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Abstract

The real and imaginari parts of the Cauchy kernel in the plane are scalar
Riesz kernels of homogeneity -1. One can associate with each of them a
natural notion of capacity related to bounded potentials. The main result of
the paper asserts that these capacities are comparable to classical analytic
capacity, thus stressing the real variables nature of analytic capacity. Higher
dimensional versions of this result are also considered.

1 Introduction

The analytic capacity of a compact subset E of the plane is defined by

Y(E) = sup | f'(c0)]

where the supremum is taken over those analytic functions on C \ F such that
|f(2)] <1, z€ C\ E. Sets of zero analytic capacity are exactly the removable sets
for bounded analytic functions, as it is easily seen, and thus 7(F) quantifies the
non-removability of E. Early work on analytic capacity used basically one complex
variable methods (see, e.g., [A], [G1] and [Vi]). Analytic capacity may be written as

V(E) = sup [(T' 1)] (1)

where the supremum is taken over all complex distributions 1" supported on E
whose Cauchy potential f = 1/z % T is in the closed unit ball of L>(C). The

transition from f to T and viceversa is performed through the formulae 7' = =0 f
and f=1/zT. "
Expression (1) shows that analytic capacity is formally an analogue of classical
logarithmic capacity, in which the logarithmic kernel has been replaced by the com-
plex kernel 1/z. This suggests that real variables techniques could help in studying
analytic capacity, in spite of the fact that the Cauchy kernel is complex. In fact,
significant progress in the understanding of analytic capacity was achieved when real
variables methods, in particular the Calderén-Zygmund theory of the Cauchy singu-
lar integral, were systematically used ([C], [Da], [MaMeV], [MTV], [T2] and [T4]). A
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striking result of Tolsa [T2] asserts that analytic capacity is comparable to a smaller
quantity, called positive analytic capacity, which is defined on compact sets E by

V+(E) = sup pu(E)

where the supremum is taken over those positive measures supported on E whose
Cauchy potential 1/z * p is in the closed unit ball of L>°(C). In other words, there
exists a positive constant C' such that

V(E) < Cye(E), (2)

for each compact subset E of the plane. This implies, in particular, that analytic ca-
pacity is comparable to planar Lipschitz harmonic capacity. The Lipschitz harmonic
capacity of a compact subset of R" is defined by

K(E) = sup [(T,1)| (3)

where the supremum is taken over those real distributions T supported on E such
x

that the vector field -— * 7" is in the unit ball of L**(R",R"). The terminology
x

stems from the fact that x(F) vanishes if and only if £ is removable for harmonic
functions on R™ \ E satisfying a global Lipschitz condition. Notice that the fact
that analytic capacity and Lipschitz harmonic capacity in the plane are comparable
cannot be deduced just by inspection from (1) and (3). The reason is that the
distributions involved in the supremum in (1) are complex.

In this paper we continue the study of the real variables nature of analytic
capacity. For a compact subset £ of R" and 1 <1¢ < n set

ki(E) = sup (T’ 1)] (4)

where the supremum is taken over those real distributions 7' such that the scalar
signed i-th Riesz potential

(5)

is in the unit ball of L>(R™). Although there are obvious formal similarities between
the definitions of the set functions in (1) and (4), very little is known about ;. The
reader will find in section 6.3 a proof of the elementary fact that ;(E) is finite for
each compact subset £ of R™. The reason why k; is difficult to understand is that
boundedness of the potential (5) does not provide any linear growth condition on 7.
Concretely, it is not true that boundedness of (5) implies that for each cube @ one
has

EE

(T, )| < CUQ), (6)

for each test function g € C°(Q) satisfying [|0°pgllee < Cs1(Q)71¥! for all multi-
indexes s. Here [(Q) stands for the side length of @) and we are adopting the standard
notation related to multi-indexes, that is, s = (s1, ..., s,), where each coordinate s;
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is a non-negative integer and |s| = sy +- - -+s,. The reader will find in section 5 two
exemples of such phenomenon. On the other hand, recall that if 7" is a compactly
supported distribution with bounded Cauchy potential then

 [— 1 —
(Tl = (.- +Bp0)| = (£ 7.850)|

<OH*THnmmm@scw@.

o]

We say that a distribution 7" has linear growth provided that

G(T) = s;gaw < 00, (8)

where the supremum is taken over all pg € C3°(Q) satisfying the normalization
inequalities
10°pqllLie <UQ), sl =n—1. (9)
The above special normalization in the L'(Q) norm agrees with (7) and, in fact,
is the right condition to impose, as will become clear later on. For positive Radon
measures g in R” the preceding notion of linear growth is equivalent to the usual
one (see (15) below). In subsection 6.5 complete details on this fact are provided.
For a compact set F in R™ we define g(E) as the set of all distributions supported
on F having linear growth with constant G(7') at most 1. For each coordinate k set

TW(E) = sup{y<T, 1) : T € g(E) and HIP *THOO < 1}.

The requirement of the growth condition in the preceding definition is vital in obtain-
ing the localization result (19). In subsection 6.4 we show that a growth condition
is necessary for a localization estimate in L*°.

Our main result reads as follows.

Theorem 1. There exists a positive constant C' such that for each compact set
EcCcR?andk=1,2
C'Tw(E) < 4(E) < CTW(E). (10)

Thus analytic capacity is the capacity associated with any component of the
Cauchy kernel in which a natural growth condition on the admissible distributions
is required. Observe that the second inequality in (10) follows readily from the
definitions of v and T'.

Our next result is a higher dimensional version of Theorem 1. For a compact
E C R” set

F(E)—sup{|<T D]:sptT C E and H||2*TH Sl},
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so that I'(E) = k(E) for n = 2. Finally, for 1 <k < n, set

F,;(E)zsup{\(T,lH:Teg(E) and H”“"*TH

mE nggz‘gn,i;Ak}.
X

Thus we require the boundedness of n — 1 components of the vector valued poten-
tial z/|z|* * T with Riesz kernel of homogeneity —1.
Our extension of Theorem 1 to R™ is the following.

Theorem 2. There exists a positive constant C' such that for each compact set E C
R*and 1 <k<n
CT'Tu(E) <T(E) < CTy(E). (11)

The second inequality in (11) follows immediately from the definitions of T"
and I';, because any distribution 7" with bounded vector valued Riesz potential
has linear growth (see Lemma 3.2 in [Prl]) .

The paper is organized as follows. In section 2 we present a sketch of the proof of
Theorem 2. It becomes clear that the proof depends on two facts: the close relation-
ship between the quantities one obtains after symmetrization of the kernels z/|z|*
and z;/|x|* and a localization L™ estimate for the scalar kernels z;/|z|*. In section 3
we deal with the symmetrization issue and in section 4 with the localization esti-
mate. In section 5 we discuss two examples showing that boundedness of the scalar
signed Riesz potential z;/|z|? * T' does not imply a linear growth estimate on 7". In
section 6 we present various additional results and examples. We show that x;(E) is
finite for each compact E. We present counter-examples to two natural inequalities.
The first shows that the obvious extension of Theorem 2 to the vector valued Riesz
kernels z/|z|'™* and scalar kernels z;/|z|'™® of homogeneity a, 0 < a < 1, fails. The
second counter-example shows that the obvious extension of Theorem 2 to kernels
of homogeneity —d, where d is an integer greater than 1, also fails. Finally we point
out that a growth condition is necessary to have localization inequalities in L*°.

Our notation and terminology are standard. For instance, Ci°(E) denotes the
set of all infinitely differentiable functions with compact support contained in the
set, I/, Cubes will always be supposed to have sides parallel to the coordinate axis,
[(Q) is the side length of the cube @ and |Q| = [(Q)" its volume.

We remind the reader that the convolution of two distributions 7" and 5 is well
defined if T" has compact support. In this case the action of T % S on the test
function ¢ is

<T*S»90> = <T,S>l<g0>,

which makes sense because S * ¢ is an infinitely differentiable function on R".

