R with |h| < 1,

sup  |u"(t,x +h) —u"(t,z)]> < CplhPH
(t,x)€[0,TTxR (Q)
sup W (t+ hyx) = u"(t,2) [P < Cylh),
(t,z)€[0,TA(T—h)] xR

where f = 2H for the wave equation, and f = H for the heat equation. Here C,, is a
constant which depends on n (and also on H,T,o,uy and vy ).

Proof: By induction, we prove that properties (P) and (Q) hold for any n > 0. As
already mentioned, the constant C' (depending on p, H, T, 0, ug and v) may be different
from line to line. We split the proof in four steps, as follows.

Step 1. We start by checking properties (P) and (Q) for n = 0. It is clear that the
variable u°(¢, ) = w(t,z) is well-defined for any (¢,z). Using the particular form of w
for each equation, and the fact that uy and vy are bounded, we see immediately that for
both equations,
sup  |w(t,z)| < oo. (35)
(t,x)€[0,T]xR
Let us postpone for the moment the proof of the third condition in (P), so that we first
check the validity of property (Q) for the case n = 0.
For this, we consider separately the wave and heat equations, using the corresponding
formulas for w(t, z) for each equation. For the wave equation, |w(t,z + h) — w(t,z)]* <
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2(A; + Ay), where

2

A =

/R (Gl + 1 — y) — Gule — ))o(y)dy

1
Since ug is H-Holder continuous, Ay < C|h|*. By a change of variables, and Holder’s
inequality (using the fact that [, G(t,y)dy = t), we have:

2
Al -

/R Guly) (w0l + 1 — ) — vl — ))dy

<t / Gi(y) ool + b — y) — volw — y)*dy < CE|R,
R

where for the last inequality we used the fact that vy is H-Holder continuous. We now
examine the time increments of w. We suppose that A > 0. The case h < 0 is similar.
We have |w(t + h,z) — w(t, z)|* < 2(B; + By), where

2
Blz

/R (Gran( — ) — Gulz — y))uo(y)dy

1
By = Z|u0(az+t+h) —up(x + 1) +up(r —t — h) —ug(z — )%

Since ug is H-Hélder continuous, By < Ch|?H. By Hélder’s inequality,

2

1
Bl = Z ‘/(1{m+t<y<x+t+h} + ]-{rft7h<y<m7t}) Uo(@/) dy
R

1
<_-h /(]—{z+t<y<z+t+h} + Lot—hey<a—t}) lvo(y) > dy < Ch?,
R

2
where for the last inequality we used the fact that vy is bounded.

In the case of the heat equation, the space increments of w are treated similarly to
the term A; above (with vy replaced by ug). For the time increments, we assume again
that h > 0, the case h < 0 being similar. Using the semigroup property of GG, Holder’s
inequality (since [, G¢(y)dy = 1) and the fact that ug is H-Holder continuous, we obtain
(see (4.8) of [37]):

it + h, z) — w(t, z)|? = / Gly) / Gl — 2)(uo(z — y) — uo(2))dzdy

< [ Guly) [ Gula =) lun(z ~ ) ~ un(2) d=dy
R R
< C/ Gi(y) ly|*"dy = Ch™.
R
Therefore, we conclude that property (Q) holds for n = 0.
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It remains to show that the third condition in (P) holds in this case. Precisely, we

write )
/ /G :L, _ ( |w S y_|’_’|22 ;Hw(s y)| dZ) dyds — I/ +[//’
V4

where the terms I’ and I” are obtained by splitting the dz integral into two integrals,
corresponding to the regions {|z| > 1} and {|z| < 1}, respectively. Note that

1
I’<4sup]wtm]2//Gfs - </ 2_2Hdz) dy ds,
(t,x) |z|>1 2|

which is uniformly bounded for all (t,z) € [0,7] x R, due to (33) and the fact that
H < 1/2. For I”, we use the fact that |w(s,y + z) — w(s,y)|*> < C|z|*", since we have
already proved that property (Q) holds for n = 0. Hence,

I" S/ /G (/ |z|4H2dz> dy ds,
z[<1

which is uniformly bounded in (¢,z), due to (33) and the fact that H > 1/4. This
concludes the first step of the proof.

From now on, we assume the following induction hypothesis: properties (P) and (Q)
hold for u™. We aim to prove that (P) and (Q) also hold for u"*!.

Step 2. This step of the proof is devoted to show that u"(¢,x) is well-defined for all
(t,x) € [0,T] x R and it holds

sup  Elu"t(t,z)P < oo. (36)
(t,2)€[0,T]xR

In order to prove that v"*1(¢,z) is well-defined for any (¢,z) € [0, 7] X R, we have to
show that the stochastic integral on the right-hand side of (34) is well-defined. For this,
we apply Theorem 2.8 to the function

Sn(sv y) = Gt—S(x - 3/)0(“”(5? y))l[o,t](s>

(which depends also on (¢,z)). We will show that:

(i) u™ has a predictable modification (called also u™);

(ii) Sp(w, s,-) is in L'(R) for almost all (w, s) € Q x [0,T7;
(i1i) S, satisfies the following condition:

sup / //]S $,Y) — Sn(s,2)Ply — 2?2 dy dz ds < oo. (37)

(t,z)€[0,T]xR

To prove (i), we note that u™ is L?(f2)-continuous (by property (Q)) and u"(¢, ) is
Fi-measurable for any = € R (by the construction of the stochastic integral). Therefore,
u™ has a predictable modification. (For this, we use the extensions to random fields of
Theorem 30, Chapter IV of [17] and Proposition 3.21 of [33].) To prove (ii), we note that

T T
E/ / |Sn(s,y)|dyds < C (1 + sup E]u"(t,x)]) / /Gt_s(x —y)dyds < o0,
0 R (t,x) 0 R
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and hence, [, [S,(w,s,y)|dy < oo for almost all (w,s). This proves (ii). Note also that
(11) implies that the Fourier transform of S, (s, ), for a.a. (w, s), is given by a function.
To prove (iii), we bound the integral in (37) by 2(I; + I5), where

t o(u™(s,y)) — o(u™(s, 2))|?
I, = E/ //G?s(x—y)‘ (u( ]y)zzP(?H( )l dy dz ds,
G_g(x — Gi_s(x — 2)|?
I, = ///|a (s,2) |2‘ o ]yzz\z tQH( ) dy dzds.

