A DECOMPOSITION AND WEAK APPROXIMATION OF THE
SUB-FRACTIONAL BROWNIAN MOTION.

XAVIER BARDINA* AND DAVID BASCOMPTE

ABSTRACT. We present a decomposition of the sub-fractional Brownian mo-
tion into the sum of a fractional Brownian motion plus a stochastic process
with absolutely continuous trajectories. The first application we show of this
decomposition is the relation between the spaces of integrable functions with
respect each one of these three processes. A general result of weak conver-
gence to integrals of L?(RT) functions with respect to standard Brownian
motion is proved, and this result permits us to obtain approximations in law
of the fractional Brownian motion and the sub-fractional Brownian motion
with parameter H € (0, 1).

1. INTRODUCTION AND PRELIMINARIES

Sub-fractional Brownian motion (sub-fBm for brevity) SH = {SH (t),t > 0} is a
centered Gaussian process with covariance function

1
(1.1) Cov(SH, SH) :sH+tH—§ [(s+ )T +1]s —t|7]
where H € (0,2).
This process was introduced by Bojdecki et al. in 2004 (see [BGT04]) as an
intermediate process between standard Brownian motion and fractional Brownian
motion. Recall that fractional Brownian motion (fBm for short) B¥ = {BH(t),t >

0} is a centered Gaussian process with covariance function
1
(1.2) Cov(B, By = 3 (s + 7 —|s —¢|H)

where H € (0,2). Usually fBm is defined with Hurst parameter belonging to the
interval (0,1) with the corresponding covariance, but in order to compare it with
sub-fBm we use the stated representation with H € (0,2). Note that both fBm and
sub-fBm are standard Brownian motions for H = 1.

For H # 1, sub-fBm preserves some of the main properties of fBm, such as long-
range dependence, but its increments are not stationary; they are more weakly
correlated on non-overlapping intervals than fBm ones, and their covariance decays
polynomially at a higher rate as the distance between the intervals tends to infinity.
For a more detailed discussion of sub-fBm and its properties we refer the reader to
[BGTO04]. Some properties of this process have also been studied in [Tud08] and
[Tud07]. On the other hand there is an extension of sub-fBm in [BGTO07].

The main result of this paper (see Theorem 2.2) is the obtainment of a de-
composition of the sub-fBm in terms of fBm and another process with absolutely
continuous trajectories, X = {X/ ¢ > 0}, which is defined by Lei and Nualart in
[LNO9] by

(1.3) xH :/ (1—e 95" aw,
0

* Corresponding author
The authors are partially supported by MEC-Feder Grant MTM2006-06427.

1



2 XAVIER BARDINA* AND DAVID BASCOMPTE

where W is a standard Brownian motion. Lei and Nualart introduce this process
in order to obtain a decomposition of bifractional Brownian motion into the sum of
a transformation of X/ and a fBm. In [LN09] this process is defined for H € (0, 1)
but one can define it for H € (1,2) as we will prove in Proposition 2.1.

The decomposition we state is different for H € (0,1) and H € (1,2). In the
first case, sub-fBm is obtained as a sum of two independent processes, a fBm and
the process defined by (1.3), while for H € (1,2) is fBm that is decomposed into
the sum of the process (1.3) and a sub-fBm, being these independents.

As a first application of the decomposition given in Theorem 2.2, in the third
section, it is shown the relation between the spaces of integrable functions with
respect each one of the three processes we introduced. In section 4 we will prove a
general result of weak convergence, in the space of continuous functions C([0,77),
toward integrals of functions of L?(R*) with respect to standard Brownian motion.
This result permits us to obtain approximations in law toward fBm, toward the
process defined in (1.3) and, finally, toward a sub-fBm with parameter H € (0,1).

Positive constants, denoted by C', with possible subscripts indicating appropriate
parameters, may vary from line to line.

2. DECOMPOSITION OF THE SUB-FRACTIONAL BROWNIAN MOTION.

In this section we prove a decomposition of sub-fBm into the sum of a fBm
and the process X defined by (1.3). We begin by proving some properties of the
process X7,

Proposition 2.1. The process X = {X[ t > 0} is Gaussian, centered, and its
covariance function is:

(2.1)  Cov(X[,xH)= ROV 4 sH — (14 5)T] si H € (0,1),
| L 11;((21;—111)) [(t+s)T =t —sf]  si H € (1,2).