2 Sketch of the proof of Theorem 2

As we remarked before, one only has to prove that

I.(E) < CT(E). (12)
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Clearly I'(E) is larger than or equal to
I (E) = sup pu(E) (13)

where the supremum is taken over those positive measures p supported on F whose
vector valued Riesz potential x/|x|? * u lies in the closed unit ball of L®(R" R").
Now, I'; (£) is comparable to yet another quantity I',,(£), that is, for some positive
constant C' one has

Cl lop(E) ST (E) < CTop(B), (14)

for each compact set £ C R" (see [T1]). Before giving the definition of ', (E) we
need to introduce the Riesz transform with respect to an underlying positive Radon
measure j satisfying the linear growth condition

w(B(x,r)) <Cr, zeR" r>0. (15)

Given € > 0 we define the truncated Riesz transform at level € as

R(f p)(x) = / T7Y ty)duly), @€ R, (16)

ly—z|>€ ’.CE - y|2

for f € L*(u). The growth condition on y insures that each R, is a bounded operator
on L?(u) with operator norm ||R¢||z2(,) possibly depending on e. We say that the
Riesz transform is bounded on L?(y) when

IRl z2quy = sup [ Rell L2y < 00,

or, in other words, when the truncated Riesz transforms are uniformly bounded
on L*(u). Call L(E) the set of positive Radon measures supported on E which
satisfy (15) with C'=1 . One defines I',,(E) by

Pop(E) =sup{u(E) : p€ L(E) and ||R|[z2( < 1}

From the first inequality in (14) we get that, for some constant C' and all compact
sets I/,
Iop(E) <CT(E).

We remind the reader that the first inequality in (14) depends on a simple but inge-
nious duality argument due to Davie and Oksendal (see [DO, p.139], [Ch, Theorem
23, p.107] and [V3, Lemma 4.2]). To prove (12) we have to estimate I';(E) by a
constant times I',,(£). The natural way to perform that is to introduce the quantity
['op(E) and try the two estimates

[h(E) < CTy ,(E) (17)
and
i op(E) < CTop(B). (18)
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We define the truncated scalar Riesz transform R.(f u)(x) associated with the
i-th coordinate as in (16) with the vector valued Riesz kernel replaced by the scalar
Li — Yi
[z =y

Riesz kernel We also set

”Ri”LZ(u) = sup HRiHL%u),
>0
and
Piop(E) =sup{p(E) : p € L(E) and ||R|[p2q <1, 1 <i<m,i#k}.

One proves (18) by checking that symmetrization of a scalar Riesz kernel is
controlled by the symmetrization of the scalar Riesz kernels associated with all other
variables. Here the fact that we are dealing with kernels of homogeneity —1 plays a
key role, because, as it is well-known, they enjoy a special positivity property which
is missing in general. See section 3 for complete details. For other homogeneities,
either the corresponding statements are false or open (see section 6).

The proof of (17) depends on Tolsa’s approach to the proof of (2), which extends
without any significant change to the higher dimensional setting to give

[(E) < CT,(E).

The main technical point missing in our setting is a localization result for scalar
Riesz potentials. This turns out to be a delicate issue, which we deal with in
section 4. Specifically, we prove that there exists a positive constant C such that,
for each compactly supported distribution 7" and for each coordinate i, we have

L

1’. .
2w onT <
Hm2¢QHw— wuv

for each cube @ and each g € C°(Q) satisfying ||0*polle < H(Q)7, 0 < |s] <
n— 1.

This improves significantly a previous localization result in [MPrVe], which, in
particular, yields

e +om) (19)

[2]?
for pg as above. Inequality (19) implies (20) because boudedness of the vector

valued potential z/|x|? * T provides a growth condition on T. Indeed one has (see
Lemma 3.2 in [Prl])

|2 -

x*gpQTH <C

*ﬂ‘, (20)

o (e}

|2

Once (19) is at our disposition Tolsa’s machinery applies straightforwardly as
was already explained in [MPrVe, Section 2.2]. However we will again describe the
main steps in the proof of inequality (17) at the end of section 4.

6



3 Proofof I'; (F) < CTop(E)

The symmetrization process for the Cauchy kernel introduced in [Me] has been
succesfully applied to many problems of analytic capacity and L? boundedness of
the Cauchy integral operator (see [MeV], [MaMeV] and the book [P], for example)
and also to problems concerning the capacities, v,, 0 < o < 1, (which are related
to the vector valued Riesz kernels z/|z|'**) and the L? boundedness of the a-Riesz
transforms (see [Prl], [MPrVe], [Pr2] and [Pr3]). Given 3 distinct points in the
plane, z1, z3 and z3, one finds out, by an elementary computation that

c(z1, 22, ,23)2 = Z 1— (21)

5 (201) = %0(3)) (20(2) — 20(3))

where the sum is taken over the permutations of the set {1,2,3} and c¢(z1, 29, 23)
is Menger curvature, that is, the inverse of the radius of the circle through zq, 29
and z3. In particular (21) shows that the sum on the right hand side is a non-negative
quantity.

In R™ and for 1 < i < n the quantity

2t — ot xl o — o

o ~ To) o) ~ Yo

> 2 2 (22)
= |To(2) = To)? [To) — To)|

where the sum is taken over the permutations of the set {1, 2,3}, is the obvious ana-
logue of the right hand side of (21) for the i-th coordinate of the Riesz kernel z/|z|?.
Notice that (22) is exactly

2p;(w1, 2, 23),
where p;(x1, x2, 23) is defined as the sum in (22) taken only on the three permuta-
tions (1,2,3), (3,1,2) and (2,1, 3).

In Lemma 3, we will show that, given three distinct points z1, x5, 23 € R”, the
quantity p;(z1, xe,x3), 1 < i < n, is also non-negative. We will use this remarkable
fact to study the L? boundedness of the operators associated with the scalar Riesz
kernels x; /|z|?.

The relationship between the quantity p;(z1, z2,73), 1 <1i < n, and the L? esti-
mates of the operator with kernel z;/|x|? is as follows. Take a positive finite Radon
measure g in R™ with linear growth. Given ¢ > 0 consider the truncated scalar
Riesz transform R:(u). Then we have (see in [MeV] the argument for the Cauchy
integral operator)

[ IR0 duta) = 0| < Clal (23)

C being a positive constant depending only on n, and

pe) = [[ [io9.2) dnte) duto) duz),
Se
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with
Se ={(z,y,2) : |[x —y| >¢, |v— 2| >ecand |y — 2| > €}.

Lemma 3. For 1 <i <mn, and any three different points x1, s, r3 € R™ we have
pi(21, 22, 23) > 0.
Moreover,

1. If pi(x1,22,23) = 0 for n — 1 values of i € {1,2,...,n}, then x1, x2, x3 are
aligned.

2. If the three points x1, x2, x3 are aligned, then p;(x1,xe,23) =0 for 1 < i < n.
Proof. Write a = x93 — x; and b = x3 — x5. Then
a;(a; + b;)|b|? — bias|a + b|* + bi(a; + b;)|al?
|al?[b]?|a + bJ?
a;b; (—2 Z?Zl ajb]) + 2?21 a;b? + bjas
|al?[b[*|a + bJ?

_ Z?:l(aibj - biCLj)z _ Z#i(aibj — biaj)Q >0
|a[?[b[*|a + b[? lal?[b]la+ 0>~

pi(l"h@,l‘za) =

Therefore, given three pairwise different points z1, xs, x3, the permutations
pi(x1, x9, x3) = 0 if and only if a;b; = ba; for all 1 < j <mn.

Without loss of generality, assume that p;(z1, xe,23) = 0 for 1 <i <n—1. Then
the following n(n — 1)/2 conditions hold

aibj:ajbi 1§Z§n—1, l+1§j§n

These conditions imply that a = A\b, for some A € R, which means the three
points 1, x9, x3 lie on the same line.
Assume now that the three points are aligned. Without loss of generality set
x1 =0, 29 = yand z3 = Ay for some A > 0, and y € R™. Then fori,j € {1,2,...,n},
we have
aibj = yi(A = Dy; = (A = Dyiy; = biay,

hence p;(x1, 22, 23) =0 for 1 <i < n. O

If we are in the plane, then Menger curvature can be written as

4A
C(x17x27x3) = )
|$1 - x2||x1 - $3||$3 - I2|

where A denotes the area of the triangle determined by the points xi, x9, 3. A
consequence of Lemma 3 and its proof is the following.