Using the fact that o is Lipschitz, and Jensen’s inequality, we see that

2/p
Crr (Elu(s,5) = u"(s, 2)P")
L §C’/ //Gts(x—y) dy dzds,
0o JrRJR

y— P

which is uniformly bounded in (¢, z) by the induction hypothesis (the third condition in
(P)). By Jensen’s inequality and Proposition 2.7,

_ 2
C'| 1+ sup E|u"(t,x)] |Gt o = Gis(w = 2) dydzds
(t,x) |y—z\2 2

C 1+ (SupE|u (t,x)|> / /|]:Gt SO €] de ds,
(t71.)

the sup being finite by the induction hypothesis (the second property in (P)). The last
integral is uniformly bounded for ¢ € [0, 7], by Lemma 3.1. This shows that u"™!(¢, x) is
well-defined.

Next, we show that (36) holds. By the definition (34) of u"™ (¢, z) and Theorem 2.8,

Elu™t(t, :U)|p<0{|w (t,x |p+E</ // |Sn(s ]y_z|2 2(; ,2)|? dydzds)p/Q}.

The first term is uniformly bounded in (¢,z) by (35). The second term is bounded by
C(Jy + J3), where

t u™(s,y)) — o(u(s, 2))|? p/2
J = E(/ G2 (o -yl y)z ;’fQH( ) dydzds>
0 JR? ly — 2|

t N N2 p/2
Jo = E(/ |J(u"(s,z))|2|Gt_s(x yz it;;(ﬁ 2l dydzds) .
0 JRr2 ly — 2|

Using the fact that o is Lipschitz and applying Minkowski inequality for integrals (see
A.1, page 271 of [38]), we see that

I

IN

IN

2/p p/2
: (Blu(s.y) = u"(s,)1")

J1 <C / G? (v —y) SRy dydzds ,
0 JR? ly — 2|
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which is uniformly bounded in (¢, x), by the induction hypothesis (the third condition in
(P)). Similarly for J, we have:

t 2/ N V2 p/2
Jy <C (/ / <1 + E|u”(s,z)|p> PGl = y) = Gio(w = 2) dy dz ds)
o Jr2

ly — 22721
TN G —y) = G — ) v
n t—s - - YUt—s -
<C |1+ <?F£E]u (t,:p)]l’> (/0 5 P dydzds) )

the sup being bounded by the induction hypothesis. As mentioned above, the last integral
is uniformly bounded in ¢ € [0, T]. Thus, we have obtained the validity of (36)).

Step 3. Now, we prove that u™™! satisfies the third condition in (P), i.e.

G id — n n 2/17
sup //RQ t‘zP — (E\u +1(5 y+z) H(s,y)VJ) dydzds<oo, (38)

(t,x)€[0,T]xR

By (34) and Theorem 2.8,

Blu™ (s, + 2) —u" (s, y)I"
<C|w5y—|—z w(s,y)|?
p

+CE Gsr(y+2z—2v)— G (y —v))o(u"(r,v)) X (dr, dv)

< Clw(s, y—l—z w(s,y)|?

er ( / [ NGty 2= 0) = Gmaly = 0D (1 0)

1 p/2
— (G (y+ 2 —0) = Go_p(y — 0))o(u™(1,0)) | ——5—= dv dv dr> .

|U _ Q—}|272H

Since we have already proved that the third condition in (P) holds for w, it suffices to
show that

//R2Gt|2|2 2_H { </ R2| Gor(y+2—v) = Gop(y —v))o(u"(r,v))

2/p

1 p/2
— (Gs—r(y+2—0) — Gs_(y — @))a(u"(nﬁ))ﬁm dv dv dr) ] dydzds

is uniformly bounded in (¢,z). After adding and subtracting the mixed term (Gs_,(y +
z2—v) — Gs_r(y —v))o(u"(r,v)) inside the squared term of the last integral above, we see
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that the previous integral is bounded by 2(A; 4+ As), where

t 2 s
Ay —/ ds/ dy/ dzw {E </ |Gy r(y+2—0) — Gs_r(y —v)?
0 R R |2 0o Jr2

p/2 2/17
x \U(U”(r,@))—U(U"(T,@))IZW dvdvdr) ]

Ay = /ds/dy/ Gt‘sP 2_H { </ dT/RZ dv dv |o(u™(r,v))[?

y (Ger(y+2—0v) =G p(y—)) = (Ger(y+ 2 —0) — Gs_(y — v))|2>p/2]

”U _ @’2—2H

2/p

We first deal with As. By Minkowski inequality,

Ay < /ds/dy/ = SP o (/ dT/Rz dvdv E’U " ))’p>2/p
Gorly+2—0)— Gorly — ’ _—lgG;Hr(yan—v) Gsr(y—v))F).