Moreover, X has a version with trajectories which are infinitely differentiable on
(0,00) and absolutely continuous on [0, 00).

Proof. Clearly X' is Gaussian and centered, and computing its covariance we
obtain:

Cov(X XxH) =R[XFXH] = / (1—e ) (1—e )91 Hyg.
0
Integrating by parts we obtain
1 o0
COV(XtI—I,XSI_I) = H/ Q_H (te_Gt + 36_98 _ (8 _|_ t)e—9(5+t)) da
0

which, for H € (0,1), gives the stated result. For H € (1,2) we may integrate by
parts a second time, yielding

1 oo
Cov(XH, Xf):H(H—l)/O 01—H<_t2e—6t _ et 4 (4 t)2e—9(s+t))d07
which also gives the stated result.
In order to prove the second part, let us observe that the proof given by Lei and
Nualart in [LN09] holds true for H € (0,2). In [LN09] is proved that X/ = fg Y.ds

where

Y, = / 02 e AW,  E[VE] =T(2 — H)2H 2412
0

1+H
2

and the n-th derivative of the X is (X)) = fooo(—l)"_lﬁ(”_ )e=0tdw,. O

From (1.1), (1.2) and (2.1) we can state and prove the following result:
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Theorem 2.2. Let BE be a fBm, SH a sub-fBm and W = {W;,t > 0} a standard
Brownian motion. Let X be the process given by (1.8). If for H € (0,1) we
suppose that BY and W are independents, then the processes {Y,! = C1XH +

BH t > 0} and {SH,t > 0} have the same law, where C; = 1/%. If for
H € (1,2) we suppose that S™ and W are independents, then the processes {Y;H =

CoX + SH, t >0} and {BE,t > 0} have the same law, where Cy = gﬂ(g:é))

Proof. Tt is clear that the process Y is centered and Gaussian in both cases. For
H € (0,1), from (1.2), (2.1) and using the independence of X and B¥ we have

Cov(YH,YH) = C?Cov[ X, X + Cov[BE, BF]

S
=%[tH+sH—(t+s)H]+%(3H+tH—|s—t|H)

1
:sH+tH—§[(s+t)H+|s—t|H],

which completes the proof in this case, and for H € (1,2), from (1.1), (2.1) and
using the independence of X and S¥ we have

Cov(V, YH) = C2Cov[ X, XH] + Cov[SH, SH]

— % [(t+s) —tH —sH] + s 4 ¢H — % [(s+ )7 +1]s —t|7]
_ % (s7 417 — |5 — 1),

which completes the proof. O

3. SPACE OF INTEGRABLE FUNCTIONS WITH RESPECT SUB-FRACTIONAL
BROWNIAN MOTION

Let us consider £ the set of simple functions on [0, T]. Generally, if U := (Uy, t €
[0,7]) is a continuous, centered Gaussian process, we denote by Hy the Hilbert
space defined as the closure of £ with respect to the scalar product

(110,01 Lj0,1)4, = E (U:Us) -

In the case of the standard Brownian motion W, the space Hyy is L*([0,T]).
On the other hand, for the fractional Brownian motion B, the space Hpgr is the
set of restrictions to the space of test functions D((0,7)) of the distributions of
W*2"2(R) with support contained in [0, 7] (see [Jol07]). In the case H € (0,1) all
the elements of the domain are functions, and the space Hpu coincides with the

1-m -
fractional Sobolev space I, (L?([0,T])) (see for instance [DU99]), but in the case

H € (1,2) this space contains distributions which are not given by any function.

As a direct consequence of Theorem 2.2 we have the following relation between
Hpr, Hgr and H xx, where S is the sub-fBm and X is the process introduced
by Lei and Nualart in [LN09] and defined by (1.3).

Proposition 3.1. For H € (0,1) the following equality
Hxe NHpa = Hgr

holds. On the other hand, for H € (1,2) we have that
Hxr NHgu = Hpn.

Proof. This proposition is a direct consequence of the two decompositions into the
sum of two independent processes proved in Theorem 2.2. O
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4. WEAK CONVERGENCE RESULTS

In this section we prove a result of weak convergence in the space of continuous
functions C([0,77), in the sense of the finite dimensional distributions. We will use
this result later in order to prove a convergence result toward sub-fBm using the
decomposition we have already shown.