Corollary 4. Given three different points x1, 2, v3 € R?, we have

p1($1,$27$3) = p2($1,$27$3) = ZC(I1,$2,$3)2-

Hence, the quantities py(x1, T2, x3) and pa(z1, T2, T3) are non-negative, and vanish if
and only if x1, x2, T3 are aligned.

In the plane the singular Cauchy transform C'(u) may be written as C(u) =
R'(u)—iR?*(p). By Corollary 4 and the T'(1)-Theorem , we see that C'(u1) is bounded
on L?(u) if and only if one of its real components, no matter which one, is bounded
on L?(u). We state this, for emphasis, as a corollary.

Corollary 5. If i1 is a compactly supported positive measure in the plane having
linear growth, the Cauchy transform of p is bounded on L*(p) if and only if R(u)
is bounded on L*(u) for one i € {1,2}.

For a positive measure p with linear growth we have, by (23),

IR gy = > [ 1RGP du)
=53 [ mte. 2 duto) dnto) autz) + Ol
=10,

2 n
<23 [[[ortov2) dute) dutwy dutz) + Ol
s
where the last inequality follows easily from the formula

S (2 — @) (@) — ad) — (2] — @) (a — 7))

1< <n.
2o — 1?23 — 22|23 — 2|2 ==

pi($1,$2,$3) = ,
The above estimate can be localized replacing p by x pu for each ball B. Therefore,
appealing to the 7'(1)-Theorem for non necessarily doubling measures [NTV1], if
n—1 components R?(p) are bounded on L*(11) (no matter which n—1 components),
then the whole vector valued operator R(u) is bounded on L?(u).

Theorem 6. Let i be a non-negative measure with compact support in R™ and linear
growth. Then the vector valued Riesz operator R(p) is bounded on L*(p) provided
any set of n — 1 components R (1) of R(p) are bounded on L*(p).

The inequality (18) is an immediate consequence of Theorem 6.



4 Proofof I't(E) < C Ty (E)

The proof of the inequality I';(E) < CTy  (E) is based in two ingredients, the
localization of scalar Riesz potentials and the exterior regularity of I';, which we
discuss below.

4.1 Localization of scalar Riesz potentials

When analyzing the argument for the proof of (2) (see Theorem 1.1 in [T2]) one
realizes that one of the technical tools used is the fact that the Cauchy kernel 1/z
localizes in the uniform norm. By this we mean that if T" is a compactly supported
distribution such that 1/z % T is a bounded measurable function, then 1/z % (¢ T)) is
also bounded measurable for each compactly supported C! function ¢. This is an old
result, which is simple to prove because 1/z is related to the differential operator 9
(see [G1, Chapter V]). The same localization result can be proved easily in any
dimension for the kernel z/|z|", which is, modulo a multiplicative constant, the
gradient of the fundamental solution of the Laplacian. Again the proof is reasonably
straightforward because the kernel is related to a differential operator (see [Pal
and [V1]).

In [MPrVe, Lemma 3.1] we were concerned with the localization of the vector
valued a-Riesz kernel z/|z|'t*, 0 < o < n. For general values of « there is no differ-
ential operator in the background and consequently the corresponding localization
result becomes far from obvious (see Lemma 3.1 in [MPrVe]).

We now state the new localization lemma we need.

Lemma 7. Let T be a compactly supported distribution in R™, with linear growth,
such that (z;/|z|*) * T is in L>®(R™) for some i, 1 < i < n. Let Q be a cube and
assume that ¢g € C(Q) satisfies ||0°pgllee < UQ)7F, 0 < |s| < n —1. Then
(z;/]x]?) * T is in L=(R™) and

T

|'2 * THOO + G(T)) ,

R

|
for some positive constant C' = C(n) depending only on n.

With analogous techniques and replacing G(T') by G,(T") (see section 6 for a
definition) one can prove that the above lemma also holds in R" for the scalar
a-Riesz potentials

T

W*T, 0<a<n, aelZ.

For the proof of Lemma 7 we need the following.

Lemma 8. Let T be a compactly supported distribution in R™ with linear growth and
assume that Q is a cube and pq € C°(Q) satisfies ||0°pg|r1g) < UQ), |s| =n—1.
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Then, for each coordinate i, the distribution (x;/|z)?) * @oT is a locally integrable
function and there exists a point xy € iQ such that

(5o

where C' = C(n) is a positive constant depending only on n.

< CG(T),

Proof. Without loss of generality set i = 1 and write k'(z) = z;/|z[>. Since k*xpoT
is infinitely differentiable off the closure of @, we only need to show that k' x T is
integrable on 2Q). We will actually prove a stronger statement, namely, that k' *
woT is in LP(2Q)) for each p in the interval 1 < p < n. Indeed, fix any ¢ satisfying
n/(n —1) < ¢ < oo and call p the dual exponent, so that 1 < p < n. We need to
estimate the action of k' * T on functions ¢ € C5°(2Q) in terms of [|¢]|,. We
clearly have

<k1 * QDQTv ¢> = <T7 SOQ(kl * ¢)>
We claim that, for an appropriate dimensional constant C', the test function
po(k' * )
cUQ)» vl

satisfies the normalization inequalities (9) in the definition of G(T"). Once this is
proved, by the definition of G(T') we get

(k! % 0o, )| < CUQ)Y 14, G(T),

and so
|k * 0T || 1r20) < CUQ)?» G(T).

Hence

Ly T "i Ly T
1 Q(l« poT)(@)) di < 4 ‘Q,/wa oaT)(x)]d

A mT)(x)rpdx)’l’
<Cco(T),

which completes the proof of Lemma 8.
To prove the claim we have to show that

10° (pq (k' * 9)) i) < CUQ) W, |5l =n—1. (24)
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By Leibnitz formula

n—1

o (QDQ (kl * w)) - Z Cs,r 6TSDQ asz(k‘l * 1/})
|r|=0
n—1

= 0o (K' )+ > c0r 0pq 07 (K" % 1))
|r|=1

=A+ B,

where the last identity is a definition of A and B.
To estimate the function B we remark that, since |s| =n — 1,

0"k ()] < Ol 1< <1,
and then, by Hoélder, for each 1 < |r| <n —1,

o dy 1/p
[ ercalloit s vite < 10 colwalvll (| s

< CUQ) M0 pqll 1) 14l

For |s|] =n —1and 0 < |r| < n — 1, an inequality by Maz’ya (see [Mz, 1.1.4, p.
15] and [Mz, 1.2.2, p. 24]) tells us that

ool 2. < € [ 19"l

where V"1 denotes the vector of all derivatives 9°pq of order |s| =n — 1.
Thus using Holder and the fact that [[0°¢gl[11 ) < I(Q) for [s| =n —1, we get

/ 10" el < 107 poll 2 U@ < CHQUQ)" M = Q).
We therefore conclude

n—1
/Q Bl<cY /Q 0 0ollo" Tk # lde < CUQ)H |1,

|r|=1

We turn now to the term A. We remark that, for |s| =n — 1,

Ok %) = c1p + S(), (25)

where S is a smooth homogeneous convolution Calderén-Zygmund operator and ¢
a constant depending on s. This can be seen by computing the Fourier transform
of 9°k' and then using that each homogeneous polynomial can be decomposed in
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terms of homogeneous harmonic polynomials of lower degrees (see [St, 3.1.2 p. 69]).
Since Calderén-Zygmund operators preserve L(R"), 1 < ¢ < oo, we get, using again
Holder,

/Q Aldz < C ol ¢,

The Sobolev imbedding theorem, case p =1 (see [St]), tells us that

leoll. < C /Q V" p(a)|de,

therefore, by Holder,

leall, < € (/Q |¢Q|“) Q) < CUQ).

This finishes the estimate of term A and the proof of (24). O

Proof of Lemma 7. Without loss of generality take i = 1. Since k' x poT is a
harmonic function off the closure of @), by the maximum principle we only need to
estimate |(k' * ¢oT)(z)| for z € 3Q. Since k' x T and g are bounded functions,
we can write

(k' % 0qT) ()] < |(k * 9oT) () — po(a) (k' * T)(2)] + [leqlloollh * Tll.
Let g € C3°(R™) be such that g =1 in 2Q), 1o =0 in (4Q)° and ||0°Yg|le <
C,1(Q)7"!, for each multi-index s. Then one is tempted to write
(k! % 0T)(2) = pq (@) (k" + T)(2)] < (T, ¥o(y)(vq(y) — vo(a)k' (v — y))]
+lleqlloc (T, (1 = o (y))k! (z — y))l.