Taking into account that o is Lipschitz and u™ satisfies the second condition in (P) (by
the induction hypothesis) we have that A, can be bounded by

G?s B
C |1+ (supElu"(t,x)| ds dy T 2H
(t,x)

> /s |(Gs—r(y +2z— U) B Gs—r(y — U)) — (Gs—r(y +z— Z_}) — Gs—r(y —v

o
v — o[2r dv dv dr

By Proposition 2.7, all this expression can be estimated by (up to a constant)

Gi s — o2
flao [ [ [ [ emepize o icar
Using Fubini’s theorem and Lemma C.2, this later expression is equal (up to a constant)
to
t s
| [et e ( [ [1F6erie-acar) ayas
R
T
< ( [ [e. e=agas) ([ [ G op i)
0o Jr

which is uniformly bounded in (¢,z) by Lemma 3.1 with o = 2(1 — 2H).
As far as A; is concerned, applying again Minkowski inequality for integrals, we have:

t G—s _ 2 S
Ay S/ ds/dy/dzt(fmy) (/ Gy +2 =) = Gop(y —0)?
0 R R |2| 0 JR2

X (E]a(un(r, v)) — o(u"(r, 17))|P> 2/p|v_;|22H dv dv dr)
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Using the fact that o is Lipschitz and Fubini’s theorem,

2/p
E|u r,v) —u'(r, v)|p>
A1<C/ds/dr/dv/dv v—vPQH
Gt—s - 2
dz dyﬁ Gsr(y + 2 —v) = G5 (y — ) )
R R ||

Observe that, doing the change of variables § =y — v,

Gis(x —
/dz/ t| |2~ 2H |Gs Py +z—v)— Gsfr(y_v>|2
_G s - _
/d'z/d - | B i “ 1G5+ 2) - Gor ()

Hence, again by Fubini theorem,

A < C/ ds/ dr/dz/ gilGo=r y+’Z»|22) 2HGS_T@)IZ |
/dv/d@Gt_s(x—ﬂ—v)Q (E‘un(r’v) _un(r’mp) )

|U _ 1—)|272H

:/ ds/ d?“/dz/ 21 G y+TZ 2HG (@)
i N
. (/Rdv/Rd'DGt—s(l'—g—U)Q (E\un(s—r,v)—u (s—r,v)|) ))

"U _ @‘272H

where in the last equality we have done the change of variable 7 = s — r. By applying
Fubini’s theorem one more time, this last term is equal to

|G+ 2) = Gx(p)?
/ dr/dz/ E
2/
t (E|u"(s—?,v)—u"(s—f,@)|p) "
></ ds/dv/dths(ac—y—’u)2 )
7 R R

|U _ @|2—2H
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Performing now the change of variables 5§ = s — 7, we can write

A1<C/ d?“/dz/ aglr y+'4|“2 ~ Gr(o)P
2/p
X </Dt_Fds/Rdu/RdthT8($_y_v)2 (E|U (5,0) — u"(5,0)[ )

|U _ @|2—2H

v 2(E|u(sv)—u sv\p
<C sup / ds/Rdv/RdvG,,s(w—v) P

(v,w)€[0,T]xR
,|G U+ 2)—Gr1)|?
/ dr/dz/ P

By the induction hypothesis (the third condition in (P)), the supremum appearing in the
last term above is finite. The remaining integral is

/dr/dz/ a9 Gl =g’{Atdr4|fGr<£>|2\§|1-2Hd§,

(by Proposition 2.7), and this is uniformly bounded in ¢ € [0,7], by Lemma 3.1. This
concludes the proof of (38).
Step 4. This final step is devoted to prove that property (Q) hold for u™*i.

We consider first the space increments of " ™. By definition (34) of «"™! and Theorem
2.8, we see that

E|un+1(t,x + h,) o Un+1(t, CL’)|2 < O(IO + [1 + 12)7

where Iy = |w(t,z + h) — w(t, z)]?,

—F / /R (Gisle 4 = y) — Gy — P TS DA 2DE g g

ly— 27

[ e
IQ—E/O i (Cesla b =) = Goosla =)
(Gis(x+h—2) = Gi_s(x — 2))|* dy dz ds.

We have already proved that Iy < C|h|?". Let us treat I;. Since o is Lipschitz,

_ 2
Il<CE//|Gtsx+h y)— Gis(xr —y < [v” Sy—i_TQ 2Hu "5,y dz> dy ds

where I] and I} denote the integrals corresponding to the regions {|z| > 1}, respectively
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{lz| < 1}. Since f{|Z|>1} |2|#~2d> is finite, we have

t
I < C s Bt / / G+ h—y) — Gru(z —y)Pdyds
0 R

(t,x)€[0,T]eR

t
= ¢ sw B’ [ [ - e R IEG O dds
0 R

(t,z)€[0,T]eR

= C sup E]u”(t,x)|2/0 /R(l — cos(€h)) | FG(&)|* dé ds.

(t,z)€[0,T]€R

using Plancherel’s theorem for the first equality above. Using Lemma 3.4 (with o = 0),
we obtain that
I} <Clh|  sup  Elu"(t,x)]%

(t,z)€[0,T)ER

For I], we use the induction hypothesis (the first condition in (Q)), to infer that
[u™(s,y + 2) — u(s,y)|> < Cn|z*. Since f{\z\<1} |2|*1=2d> is finite,

t
o< ccn/ /|Gt8(x+y+h)—GtS(x+y)\2dyd5§CCn]h|.
0 R

Let us now treat the term I5. Using the fact that ¢ is Lipschitz and Proposition 2.7,

t
I, < C’(l—i—supE\u”(t,x)\z)/ /|eigh—1\2|]:Gt_5(§)]2|§\1Qdeds
0o JR

(t,z)

(t,z)

C (1 + sup E\u"(t,m)ﬁ) /0 /R(l — cos(h|€])) | FG_ (&) ]£|1_2H dé ds.