It is well known the result by Stroock (see [Str82]) where it is shown that the

family of processes

I .

{mt) - / (-1 ds, te [O,T]},

€Jo
defined from the kernels 6. = %(—1)N?SZ introduced by Kac in [Kac74], converges
in law in C([0,T]) to a standard Brownian motion, where N = {N,,s > 0} is a
standard Poisson process.

A generalization of this result can be found in [Bar01], where it is proved that

the family:

(4.1) {xg(t) = Q/Ot A P [O,T]}

3

converges in law in C([0,T]) to a complex Brownian motion, for § € (0, 7) U (m, 27).
Particularly, the real part and the imaginary part of (4.1) tend to independent
standard Brownian motions.

Using these tools and based on Theorem 1 of [DJ00], we prove the following
result.

Theorem 4.1. Let f(t,-) and g(t,-) be functions of L2(R*) for allt € [0,T], T > 0,
let {Ng,s >0} be a standard Poisson process and 6 € (0,7) U (m,27). Define
the processes Y and Y9, which are given by YI = {fooo f(t,s)dWs,t € [0,T]}
and Y9 = {fooog(t,s)dWS,t € [0,T)} and where W = {Wy,s > 0} and W =
{W,,s > 0} are independent, standard Brownian motions. We also define the
following processes

(4.2) Y;f:{z/ooof(t,s)cos <GN§) ds, tE[O,T]}
and

(4.3) Yo = {2 /OOO g(t, ) sin (eN;%) ds, te [o,T]}.

e

Then, the finite dimensional distributions of the processes {YS} and {Y9} con-
verge in law to the finite dimensional distributions of the processes Y¥ and Y9.

Proof. Taking into account that the proof is valid for any fixed ¢t € [0, T}, by abuse
of notation we will write f(s) instead of f(t,s). Slightly modifying the proof of
Theorem 1 in [DJO00], in order to prove the weak convergence, in the sense of the
finite dimensional distributions, it suffices to show that

ay el so([ o) e <o [ fea).
Observe that defining

7 =Y +ivl = i/ooo f(s)ewN%Sds
we have E[ZZ]] = E[(Y7)? 4 (Y/)?]. Therefore if we prove E[Z!Z] < C||f|3,
where ||-||2 is the L2(RT) norm, the stated convergence follows.
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K7/ 2! E[i /°° F(5)e 2 452 / fr ZaN?dr}
Lol [ [ s s ;)dsdr]
- i | [ tecaroee|e”

w5 [ reensoreoe

Since E[e?X] —e~221-¢") and E[e~0X] —e~221=¢""") heing X a Poisson random
variable of parameter A\, we obtain

T

/ / Lacry F(5) f(r)e 22 077 ds

<z / | tsa 861500 e F 000
e Jo Jo
4 o] o) s
+3 L £ () ()] 22
o Jo

Using the inequality |f(s)f(r)| < 1 (f?(s) + f?(r)) and noting that, by means of a
change of variables, the last two integrals are the same leads to

Zfo < 62 / / ]1{5<'r} )+f2< )) 2 —>(1—cos 0) d’l"dS
_ ? </ f2<8)/ =(1— cos@)dr ds +/ f2(r)/62r525(10050)d8 d’f‘)
0 s 0
oo 1 e 1— 6—25%(1—0050)
—9 2 b 2
( 0 / (S)(l—c0s9)ds+/o / (r)( 1—cosf dr

Y

_“9 <N§5 Nf% ) ] dsdr.

(1=cos0) gy ds.

Then, the convergence of the finite dimensional distributions has been proved
and it remains to prove the independence of the limit processes. We begin by
proving that the family {Y/Y9}.. is uniformly integrable. Indeed, we will prove

that sup,-E [(YEf Y9 )2} < co. Using Hélder’s inequality we have

1

supE [(v/72)?] < sup (5[0v2)"))* (E(72)")

In order to prove that the last expression is finite, we will show that

as) el <c(/ °Of2<s>ds)2, B0 <o ([ Poa)

Being Z/ like before, we can prove (4.5) showing that E[(Z! Z1)?] < C| f|l3-

2
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= 16 i0 <Nzﬂ +Nasy —Nass —st4>
B 20 = GE | [ pe st U TETE T
64
= Lsiccony f(s1) - f(s)E[Ey+ -+ Egldsi - dsy
[