The problem is that the first term in the right hand side above does not make any
sense because T’ is acting on a function of ¥ which is not necessarily differentiable at
the point z. To overcome this difficulty one needs to use a standard regularization
process. Take x € C*(B(0,1)) such that [ x(z)dz =1 and set x.(x) =" x(z/e).
The plan is to estimate, uniformly on x and e,

|(xe # k' % 0oT) (x) — po(x) (xe * k' + T)(x)]. (26)

Clearly (26) tends, as € tends to zero, to

(k' * 0qT)(2) — pq(@)(k' + T)(x)],
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for almost all z € R™, which allows the transfer of uniform estimates. We now have
|(Oxe * k' + 0T (@) — po(2)(xe * k' * T) ()]
< UT, o) (q(y) — po())(xe * k')(z — y))]
+ el (T (1 = v () (x= * k') (z — 1))l
= Ay + Ay,
where the last identity is the definition of A; and A,. To deal with term A; set
kA (y) = (xe * k') (x —y).
We claim that, for an appropriate dimensional constant C, the test function

f(y) = CUQ)oW) (pa(y) — volx)ki*(y),

satisfies the normalization inequalities (9) in the definition of G(T'), with ¢ replaced
by f and @ by 4@Q). If this is the case, then

AL < CUQ)TT, f) < CG(T).

To prove the claim we first notice that the regularized kernel y,. * k' satisfies the
inequalities

C
[(xe * O° k') (2)] < PR re€R"\ {0} and 0<|s|]<n—1, (27)

where C' is a dimensional constant, which, in particular, is independent of e. This
can be proved by standard estimates which we omit. For |s| = n — 1 the situation
is a little bit more complicated. By (25) we have

(Xs * 0° kl)(m) - CXS(':B) + (XE * S)(x),

where S is a smooth homogeneous convolution Calderén-Zygmund operator. As
such, its kernel H satisfies the usual growth condition |H (z)| < C/|z|". From this
is not difficult to show that

[(xe * S) ()] < o z e R"\ {0}, (28)

for a dimensional constant C.
By Leibnitz formula, for |s| =n — 1,

0" (Yolpq — a(2))k:") =g (vq — po(x))0" k*
(29)
+ Z ers O (ol pq — pol)) 07 kL,

Ir|=1
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and so

19° fll 1 aq) < CUQ) /4@ [Vo(y) (va(y) — q()) 0k " (y)| dy

QY / 17 (valia = pale)) k) Wl dy = Ay -+ Ay

[r|=1
Making use of (27) one obtains

n—1

Ajp < CUQ)

i e Rl dy

1

|
< ClUQ).

To estimate A;; we resort to (28), which yields

Ay = CUQ) / 60 (paly) ~ @a(@)OR ()] dy
<) ([ tr=ady+locol [ san)
< CUQ).

We now turn to A;. By Lemma 8, there exists a point o € @ such that
|(k' % T ) (xo)| < CG(T). Then

(k" (1 = Q) T)(x0)| < C (k" * Tl + G(T)).

The analogous inequality holds as well for the regularized potentials appearing in
As, uniformly in e, and therefore

Ay < CUT, (1= o) (k™ = k2™))| + C (k" Tl + G(T)).

To estimate [(T', (1 — 1g) (k2" — kL™))|, we decompose R™ \ {z} into a union of
rings
By={z e R":21Q) < |- —a| <27UQ)}, jeZ
and consider functions ¢; in C5°(R™), with support contained in %Rj, such that
10°¢0llee < C(271(Q))7F]] |s| > 0, and >.j¢;=1onR"\ {z}. Then, since z € 2Q
and 1—1g = 0in 2@, the smallest ring R; that may intersect (2Q))° is R_o. Therefore
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we have

(T, (1= ) (k™ — kz™))| = <T, Y el = o)kl — ki’x°)>‘

i>-2

IN

<T7 Y will = Q) (ki* — ki’$°)>|

Jjel

+ > N (kE" = k™),

JjeJ

where I denotes the set of indices j > —2 such that the support of ¢, intersects 4@
and J the remaining indices, namely those j > —2 such that the support of ¢; is
contained in the complement of 4¢). Notice that the cardinality of I is bounded by
a dimensional constant.

Set
9=CUQ)Y_ i1 —vq) (k™ — k™),
jel
and for j € J ‘
5= COUQ) ¢, (7 — k).

We show now that the test functions g and g;, j € J, satisfy the normalization
inequalities (9) in the definition of G(T"). Once this is available, using the linear
growth condition of 7" we obtain

(T, (1= ) (k™ — k™)) < CUQ) T, 9)]|

+C Y (2YUQ)) T g)]

JjedJ

which completes the proof of Lemma 7.

Checking the normalization inequalities for g and g; is easy. For g one uses that
10°(1 = 9o)llee < CUQ) ™, 0°¢j]loc < C(27UQ))7H, 0 < [s] < n—1, (27), the
fact that z,z9 € 3Q, y € (2@) and a gradient estimate. For g; we use in addition
Leibnitz formula and a gradient estimate to conclude that, for j € J and |s| = n—1,

1

S Q)
@UQI @ UQ) 1 =

10°gllo0 < C 2% Q) 0(2] Z(Q))_("_l), 0

0

|
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4.2 A continuity property for the capacity I';

In this section we prove a continuity property for the capacity I';, 1 < k < n, which
will be used in the proof of inequality (17). Although we state the result only for
the capacities I';, 1 < k < n, Lemma 9 below holds for the capacities x;, 1 <1i < n,
defined in the Introduction, because the proof does not use any growth condition
on distributions with bounded scalar Riesz potential.

Lemma 9. Let {E;}; be a decreasing sequence of compact sets, with intersection
the compact set E C R™. Then, for 1 <k <n,

FE(E) = lim F,;(EJ)

Jj—00
Proof. Since, by definition, the set function I'; in non-decreasing

lim I';(E;) > Th(E),

J—

and the limit clearly exists. For each j > 1, let T} be a distribution such that the
potentials x;/|z|* x T; are in the unit ball of L>(R"™), i # k, and

ra(E;) — j < (T3, 1)] < Ty(E).

We want to show that for each test function ¢,

(T, ) — (T, 9), (30)

J—0

for some distribution 7" whose potentials x;/|z|? * T are in the unit ball of L>(R"™)
for i # k. If (30) holds and ¢ is a test function satisfying ¢ = 1 in a neighbourhood
of I/, then

lim I (E;) = lim [{T;, 1) = lim [(T;, o) = (T ¢)| < T3 (E).

J—0

To show (30), fix i # k and assume, without loss of generality, that ¢ = 1. Set
k'(x) = z1/|z|* and f; = k'« T;. Write a point x € R" as = (21, 22), with z; € R
and x5 € R""!. Finally notice that ck! = 9, E where E is the fundamental solution
of the Laplacian in R™ and ¢ is a constant. Therefore, for each test function ¢,

T+ oo = [ 0Ty % ) (b ) dt = o / " Al f)(ta) it

Setting p(z) = ¢(—x) we get
(To0) = (15 2)(0.0) = [ A £)(0,0) e (31)

—00
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We remark, incidentally, that the above formula tells us how to recover a distribution
from one of its scalar Riesz potentials.

Passing to a subsequence, we can assume that f; — f in the weak * topology
of L*(R™). But then (f; *x Ap)(z) — (f * Ap)(xz), =« € R". This pointwise
convergence is bounded because |(f; * Ap)(z)| < [|A¢|[1]|filleo < [|A¢|i. Hence the
dominated convergence theorem yields

0
hm(Tj, )—chm AP * f;)(t,0) dt—c/ A(p * f)(t,0)dt.

j—o0 oo

Define the distribution 7" by

T, p) = c/_ A(p * f)(t,0) dt.