Using Lemma 3.4 (with « =1 — 2H), we obtain that

L <C <1 + supE\u"(t,x)]Q) |h|*H
(t:x)

This concludes the proof for the space increments of u™**.
We consider now the time increments of u"*!. We assume that A > 0. The case h < 0
is similar. By (34) and Theorem 2.8, for any ¢t < T — h,

E|u"+1(t + h7l‘) _ un-&-l(t,x)‘? S C(JO + J1 + J2)7
where Jy = |w(t + h,z) —w(t,z)|*,

o e Gipn—s(z —y)o(u(s,y) — Gns(rv — 2)o(u"(s, 2))|
n-eff y— P2

2
dydzds

B B[] (Ginee =) = Gila = ol (s -
(Groneslo = 2) = Guosle = 2o (5, ) Ply — -2 dy d=ds.
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It was shown above that JO < C|h* (the case n = 0). As far as J; is concerned, adding
and subtracting Gyyp_s(z — y)o(u™(s, 2)), we see that J; < 2(Jy; + Ji2), where

b / [ G o= D oD

y— P

t+h — ) — —2)I?
Jig = E/ lo(u"(s, 2))? Grin-s@ = y) = Crin-s(z = 2)] dy dz ds.
t R2

y— 2"

Since o is Lipschitz, Ji; is smaller than a constant times

t+h [t (s, + 2) — un(s, 2)|?
/ /Gt+h S —vy (/ 2P dz) dy ds,

which can be written Jj; + J{;, where Jj; and Jj| are the integrals corresponding to the
regions {|z| > 1}, respectively {|z| < 1}. Since H < 1/2, the integral f{l 51} |22z is
finite, and hence

t+h
Ji, < Csup Elu"(t,x \2/ /Gt+h s y) dyds

(t,x)

C'sup Eju"(t,x |2/ /G2 s,y) dyds.

(t,x)

The last integral is equal to C'h? for the wave equation, respectively C'h'/? for the heat
equation (see (33)). For J7|, we use the induction hypothesis (the first condition in (Q)).
Since H > 1/4, f{\z\<1} |2|*1=2d> is finite and

< CC, o G d d
Ji < t+h— s yas,

which is the same integral as above. As for J12, since o is Lipschitz,

t+h e e
Jo < <1+SupE|u”(t,:p)|2>/ |Giph-s(® —y) — Grons(z — 2)| dy do
t R?

(t,z) |y — z|>721

C(1+supE|u (t,x) >/ /|]:G )2 €2 dedr,
(t2)

using Proposition 2.7 (after the change of variables r = t+h—s). By applying Lemma 3.1
with @ = 1 — 2H, we see that the last integral is equal to Ch?#+! for the wave equation,
and Chf for the heat equation.

We now treat Js. As in the case of .J;, we add and subtract the mixed term (Gyip—s(x—
y) — Gi_s(x —y))o(u"(s, z)). Hence Jo < 2(Ja1 + Jo2), where

Jn = / /R2 Grin-s(z —y) = Grs(x —y)|?
lo(u"(s,9)) = o (" (s, 2)[* [y — 2" * dy dzds

Jyo = // lo(u" (s, 2) | (Grpns(x —y) — Gis(z —y)) —
(Grsn-s(w = 2) = Gos(x = 2))|* ly — 22 dy d= ds.

25



These terms are treated similarly to Ji;, respectively Ji2. More precisely, Joy < C(J), +
J3), where Ji, and Jj, are integrals corresponding to the regions {|z| > 1}, respectively
{|z] < 1}. Similarly to Jj;, we obtain that

Joy < C'sup Elu™(t, x) |2/ /’Gt+h s —y) = Gz —y) | dy ds.

(t,x)

By Plancherel’s theorem, the previous integral is equal to (27r)~! times

o ' . 2
1= / /R FGain(€) — FGL(€)? de ds.

By applying Lemma 3.5 with o = 0, we see that this integral is smaller than Cth for the
wave equation, respectively Ch'/? for the heat equation.
Similarly to Ji}, we have

t
B <CCy [ [ 1Gaslo = 1) - Gl )P dy ds.
0 JR

As noted above, this last integral is bounded by Cth for the wave equation, respectively
Ch'/? for the heat equation.
As for Joo, similarly to the argument used for Ji5, we have

(t2)
(Gt-‘rh—s(x - Z) - Gt—s(x - Z))| |y - Z’2H72 dy dzds.

J22§C(1+supE|u (t,x)] >// |(Gron—s(x —y) — Gis(x —y)) —

By Proposition 2.7, the integral above is equal to a constant times

/0 / FGrono(€) — FGo () |62 de ds

By applying Lemma 3.5 with o = 1 — 2H, we see that this integral is smaller than Cth?
for the wave equation, respectively Ch!! for the heat equation. This concludes the proof
for the space increments of ©"*!. To summarize, we have proved that u"*! satisfies the
property (Q) with Cy1 = C(1 + K, + Cy,), where K, = sup(, ,cjorjer Elu"(t, ).
Therefore, we can conclude the proof of Theorem 3.6. O

3.3 Convergence of Picard iterations

In this section, we will prove that, for any (¢, z) € [0, T] xR, the sequence {u"(t,z), n > 0}
of random variables converges in LP(2), for p > 2 fixed. We will assume that o satisfies
the condition:

lo(x) —o(y) —o(u) +o(v)] < Clz —y —u+ | (39)
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for any z,y,u,v € R, for some constant C' > 0. Note that (39) holds if and only if o is
affine. For any n > 1 and for any ¢ € [0, T, we define

Vo(t) == sup (E‘u"(t, ) — un_l(t’ x)‘p> 2/p

z€R

t
Wa(t) = sup / G2 (1 —y) Jy — o2
R2

z€R JO
n n—1 n n—1 2/p
X (E\u (s,y) —u""(s,y) —u"(s,2) +u"" (s, z)\p> dydzds.
The following result establishes a recurrence relation for the pair (V,,, W,,).