0,00)

where

ie(Nﬁ+N%J*N2ga*Nm) *i"(N@*Nﬁ+2(Nﬁa*Nﬂ)+Nm*N2ﬂ)
E1 —=e e2 e2 e2 e2 =e e2 e2 e2 e2 e2 e2

)

_i9<Nﬂ_NLS1+N2Lz_Nﬁ> "9<N254_Nﬁ_(N2ﬂ_Nﬁ)>
Ey=e¢ 2 3 3  Es=c¢ ) =2

€ € € 2 2 e2 s

E, = E3, E5 = E», Eg = E;. To obtain the last expression note that we can
arrange si, S, Sz, S4 in 24 different ways and due to the symmetry between s; and
s2 and between s3 and s, we have 6 possible different situations, each one repeated
4 times. By means of the properties of Poisson process we have

IE(E:]|, |E[E]||, |[E[Es]|| < e=27e* (1meos)g=255 (1—cost)

and we can conclude

384

E((z]Z])%] < ey o

Loz (s o0

,00

954753 (1_ _ 052781 (1_
e 2~ (1 Cos@)e 22 (1 COSG)dsl'.'dSLL

2¢2

4 > 2

Then the family {Y./ 1759}6>0 is uniformly integrable and consequently
E[Y/ ()Y ¥(s)] = lim B[y ()Y (s)).
E—

2
384 —2222°1 (1—cos
= </[ )2 ]1{81§82}|f(31)f(32)|e 2 g)dsldsz)
0,00

Since Y/ and Y9 are centered Gaussian processes, in order to prove their independ-
ence it suffices to show that the last limit converges to zero as € tends to zero. To
deal with this limit, we observe that

BT = 5 [ [ e [cos(ong) sinon

€

5

)} dsdr

[N

4 oo oo
-4 / / F(5)9(r) 1 o2y [cos(BNz; ) sin(6Nz)] dsdr
0 O £ [

4 [ee] oo
+ 2/ / f(8)g(r) 1< E [COS(GN%) sin(@N%)} dsdr
S 0 0 - e B
=17+ I5.

Applying the formula 2sina cosb = sin(a + b) + sin(a — b) = sin(a + b) — sin(b — a)
we have

IF = 532 /0 /0 F(8)9(r)Lgu<n) B [Sn(0(Nz; + Np) +sin(@(Nz; — N

e 2

))} dsdr

2s
22

WS

_ € (3
=17+ I,
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WY

/ / F(8)g(M) 1 < sy E [Sln(Q(N%; + Nay)) — sin(0(Ns; — N%))} dsdr

€ €
= IQ,l 12,2-

€

We proceed to show that [T ; and I5; converges to zero as € tends to zero and that
If 5 and I5 , have the same (finite) limit, thus obtaining the stated result. We note
that

ZQ(NQT- —NQS ) 2i9N25
IT, = / / f(8)g(r)lfscyBEle 2 2e = |dsdr
= Irn(A6
To find the limit of I7; we see that [|A®|| converges to zero as € tends to zero.

= (r 75)(170059)676%5(17c0529)d8dr

2
S / / |]l{.s< }6 €

2/ / (F2(5) + 97(1) Lygzppe™ 2 meon Do (cos20meos O gqy
0 0

1 e 2 i 2
— / f2(8>65—§(cos 20—cos 0) / 675—5(17cos a)deS
0 s

1 [ 2 T
+ = 92(7,)6—5—5(1—0059) / 66—;(00529—605 G)dsdr
€ Jo 0
= A5+ AS.

When cosf = cos26 it is easy to check the convergence to zero. Otherwise, we
integrate obtaining

1 > — 25 (1—cos
A= 2(1 — cosb) /0 FA(s)e ey,

14%]]

IN

e _

2 (cos29—cos9)/

7‘)6 25 (1—cos 0) <e§—§(c052970050) . 1> dr

— 25 (1—cos20) _ —i—;(l—cose)>d
2(cos 29 —cosf) /0 ¢ € r

which concludes, as the convergence to zero is easily seen by dominated convergence.
In the same manner we can see that 5 ; converges to zero.
With respect to the term I7 5 we observe that