Now we want to show that f = k' * 7. For that we regularize f; and T;. Take
x € C°(B(0,1)) with [ x(z)dz =1 and set x.(x) = e "x(x/e). Then we have, as
J — 09,

(e # k" T3) (2) = (xe # f3) (@) — (xe = f) (), 7 €RT,

because f; converges to f weak * in L°°(R"). On the other hand, since x. * k; €
C>*(R") and Tj tends to 7" in the weak topology of distributions, with controlled
supports, we have

(e * k' 1)) (2) — (xe %K' * T) (), = €R"

Hence
Xs*kl*T:Xa*fa 5>Oa

and so, letting ¢ — 0, k' x T = f. O

4.3 End of the proof of the inequality I'; < CT';, op

We claim that the inequality in the title of this subsection can be proved by adapting
the scheme of the proof of Theorems 1.1 in [T2] and 7.1 in [T3]. As Lemma 9 shows,
the capacities I';, 1 < k < n, enjoy the exterior regularity property. This is also
true for the capacities I 1<k <n, defined by

i

Iy, (F) = sup {mE) pe L(E),

*uH Sl,léjén,j%k},

o

just by the weak x compactness of the set of positive measures with total variation
not exceeding 1. We can approximate a general compact set £ by sets which are
finite unions of cubes of the same side length in such a way that the capacities I';
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and I'; | of the approximating sets are as close as we wish to those of E. As in (14),
one has, using the Davie-Oksendal Lemma for several operators [MaPa, Lemma 4.2],

CTy

k,op

(E) < Ty (B) SOy, (B). (32)
Thus we can assume, without loss of generality, that F is a finite union of cubes
of the same size. This will allow to implement an induction argument on the size
of certain (n-dimensional) rectangles. The first step involves rectangles of diameter
comparable to the side length of the cubes whose union is F.

The starting point of the general inductive step in the proof of Tolsa’s Theorem
in [T2] (and [T3]) consists in the construction of a positive Radon measure p sup-
ported on a compact set F' which approximates F in an appropriate sense. The con-
struction of I and y gives readily that I'y(E) < C'u(F), and I';  (F) < CTy  (B),
which tells us that F' is not too small but also not too big. However, one cannot
expect, in the context of [T2] and [T3], the Cauchy singular integral to be bounded
on L?(u). In our case one cannot expect the operators R?(u) to be bounded on L?(p),
for 1 < j <n, j# k. One has to carefully look for a compact subset G of F' such
that p(F) < C u(G), the restriction ug of u to G has linear growth and the opera-
tors R7(ug), 1 < j <n, j#k, are bounded on L?*(ug) with dimensional constants.
This completes the proof because then

Li(E) S Op(F) < Cp(G) Oy (G) < O, (F)

k,op k,op

<O (F)SCTy  (B) <CLy L (B).

In [T2] and [T3] the set F' is defined as the union of a special family of cubes
{Q;}Y, that cover the set F and approximate E at an appropriate intermediate
scale. One then sets v

F=JQ:.
i=1

This part of the proof extends without any obstruction to our case because of the
positivity properties of the symmetrization of the scalar Riesz kernels (see section 3).
As in Lemma 7.2 in [T3], just by how the approximating set F is constructed, one
gets Iy (F) < CTy , (£). By the definition of I';(E) it follows that there exists a
real distribution Ty supported on E such that

1 Ty(E) < 2T, 1),
2. Tj has linear growth and G(7p) < 1.

i

Bl *Tlls <1, 1<j<n, j#k

|2

Consider now functions ¢; € C¢(2Q;), 0 < @i < 1, [|0°¢illee < CUQ)THI, 0 <
ls| <n—1and 32V, ¢ =1 on |, Qi. We define now simultancously the measure p
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and an auxiliary measure v, which should be viewed as a model for Ty adapted to
the family of squares {Q;}¥,. For each cube ); take a concentric segment ¥; of
length a small fixed fraction of I';(E'N Q;) and set

N
H= ZH\I&
=1

and
TOa ()01

g\/ T MZ

We have dv = bdy, with b= %é‘))

function b is bounded, to apply later a suitable 7'(b) Theorem. To estimate ||b||co
we use the localization inequalities

Y. At this point we need to show that our

X

B <C, 1<j<n, j#k 1<i<N.

o

* (IOZTO

This was proved in Lemma 7 of Section 4.1. Since it is easily seen that ¢; Ty has
linear growth and G(y;Ty) < C, we obtain, by the definition of I';,

It is now easy to see why I';(E) < C u(F):

N

Z<To7 ©i)

i=1

[p(E) <2(To, 1)] = 2

N

<O Ti(2Q:NE) = Cu(F).

i=1

We do not insist in summarizing the intricate details, which can be found in [T2]
and [T3], of the definition of the set G and of the application of the 7'(b) Theorem
of [NTV2).

5 Counter-examples to the growth estimate

As it was shown in , Let T be a compactly supported distribution whose Riesz
potential z/|z|'T® % T is in L>°(R",R"). The proof of lemma 3.2 in [Pr1] shows that
T satisfies the growth condition

(T e < CUQ),
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for each cube @ and each g € C§°(Q) satistying the normalization condition
10°¢ollri@) < UQ)®), |s| = n —[a]. Here v is any number, not necessarily in-
teger, with 0 < a < n, and [o] is its integer part. A similar result does not hold
in the context of this paper. In R?, boundedness of one scalar Riesz potential of a
distribution does not imply G(T') < oo (see (8) for the definition of G(T')).

Proposition 10. There exist a compactly supported real Radon measure p in the
plane, such that z1/|z|? * p is in L>=(R?) and G(u) = oo.

Proof. The idea of the proof is that there is no relation, in general, between the
derivative with respect to the first variable and the derivative with respect to the
second variable. Set z = (z,y) € R? and let h(z) = f(x)g(y) with

r+1 if —1<2<0
fla) = | .
—rz+1 if0o<z<1

To define g on I, = 2771, 27| n > 0, let pu,, = 3/2""2 be the center of I,, and set

2n+2 1 : 1
e (y—5r), i <Y< pin

g(y): n+2
—E (y—5), fmm<y<&

Define 1 = Ah, the Laplacian of h. Then

X on+2

b= (01— 20+ 00) (2)g(y) + F0) 3 2 (54— 26 +0_1 ) )

n=1

Write k'(z) = z/|z|? and k*(z) = y/|z|>. Notice that k' = ¢, F, where E is the
fundamental solution of the Laplacian and ¢ a constant. Then

Ik % Tl = 1" * Ahlloe = llcy (A # B) oo = 010 = |F gl < L.

Since
/ 27 i gk <y <
IW=9 L. )
—Sz i <y<sm
we have

162 % Tllo = [[k2 % Ablloo = ¢ O2(Ah x E) | oo = [102]|cc = [ £g'|c = 0.

In fact ¢ € LY(R) \ L>=(R).
For n > 0, consider the square @),, = I, X I,,. Then, since f is a linear function
on I,

2n+2 2n+2
(xan) = <27 [ @) de = <2 = 10 f )
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Thus
n+2

{1 Xl _ ) 2
10, =2 - (l—un)rzooo.
Now we need to regularize xq,. Take a non-negative y € C*(B(0,1)) such that
[ x(z)dz =1 and set x.(z) = e " x(z/e). Then, for € small enough, xq, * xc i8
supported in 2Q, and satisfies, {11, X0, *X=)| > {1, X, )| — 3. Also [[xq, *Xelloo < 1
and [|[V(xq, * Xc)|lz1®2) does not exceed the total variation of the measure Vxyq,,
which is less than or equal to C'1(Q,,). Therefore G(T') = oc. O

We do also have a counterexample in the setting of positive measures, based on
a completely different idea.

Proposition 11. There ezists a positive Radon measure p such that xy/|x|* * p is
in L*(R?) and G(p) = oo.

1
Proof. Consider the function f(t) = log™ [k t € R. Then f € BMO(R) \ L*(R)

and f is supported on the interval [—1,1]. Then write
L) @) = K5 D) + L D)
Tz 7y - T 7y T 7y

:1/Ryf(t)dt+i/RHf(t)dt

T Jr (x—1)2 442 T
= (Pyf)(x) +i(Qyf)(x),

where P, f(x) and @Q,f(z) are the Poisson transform and the conjugate Poisson
transform of f respectively.