Theorem 3.7. Assume that o is an affine function, i.e. o(x) = ax+b for some a,b € R.
For any n > 0 and for any t € [0,T], we have

¢
Vi) < [ Valo) (e = s)ds + C W) (40)
0
and . .
Wit (t) < / Vi(s)Ja(t — s)ds +/ W, (s) 1 (t — s)ds, (41)
0 0
where C' = 22 Cp220-9/pa2 and J, and Jy are some non-negative functions in LY([0,T]).

Proof: As usual, we denote by C' a constant (depending on p, H,T and a) which may be
different from line to line. We split the proof in two parts: the first one will be devoted
to prove (40), while in the second one we will show (41).

Step 1. We start by checking (40). By (34) and Theorem 2.8,

BElu"(t,z) — u"(t, z)|P

/ Goa(z — ) {0 (5,)) — o (u"(s,9)) } X (ds, dy)
<cE ( / RQ\Gt_sx— ) o (s,) — 0w (s,9))}

n—1 2 2H—2 p/2
—Gy—s(x — 2){o(u"(s,2)) —a(u""(s,2))}| |y — 2| dydzds) :

p

=F

After adding and subtracting the term

Gis(z —y){o(u" —o(u"(s,2))},
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2/
we see that (E]u”“(t, T) — u"(t,:ﬂ)\p> "< C(A; + Az), where

t
A= [E ( / / G () ly — 2P
0 JR2

a0 o107 5.0) — 0,2 + o105 iz as) ]
Ay — [E (/Ot [ 1o =9 = Gerlo = 2)F
x| (u"(s,2)) — o(u" (s, 2))|*ly — z!2H_2dydzds>p/1 . .

As far as A; is concerned, applying (39) (with C' = a) and Minkowski’s inequality for
integrals, we obtain that

Regarding A,, using the fact that o(x) = ax+b and applying again Minkowski’s inequality
for integrals, we have

t
Az [ [ (Gee-y) - G- 2P
0 JRr2
2/
X <E|u”(s, z) —u" (s, z)\p> ' ly — 2*" 2 dy dz ds

t
<@ / Vals) | 1Gus(e = y) = Gosle = 2)Ply — 2P 2dydzds
0 R:

t
:/ Vn(S)Jl(t—S)dS, (43)
0
where
—a / 1Guly) — Gul(2)ly — =2 2dyd= = C / FCOPIEI e, (aa)

by Proposition 2.7. By (31) and (32), Ji(t) = Ct* for the wave equation and J;(t) =
Ct=1 for the heat equation. In both cases, J; is an integrable function on [0,T]. Since
estimates (42) and (43) are uniform with respect to z € R, putting them together one
obtains that (40) holds.

Step 2. Let us now prove (41). For this, we first define, for any n > 1,
M (r,v) == o(u"(r,v)) — o(u"(r,v)), (r,v)€[0,T] xR,

Taking into account that W, 1(¢) can be written as

Gt s I’ —
n+1 = Sup
vek JoJre  [2P2H i

2/
X <E|u”+1(s,y +2) —u(s,y + 2) —u" (s, y) +u"(s, y)|p> pdy dz ds,
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we see that the latter integral is bounded (up to a constant) by

//RdGi;P T [ (/ [ (Garly + 2 =) = Gamely = 0))ma(r,0)

2/p

1 p/2
— (Gs—r(y+ 2 —0) — Gs_(y — 0))my(r, @)|2mdv dv dr) ] dydzds

This follows by Theorem 2.8, noting that (by (34))
Elu™(s, y+z —u"(s,y+2) —u"(s,y) +u"(s,y)

=F Gsr(y+2—2)— G (y —v))my(r,v) X (dr, dv)

Adding and subtracting the term {Gs_.(y + z — v) — Gs_.(y — v) }my(r,v), we see that
the integral (45) is bounded by 2(B; + Bs), where

Gi_s(x —
B1 /ds/dy/ t|Z|2 S |: (/ ’Gs —r y_'_z_v) G (y 1})|2

p/2 2/p
ded@dr) ]

By = /dS/dy/ Gt|s|2 Q_H |: (/ d’r’/ dvdv|mn TU)|
R2

(Gery 2= ) = Casly =) — (Curly + 2= ) ~ Gusly —v>>|2)p/2] "

’U _ 1—}’272H

X|my, (r,v) — my(r, 17)]2

To deal with the term Bj, we argue as we did for the term A; in the proof of Theorem
3.6. Indeed, by applying Minkowski’s inequality for integrals,

G s _ 2 s
B, < / ds/dy/ t\zP 5H /0 RQ]Gs_,«(y+z—v)—Gs_r(y—v)\2

1

o\ P _
X <E|mn(r, v) — my(r, )] ) mdvdvdr

We now apply several times Fubini’s theorem, together with the following changes of
variables:

1. y:=y— v (v fixed),

2. 7:=s—r (s fixed),

=l

3. §:=s—7 (T fixed).
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Using these techniques, we infer that

4o 1670 + 2) — Gr(y)1”
bc [ [ o [ 5100
2/
t=r (E|mn(§7v) _mn(§7ﬁ)|p> ’
/ ds/dv/dv Girs(x — 7§ —v)?
0 R R

|U _ @|2—2H

Using the fact that o satisfies (39) and taking the supremum with respect to x — ¢ of the
integral in the parenthesis above, we get

|Gy +2) = G ()|

|Z|2 2H

t
B, < C'/ Wy (t —7) dydzdr.
0

R2

Performing again another change of coordinates (7 :=t — ), and recalling definition (44)
of Jy, we finally obtain that