If, = Im( / / F()g(r)Lpsgpye F 00 ’dsdr)
2

Since % (1 — eie)e_?(r_s)(l_e ") is an approximation of the identity, we have that
I5 , converges, as € tends to zero, to Im( — fo (s)g(s) ds) < o0. Clearly the
same result is obtained for I5,. This finishes the proof. O

4.1. Weak approximation for the fractional Brownian motion from a Pois-
son process.

We are going to prove a result of weak convergence in C([0,7]) toward fBm,
applying Theorem 4.1. In order to do so, we use the following representation of the
fBm as the integral of a deterministic kernel with respect to standard Brownian
motion

t
(4.6) BtH_/ KH(t,s)dw,,
0
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where H € (0,2), K (t,s) is defined on the set {0 < s < t} and is given by

(4.7) KA (t,s) = df (t — s)"=" +dH (IEH) /:(u — 5" (1 - (f) 12H) du,

u

where the normalizing constant d? is

1
3-H 2
g HT(°5%) ‘
L2 - H)
Since in this section the domain of fBm is restricted to the interval ¢t € [0,7], we
can rewrite the integral representation as

t T
B{f:/ f(H(t,s)dWS:/ KH(t,s)dWy,,
0 0

where K7 (t,s) = K (t, 5) 10,4 ().
Applying this representation, since K (t,-) € L2(R*), the following result is a
corollary of Theorem 4.1

Corollary 4.2. Let KH(t,s) = IN(H(t,s)]l[o’t](s), where KM (t,s) is defined by
(4.7), let {Ng,s > 0} be a standard Poisson process and let 0 € (0,7) U (,27).
Then the processes

2 T
(4.8) BaH:{E/O KH(t,S)COS(HN%S) ds, tE[O,T]}
and
(4.9) B = {i /OT KH(t, s)sin (9N§%> ds, te [O,T]}

converge in law, in the sense of the finite dimensional distributions, toward two
independent fractional Brownian motions.

We now proceed to prove the continuity and the tightness of the families of pro-
cesses defined by (4.8) and (4.9), and consequently, proving the weak convergence
in the space C([0,T7).

Theorem 4.3. Under the hypothesis of Corollary 4.2, if moreover one of the fol-
lowing conditions is satisfied:
(1) H € (5,2,
(2) H € (0,1] and 6 satisfies cos((2i + 1)8) # 1 for all i € N such that i <
171
i) ~
then the processes B and B converge in law in C([0,T]) toward two independent
fractional Brownian motions.

Proof. We first observe that the processes Bf and Bf are continuous. In fact, Bf
and BE are continuous for all H € (0,2) and absolutely continuous if H € (1,2),
since it can be proved that (see Lemma 2.1 in [BF05])

+1

BH(t) = BE (s)| < Cu(t — 5)( "3

and

[BE (1) = BY (s)] < Cu(t — )",
It only remains to prove the tightness of the families of processes defined by (4.8)
and (4.9). Applying Billingsley’s criterion (see for instance [Bil68]) and due to

/0 (K" (t,r) — K" (s,1))" dr = E [(BF — BF)?] = (t — 5)",
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it is sufficient to show that

m

T ) T 2
(4.10) E[y"] < Cn </0 F2(r) d?“) , Bl <Cn </0 f2(r) d?“)

holds for some m batisfying the condition Hm/2 > 1, where f(r) == KH(t,r) —
KH(s,r), yf =2 fo ) cos 9N2r)dr and §/ = 2 fo sm(GNm )dr.

Then, in the case (1) it is sufficient to prove (4 10) for m = 4, which can be seen
proving that E[(z{2/)?] < C| f||3, where ||-||2 is the L2[0, 7] norm and z{ = yf +ig/.
If we extend f to RT for zeros, i.e., if we consider F(r) := f(r)Lj r(r), we have
proof in Theorem 4.1 that

E[(zFZF)] < 3 (1:‘;%9 /OOO F2(s)ds)2.

E[(=!2])*) = E[(Z Z])?)

€ €

4 > 2 4 T i
S 3 <]_—COS9/O FQ(S)dS> =3 (1—(}059/0 f2(8)d8)

To prove the result under the hypothesis (2) we must show that (4.10) is satisfied

for some even m such that £ > 1. If we proceed in the same way as in case (1)
we obtain an expression that depends on 1—cos((2i+1)0) for alli =0,1,..., [2}{]

and the constant C, depends on max, O

1
=0,1,....[ 55| T—cos((2i+1)0) "

4.2. Approximation in law of the X process.

We will give now, for the process X defined by (1.3), the same results we have
obtained for the fBm.