1 1
Therefore, if Hf = —p.v.— * f is the Hilbert transform of f,
T x

(k' * fdt)(z,y) = (Qyf)(x) = P, (H[)(z).

We claim that
H(f) € L*(R). (35)

If (35) holds, then the positive measure p = f(t) dt satisfies
(k' p)(,y) = P,(Hf)(x) € L*(R?) (36)

and g has not linear growth, just because f is unbounded.
To show (35), we distinguish two cases.
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e Case |x| > 1. Since our function H(f) is odd, without loss of generality we
can assume that x > 1. Then an integration by parts together with the fact
that the principal value integral of 1/t on [—1, 1] is zero, yield

o1 at
Hf(z)=pv. [ 1
mH f(x) pV/ AT

(NG
= p.v. log
-1 Tr —

! x dt l/a 1 du
= p.v. log — =Dp.v. log —.

1 x—tt 1z l—uwu

—i—lomﬁ
t & t

Since z > 1, then 0 < 1/z < 1. Therefore

< +00.

o 1 du
&7

e Case |z| < 1. Since for x = 0, H f(0) = 0, we can assume that 0 < |z| < 1.

|waunsi[j

o1 at
Hf(z)=pv. [ 1
mH f(x) pV/ 8 ir—1

/001 1 dt / 1 1 dt
= D.V. og ———— — D.V. (0]
PV =t P ey Bl e —t

=A+B.

Notice that since H? = —I and log |z| = H (7 sgn)(x), then

H <log ‘115|) (z) = H*(—msgn)(x) = msgn(z).

Therefore we only need to estimate B. Making the change of variable u = 1/t

we get
1 dt L 1 d
B = p.v./ log — = p.v./ log ——"— 4
[t >1 [t|z —t - uf u —Z U
! 1 du ! 1 du
=Dp.v. log ——+ — lo
-1 |u| u — > - |U|
1
=p V./ log T < +oo,
-1 ’ ‘ u—=<
as in case 1. ]
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6 Miscellaneous related results

As we have seen in the previous sections, the fact that the Cauchy kernel is complex
is not as relevant as the fact that it is odd and has homogeneity —1. Indeed,
Theorem 1 shows that one recovers the theory of analytic capacity by replacing
the Cauchy kernel 1/z by any of the real kernels Re(1/z) or Im(1/2) and adding
appropriate growth conditions on the admissible distributions.

A natural question is how one can extend this kind of results to the higher
dimensional real variable setting in which the kernel z/|z|* is replaced by the vector
valued Riesz kernels

x
k:a(x):‘x‘Ha, reR", O0<a<n,

and the capacity associated with this kernel is defined by (see [Prl])

o
FED TH = 1}'

The case a« = n — 1, n > 2, is especially interesting, because it gives Lipschitz
harmonic capacity (see (3)).

Unfortunately, as we show in subsections 6.1 and 6.2 below, the most obvious
analogues of Theorems 1 and 2 in higher dimensions fail.

o (E) = sup {](T, )| :spt(T) C E, ‘

6.1 Capacities associated with scalar a-Riesz potentials

Let T be a compactly supported distribution in R™ and 0 < a < n. We say that the
distribution T" has growth « provided that

Gul) = sup %‘;g” < oo, (37)

where the supremum is taken over all pg € C5°(Q) satisfying the normalization
inequalities
10°¢qllrg) < UQM,  Is| =n—[a].

Here [a] stands for the integer part of a. For a compact set E in R™ we define g, (F)
as the set of all distributions 7" supported on E having growth « with constant
Go(T') at most 1. For each coordinate k set

[ i(E) = sup{[(T, )|},

where the supremum is taken over those distributions 7' € g,(F), such that the j-th
component of the a-Riesz potential ;/|z|' 7T is in the unit closed ball of L>(R™),
for1<j<n,j#k.

The proof of Lemma 3.2 in [Prl] tells us that if k, * 7" is in the unit ball
L*>(R™,R™), then the distribution 7" has a-growth and G, (7") < C. Hence I',(F) <
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CT, ;(E). In this section we will show that for 0 < o < 1, there exists a set £ C R”
With’Fa(E) =0and I' ;(F) > 0. Therefore I', and I ; are not comparable and
thus the direct analogué of Theorem 2 fails in this settirfg.

We proceed now to symmetrize the scalar a-Riesz kernels in order to get a better
understanding of the capacities Lok forl<k<nand 0<a<l1.

For 0 < o < m and 1 <14 < n the quantity

Z To(2) — o) To(s) — L1 (38)
|Zo(2) — Zo | [Zog) — T+
s o(2) o(1) o(3) o(1)

where the sum is taken over the permutations of the set {1,2,3}, is the analogue
of the right hand side of (22) for the i-th coordinate of the Riesz kernel k,. Notice
that (38) is exactly

2pai(71, T2, T3),
where p, ;(21, x2, x3) is defined as the sum in (38) only taken on the three permuta-
tions (1,2,3),(2,3,1) and (3,1,2).

We will now show that given three distinct points x1, 25,23 € R for 1 <i<n
and 0 < a < 1, the quantity p,;(x1, 22, x3) is non-negative. We will use this to
study the L? boundedness of the scalar Riesz integral operator of homogeneity —a.

The relationship between the quantity p,i(z,y,2), 0 < a < 1,1 <i < n, and
the L? estimates of the operator with kernel k% = z;/|z|'*® is as in (23). That is, if
1 is a positive finite Radon measure in R™ with a-growth, £ > 0 and we set

R = [ kil =) duty)

then (see in [MeV] the argument for the Cauchy singular integral operator)

[ 1 @) ) = )| < Cll (39

C being a positive constant depending only on n and «, and
pose() = [ [ [paste0.2) du(o) duty) ),
Se

with
Se={(z,y,2) : |Jx —y| >¢,|x — 2] >eand |y — 2| > e}.
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Lemma 12. Let0 < o < 1 and x1, xo, x3 three different points in R™. For1 <i<mn

we have (2~ 20)m? -

—29m m
2+2a S pa,i(x17x27x3) S L(x17$2’x3)2+2a7 (40)
where m = max(|zh — 2¢|, |zh — 2%|, |25 — 21|) and L(zy, 12, x3) is the length of the
largest side of the triangle determined by the three points x1, x9, x3.

L(SU17 Z2, I3>

Moreover, poi(x1, 22, x3) = 0 if and only if the three points lie on a (n — 1)-hyper-

surface perpendicular to the i axis, i.e. ¥% = xh = 4.

Proof. Without loss of generality fix ¢ = 1. Write a = 29 — x; and b = x5 — x5, then

a+b=x3— x;. A simple computation yields

a?|o]' e + b2 a| T + ayby (|0 + al' T — |a + b|PT)
|a|t+e|p| e |a 4 b[i+e ’

Pai(T1, 2, 73) = (41)
which makes the second inequality in (40) obvious. To prove the first inequality
in (40), assume without loss of generality, that 1 = |a| < [b| < |a + b|. Then

1

pa,l(l'l,x%l'g) = ‘b|1+a’a+ b|1+a (a%|b|1+o¢ + b? + albl(l + ‘b|1+a . |a i b|1+a)) .

We distinguish now two cases,
e Case a;b; < 0. Notice that since |b| < |a + b,
arby (1 + [b|"* — a + b)) > a1b;.
Then, since |b] > 1,

1 « (03 «
Pa1(T1, T2, 73) = o[ + b+ (af[b]" 407 +arby (146" —|a + b['*®))

S a%|b|1+“+b%+a1b1 S a%+b%—|—a1b1
— ‘b|1+a’a+b’1+a — ’b|1+a|a+b|1+a

_l(a1+b1)2+a%+b%
- 9 ’b|1+o¢|a+b|1+o¢

e Case ajb; > 0. Then max{a? b? (a; + b1)*} = (a1 + by)% Write t = [b] > 1
and
) =ait"™™™ +b] +arby (L+ 7 — (1 + ) ).