B, < /t W, (1) J1(t — 7)dr. (46)

Concerning the term Bs, analogous arguments as before yield

_ 2/
B, < / ds/dy/ G 8‘2 Sh / dr/ dvdv E|mn (7, U)|p) ’
R2

(Gsr(y+2—0v) =Gy p( ) = (Gsr(y +2=0) = Gsr(y = 0)) 7
’ |2 2H

/ds/dy/ Gy _( s|2 2; /SdrVn(T)

_ N - 2
< |Gs—r(y+ 2 U) Gsr(y —v) = Gs_r(y +2—0) + Gs_.(y — 0)] dvd@)
RQ

|U _ 1—)|272H

By Proposition 2.7, the expression inside the parenthesis above is equal to

c / 1= €2 |F Gy ()2 €2 de.
R

We apply Fubini’s theorem and then Lemma C.2 to compute the dz integral. We end up

with
t s
By<C / / Gz —y) / Vir) / FGC o (©)PIEPAD dedrdyds.
0JR 0 R

Applying Fubini’s theorem one more time, we obtain

! ! 2 - 2| ¢12(1—2H)
By < /O Val(r) [ / /R Gis(z —y) /R [FGs—r (O)7[E] dﬁdyds} dr
= [ V, G? FGo o (6)P1€P 2D dedzd ] d
/0 (7")[/74/]R Q(Z)/RI €] {dzds | dr

30



All that we need to check is that the latter expression inside the brackets can be written
in the form Jy(t — r), where J, : [0,7] — Ry is an integrable function. This is precisely
the statement in Lemma 3.3. Therefore,

B, < /t Via(r)Jo(t — r)dr. (47)

Putting together (46) and (47), we conclude that (41) holds. O

We now introduce the solution space. Let p > 2 be fixed. We denote by X the set
of L?(Q)-continuous and adapted processes Y = {Y(¢,z);t € [0,T],z € R} such that
IY|lx, < 0o and ||Y]|x, < 00, where

1/p
Ve = s (EY(o)P)
(t,x)€[0,T]xR
and
2/p 1/2

- / o )(Ems,y)—Y(s,z)rp) o

> — sup _s\T — _ Zas

: ¢z)e,T xR | Jo Jr2 ! Y ly — z[*72H Y

For any Y € X, we define ||Y||x := [|Y|x, + [|Y]|x,. We identify two processes Y; and Y
for which ||Y7 — Y3||x = 0. With these definitions, one checks that (X, || - ||x) defines a
Banach space.

We are now ready to prove the main result of this section.

Theorem 3.8. The sequence (u™),>o converges in X to a process u, which is L*()-
continuous, and is the unique solution in X to equation (SWE) (or (SHE)).

Proof: We first show the existence of u. By Theorem 3.7, we have

M,1(t) < /0 (M, (8) + My—1(5))J(t — s)ds

where J(t) = C(Ji(t) + Jo(t)) and

30 = sup { (Bl = op) b s { [ 62— w2

z€R zeR

n n—1 n n—1 ) 2/p
><(E|u (s,y) —u"" " (s,y) —u"(s,z) +u""(s,2)| ) dydzds p .

By Lemma 3.9 below,
sup M, (t)"/? < oo.
n>0 t€[0.7]
This implies that > ., [|u™ — u" |y, < oo for i = 1,2, and consequently, > . |lu" —
u™ Y| x < co. Therefore, (u"),, is Cauchy in X. Therefore, there exists a process u € X
such that
lim ||u" —u|lx = 0. (48)

n—oo
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In particular, the process u is L?*({2)-continuous, adapted and satisfies

1/p
sup (E|u(t, x)|p) < 00.
(t,x)€[0,T)xR

By an extension to random fields of Proposition 3.21 of [33], it follows that u has a
predictable modification (called also u).

We now show that u satisfies the integral equation (2). For this, we take the limit
as n — oo in the definition (34) of the Picard sequence (u™),. On the left-hand side,
u" Lt x) — u(t,z) in LP(Q) by (48). The right-hand side of (34) converges in LP() to
the right-hand side of (2), since

p

E /Ot/RGts(ac — ) {o("(s,y)) — o(u(s,y))} X (ds,dy)| — 0. (49)

To see this, we note that by Theorem 2.8, the previous expectation is bounded by

CE ( / [ |Gieslo = o (s,9) = olu(s,9)))
—Gya(r = 2 {o(u"(5,2)) = oluls, 2)}2 ly — 227 2dydzds)""”,
which is bounded by C(A; + As), where
m=e([ [ cto-ly- s
o (" (s,)) — o(u(s,9))} — {o(u" (s, 2)) — o(uls, 2))}[* dy dz ds)"”

A= E ( / G ) =G D ) oas, o) Py d ds)p/2

. PR

Using Minkowski inequality and the fact that o satisfies (39), we see that A; < C||u™—
ul|,, which converges to 0 by (48). As for A, using similar arguments we obtain

2/p
A <C (Sup Elu"(t,z) — U(t,x)|">
(t,x)

t N N2 p/2
X </ (Gros(@ —y) = Gios(z — 2)| dydz ds> ,
0

R2 |y — =[>27

which also converges to 0 by (48). This concludes the proof of (49).