Corollary 4.4. Let X be the process defined by (1.3), let {N,,s > 0} be a standard
Poisson process and let 6 € (0,7) U (m,27). Then the processes

2 o
(4.11) X = {5/ (1- eiSt)sfle cos (QN%) ds, te [O,T]}
0 €
and
~ 2 [ 14 H
H _ )~ sty o — 5 .
(4.12) X = {5/0 (1—e*")s™ 72 sin <9N%2) ds, te [O,T}}

converge in law, in the sense of the finite dimensional distributions, toward two
independent processes with the same law that X .

Theorem 4.5. Under the hypothesis of Corollary 4.4 the processes defined by (4.11)
and (4.12) converge in law in C([0,T]) toward two independent processes with the
same law that the process defined by (1.3).

Proof. We first need to show that the processes Xf and Xf are continuous. In
fact, they are absolutely continuous. Let us consider for all » > 0 the process

2 [ 1-m _
YT:/ s 2 e STCOS(GNLS)ds.
€ Jo &2

This integral exists because, using inequality (4.4), we have

E[Y?] <C (/ sl-He—mds) =Ccrf721(2 — H).
0
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On the other hand,

t t t
E[/ |Yr|dr} g/ (E[x?])%drgc/ riTdr < oo
0 0 0

since H € (0,2).
Let us now observe that X* = fg Y,dr. Indeed, applying Fubini’s theorem,

t 2 o0 1 t
/ Yidr = = / $15E ( / eS’“dr> o8 (9Nﬁ> ds
0 € Jo 0 <2

2 oo
:/ 37#(1—67“)008 (GN%») ds

€ Jo
_ yH
=X

The same proof shows that the process X! is continuous.

Next, we prove the convergence only for (4.11). For (4.12) the result is proved
similarly.

It suffices to prove the tightness of the family {X}.. Since X (0) = 0, using
Billingsley’s criterion we only need to prove that

E [|X(t) - XX ()] < [F(t) — F(s)”

where F' is a continuous, non-decreasing function. We observe that
4

E[| X7t - XP(s)*] =E [i /OOO (@7 (t,r) — " (s,7)) cos(HNig)dr}

_14H

where @ (t,7) = (1 —e ")r="2 € L%([R™).
Since 1 € L2(R™"), applying the bound (4.5), which is proved in Theorem 4.1,
we obtain

2

E[xH(t) - xH($) ] <C </OOO (B (t,r) — d(s,7))” dr)
_ C(/Oo ((1 Cemt)2pm () (] omrs)2p (1)
0

2
—2(1—e )1 - e_’”s)r_(HH))dr) .

Using the computations done in Proposition 2.1 and assuming s < t we obtain for
H e (0,1)

E[|X2(t) - XF ()] <O (2t +9)" = 20" — (25)")°

< C(2)" - (25)7)?,
since s+t < 2t. In the same way, if H € (1,2),

E[|IX2(6) - X2 ()] < C (20" + 29)" —2(t + )"

<C (2" —(29)")7,

since s +t > 2s. In both cases we have proved the result with F(x) = (2z)#. O
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4.3. Convergence toward sub-fractional Brownian motion.

To finish this paper, we prove a result of weak convergence to sub-fractional
Brownian motion, as a direct conclusion of the previous results.

Theorem 4.6. Let H € (0,1), let {SH t € [0,T]} be a sub-fractional Brownian
motion, let {XH2(t),t € [0,T]} be the processes defined by (4.11), let {BX(t),t €
[0,T]} be the processes defined by (4.9) and Cy = ’/WH*H)' Let us assume 0 €

(0,7) U (m,27) and, for H € (0,3], that 0 is such that cos((2i + 1)0) # 1 for all
i € N such that i < 3 [%]. Then, {YX(t) = C1 X2 (t) + B (t),t € [0,T]} weakly
converges in C([0,T]) to SH.

Proof. Applying Theorems 4.3 and 4.5 we know that, respectively, the processes
BY and X converge in law in C([0,T]) toward a fBm and the process defined by
(1.3). Moreover, applying Theorem 4.1, we know that the limit laws are independ-
ent. Hence, we are under the hypothesis of Theorem 2.2, which proves the stated
result. (I
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