By the triangle inequality,

f(t) ming> f(¢)
> > = .
Pai (21, T2, 73) = D]+ @ 4 b1t = [b[i+e|a + b[i+e

1/c -1
Our function f has a minimum at the point t* = ((‘Zi + 1) — 1) .
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1. If a1 /by > 2* — 1, then t* < 1. Therefore

f(1)
|b|1+o¢|a + b|1+a

Pai(®1, T2, x3) >
_af 4 b7 4 2a,by (1 — 27)
|b’1+a‘a+ b‘l-&-a

_ (2a _ ) (a’l — b1)2
[b[-o]a + bfi+e

al+ b2
|b’1+a‘a+b|1+a

+ (2 -2

2—2¢ (a1+b1)2
— 2 ‘b|1+a|a+b|1+a'

2. If a; /by < 2* — 1, then t* > 1. Hence,

f{t)
(0% ) 9 2 .
Do (1, T2, 23) b +ea + b|i+e

Since
sy = (145 [1- A
I\ (s b —6i)
then
. aq
f(*) > b2 min 1-— =
ash=n <(a1 + by) Ve — b}/a)
= b%(2 — 20) Z 2_7((11 + b1)2,
since the function
T
g(z)=1-

Qx+hﬂm—b%ﬁa

is decreasing and (a; + b1)? < (29;)2.

Now, If ] = z3 = z}, then a; = b; = 0. Hence (41) gives us p,1(x1, T2, 23) = 0. On

the other hand, if p, 1 (@1, 22, x3) = 0, inequality (40) gives us max((zh — )2, (2} —
xh)?, (xh—2%)?) = 0, hence a? = b? = (a;+b;)? = 0, which implies 2} = ) = 2. O

We are now ready to prove the existence of a compact set £ C R" with [',(E) =0
but I',j(E) > 0. Take a compact subset E of the xj-axis with positive finite
a-dimensional Hausdorff measure. Then by [Prl, Theorem 1.1], I',(E) = 0. It
remains to show that T',;(E) > 0. For this let u be a-dimensional Hausdorff
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measure restricted to E. It is enough to show that the singular integral operator R,
associated with the scalar kernel k! = x;/|z|** i # 1, is bounded on L?(p). This
is so by a lemma of Davie and Oksendal (see [DO, p.139], [Ch, Theorem 23] or [V3,
Lemma 4.2]). By Lemma 12 we have p,;(x1, 22, 23) = 0 for 21,22 and x5 in E and
i # 1 and thus (39) yields

/ R (u)(@)P du(a) < Cllull, >0,

Replacing in the above inequality pu by xp @ where B is any ball we get

/B R (x5 1) (2)|* du(z) < Cu(B), €>0.

By the non-doubling 7'(1)-Theorem of [NTV1] we conclude that R! is bounded
on L*(p). O

6.2 Lipschitz harmonic capacity is not comparable to the
capacity associated with a scalar Riesz-potential

Theorem 1 says that in the plane, analytic capacity can be characterized in terms
of either capacity I';, i = 1,2. In particular this implies a weaker qualitative state-
ment, namely, that if £/ is a compact set in the plane and there exists a non-zero
distribution 7 supported on E with linear growth and bounded potential x;/|z|** T,
for i = 1 or ¢ = 2, then there exists another non-zero distribution S supported on E
with bounded potentials x;/|z|* x S, i = 1,2.

In R™ Lipschitz harmonic capacity is an excellent replacement for analytic ca-
pacity. Thus one may ask whether Lipschitz harmonic capacity can be described in
terms of one of the capacities associated with a component of the kernel z/|z|" in
which the growth condition n — 1 has been required on the distributions involved.
In a qualitative way we ask the following question. Assume that E is a compact set
in R™ and that there exists a non-zero distribution 7" supported on E with growth
n—1 and bounded potential x,,/|z|"*T. Is it true that there exists another non-zero
distribution S supported on E with bounded vector valued potential x/|z|" % T 7
The answer is no for n > 3. We describe the example in R?. We thank X. Tolsa for
the right suggestion.

Proposition 13. There erxists a compact set E C R3 which supports a non-zero
distribution T with growth 2 and bounded scalar Riesz potential x3/|z|*> T, but does
not support any non-zero distribution S with bounded vector valued Riesz potential

x/|x]?* S.

Proof. Let K C H = {(z1,72,23) € R® : 23 = 0} be the classical 1-dimensional
planar Cantor defined by taking the “corner quarters” at each generation. Then
K has finite positive length but zero analytic capacity (see [G1], [G2] or [I]). In
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particular, K has zero Lipschitz harmonic capacity and by [MaPa] the same happens
to B = K x[—1,1]. Thus E does not support any distribution S with bounded vector
valued Riesz potential x/|z|> * S.

Let i denote 2-dimensional Hausdorff measure restricted to K x R C R? and let
v denote the restriction of s to E. It is a simple matter to check that u satisfies the
growth condition

w(B(z,r)) <Cr*, r€KxR, 0<r.

Although the reverse inequality does not hold for large r,  is a doubling measure.
Indeed, p(B(z,)) is comparable to r* for 0 < r < 1 and tor for 1 < r. Our goal is to
show that the scalar Riesz singular integral operator R® with kernel k*(z) = z3/|z[?
is bounded on L?(v). Once this is established the Davie-Oksendal lemma (see [Ch,
Theorem 33 ] or [V3, Lemma 4.2]) provides a non-negative function b € L*>°(v) such
that z3/|x|® * bv is in L>(R?), which completes the proof.

We claim that, indeed, R?® is bounded on L?(u). To show this we check that
R3(1) = 0 and then we apply the standard T(1)-Theorem for doubling measures.
The computation of R3*(1) is performed as follows. Set K(z,¢) = {(y1,42) € K :
lz1 — 11| > € and |zy — ya| > €}, Then

: T3 — Y3
R*(1)(z) = lim dv(y)
e—~0 ly—z|>€ |I - y|3
= hm </ Lyz dy3> dHl(yl,yQ) _ 0,
0 K(z,€) lys—x3|>€ ’fL’ - y‘
for each x € K x R. 0
Remarks

e Notice that in the above example one obtains that R*(v) is bounded on L*(v),
while the whole vector R(v) is not bounded on L?(v). Therefore, the above
example shows that corollary 5 does not hold if n > 3, namely, we cannot get
L?(v) boundedness of the vector valued Riesz operator R, ;(v) from L?(v)
boundedness of only one component R!,_;(v).

e [t is an open question to decide whether, for n > 3, Lipschitz harmonic capac-
ity is comparable to the capacities associated with (n — 1)-components of the
vector valued Riesz potential z/|x|" T

6.3 Finiteness of the capacities k;

Indeed, we give a proof of a more general result, stating that for compact sets
EFCR" 0<a<nand 1 <i<n, the capacities

s ) = sup {1 )] sspe(r) < B

Z;
a1 <1}
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are finite.

Lemma 14. For any cube Q CR", 0 < a<n and 1 < i <n, we have

ka,i(Q) < CLHQ)™.

Proof. Without loss of generality assume ¢ = 1. Assume also momentarily that the
dimension n is odd, say n = 2k + 1. Our argument uses a reproduction formula for
test functions involving the kernel k'(y) = v;/|y|'**, 1 <4 < n, [Prl, Lemma 3.1].
For a test function g, the formula reads

n

9(z) = cpa Z <Ak8jg * |y|i_a * kj) (x), (42)

j=1

for some constant c,, depending only on the dimension n and on a. For n =
2k, there is an analogous reproduction formula that settles the even case [Prl,
Lemma 3.1].