Finally, we prove the uniqueness of the solution in X'. Assume that there exist two
predictable processes u and v which both satisfy (2). We denote d(t, z) = u(t, z) —v(t, z).
For any ¢ € [0, T], we define

V(t) := sup E|d(t, x)|?

z€R
! Eld —d 2
Wi(t) := sup/ G? (v —y) (s, g) 2_§5H, 2) dy dz ds.
zeR Jo JR2 ly — 2|
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As in the proof of Theorem 3.7 (replacing u™ by u and ™! by v, and taking p = 2), we
have:

V(t) < / t V(s)Ji(t — s) + CW (1)

W) < /0 V(s)alt — s)ds + /0 W)t — 5)ds.
We denote M(t) = V(t) + W(#). It follows that
M) < [ M) - s)ds
where J(t) = c(Ji(t) + Jo()). By Lemma 15 of [10], M(t) = 0 for all ¢ € [0,T]. Hence

u(t,z) =v(t,x) as. for any ¢t € [0,T],z € R. O

Note that our main result Theorem 1.1 is an immediate consequence of the above
Theorem 3.8.

3.4 An extension of Gronwall’s lemma

In this section, we state and prove an extension of Gronwall’s lemma, which was used in
the proof of Theorem 3.8. This result can be viewed as a version of Lemma 15 in [10].

Lemma 3.9. Let (f,)n>0 be a sequence of non-negative functions on [0,T], such that
Moy = sup,ejoq) fo(t) < 00 and My = sup;epo ) f1(t) < oo. Let M = My + M. Assume
that for any n > 2 and for any t € [0,T],

t
Fult) < [ (ua(s) + Fumalo)glt = 5) ds. (50)
0
where g : [0,T] — R is an integrable function. Then, there exists a sequence (an)n>1 of
positive numbers such that ano a}l/p < o0 for any p >0, and
sup fu(t) < Ma, for alln > 0. (51)

tel0,7)
In particular, ), o SuDseo 1) fu(H)Y? < 00 for any p > 0.

Proof: The argument is similar to the one used in the proof of Lemma 15 of [10]. Set
G(t) = f(fg(s) ds. We assume that G(T) > 0. (The case G(T') = 0 is trivial.) Let
X, (X,)n>1 be independent identically distributed random variables with values in [0, 7]
and density g(s)/G(T),s € [0,T], defined on the same probability space (2, F, P). We
denote S, =Y 1 | X;.

Let K = max (G(T), 1). Applying (50) with n = 2, we have:

R0 < [ (A=) + ule = ))als)ds

= GDE(Lixzn (it = X0) + folt = X)) (52)
<2M K E(lix,<y)-
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For n = 3, we obtain

B0 < [ (Rl =)+ 51t )o(o)is
—G(T) [ 1yxocn (falt = X () + Alt - X() Pld)
< G(T)/Ql{x<w><t} [G(T)/Ql{xmwnqX(w)}(fl(t — X(w) — Xi(w1))
+ folt = X (@) = X (1)) Pder) + filt = X ()] Pd)

< (1) / Lixoy<n |2M G(T) / Lixaony<t—xen Pldon) + M| Pld)
Q Q

<2M G(T)’E(lix,4x,<ty) + M G(T)E(1x,<1})
< 3MK2E(1{X1§75})7

where we used (52) for the second inequality above. We denote

u=13)

where |z is the integer k such that k¥ <z <k + 1.
Next we show that, for any n > 2, and for any ¢ € [0, 7], we have

fn(t) S Mbn+1Kn71P(Skn S t)7

(53)

where b,, is the n-th term of Fibonacci sequence with by = by = 1. The proof of (53)
follows by induction. We have already seen that it holds for n = 2 and n = 3. Suppose
that (53) holds up to some n. We prove it for n 4+ 1. We must distinguish two cases: n is

odd and n is even.

First, assume that n is odd. Say n = 2m + 1 for some positive integer m. Then

kn="k,1=mand k,.1 =k, +1=m+ 1. Thus,

foa®) < [ (5t =)+ faalt = ) als)ds
= GT) [ Tusoren (At = X () + fuoalt = X () Plde)

<G(T) /Q Lix(w)<t} (M b1 K" E(1s, <t-x(w)})

+ Man”‘ZE(l{skn_lg—x@)ﬂ)P (dw),

using the induction hypothesis for the last inequality. Using the fact that k, ; = k,, and

the recurrence relation of Fibonacci numbers:

bn+2 = bn—i—l + bn7
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we obtain that the right-hand side of the last inequality is bounded by
G(T)Mby o K" / Lix <ty E[lgs,, <t—x (@] P(dw)
Q
= G(T)ManK"_l/ 1{Xm(w1)§t}/ L8, (wa)<t— X (wn)} 7 (dwo) P(dwr)
Q Q
< Mby o K" P(Sp1 <t) = Mbpo K™ P(Sk,,, <1).

Suppose now that n is even. Say n = 2m for a positive integer m. Then k, =k, 1 =m
and k,_1 =k, —1 =m — 1. Using again the induction hypothesis, we have

Fusr(®) < G [ Listren (At = X () + fualt = X () Plde)

< G(T)/ L{x ()<t} (M bus1 K" E(1s,, <t-x(w)))+
Q
Mb, K”‘2E(1{5kn71gt_x(w)})> P(dw)
< Mb, K"P(Sy, <t)+
Man"I/ 1{Xm(w1)<t}/ 18,1 (w2) <t— X ()} P (dew) P(dwn )
Q Q

< Mby, 1 K"P(Sk, <t)+ Mb, K" 'P(S,, <t)

This finishes the proof of (53).
From (53) we infer that (51) holds with ag = a; = 1 and

an = by 1 K" 'P(Sy, <T) for n>2.

The fact that ano an/? < oo for any p > 0 follows immediately, since
1
b, = —

sl (=)

and by Lemma 17 of [10], we know that for any a > 1 and for any p > 0,

Za”/pP(Sn <T)V? < 0.

n=1

A Peszat’s condition

In this section, we show that condition (5) fails when p is given by (6).
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Lemma A.1. For any H < 1/2,

1 1-2H
sup/f d¢ = oo.
ner R1+!£—77!2’ |

Proof: We have

1 1—2H 1 1-2H
sup/g df—sup/ € e
neR R1+|§—77|2|| ner R1+|f|2| |

© 1
> su () Mg = lm [ ——
n>§/o 1+ [¢]? Erm = o L+I[EP

o

(& +m)' e,

since the last integral is an increasing function of 1. The conclusion follows by the mono-
tone convergence theorem, since lim, (& + )72 = co. O

B Martingale Measure

The following definition was introduced in [40] for real-valued processes. Here we extend
it to complex-valued processes.

Definition B.1. A complex-valued process {M;(A);t > 0, A € B,(R)} is a martingale
measure with respect to a filtration {F; }>o if

(a) for any A € B,(R), {M;:(A)}+>0 is a square-integrable complex-valued martingale with
respect to {F;}i>0, with My(A) =0 a.s.;

(b) for any t > 0, {M,;(A); A € By(R)} is a o-finite L*(2)-valued signed measure, in the
sense that it satisfies the following two properties:

(bl) My(AU B) = M;(A) + M,(B) a.s. for any disjoint sets A, B € B,(R);

(b2) there exists a sequence (Ey)r C By(R) with Ey, C Exyq for all k and UpEy, = R, such
that for any k, sup 4c5, E|M;(A)]* < 0o and E|M;(A,)|* — 0 for any sequence (A, ), C By,
with A, | 0, where B, = {B € B(R); B C E}}.

Lemma B.2. The process M = {M;(A);t > 0,A € B,(R)} defined by (11) is a complez-
valued martingale measure with respect to {F;}i>0 with covariation

(M(A), M(B)); = tu(AN B).

Proof: By approximation with simple functions, we can define the integral M(p) =
Jao (T, )M(dr,dE) as an element in LE(Q), for any ¢ € LZ(R? II). This integral has
the property that for any ¢, € L4(R? 1),

BLM() M| = 5 [ e(r 00 8idritde).

Therefore, for any s < t and A € B,(R), My(A)—M,(A) = M(F14-14) is orthogonal
to Xy () = M(Flj. - Fe), for any u < s and ¢ € D(R). Since {M(p); ¢ € L¢(R* 1I)}
is a Gaussian process, it follows that M;(A) — M,(A) is independent of F,. In addition,
E[M;(A)] =0 for any ¢t > 0. Hence, {M,(A)};> is a martingale with respect to {F;}>o.
This proves that M satisfies property (a). Property (b) follows immediately from (12).
The statement about the covariation follows from Proposition 4.1 of [6]. O
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C Some auxiliary results

Lemma C.1. The integral [;°(1—cosz)x~*'dx =: ¢, converges if and only if o € (0,2).
In this case,

a™1T(1 — a) cos(ra/2) if a € (0,1)
Ca =< —aHa—1"T(2—a)cos(ma/2) if a € (1,2)
/2 if a = 1.

For any a € (0,2) and for any & > 0, we have
o 1 o
/ 7008(&:) dr = c,&°. (54)
0

anrl

Proof: To see that the integral converges if a € (0, 2), we use the fact that 1—cosz < z?/2
when |z| <1, and 1 — cosz < 2 when |z| > 1.

For the other implication, note that sin?r > r2sin? 1 for any r € [0, 1]. Hence, for any
z €0,2], 1 — cosx = 2sin?(z/2) > 27!(sin? 1)z? and

*®1—cosz 2
00 > / — e > 27! (sin? 1)/ 227 Yde  implies that o < 2.
0 T 0

It remains to show that the integral diverges if o < 0. In fact, applying a change of
variables, we have
/°° 1- cosT 2 /°° sinQ(Jm/2)dm
0 xa+l ™ 0 xa+1

Now, observe that for some small € > 0 we will have that

sin (3:7r/2 sin? sin”(z7/2)
/0 ot dz = Z / potl dz

n>1nodd

> 2esin’(n(e +1)/2) > ( !

n a+1’
n>1nodd + 8)

and the latter series diverges whenever o < 0. Here we used the fact that if x € (n—e, n+¢)
and n is an odd integer, then sin?(z7/2) > sin®(7(n + £)/2) = sin?(7(1 +¢)/2).
In order to deduce the explicit formulas for c,, we first integrate by parts, yielding

> 1 — cos 1 [ si
0 ye oo Y~

By formula 3.761-4 of [21], we know that

o sinade = u f 1
/Osv sinz dx ST = 1) cos(un/2)’ or p € (0,1). (55)

If a € (0,1), using (55) with ;1 =1 — «, we have

/o Siyr;yd?/ - 2T () S;(WQ/Q) =I'(1 —a)cos (%) .
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where for the second equality we used the identity:

T()T(1—a) =

f 0,1
sin(ra) or any o € (0,1)

(see formula (6.1.17) of [1]).
The calculation of ¢, in the case a € [1,2) is given on pages 568-569 of [19].
Eventually, relation (54) follows using the change of variables y = x. O]

Lemma C.2. For any 0 < H < 1/2 and £ € R, we have:

’1 _ €—i§z|2

|172H2 I'(2H + 1) sin(mH)

L e ek (- 2H)

Proof: Assume that £ > 0. (The case £ < 0 is similar.)

[ e = [ A = o T o1 - 22,

B p2—2H 1—92H

where for the second equality we used Lemma C.1 with o = 1 — 2H. The conclusion
follows since I'(2H + 1) = 2HI'(2H). O
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