Let T be a real distribution supported on @ such that k' « T € L>°(R"). Write
the cube Q as Q = I, x ()', with I; being an interval in R and @’ an n—1 dimensional
cube in R"™ and let ¢g € C3°(2Q) be such that ||0°¢g|le < Col(Q)~F! and

pq(r) = p1(z1)pa(T2, ..., T0)

with ¢1(z1) = 1 on Iy, ¢1(x1) = 0 on (21})¢ and [T _¢1 =0, and @2 > 0, 2 = 1
on Q" and o = 0 on (2Q)°. Then, since our dlstrlbutlon T is supported on @), using
the reproduction formula (42),

<T AF 0 * » |711 - *k7>)
—1

—C"<k1*T,Ak81L,OQ*| |1 >‘+CZ <TA8]¢Q*| |1 *l{:3>‘
y yna

j=2

(T, D) =T’ ¢q)

= A+ B.
We first estimate the term A. We have

1

/(kl ><>MalsoQ*‘y‘1 (2) d = /3Q<k1*T><x><Akam* ) o) dr

v
1 k 1
L D) (o = 840 () )
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Let )y be the unit cube centered at 0. Dilating to bring the integrals on 3¢, and
2Qu, and using |*pg| < CLl(Q)7F!, we get

Ak
A<||/<:1*T||OO(//| healy ddm+/ / WQQ dydx)
|z — y[n— rm\3Q J2g [T — Y[
corar ([, f 2 o L2
3Q0 /2Qo |z —y| 300 J20, [T — y[Pe

< ClQ)".

We turn now to the estimate of B. The homogeneous differential operator A*
can be written as AF = le‘:% as 0%, for certain constants a,. Divide the set of
multi-indexes s of length 2k into two classes I and J according to whether s; > 1
or s; = 0. In other words, s € I if 0° contains at least one partial derivative with
respect to first variable. Thus A* = Doees s 0° + Y. a,0° and so B = By + By

where
CZ <T Zasaa]%* |M kﬁ>‘

sel

and

<T Zasﬁ @(pQ*’ ’n - k/‘3>‘

seJ

To estimate By we bring in each term of the sum in s € I one derivative with respect
to the first variable into the kernel &/ and use 91k7 = 9;k* to take back a derivative
with respect to j into pg. The effect of these moves is to replace k/ by k'. Therefore

n

1

B =C> <I~c1*T > b 0%00q * —— a> ,

=2 |s|=2k [yl

for some numbers b,. This expression can be estimated as we did before with A.
To estimate By we need to replace in some way the kernel &7 by k'. We do this

by showing that, for each j there exists a function ¢, € C5°(2Q)) satisfying

kwazkl*wg, 1<j<n, (43)

and H@SwQHOO < O4l(Q)~ I, Before proving (43) we show how to estimate Bs.
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By (43)

By=CY <T,Za5858js0Q*W*’f]>

sed

= Czn: <T,Za5858jwé* |y|}b_a *k1>

sed

=C <k1 «T,) a,0° 000 ‘y‘i_a>

j=2 seJ

which can be estimated as the term A.
We are left with proving (43). Taking Fourier transforms in (43) we obtain for
some constant a,

ao(€)€; = Vg (€)ér,
which becomes
aldjpg = 811%.
Hence, for the non-trivial case 2 < j <mn,

x1

Vo(z) = a/ 0;0q(t, o, ..., x,) dt = a0jpa(xs, ..., x,) / p1(t) dt,
and the key remark is that the function above has compact support because the
integral of ¢; on the real line vanishes. O

We conclude with the following corollary.

Corollary 15. For any compact set E CR", 0 < a <n and 1 < i < n, we have
Koi(E) < Cdiam(E)*.

We do not know whether in the preceding inequality the diameter of £ can be
replaced by the Hausdorff content of F.

6.4 Localization and growth

The growth assumption on the distribution 7" in the localization lemma (Lemma 7)
cannot be completely dispensed with. Indeed, if for the i-th coordinate one has the
inequality

:”’2'2 « TH , (44)

L=

|z

for all ¢¢ satisfying the normalization conditions (9), then necessarily 7" has linear
growth. This can be shown by an argument very close to that of the previous
subsection. We only deal with the details of the case n = 2. The case of even
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dimensions is very similar, while the case of odd dimensions needs some additional
care. We also assume ¢ = 1.

Let @ be square and ¢ a function in C§°(Q) satisfying the normalization con-
ditions (9). Set @ = I} x Iy and ¥(x1,22) = ¥1(x1)Y(xs), where, for j = 1,2,
¥y € C(Ly), ¥ = Lon I, [7 ab(x1)dey = 0 and |[d¥;/(da;)*|le < CUI;)7F,
0 <k < 2. We then have

(T, pq) = (v T, 1) = (p T,¢).

We want now to find a function y such that ¢ = k' x x, where k' =z, /|z[*. Taking
the Fourier transform we get (&) = a(&/|€]?) X(€) for some constant a. Hence
O1x = b A, for some other constant b. Thus

X = b/ AY(t, xq) dt

= (oo aten) + ([ a0 dt) Bt ).

Notice that x is supported on Q and ||x|/ec < C1(Q)~*. Therefore by Lemma 8

(T, o)l = (k" * 0T, x)| < C' Ik * 9T |12 @) IXll0 < CUQ). =

6.5 The growth condition for positive measures

We start by showing that the usual linear growth condition for a positive Radon

measure is equivalent to the linear growth condition for distributions as defined in

(8). Later on we treat also the case of the a-growth condition for 0 < o < n.
Given a positive Radon measure p set

L(p) = Sgp/;ég)) :

where the supremum is taken over all squares () with sides parallel to the coordinate

axis.
If ¢ € C°(R™), then by an inequality of Mazya [Mz, 1.2.2, p. 24]

ol =1 [edul < [leldu<cri) [19 @]
where V"1 denotes the vector of all derivatives & of order |s| =n — 1. Thus
G(p) < CL(p).

The reverse inequality is immediate. Indeed, given a square ) let ¢ be a function
in C3°(2Q) such that 1 < g on @ and [|0°pglle < Cs1(Q)7"!, |s| > 0. Then

Q) < / padi = {1 va)l < CCW)IQ),
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because [ |V lpg(x)dx| < CUQ).

We proceed now to treat the case of a general a-growth condition, 0 < a0 < n.

Set
La(p) = sup )
* Q UQ)

where the supremum is taken over all squares () with sides parallel to the coordinate
axis. The inequality L, (1) < C G, (p) is proven exactly as above. The definition of
G is in (37).

For the reverse inequality is convenient to distinguish several cases.

e « is integer. The argument is exactly as in the case a = 1. If p € Cg°(R"),
then by an inequality of Mazya [Mz, 1.2.2, p. 24]

()] = | / o du| < / ol du < C La(n) / V()] da,

where V"~ denotes the vector of all derivatives 9°¢ of order |s| = n — [a].

e « is not integer and n — o] is odd. Set n—[a] = 2m+1. Then , for a constant

¢, we have
n

m Li
for each test function ¢. This can be easily checked by taking the Fourier
transform. Let ¢ € C5°(Q) satisfy the normalization condition [|0°pg| 11 (q) <
Q) |s| =n — [a]. Then

(s )] s/m

m Li
iPQ * Jz |l T

!96 - y\ “]
- dp(z) )
=C j/ A™; ( S ) g
o~ ’ @Q(y)’ o |x_y|[a]

n . 1
< C D IIAeqll g lIxan * pEll=@-

i=1

The estimate of the L>°(Q) norm of xou * (1/|z|l%)) is standard. If x € Q and
we set u(r) = pg(r) = w(B(x,r)), then we get (d(Q) stands for the diameter
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of Q)

and therefore G, () < CLy(1).

« is not integer and n— [«] is even. We still need too distinguish two subcases:
[a] =0 and [o] > 1. If [a] = 0, take a cube @ and pq € C5°(Q) satisfying the
normalization condition ||0*¢q|lrig) < 1, |s| = n. Then by [AH, 7.6.10, p.
212

lpelle < C IV 0alli@)

and so
(i, 00} < / ol di < C IV 0ol (@)

which yields G, (1) < CLo(1).

Assume now that [a] > 1. Set n — [a] = 2m for some integer m. For each test
function ¢ we have the identity

1

o =cAp* 0,
’x’[a}

where ¢ is an appropriate constant. Let ¢ € C3°(()) satisfy the normalization
condition [|0°pg |11 < UQ)), |s| =n — [a]. Then

dp

1
G gall < [ lealdn < ¢ [ |ameon
Q |z

A™
<0/ | ‘Pf/“a dy dp(z)

_C/ A valy ( deﬁ(y!)“» W

m 1
< C A" gl 1) lIxqH * 2]l o0

As it was shown above ||xqu * mﬁHLm(Q) < C Lo (p)l(Q)*I°)) which yields
Go(p) < CLo (1) O
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